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S U M M A RY

This dissertation theoretically studies how evolutionary game theory and observational learning can be used to model three aspects of economic and social interactions:
repeated interactions, experimentation and communication. All these three aspects
influence individual beliefs and behavior and in turn social welfare. Unlike classical game theory, learning and evolutionary game theory relaxes the assumptions of
perfect rationality and foresight making it suitable for modeling such interaction environments. The organization of the dissertation is into two themes. The first part
focuses on the aspects of repeated interactions and experimentation when agents
behave strategically, and the second part focuses on evolution of individual beliefs
under repeated interactions and communication.
Chapter 2 analyzes aggregate outcomes of stochastic evolutionary processes, that
is repeated strategic interactions with experimentation. It develops computational
methods for identifying the most likely outcomes in such interactions. In this regard,
we define epsilon stability as the appropriate solution concept. That is, epsilon stable
states (hence strategies) are the most likely outcomes in the long-run given the level
of experimentation. We use this concept to show that if probabilities of mistakes
depend on payoff losses associated with the transition, then risk-dominant strategies
are the most likely to be played in the long-run. Risk-dominant strategies however
need not be epsilon stable in general.
Chapter 3 studies learning and evolutionary processes under limited information.
That is players are assumed to observe the behavior of only a select few from the
population. These select few are each player’s social or ego-network. The Chapter
particularly focuses on large decentralized societies, whereby we define asymptotic
global stability as an appropriate solution concept. A state and hence strategy is said
to be asymptotically globally stable if it is uniquely stable in the long-run at the limit
of the population size. Unlike the case of global interactions, limited information
ensures that asymptotic global stability is robust to the model of experimentation.
We identify global and path-wise contagion as key factors that are compatible with
asymptotic global stability. These two factors depend on the relative payoff gains
and network structure. The implications are that for any given payoff structure and
hence relative payoff gains, it is possible to design a network such that a unique
strategy is asymptotically globally stable. Similarly, for a given network structure
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and set of strategies, one can determine the relative payoff gains that lead to a given
strategy to be globally stable.
Chapter 4 studies rates of convergence of stochastic evolutionary processes. The
main result is that the speed of evolution is influenced by three main factors: the
payoff gains, the topology of the interactions among agents and the level of noise. For
a given level of noise, there is no clear-cut linear relationship between convergence
rates and payoff gains and topology of interactions. The key factor is whether or not
long-run epsilon stable strategies are globally contagious. Global contagion leads to
shorter convergence time to the epsilon stable states but longer convergence times to
stationarity. When global contagion is feasible, the expected waiting time from any
other subset of states to the long-run stable set is shorter for highly than sparsely
connected networks. The reverse is true for convergence time. Networks for which
global contagion is infeasible lead to shorter convergence time.
Chapter 5 studies the evolution of individual beliefs through repeated interactions
and word-of-mouth communication. Three main factors are modeled as relevant in
determining the structure of beliefs over time: historical factors—prior beliefs, the
learning mechanism (the manner in which individuals incorporate new information
into their beliefs)—-rational or bounded-rational learning, and the topology of communication structure governing information exchange. Heterogeneity in public beliefs
resulting from such interactions is more likely when individuals are rational than
when they are not. This could result from heterogeneity in historical factors, topology of interaction structure or both. We also examine conditions under which the
resulting public beliefs correctly aggregate decentralized private information. Under
rational learning, the only relevant factors for correct aggregation is knowledge of
the network topology (and not the network topology) and boundedness of private
beliefs. The network topology however plays a significant role for correct aggregation
under bounded-rational learning
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1
INTRODUCTION

Many economic and social environments involve repeated interactions, experimentation and communication among agents (individuals, firms, political parties or countries) over time. The following four examples illustrate such environments. The first
is bargaining, which ranges from cross-border negotiations among neighboring countries, to policy negotiations among legislators and expenditure negotiations among
household members. The second example is the formation of conventions such as
social norms concerning punctuality and social contracts, and adoption of technological innovations. Both of these cases involve an element of repeated interactions
and trial and error. The third example is the emergence of cooperation among agents
that can be viewed as a result of repeated interactions. Unless if one assumes that the
interacting entities posses high levels of rationality and common knowledge, there is
no particular reason to assume that a one-short meeting or interaction can directly
lead to cooperation. Cooperation requires trust, and trust can only be developed
after repeated interactions. Here, we use the word “experimentation” both as an abstraction from the process of trial and error and to model the assumption that agents
occasionally make mistakes in their decision processes.
The fourth example is that of belief and preference formation. Individual preferences and beliefs about certain subjects generally evolve over time through observational learning and/or direct communication with others. Beliefs resulting from
such interactions play a significant role in determining public opinions and decisions
made under uncertainty, both of which in turn shape social welfare. For example the
level of heterogeneity in beliefs about government policies such as public health and
social integration initiatives affects their implementation. Similarly, beliefs among
scientists about the truthfulness of certain scientific theories shape their evolution.
Decision making under uncertainty such as agents deciding whether or not to adopt
a certain product or practice without complete information of its benefit, is a ubiquitous phenomenon in social and economic interactions. Under such situations individuals update their beliefs after observing others’ choices or after communicating
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their private beliefs to each other, and the resulting beliefs determine actions that will
be taken. The private belief is what results after an agent incorporates his private
information into his prior belief. It is therefore important to study the properties of
beliefs resulting from such interactions and whether or not they correctly aggregate
private information.
To explicitly model such economic and social situations, it is necessary to capture
their dynamic aspect, underlying interaction and incentive structures, as well as the
behavioral rules governing individual decision process. What makes such interaction environments even more complicated to model is that they in most cases exhibit
strategic complementarity, a property that also implies multiplicity of possible outcomes. A robust theoretical model is therefore that which is able to equally predict
the most probable among all possible outcomes. The theory of learning and evolution in games provides the most suitable method in that its flexibility allows for a
detailed modeling of repeated interactions, experimentation as well as equilibrium
selection. The basic idea behind the theory of learning in games can be analogized as
follows. Players (economic agents) interact repeatedly, whereby each player can be
viewed as a machine. Each machine possesses a certain memory and an output rule
that maps every possible state of memory to a decision. The machine’s state evolves
over time due to new information learned from others. The set of rules, specified
for each player, relating decisions to states of memory and how players incorporate
information learned from others then determine the evolution of play.
The theory of learning in games dates back to the work of Brown [24] and Robinson [93] on fictitious play. Under fictitious play, the learning process follows the above
analogized steps and players are assumed to possess infinite memory. That is, at each
period a player’s beliefs about the opponents’ behavior are given by the time average
of the entire history of play. These beliefs are then used in choosing the best response
to opponents’ behavior. Brown [24] first introduced fictitious play as an alternative
justification for the concept of Nash equilibrium as opposed to the original explanation that relied on assumptions of individual rationality and common knowledge.
These two assumptions were viewed as stringent and also later seen to be unrepresentative of real-world economic and social decision processes (e.g. McKelvey and
Palfrey [73], Nasar [84]). Brown [24] and Robinson [93] showed that indeed players
learn to play Nash equilibrium (in two player finite strategy zero-sum games), confirming Nash’s statement that “It is unnecessary to assume that the participants have
full knowledge of the total structure of the game, or the ability and inclination to go
through any complex reasoning process” (Nash [85, p. 21]).
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Despite the developments of the theory of learning in games in the 1950’s and
early 60’s, the general interest faded from mid 60’s after Shapley et al. [105] provided a counter example in which play fails to converge. That is cases in which play
ends up cycling among a subset of alternatives indefinitely. From the early 1990’s
however, there has been a revival of the theory. The main reason for this revival is
scant evidence in support of the assumptions of individual rationality and common
knowledge on one hand (e.g. McKelvey and Palfrey [73], Nasar [84]), and on the
other hand the growing empirical evidence for the theory of learning (e.g. Camerer
and Ho [25], Cooper et al. [30], Erev and Roth [39], Lettau and Uhlig [69], Roth and
Erev [96] and Goeree and Holt [48]).1 The current literature can be categorized into
two. The first class follows in the tradition of Brown [24] and Robinson [93] and
focuses on investigating the foundations of the concept of Nash equilibrium (e.g. Fudenberg and Kreps [44], Fudenberg and Kreps [45], Kalai and Lehrer [56], Hofbauer
and Sandholm [50] and Nachbar [83]). Not surprisingly, its analysis centers around
identifying game environments in which play converges to Nash equilibria.
The second class of the literature focuses on equilibrium selection (e.g. Foster and
Young [41], Young [113] and Kandori et al. [57]). In this class of models, the learning
process still proceeds as analogized above but players are instead assumed to posses
bounded memory and occasionally experiment on their strategies. The objective is
then to identify, for a given underlying game, the most likely states in the long-run at
the limit of noise. These long-run stable states are then said to be stochastically stable.
As the reader might have already guessed, such learning mechanisms and hence
stochastically stable states can be sensitive to the model and level of experimentation
or noise. In the case of robustness to the model of experimentation, we can take
comfort in studying the outcomes of the learning process for specific families of
models provided of course that one can identify models that are appropriate for each
interaction environments. In the case of robustness to the level of noise however, it
is less comforting in that if for a given model of experimentation the stochastically
stable outcomes are not necessarily those that are most likely at moderately small
levels of noise, then caution aught to be taken when interpreting the results.
This dissertation makes theoretical and methodological contributions to the theory of learning both in strategic (games) and non-strategic interaction environments.
In the case of strategic interaction environments, our approach is in line with the
second class of models in that we assume players to posses bounded memory. We
1 Since its resurgence, several applications such as bargaining, signaling, reputation formation, cultural
integration, contagion and social innovation have been developed. See for example Vega-Redondo [111],
Nöldeke and Samuelson [88], Kandori and Rob [58], Kirman and Vriend [60], Binmore et al. [18], Kuran
and Sandholm [65], Alós-Ferrer and Weidenholzer [9], Huck et al. [53].
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however emphasize the relevance of the process of experimentation in the agents’
decision processes. This implies that we have to define an appropriate solution concept, that we refer to as epsilon stability, rather than that of stochastic stability. But
since stochastic stability is relatively computationally convenient, our analysis also
involves providing conditions under which epsilon stability can be approximated by
stochastic stability. The second aspect we emphasize concerns limited information.
Not only do agents posses bounded memory, in some interaction environments information can be decentralized. This is particularly the case if interactions are restricted
to ego-social networks. Similarly, under such settings stochastic stability is no longer
an appropriate solution concept especially if one is interested in large decentralized
societies. We then also define an appropriate solution concept for this interaction environment to be asymptotic global stability. That is stability at the limit of population
size.
In the case of non-strategic interactions, we maintain the structure of the learning process as analogized above but this time agents revise their beliefs rather than
strategies. We also model in more detail the process by which agents incorporate
information learned from others. That is, the case where they are assumed to be rational or boundedly rational. In both strategic and non-strategic interaction environments, our analysis involves the study of long-run behavior, computational methods
for identifying long-run outcomes and analysis of convergence rates of the processes
of learning.
Chapter 2 focuses on computational methods and the refinement of the widely
employed solution concept in evolutionary game theory: stochastic stability. An outcome is said to be stochastically stable if the probability with which it is played in
the long-run is positive at the limit of noise. The main questions we deal with relate
to the relevance of performing limit noise analysis as discussed above. In so doing,
we introduce a related concept of stability that we refer to as epsilon stability. Just like
stochastically stable outcomes are those which are the “most” stable in the long-run
in the limit of noise, epsilon stable outcomes are those that are most stable in the
long-run for positive noise levels. We then say that stochastic stability is robust to
noise for a given model of mistakes if there exists an equivalence between epsilon
and stochastic stability. We provide conditions for robustness for two classes of models of mistakes. The mistakes model in which errors result from pure experimentation,
and the endogenous model of mistakes in which errors result from payoff perturbations.
Chapter 2 also provides the computational methods for both epsilon and stochastic stability. The existing computational methods for stochastic stability are specific
to the models of mistakes. Here, we provide a more general method that is inde-
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pendent of the model of mistakes. This enables us to derive general results for the
characteristics of the stochastically stable outcomes for each category of model of
mistakes.
Chapter 3 studies the process of learning under limited information. Limited information results from the assumption that agents interact with only those in their
social circle or ego-networks. We particularly focus on large decentralized societies
and define asymptotic global stability as an appropriate solution concept. That is, a
state and hence strategy is said to be asymptotically globally stable if it is uniquely
stable in the long-run at the limit of the population size. We provide an explicit characterization of how the interaction network and underlying base game structures
interactively influence asymptotic global stability.
Chapter 4 deals with the question of convergence rates. One of the earlier criticisms of stochastic stability as a solution concept is that at the limit of noise, the
expected waiting time to reach the stochastically stable outcome from any other possible equilibrium outcome becomes exceedingly long. This then casts doubts on
whether the long-run properties of such models carry any realizable economic implications. In some cases however, such as when individuals interactions are localized,
the expected waiting times are shown to be bounded. In this chapter, we explicitly characterize the convergence rates for stochastic evolution in networks and for
positive noise levels. In particular, we characterize the expected waiting time as the
measure of medium-run dynamics and the convergence time or selection time as the
measure for long-run dynamics. We provide the characterization for convergence
rates for both deterministic and random families of networks. We highlight how
the topology of interactions acts to influence both the expected waiting time and
convergence time.
Chapter 5 focuses on communication aspects of repeated interactions. It asks questions concerning the evolution of individual beliefs through repeated word-of-mouth
communication with others in ones social network. Contrary to the predictions from
the literature of rational learning that beliefs resulting from such a process of deliberation are homogeneous, disagreement among agents across social and economic
settings is a common phenomenon. This then prompts a question of why such heterogeneities persist. Could it be a result of historical factors (prior beliefs), the learning
process (the manner in which individuals incorporate new information into their
beliefs), the topology of communication structure governing information exchange?
Or could it be that the rate at which private information propagates through the
population is too slow that we never get to observe an equilibrium state in which
beliefs should be uniform? The learning mechanism depends on the assumptions
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made about individuals’ cognitive abilities to perform the complex process of extracting private information from other agents’ beliefs or actions. We refer to the
case in which agents are capable of precisely extracting private information from
others’ beliefs as rational learning and that when they are not capable as boundedrational learning. More precisely, under rational learning agents are assumed to be
able to extract private information from other agents’ beliefs through Bayesian inference. Under bounded-rational learning on the other hand, for reasons that may
involve lack of knowledge of informational and communication structures or simply the inability to perform complex inferences associated with Bayesian rational
learning, we assume that agents incorporate other agents’ beliefs by taking weighted
averages. The speed at which learning occurs becomes important in “exit games”
where individuals have to decide how long to wait before taking an action, or when
the time available to gather information before making a decision is limited. This
Chapter provides insights to these questions using a simple but robust theoretical
model of social learning.

2
E P S I L O N S TA B I L I T Y A N D R O B U S T N E S S I N S T O C H A S T I C
E V O L U T I O N A RY G A M E S1

Abstract: Stochastic evolutionary models provide a useful framework for analyzing repeated interactions, experimentation and predictions concerning equilibrium selection. The
commonly employed solution concept, stochastic stability, is still faced with numerous questions regarding its robustness and computational methods. This Chapter introduces a related but more general concept that we refer to as epsilon stability. An outcome is said to
be epsilon stable if for a given level of experimentation it is the most stable in the long-run.
Epsilon stability is an appropriate stability concept for stochastic evolution when the level
of noise is positive as opposed to stochastic stability for limit noise. We then define robustness for stochastic stability as relating to the equivalence between epsilon and stochastically
stable states. We provide conditions under which robustness exists. We also provide an
efficient algorithm for computing both epsilon and stochastically stable sets. Application
of the algorithm shows how risk-dominant strategies are more likely to be selected under
multinomial logit than mistakes models. Dominant strategies however need not be selected
in general.

2.1

introduction

Multiplicity of equilibria is a well known phenomenon in economic models of
strategic interactions. A typical example is economic environments with strategic
complementarities, whereby the payoff a strategy or an action generates is a nondecreasing function of the number of players who adopt it. The question as to which
among the possible equilibria gets selected or is much more likely in a long-run
is of high interest in game theoretic modeling. In their pioneering work, Foster
and Young [41], Kandori et al. [57] and Young [113] showed that a disequilibrium
process in which agents learn their opponent’s play and subsequently revise their
strategies—generally known as stochastic evolutionary dynamics—can be employed as
a mechanism for equilibrium selection.2 The basic idea of stochastic evolution is that
1 This Chapter has been published in UNU-MERIT working paper series: Opolot and Azomahou [91]
2 Since its development as an equilibrium selection mechanism, several applications and similar approaches
to stochastic evolutionary dynamics (such as bargaining, signaling, contagion and social innovation) have
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individuals play their “optimal” strategies but the evaluation process is subjects to
errors. The solution concept employed is stochastic stability according to Foster and
Young [41]. An outcome is said to be stochastically stable if the probability with
which it is played in the long-run is positive at the limit of noise.
Despite its effectiveness in predicting unique outcomes, several questions concerning robustness of stochastic stability remain unanswered. More specifically, for any
given game the stochastically stable outcomes depend on the model of mistakes and
the specifics concerning the nature of the dynamics. The related critical observation
concerns implications of evolutionary dynamics analysis that focuses on limits of
noise, especially in relations to the rates of convergence or time to selection. We argue in this Chapter that the most relevant question relates to robustness of stochastic
stability to noise levels rather than the model of mistakes, which directly also relates
to issues concerning the relevance of limit noise analysis. If stochastic stability is not
robust to noise levels then caution needs to be taken when interpreting what stochastically stable sets imply. To fully capture this concept, we start by introducing the
closely related concept to stochastic stability that we refer to as epsilon stability. Just
like stochastically stable states or subsets are those which are the “most” stable in
the long-run in the limit of noise, epsilon stable sets are those that are most stable
in the long-run for positive noise levels. The first objective is then to derive methods
and measures for computing epsilon stable sets. We do this in such a way that the
measures for identifying stochastically stable sets are derived from those for identifying epsilon stable sets by simply taking limits of noise. We then say that stochastic
stability is robust to noise for a given model of mistakes if there exists an equivalence
between epsilon and stochastically stable sets. That is, the stochastically stable sets
are those that are also epsilon stable.
In defining the model of stochastic evolution, the main assumptions we make are
that players follow Darwinian dynamics and simultaneous revision protocol. The
first assumption is customary in the literature and simply means that players do not
possess infinite memory. The only relevant information in forming expectations at
each period is the strategies of others in the previous period. There however exist
approaches that consider infinite memory in the literature (generally called fictitious
play) but with a focus on explaining how players learn to play Nash equilibrium
rather than selection. The second assumption is mainly for computational reasons.
Alós-Ferrer and Netzer [7] examine the robustness of stochastic stability to the revision protocol under logit dynamics, in which the probabilities of mistakes depend on
been explored. See for example Vega-Redondo [111], Nöldeke and Samuelson [88], Kandori and Rob [58],
Alós-Ferrer and Weidenholzer [9], Huck et al. [53].

2.1 introduction

the payoff losses associated with the transition. They find the lack of robustness. That
the states, hence strategies, that maximize the local potential, or equivalently that are
stochastically stable under asynchronous revision protocol, are not necessarily those
that are stochastically stable under independent simultaneous protocols. Blume [20]
and Okada and Tercieux [89] identify this phenomenon as resulting from the peculiar characteristic of local potential functions and hence the logit dynamics. They
show that if the payoffs are supermodular then stochastic stability is robust to the
revision protocol. This phenomenon is also specific to cases in which probabilities of
mistakes depend on payoff losses, such that in other cases like the mistakes model of
Young [113], there is no particular reason as to why stochastic stability should not be
robust to the revision protocol. The choice of the revision protocol however becomes
very significant in determining the rates of convergence.
The approach we adopt in this Chapter circumvents some of the critical issues concerning stochastic stability and the relevance of considering limit analysis in stochastic evolutionary dynamics in the following ways. First, several authors have shown
that the problems concerning selection time or expected waiting time to reach the
stochastically stable sets from any other, is mitigated if players possess limited information. Limited information could be resulting from considering local interactions
in which players observe strategies of only those in their social network (e.g. Ellison [37], Montanari and Saberi [77] and Young [115]. Recent work by Kreindler
and Young [63] however shows that even under global interactions, selection could
be fast provided noise levels are kept sufficiently positive. The concept of epsilon
stability that we introduce is thus an appropriate solution concept for the setting
with positive noise levels. The first contribution of this Chapter is thus providing the
computational algorithm for epsilon stable sets.
Secondly, we analyze the question of robustness of stochastic stability to noise
levels. We distinguish between two categories of models of mistakes; the mistakes
model in which errors result from mutations, and the endogenous model of mistakes
in which errors result from perturbations on payoffs, where we specifically focus on
the multinomial logit model. For a given model of mistakes we then examine the
robustness of stochastic stability to noise. The key assumption for the validity of
stochastic stability is that the invariant distribution of the underlying stochastic process converges uniformly in the limit of noise. A violation of this assumption leads to
arbitrary outcomes. In particular, under the mistakes model Bergin and Lipman [15]
show that the long-run stable outcome of an evolutionary process strictly depends
on the specifications made about the mutation rates. That it is possible to make any
outcome stable in the long-run by suitably choosing the mutation rates structure.
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Here, by relating stochastic stability to epsilon stability, we provide conditions under
which stochastic stability is robust to the mutation rates structure. In the case of
endogenous mistakes model, and in particular the multinomial logit, the parameters
that tune the noise level are state-independent and hence the effects identified by
Bergin and Lipman [15] should not necessarily apply to this category of models. We
indeed find robustness of stochastic stability to noise levels.
Finally, we provide efficient computational algorithms for both epsilons and stochastic stability that are independent of the model of mistakes. They make use of the
quotients of invariant distributions, an idea originally introduced by Ellison [38] for
identifying stochastically stable sets under the mistakes model. We extend this to
the computation of epsilon stables sets and for endogenous mistakes models. The
algorithmic steps we propose imply that the stochastic tree algorithm of Freidlin and
Wentzell [42] that is normally employed in the literature but rather computationally
complex, becomes necessary only after the quotients method fails to identify the
unique epsilon and stochastically stable sets. But even so, the number of states that
one has to construct their stochastic potentials can be drastically reduced by first
employing the quotients method. With an exception of Alós-Ferrer and Netzer [7],
the existing computation of stochastically stable sets under logit dynamics relies on
the use of local potential maximization. But this method is specific to the case of
asynchronous dynamics and as Alós-Ferrer and Netzer [7] pointed out, local potential maximizer is not necessarily stochastically stable under simultaneous revision
protocol. It is thus relevant to develop simpler algorithms that are independent of
the revision protocol. This Chapter equally makes a contribution in this direction
and complements Alós-Ferrer and Netzer [7]. By applying our algorithm to both
mistakes and multinomial logits models, it is shown states in which players play
risk-dominant strategies are most likely to be epsilon and stochastically stable under
the later than the former. But risk-dominant strategies need not be selected in both
cases in general.
The remainder of the chapter is organized as follows. Section 2.2 provides a conceptual example demonstrating the non-robustness of stochastic stability and its relation
to epsilon stability. In Section 2.3, we outline the general model for noisy stochastic
evolutionary dynamics. Section 2.4 provides algorithmic characterization for epsilon
and stochastic stability. Sections 2.5 and 2.6 are applications of the computational
methods developed to the mistakes and multinomial logit models respectively. Section 2.7 is devoted to examples that illustrate the computational algorithm and the
main results. Section 2.8 concludes the study.

2.2 conceptual example

2.2

conceptual example

The following example illustrates the distinction we make between stochastic and
epsilon stability using mutations model of mistakes. It demonstrates that unless the
details of the model of mistakes are clearly defined, the result obtained by taking
limits are not necessarily representative of small but finite noise behavior.
Consider a set of three players N = {1, 2, 3} who are uniformly and randomly

matched to play the coordination game in Table 1. Let the learning model be that

defined in Young [113], in which each player follows the “Best Reply” dynamics with
probability 1 − ε and with probability ε randomizes among the action set. Given the
action set X = { a, b}, let x be the action profile, Ui ( x, x) be the payoff to i ∈ N

when playing action x, and denote by BRi ( x, x) for the probability that i plays the
Best Reply action. That is BRi ( x, x) = 1 if x ∈ arg maxxi Ui ( xi , x) and zero otherwise.
Let P ( x, x) be the mistakes distribution (or more specifically the probability mass

function) identical to all players. Assume also that the payoff is identical for all

players, such that the probability of playing action x ∈ X given the mutation rate ε
and profile x is

P( x, x) = (1 − ε) BR( x, x) + εP ( x, x)

(1)

From the payoff structure in Table 1, the states a and b in which all agents play a and

Table 1: The action profile ( a, a) is risk-dominant

player i

player j
a

b

a

4,4

3,0

b

0,3

5,5

b respectively are the equilibria (or limit states) of the best reply dynamics without
mistakes. When players are matched uniformly and randomly, there are only four
relevant states or action profiles; a, b, bba in which one agent plays a and the other
two play b, and aab in which one agent plays b and the other two play a. Write X for
the state space in the order X = (a, aab, bba, b). Let Pε be the transition matrix of the
Markov chain (X, Pε ) induced by the dynamics in (1). Pε is irreducible meaning that
there exists a unique stationary distribution πε whose structure is determined by the
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(normalized) left eigenvector corresponding to the leading eigenvalue of Pε . That is
πε Pε = πε .
The first step in the computation of the stochastically stable set normally is to
determine the basins of attraction limit sets. From the payoff in Table 1, it can easily
be shown through best reply argument that the basin of attraction ã of a is ã =

{a, aab, bba}, and for b, b̃ = {b}. Let e = εP (b, a), f = εP (b, aab) and h = εP ( a, b).
Then the transition matrix Pε induced by the dynamics in (1) is given by,

Pε =

(1 − e )3

(1 − e)(1 − f )2

 (1 − f )(2 f + h − 3 f h)
h3

3(1 − e )2 e

(1 − f )(e + 2 f − 3e f )
(1 − f )2 (1 − h )
3(1 − h ) h2

3(1 − e ) e2

f (2e + f − 3e f )
f 2h

3(1 − h )2 h

e3



ef2



f ( f + 2h − 3 f h) 
(1 − h )3

The dashed lines partition Pε into block matrices describing transitions within
basins of attraction (diagonal block matrices) and between basins of attraction (offdiagonal block matrices). The computation of stochastically stabel sets involves comparing the sizes of basins of attractions of limit sets or more generally minimum
costs trees using the computational methods in Freidlin and Wentzell [42, Chapter 6].
Since the size of ã is greater than that of b̃, the stochastically stable state is a.
Now, consider the case in which ε = 0.01. Then there exists a mistakes distribution,
for example P (b, a) = 0.9, P (b, aab) = 0.9 and P ( a, b) = 10−5 for which π (b) =

0.71 > π (a) = 0.28. If ε = 10−4 , then substituting P (b, a) = 0.9, P (b, aab) = 0.9 and

P ( a, b) = 10−9 into Pε yields π (b) = 0.70 > π (a) = 0.29.

This example shows that for every value of ε ∈ (0, 1) there exists a mistakes dis-

tribution for which an arbitrary limit set maximizes the stationary distribution or

stable in the long-run. The state or subset of states that maximize the stationary
distribution for a given model of mistakes and amount of noise is that we refer to
as epsilon stable sets. The underlying reasoning behind stochastic stability is that for
sufficiently small noise epsilon stable sets are equivalent to stochastically stable sets.
But as this example shows and by other in the literature, it is not necessarily the
case. For the special case of mutations model considered above, this reasoning holds
whenever the probabilities P ( x, x) =

1
m,

where m is the size of the action set. More

generally however, it is safe to say that when the probabilities P ( x, x) are bounded
then there exists an ε0 such that for any ε < ε0 , stochastic stability is equivalent to
epsilon stability. We elaborate on this argument in section 2.5.
The general line of reasoning is as follows. First consider the case of the mutations
model of mistakes as in (1) above. Let P ( x, x) = P be identical for all players and

2.2 conceptual example

ε = e− β such ε tending to zero implies β tending to infinity. If R(x, y) is the number
of mistakes required for the transition from (the limit state) x to y to occur, then

 R(x,y)
Pε (x, y) = P e− β
= exp {− ( R(x, y) β − ln P )}
such that
lim −

β→∞

1
ln Pε (x, y) = R(x, y)
β

(2)

Implying that R(x, y) is the decay rate of transition probabilities between limit sets.
The existing computational methods for stochastic stability rely on the assumption
that these decay rates are uniform and depend on only values of R(x, y), which are
also sizes of basins of attraction. The cost of getting from one limit state or subset
of states to another is then computed by adding up the decay rates associated with
such a path. Note however that in (2) we assumed that R(x, y) are not only identical
but also finite, otherwise it does not hold. When computing epsilon stable states on
the other hand we consider the entire quantity R(x, y) β − ln P for a given level of
noise β.

Now consider the case of logit choice probabilities commonly employed in the
literature. For the game in Table 1 where a and b are the limit states, we have
P( a, b) =

1
exp( βU ( a, b))
=
exp( βU ( a, b)) + exp( βU (b, b))
1 + exp( β[U (b, b) − U ( a, b)])

≈ exp(− β∆Uba (b))

(3)

where ∆Uba (b) = U (b, b) − U ( a, b). The approximation is for β sufficiently large.
Implying that

Pε (b, a) = (exp(− β∆Uba (b))) R(b,a) = exp {− R(b, a)∆Uba (b) β}
such that
lim −

1
ln Pε (b, a) = R(b, a)∆Uba (b)
β

(4)

lim −

1
ln Pε (a, b) = R(a, b)∆Uab (a)
β

(5)

β→∞

Similarly,
β→∞

The decay rates of transition probabilities for logit dynamics thus depend on both
the sizes of basins of attraction and payoff differences. When computing the stochastically stable states, the cost of getting from one limit state to another thus is the sum
of the quantities R(a, b)∆Uab (a) of the associated path. This implies that for given
sizes of basins of attraction, states that incur higher payoff losses to exit are more
stable. Since risk-dominant strategies exhibit larger payoff losses, it is precisely why
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risk-dominant strategies are stochastically stable in 2 × 2 matrix games under logit

dynamics (e.g Maruta [71], Blume [20], Okada and Tercieux [89]). This is not necessarily true for (2) above. When computing epsilon stable sets in this specific case of
logit dynamics, we would have to consider the quantities R(x, y)∆Uxy (x) β.
The basis of the analysis in this Chapter is that given any model of mistakes, for
any pair of limit sets say x and y, the transition probabilities can be expressed as
Pε (x, y) = K exp { R(x, y) ln P A (x, y) + O(1)}
where K is some constant and P A (x, y) =

2.3

1
N

(6)

∑iN=1 P(yi , x)

the model

We study the class of 2−persons m × m matrix games. The set of players is denoted

by N = {1, · · · , i, · · · , N } the action set by Xi = { a, b, · · · } for each player. Denote

by t = 1, 2, · · · for the successive periods of play in which players simultaneously

play the game. We also assume that players are randomly matched such that at each

period each observes the previous period’s strategies of the entire population. The
resulting population state or profile at period t will be denoted by xt and the set of
all possible such realizations by X = ∏in=1 Xi .
For each game, let U ∈ Rm×m be the associated payoff matrix such that Ui ( a, b) is
the base payoff to the player playing a when his opponent plays b. A typical example
is the pure coordination game in Table 12. Given the information set of agent i, that is
the observed distribution of strategies x, the expected payoff to i from playing action
a when his opponents profile is x−i is then
Ui ( a, x−i ) =

∑

Jij U ( a, x j ),

(7)

j∈N

where x j is the jth coordinate of x. The parameter Jij takes on values in the closed
interval [0, 1]. For example if agents consider average payoff over their opponents’
strategies, then Jij =

2.3.1

1
N

for all j ∈ N .

Dynamics and learning scheme

There are two main components that completely describe the learning process;
the revision protocol and choice probabilities. We consider the simultaneous revision
protocol for reasons mentioned in the introduction. When a player receives a revision
opportunity, they evaluate the current expected payoff to each of the available pure

2.3 the model

player i

player j
a

b

a

U ( a, a)

U ( a, b)

b

U (b, a)

U (b, b)

Table 2: Payoff structure for the symmetric coordination game between i and j. The
indicated payoffs are for the row-player

strategies. Each player’s objective is to select strategies that are evaluated as best, this
assessment is however subject to random shocks. The random shocks can either be
in form of perturbations on the payoffs or strategies. Under the former, i’s objective
is to choose a strategy a that maximizes the perturbed payoff Ui ( a, x−i ) + ε a , that is
a ∈ arg max Ui (b, x−i ) + ε b
b∈ X

where ε b ’s are the random components of the expected payoff. The components of
ε = (ε a , ε b , · · · ) are assumed to be independently distributed. The conditional (on

the realization of ε a ) perturbed best response function for i is given by the distribution




\
Pi ( a, x; ε a ) = P 
Ui ( a, x−i ) + ε a ≥ Ui (b, x−i ) + ε b 
(8)
b6= a

In the case where perturbations are on agents’ strategies/actions, the perturbed
best response function is given by,
Pi ( a, x) = (1 − ε i (x)) BRi ( a, x) + ε i (x)Pi ( a, x)

(9)

where BRi ( a, x) is the probability that i plays action a under best-reply dynamics
given that the population state x. That is
(
BRi ( a, x) =

1
0

if a ∈ arg maxb∈X Ui (b, x−i )
otherwise.

(10)

For each i ∈ N , ε i (x) is the state-dependent mutation rate, the probability that i

randomizes among the elements of X with the conditional distribution defined by

Pi ( a, x). The product Pi ( a, x) = ε i (x)Pi ( a, x) is the probability of playing action a by

mistake. We denote the vector of mutation rates by ε = (ε 1 (x), · · · , ε n (x)). Note that
for each i ∈ N and a ∈ X, ∑ a∈X Pi ( a, x) = 1.
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The dynamics (8) in which payoffs are perturbed has been studied extensively
in evolutionary game theory. See for example Hofbauer and Sandholm [50] and
Hofbauer and Sandholm [51] who prove the general equilibrium existence for such
dynamics. The special cases are the logit, and multinomial probit in Blume [20] and
Myatt and Wallace [82] respectively. The special case of dynamics (9) are Kandori
et al. [57] and Young [113] where mutation rates are state and player independent.
Each of the above dynamics defines a Markov chain on a finite state space X whose
transition matrix Pε is defined by transition probabilities Pε (x, y),
n

Pε (x, y) =

∏ Pi ( y i , x )

(11)

i =1

2.3.2

Stochastic and epsilon stability

To distinguish between the Markov chain without noise, which derives from the
dynamics in (10), and that with noise we use the notations (X, P) and (X, Pε ) respectively. Chain (X, P) consists of limit or closed communication classes that we denote
by Ω, and the set of all such subsets by Ω.3 In the presence of noise, the closed
communication classes of (X, P) become metastable. That is the chain (X, Pε ) spends
an extended amount of time in each closed communication class but will eventually transition to another. To avoid notational and conceptual clutter, we equally
use closed communication classes to refer to metastable sets since at sufficiently low
levels of noise their compositions are equivalent.
The perturbed Markov chain (X, Pε ) has a unique invariant (stationary) distribution πε = limt→∞ q0 Pεt , where qt is the vector of probability mass functions at period

t. It describes the amount of time the process spends in each state in the long-run.

The underlying notion of stochastic stability is that the states or subsets of states that
are not stochastically stable will be observed less frequently compared to those that
are. Formally (definition from Foster and Young [41]),
Definition 1: Given the chain (X, Pε ), the closed communication class Ω is stochastically
stable if limε→0 πε (Ω) > 0.
Clearly for any given game, the stochastically stable states (hence strategies) depend not only on the model of mistakes. This distinction would not be relevant if
stochastically stability is robust to both the model of mistakes and the noise levels.
3 A set Ω ⊂ X is a limit set of (X, P) if ∀y ∈ Ω, P(xt+1 ∈ Ω|xt = y) = 1, and that ∀y, z ∈ Ω, there exists a
T > 0 such that P(xt+T = z|xt = y) > 0.

2.4 stochastic and epsilon stable sets

This is however not the case as argued in Sections 2.1 and 2.2 above. For this reason,
we introduce a related concept of epsilon stability. Formally,
Definition 2: Given (X, Pε ), a subset Ω∗ is said to be epsilon stable if
Ω∗ = arg maxΩ∈Ω πε (Ω)
An epsilon stable set can thus be equivalently defined as that for which πε (Ω∗ ) >
πε (Ω) for all Ω 6= Ω∗ . A stochastically stable set is epsilon stable only under some

restrictions on the model of mistakes. If for a given model of mistakes the stochastically stable sets are also those that are epsilon stable, then we say there exists an
equivalence between stochastic and epsilon stability. If this equivalence is true for
all level of noise then we say that stochastic stability is robust, otherwise robustness
exists for only some levels of noise.
We use the following additional notations for the remainder of the Chapter. The
boundary of a closed communication class Ωwill be denoted by ∂Ω. That is, all states
in the basin of attraction of Ω with Ω excluded.4 The basin of attraction of Ω is then
Ω̃ = ∂Ω ∪ Ω. We write (Ω̃, P̃N,ε ) for the chain with transitions between elements Ω̃.
2.4

stochastic and epsilon stable sets

The question that follows the above definitions is how to compute states or subsets
of states that are stochastically and epsilon stable, and if there exists a relationship
between the two. In other words, when should we expect epsilon stable sets to also
be stochastically stable. As discussed above, this will of course depend on the specific
model of mistakes. But for a given model of mistakes, we seek for conditions under
which an equivalence exists between stochastic and epsilon stability.
There are two methods for computing stochastically stable sets which directly extend to the computation of epsilon stable sets. The first considers quotients of stationary distributions values and the other involves a complete characterization of
the stationary distribution using the combinatorial methods of Freidlin and Wentzell
[42]. The quotients methods is computationally less complex but coarser than the
tree algorithms associated with the combinatorial methods. For most stochastic evolutionary setups however, the quotient method is sufficient. Hence the most efficient
computational algorithm would be that which combines both methods in the ascending order of computational complexity. We begin by elaborating on the quotients
method.
4 The basin of attraction of a closed communication class Ω is defined as Ω̃ = {x ∈ X|P(∃ T s.t xt ∈ Ω ∀ t >
T |x0 = x) = 1}. That is, the set of states from which the chain without noise converges to Ω.
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Lemma 1: Let Ω and Ω0 be any two closed communication classes such that Pε (Ω0 , Ω)
is the probability of the transition from some state in Ω0 to another in Ω. Let also Ωc be the
complement of Ω. Then
πε (Ω̃0 )
Pε (Ω, Ωc )
maxΩ00 Pε (Ω, ∂Ω00 )
≤
≈
Pε (Ω0 , Ω)
Pε (Ω0 , ∂Ω)
πε (Ω̃)

(12)

Proof. See Appendix 3.8.1

The probabilities Pε (Ω, Ω0 ) are in principle single step probabilities involving states
belonging to two different closed communication classes. The quotients method in
(3.3.1) is coarse in the sense that it may not necessarily identify the unique long-run
stable states. It is however possible to make it finer by extending it to paths rather
than just binary relations. This can be achieved by use of the chain-rule argument.
That is, if there exists an intermediate closed communication class Ω00 then,
πε (Ω̃0 )
πε (Ω̃0 ) πε (Ω̃00 )
Pε (Ω00 , Ω00c ) Pε (Ω, Ωc )
=
≤
Pε (Ω0 , Ω00 ) Pε (Ω00 , Ω)
πε (Ω̃)
πε (Ω̃00 ) πε (Ω̃)

(13)

In which case the chain starts from Ω0 then to Ω00 and finally to Ω.
The second technique for computing long-run stable sets follows from the combinatorial methods of Freidlin and Wentzell [42]. Given the Markov chain (X, Pε ), let
W ⊂ X be a subset of X and W c = X \ W its complement. For any oriented graph
g ⊂ X × X and any x ∈ X, write g(x) = {y : (x, y) ∈ g} denote the immediate

successors of x. More generally gn (x) =

S

y ∈ g n −1 ( y )

g ( x ).

Definition 3: Let G (W ) be the set of oriented graphs g ⊂ X × X satisfying
1. for any x ∈ X, #g(x) = 1W c (that is no arrows start from W and exactly on arrow
starts from each state outside of W),

2. for any x ∈ X, x ∈
/ O g (x), where O g (x) =

S+∞

n =1

gn (x) is the the set of points that

can be reached from x; the orbit of x under g (that is g has no loops).

From the definition of G (W ) graphs above, G ({x}) is the set of all spanning trees

in which there exists a unique directed path from every y 6= x to x, also known as

x-trees. The following Lemma is proved in Freidlin and Wentzell [42] (see also Catoni
[26]).
Lemma 2: The unique invariant distribution of Pε is,


πε (x) = 

∑

g∈ G ({x})

where Pε ( g) = ∏(x,y)∈ g Pε (x, y).

Pε ( g)  ∑

∑

y∈X g∈ G ({y})

 −1
Pε ( g)

(14)

2.4 stochastic and epsilon stable sets

Similarly, if we consider the graph defined on the space Ω, then


 −1
πε (Ω) = 

∑

∑

Pε ( g) 

g∈ G ({Ω})

Ω0 ∈Ω̃

∑

Pε ( g)

(15)

g∈ G ({Ω0 })

where Pε ( g) = ∏(Ω,Ω0 )∈ g Pε (Ω, Ω0 ).
In both cases, the quotients and tree algorithmic methods, the most relevant quantities are the probabilities Pε (Ω, Ω0 ) which is approximately equivalent to Pε (Ω, ∂Ω0 )
(see Lemma 5). The following proposition provides the bounds for the Pε (Ω, ∂Ω0 )
for any pair of closed communication classes. For each pair of closed communication classes, R(Ω, ∂Ω0 ) is the number of players required to play action xΩ0 by
mistake for the transition Ω → ∂Ω0 to occur, such that Pi ( xΩ0 , Ω) is the probability
that player i plays xΩ0 given that the chain is in some state of Ω. We also write
r (Ω, ∂Ω0 ) =

1
0
N R ( Ω, ∂Ω )

and P A ( xΩ0 , Ω) =

1
N

∑iN=1 Pi ( xΩ0 , Ω).

Proposition 1: The probability PN,ε (Ω, ∂Ω0 ) of the transition from a state in Ω to another in ∂Ω0 in a single time step is bounded by


K P exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) ≤ PN,ε (Ω, ∂Ω0 )


≤ exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))

where c(Ω, ∂Ω0 ) = −r (Ω, ∂Ω0 ) ln P A ( xΩ0 , Ω), F (r ) = r ln 1−r r + ln(1 − r ) and K P is
some constant.

Proof. The details of the proof are relegated to the Appendix 2.9.2 and its sketch is
as follows. Given xΩ0 , the action that must be played by mistake for the transition

Ω → ∂Ω0 to occur, Let Nt ( xΩ0 ) be the number of players playing xΩ0 at period t.

Then Pε (Ω, ∂Ω0 ) can be equivalently expressed as

Pε (Ω, ∂Ω0 ) = P Nt+τ ( xΩ0 ) ≥ R(Ω, ∂Ω0 )| xt ∈ Ω



(16)

That is, the probability that at least R(Ω, ∂Ω0 ) players simultaneously play xΩ0
after τ periods given that the process starts from some state in Ω. For the case
of simultaneous revision protocol considered here, τ = 1. To derive bounds for
the right hand side of (3.3.3), we first transform the problem into that of Bernoulli
random variables. That is, if we let Ii be a binary random variable taking on values
1 with probability Pi ( xΩ0 , Ω) and zero otherwise, then
0

P Nt+1 ( xΩ0 ) ≥ R(Ω, ∂Ω )| xt ∈ Ω ≡ P


N

∑ Ii ≥ R(Ω, ∂Ω )
0

!
(17)

i =1



The structure of bounds for P ∑iN=1 Ii ≥ R(Ω, ∂Ω0 ) can then be established using techniques for deriving concentration bounds. If the individual probabilities of
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making a mistake were identical then the concentrations bounds would directly follow from the large deviation results for Bernoulli random variables. For the case of
heterogeneity of mistakes probabilities, a constructive proof’s approach is the appropriate method. The details of the steps that follow are in Appendix 2.9.2.
Each c(Ω, ∂Ω0 ) is the cost of the transition Ω → ∂Ω0 . It is a function of the number

of mistakes required for such a transition to occur and the actual probability of mistakes. The following shorthand and definitions are used for the Sections that follow.
First, we write Q(Ω, Ω0 ) = c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )), Qmin (Ω) = minΩ0 6=Ω Q(Ω, Ω0 )

and Qmax (Ω) = maxΩ0 6=Ω Q(Ω0 , Ω). Such that Q(Ω) = Qmax (Ω) − Qmin (Ω). Secondly, we define the paths in relation to the expression in (13). Let HΩ1 Ω J be the

set of all directed paths starting from Ω1 and terminating at Ω J , and let HΩ1 Ω J =

Ω1 , · · · , Ω j , · · · , Ω J be the typical path in HΩ1 Ω J . Then the path potential ξ ( HΩ1 Ω J )
of HΩ1 Ω J is defined as

ξ ( HΩ1 Ω J ) =

J −1

∑

j =1

Q(Ω j , Ω j+1 ) − Qmin (Ω j+1 )



That is, the total cost of the path minus the total of minimum deviations from the
path. The path potential is thus a measure of how accessible or reachable a given
closed communication class is from another through that particular path. The logic
behind the definition is that the accessibility of Ω J from Ω1 through HΩ1 Ω J depends
on the total cost associated with HΩ1 Ω J and the likelihood of deviating from HΩ1 Ω J .
The higher the cost the more difficult it is to reach Ω J through HΩ1 Ω J and the lower
the resistance of the basins of attraction that the path traverses to reach Ω J the more
likely that the process will follow such a path.
We then define the maximum path potential of any given closed communication
class Ω J as follows
ξ (Ω J ) = max

Ω j 6=Ω J HΩ

min
jΩJ

∈HΩ j Ω J

ξ ( HΩ j Ω J )

(18)

Thirdly, we define the measure related to the tree algorithm. Given the definition
of G (W ) graphs above, the stochastic potential of Ω is then defined as
S (Ω) =

min

∑

g∈ G ({Ω}) (Ω ,Ω )∈ g
j κ

Q ( Ω j , Ωκ )

(19)

Theorem 1: For the process Pε , if Ω̄ is the subset containing the epsilon stable state then,
(i) Q(Ω̄) < 0,
(ii) ξ (Ω̄) < 0 and

2.4 stochastic and epsilon stable sets

(iii) S (Ω̄) = minΩ∈Ω S (Ω).
Proof. See Appendix 2.9.3

Theorem 1 provides algorithmic steps for computing the epsilon stable sets. It involves three measures derived from quotients rule and the spanning tree algorithms.
An efficient algorithm is then that combines the three measures in the ascending order of computational complexity. More specifically, it consists of the following steps.
The first step is to identify the closed communication classes for the given underlying game together with the associated basins of attraction. This can usually be
done heuristically from the underlying payoff structure. In the process of identifying the closed communication classes and basins of attraction, one also identifies the
respective action that players should play for the transition to occur, and hence the
associated average probabilities. The second step involves computing the quantities
Q(Ω̄) for each closed communication class and identifying those for which Q(Ω̄) < 0.
If this procedure identifies one closed communication class, then it is the unique epsilon stable set. If the procedure leads to a null set, then compute the maximum
path potentials for each closed communication class and identify those for which
the potential is negative. A set that is a union of all closed communication classes
whose maximum path potential are negative, contains the epsilon stable set. If this
procedure identifies one closed communication class, then it is the unique epsilon
stable set. If either of the procedures selects more than one closed communication
class then proceed to the third step, which employs the spanning tree algorithm to
identify the epsilon stable set. More specifically, compute the stochastic potentials of
all sets that survived the second step and select those with the minimum stochastic
potential.
The spanning tree algorithm is therefore only necessary if the first two steps fail
to select a unique epsilon stable set. Moreover, the first two steps reduce the number
of communication classes for which one has to construct their spanning trees. This
tremendously reduces the computational burden of constructing the spanning trees
for each closed communication class and the associated stochastic potentials.
To compute stochastically stable sets, we take the limits of transitions between
closed communication classes. From Proposition 4
lim −

ε →0

ε
ln Pε (Ω, ∂Ω0 ) = lim εQ(Ω, Ω0 ) = V (Ω, Ω0 )
N
ε →0

Since −0.7 ≤ F (r ) ≤ 0 and independent of the noise parameters, then V (Ω, Ω0 ) =

limε→0 εc(Ω, ∂Ω0 ). Following the same definitions and measures above, we write
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Vmin (Ω) = minΩ0 6=Ω V (Ω, Ω0 ) and Vmax (Ω) = maxΩ0 6=Ω V (Ω0 , Ω). Such that V (Ω) =

Vmax (Ω) − Vmin (Ω). Similarly,

ξ s ( HΩ1 Ω J ) =

J −1

∑

j =1

V (Ω j , Ω j+1 ) − Vmin (Ω j+1 )

ξ s (Ω J ) = max

Ω j 6=Ω J HΩ

Ss ( Ω ) =

min

min
jΩJ

∈HΩ j Ω J

∑

g∈ G ({Ω}) (Ω ,Ω )∈ g
j κ



ξ s ( HΩ j Ω J )

(20)

V ( Ω j , Ωκ )

(21)

Corollary 1: For the process Pε , if Ω∗ is the subset containing the stochastically stable
state then,
(i) V (Ω∗ ) < 0,
(ii) ξ s (Ω∗ ) < 0 and
(iii) Ss (Ω∗ ) = minΩ∈Ω Ss (Ω).
The efficient algorithm for computing stochastically stable sets thus involves similar steps as for epsilon stable sets with the only difference being the quantities
Q(Ω, Ω0 ) and V (Ω, Ω0 ). The following sections provide applications of Theorem
1 and Corollary 1 to specific choice probabilities. More specifically, the mistakes and
the multinomial logit models.

2.5

the mistakes model

The key property of the mistakes model in (4.2.2) is that the probability of making a
mistake to play an action that may or may not be optimal is a function of the mutation
rate ε i and probability distribution over the action set Pi ( x, x). As demonstrated in

the conceptual example above, both epsilon and stochastically stable sets depend on

the structure of Pi ( x, x). The following proposition provides conditions under which

the epsilon stable sets are also those that are stochastically stable.

Proposition 2: Given the set of mutation rates ε that are state independent and the size
of action set to be m, let 0 < Pi ( x, x) < 1 ∀ i ∈ N , ∀ x ∈ X and ∀ x ∈ X.
(i) If Pi ( x, x) =

1
m

(ii) If Pi ( x, x) 6=

1
m,

∀ i, ∀ x ∈ X and ∀ x ∈ X, then for all values of ε i for all i, the epsilon
stable sets are also those that are stochastically stable.
then there exists an ε0 > 0 such that for all ε i < ε0 for all i, the epsilon

stable sets are also those that are stochastically stable.

2.5 the mistakes model

Proof. See Appendix 2.9.4

Proposition 2 is a formal statement of the findings mentioned in the conceptual
example above. It shows that if the probability distribution over the action set is
uniform then there is an equivalence between epsilon and stochastically stable sets
so long as the mutation rates are state independent. When this equivalence exists,
we say that stochastic stability is robust. If on the other hand these distributions
are skewed, then the first necessary condition for robustness of stochastic stability
is they are bounded away from zero and one. Even so however, only for some
values of ε i for all i does there exists the equivalence between stochastic and epsilon
stability. The main conclusion here is then that when applying the mistakes model
to any evolutionary setting, unless the probability distributions over the action set
is known, caution must be taken when interpreting what stochastically stable sets
actually imply.
In Proposition 2 we assumed that the mutation rates are state independent. The effect of relaxing this assumption can equivalently be achieved by appropriately choosing the structure of probability distributions over the action set. In the literature, it is
commonly assumed that the mutation rates are identical for all players and states. In
this regard, let ε i = exp(− β) for all players and states, such that ε → 0 is equivalent
to β → ∞. For β sufficiently large, we then have

Q(Ω, Ω0 ) ≈ r (Ω, ∂Ω0 ) β − r (Ω, ∂Ω0 ) ln P A ( xΩ0 , Ω)
where P A ( xΩ0 , Ω) =

1
N

∑iN=1 Pi ( xΩ0 , Ω). Similarly,

V (Ω, Ω0 ) = lim

β→∞

1
r (Ω, ∂Ω0 ) β − r (Ω, ∂Ω0 ) ln P A ( xΩ0 , Ω) = r (Ω, ∂Ω0 )
β

Such that V (Ω) = rmax (Ω) − rmin , where rmin (Ω) = minΩ0 6=Ω r (Ω, Ω0 ) and rmax (Ω) =
maxΩ0 6=Ω r (Ω0 , Ω) are the radius and co-radius of Ω according to Ellison [38]. Im-

plying that the stochastically stable states are those with the minimum co-radius
and maximum radius. In 2 × 2 coordination games, these are precisely states in

which players play the risk-dominant strategies. Beyond 2 × 2 games however, riskdominant strategies are not necessarily stochastically stable (see Young [113] for a

counter example). There is no guarantee however that risk-dominant strategies will
be epsilon stable. It all depends on the specifications on the probability distributions over the action sets as illustrated above. In other words, stochastic stability is
generally not robust under the mistakes model.
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2.6

multinomial logit model

This section analyses the application of Theorem 1 and Corollary 1 to the multinomial logit model. Multinomial logit probabilities are a special case of perturbed
best-response dynamics in which payoff errors are independent and extreme value
distributed. The aim is to identify the states hence strategies that are typically epsilon
and stochastically stable, and the robustness of stochastic stability.
Given the action set X = { a, b, c, · · · } of size m and the set of errors ε = {ε a , ε b , ε c , · · · }.

Each ε x is extreme value distributed, that is

P(ε x ≤ u) = exp(exp(− βu + γ))

(22)

where γ is Euler’s constant and β is the parameter that measures the level of noise.
The smaller β the larger the noise level and as β tends to infinity the noise level tends
to zero. Let ∆ a = [δbc ] where
δbc =




 −1
1



 0

if b = c
if b = a

(23)

otherwise.

T

Such that ε ab = [∆ a ε]b = ε a − ε b . Similarly, if we write

Ui (x) = Ui ( a, x), Ui (b, x), Ui (c, x), · · · ,
T

then [∆ a Ui (x)]b = Ui ( a, x) − Ui (b, x). The conditional probability in (8) can equally
be written as

P



\
b6= a





 T

T
Ui ( a, x−i ) + ε a ≥ Ui (b, x−i ) + ε b ; ε a  = P ∆ a ε ≤ ∆ a Ui (x); ε a
(24)

Following Anderson et al. [10, Section 2.6], (22) and (24) lead to the choice probabilities of the form
Pi ( a, x) =
T

exp( βUi ( a, x−i ))
1
=
T
exp
(
βU
(
b,
x
))
∑b∈ X
1 + ∑b6= a exp(− β[∆ a Ui (x)]b )
i
−i

(25)

T

Now, let [∆ a Ui (x)]min = minb6=a [∆ a Ui (x)]b and Ui (b, Ω) be the payoff of playing

a when the state is some state of the closed communication class Ω. Generally
T

[∆ a Ui (Ω)]b ≤ 0 otherwise Ω would not be a closed communication class. Hence, for
T
T
β sufficiently large 1 + ∑b6= a exp(− β[∆ a Ui (Ω)]b ) ≈ exp(− β[∆ a Ui (Ω)]min ). Such
T
that Pi ( a, x) ≈ exp( β[∆ a Ui (Ω)]min ). It then follows that for all i ∈ N
!
n
o
1 N
xΩ0 T
0
0
exp β[(∆ ) Ui (Ω)]min
(26)
c(Ω, ∂Ω ) = −r (Ω, ∂Ω ) ln
N i∑
=1

2.6 multinomial logit model





Lemma 3: Let (∆ xΩ0 ) T Umax (Ω) min = maxi∈N (∆ xΩ0 ) T Ui (Ω) min . Given (26),

Q(Ω, ∂Ω0 ) and V (Ω, ∂Ω0 ) are respectively given by
0

0

Q(Ω, ∂Ω ) = −r (Ω, ∂Ω ) ln

1
N

N

∑ exp

n

β[(∆

xΩ0 T

) Ui (Ω)]min

o

!

+ F (r (Ω, ∂Ω0 ))

i =1

(27)
h
i
V (Ω, ∂Ω0 ) ≤ −r (Ω, ∂Ω0 ) (∆ xΩ0 ) T Umax (Ω)

(28)

min

Proof. The proof for (27) follows directly from (26). For the case of (29) we have that,
N

∑ exp

n h
i
β ( ∆ xΩ0 ) T Ui ( Ω )

i =1

o
min

N

≤

∑ exp

n h
i
β (∆ xΩ0 ) T Umax (Ω)

i =1

n h
i
= N exp β (∆ xΩ0 )T Umax (Ω)

o
min

o
min

Such that
n h
i o
1 N
1
exp β (∆ xΩ0 ) T Ui (Ω)
V (Ω, ∂Ω ) = lim − r (Ω, ∂Ω0 ) ln
∑
β
N i =1
min
β→∞
h
i
≤ −r (Ω, ∂Ω0 ) (∆ xΩ0 )T Umax (Ω)

!

0

min

(29)

The following Proposition states the result on robustness of stochastic stability
under multinomial logit model.
Proposition 3: There exists an equivalence between stochastically stable and epsilon stable sets under the multinomial logit model.
Proof. From Lemma 3, we see that the only relevant quantities in the computational
process of both epsilon and stochastically stable sets are r (Ω, ∂Ω0 )[(∆ xΩ0 ) T Ui (Ω)]min .
In fact, since −0.7 ≤ F (r (Ω, ∂Ω0 )) ≤ 0, then for β sufficiently large
h
i
Q(Ω, ∂Ω0 ) ≤ −r (Ω, ∂Ω0 ) (∆ xΩ0 ) T Umax (Ω)
β
min

(30)



such that −r (Ω, ∂Ω0 ) (∆ xΩ0 ) T Umax (Ω) min are the only relevant quantities for both

epsilon and stochastic stability.

Proposition 3 directly implies the robustness of stochastic stability under multinomial logit model. This result is contrary to that of the mistakes model above.
From the expressions of Q(Ω, Ω0 ) and V (Ω, Ω0 ) above, it is clear that the only relevant quantities in the computations of both epsilon and stochastically stable sets
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is r (Ω, ∂Ω0 )[(∆ xΩ0 ) T Ui (Ω)]min . Unlike in the usual computation of stochastic stability where only r (Ω, ∂Ω0 ) are relevant, here we find an additional component

[(∆ xΩ0 )T Ui (Ω)]min , the payoff loss associated with the transition Ω → Ω0 . Implying that the larger the payoff loss, the larger the cost of such a transition. Since
risk-dominant actions are usually the ones that exhibit the largest payoff losses, they
should then be the most likely to be selected in the long-run under multinomial logit
dynamics. This has been shown to be the case for 2 × 2 matrix games (e.g Maruta
[71], Blume [20], Okada and Tercieux [89] among others). Beyond 2 × 2 games however, there is no guarantee that dominant actions are selected (see Example 2). In
comparison to the mistakes model, dominant actions are for sure more likely to be
selected under multinomial logit models.
In symmetric games, Pi ( xΩ0 , Ω) is identical for all players, such that
V (Ω, Ω0 ) = −r (Ω, ∂Ω0 )[(∆ xΩ0 ) T U(Ω)]min .
The stochastic potential for any given tree g then becomes
Ss ( Ω ) =

min

∑

g∈ G ({Ω}) (Ω ,Ω )∈ g
j κ

−r (Ω, ∂Ω0 )[(∆ xΩ0 )T U(Ω)]min

(31)

The quantities on the right hand side of (31) are readily computable from the payoffs.
Note also that the expression of the stochastic potential that results from the above
measures such as (31), is equivalent to the measure of waste of a tree g according to
Alós-Ferrer and Netzer [7] when players follow simultaneous revision protocol.

2.7

examples

The following examples provide an illustration of how to compute epsilon stable
sets based on the algorithmic steps above. They also act as applications of the results
of Theorem 1 and Corollary 1 to both mistakes and multnomial logit models. The
example adopted from Young [113] is used to show the case in which risk-dominant
actions are selected under multinomial logit but not under mistakes model. The
second example shows that risk-dominant actions need not be selected under multinomial logit models.
Example 1. Consider the 3 × 3 games of Table 3 played by a sufficiently large number of
players.

(i) If players follow the mistakes model with ε = exp(− β) and P =
epsilon and stochastically stable.

1
m,

then b is both

2.7 examples

(ii) If players follow the mistakes model with ε = exp(− β) and P ( a, x) =

6
21 , P ( b, x )

=
=
for all i and x, then for all β < 1.6, c is epsilon stable and for all
β > 1.6, b is both epsilon and stochastically stable.
7
21 , P ( c, x )

8
21

(iii) If players follow the multinomial logit model, then c is both epsilon and stochastically
stable.

Table 3: For any pair of players the profile (c, c) is risk-dominant.

a
b
c

a

b

c

6,6

0,5

0,0

5,0

7,7

5,5

0,0

5,5

8,8

Proof. For the game in table 3, if players are uniformly and randomly matched then
there are three singleton closed communication classes Ω = {a, b, c}, the all a, all b

and all c states respectively. The second step is to calculate for the quantities r (Ω, ∂Ω0 )
for each pair of limit states. For the pair (a, b) for example we have5

r (a, ∂b) = max

U ( a, a) − U (b, a)
,
(U ( a, a) − U (b, a)) + (U (b, b) − U ( a, b))

U ( a, a) − U (b, a)
(U (c, a) − U (b, a)) + (U (b, b) − U (c, b))

(32)

where U ( x, y) is the payoff derived from playing x when the opponent plays y.
By substituting the payoffs from Table 3 it follows that r (a, ∂b) = 1/8. A similar
argument applies to all directed relations between all pairs of limit sets yielding
r (a, ∂b) =

1
8,

r (b, ∂a) =

7
8,

r (b, ∂c) =

2
5,

r (c, ∂b) =

3
8,

r (a, ∂c) =

5
8,

Note for example that for the the direct transition c → b it requires

r (c, ∂a) =
3
5

players to

simultaneously switch to play b, the shortest indirect transition is for at least

play a.
5
r (a, ∂b)U (b, b) + (1 − r (a, ∂b))U (b, a) > r (a, ∂b)U ( a, b) + (1 − r (a, ∂b))U ( a, a)
r (a, ∂b)U (b, b) + (1 − r (a, ∂b))U (b, a) > r (a, ∂b)U (c, b) + (1 − r (a, ∂b))U (c, a)

5
6.

3
8

to
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(i) Each V (Ω, Ω0 ) is equivalent to r (Ω, ∂Ω0 ) and each Q(Ω, Ω0 ) = r (Ω, ∂Ω0 )( β −

ln 3−1 ) + F (r (Ω, ∂Ω0 )). We then have Q(a, b) = 18 β − 0.24, Q(b, a) = 78 β + 0.59,
Q(b, c) =

2
5β

0.47.

− 0.23, Q(c, b) = 83 β − 0.25, Q(a, c) = 58 β − 0.12, Q(c, a) = 56 β +
7
8

− 18 > 0, V (b) =
r (c, ∂b) − r (b, ∂c) = 38 − 52 < 0 and V (c) = r (a, ∂c) − r (c, ∂b) = 85 − 38 > 0.
1
3
Similarly, Q(a) = 34 β + 0.83 > 0, Q(b) = − 40
β − 0.02 < 0 and Q(c) = 20
β+
0.12 > 0. Implying that b is both the epsilon and stochastically stable state.

The above quantities yield V (a) = r (b, ∂a) − r (a, ∂b) =

6
7
8
1
7
21 , P ( b, x ) = 21 , P ( c, x ) = 21 ; Q ( a, b ) = 8 β − 0.2, Q ( b, a ) = 8 β +
0.72, Q(b, c) = 25 β − 0.29, Q(c, b) = 83 β − 0.25, Q(a, c) = 85 β − 0.06, Q(c, a) =
5
1
6 β + 0.59. When β < 1.6, Q ( a ) > 0, Q ( b ) = − 40 β + 0.04 > 0 and Q ( c ) =
1
40 β − 0.04 < 0. But when β > 1.6, Q ( a ) > 0, Q ( b ) < 0 and Q ( c ) > 0.

(ii) For P ( a, x) =

(iii) We need to derive values for the quantities [(∆ xΩ0 ) T U(Ω)]min for each pair

(Ω, Ω0 ). Note that we write [(∆ xΩ0 )T U(Ω)]min for all players since the game is
symmetric, in which case the error probabilities are identical. Consider (a, b)
for example, [(∆b ) T U(a)] a = −1, [(∆b ) T U(a)]b = 0, [(∆b ) T U(a)]c = 5. Implying that [(∆b ) T U(a)]min = −1. Similarly for (c, b), since a is the action that
is played for the transition c → ∂b to occur, we then have [(∆ a ) T U(c)] a = 0,
[(∆ a )T U(c)]b = −5, [(∆ a )T U(c)]c = −8. Implying that [(∆ a )T U(c)]min = −8.
For the remainder of the pairwise relations we have, [(∆ xa ) T U(b)]min = −7,
[(∆ xc )T U(b)]min = −2, [(∆ xc )T U(a)]min = −6 and [(∆ xa )T U(c)]min = −8.
For β sufficiently large, we can approximate
Q(Ω, Ω0 ) ≈ −r (Ω, ∂Ω0 )[(∆ xΩ0 ) T Ui (Ω)]min β
. We then have Q(a, b) ≈ 0.13β, Q(b, a) = 6.13β, Q(b, c) = 0.8β, Q(c, b) = 3β,
Q(a, c) = 3.75β, Q(c, a) = 6.67β. See Figure 1 for the graphical representation

of costs of transitions.
Hence Q(a) = 6.13β − 0.13β > 0, Q(b) = 3β − 0.8β > 0 and Q(c) = 0.8β −

3β > 0. Implying that c is both the epsilon and stochastically stable state. A
similar result obtains by using the tree algorithm. From Figure 1 the minimum
cost tree is {a → b → c} with the stochastic potential of S (c) = 0.93β.

Example 2. Consider the 3 × 3 games of Table 4 played by a sufficiently large number of

players. If players follow the multinomial logit model, then b is both epsilon and stochastically
stable.

2.7 examples

b
0.13β
3β

0.8β

6.13β
3.75β

a

c

6.67β

Figure 1: The costs of transitions between closed communication classes for the multinomial logit model.

Proof. The limit states are b and c. Following similar steps as in the proof of Example
3 above, we find that r (b, c) =

3
6.5

and r (c, b) =

that for the transition c → ∂b to occur, at least

[(∆ xc )T U(b)]

3.5
10.5 .

3.5
10.5

The later follows from the fact

of the players should play action a.

[(∆ xb )T U(c)]

9
= −3 and
min = −1, and hence V ( b, c ) = 6.5
3.5
. Consequently V (b) < 0 and V (c) > 0. Implying that b is the
and V (c, b) = 10.5
stochastically stable state.

Similarly

min

Examples 3 and 2 act to illustrate the three aspects of our main findings. The first
is that for the mistakes model, provided the probability distributions over actions are
bounded then there always exists the level of noise below which stochastic stability
is robust. For the game 4, if the probability distribution over actions is proportional
to the equilibrium payoffs, then for all values of β > 1.6 or equivalently ε < 0.2
stochastic stability is robust to noise levels.
The second aspect is that dominant
1
strategies are more likely to be selected under multinomial logit model than mistakes
model. Lastly, in Example 2, c is the risk-dominant action but the stochastically stable
state is b. Implying that risk-dominant actions need not be selected in general even
under multinomial logit models. Admittedly however, there are not many (if they
exist) real world games that are representative of Example 2.
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Table 4: For any pair of players the profile (c, c) is risk-dominant.

a
b
c

2.8

a

b

c

0,0

7,7

6,0

7,7

8,8

5,5

0,6

5,5

8.5 , 8.5

conclusion

Stochastic evolutionary models have been and still are an important approach in
game theory. They are most appealing in their remarkable ability to select among
multiple equilibria and as a means of modeling repeated interactions and experimentation among agents. This Chapter developed a general framework for noisy
stochastic evolutionary dynamics with the objective of circumventing some of the
main limitations and criticisms surrounding such models. The first main contribution of this Chapter has been to define the concept of epsilon stability as a more
general solution concept than the commonly used notion of stochastic stability. We
then provided an efficient algorithm for computing epsilon and stochastically stable
sets that is based on fairly fundamental measures.
We have been able to establish analytical results concerning robustness of stochastic stability to noise levels by relating it to epsilon stability. The question of robustness
is only critical for the mistakes models. We show that provided the probability distribution over the strategy set is bounded, then there exists the level of noise below
which stochastic stability is robust. If the probability distribution over strategies is
uniform then stochastic stability is robust to all levels of noise. Under multinomial
logit models, stochastic stability is robust to noise.
Finally, application of the computational algorithm shows that dominant strategies are more likely to be selected under multinomial logit model than the mistakes
model. Dominant strategies however need not be selected in general. We conjecture
that the results concerning robustness and selection of risk-dominant strategies for
multinomial logit model directly extend to multinomial probit models that are studied in Myatt and Wallace [82] and Dokumacı and Sandholm [35]. This is based on
the fact that in both multinomial logit and probit models, the probabilities of errors
are an exponential functions of payoff losses associated with the transitions and that

2.9 appendix

it is this property that influences robustness and selection of dominant strategies. A
proof of this conjecture however requires a more rigorous analysis that we postpone
as a future research agenda.

2.9

2.9.1

appendix
Proof of Lemma 5

The proof follows by considering the properties of the reduced chain (Ω̃, P̃ε ) with
stationary distribution π̃. The formal definition of (Ω̃, P̃ε ) is as follows (a generalization of the collapsed Markov chain in Aldous and Fill [4, Chapter 2]):
P̃ε (x, y) = Pε (x, y),
P̃ε (y, Ω̃) =

∑

(2.9.1a)

Pε (y, x),

(2.9.1b)

x∈Ω̃

P̃ε (Ω̃, y) =
P̃ε (Ω̃, Ω̃0 ) =

1
π (Ω̃)
1
π (Ω̃)

∑

π (x) Pε (x, y),

(2.9.1c)

x∈Ω̃

∑ ∑

π (x) Pε (x, y)

(2.9.1d)

x∈Ω̃ y∈Ω̃0

The following lemma is an immediate consequence of the above definition of a
collapsed Markov chain.
Lemma 4: Let π and π̃ be the stationary distributions of (X, Pε ) and (Ω̃, P̃ε ) respectively.
Then for any Ω̃ ∈ Ω̃, π̃ (Ω̃) = π (Ω̃) = ∑x∈Ω̃ π (x)
Proof. Note that π (Ω̃) = ∑x∈Ω̃ π (x). Let #X and #Ω̃ be the cardinality of X and Ω̃
respectively. Define an event matrix E as an #X × #Ω̃ matrix whose entries take on a

value one if a state x ∈ Ω belongs to Ω̃ ∈ Ω̃ and zero otherwise. Denote by EΩ̃ for
the Ω̃th column of E . It then follows that P̃ε E = E P̃ε , and that
π (Ω̃) = π EΩ̃

∀ Ω̃ ∈ Ω̃

Consequently, π E = π P̃ε E = π E P̃ε . Implying that π E is the stationary distribution

of P̃ε , hence π̃ = π E .

Now, since the reduced chain is also irreducible just like the original chain, for any
c
pair of subsets Ω̃, Ω̃0 ∈ Ω̃ with UΩ̃Ω̃0 = Ω̃ ∪ Ω̃0 and UΩ̃
its complement.
Ω̃0
c
c
πε (Ω̃) P̃ε (Ω̃, Ω̃) + πε (Ω̃0 ) P̃ε (Ω̃0 , Ω̃) + πε (UΩ̃
) P̃ (UΩ̃
, Ω̃) = πε (Ω̃)
Ω̃0 ε
Ω̃0
c
c
πε (Ω̃)(1 − P̃ε (Ω̃, Ω̃)) = πε (Ω̃0 ) P̃ε (Ω̃0 , Ω̃) + πε (UΩ̃
) P̃ (UΩ̃
, Ω̃)
Ω̃0 ε
Ω̃0
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c
c
πε (Ω̃0 )
1 − P̃ε (Ω̃, Ω̃) πε (UΩ̃Ω̃0 ) P̃ε (UΩ̃Ω̃0 , Ω̃)
=
−
πε (Ω̃)
P̃ε (Ω̃0 , Ω̃)
πε (Ω̃)
P̃ε (Ω̃0 , Ω̃)

By substituting for 1 − P̃ε (Ω̃, Ω̃) = P̃ε (Ω̃, Ω̃c ), we then have
πε (Ω̃0 )
P̃ε (Ω̃, Ω̃c )
≤
πε (Ω̃)
P̃ε (Ω̃0 , Ω̃)
Since we are considering simultaneous revision protocol, the transition Ω̃ → Ω̃0 can
equivalently be treated as a step-by-step transition ∂Ω → Ω → ∂Ω0 → Ω0 . Such that
P̃ε (Ω̃, Ω̃0 ) ≡ Pε (∂Ω, Ω) Pε (Ω, ∂Ω0 ) Pε (∂Ω0 , Ω0 )
The above argument follows from the fact that under simultaneous revision protocol,
at least R(Ω, ∂Ω0 ) players must simultaneous make a mistake for the transition Ω →

∂Ω0 to occur. Meaning that the process spends most time in Ω when in the basin of

attraction Ω̃. Under random matching, the transitions ∂Ω → Ω and ∂Ω0 → Ω0 occur

more rapidly compared to Ω → ∂Ω0 . Hence

P̃ε (Ω̃, Ω̃0 ) ≈ Pε (Ω, Ω0 ) ≈ Pε (Ω, ∂Ω0 ).
Proof of Proposition 4

2.9.2

The rest of the proof follows a constructive approach. Consider the following
experiment. Pick a random profile (P1 ( xΩ0 , Ω), · · · , P N ( xΩ0 , Ω)) from the distributions of I1 , · · · , IN , and from this profile pick a set U ∼ Bin( N, σ ), where 0 ≤ σ ≤ 1
is an arbitrary parameter whose optimal value will be computed. Each Pi ( xΩ0 , Ω) is
therefore in U with probability σ.
Define an event ∀i∈U Ii = 1; that is all members of U choose xΩ0 , and consequently

P(∀i∈U Ii = 1) is the probability that all i ∈ U choose xΩ0 . From the partition theorem
for sets, the following inequality holds

P

N

∑ Ii ≥ r(Ω, ∂Ω ) N
0

i =1

≤ K1 P

N

!

N




E ∀i∈U Ii = 1| ∑ Ii ≥ r (Ω, ∂Ω0 ) N ≤ E ∀i∈U Ii = 1

∑ Ii ≥ r(Ω, ∂Ω0 ) N

i =1

i =1

!

N


E ∀i∈U Ii = 1| ∑ Ii ≥ r (Ω, ∂Ω0 ) N
i =1

where the expectations are taken over the realizations of U. Define the set
Fr = {U : U ⊆ {1, · · · , N }, #U = r }

(2.9.2)
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such that the cardinality of Fr , #Fr = ( Nr ), is a binomial coefficient. Since P(∀i∈U Ii =

1) = ∏i∈U Pi ( xΩ0 , Ω), we then have
E[∀i∈U Ii = 1] =

N

∑ ∑

σ

#U

r = 0 U ∈ Fr

(1 − σ )

n−#U

∏ Pi ( x Ω 0 , Ω )

!
(2.9.3)

i ∈U

Using the following identity
(

N

∑ ∑

r = 0 U ∈ Fr

∏ αi

!

∏c γj

i ∈U

j ∈U

!)

N

= ∏ ( α i + γi )

(2.9.4)

i =1

equation (2.9.3) becomes


E ∀i∈U Ii = 1 =

N

∏

i =1

σPi ( xΩ0 , Ω) + 1 − σ



(2.9.5)

We can now employ the bounds for the difference between arithmetic and geometric


means to place bounds on E ∀i∈U Ii = 1 . Given the vector V = ( p1 , · · · , p N ) of
individual probabilities, let P A (V ) and Π A (V ) denote its arithmetic and geometric
means respectively. Tighter bounds for the difference P A (V ) − Π A (V ) can be found
in the literature but here, we make use of the weaker relation 0 ≤ P A (V ) − Π A (V ) ≤

( pmax − pmin ), where pmin and pmax are the minimum and maximum entries of V. It
then follows that there exists a constant K A such that


K A (σP A ( xΩ0 , Ω) + 1 − σ ) N ≤ E ∀i∈U Ii = 1 ≤ (σP A ( xΩ0 , Ω) + 1 − σ) N

(2.9.6)

∑iN=1 Pi ( xΩ0 , Ω) is the arithmetic mean of all Pi ( xΩ0 , Ω).


To obtain the bound for E ∀i∈U Ii = 1| ∑iN=1 Ii ≥ r (Ω, ∂Ω0 ) N , recall that 1 − σ is

where P A ( xΩ0 , Ω) =

1
n

the probability that an element of U is such that Ii = 0. We also note that if at least
r (Ω, ∂Ω0 ) N of the elements of U are ones, then there are N − r (Ω, ∂Ω0 ) N zeros, that

is, N − r (Ω, ∂Ω0 ) N players are not in set U. It follows that



N
0
E ∀i∈U Ii = 1| ∑ Ii ≥ r (Ω, ∂Ω0 ) N = (1 − σ)(1−r(Ω,∂Ω )) N

(2.9.7)

i =1

Equations (2.9.6) together with (2.9.7) when substituted into (2.9.2) yield,

KP

σP A ( xΩ0 , Ω) + 1 − σ

(1 − σ)(1−r(Ω,∂Ω ))
0

 !N

≤P

N

∑ Ii ≥ r(Ω, ∂Ω ) N

i =1

0

!

≤

σP A ( xΩ0 , Ω) + 1 − σ

(1 − σ)(1−r(Ω,∂Ω ))
(2.9.8)
0

 !N
,
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where K P =

KA
K1 .

If we choose σ that optimizes the quantity ϕ =

σP A ( xΩ0 ,Ω)+1−σ

(1−σ)(1−r(Ω,∂Ω



0 ))

(by equating the derivative to zero and solving for σ) and substituting back gives

KP


≤

P A ( x Ω0 , Ω )
r (Ω, ∂Ω0 )

r(Ω,∂Ω0 ) 

P A ( x Ω0 , Ω )
r (Ω, ∂Ω0 )

r(Ω,∂Ω0 ) 

1 − P A ( x Ω0 , Ω )
1 − r (Ω, ∂Ω0 )
1 − P A ( x Ω0 , Ω )
1 − r (Ω, ∂Ω0 )

1−r(Ω,∂Ω0 ) ! N

≤P

N

∑ Ii ≥ r(Ω, ∂Ω ) N

!

0

i =1

1−r(Ω,∂Ω0 ) ! N

(2.9.9)

Re-expressing (2.9.9) in exponential form results to
KP e






P ( x 0 ,Ω)
1−P ( x 0 ,Ω)
Ω
Ω
N r (Ω,∂Ω0 ) ln rA(Ω,∂Ω
+(1−r (Ω,∂Ω0 )) ln 1−rA(Ω,∂Ω
0)
0)

≤e






P ( x 0 ,Ω)
1−P ( x 0 ,Ω)
Ω
Ω
+(1−r (Ω,∂Ω0 )) ln 1−rA(Ω,∂Ω
N r (Ω,∂Ω0 ) ln rA(Ω,∂Ω
0)
0)

≤ P Nt+1 ( xΩ0 ) ≥ R(Ω, ∂Ω0 )| xt ∈ Ω
(2.9.10)

Note that each Pi ( xΩ0 , Ω)  1, hence ln(1 − P A ( xΩ0 , Ω))  ln(1 − r (Ω, ∂Ω0 )) such

that

0

0

K P e− N [ F(r(Ω,∂Ω ))−r(Ω,∂Ω ) ln(P A ( xΩ0 ,Ω))] ≤ P Nt+1 ( xΩ0 ) ≥ R(Ω, ∂Ω0 )| xt ∈ Ω
0



0

≤ e− N [ F(r(Ω,∂Ω ))−r(Ω,∂Ω ) ln(P A (xΩ0 ,Ω))]
(2.9.11)

where F (r (Ω, ∂Ω0 )) = r (Ω, ∂Ω0 ) ln
of the transition Ω → ∂Ω0 is



r (Ω,∂Ω0 )
1−r (Ω,∂Ω0 )



+ ln (r (Ω, ∂Ω0 )). Recall that the cost

c(Ω, ∂Ω0 ) = −r (Ω, ∂Ω0 ) ln (P A ( xΩ0 , Ω)) .
Hence,
0

0

0

0

K P e− N [c(Ω,∂Ω )+ F(r(Ω,∂Ω ))] ≤ Pε (Ω, ∂Ω0 ) ≤ e− N [c(Ω,∂Ω )+ F(r(Ω,∂Ω ))]
2.9.3

(2.9.12)

Proof of Theorem 1

(i ). From the Lemma 5 and Proposition 4 it directly follows that


πε (Ω̃0 )
maxΩ00 Pε (Ω, ∂Ω00 )
≤
≤ K exp N Q(Ω0 , Ω) − Qmin (Ω)
0
Pε (Ω , ∂Ω)
πε (Ω̃)

(2.9.13)

Implying that the subset of states Ω̄ containing epsilon stable state is the for which

( Q(Ω0 , Ω̄) < Qmin (Ω̄)) for all Ω0 6= Ω̄. That is, Q(Ω̄) < 0.

(ii ). For every closed communication class say Ω J , let HΩ j Ω J be the typical directed
path from any other closed communication class Ω j to Ω J . Then from 13
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c

c

πε (Ω̃1 )
Pε (Ω, J Ω J )
πε (Ω̃1 )
πε (Ω̃ J −1 )
Pε (Ω2 , Ω2 )
·
·
·
=
·
·
·
≤
1
2
Pε (Ω , Ω )
Pε (Ω J −1 , Ω J )
πε (Ω̃ J )
πε (Ω̃2 )
πε (Ω̃ J )
(
!)
J −1

≤ Kc exp N ∑ Q(Ω j , Ω j+1 ) − Qmin (Ω j+1 )

(2.9.14)

j =1


J −1
Where ξ ( HΩ1 Ω J ) = ∑ j=1 Q(Ω j , Ω j+1 ) − Qmin (Ω j+1 ) . Now, consider the maximum
probability paths (or equivalently the minimum cost paths) from any closed communication class Ω j to another Ω J . That is arg max HΩ Ω ∈HΩ Ω ξ ( HΩ j Ω J ).
j J
j J
Then the epsilon stable set Ω̄, for which πε (Ω̄) > πε (Ω) ∀Ω 6= Ω̄, is that in which
ξ ( HΩΩ̄ ) < 0. Or equivalently ξ (Ω̄) = maxΩ6=Ω̄ min HΩΩ̄ ∈HΩΩ̄ ξ ( HΩΩ̄ ) < 0.

(iii ). From Lemma 2, the bounds for Pε ( g) = ∏(Ω,Ω0 )∈ g Pε (Ω, Ω0 ) are
K1 e− NQ( g) ≤ Pε ( g) ≤ e− NQ( g)

(2.9.15)

where Q( g) = ∑(Ω,Ω0 )∈ g Q(Ω, ∂Ω0 ).

πε ( Ω ) ≤ Ke

maxg∈G({Ω}) Pε ( g)

!)

(

minΩ0 ∈Ω ming∈G({Ω0 }) Pε ( g)

= Ke exp

N

min

min

Ω0 ∈Ω0 g∈ G ({Ω0 })

Q( g) −

min

g∈ G ({Ω})

Q( g)

(2.9.16)

where Ke is some constant;
Ke =

#G ({Ω})
#Ω#G ({Ω0 })

The epsilon stable set Ω̄, which maximizes the stationary distribution, is then that
for which ming∈G({Ω̄}) Q( g) = minΩ0 ∈Ω0 ming∈G({Ω0 }) Q( g). Or equivalently,
S (Ω̄) = min S (Ω) = min
Ω∈Ω

2.9.4

min

Ω∈Ω g∈ G ({Ω})

∑

Q ( Ω j , Ωκ )

(2.9.17)

(Ω j ,Ωκ )∈ g

Proof of Proposition 2

(i ). The proof involves comparing the measures Q(Ω, Ω0 ) and V (Ω, Ω0 ) for epsilon
stability and stochastic stability respectively. When Pi ( x |x) = m1 for all i, the for each
pair (Ω, Ω0 ),
!
1 N
ln P A = ln
ε i + ln m−1
N i∑
=1
!
!
1 N
0
0
−1
Q(Ω, Ω ) = −r (Ω, ∂Ω ) ln
ε i + ln m
+ F (r (Ω, ∂Ω0 ))
N i∑
=1
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Since ln m−1 is identical for every pair of closed communication classes, −0.7 ≤

F (r (Ω, ∂Ω0 )) ≤ 0 and that each ε i is state independent, then the only relevant quan-

tities in the computation of epsilon stable sets are r (Ω, ∂Ω0 ). Let ε A =

1
N

∑iN=1 ε i , the

for each V (Ω, Ω0 ) we have,
0

0

V (Ω, Ω ) = lim −ε A r (Ω, ∂Ω ) ln
ε A →0

1
N

N

∑ εi

!

!

+ ln m

−1

= r (Ω, ∂Ω0 )

i =1

Implying that the only relevant quantities in the computations of stochastically stable
sets are r (Ω, ∂Ω0 ). Hence epsilon and stochastically stable sets must be identical.

(ii ). For Pi ( x, x) 6=
0

1
m

we have,

0

1
N

Q(Ω, Ω ) = −r (Ω, ∂Ω ) ln

N

∑ εi

i =1

!

+ ln

1
N

N

∑ Pi ( x Ω0 , Ω )

!!

+ F (r (Ω, ∂Ω0 ))

i =1

If the mistakes probability mass functions are bounded, that is 0 < Pi ( xΩ0 , Ω) < 1

∀ i ∈ N and for all Ω, then so must be the averages n1 ∑in=1 Pi ( xΩ0 , Ω). Implying that there must exist
an ε0 sufficiently small such that for all ε A < ε0 , ε A <

ln N1 ∑iN=1 Pi ( xΩ0 , Ω) . Whenever ε A < ε0 the relevant quantities in the computation of epsilon stable sets are r (Ω, ∂Ω0 ), In which case epsilon stable sets will be
identical to stochastically stable sets.

3
STOCHASTIC EVOLUTION IN NETWORKS

Abstract: This Chapter develops methods for stochastic evolutionary equilibrium selection in networks. We derive conditions for asymptotic global convergence
to be global or path-wise contagion, and that the network must be strongly connected.
Strategies that are either globally or path-wise contagious are then those that are
asymptotically globally stable. Asymptotic global stability is robust to the model
of mistakes and addition of strictly dominated strategies. We show that for a
given payoff structure and hence relative payoff gains, a network can be designed
to make at least one strategy asymptotically globally stable. Similarly, for a given
network structure and set of strategies, one can determine the relative payoff gains
that lead to a given strategy to be globally stable. We briefly discuss the practical
and empirical relevance of these findings.

3.1

introduction

As partially discussed in Chapter 2 above, in analyzing long-run outcomes of
stochastic evolutionary processes, Foster and Young [41] and Kandori et al. [57] use
the concept of stochastic stability. Stochastically stable outcomes are those that occur
with positive probability at the limit of randomness. Fairly concrete results have been
established with regard to stochastic stability in 2 × 2 coordination games. For exam-

ple Young [113] and Kandori et al. [57], Blume [19] show that in 2 × 2 coordination

games and under global interactions, risk-dominant strategies are stochastically stable.1 Maruta [72] derives equivalent results for m × m coordination games, showing

that globally risk-dominant strategies are selected in the long-run.2 Michihiro and Rob
1 In a 2 x2 symmetric game with two symmetric equilibria in pure strategies, one risk-dominates another
if and only if the equilibrium strategy is a unique best response to any mixture that gives it at least a
probability of one half.
2 In an m × m symmetric game, a strategy is globally risk-dominant if it is a unique best response to any
mixture that gives it at least a probability of one half.
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[74] show that globally pairwise risk-dominant strategies are stable in the long-run only
under strict conditions they refer to as total bandwagon property and marginal bandwagon property.3 Under local interactions and 2 × 2 games, [38], Lee and Valentinyi
[67] and Lee et al. [66] show risk-dominant strategies are stable in the long-run.

In spite of these strong predictions, questions regarding robustness of and convergence rates to long-run stable outcomes do exist. For example Bergin and Lipman
[15] show that for given m × m asymmetric game, the outcomes that are stochastically

stable strictly depend on the assumptions made concerning the structure of experimentation by players. [59] show that for a given model of mistakes, any outcome
can be made stochastically stable by appropriately adding strictly dominated strategies. Alós-Ferrer and Weidenholzer [8] demonstrate that contrary to the predictions
made in Michihiro and Rob [74] regarding globally pairwise risk dominant strategies
under global interactions, under local interactions and beyond 4 × 4 coordination

games, globally pairwise risk dominant strategies need not be selected. Ellison [37]
showed that under global interactions, the expected waiting times to stochastically
stable outcomes are long.
This Chapter studies evolutionary processes in networks and m × m symmetric

games. We follow the customary behavioral and dynamics assumptions of Darwinian dynamics and with focus on establishing conditions for play to converge
in the long-run and on how to identify stable strategies. More specifically, agents
are assumed to base their decisions on the distribution of strategies in the previous
period and not the entire history of play. Unlike in the case of global interactions,
local interactions imply that information available to each agent is limited and is simply the distribution of strategies in their neighborhood. We establish conditions for
asymptotic global convergence and stability, that is the long-run outcomes at the limit
of population size rather than limit of noise. In so doing, we preserve the necessity
of maintaining positive noise levels in evolutionary models. That is positive noise
levels captures the general assumption of bounded rationality and experimentation
embedded in the models.
These two fairly standard assumptions, limited information (local interactions) and
positive noise levels, circumvent some of the above mentioned limitations of evolutionary processes in the following ways. First, several authors have shown that under
local interactions the expected waiting times to the long-run stable state from any
other state are bounded (e.g. Ellison [37], Young [116], Montanari and Saberi [77]).
3 In an m × m symmetric game, a strategy is globally pairwise risk dominant if it risk-dominates each and

every other strategy. Global pairwise risk dominance is a weaker notion compared to that of global risk
dominance according to Maruta [72].

3.1 introduction

The limitation concerning the convergence rates is thus not necessarily critical under
local interactions, specially when the noise levels are kept positive.
Secondly, under local interactions asymptotic global convergence occurs for strongly
connected networks and additional conditions we describe below. We show that for a
given structure of interactions, strategies that are globally and/or path-wise contagious
are globally stable for a sufficiently large population size. By contagious we mean
a strategy spreads by best-response once a small fraction of players have adopted it.
A strategy is globally contagious if it is uniquely contagious after pair-wise comparison with all other strategies. A strategy, say a, is path-wise contagious relative to
another say b if there exists a directed path from b to a, such that each strategy on the
path is contagious. For any given game however, even when no strategy is globally
contagious it is possible to construct a range of network families for which at least
one strategy is path-wise contagious. The relationship between global and path-wise
contagion on one hand with interaction and the underlying game structures on the
other hand is not linear. For a given game, sparsely connected networks tend to
favor global and path-wise contagion. For a given network structure, strategies with
the largest relative payoff gains are those that are potentially globally and path-wise
contagious.4
The notion of contagion in networks under strategic interactions as defined here
is related to that in Morris [78]. Any given arbitrary network has a critical contagion
threshold such that contagion occurs if and only if the relative payoff gain is below
the contagion threshold. In this regard, the analysis in this Chapter is closely related
to Morris [78] in making use of the notion of contagion to characterize long-run outcomes of evolutionary processes in networks. The main difference resides in the fact
that we focus on stochastic rather than deterministic dynamics. In so doing, we are
able to make unique predictions of long-run stable outcomes for m × m coordination

games. Similarly, we focus on characterizing long-run stable outcomes as opposed
to determining the properties of networks that influence contagion.
Global contagion as we define here is related to the concept of p-dominance according to Morris et al. [79]. Generally, an action pair in a two-player game is said to be
p-dominant if each action is a best response to any belief that the other player takes

the action in this pair with probability at least p. For the local interaction game we
consider, a strategy is p-dominant if for all players, it is the unique best-response
when it is played by at least proportion p of the neighbors. This implies that for a
network with contagion threshold p, a strategy that is p-dominant is also globally
4 For any given matrix game, the relative payoff gain of strategy say a in relation to another say b, is
equivalent to the fraction of opponents that must play a for that agent to switch from playing b to playing
a.
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contagious. Path-wise contagion in the context of local interaction game as defined
in this Chapter is however a novel notion, and is less restrictive compared to global
contagion.
In relation to the analysis in Alós-Ferrer and Weidenholzer [8], global and pathwise contagion are alternative methods that focus on the properties of the underlying network and game. Alós-Ferrer and Weidenholzer [8] focus on establishing
conditions for selection of

1
2 -dominant

strategies, which occurs in networks with

contagion threshold of 12 ; for example the cyclic interaction structure. Here, we do
not place restrictions on the contagion threshold and hence network topology. Most
importantly however, global and path-wise contagion as opposed to the notion of
Global pairwise risk-dominance and the partial bandwagon properties in Alós-Ferrer
and Weidenholzer [8] can be employed to make prediction for long-run outcomes in
m × m and not just 3 × 3 coordination games.
The closely related literature with regard to p-dominance is the recent papers by
Sandholm [99] and Sandholm et al. [100]. They show that the deterministic dynamics
where players sample strategies of k-randomly chosen other players in the population
leads to almost global convergence to 1k -dominant strategies. In relation to the definitions in this Chapter, 1k -dominant strategies would be those that are globally contagious whenever the maximum number of neighbors any player has is k. The contrast
with what we do in this Chapter is that we study non-deterministic processes under
general interaction structures, hence derive results for general interaction topologies
and revision probabilities. Secondly, we emphasize evolutionary processes with positive noise levels. This enables us to derive results pertaining global convergence
rather than almost global convergence.
Thirdly, we show that asymptotic globally stable outcomes are robust to addition
of dominated strategies, circumventing the limitation of stochastic stability pointed
out by [59]. The reason for the robustness of asymptotic global stability to both
addition of strictly dominated strategies and model of mistakes is that the factors that
determine global stability under local interactions (global and path-wise contagion)
are robust to both phenomena.
The most relevant aspect of our results is that for a given payoff structure and
hence relative payoff gains, it is possible to design a network such that at least one
strategy is asymptotically globally stable. Similarly, for a given network structure
and set of strategies, one can determine the relative payoff gains that lead to a given
strategy to be globally stable. Moreover, these findings are robust to the model of
mistakes, circumventing the limitations pointed out by Bergin and Lipman [15].

3.1 introduction

The findings in this Chapter have both practical and empirical implications. First,
since the model of mistakes does not play a role in determining the long-run stable outcomes (but perhaps only the rates of convergence), then for any given game
(e.g. institutional or technological adoption) if the network and payoff structures
are known a priori, the level of noise/experimentation that is characteristic to the
given interaction environment can be estimated. This can be done using historical
data for competing technological products for example. For example Young [114]
fits adoption curves to data on diffusion of Hybrid Corn (based on the empirical
work of Ryan and Gross [97]) to distinguish between three diffusion processes; contagion, social influence and social learning. A similar exercise can be performed for
a specific learning process then estimate the desirable level of experimentation. This
exercise is feasible since the network of interactions can be empirically determined.
Recently, there has been a growing literature both theoretical and empirical in the
field of social networks. Most of this literature is devoted to characterizing the distributional structure of real world social networks (see for example Newman et al. [86]
and Newman [87]). Determining the level of experimentation that is characteristic to
a given institutional structure or technology field is particularly relevant if we view
the process of experimentation as an abstraction from the actual process through
which new technologies and institutions emerge. The second practical relevance of
our result is that, by relating network structure to relative payoff gains it is possible
to determine for a given network of interaction the required level of incremental innovation for one product to take over the market. That is, for any given network
one can determine the level of relative payoff gain for a given strategy to be globally contagious independently of the level of noise and model of mistakes. Similarly,
if we think of competing scientific theories as exhibiting strategic complementarity,
then for a given network of interactions between scientists (which can be constructed
from co-authorship or cross-citations) one can determine the level of empirical evidence/support (hence relative payoff gains) that can lead to one theory to be firmly
accepted.

The remainder of the Chapter is organized as follows. In section 3.2 we introduce
the general framework of stochastic evolutionary dynamics in networks. Section 3.3
defines the solution concept and provides results for global convergence and stability. Sections 3.4 and 3.5 developed the concepts of global and path-wise contagion,
explicitly characterizing how the network and payoff structures interactively shape
long-run stability.
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3.2

the model

We consider an m strategy matrix game Γ( X, {Ui }i∈N ) played by a set N =
{1, · · · , i, · · · } of players. Where X = { a, b, c, · · · } is the strategy set identical for
all players and U ∈ Rm×m is the associated payoff matrix such that Ui ( a, b) is the
base payoff to i for playing a when the opponent plays b. Whenever the a finite
population is referred N will denote the population size. Players revise their strategies simultaneously at discrete time intervals t = 1, 2, · · · . At each t, each player
evaluates the available strategies and chooses that which maximizes the expected
payoffs. This evaluation process in based on strategies of opponents in the neighborhood. The neighborhoods form each player’s social network. Generally, the network
of interactions can be modeled in a graph theoretical manner.
Let G ( N, E) be a graph with N vertices representing the number of agents and E
edges linking different pairs of agents, such that a graph gij defines the connection
between i and j. If gij = 1 then a directed link exists from i to j, and zero implies
otherwise. G ( N, E) is thus a directed network describing the relationship of any one
agent with every other agent in the population. The adjacency matrix A of G ( N, E) is
defined as an N × N matrix with entries being the elements of gij . The neighborhood
of agent i, Ni , is defined as Ni = { j ∈ N | gij = 1}, and gives the set of players to
which i is linked to. The cardinality #Ni = k i , is the degree of i.
We assume that each player plays the same strategy against all the neighbors. That
is given state x, where x−i denotes the population state with i excluded, the expected
payoff to i for playing strategy a is
Ui ( a, x−i ) =

∑

Jij U ( a, x j ),

(3.2.1)

j∈Ni

where x j is the jth coordinate of x. The parameter Jij takes on values in the closed
interval [0, 1]. It is the weight that i attaches to the interaction with j, such that if i
weights all the neighbors equally then Jij =

1
ki

for all j ∈ Ni . The model of stochastic

evolution in networks is then defined as follows.

Definition 4: A model of stochastic evolution in networks is a quadruple (X, PN , PN,ε , GN )
consisting of
1) A set X referred to as the state space of the model.
2) A family of interaction networks GN indexed by N as the number of vertices and EN
as corresponding number of edges such that
lim

N →∞

| EN |
<1
N ( N − 1)

(3.2.2)

3.2 the model

3) A family of Markov transition matrices PN on X indexed by N ≥ 3.
4) A family of Markov transition matrices PN,ε on X indexed by N ≥ 3 and the set
ε = (ε 1 , · · · , ε N ), such that

(i) PN,ε is ergodic for all ε i > 0.
(ii) PN,ε is continuous in ε and PN,0 = PN .
(iii) Each ε i can be state dependent but are independent of N.
Condition (3.2.2) of the model places restriction on the structure of the network
as the population size grows. It states that the density of the network as N grows
should be bounded away from one. A complete network (in which each player interacts with every other player) has density of one; (3.2.2) therefore rules out complete
networks and all network families for which the number (or mass) of edges grows
proportionally with its volume: N ( N − 1). As already established in Ellison [37], for

complete networks the radii of all basins of attraction are increasing functions of N.
Condition (3.2.2) rules out these cases and is necessary for the validity of results in

Theorem 2 (ii ) and (iii ) below.
The Markov transition matrix PN is based on the unperturbed dynamics and
PN (x, y) is the probability that state x is followed by y. Since we assume best response dynamics rather than say imitation, PN (x, y) is the probability that state y is
reached when each player switches to a strategy yi that is best-response to x. That is
for each i

(
BRi (yi , x) =

1
0

if yi ∈ arg maxb∈X Ui (b, x−i )
otherwise.

(3.2.3)

The fourth element of the model specifies the nature of random perturbations.
There are two main ways to capture the aspect of randomness. The mistakes resulting from experimentation (on strategies) and randomness resulting from expected
payoffs perturbations. Under the former, the probability that player i chooses action
a given x is
Pi ( a, x) = (1 − ε i (x)) BRi ( a, x) + ε i (x)Pi ( a, x)

(3.2.4)

where ∑ a∈X Pi ( a, x) = 1 for each i ∈ N and a ∈ X.

Condition (iii ) of element 4 of the model implies that each ε i (x) and Pi ( a, x) can

be state dependent but are independent of N. This condition is necessary to rule out
cases in which the likelihood of mistakes is a decreasing function of N. A distinction
should however be made between the likelihood of mistakes and the number of
mistakes. While the likelihood of making a mistake to transition from one state to
another is independent of N, the number of mistakes required to exit a subset of
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states can grow with N. The special case of dynamics (3.2.4) are Kandori et al. [57]
and Young [113] where mutation rates are state and player independent.
Under the case of expected payoff perturbations, i’s objective is to choose a strategy
a that maximizes the perturbed payoff Ui ( a, x−i ) + ε a , that is
a ∈ arg max Ui (b, x−i ) + ε b
b∈ X

where ε b ’s are the random components of the expected payoff. The special cases of
expected payoff perturbations are those in which the components of ε = (ε a , ε b , · · · )
are assumed to be independently distributed. For example the logit and multinomial

probit in Blume [20] and Myatt and Wallace [82] respectively.

3.3

asymptotic global convergence

Given the conditions for random perturbations above, the process PN,ε has a well
t , where q is the vector
defined unique invariant distribution π N,ε = limt→∞ q0 PN,ε
t

of probability mass functions at period t. It describes the amount of time the process spends in each state in the long-run or equivalently the long-run probability
of each state. We denote by Ω for a typical closed communication class or equivalently limit sets of the equivalent process without mistake, that derives from the
dynamics in (3.2.3). The set of all such sets is denoted by Ω. In pure coordination
games for example, the closed communication classes include the singleton sets in
which all players play the same strategy. Generally however, closed communication
classes can include sets that are cycles and those in which players use different strategies. When interactions are local, the number of closed communication classes may
increase depending on the network topology.
Let ∂Ω denote the boundary of a closed communication class Ω. That is, all states
in the basin of attraction of Ω with Ω excluded.5 The basin of attraction of Ω is then
Ω̃ = ∂Ω ∪ Ω. We write (Ω̃, P̃N,ε ) for the chain with transitions between elements Ω̃.

Asymptotic global convergence is then formally defined as follows

Definition 5: Given a family of networks GN indexed by N, a subset of states Ω is said
to be asymptotically globally stable if lim N →∞ π N,ε (Ω) > 0
That is, asymptotically globally stable sets are those where the probability with
which it is played in the long-run is positive at the limit of the population size. The
analysis of chain PN,ε thus involves the characterization of the stationary distribution.
Here, we make use of the quotients method. More specifically, the following Lemma.
5 The basin of attraction of a closed communication class Ω is defined as Ω̃ = {x ∈ X|P(∃ T s.t xt ∈ Ω ∀ t >
T |x0 = x) = 1}. That is, the set of states from which the chain without noise converges to Ω.
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Lemma 5: Let Ω and Ω0 be any two closed communication classes such that PN,ε (Ω0 , Ω)
is the probability of the transition from some state in Ω0 to another in Ω . Let also Ωc be the
complement of Ω. Then

π N,ε (Ω̃0 )
P (Ω, Ωc )
≤ N,ε 0
PN,ε (Ω , Ω)
π N,ε (Ω̃)

(3.3.1)

Similarly, if Ω1 → Ω2 → · · · → Ω j → · · · → Ω J is a directed path from Ω1 to Ω J , then
PN,ε (Ω J , ΩcJ )
PN,ε (Ω2 , Ω2c )
π N,ε (Ω̃1 )
≤
···
PN,ε (Ω1 , Ω2 )
PN,ε (Ω J −1 , Ω J )
π N,ε (Ω̃ J )

(3.3.2)

Proof. See Appendix 3.8.1
The probabilities PN,ε (Ω, Ω0 ) are in principle single step probabilities involving
states belonging to two different closed communication classes. Under Lemma 5,
we say a (subset of) closed communication class is asymptotically globally stable if
its basin of attraction is asymptotically globally stable. The first step of the analysis
therefore involves deriving bounds for the probabilities PN,ε (Ω, Ω0 ). It is convenient
to split the transition Ω → Ω0 into two transitions, from Ω → ∂Ω0 and ∂Ω0 → Ω0 .
PN,ε (Ω, Ω0 ) = PN,ε (Ω, ∂Ω0 ) PN,ε (∂Ω0 , Ω0 )

(3.3.3)

We refer to the probabilities PN,ε (Ω, ∂Ω0 ) as exit probabilities, in the sense of exiting
the basin of attraction of Ω, and PN,ε (∂Ω0 , Ω0 ) as contagion probabilities for the reason
that when the process enters the boundary of a closed communication class, the
dynamics is dominated by contagion or simply best-response.

3.3.1

Exit probabilities

For each pair of closed communication classes let R(Ω, ∂Ω0 ) be the number of
players required to play action xΩ0 by mistake for the transition Ω → ∂Ω0 to occur.

We then write Pi ( xΩ0 , Ω) for the probability that player i plays xΩ0 given that the
chain is in some state of Ω. We also write r (Ω, ∂Ω0 ) =
1
N

∑iN=1 Pi ( xΩ0 , Ω).

1
0
N R ( Ω, ∂Ω )

and P A ( xΩ0 , Ω) =

The following Lemma follows directly from Chapter 2

Proposition 4: The probability PN,ε (Ω, ∂Ω0 ) of the transition from a state in Ω to another in ∂Ω0 in a single time step is bounded by


K P exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) ≤ PN,ε (Ω, ∂Ω0 )


≤ exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))
where c(Ω, ∂Ω0 ) = −r (Ω, ∂Ω0 ) ln P A ( xΩ0 , Ω), F (r ) = r ln

some constant.

r
1−r



+ ln(1 − r ) and K P is
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Each c(Ω, ∂Ω0 ) is the cost of the transition Ω → ∂Ω0 . The following example

suffices to illustrate the implications of the measures contained in the bounds for exit
probabilities. Consider a 2 × 2 coordination game with strategies a and b with a being

the risk-dominant strategy. Let the interaction structure be that of a ring network in

which each player has two neighbors. There are two limit states in this case: that in
which all players play a and that in which they all play b. Since a is risk-dominant,
whenever a player has one neighbor playing a, his best-response is a. For N ≥ 4, two
mistakes are required to move from an all b state, b, to the basin of attraction of an

all a state, ∂a. To move from a to ∂b requires more than N/2 mistakes. We then have
r (b, ∂a) =

2
N

and r (a, ∂b) = 21 .

Now consider the case of the mistakes model of (3.2.4) in which ε i are independently and identically distributed across players and strategies. Let each ε i be
drawn from a normal distribution with mean 0.05 and bounded variance. Let also

Pi ( a, b) = Pi ( a, b) = 21 . That is, both strategies are equally likely whenever a mutation occurs. Then for sufficiently large N, P A (b, a) = P A ( a, b) = 0.025. We also have

F (0.5) = −0.7 and for N sufficiently large F N2 ≈ 0.
It follows that c(b, ∂a) =

7.4
N

and c(a, ∂b) = 1.8. The respective bounds for the exit

probabilities are K P exp(−1.1N ) ≤ PN,ε (a, ∂b) ≤ exp(−1.1N ) and 6.1 × 10−4 K P ≤

PN,ε (b, ∂a) ≤ 6.1 × 10−4 . In other words, given the structure of perturbations, we

can determine the rate at which exit probabilities decay with N. This is opposed to

the case of limit noise analysis where the quantity ln P A ( xΩ0 , Ω) tends to negative
infinity.
Condition 4 (iii ) of the model definitions then implies that each P A ( xΩ0 , Ω) does
not decay with N and that ln P A ( xΩ0 , Ω) are bounded from below for all values of
N.

3.3.2

Contagion probabilities

This section derives bounds for contagion probabilities in terms of the parameters
of the network topology and the underlying game. The characterization is based on
the notion that once the chain enters the boundary of a closed communication class,
it acquires a quasi-stationary distribution over the state space of a basin of attraction.
The quasi-stationary distribution attained places most weight on the corresponding
closed communication class. The convergence rate within a basin of attraction is

3.3 asymptotic global convergence

precisely the rate at which the chain attains its quasi-stationary distribution. The
following example will help illustrate this concept.


PN,ε

0.91


 0.85


 0.1
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0.0015
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0.99
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0.0006

0.009
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0.9
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0.0005 


0.005 

0.007 


0.89 

0.008 

0.05

(3.3.4)

Consider the Markov chain with transition matrix in (3.3.4). The state space is
X = {a, b, c, d, e, f, g}. It consists of two limit states a and f and the corresponding

basins of attraction are ã = {a, b, c} and f̃ = {d, e, f, g} respectively. The basins of
attraction thus form almost invariant subsets. The dashed lines partition the transition

matrix into transitions within the states of almost invariant subsets (the upper left
and lower right blocks of the matrix) and transitions from one invariant subset to
another (upper right and lower left blocks). Whenever the process is in either of
these subsets, it attains a quasi-stationary distribution that we denote by π N,ε ( ã) and
π N,ε ( f˜) respectively.
For the transition matrix (3.3.4), the respective invariant distributions rounded to
the fourth decimal place are:
π N,ε = (0.0450, 0.0045, 0.0021, 0.0012, 0.0022, 0.9351, 0.0995),
π N,ε (ã) = (0.8700, 0.0865, 0.0435)

and

π N,ε (f̃) = (0.0016, 0.0025, 0.9852, 0.0107).
The process thus spends 93.5% of the time in state f in the long-run. When in
the basin of attraction ã, it spend 87% of the time in state a; when in f̃ it spends
98.5% of the time in f. To fully characterize the dynamics of the process within
each basin of attraction, we make use of the convergence rates to the quasi-stationary
distributions. Closely related to the convergence rates are the mixing times within
these almost invariant subsets, the time it takes the process to attain its stationary
(quasi-stationary) distribution. For each Ω̃, we denote the mixing time by TΩ̃ . For
the process (3.3.4) above, the mixing time for the entire process is T = 1600 periods,
Tã = 12 periods and Tf̃ = 16 periods.
Seneta [102] showed that the convergence rates for finite Markov chains are always
exponential. That is, for a given PN,ε and probability mass function at time t, qt ,
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= O(Rt ), for some R < 1. We can thus generally define the
convergence rate to the quasi-stationary distribution π N,ε (Ω̃) as,
t q −π
PN,ε
0
N,ε

t
qΩ̃ − π N,ε (Ω̃)
R(Ω̃) = lim sup PN,ε

1
t

(3.3.5)

t→ TΩ̃

where qΩ̃ is the probability mass function that places most weight on some initial
state of the chain in Ω̃.
The contagion probabilities (for transitions ∂Ω → Ω) are then proportional to

1 − R(Ω̃). This is based on the fact that since R(Ω̃) < 1, the closer R(Ω̃) is to one

the longer the process takes to converge to its quasi-stationary distribution. We can
K
then write PN,ε (∂Ω, Ω) = 1 − R(Ω̃) Ω , where KΩ is some constant. Equivalently,
PN,ε (∂Ω, Ω) = exp KΩ ln 1 − R(Ω̃)



(3.3.6)

The parameters R(Ω̃) are equivalent to the second largest eigenvalues of the block

matrices describing the transitions within the states of almost invariant subsets (see
proof of Proposition 5 below). For the process (3.3.4) the respective values are R(ã) =

0.2002 and R(f̃) = 0.2851. Hence PN,ε (∂a, a) = exp (−0.22KΩ ) and PN,ε (∂f, f) =
exp (−0.34KΩ ).

In what follows, we derive and expression for R(Ω̃) in terms of computable pa-

rameters rather than using its relation to the eigenspectrum of the entire transition
matrix. Here, we provide bounds in terms of the eigenspectrum of the network of
interactions. We begin with the following definitions.

Denote the normalized adjacency matrix associated with the network of interactions by A (we omit the index N for notational simplicity). Let also ρ(A ) =
N
N
(λ1N , · · · , λ N
N ) be its eigenvalue spectrum ordered in such away that λ1 = 1 ≥ λ2 ≥
· · · ≥ λN
N . Denote by Σε for a player’s individual transition matrix given an opponent’s actions. That is let P( x j | xi ) be the probability that a given player plays action
x j ∈ X given that his opponent is playing xi ∈ X in the current period. Then Σε is
given by


P( x1 | x1 ) P( x2 | x1 ) · · · P( x m | x1 )


 P( x1 | x2 ) P( x2 | x2 ) · · · P( x m | x2 ) 


Σε = 
(3.3.7)

..
..
..
..


.
.
.
.


P( x1 | x m ) P( x2 | x m ) · · · P( x m | x m )

Let also ρ(Σε ) = (ϑ1 , · · · , ϑm ) be the eigenvalue spectrum of Σε . The following

Proposition provides bounds for convergence rates.
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Proposition 5: For a given network of interactions GN , the convergence rate R(Ω̃)

within a basin of attraction has the following bounds

1 − λ2N ( G ) ≤ 1 − R(Ω̃) ≤ 1 − ϑm λ2N ( G )
where λ2N ( G ) is the second largest eigenvalue of the normalized adjacency matrix of network
GN .
Proof. See Appendix 3.8.2
The eigenvalues of Σε , ϑm are functions of the underlying payoff structure and the
level of noise. As the noise level tends to zero, ϑm tend to one.The quantity 1 − λ2N ( G )

is also generally referred to as the spectral gap of GN . A bound on λ2N can be established through its relationship with the graph conductance φ( G ). We give examples
for specific graphs below.

Example: The following relation between second the eigenvalue of a network graph
GN , λ2N ( G ) and φ( G ) can be derived from Cheeger inequality: See Appendix 3.8.3
for more detail concerning the relation plus derivations for the following examples.
λ2N ( G ) ≤ 1 −

φ ( G )2
.
2

(3.3.8)

(i) Complete network (Gcom ): a network structure in which every vertex is connected to every other vertex: λ2N ( Gcom ) ≤ 78 .
(ii) 1 − D cyclic network (Gcyc ): a network in which vertices are arranged in a circle
and every vertex is connected to two other neighboring vertices; λ2N ( Gcyc ) ≤
N 2 −2
.
N2

(iii) 2D N × N lattice network (G2D ): a lattice structure constructed with periodic boundary conditions such that each agent is connected to 4 neighbors:
λ2N ( G2D ) ≤

16N 2 −1
.
16N 2

(iv) Random d-regular network (Gd−r ): a network structure in which each of the N
vertices is connected to d other vertices chosen at random: λ2N ( Gd−r ) ≤ 87 .

(v) Newman’s small world network (Gnsw ): a network structure in which the mean
shortest-path between nodes increases sufficiently slowly (logarithmically)
as a

function of the number of nodes in the network: λ2N ( Gnsw ) = 1 − O

where c is a constant.
Proof. See Appendix 3.8.3

c
(ln N )2

,
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In general, densely connected and random networks have higher second largest
eigenvalues compared to sparsely connected network. For sufficiently small noise,
ϑm is close to one such that 1 − R(Ω̃) is approximately equal to 1 − λ2N ( G ). This

enables us to focus on the influence of the network on long-run stability. Propositions
4 and 5 then yield the following Proposition.

Proposition 6: For a given network of interactions GN with the second eigenvalue of its
normalized adjacency matrix λ2N ( G ), and some constant 0 ≤ KΩ ≤ 1 such that γ N (Ω) =

KΩ ln(1 − λ2N ( G )), the probability of the transition Ω → Ω0 is bounded by
n
o

K F exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) + γ N (Ω0 ) ≤ PN,ε (Ω, Ω0 )
n
o

≤ exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) + γ N (Ω0 )

where c(Ω, ∂Ω0 ) = −r (Ω, ∂Ω0 ) ln P A ( xΩ0 , Ω), F (r ) = r ln 1−r r + ln(1 − r ) and K F is

some constant.

The following shorthand and definitions are used for the remainder of the Chapter.
First, for a given N we write ψ N (Ω, Ω0 ) = N (c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))) − γ N (Ω0 ),
N
0
N
N
0
N
N ( Ω ) = min 0
ψmin
Ω 6=Ω ψ ( Ω, Ω ) and ψmax ( Ω ) = maxΩ0 6=Ω ψ ( Ω , Ω ). And ψ ( Ω ) =

N ( Ω ) − ψ N ( Ω ). Secondly, we define the paths in relation to the expression in
ψmax
min

(3.3.2). Let HΩ1 Ω J be the set of all directed paths starting from Ω1 and terminating

at Ω J , and let HΩ1 Ω J = Ω1 , · · · , Ω j , · · · , Ω J be the typical path in HΩ1 Ω J . Then the
path potential ξ N ( HΩ1 Ω J ) of HΩ1 Ω J is defined as
ξ N ( HΩ1 Ω J ) =

J −1

∑

j =1

N
ψ N (Ω j , Ω j+1 ) − ψmin
( Ω j +1 )



That is, the total cost of the path minus the total of minimum deviations from the
path. The path potential is thus a measure of how accessible or reachable a given
closed communication class is from another through that particular path. The logic
behind the definition is that the accessibility of Ω J from Ω1 through HΩ1 Ω J depends
on the total cost associated with HΩ1 Ω J and the likelihood of deviating from HΩ1 Ω J .
The higher the cost the more difficult it is to reach Ω J through HΩ1 Ω J and the lower
the resistance of the basins of attraction that the path traverses to reach Ω J the more
likely that the process will follow such a path. We can also write the equivalent limit
quantities as ψ L (Ω) = lim N →∞

1 N
N ψ ( Ω ),

and

1 N
ξ ( HΩ1 Ω J )
N →∞ N
We then define the maximum path potential of any given closed communication class
ξ L ( HΩ1 Ω J ) = lim

Ω J as follows
ξ N (Ω J ) = max

Ω j 6=Ω J HΩ

min

∈HΩ j Ω J
jΩJ

ξ N ( HΩ j Ω J )

(3.3.9)
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Given these definitions, the following proposition holds.
Proposition 7: If Ω∗ is the asymptotically globally stable set, then
(i) ψ L (Ω∗ ) < 0,
(ii) ξ L (Ω∗ ) < 0 and
Proof. See Appendix 3.8.4.

The quantities ψ L (Ω∗ ) and ξ L (Ω∗ ) are closely related to the notion of radius, coradius and modified co-radius in Ellison [38]. More specifically, each ψ N (Ω) is related to the difference between co-radius and radius of Ω and ξ N (Ω) is related to the
difference between the modified co-radius and radius of Ω. The manner in which we
make use of these measures is however different in that we consider their values at
the limit of N. That is ψ L (Ω∗ ) and ξ L (Ω∗ ). Similarly, because we keep the noise level
positive, we do not talk about the radius, co-radius and modified co-radius but rather
the cost of direct transitions and costs of paths between limit sets. The conditions
are identical in that in both cases what matters is whether or not these quantities are
negative. We now relate the conditions in Proposition 7 to the parameters of network
topology and properties of the payoff structure. The following theorem is a first step
towards this goal.
Theorem 2: Given a family of networks GN , a subset Ω∗ is asymptotically globally stable
if
(i) lim N →∞

1
N

ln(1 − λ2N ( G )) = 0,

(ii) lim N →∞ r (Ω j , ∂Ω∗ ) = 0 for all Ω j 6= Ω∗ , or
(ii) if for all Ω j 6= Ω∗ , there exists a directed path HΩ j Ω∗ such that for each ordered pair

(Ω j1 , Ω j2 ) ∈ HΩ j Ω∗ , lim N →∞ r (Ω j1 , Ω j2 ) = 0 but lim N →∞ r (Ω∗ , Ω j ) > 0

Proof. See Appendix 3.8.5
Theorem 2 provides conditions on the interaction structure and the underlying
base game for which asymptotic global convergence is feasible. This result is clearly
independent of the model of mistakes. This is because the relevant quantities in the
computation of asymptotically globally stable sets are r (Ω, ∂Ω0 ) and the probabilities of mistakes, captured by ln (P A ( xΩ0 , Ω)), are negligible. Provided that the noise
levels are positive. The first sufficient condition for asymptotic global convergence is
that the rate at which the spectral gap of the interaction network grows with N must
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be negligible at the limit of N. This condition is valid for most strongly connected network structures. By strongly connected we mean those cases in which there exists a
directed path from any one player to any other player. Consider the examples subsecN
tion 3.3.2 above. For the case of random
  d-regular network (Gd−r ), where λ2 ( Gd−r ) ≤
7
8

we have ln(1 − λ2N ( Gd−r )) = ln

1
8

. Thus lim N →∞

1
N

ln(1 − λ2N ( Gd−r )) = 0. Sim2

−1 , we have
ilarly, for the 2D N × N lattice network (G2D ), where λ2N ( G2D ) ≤ 16N
16N 2


2 ln N
1
1
N
ln(1 − λ2N ( G2D )) = ln 8N
2 . The limit lim N → ∞ N ln(1 − λ2 ( G2D )) = − N . From

L’Hôpital’s rule it follows that lim N →∞

1
N

ln(1 − λ2N ( G2D )) = 0.

Conditions (ii ) and (iii ) satisfy what we refer to as global and path-wise contagion

respectively. We discuss each of these notions in the following sections. As we define
below, a strategy is contagious relative to another for a given payoff and network
it can spread by best-response once it has been adopted by a small fraction of the
population. This property determines whether or not the quantities r (Ω, ∂Ω0 ) are
decreasing functions of N. If a strategy played by all or a majority of players in Ω0 is
contagious relative to that played in Ω then r (Ω, ∂Ω0 ) will be a decreasing function of
N, and vice versa. Based on this argument, we then introduce the concepts of global
and path-wise contagion in relation to conditions in Theorem 2 (ii ) and (iii ) respectively. We then show that actions that are globally and/or path-wise contagions are
those that are asymptotically globally stable.

3.4

global contagion

Global contagion, in a literal sense implies that there exists a unique strategy for a
given network structure, that can spread through best-response once a small fraction
of the population has adopted it. More formally, given any pair of closed communication classes Ω and Ω0 , let xΩ and xΩ0 be the strategies played by all or the majority

of players in each respective class. R(Ω, ∂Ω0 ) is the number of players required to
play xΩ0 to trigger contagion. Then,

Definition 6: Let |x| a denote the number of players playing strategy a in state x. For the

transition Ω → Ω0 , xΩ0 is said to be contagious relative to xΩ if xΩ0 spreads by best-response

whenever |x| xΩ0 > R(Ω, ∂Ω0 ). The strategy xΩ0 is globally contagious if it is contagious for
all transitions Ω → Ω0 for all Ω 6= Ω0 .

That is, a strategy xΩ0 is contagious if it spreads by best-response once at least

R(Ω, ∂Ω0 ) of the players have adopted it. The feasibility of global contagion depends
on the properties of the interaction network and the payoff structure: That is contagion
threshold and relative payoff gains respectively.

3.4 global contagion

The relative payoff gain denoted by ηab , for any pair of strategies a and b is defined
by
ηba =

U (b, b) − U ( a, b)
U (b, b) − U (b, a) + U ( a, a) − U ( a, b)

(3.4.1)

and ηab = 1 − ηba . The quantities U (b, b) − U ( a, b) and U ( a, a) − U ( a, b) are the

private and social payoff gain of switching from b to a respectively. The measure of

relative payoff gain ηba , can also be interpreted as the fraction of neighbors that each
player requires to play a for that player to switch from b to a through best-response,
and vice versa for ηab . We write dme for the smallest integer not less than m such
that for each i ∈ N with respective degree k i , the quantity dηba k i e is the minimum

number of neighbors i requires to play a for i to do likewise.

For every interaction network GN there exists a real number 0 < ηG < 1 such that
for any pair of strategies say a and b, strategy a is contagious relative to b whenever
ηba ≤ ηG . We then say that a strategy a is globally contagious under interaction network
GN whenever ηba ≤ ηG for all b 6= a. Or equivalently, whenever ηmax,a ≤ ηG , where

ηmax,a = maxb6= a ηba . This real number ηG is the contagion threshold of network GN

[78].

Every arbitrary network of interactions has a unique contagion threshold. Consider for the example the round-robin network structure in which each player i has
two neighbors i − 1 and i + 1. Such a network structure has the contagion threshold

of 21 . Implying that for any underlying base game containing a unique strategy say a
with maximum relative payoff gain ηmax,a <

1
2

(that is a risk-dominant strategy), such

a strategy is globally contagious under the round-robin network structure. Morris
[78] provides an explicit characterization of contagion threshold for various families of deterministic networks. Lelarge [68] derives similar conditions for random
networks.
The above definition of global contagion is related to the notion of p-dominance
according to Morris et al. [79]. An action pair in a two-player game is said to be
p-dominant if each action is a best response to any belief that the other player takes
the action in this pair with probability at least p. For the local interaction game we
consider, a strategy is p-dominant if for all players, it is the unique best-response
when it is played by at least proportion p of the neighbors. This implies that for a
network with contagion threshold p, a strategy that is p-dominant is also globally
contagious.
The following example illustrate the selection of globally contagious strategies for
given network structures.
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Figure 2: The 2-dimensional network with contagion threshold of 13 .
Example 3. For the 3 × 3 game of Table 5, strategy b is globally contagious and hence

asymptotically globally stable for all networks with contagion threshold ηG ≥ 13 . This is true

irrespective of the model of mistakes.

Table 5: For any pair of players the profile (b, b) is risk-dominant.

a
b
c

a

b

c

6,6

0,5

0,0

5,0

7,7

6,3

0,0

3,6

8,8

Proof. The proof follows by first determining the relative payoff gains for each pair
of strategies. We have ηab = 81 . ηba = 78 , ηbc = 23 , ηcb = 31 , ηac = 58 , ηca = 56 . It follows
that ηmax,a =

7
8,

ηmax,b =

1
3

1

and ηmax,c =

2
3.

Hence strategy b is uniquely globally

stable for all network structures with contagion threshold ηG ≥ 13 .
Example 3 demonstrates the selection of globally contagious strategies and more
specifically that there exists a range of families of networks for which global contagion and hence asymptotic global convergence is feasible. In this example, global
contagion is feasible in all networks whose contagion threshold is
example the network in Figure 2.

1
3

≤ ηG ≤ 12 . For

Now, consider the n-dimensions l-max distance interactions family of networks.
That is given an n-dimensional lattice network, each player interacts with all players
who are within the distance of l steps away in all directions. See Figure 9 for the case
of n = 2 and l = 1. Morris [78] provides general expressions for contagion thresholds
for this family of networks. For example when n = 2 the contagion thresholds are

3.5 path-wise contagion

given by ηG =

l (2l +1)
(2l +1)2 −1

for l = 1, 2, 3, · · · . For l = 1 we have ηG = 38 . For this family

of interaction networks, that is for all values of n and l, the contagion threshold is
ηG ≥ 31 , implying global contagion of strategy b.

Figure 3: The 2-dimensions 1-max distance interactions.

3.5

path-wise contagion

1

Path-wise contagion, in a literal sense, means that there exists a directed path
between a pair of closed communication classes whereby the strategies played in
each directed relation is contagious but not vice versa. Formally, path-wise contagion
is defined as follows.
Definition 7: Consider any pair of closed communication classes Ω1 and Ω J with the
directed path HΩ1 Ω J = {Ω1 → · · · → Ω j → · · · → Ω J }. Let xΩ j be the strategy played

by the majority of players in some state of Ω j . Then for a given interaction network GN , Ω J
and hence xΩ J is said to be path-wise contagious relative to Ω1 if each ηxΩ
η xΩ

x
j +1 Ω j

> ηG and that ηxΩ J xΩ > ηG .

x
j Ω j +1

≤ ηG but

1

This means that, for every pair of strategies say a and d with directed path relations
a → b → c → d, strategy d is path-wise contagious relative to a if b is contagious

relative to a, c is contagious relative to b and d is contagious relative to c, but not vice
versa. We provide two examples to illustrate the concept of path-wise contagion. The
first example demonstrates how the concept of path-wise contagion can be employed
to derive global convergence to risk-dominant strategies in the absence of global
contagion. The second example shows that even in the absence of a unique risk-
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dominant strategy, one can still design an interaction network in which asymptotic
global convergence occurs.
Example 4. For the 3 × 3 game of Table 6, strategy c is path-wise contagious and hence
asymptotically globally stable for all network structures.

Table 6: For any pair of players the profile (c, c) is risk-dominant.

a
b
c

a

b

c

6,6

0,5

0,0

5,0

7,7

5,5

0,0

5,5

8,8

Proof. The relative payoff gains for each pair of strategies are ηab = 18 . ηba = 78 , ηbc =
2
5,

ηcb = 53 , ηac = 58 , ηca = 65 . It follows that ηmax,a = 78 , ηmax,b =

3
5

and ηmax,c = 85 .

Since the maximum possible contagion threshold for any network structure is 12 , it
follows that no single strategy is globally contagious for all network structures.
First consider the case of network structures with contagion threshold of ηG ≥ 52 .

For such networks b is contagious relative to a and c is contagious relative to b and

not vice versa. The only path that is path-wise contagious is Hac = {a → b → c}.
Implying that c (and hence strategy c) is the asymptotically globally stable state

(strategy) in such network families.
Now, consider the case of network structures with contagion threshold of ηG ≥ 81 .

For such networks b is contagious relative to a but c is no longer contagious relative
b since ηbc > ηG . There however exist a series of intermediate limit states between
b and c induced by the network structure. These states can be ordered in such a
way that they are contagious relative to each other. There exists a directed path
Hbc = {b → · · · → Ω j · · · → · · · → c}. Where Ω j ’s are the intermediate limit

states. Consider the 2-dimensions nearest neighbor interactions network of Figure 4
for example. In this network structure, the intermediate states involve two players
in each enclave of four simultaneously switching from playing b to playing c. More

3.5 path-wise contagion

explicitly, if we consider the diagonal enclaves, then for an N size network we have
√
N of such limit states, each with r (Ω j , Ω j+1 ) = N2 .
√

ξ ( Hbc ) =

N

∑

j =1

Since r (a, b) =

1
N

2
− rmin (Ω j+1 )
N



√

N
2
= √ − ∑ rmin (Ω j+1 )
N j =1

and r (b, a) = O( N ), we then have


ξ ( Hac ) =

1
2
+√
N
N

√



− O( N ) +

N

∑ rmin (Ω j+1 )

!

j =1

Hence at the limit of N, ξ ( Hac ) < 0, and c is the asymptotically globally stable state
under such families of networks.

Figure 4: The 2-dimensions nearest neighbor interactions network.
For the case of networks with 0 < ηG ≤ 81 , the similar argument of intermediate

limit states that applies between b and c will apply between a and b. Making c the
asymptotically stable state in this family of networks as well.

Example 4 acts to illustrate one of our main results of Theorem 2 that if the underlying base game contains a unique risk-dominant strategy, then it is always selected
independently of the model of mistakes and network structure. This result generalizes earlier results by Lee and Valentinyi [67] and Lee et al. [66] to m × m matrix
games, models of mistakes and to arbitrary networks. The result is contrary to the
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case of global interactions that crucially depends on the model of mistakes. For example Young [113] showed that for the game in Table 6 the stochastically stable strategy
is b under global interaction and mistakes model. Under multinomial logit model
however, strategy c is stochastically stable. The main reason for the difference is that
under global interactions, what matters for stochastic stability is simply the number
of other players that must switch to a different strategy for any given player to do
likewise. For example, in the game of Table 6 for any given player to switch from c to
b, at least

3
8

of the other players must play a. Since every player observes every other

player’s strategy, this process needs to occur only once. Under local interaction however, even if

3
8

of any players neighbors switched to playing a, only that one player

would switch to playing b and every other player keeps playing c. Moreover, over
time the process can easily revert back to an all c state. In other words, what matters
is whether or not the mistakes that occur can cause some form of relative contagion.
Example 5. For the 3 × 3 game of Table 7, strategy b is path-wise contagious and hence
asymptotically globally stable for network structures with ηG = 31 , such as that in Figure 2.

Strategy a risk-

Table 7: In this game, no strategy is uniquely risk-dominant.
dominates b, b risk-dominates c and c risk-dominates a

a
b
c

a

b

c

5,5

3,1

0,3

1,3

6,6

2,2

3,0

2,2

4,4

Proof. The relative payoff gains for each pair of strategies are ηab =
ηbc =

2
3,

ηmax,c =

ηcb =
2
3.

1
3,

ηac =

1
3,

ηca =

2
3.

It follows that ηmax,a =

2
3,

4
7,

ηba =

ηmax,b =

4
7

3
7,

and

Implying that no single strategy is globally stable for all network struc-

tures. For ηG =

1
3

however, c is contagious relative to a and b is contagious relative

to c, such that Hab = {a → c → b} is path-wise contagious. Hence, strategy b is

asymptotically globally stable for this family of networks. It is then easy to check
that for all networks with ηG > 13 , all strategies are contagious relative to each other

and hence global convergence does not occur. Similarly, for ηG <

1
3

the network

structure induces intermediate limit states between a and c, c and b, and b and a,
equally leading to a cycle among the limit states.

3.5 path-wise contagion

Example 5 acts to illustrate one of the main implications of Theorem 2, which is
that for any given underlying game, it is possible to construct a network structure for
which a unique strategy is globally stable provided that the relative payoff gains are
not equivalent for all strategies. Strategy b is globally stable under the network structure in Figure 2 for example. For any network structure with contagion threshold
ηG >

1
3

or ηG < 13 , all the three strategies are almost equally likely in the long-run.

This result is quite strong and even more when viewed in reverse. That is, for a
given network structure and set of strategies, it is possible to construct a payoff matrix hence relative payoff gains for which a given strategy gets globally adopted in
the long-run. Moreover, the result is independent of the model of mistakes.
The final note we make in this section is that asymptotic global stability is robust
to addition of strictly dominated strategies. This criticism of stochastic stability as
a solution concept was pointed out by [59]. Global and path-wise contagion (hence
asymptotic global stability) are however robust to this phenomenon. Addition of
strictly dominated strategies does not make a strategy that was originally globally
or path-wise contagious non-contagious. Similarly, addition of strictly dominated
strategies does not make strategies that are not contagious contagious.
Consider the game in Table 8 for example. The relative payoff gains are ηab =
6
13 ,

7
13 , and
7
= 13
. It

ηba =

r (b, ∂a)

hence under global interactions we have that r (a, ∂b) =

6
13

and

can then easily be checked that b is stochastically stable under

both the mistakes model with state independent mutations and the multinomial logit
model. Similarly, since b is either globally or path-wise contagious relative to a, it is
asymptotically globally stable for all network structures.

Table 8: Profile (b, b) is risk-dominant.

a

b

a

8, 8

5, 5

b

5, 5

8.5, 8.5

Now, consider the game in Table 9 derived from the game in Table 8 by addition
of a strictly dominated strategy c. Under global interactions, r (a, ∂b) =
r (b, ∂a) =

1
3,

6
13

and

which means that a becomes stochastically stable. The addition of
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a strictly dominated strategy however does not affect the relative payoff gains and
hence the values of r (a, ∂b) and r (b, ∂a) for any given network structure.

Table 9: Game in Table 8 with addition of strictly dominated strategy c.

a
b
c

3.6

a

b

c

8, 8

5, 5

7,7

5,5

8.5, 8.5

0,6

7,7

6,0

0,0

other examples

The following two examples act to illustrate the case in which more than one
strategy and the globally pairwise risk-dominant strategy may or may not be asymptotically globally stable. The game in Table 11 is adopted from Alós-Ferrer and
Weidenholzer [8] and that in Table 10 is derived from the former by deleting strategy
d.
Table 10: Strategy a is globally pairwise risk-dominant and 0 < e < 15 .
a

b

c

a

0

2

2

b

−2 + 2e

3 + 2e

4

c

−4

3

5 − 2e

Consider first the game in Table 10. The respective relative payoff gains are ηab =
2(1− e )
3 ,

ηba =

1+2e
3 ,

ηbc = 2e, ηcb = 1 − 2e, ηac =

2(1+ e )
3 ,

ηca =

1
2− e .

Clearly, no

strategy is uniquely globally contagious nor uniquely path-wise contagious even for
networks with contagion threshold of 12 . There are two path-wise contagious paths
for networks with contagion threshold of 12 : Hba = {b → a} and Hbc = {b → c}.
Implying that the asymptotically stable states are b and a in such networks.

3.6 other examples

Table 11: Strategy a is globally pairwise risk-dominant and 0 < e < 15 .
a

b

c

d

a

0

2

2

−1 + 2e

b

−2 + 2e

3 + 2e

4

1 + 3e

c

−4

3

5 − 2e

4

d

−7 − 2e

0

3 + 2e

5 − 2e

Now, consider the game in Table 11. In addition to the above relative payoff gains,
we have ηad =

3−2e
4 ,

ηda =

5−2e
9−2e ,

ηbd =

3
4−2e ,

ηdb =

only path-wise contagious path is Hdc = {d → c}.

3−3e
3− e ,

ηcd =

2
3

and ηdc = 13 . The

Before establishing what the long-run stable states are, first note that intermediate
limit states ( limit sates that consist of more than one pure strategy) may or may not
exist depending on the network structure. For example, for networks with contagion
threshold of

1
2,

Alós-Ferrer and Weidenholzer [8] refer to them as abc-segregated

states and are of the form: · · · aaaabcccbaaa · · · These abc-segregated states arise
from the fact that under cyclic interactions (that is the

1
2

contagion threshold net-

work), when play is in state a, a mutation to d will induce neighbors of the mutant to play c. In the following period the mutant switches to playing c and the
neighbors of the those playing c will switch to playing b, resulting to the limit state

· · · aaaabcccbaaa · · · .
In this game, we can use the notion of global and path-wise contagion to deduce
1+2e
3

> 31 , it follows that a is
not contagious relative to b for all networks with contagion threshold of 31 . Leaving c
to be the asymptotically globally stable state. For networks with contagion threshold
between 31 and 12 strategy a is contagious relative to b and hence a is potentially
stable in the long-run. However, due to existence of abc-segregated states, a becomes
as equally likely as the former. Leaving c to be the states with highest probability
of occurrence in the long-run. Conclusively, even though a is the globally pairwise
risk-dominant strategy, it is not asymptotically globally stable.

states that are asymptotically globally stable. Since ηba =
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3.7

concluding remarks

This Chapter develops methods for stochastic evolutionary equilibrium selection
in networks. We defined asymptotic global stability as an appropriate solution concept. We then defined two concepts that are compatible with asymptotic global
stability: global and path-wise contagion. Strategies that are uniquely globally or
path-wise contagious are also uniquely asymptotically globally stable. These two
concepts are used to analyze how the network and payoff structures interactively
influence asymptotic global convergence hence stability. We show that under local
interactions, asymptotic global convergence is robust to the model of mistakes and
addition of strictly dominated strategies. But perhaps most importantly, we show
that for a given payoff structure and hence relative payoff gains, it is possible to
design a network such that a unique strategy is asymptotically globally stable. Similarly, for a given network structure and set of strategies, one can determine the
relative payoff gains that lead to a given strategy to be globally stable. The results we
find have both practical and empirical implications that have been briefly discussed
in the introduction.

3.8

3.8.1

appendix
Proof of Lemma 5

The proof follows by considering the properties of the reduced chain (Ω̃, P̃N,ε )
with stationary distribution π̃ N . The formal definition of (Ω̃, P̃N,ε ) is as follows (a
generalization of the collapsed Markov chain in Aldous and Fill [4, Chapter 2]):
P̃N,ε (x, y) = PN,ε (x, y),
P̃N,ε (y, Ω̃) =

∑

(3.8.1a)

PN,ε (y, x),

(3.8.1b)

x∈Ω̃

P̃N,ε (Ω̃, y) =
P̃N,ε (Ω̃, Ω̃0 ) =

1
π N (Ω̃)
1
π N (Ω̃)

∑

π N (x) PN,ε (x, y),

(3.8.1c)

x∈Ω̃

∑ ∑

π N (x) PN,ε (x, y)

(3.8.1d)

x∈Ω̃ y∈Ω̃0

The following lemma is an immediate consequence of the above definition of a
collapsed Markov chain.
Lemma 6: Let π N and π̃ N be the stationary distributions of (X, PN,ε ) and (Ω̃, P̃N,ε )
respectively. Then for any Ω̃ ∈ Ω̃, π̃ N (Ω̃) = π N (Ω̃) = ∑x∈Ω̃ π N (x)

3.8 appendix

Proof. Note that π N (Ω̃) = ∑x∈Ω̃ π N (x). Let #X and #Ω̃ be the cardinality of X and Ω̃
respectively. Define an event matrix E as an #X × #Ω̃ matrix whose entries take on
a value one if a state x belongs to Ω̃ and zero otherwise. Denote by EΩ̃ for the Ω̃th
column of E . It then follows that P̃N,ε E = E P̃N,ε , and that
π N (Ω̃) = π N EΩ̃

∀ Ω̃ ∈ Ω̃

Consequently, π N E = π N P̃N,ε E = π N E P̃N,ε . Implying that π N E is the stationary

distribution of P̃N,ε , hence π̃ N = π N E .

Now, since the reduced chain is also irreducible just like the original chain, for any
c
pair of subsets Ω̃, Ω̃0 ∈ Ω̃ with UΩ̃Ω̃0 = Ω̃ ∪ Ω̃0 and UΩ̃
its complement.
Ω̃0

c
c
π N,ε (Ω̃) P̃N,ε (Ω̃, Ω̃) + π N,ε (Ω̃0 ) P̃N,ε (Ω̃0 , Ω̃) + π N,ε (UΩ̃
) P̃ (UΩ̃
, Ω̃) = π N,ε (Ω̃)
Ω̃0 N,ε
Ω̃0
c
c
π N,ε (Ω̃)(1 − P̃N,ε (Ω̃, Ω̃)) = π N,ε (Ω̃0 ) P̃N,ε (Ω̃0 , Ω̃) + π N,ε (UΩ̃
) P̃ (UΩ̃
, Ω̃)
Ω̃0 N,ε
Ω̃0
c
c
1 − P̃N,ε (Ω̃, Ω̃) π N,ε (UΩ̃Ω̃0 ) P̃N,ε (UΩ̃Ω̃0 , Ω̃)
π N,ε (Ω̃0 )
=
−
π N,ε (Ω̃)
P̃N,ε (Ω̃0 , Ω̃)
π N,ε (Ω̃)
P̃N,ε (Ω̃0 , Ω̃)

By substituting for 1 − P̃N,ε (Ω̃, Ω̃) = P̃N,ε (Ω̃, Ω̃c ), we then have
π N,ε (Ω̃0 )
P̃ (Ω̃, Ω̃c )
≤ N,ε 0
π N,ε (Ω̃)
P̃N,ε (Ω̃ , Ω̃)
Since we are considering simultaneous revision protocol, the transition Ω̃ → Ω̃0 can
equivalently be treated as a step-by-step transition ∂Ω → Ω → ∂Ω0 → Ω0 . Then
P̃N,ε (Ω̃, Ω̃0 ) ≡ PN,ε (∂Ω, Ω) PN,ε (Ω, ∂Ω0 ) PN,ε (∂Ω0 , Ω0 )
The above argument follows from the fact that under simultaneous revision protocol,
at least R(Ω, ∂Ω0 ) players must simultaneous make a mistake for the transition Ω →

∂Ω0 to occur. Meaning that the process spends most time in Ω when in the basin of

attraction Ω̃. Hence, the following approximation holds
P̃N,ε (Ω̃, Ω̃0 ) ≈ PN,ε (Ω, Ω0 ) = PN,ε (Ω, ∂Ω0 ) PN,ε (∂Ω0 , Ω0 )
The relation (3.3.2) follows from the chain-rule argument.

3.8.2

Proof of Proposition 5

We begin by proving the following lemma.
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Lemma 7: Let L be the number of closed communication classes and µ j the jth eigenvalue
of PN,ε . Then the contagion rate within any basin of attraction Ωl has the following lower
and upper bounds
1 − µ L+1 ≤ R(∂Ωl , Ωl ) ≤ 1 − µ L+ L
Proof. The proof makes use of the spectral properties and near-complete decomposability of transition matrix PN,ε . Under chain (X, P), the transition matrix is completely decomposable into the form




PN = 





M1∗
..








.
Ml∗
..

.
M∗L

where Ml∗ for l = 1, · · · , L is a block matrix describing the transitions within each

basin of attraction under (X, PN ). The rest of the undisplayed elements are zeros

and L is the number of closed communication classes. All leading eigenvalues of
the block matrices are ones. The transition matrix PN,ε on the other hand is nearcompletely decomposable into L “loosely” connected block matrices that we denote
∗ , where e is a small real number and
by Ml for l = 1, · · · , L. PN,ε = PN + ePN
∗ is an arbitrary #X by #X matrix. A more detailed exposition on the notion of
PN

near-complete decomposability can be found in Simon and Ando [106]. For e small
enough, the leading eigenvalues of the diagonal block matrices of PN,ε are close to
one.
Let µil denote the ith eigenvalue of the lth diagonal block matrix, such that

µ 11 , µ 12 , · · · , µ 1 L

are the largest eigenvalues in blocks 1 to L, and µ21 , µ22 , · · · , µ2L are the respective
second largest eigenvalues. Index by nl as the number of columns in diagonal block
l such that the eigenvalue spectrum ρ( PN,ε ) of PN,ε can be written as

ρ( PN,ε ) = µ11 , µ21 , · · · , µn1 1 , · · · , µ12 , · · · , µ1l , · · · , µnl l , · · · , µ1L , · · · , µn L L .

The spectral decomposition of (X, PN,ε ) is then given by
t
q0 PN,ε
= q0 r11 z1T1 +

n1

∑ µtj1 q0 r j1 zTj1 + µ1t 2 q0 r12 z1T2 +

j =2

n2

∑ µtj2 q0 r j2 zTj2

j =2

nL

+ · · · + µ1t L q0 r1L z1TL + ∑ µtjL q0 r jL z TjL

(3.8.2)

j =2

where z T is the transpose of z, and r jl and z jl are the right and left eigenvectors of
µ jl .
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Let xl be the initial state of (X, PN,ε ) in Ω̃l and qΩ̃l be the #X-dimensional vector
of zeros except a one at the point corresponding to the state xl . Let tl be the period
at which (X, PN,ε ) is in the state xl and TΩ̃l the period at which it exits Ω̃l (or equivalently the period at which it attains the quasi-stationary distribution π N,ε (Ω̃l )). Then
for tl ≤ t ≤ TΩ̃l and all l = 1, · · · , L,
qt = µ1t l qΩ̃l r1l z1Tl +

nl

∑ µtjl qΩ̃l r jl zTjl

j =2

TΩ̃

π N,ε (Ω̃l ) = lim qt = µ1 l qΩ̃l r1l z1Tl ≈ µ1t l qΩ̃l r1l z1Tl
t→ TΩ̃

l

l

where the approximation holds from the fact that µ1l is close to one for all l. It then
follows that
t
lim sup PN,ε
qΩ̃l − π N,ε (Ω̃l )
t→ TΩ̃

1
t

nl

= |µ2l | lim sup qΩ̃l r2l z2Tl + ∑
t→ TΩ̃

l

j =3

l



µ jl
µ 2l

t

1
t

qΩ̃l r jl z Tjl

= | µ 2l |

Implying that R(∂Ωl , Ωl ) = |µ2l | Since µ j ’s are arranged in ascending order we then

have that maxl µ2l = |µ L+1 | and minl µ2l = |µ L+ L |. For any Ωl ,
1 − µ L+1 ≤ R(∂Ωl , Ωl ) ≤ 1 − µ L+ L

To prove the second part of the theorem, we consider the linearization of PN,ε of
the form
t
qt Ψ = q0 PN,ε
Ψ = q0 ΨΠtN,ε

(3.8.3)

where Ψ is the event matrix derived by stacking into rows all possible realizations
of states of (X, PN,ε ) written in the basis vector form. The choice basis vector for each
player i ∈ N is a vector of zeros except a one in a position corresponding to the action
i is playing. For example for a binary action set X = { A, B}, a vector (1, 0) implies

that i is playing action A and (0, 1) implies that i is playing action B. In the case of
two players and binary action set, there are four possible realization such that


1

0

1

0

1
Ψ=
0

0

0

1

1

1


0

1

0

0

(3.8.4)

1

where the first row corresponds to the state in which both players play action A, and
so forth. Then Π N,ε is an Nm × Nm matrix defined by Π N,ε = A T ⊗ Σ N,ε , where ⊗
is a Kronecker product, A T is the transpose of the normalized adjacency matrix A

66

stochastic evolution in networks

and Σ N,ε is the action-transition matrix defined in (3.3.7). A detailed exposition on
the validity of (3.8.3) can be found in Asavathiratham [11, Chapter 5]. The following
lemma follows directly from (3.8.3) and the definition of Π N,ε above.
Lemma 8: Let ρ(Π N,ε ) = µ̃1 , · · · , µ̃nm , ρ(A ) = (λ1 , · · · , λ N ) and ρ(Σ N,ε ) = (ϑ1 , · · · , ϑm )

denote the eigenvalue spectra of Π N,ε , A and Σ N,ε respectively.

(a) If µ1 and µ̃1 are the unique largest eigenvalues of PN,ε and Π N,ε respectively, then
µ1 = µ̃1 = 1.
(b) ρ(Π N,ε ) = (ϑi λ j ) ∀ϑi ∈ ρ(Σ N,ε ), λ j ∈ ρ(A ).
Proof. Multiplying (3.8.3) by the right eigenvector ri of PN,ε , we have PN,ε Ψr1 =
ΨΠ N,ε r1 . Since PN,ε is a stochastic matrix, µ1 = 1, which implies that PN,ε Ψr = Ψr1 ,
which is true if and only if Π N,ε r1 = r1 . That is µ̃1 = µ1 = 1. For the proof of Lemma
8 (b) see Horn and Johnson [52, page 245, Theorem 4.2.12].
For sufficiently small noise, |µ L+1 | = |µ̃ L+1 | = λ2 ϑ1 = λ2 and |µ L+ L | = |µ̃ L+ L | =

λ2 ϑm . This completes the proof.

3.8.3

Proofs for Example 6

Let G = (N , E) be a graph or network of N vertices. Denote by S a subset of N

and S its cardinality. Let e(S, N − S) be the number of interactions (for a weighted

network graph its is the sum of weighted interactions) between S and its complement

N − S . Also let d(S) denote the total degree of S . Then the conductance of G
φ( G ) = min

S ,S≤ N2

e(S, N − S)
d(S)

(3.8.5)

For regular network graphs (in which all vertices have the same degree), it is shown
by [6] that
φ ( G )2
.
(3.8.6)
2
For a complete graph, since every vertex is connected to every other vertex, we
λ2 ( G ) ≤ 1 −

have that every vertex in S is connected to all other vertices in N − S . This implies
that e(S, N − S) = S × #(N − S) = S × ( N − S), and d(S) = N × S such that
φ( Gcom ) = min

S ,S≤ N2

S × ( N − S)
1
≥ ,
N×S
2

where the last inequality follows from the fact that S ≤
λ2 ( Gcom ) ≤

7
8

N
2.

(3.8.7)

We thus have that
(3.8.8)
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In the case of a 1 − D cyclic network, e(S, N − S) = 2, and d(S) = 2 × S such that
φ( Gcyc ) = min

S ,S≤ N2

Hence λ2 ( Gcyc ) ≤

2
2
≥ .
2×S
N

(3.8.9)

N 2 −2
.
N2

2D network: Let the composition of S be chosen in such a way that the peripheral

vertices (vertices at the perimeter or boundary of S ) contain approximately one edge

each connecting it to the set N − S . Since it is a 2-dimensional structure there should
√
be approximately S vertices forming such a boundary. This implies that e(S, N −
√
S) ≈ S, and d(S) = 4 × S such that
√
√
S
2
≥
.
(3.8.10)
φ( G2D ) = min
2 4×S
4N
N
S ,S≤
2

where the last inequality follows from the fact that

√

S≤

q

N2
2 .

It follows that

16N 2 − 1
.
16N 2

λ2 ( G2D ) ≤

Random d-regular network: Since for each vertex the vertices to which it is connected are chosen at random, and that the maximum size of S is

vertex in S is connected to approximately
e(S, N − S) ≈

d×S( N −S)
.
N

d×( N −S)
N

We thus have

φ( Gd−r ) = min

S ,S≤ N2

then a typical

other vertices in N − S such that

d×S( N −S)
N

d×S

N
2,

≥ 1.

7
8
For Newman’s small world networks see Durrett [36].
λ2 ( Gd−r ) ≤

3.8.4

(3.8.11)

(3.8.12)

Proof of Proposition 7

(i ) From Lemma 5 and Proposition 4 it directly follows that
n 
o
π N,ε (Ω̃0 )
maxΩ00 PN,ε (Ω, ∂Ω00 )
N
0
N
≤
K
exp
N
ψ
(
Ω
,
Ω
)
−
ψ
(
Ω
)
≤
min
PN,ε (Ω0 , ∂Ω)
π N,ε (Ω̃)

(3.8.13)

Implying that the subset of states Ω∗ containing the asymptotically globally stable
state is that for which
lim

N →∞

1 N 0 ∗
1 N
ψ (Ω , Ω ) < lim
ψmin (Ω∗ )
N
N →∞ N
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for all Ω0 6= Ω∗ . Or equivalently, ψ L (Ω∗ ) < 0.

(ii ) For every closed communication class say Ω J , let HΩ j Ω J be the typical directed
path from any other closed communication class Ω j to Ω J . Then from (3.3.2)
c

c

π N,ε (Ω̃1 )
π N,ε (Ω̃1 )
π N,ε (Ω̃ J −1 )
PN,ε (Ω2 , Ω2 )
PN,ε (Ω, J Ω J )
=
·
·
·
≤
·
·
·
PN,ε (Ω1 , Ω2 )
PN,ε (Ω J −1 , Ω J )
π N,ε (Ω̃ J )
π N,ε (Ω̃2 )
π N,ε (Ω̃ J )
!)
(
J −1

N
( Ω j +1 )
(3.8.14)
≤ K P exp N ∑ ψ N (Ω j , Ω j+1 ) − ψmin
j =1


J −1
N (Ω
Where ξ N ( HΩ1 Ω J ) = ∑ j=1 ψ N (Ω j , Ω j+1 ) − ψmin
j+1 ) . Now, consider the maximum probability paths (or equivalently the minimum cost paths) from any closed
communication class Ω j to another Ω J . That is arg max HΩ Ω ∈HΩ Ω ξ N ( HΩ j Ω J ).
j J
j J
Then the asymptotically globally stable set Ω∗ , for which lim N →∞

lim N →∞ N1 π N,ε (Ω)

∀ Ω 6=

Ω∗ ,

is that in which

ξ L (Ω∗ ) = max

min

ξ L ( HΩΩ∗ )

Ω6=Ω∗ HΩΩ∗ ∈HΩΩ∗

1
∗
N π N,ε ( Ω )

>

< 0. Or equivalently

ξ ( HΩΩ∗ ) < 0

.

3.8.5

Proof of Theorem 2

(i) From the expression ψ N (Ω, Ω0 ) = N (c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))) − γ(Ω0 ), if
lim N →∞

1
N

ln(1 − λ2N ( G )) = 0 then for all pairs (Ω, Ω0 ) of Ω

lim

N →∞


1 N
ψ (Ω, Ω0 ) = lim c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))
N
N →∞

(3.8.15)

(ii) If for any Ω j 6= Ω∗ , r (Ω j , ∂Ω∗ ) = O( N −1 ) then (3.8.15) becomes
lim

N →∞

1 N
ψ (Ω, Ω0 ) = lim c(Ω, ∂Ω0 ) = − lim r (Ω, ∂Ω0 ) ln P A ( xΩ0 ) = 0
N
N →∞
N →∞
(3.8.16)

where the first equality follows from the fact that F (0) = F (1) = 0. Note
that r (Ω j , ∂Ω∗ ) = O( N −1 ) in turn implies that either r (Ω∗ , ∂Ω j ) = O( N ) or
r (Ω∗ , ∂Ω j ) = O(1). Either way,
lim

N →∞

1 N ∗
ψ (Ω , ∂Ω j ) = lim c(Ω∗ , ∂Ω j ) > 0
N
N →∞

Hence, ξ L (Ω∗ ) = lim N →∞

1
N



N ( Ω∗ ) − ψ N ( Ω∗ ) < 0.
ψmax
min

(3.8.17)
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(iii) For any Ω j 6= Ω∗ , if each ordered pair (Ω j1 , Ω j2 ) ∈ HΩ j Ω∗ , r (Ω j1 , Ω j2 ) =

O( N −1 ) then

1 N
1
lim
ξ ( HΩ j Ω∗ ) = lim
N →∞ N
N →∞ N

= − lim

N →∞

(

j I −1

∑

ji = j1

1
N

j I −1

∑

)
ψ

N

N
(Ω ji , Ω ji +1 ) − ψmin
(Ω ji +1 )

N
ψmin
(Ω ji +1 )



(3.8.18)

ji = j1

where Ω jI = Ω∗ and Ω j1 = Ω j . It then follows that if there exists at least one Ω ji
N ( Ω ) = O( N ), ξ L ( Ω∗ ) = lim
in the path HΩ j Ω∗ for which ψmin
N →∞
ji

0

1 N
N ξ ( HΩ j Ω∗ )

<

4
C O N V E R G E N C E R AT E S F O R S T O C H A S T I C E V O L U T I O N I N
NETWORKS

Abstract: Stochastic evolutionary models are credited for their ability to derive
sharp predictions about equilibrium selection when multiplicity exists. A major
criticisms of these models concerns the convergence rates to long-run stable sets
and to stationarity. In particular, there are cases in which the expected waiting
times increase exponentially with the population size. Under local interactions
however, the expected waiting times are shown to be finitely bounded even when
the population size is arbitrarily large. This Chapter provides a detailed characterization of convergence rates in networks using two measures; expected waiting time
and convergence time as measures for the transition times between subsets of states
and to stationarity or selection respectively. We provide tighter bounds for each
for positive rather than limit noise levels. Three factors are key in influencing
the convergence rates, the payoff gains, network topology and noise level. The
network topology and payoff gains interactively determine whether or not a strategy is globally contagious and the convergence rates are a function of this property.
When global contagion is feasible, the expected waiting time from any other subset of states to the long-run stable set is shorter for highly than sparsely connected
networks. The reverse is true for convergence time. Networks for which global
contagion is infeasible lead to shorter convergence time.

4.1

introduction

As discussed in Chapters 2 and 3, one of the major discussions in stochastic evolutionary literature concerns the rate at which equilibrium selection occurs. The
computation of stochastically stable sets involves taking the limits of noise. But as
pointed out by Ellison [37] and Sandholm [98], assuming vanishing noise levels also
implies that the convergence time to the long-run stationary distribution (hence se-
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lection) becomes exceptionally long. More specifically, once the process gets trapped
in one of the quasi-stable states (possibly a socially undesirable one), the waiting
time to exit its basin of attraction becomes arbitrarily large for vanishing noise. There
are however cases in which the waiting times are shown to be finite and even sometimes to be independent of the population size. This is particularly the case when
agents are matched to play with only a subset of others in the population. Robson
and Vega-Redondo [94] show that the convergence rates are high when players are
matched in a round robin tournament mechanism, where each player confronts each
other player exactly once. Ellison [37], Sandholm [99], Montanari and Saberi [77]
show that under local interaction (networks), equilibrium selection is fast. Recent
work by Kreindler and Young [63] demonstrates that even under global interactions,
it is possible to derive conditions on the payoff for the given noise levels and vice
versa for which selection is fast (occurs in a finite time).
This Chapter provides a detailed analysis of convergence rates for general stochastic evolutionary game dynamics in networks. The two convergence rate measures
that we characterize explicitly are the expected waiting time and convergence or selection
time. The expected waiting time measures how long it takes the learning process to
exit a given domain or subset of states, and in particular we will be talking about
exiting a given (or subset of) basin of attraction. It is therefore a measure of mediumrun dynamics of the process. The convergence time measures how fast the process
attains its long-run invariant distribution, or equivalently the time scales for which
equilibrium selections results should be considered relevant.
Our characterization of expected waiting times utilizes methods for the concept of
hitting time. Hitting time is a classical concept in the study of finite Markov chains
and processes. The decay rates for hitting times in the case of Markov chains with
rare transitions resulting from small perturbations (as is the case in this Chapter)
is characterized in detail by Freidlin and Wentzell [42] and Catoni [26] using techniques from large deviations theory. Beggs [14] shows how the results and concepts
developed in Freidlin and Wentzell [42] and Catoni [26] can be used to characterize
expected waiting times and equilibrium selection in stochastic evolutionary models.
The analysis in Beggs [14] improves on the earlier results by Ellison [37] on expected
waiting times. Though these papers provide good insights on the nature of hitting
times in stochastic evolutionary processes, their analysis focuses on generic characterizations. Here, we focus on expected waiting times for stochastic evolution in
networks. To be able to fully characterize the effects of various network topologies,
we adopt a simpler model of mistakes, in which the probability of making a mistake
P =

1
m

exp(− β), is identical for all players, strategies and states. The parameter m

4.1 introduction

is the size of the action set and β is the parameter of noise, such that the larger β
the smaller the probability of mistakes. For β equal to infinity, we have the case of
best-response dynamics.
The characterization of convergence time that we provide utilizes methods from
the concept of mixing time. Mixing time is also a traditional concept in finite Markov
chains and processes. It is a measure of the time it takes the chain to attain its invariant distribution. Since long-run or stochastically stable sets solely depend on
the properties of the invariant distribution, mixing time can thus be employed to
characterize the time to selection. The structural bounds for mixing time of finite
Markov chains have been established in the literature (e.g Diaconis and Stroock [33]
and Sinclair [107]). Its lower and upper bounds are a function of the second largest
eigenvalue of the associated transition matrix. Diaconis and Stroock [33] and Sinclair
[107] have established geometric bounds for the second eigenvalue of the Markov
chain transition matrices. These measure is however computationally demanding
for large state space chains. They are also less intuitive in the case of stochastic
evolution in which the interest is to understand how the underlying game, learning
rules and network topology affect the convergence time. Here, we provide bounds
for convergence time in terms of the readily computable and fairly understood concept in the literature of stochastic evolution; the maximum expected waiting time.
The properties we derive for expected waiting time therefore extend directly to the
characterization of convergence time.
By explicitly characterizing bounds for convergence rates, we are able to derive
deeper insights into the role of topologies in stochastic evolution in networks. We
establish convergence rates results for families of deterministic and random networks.
We find the key factor of the evolutionary process to be whether or not a strategy is
globally contagious. For a given network topology, an action is said to be globally
contagious if its payoff gain relative to all other actions is such that it requires only a
small fraction of initial adopters to trigger a global cascade to the whole population.
Globally contagious actions are then those with maximum payoff gains and thus
form the long-run stable states. In 2 × 2 matrix games for example, if global contagion
is feasible then the risk-dominant action is the globally contagious one. For given

payoff gains, the more sparsely connected a network is the more likely that an action
with the highest pain off gain is globally contagious. For a given network topology
and payoff gains, if global contagion is not feasible then we have the case of step–by–
step evolution.
When global contagion is feasible, then for various families of networks the expected waiting times from any other closed communication class to the long-run
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stable closed communication class are independent of the population size. This result is not particularly surprising as similar findings were obtained by Ellison [37]
for k-nearest neighbor interactions. The main difference with Ellison [37] however is
that we provide tighter bounds for expected waiting times independently of the assumption of vanishing mutation rates. Secondly, we establish this result for a wider
range of networks beyond the k-nearest neighbor interactions. More generally, for
networks of the same family such as the n-dimensions nearest neighbor interactions
or n-dimensions l-max distance interactions, whenever global contagion is feasible
the expected waiting time for highly connected network is shorter than for sparsely
connected networks. This result is not true otherwise. It is also infeasible to derive such conclusions from analysis in the derivation of expected waiting times that
heavily relies on the assumption of vanishing noise.
In the case of convergence times, whenever global contagion is feasible, sparsely
connected networks tend to have longer convergence time than highly connected
networks. In fact, under these conditions the convergence time for global interactions
is shorter than for local interactions. This is not necessarily true whenever global
contagion is not feasible. The underlying reason for this finding is that convergence
time is an increasing function of maximum expected waiting time. The maximum
expected waiting time corresponds to the expected waiting time from the long-run
stable communication class to the least stable communication class. The maximum
expected waiting time for local interactions in which global contagion is feasible is
generally greater than for global interactions.
Whenever global contagion is not feasible, the evolutionary process exhibits a relatively different behavior hence convergence rates as compared to the case in which
it is feasible. Infeasibility of global contagion implies that there exists intermediate
close communication classes induced by the network topology. These intermediate closed communication classes correspond to states in which at least two cohesive or close-knit subgroups of players play different actions.1 Lee et al. [66], Morris
[78], Young [116] and Montanari and Saberi [77] show that the expected waiting
times to the long-run stable closed communication class is finite. An evolutionary
process with such intermediate closed communication classes also relates to the notion of step-by-step evolution according to Ellison [38], in which it is demonstrated
that under step-by-step evolution the selection process is relatively fast. Here, we formalize these notions for evolutionary processes in networks using bounds we derive
for expected waiting times and convergence times. Indeed, we find that the conver-

1 Cohesiveness and close-knittedness are definitions according to Morris [78] and Young [116]
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gence time (time to selection) is shorter when the network topology and payoff gains
collectively induce step-by-step evolution than even the case of global interactions.
Finally, this Chapter is also related to others in the literature that characterize evolutionary processes in random networks using mean field best-response dynamics (e.g.
Alós-Ferrer and Weidenholzer [9], Jackson and Yariv [55], Lelarge [68], Sandholm
[99] and Kreindler and Young [63, 64]). Most of these literature, with the exception
of Kreindler and Young [63, 64], focuses on long-run stability rather than convergence rates as we do here. Kreindler and Young [63, 64] derive upper bounds for
expected waiting times to long-run stable states and show that they are independent
of the population size as long as the payoff gain is sufficiently large and the noise
level is not too low. Though the analysis we present derives some results that are
similar qualitatively, there are several differences in both methodology and quantitative results. Kreindler and Young [63, 64] focus on sequential dynamics rather than
simultaneous as we do, which implies differences in analytical methods and in turn
quantitative results. For example, we find the structure of the network to be relevant
in determining convergence rates, unlike in Kreindler and Young [63, 64] in which
it does not. Moreover, our analysis extends to m × m matrix games and includes

convergence times.

The remainder of the Chapter is organized as follows. In section 5.2 we introduce
the general framework of stochastic evolutionary dynamics in networks. Section 4.3
introduces expected waiting times, providing its general treatment and computation.
Similarly, Section 4.4 introduces convergence time. Sections 4.5 and 4.6 focus on
the characterizations of convergence rates for families of deterministic and random
networks when global contagion is feasible. Section 4.7 provides a characterization
of the case in which global contagion is not feasible. Section 4.8 concludes the study.

4.2

the model

We consider a general class of N −persons m × m-matrix repeated games. A set of

agents N = {1, · · · , i, · · · , N } are matched repeatedly to play a normal form game
Γ. The matching rule determines whether agents interact with the entire population

(global) or a subset of others (social network). This in turn also determines the
information set of players, whether they observe the entire distribution of strategies
in the population or in their local neighborhood. In the case in which agents are
matched with a subset of others, the network of interactions is modeled in graph
theoretic manner. Let G (N , E) be a graph with N vertices representing the number
of agents and E edges linking different pairs of agents, such that a graph gij defines
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the connection between i and j. If gij = 1 then a directed link exists from i to
j, and zero implies otherwise. G (N , E) is thus a directed network describing the
relationship of any one agent with every other agent in the population. The adjacency
matrix A of G (N , E) is defined as an N × N matrix with entries being the elements

of gij . The neighborhood of agent i, Ni , is defined as Ni = { j ∈ N | gij = 1}, and gives

the set of players to which i is linked to. The cardinality #Ni = k i , is the degree of i.

The strategy set X = { a, b, c, · · · } is finite and assumed to be identical for all agents

and has cardinality m. We denote the action chosen by each i ∈ N at period t by xi,t

and xt = ( x1,t , · · · , xn,t ) is the strategy profile at t. Each xt ∈ X = X N will also be
referred to as the population state or simply the state of the learning process at t.

For each game Γ, let U ∈ Rm×m be the associated payoff matrix such that U ( a, b) is

the base payoff to an agent playing a when his opponent plays b. A typical example
is the pure coordination game in Table 12. Given the information set of agent i, that
is the observed distribution of strategies x either of the entire population or of i’s
neighborhood, the expected payoff to i from playing action a when his opponents
profile is x−i is then

Ui ( a, x−i ) =

∑

Jij U ( a, x j ),

(4.2.1)

j∈Ni

where x j is the jth coordinate of x. The parameter Jij takes on values in the closed
interval [0, 1]. For example if agents consider average payoff over their neighbors’
strategies, then Jij =

1
ki

for all j ∈ Ni .
player j

player i
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a

b

a

U ( a, a)

U ( a, b)

b

U (b, a)

U (b, b)

Table 12: Payoff structure for the symmetric pure coordination game. The payoffs are
for the row-player

4.2.1

Dynamics and learning scheme

There are two main components that completely describe the learning process; the
revision protocol and choice probabilities. Here, we consider the simultaneous revision
protocol. When a player receives a revision opportunity, he evaluates the current

4.2 the model

expected payoff to each of the available pure strategies. A player’s information set is
the distribution of strategies of a subset of other players in the neighborhood. Each
player’s objective is to select strategies that he evaluates as best, this assessment is
however subject to random shocks. We adopt a relatively simpler model of mistakes
(hence choice probabilities) to be able to fully capture the effect of the topology of
networks on convergence rates. We assume the probability of making a mistake to
be P =

1
m

exp(− β), identical for all players, strategies and states. The parameter m

is the size of the action set and β is the parameter of noise, such that the larger β
the smaller the probability of mistakes. For β equal to infinity, we have the case of
best-response dynamics. The choice probabilities are thus of the form,
1
ε
(4.2.2)
m
where ε = exp(− β) and BRi ( a, x) is the probability that i plays action a under Best
Pi ( a, x) = (1 − ε) BRi ( a, x) +

Reply dynamics given the population state x. That is
(
1 if a ∈ arg maxb∈X Ui (b, x−i )
BRi ( a, x) =
0 otherwise.

(4.2.3)

This model of mistakes is similar to that in Freidlin and Wentzell [42], Kandori et al.
[57], Young [113], Catoni [26] and Beggs [14] among others. The above dynamics
defines a Markov chain on a finite state space X whose transition matrix Pε is defined
by transition probabilities Pε (x, y),
n

Pε (x, y) =

∏ Pi ( y i , x )

(4.2.4)

i =1

4.2.2

Closed communication classes and basins of attraction

The perturbed Markov chain (X, Pε ) has a unique invariant (stationary) distribution πε = limt→∞ q0 Pεt , where qt is the vector of probability mass functions at period
t. The stationary distribution describes the amount of time the process spends in each

state in the long-run. The closed communication classes of (X, Pε ) are also the closed
communication classes of the identical process (X, P) without mistakes.2 In the coordination game of Table 12 above for example, the limit sets include the singleton sets
in which all players play strategy a and in which they all play strategy b. Generally,
the limit sets of (X, P) can include sets that are cycles and those in which players
use different strategies. When the interactions are governed by a social network , the
2 A set Ω ⊂ X is a closed communication class of (X, P) if ∀y ∈ Ω, P(xt+1 ∈ Ω|xt = y) = 1, and that

∀y, z ∈ Ω, there exists a τ > 0 such that P(xt+τ = z|xt = y) > 0.
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number of closed communication classes is enhanced. In particular, singleton closed
communication classes in which strategies co-exists and different cohesive subgroups
adopt different strategies may exist. The closed communication classes of (X, P) that
results in the long-run depends on the initial state of the process. We denote the
typical limit set of (X, P) and hence recurrent class of (X, Pε ) by Ω, and by Ω for the
set of all such subsets.

4.3

expected waiting time

In this section, we provide bounds for expected waiting times between closed communication classes. The results we establish in this section are also crucially relevant
for the analysis of convergence times in the next section. The characterization of
expected waiting times utilizes the concepts of hitting time for finite Markov chains.
In particular, we make us of Lemma 3.4 in Freidlin and Wentzell [42, Chapter 6]
and Lemma 4 in Catoni [26]. Before stating the Lemma the following notations and
definitions are necessary.
Given the Markov chain (X, Pε ), let W ⊂ X be a subset of X and W c = X \ W

its complement. For any oriented graph g ⊂ X × X and any x ∈ X, write g(x) =

{y : (x, y) ∈ g} denote the immediate successors of x. More generally gn (x) =
S
y ∈ g n −1 ( y ) g ( x ) .
Definition 8: Let G (W ) be the set of oriented graphs g ⊂ X × X satisfying:
1. for any x ∈ X, #g(x) = 1W c (that is no arrows start from W and exactly on arrow
starts from each state outside of W),

2. for any x ∈ X, x ∈
/ O g (x), where O g (x) =

S+∞

n =1

gn (x) is the set of points that can be

reached from x; the orbit of x under g (that is g has no loops).

Definition 9: For any x ∈ X and y ∈ W, write

Gx,y (W ) =




 { g ∈ G (W ) : y 6∈ O g (x)}
G (W )


 ∅

if x ∈ W c
if x = y

if x ∈ W \ {y}

That is Gx,y (W ) is the set of graphs g ∈ G (W ) linking x to y. The following Lemma

is proved in Freidlin and Wentzell [42] and in Catoni [26].

4.3 expected waiting time

Lemma 9: Let T (W ) = inf{t ≥ 0 : xt ∈ W } be the first time the chain reaches W. For

any W 6= ∅, any x ∈ W c ,


E[ T (W )| x0 = x] = 

 −1



∑

∑

Pε ( g) 

y∈W c g∈ Gx,y (W ∪{y})

∑

Pε ( g)

(4.3.1)

g ∈ G (W )

where E stands for expectation and Pε ( g) = ∏(y,z)∈ g Pε (y, z).
For x 6= y, the graph Gx,y (W ∪ {y}) is the set of all G (W ) graphs that link x to y.

This implies that if W c is a singleton set, then the component ∑y∈W c ∑ g∈Gx,y (W ∪{y}) Pε ( g)
on the right hand side of (4.3.1) is equal to one.

The above definitions and Lemma 9 directly extend to the Markov chains (Ω, Pε )
and (Ω̃, P̃ε ). That is for (Ω, Pε ), Pε ( g) = ∏(Ω,Ω0 )∈ g Pε (Ω, Ω0 ) in (4.3.1) above, and for
(Ω̃, P̃ε )

E[ T (W )| Ω̃0 = Ω̃] = 

 −1



∑

Ω̃0 ∈W c

g∈ GΩ̃,Ω̃

∑

P̃ε ( g) 

0 (W ∪{ Ω̃0 })

∑

P̃ε ( g)

(4.3.2)

g ∈ G (W )

for any W 6= ∅, any Ω̃0 ∈ W c , where P̃ε ( g) = ∏(Ω̃,Ω̃0 )∈ g P̃ε (Ω̃, Ω̃0 ).
A complete characterization of the expected waiting times therefore requires establishing the structure of the probabilities Pε (Ω, Ω0 ). As in Chapters 2 and 3 above, it
is convenient to split the transition Ω → Ω0 into two transitions, from Ω → ∂Ω0 and
∂Ω0 → Ω0 .

Given the above probability structure, the cost is formally given by


C (Ω, ∂Ω0 ) = − R(Ω, ∂Ω0 ) ln P = − R(Ω, ∂Ω0 ) ln m−1 − β

(4.3.3)

The following Lemma provides an approximation for the exit probabilities rather
the lower and upper bounds as in Chapters 2 and 3
Lemma 10: For any pair Ω and Ω0 of closed communication classes, the maximum probability Pε (Ω, ∂Ω0 ) from a state in Ω to a state in ∂Ω0 in a single time step is given by


Pε (Ω, ∂Ω0 ) ≈ K N exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))

(4.3.4)

where F (r ) = r ln r − (1 − r ) ln(1 − r ).
Proof. See Appendix 4.9.1
Similarly, from Chapters 2 and 3 we can approximate the contagion probabilities
for β sufficiently large as
Pε (∂Ω, Ω) ≈ exp {KΩ ln(1 − λ2 ( G ))} ,

(4.3.5)
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such that


Pε (Ω, Ω0 ) ≈ K N exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) + γ(Ω0 )

(4.3.6)

where γ(Ω0 ) = KΩ0 ln(1 − λ2 ( G )).
Theorem 3: For any W 6= ∅, any Ω ∈ W
)

(
c

E[ T (W )| x0 ∈ Ω] ≤ KT exp

min ψ( g) − min
0

g ∈ G (W c )

min

Ω ∈W g∈ GΩ,Ω0 (W ∪{Ω0 })

(4.3.7)

ψg

where ψ( g) = N (c( g) + F (r ( g))) − γ( g), c( g) = ∑(Ω,Ω0 )∈ g c(Ω, ∂Ω0 ),
γ( g) = ∑(Ω,Ω0 )∈ g γ(Ω0 ) and F (r ( g)) = ∑(Ω,Ω0 )∈ g F (r (Ω, ∂Ω0 )).
Proof. See Appendix 4.9.2
Through the analysis that follows we let MW (Ω) = minΩ0 ∈W ming∈G

Ω,Ω0 (W ∪{ Ω

0 })

ψ ( g ),

MW = ming∈G(W c ) ψ( g) and HW (Ω) = MW − MW (Ω). From (4.3.7), for finite and

relatively small values of β, two factors influence the expected waiting time for evolution in networks. The first is the radii (resistances) of closed communication classes,
which are determined by the underlying payoff and network topology. The second
factor is the spectral property of the underlying network. For a given model of
mistakes and equal basins of attraction, highly connected networks exhibit lower expected waiting times than sparsely connected networks. This result follows from the
discussion about second largest eigenvalues of graphs above. We elaborate on this
point further below for specific families of networks. As β becomes exceedingly large,
the effect of the spectral gap of the underlying network on the expected waiting time
becomes negligible, that is
1
lim ln E( T (W c )| x0 ∈ Ω) = N
β→∞ β

=

!
min r ( g) − min

g ∈ G (W c )

min R( g) − min

g ∈ G (W c )

min

Ω0 ∈W g∈ GΩ,Ω0 (W ∪{Ω0 })

min

Ω0 ∈W g∈ GΩ,Ω0 (W ∪{Ω0 })

r ( g)

R( g)

where R( g) = ∑(Ω,Ω0 )∈ g R(Ω, ∂Ω0 ). This is then equivalent to limit results in Beggs
[14]. A more detailed examination of the expected waiting times for various families
of networks is performed in sections that follow. Here, we provide a simple example
demonstrating its computation.

4.3.1

Example

Consider a 3 × 3 matrix coordination game in which there are three singleton

closed communication classes a, b, c. Figure 5 summarizes the transitions among

4.4 convergence time

closed communication classes where the weight on each arrow is the quantity ψ(Ω, Ω0 ) =
N (c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))) − γ(Ω0 ).
Corollary 2: Given ψ(Ω, Ω0 ) for each pair (Ω, Ω0 ) in Figure 5,
(i) if W = {a, b}, then E( T (W c )| x0 = a) ≤ KT exp (3.33N ),
(ii) if W = {a, c}, then E( T (W c )| x0 = c) ≤ KT exp (4.96N ).

b
0.25
4.96

3.33

10.25
7.5

a

c

11.25

Figure 5: The weight on each arrow is the quantity N (c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))) −
γ(Ω0 )

Proof. When W = {a, b}, the least cost graph linking W to c is a → b → c. Implying
1

that MW = 3.58. The graph that minimizes MW (a) is a → b, hence MW (a) = 0.25.
Implying that HW (a) = MW − MW (a) = 3.33.

When W = {a, c}, we have {a → b, c → b} to be the least cost graph linking W

to b. Hence MW = 3.58. The graph a → b minimizes MW (c), hence MW (c) = 0.25.
Implying that HW (c) = 4.96. The respective expected waiting times directly follow

by substituting for HW (Ω).

4.4

convergence time

In this section, we derive bounds for the convergence time as a measure of how
fast (slow) equilibrium selection occurs. We employ the concept of mixing time for
finite Markov chains, which is a fairly well documented concept. Mixing times can
be defined in terms of various distance measures such as L p -norms, but here we opt
for the most intuitive distance measure; the total variation distance. Total variation
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distance is a probabilistic measure of the difference between two distributions. Formally, let ν and π be two probability distributions on the state space X. Then the
total variation distance is defined by

||ν − π ||TV = max |ν(χ) − π (χ)|.
χ⊂X

That is, the maximum difference between the probabilities assigned to a single event
by the two distributions. Total variation distance can be equivalently expressed as,

||ν − π ||TV =

1
|ν(x) − π (x)|.
2 x∑
∈X

(4.4.1)

The validity of relation (4.4.1) can be demonstrated geometrically using Figure 6.
First notice that both ν and π being probabilistic measures implies that ν(χ∗ ) is the
area under the curve ν but to the left of the vertical dashed line x = χ∗ . Since for
both distributions the total area under the curve is one, it follows that the area of
regions A and B are equal. For these two specific distributions (of Figure 6), the total
variation distance between them is thus the area of the region A, which by symmetry
equals the area of region B. The quantity ∑x∈X |ν(x) − π (x)| in (4.4.1) is the area
of both regions A and B, hence the factor of 12 in the equality. Relation (4.4.1) is
essentially true for all forms of probabilistic distributions.

π

ν

B

A

χ∗

Figure 6: The total variation distance between distributions ν and π
The convergence time Tc ( Pε ) of the process Pε is then formally defined as,
n
o
0
Tc ( Pε ) = min t : q0 Pεt − π ≤ v; ∀t0 > t ,
(4.4.2)
where q0 is the initial distribution. We also write qt for the distribution at t. For
a given initial distribution, the convergence time is therefore the time it takes the
process to get close to its stationary distribution.

1

4.4 convergence time

The usual approach in the study of mixing times is to first derive the lower and
upper bounds in terms of the second largest eigenvalue of the transition matrix of
the chain. The analysis then focuses of establishing the properties of the second
eigenvalue, which can be done in several ways. One technique is by making use of
the well known Cheeger’s inequality [3, 5, 76, 108]. That is if µ2 is the second largest
eigenvalue of the Pε , then
1 − 2φ( Pε ) ≤ µ2 ≤ 1 −

φ( Pε )2
2

where φ( Pε ), the conductance of Pε , is given by φ( Pε ) =

φ( Pε , W ) =

1
∑ π (x)

x ∈W

∑ ∑

(4.4.3)
min

W ⊂X
∑x∈W π (x)≤ 12

φ( Pε , W ). And,

π (x) Pε (x, y).

(4.4.4)

x ∈W y ∈W c

The second technique involves the use of the concept of multicommodity flows. The
details of both of these characterizations can be found in Diaconis and Stroock [33]
and Sinclair [107]. These characterizations are however not readily computable for
large state space Markov chains. Moreover, they are not directly intuitive with respect to how the underlying game and network affect convergence rates. Here, we
express the upper bounds for convergence time in terms of the maximum expected
waiting time. This enables us to directly apply some of the well known results on
expected waiting times for stochastic evolutionary processes, together with what we
established in Section 4.3 above, to the analysis of convergence time. It also ensures
that we can focus on the properties of the reduced Markov chain (Ω̃, P̃ε ) rather than
the original cumbersome chain. The following theorem establishes the upper bound
for the convergence time.
Theorem 4: For any W 6= ∅, any Ω̃ ∈ W and Ω̃0 ∈ W c , let T = maxΩ̃,Ω̃0 E[ T (Ω̃0 )| x0 ∈

Ω̃]. Let also π̃ be the stationary distribution of P̃ε . Then the convergence time Tc is bounded
from above by
Tc ≤


Kc 
−1
−1
T
ln
π̃
+
ln
(
2v
)
min
2
2π̃max

(4.4.5)

where Kc is some constant, π̃min = minΩ̃∈Ω̃ π̃ (Ω̃) and π̃max = maxΩ̃∈Ω̃ π̃ (Ω̃).
Proof. A detailed proof is provided in Appendix 4.9.3 whose sketch is as follows. The
proof focuses on the dynamics of the reduced chain (Ω̃, P̃ε ). The first step involves
showing that
Tc ≤



1 
1 
−1
−1
ln π̃min
+ ln(2v )−1 ≈
ln π̃min
+ ln(2v )−1
ln µ̃2
1 − µ̃2

(4.4.6)
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where µ̃2 is the second largest eigenvalue of the P̃ε . The approximation is valid for
values of µ̃2 close to one, which is true for the type of dynamics we considered in
this Chapter (a consequence of small perturbations). Inequality (4.4.6) appears in the
literature of finite Markov chains in closely related forms (e.g. Diaconis and Stroock
[33]).
The next step of the proof is then to show that
1
Kc
≤
T
2
1 − µ̃2
2π̃max

(4.4.7)

The right hand side of (4.4.7) follows from a set of Theorems from Bremaud [23]
and Takacs [110]. More specifically, as a corollary of Takacs [110, Theorem 1.2 and
Proposition 3.1], the expected waiting time between any two given subsets say Ω̃ and
Ω̃0 is given by
E( T (Ω̃0 )| x0 ∈ Ω̃) =

#Ω̃


1  2
ṽΩ̃0 (k) − ṽΩ̃ (k)ṽΩ̃0 (k)
1 − µ̃k
k =2

∑

(4.4.8)

where ṽ(k ) is the eigenvector corresponding to µ̃k , such that ṽl (k) is the lth element
of ṽ(k). We thus have that
T = max E( T (Ω̃0 )| x0 ∈ Ω̃) = max
Ω̃,Ω̃0

Ω̃,Ω̃0

#Ω̃

1
ṽ 0 (k ) (ṽΩ̃0 (k) − ṽΩ̃ (k))
1
−
µ̃k Ω̃
k =2

∑

(4.4.9)

We can then exploit the properties of the eigenvectors of finite state Markov chains.
The eigenvector corresponding to the first eigenvalues (first eigenvector) is an all one
vector. The other remaining eigenvectors can be used to detect (or partition the state
space into) almost invariant subsets (e.g. Froyland [43] and Billings and Schwartz
[17]). This concept is familiar in the literature of cluster detection. More generally,
the second eigenvector can be used to partition the chain into two almost invariant
subsets, the third eigenvector separates the chain into three almost invariant subsets,
and so forth. The eigenvector corresponding to the #Ωth eigenvalue of Pε and P̃ε
therefore partitions the chain into #Ω almost invariant subsets, which are basically
the respective basins of attraction.
The detection process proceeds by identifying the minima (regions of negative values) and maxima (peaks and regions of positive values) of the eigenvectors. The second eigenvector therefore has one maximum and one minimum. Since the maximum
of the right hand side of (4.4.9) occurs when the differences ṽΩ̃0 (k ) − ṽΩ̃ (k) are maximum, we can thus approximate maxΩ̃,Ω̃0 (ṽΩ̃0 (k) − ṽΩ̃ (k )) ≈ 2 maxΩ̃∈Ω̃ ṽΩ̃ (k) for all

k ≥ 2. Note that each point of Ω̃ for which ṽ(k) attains its minima and maxima are

also those at which the stationary distribution π̃ attains its maxima. It follows that
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there exist constants Kk for k ≥ 2 such that maxΩ̃∈Ω̃ |ṽΩ̃ (2)| = K2 maxW ⊂Ω̃ π̃ (W ), · · · ,
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maxΩ̃∈Ω̃ |ṽΩ̃ (#Ω̃)| = K#Ω̃ maxΩ̃∈Ω̃ π̃ (Ω̃). Since maxW ⊂Ω̃ π̃ (W ) ≥ · · · ≥ maxΩ̃∈Ω̃ π̃ (Ω̃) =
π̃max , we then have that

T = max
Ω̃,Ω̃0

#Ω̃
1
1
1
2
2
ṽΩ̃0 (k) (ṽΩ̃0 (k) − ṽΩ̃ (k)) ≥ 2K#Ω̃ π̃max
≥ 2K#Ω̃ π̃max
∑
1
−
µ̃
1
−
µ̃
1
−
µ̃2
k
k
k =2
k =2
#Ω̃

∑

(4.4.10)

Substituting for T in (4.4.6) then completes the proof, where Kc =

1
K#Ω̃ .

Theorem 4 establishes an upper bound for the convergence time in terms of the
measure of the reduced chain, the minimum and maximum values of the stationary
distribution and the maximum expected waiting time. An explicit characterization
of the stationary distributions for finite state Markov chains is performed by Freidlin
and Wentzell [42] and Catoni [26]. More generally, for each Ω̃ ∈ Ω̃,


 −1
π̃ (Ω̃) = 

∑

g∈ G ({Ω̃})

P̃ε ( g) 

∑

Ω̃0 ∈Ω̃

∑

P̃ε ( g)

(4.4.11)

g∈ G ({Ω̃0 })

where P̃ε ( g) = ∏(Ω̃,Ω̃0 )∈ g P̃ε (Ω̃, Ω̃0 ). From the definition of G (W ) graphs above,
G ({Ω̃}) is the set of all spanning trees in which there exists a unique directed path
from every Ω̃0 6= Ω̃ to Ω̃, also known as Ω̃-trees. The probability P̃ε (Ω̃, Ω̃0 ) =
Pε (∂Ω, Ω) Pε (Ω, ∂Ω0 ), and by making use of (4.3.5) and (4.3.4),


P̃ε (Ω̃, Ω̃0 ) = K N exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) + γ(Ω) ,

such that


1
≤ Kπ exp ϕ(Ω̃)
π̃ (Ω̃)

(4.4.12)

where
ϕ(Ω̃) =

min

g∈ G ({Ω̃})

( N [c( g) + F (r ( g))] − γ( g)) − min

min

Ω̃0 ∈Ω̃ g∈ G ({Ω̃0 })

( N [c( g) + F (r ( g))] − γ( g))

and Kπ is a constant.
From (4.4.12) it follows that the long-run stable state or subset (corresponding to
π̃max ) lies in the basin of attraction Ω̃∗ for which ϕ(Ω̃∗ ) = 0. The state or subset
corresponding to π̃min is that for which ϕ(Ω̃) is maximum. The following Corollary
demonstrates how to compute convergence times.
Corollary 3: Consider the an evolutionary process for which the values of the quantity
N [c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))] − γ(Ω) are as depicted in Figure 7. Then
Tc ≤ κ1 (κ2 + 4.38N ) exp(4.96N ),
2 and κ = ln(2K ) − 1 are universal constants.
where κ1 = 21 Kc KT Kπ
π
2
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b̃
0.39
1.63

1.77

4.96
3.15

ã

c̃

4.63

Figure 7: The weight on each arrow is the quantity N (c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))) −
γ(Ω)

Proof. To compute the maximum and minimum values for the stationary distribu1

tions, we need to identify and compute the values of the minimum and maximum
cost Ω̃-tree. From Figure 7, the least cost tree is the b̃-tree {ã → b̃, c̃ → b̃}, making b the long-run stable state (which in this specific case also corresponds to the
stochastically stable state). The respective total cost of b̃-tree is 2.02. The maximum
cost tree is the ã-tree with cost of 6.4, such that ϕ(ã) = 6.4 − 2.02 = 4.38. Hence
−1
π̃min
≤ Kπ exp(4.38N ).

The maximum expected waiting time corresponds to the hitting time of the path
W = {b, c} → {a} such that the maximum MW = 1.63 + 4.96 = 6.59 and MW (c) =

−1
−1
1.63. Implying that T ≤ KT exp(4.96N ). Substituting for π̃min
, T and π̃min
≤ Kπ

yields the result.

4.5

deterministic networks

In this section, we focus on stochastic evolution in deterministic networks. We
start by considering the case in which strategies can spread through contagion once
threshold adoption levels are attained. An action is said to be globally contagious if
it can spread to the entire population through best-response once it has been adopted
by a small subgroup of players. The focus of analysis in this section is on 2 × 2 matrix
games with the general structure in Table 12 above and the case in which players care

about the average payoffs. The most relevant quantity of any given matrix game for

4.5 deterministic networks

the dynamics specified above is the relative payoff gains, which for the game in Table
12 is given by
ηba =

U (b, b) − U ( a, b)
U (b, b) − U ( a, b) + U ( a, a) − U (b, a)

(4.5.1)

and ηab = 1 − ηba . That is ηba is the fraction of neighbors that each player requires
to play a for that player to do likewise and vise versa for ηab . We write dme fo the

smallest integer not less than m such that for each i ∈ N with respective degree k i ,
the quantity dηba k i e is the minimum number of neighbors i requires to play a for i to
do likewise.

For any given network, there exists a payoff structure and hence values of relative
payoff gains ηab ’s for which contagion is feasible. The maximum values of relative
payoffs for which contagion is feasible are called contagion thresholds (see [78] and
Chapter 3 above). If η ∗ is the contagion threshold for a given network topology,
then any action say a for which ηba < η ∗ for all b, will be contagious. Morris [78]
provides an explicit characterization of contagion threshold for various families of
networks, two of which we study below. Lelarge [68] derives similar conditions for
random networks. If the conditions for contagion are not satisfied, then the dynamic
process will exhibit additional multiple closed communication classes induced by the
network structure. We treat this case in a separate Section 4.7 below.

Figure 8: A 2-dimensions nearest neighbor interactions network.

4.5.1

n-dimensions nearest neighbor interactions

This family of networks includes as example the line and circle networks as 1dimensional lattices, and the 2-dimension lattice of Figure 8. Morris [78] shows the
contagion threshold for such networks to be

1
2n ;

implying that in 1-dimension lattice
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networks if ηab <

1
2

for all a 6= b, then b is a contagious action. Similarly for 2-

dimensional lattice networks, if ηab <

1
4

for all a 6= b then b is a contagious action.

And so forth. The following proposition provides convergence rates for this family
of networks.
Proposition 8: Let the underlying game be 2 × 2 matrix game of Table 12 and let the

updating rule be the uniform error probabilities. Let the topology of interactions be an ndimensions nearest neighbor interactions network Gn and that ηab <

1
2n .

Then for sufficiently

large N,
(i) the expected waiting times are;
E[ T (b)|x0 = a] ≤

KT
exp { β − ln(1 − λ2 ( Gn ))}
2

n
o
E[ T (a)|x0 = b] ≤ KT exp N ( β − ln 2−1 )

(4.5.2)

(4.5.3)

(ii) the convergence time is given by


n
o
Tc ≤ κ1 κ2 + ( N − 1)( β − ln 2−1 ) − ln(1 − λ2 ( Gn )) exp N ( β − ln 2−1 ) ,

(4.5.4)

where κ1 =

2
Kc K T Kπ

and κ2 = ln(2Kπ ) − 1 are universal constants.

Proof. For each n-dimensions nearest neighbor interactions network Gn if an action
say b is contagious in which case ηab <

1
2n ,

then each player i requires only one of

their neighbor to play b for i to do likewise. Implying that a transition from a to
the boundary of the closed communication class ∂b of b can be triggered by one
player. Such that r (a, ∂b) =

1
N.

Similarly, the transition b → ∂a requires all players

to simultaneously switch to playing a, since each player requires at least 21 n of their
neighbors to play a if they are to do likewise. Hence r (a, ∂b) = 1.
For m = 2, P =

1
2

exp(− β) such that ln(P ) = − β + ln 2−1 . We then have the

expected waiting times to be,



E[ T (b)|x0 = a] ≤ KT exp N

=





1
1
1
−1
β − ln 2 + F ( ) − ln(1 − λ2 ( Gn ))
N
N
N

KT
exp { β − ln(1 − λ2 ( Gn ))}
2

(4.5.5)

where we have used Kb = 1 since b is globally contagious.
n 
o
n
o
E[ T (a)|x0 = b] ≤ KT exp N β − ln 2−1 + F (1)
= KT exp N ( β − ln 2−1 )

(4.5.6)

4.5 deterministic networks

where Ka = 0 since a is not globally contagious. In the case of convergence time, we
need to compute the minimum and maximum values of the stationary distribution
for subsets Ω̃, and the maximum expected waiting time. From the above expressions
of expected waiting, if β is sufficiently large (small noise) then T = E[ T (a)|x0 =

b] ≤ KT exp N ( β − ln 2−1 ) .

For the transition ∂a → a we have P(∂a, a) ≈ 1 since all players have to simultane-

ously switch to play a for the transition b → ∂a to occur. We then have

P̃ε ( ã, b̃) ≈ Pε (∂a, a) Pε (a, ∂b) ≈ Pε (a, ∂b)



n
o
1
1
1
≤ exp − N
β − ln 2−1 + F ( )
= K p exp −( β − ln 2−1 ) .
N
N
N
(4.5.7)

P̃ε (b̃, ã) ≈ Pε (∂b, b) Pε (b, ∂a)
n
o
≤ exp − N ( β − ln 2−1 ) + Kb ln(1 − λ2 ( Gn )) .

(4.5.8)

where we can let Kb = 1 as b is globally contagious. Since for β sufficiently large β −

ln 2−1 < N ( β − ln 2−1 ) − Kb ln(1 − λ2 ( Gn )) , the long-run stable basin of attraction
is then b̃ and hence the long-run stable state is b. Implying that ϕ(b̃) = 0 and ϕ(ã) =

N ( β − ln 2−1 ) − ln(1 − λ2 ( Gn )) − ( β − ln 2−1 ) = ( N − 1)( β − ln 2−1 ) − ln(1 − λ2 ( Gn )).

Such that

1
π̃min

1
1
≤ Kπ
≡
π̃max
π̃ (b̃)

≡

n
o
1
≤ Kπ exp ( N − 1)( β − ln 2−1 ) − ln(1 − λ2 ( Gn ))
π̃ ( ã)

(4.5.9)

(4.5.10)

−1
Hence ln π̃min
= ln Kπ + ( N − 1)( β − ln 2−1 ) − ln(1 − λ2 ( Gn )). Substituting for T ,

π̃min and π̃max into the expression for Tc yields the result.

Proposition 8 demonstrates how the network topology plays a critical role in shaping convergence rates. Unlike in the case of global interactions, local interactions
reduce the expected waiting time to and increase the exit time from the long-run stable set. This finding is not entirely surprising as it has also been shown for the case
of 1-dimension nearest neighbor interactions network by Ellison [37]. Proposition 8
however provides tighter bounds for general n-dimensions nearest neighbor interactions family of networks and does not rely on the assumption of vanishing noise for
the proof as in Ellison [37].
Proposition 8 also provides an upper bound for the convergence time for n-dimensions
nearest neighbor interactions family of networks. From (4.5.4), it follows that for
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any two networks in this family say Gn and Gn0 with n > n0 , if the relative payoff

gains for both networks is such that ηab < η ∗ then the convergence time for Gn is
greater than that for Gn0 . This argument derives from the fact that when n > n0
then λ2 ( Gn ) > λ2 ( Gn0 ). The result underscores the importance of high connectivity
in enhancing high convergence rates. This however is not necessarily the case when
ηab > η ∗ , in which case global contagion is not feasible. We treat this special case as
that of step-by-step evolution in Section 4.7 below.

4.5.2

n-dimensions l-max distance interactions

The second family of networks we consider is the n-dimensions l-max distance
interactions. That is given an n-dimensional lattice network, each player interacts
with all players who are within the distance of l steps away in all directions. See
Figure 9 for the case of n = 2 and l = 1. Morris [78] provides general expressions
for contagion thresholds for this family of networks. We focus on the case of n = 2
for various values of l. In this special case the contagion thresholds are given by
η∗ =

l (2l +1)
(2l +1)2 −1

for l = 1, 2, 3, · · · . It follows by inspection that if ηab = η ∗ then
r (a, ∂b) =

2l (2l + 1)
N

for l = 1, 2, · · ·

(4.5.11)

See for example the case of n = 2 and l = 1 in Figure 9 where r (a, ∂b) = N6 . Relation
√
√
(4.5.11) is valid so long as ηab = η ∗ and that l < 12 N. The quantity N is the length
and width of the 2-dimensional lattice. It follows that for ηab < η ∗ , r (a, ∂b) <
The following proposition is for the case when ηab = η ∗ .

Figure 9: The 2-dimensions 1-max distance interactions

1

2l (2l +1)
.
N

4.5 deterministic networks
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Proposition 9: Let the underlying game be 2 × 2 matrix game of Table 12 and let the

updating rule be the uniform error probabilities. If the topology of interactions is the 2dimensions l-max distance interactions G2,l and that ηab = η ∗ then:
(i) the expected waiting times are;
E[ T (b)|x0 = a] ≤ KT exp { H (b)}
where H (b) = 2l (2l + 1)( β − ln 2−1 ) + NF



2l (2l +1)
N



(4.5.12)

− ln(1 − λ2 ( G2,l )).

n
o
E[ T (a)|x0 = b] ≤ KT exp N ( β − ln 2−1 )

(4.5.13)

(ii) the convergence time is given by
n
o
Tc ≤ κ1 (κ2 + ϕ(ã)) exp N ( β − ln 2−1 ) ,
where ϕ(ã) = ( N − 2l (2l + 1)) ( β − ln 2−1 ) − NF



2l (2l +1)
N



(4.5.14)

− ln(1 − λ2 ( G2,l )).

Proof. First note that when ηab ≥ η ∗ , r (b, ∂a) ≈ 1 for all l = 1, 2, · · · . By following

the same steps as in the proof of Proposition 8, we have that



 
2l (2l + 1)
2l (2l + 1)
−1
( β − ln 2 ) + F
− ln(1 − λ2 ( Gn ))
E[ T (b)|x0 = a] ≤ KT exp N
N
N




2l (2l + 1)
−1
= KT exp 2l (2l + 1)( β − ln 2 ) + NF
− ln(1 − λ2 ( G2,l ))
N
(4.5.15)

n 
o
n
o
E[ T (a)|x0 = b] ≤ KT exp N β − ln 2−1 + F (1)
= KT exp N ( β − ln 2−1 )

(4.5.16)

Similarly, for ηab =

η∗,

b is the long-run stable state and hence

and

1
π̃max

≡

1
π̃ (b̃)

≤ Kπ ,

1
1
≡
≤ Kπ exp { ϕ(ã)}
π̃min
π̃ ( ã)

where


ϕ(ã) = N ( β − ln 2



−1



−1

) − ln(1 − λ2 ( G2,l )) − 2l (2l + 1)( β − ln 2 ) + NF


2l (2l + 1)
−1
= ( N − 2l (2l + 1)) ( β − ln 2 ) − NF
− ln(1 − λ2 ( G2,l ))
N

Substituting for
result.

1
π̃min

and

1
π̃min



2l (2l + 1)
N

as in the proof of Proposition 8 yields the desired
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The n-dimensions l-max distance interactions networks present a good example of
effect of progressively increasing information sets of players. That is starting from
players observing only actions of the other players one step away, then two steps
away, and so forth. As l (information set) increases the expected waiting time to the
long-run stable state increases, but the convergence time decreases. As l increases
the network and hence the convergence rates tend to that of global interactions. It is
easy to show the convergence time for global interactions when ηab < ηba to be



n 
o
Tc ≤ κ1 κ2 + (1 − 2ηab )( N − 1) β − ln 2−1 exp N ηba ( β − ln 2−1 ) + F (ηba ) ,

(4.5.17)

which by comparison is less than the convergence time for 2-dimensions l-max dis√
tance interactions in (4.5.14) whenever l < 21 N. In fact, the convergence time for
global interactions in (4.5.17) is smaller than that for n-dimensions nearest neighbor interactions network (cf. in Proposition 8) as well. The general result is then
that the convergence time for under global interactions is less than that under local
interactions whenever global contagion is feasible.

4.6

random networks

Most real world networks assume complex structures. Several authors have proposed various ways to capture the properties of such networks e.g. clustering coefficient and degree distribution. For our purpose, the degree distribution is the most
suitable for capturing the effect of network topology on the convergence rates. The
degree distribution P = { p(k)}k≥0 describes the number of agents in the population

with a given degree. We denote by hk i for average degree. The following definitions
related to the degree distribution are useful for the results that follow.

Definition 10: Let G and G 0 be two networks with respective degree distributions P and
P0 .
(i) A degree distribution P is said to first order stochastically dominate (FOSD) P0 if
∑kK=0 p(k) ≤ ∑kK=0 p0 (k ) for 1 ≤ K ≤ ∞. Or for any non-decreasing function f :
R → R,
∞

∑

k =0

f (k ) p0 (k ) ≤

∞

∑

f ( k ) p ( k ).

k =0

(ii) A degree distribution P is said to second order stochastically dominate (SOSD) P0 if for
∞
0
any non-decreasing concave function f : R → R, ∑∞
k =0 f ( k ) p ( k ) ≤ ∑ k =0 f ( k ) p ( k ).

(ii) A degree distribution P is said to be a mean preserving spread (MPS) of P0 if P0 SOSD
P and that both have the same mean.

4.6 random networks

The following proposition provides the relationship between degree distributions
and convergence rates.
Proposition 10: Let G and G 0 be two networks with respective degree distributions P
and P0 and let the underlying game be 2 × 2 matrix game of Table 12 with ηab < 12 . We write

EG for the expected value under network topology G and Tc ( G ) for convergence time under
G
(i) if P FOSD (or SOSD) P0 , then EG [ T (b)|x0 = a] ≥ EG0 [ T (b)|x0 = a]
(ii) if P MPS P0 or P0 FOSD P, then Tc ( G ) ≤ Tc ( G 0 )

Proof. (i ). For a given value of ηab <

1
2,

the quantity r (a, ∂b) is an increasing func-

tion of network connectivity. This is clearly evidenced in the analysis of deterministic
networks of Section 4.5. For example under 1-dimensions nearest neighbor interactions network r (a, ∂b) =

1
N

while under global interactions r (a, ∂b) ≈ ηab . We thus

write r (a, ∂b) := f (hki), where f is an non-decreasing function in hki. Since P FOSD

(or SOSD) P0 implies that hki ≥ hk0 i, it follows that rG (a, ∂b) under G is greater
than rG0 (a, ∂b) under G 0 . Since P is identical in both cases, EG [ T (b)|x0 = a] ≥
EG0 [ T (b)|x0 = a].

(ii ). When ηab < 21 , all players for whom dηba k i e ≥ k i require all their neighbors to
switch to a for them to do likewise. Denote by Nba ( G ) for the subset of players for
whom dηba k i e ≥ k i given the network G. That is
Nba ( G ) = {i ∈ N : dηba k i e ≥ k i }.
Let k̄ a be an integer such that all i for whom k i ≤ k̄ a belong to Nba ( G ). Write

a
Nba ( G ) for the cardinality of Nba ( G ), that is Nba ( G ) = N ∑k̄k=
0 p ( k ) . For a given
network, hence k̄ a , Nba ( G ) is a non-increasing function of average degree hki. That

is Nba ( G ) := f (hki) where f is non-increasing in hki. For P FOSD (or SOSD) P0 ,
Nba ( G ) ≤ Nba ( G 0 ), and since rG (b, ∂a) is an increasing function of Nba ( G ) then
rG (b, ∂a) ≤ rG0 (b, ∂a).
It then follows that for a given P hence β, EG [ T (a)|x0 = b] ≤ EG0 [ T (a)|x0 = b].

Note also that for a given network say G, EG [ T (a)|x0 = b] ≥ EG [ T (b)|x0 = a]

whenever ηab < 21 . Such that the maximum expected waiting time for G and G 0 are
EG [ T (a)|x0 = b] and EG0 [ T (a)|x0 = b] respectively. Consequently TG ≤ TG0 .

We then need to establish the relationships for the minimum and maximum values

of the stationary distributions. First note that since b̃ is the long-run stable subset
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and hence b is the long-run stable state,
then have that for each network,
1
π̃min

≡

1
π̃max

≡

1
π̃ (b̃)

≤ Kπ for both networks. We

1
≤ Kπ exp { ϕG (ã)}
π̃ ( ã)

where






ϕG (ã) = NcG (b, ∂a) + NF (rG (b, ∂a)) − ln(1 − λ2 ( G )) − NcG (a, ∂b) + NF (rG (a, ∂b))

− Ka ln(1 − λ2 ( G ))




= N rG (b, ∂a) − rG (a, ∂b) ( β − ln 2−1 ) + N F (rG (b, ∂a)) − F (rG (a, ∂b))


− (1 − Ka ) ln(1 − λ2 ( G ))
where we have again taken Kb = 1, and Ka < 1. Similarly,




ϕG0 (ã) = N rG0 (b, ∂a) − rG0 (a, ∂b) ( β − ln 2−1 ) + N F (rG0 (b, ∂a)) − F (rG0 (a, ∂b))


0
− (1 − Ka ) ln(1 − λ2 ( G ))
Since rG (b, ∂a) ≤ rG0 (b, ∂a) and rG (a, ∂b) ≥ rG0 (a, ∂b), it follows that
rG (b, ∂a) − rG (a, ∂b) ≤ rG0 (b, ∂a) − rG0 (a, ∂b)
Similarly, since P MPS P0 or P0 FOSD P implies that (1 − λ2 ( G 0 )) ≤ (1 − λ2 ( G ))

and hence − ln(1 − λ2 ( G 0 )) ≥ − ln(1 − λ2 ( G )). It then follows that ϕG (ã) ≤ ϕG0 (ã),
consequently Tc ( G ) ≤ Tc ( G 0 )

The result in Proposition 10 supplements that for deterministic networks above.
That is, the expected waiting times to the long-run stable set is shorter for sparsely
connected than highly connected networks. Similarly, the convergence time is longer
for sparsely connected than highly connected networks. The method of characterization is however complementary. Several authors have characterized the effect of network topologies on individual behavior and payoff in terms of degree distributions
and using stochastic dominance relations (e.g Jackson and Yariv [55]). Proposition 10
provides similar characteristic analysis but for convergence rates, such that once the
degree distributions of any two networks is known, then a comparative analysis of
convergence rates can be performed.

4.7 step-by-step evolution

4.7

step-by-step evolution

When global contagion is not feasible, that is when ηab > η ∗ for any pair of actions
a 6= b, the network enhances the number of closed communication classes. Take

for example the case of 2-dimensions nearest neighbor interactions network, if both

ηab > η ∗ and ηba > η ∗ then global contagion is not feasible. Under this condition,
if ηab < ηba then all states in which one or more enclaves of four players all play b
become closed communication classes. To get from an all a state to an all b state,
the chain goes through these intermediate closed communication classes induced
by the network topology. It may seem at first that the presence of such intermediate
states will lead to slow convergence rates when compared to making direct transition
say from a → b. On the contrary however, these intermediate states do speed-up

evolution between closed communication classes induced by the payoff structure.

This phenomenon was referred to as step-by-step evolution by Ellison [38]. Below, we
use a specific example to illustrate the convergence rates in step-by-step evolution.
We consider a set of eight agents whose interactions are governed by the network topology in Figure 10, and playing a pure coordination game in Table 12.
The network can be divided into two cohesive subgroups g1 = {1, 2, 3, 4, 5} and

g2 = {6, 7, 8, 9, 10}. A player i belongs to a given cohesive subgroup if and only if

at least half of i’s interactions are with members of that subgroup. The contagion
threshold for this network is 31 . That is if ηab ≤

1
3

then starting from a, global conta-

gion to occurs when at least one player (from any of the subgroups) plays b Hence

< ηab < 12 , global contagion is no longer feasible, though local contagion (within cohesive subgroups) can occur. We use this
situation to demonstrate the rates of convergence under step-by-step evolution. For
1
1
3 < η ab < 2 , there are two additional closed communication classes to a and b; a1
and a2 in which all members of g1 play a while those in g2 all play b and vise versa
for a2 .
for ηab ≤

1
3,

r (a, ∂b) =

1
10 .

When

1
3

Corollary 4: Let the underlying game be 2 × 2 matrix game of Table 12 with

1
3

< ηab <
Let the updating rule be the uniform error probabilities, and the topology of interactions
be that in Figure 10. Then
1
2.

(i) the expected waiting times are;
E[ T (b)|x0 = a] ≤ KT exp {2β − 3.6}

(4.7.1)

E[ T (a)|x0 = b] ≤ KT exp {4( β − 1)}

(4.7.2)
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7

2

8

3
6

1

9

4
5

g1

g2

10

Figure 10: A general network with two cohesive subgroups

(ii) the convergence time is given by
Tc ≤ κ1 (κ2 + ϕ(ã)) exp {4( β − 1)} ,

(4.7.3)

where ϕ(ã) = 4β − 0.8.
1
3

4
< ηab < 21 , the normalized radii are as follows: r (a, ∂b) = 10
(two
8
players from g1 and g2 play b), r (b, ∂a) = 10 (four players from g1 and g2 play b),
2
4
4
r (a, ∂a1 ) = 10
= r (a, ∂a2 ), r (b, ∂a1 ) = 10
= r (b, ∂a2 ), r (a1 , ∂a) = 10
= r (a2 , ∂a),
2
1
6
5
r (a1 , ∂b) = 10 , r (a2 , ∂b) = 10 , r (a1 , ∂a2 ) = 10 and r (a2 , ∂a1 ) = 10 . Figure 11 plots the
quantity c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) for β = 5.

Proof. For

(i ). The expected waiting time from a to b is equivalent to letting W = {a, a1 , a2 }
and W c = {b}, then computing E[ T (W c )|x0 = a]. The least cost tree from a to W c is
{a → a2 → b, a1 → b} and {a1 → b, a2 → b} minimizes MW (a). Such that Mw and
MW (a) are respectively
MW = [c(a, ∂a2 ) + F (r (a, ∂a2 ))] + [c(a2 , ∂b) + F (r (a2 , ∂b))] + [c(a1 , ∂b) + F (r (a1 , ∂b))]
MW (a) = [c(a1 , ∂b) + F (r (a1 , ∂b))] + [c(a2 , ∂b) + F (r (a2 , ∂b))]
Hence,
HW (a) = MW − MW (a) = c(a, ∂a2 ) + F (r (a, ∂a2 )) =

1
β − 0.36
5

4.7 step-by-step evolution

1.6
a

a2

0.64
4.05

1.6

2, 74
1.6

2.15

0.24

0.64

1.6
a1

1.6

b
0.64

Figure 11: Each arc’s weight is the quantity c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) for β = 5
n 
o
Implying that E[ T (W c )|x0 = a] ≤ KT exp 10 15 β − 0.36
= KT exp {(2β − 3.6)}.

Where the factor of 10 is the number of agents.

The expected waiting from b to a is equivalent to letting W = {b, a1 , a2 } and

W c = {a}, then computing E[ T (W c )|x0 = b]. The least cost tree from b to W c is

{a2 → b → a1 → a} and {a2 → b → a1 } minimizes MW (b). Such that Mw and
MW (b) are respectively
MW = [c(a2 , ∂b) + F (r (a2 , ∂b))] + [c(b, ∂a1 ) + F (r (b, ∂a1 ))] + [c(a1 , ∂a) + F (r (a1 , ∂a))]
MW (a) = [c(a2 , ∂b) + F (r (a2 , ∂b))] + [c(b, ∂a1 ) + F (r (b, ∂a1 ))]

Hence,
HW (a) = MW − MW (a) = c(a1 , ∂a) + F (r (a1 , ∂a)) =

Implying that E[ T (W c )|x0 = b] ≤ KT exp 10

2
5 β − 0.4



2
β − 0.36
5

= KT exp {4 ( β − 1)}.

(ii ). The maximum expected waiting time is for the transition from b to a, hence
T ≡ E[ T (W c )|x0 = b] ≤ KT exp {4 ( β − 1)}. Since b is the long-run stable state,
1
≡ π̃ (1b̃) ≤ Kπ . Also, {a2 → b → a1 → a} is the least cost tree for G ({a)
then π̃max
and {a → a2 → b, a1 → b} for G ({b). Such that
1
1
≡
≤ Kπ exp { ϕG (ã)}
π̃min
π̃ ( ã)
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where

ϕG (ã) = 10 [c(a2 , ∂b) + F (r (a2 , ∂b))] + [c(b, ∂a1 ) + F (r (b, ∂a1 ))] + [c(a1 , ∂a) + F (r (a1 , ∂a))]

− [c(a, ∂a2 ) + F (r (a, ∂a2 ))] + [c(a2 , ∂b) + F (r (a2 , ∂b))] + [c(a1 , ∂b) + F (r (a1 , ∂b))]

 

4
2
= 10
β − 0.8 −
β − 0.72
5
5


2
= 10 β − 0.08
(4.7.4)
5

Corollary 4 underscores the role played by intermediate closed communication sets
induced by the topology of the network in increasing convergence rates. If the chain
is to be restricted to the direct transition from a to b rather than through intermediate
closed communication sets, then the expected waiting time would be


E[ T (b)|x0 = a] ≤ KT exp 10




4 
β − ln 2−1 + F
10



4
10



= KT exp {4( β − 1)}

which is greater than the expected waiting time in (4.7.1) for the case with intermediate limit states. A similar argument follows for E[ T (a)|x0 = b].
In comparison to the case in which the 10 players interact globally, from (4.5.17)
we have

n 
o


Tc ≤ κ1 κ2 + 9(1 − 2ηab ) β − ln 2−1 exp 10 ηba ( β − ln 2−1 ) + F (ηba ) ,

(4.7.5)

Such that for

1
3

< ηab <

1
2,

which is equivalent to

1
2

< ηba <

2
3,

Tc in (4.7.5) is greater

than Tc in (4.7.3) for β sufficiently large. Unlike in the case of local interactions
in which global contagion is feasible above, for local interactions with step-by-step
evolution the convergence time is shorter than under global interactions. Clearly, the
presence of cohesive subgroups reduces the convergence time and this result generalizes to all networks with cohesive subgroups. The intuition behind the result is that
the presence of intermediate closed communication classes reduces the resistance
(sizes of basins of attraction) hence the minimum exit time for all closed communication classes involved, including the long-run stable set. This effectively reduces the
expected waiting time between any pair of closed communication classes, hence the
time it takes the chain to mix.

4.8 concluding remarks

4.8

concluding remarks

This Chapter studies extensively the convergence rates for stochastic evolution in
networks. We identify the payoff gains, noise level and network topology to be the
key factors. Unlike previous analysis in the literature that focused on limit noise,
we place emphasis on keeping the noise levels positive. Analysis that relies on limit
noise fails to capture some aspects of evolutionary dynamics in networks. The network topology and payoff gains interactively determine whether or not an action is
globally contagious. Globally contagious action are those with the highest payoff
gains, hence are also those that are played in the long-run.
Several insightful results derive from our analysis. First, for given payoff gains,
the more sparsely connected a network is the more likely that an action with the
highest payoff gain is globally contagious. When global contagion is feasible, the
expected waiting times from any other closed communication class to the long-run
stable closed communication class are independent of the population size. For a
given family of networks, global contagion also implies that the expected waiting
time for highly connected network is shorter than for sparsely connected networks.
Secondly, Whenever global contagion is feasible, sparsely connected networks tend to
have longer convergence time than highly connected networks, longer than even the
case of global interactions. Finally, if the payoff gains and network topology induce
multiple intermediate closed communication classes, that is when global contagion
is infeasible, then the convergence time is faster than both under global interactions
and other interaction networks in which global contagion is feasible. Possible extensions to this Chapter include generalizations to other models of mistakes, beyond the
uniform mistakes model we have considered.

4.9

4.9.1

appendix

Proof of Lemma 10

Given that the chain is in some state x of Ω, let a be the action that should be
played by at least R(Ω, ∂Ω0 ) players for the transition Ω → Ω to occur. If we let
Ii be a binary random variable taking on values one with probability P and zero

otherwise, then
0

Pε (Ω, ∂Ω ) = P

N

∑ Ii = R(Ω, ∂Ω )

i =1

0

!
.

(4.9.1)
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The expression for the right hand side of (4.9.1) can be established using techniques
for concentration bounds. From Binomial probabilities, we have (we write R for the
short form of R(Ω, ∂Ω0 ))
P

N

∑ Ii = R(Ω, ∂Ω0 )

!

=

i =1

N!
P R (1 − P ) N − R
R!( N − R)!

(4.9.2)

Using Sterling’s approximation we have

√
N N 2πNe− N
N!
√
p
≈
R!( N − R)!
R R 2πRe− R ( N − R) N − R 2π ( N − R)e−( N − R)
s
NN
N
= R
R ( N − R) N − R 2πR( N − R)
s
N
=
exp ( N ln N − R ln R − ( N − R) ln( N − R))
2πR( N − R)
s
1
=
exp {− N (r ln r − (1 − r ) ln(1 − r ))}
2πr (1 − r ) N
We let K N = √

1
,
2πr (1−r ) N

and by rewriting

P R (1 − P ) N − R = exp { N (r ln P + (1 − r ) ln(1 − P ))} ,
we then have
ln(1 − P )
Pε (Ω, ∂Ω ) ≈ K N exp N r ln P − r ln r + (1 − r )
ln(1 − r )


0





≈ K N exp { N (r ln P − r ln r − (1 − r ) ln(1 − r ))}


= K N exp − N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 ))

where c(Ω, ∂Ω0 ) = −r (Ω, ∂Ω0 ) ln P and F (r ) = r ln r − (1 − r ) ln(1 − r ).
4.9.2

Proof of Theorem 3

The proof of Theorem 3 follows from Lemma 9 and (4.3.6). Given the expressions
for Pε (Ω, Ω0 )

Pε ( g) =

∏

(Ω,Ω0 )∈ g

Pε (Ω, Ω0 ) ≈ K1 exp




∑
(Ω,Ω
0 )∈ g


− N c(Ω, ∂Ω0 ) + F (r (Ω, ∂Ω0 )) + γ(Ω0 )
(4.9.3)
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where K1 = (K N )#g . For any W 6= ∅, any Ω ∈ W,

E[ T (W c )| x0 ∈ Ω] = 

 −1



∑

∑

Ω0 ∈W g∈ GΩ,Ω0 (W ∪{Ω0 })

≤ KT

Pε ( g) 

∑

Pε ( g)

g ∈ G (W )

maxΩ∈W maxg∈GΩ,Ω0 (W ∪{Ω0 }) Pε ( g)
ming∈G(W c ) Pε ( g)

(

= KT exp

min ψ( g) − min
0

)
min

Ω ∈W g∈ GΩ,Ω0 (W ∪{Ω0 })

g ∈ G (W c )

ψ( g)

where KT is some constant;
KT =

4.9.3

(#W )(#GΩ,Ω0 (W ∪ {Ω0 }))
.
#G (W c )

Proof of Theorem 4

The proof bounds mixing times of Markov chains appear in various version in the
literature, see for example Levin et al. [70]. Here, we are interested in the properties
of the reduced chain (Ω̃, P̃ε ) with stationary distribution π̃. The formal definition of

(Ω̃, P̃ε ) is as follows (a generalization of the collapsed Markov chain in Aldous and
Fill [4, Chapter 2]):
P̃ε (x, y) = Pε (x, y),
P̃ε (y, Ω̃) =

∑

(4.9.4a)

Pε (y, x),

(4.9.4b)

x∈Ω̃

P̃ε (Ω̃, y) =
P̃ε (Ω̃, Ω̃0 ) =

1
π (Ω̃)
1
π (Ω̃)

∑

π (x) Pε (x, y),

(4.9.4c)

x∈Ω̃

∑ ∑

π (x) Pε (x, y)

(4.9.4d)

x∈Ω̃ y∈Ω̃0

The following lemma is an immediate consequence of the above definition of a
collapsed Markov chain.
Lemma 11: Let π and π̃ be the stationary distributions of (X, P̃ε ) and (Ω̃, P̃ε ) respectively.
Then for any Ω̃ ∈ Ω̃, π̃ (Ω̃) = π (Ω̃) = ∑x∈Ω̃ π (x)
Proof. Note that π (Ω̃) = ∑x∈Ω̃ π (x). Let #X and #Ω̃ be the cardinalities of X and Ω̃
respectively. Define an event matrix E as an #X × #Ω̃ matrix whose entries take on

a value one if a state x belongs to Ω̃ and zero otherwise. Denote by EΩ̃ for the Ω̃th
column of E . It then follows that P̃ε E = E P̃ε , and that
π (Ω̃) = π EΩ̃

∀ Ω̃ ∈ Ω̃
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Consequently, π E = π P̃ε E = π E P̃ε . Implying that π E is the stationary distribution
of P̃ε , hence π̃ = π E .

Since P̃ε is not symmetric, the first step of the proof is to transform P̃ε into a
symmetric matrix. We can then exploit spectral properties of symmetric matrices.
From reversibility of P̃ε and hence P̃ε , that is π̃ (Ω̃) P̃ε (Ω̃, Ω̃0 ) = π̃ (Ω̃0 ) P̃ε (Ω̃0 , Ω̃)
Recall that P̃ε is reversible. That is given the stationary distribution π̃,
π̃ (Ω̃) P̃ε (Ω̃, Ω̃0 ) = π̃ (Ω̃0 ) P̃ε (Ω̃0 , Ω̃)

∀Ω̃, Ω̃0 ∈ Ω

We can define an equivalent symmetric matrix S such that
s
π̃ (Ω̃)
S(Ω̃, Ω̃0 ) =
P̃ε (Ω̃, Ω̃0 )
π̃ (Ω̃0 )

(4.9.5)

(4.9.6)

The reason for introducing S is to be able to exploit the properties of symmetric matrices, particularly the spectral theorem stating that, for symmetric matrices, there exists
|Ω|

a set of orthonormal basis {ui }i=1 , such that ui is an eigenfunction corresponding to

the real eigenvalue µ̃i .

Now, let us denote the diagonal matrix with elements π̃ (Ω̃) by D, then we have
1

1

S = D 2 P̃ε D − 2

(4.9.7)

1

Let f i = D − 2 ui , (where ui ’s are eigenfunctions of S) it follows that f i is an eigenfunction of P̃ε corresponding to eigenvalue µ̃i , and that f i ’s are orthonormal with respect
to π̃. That is
 1

1
1
1
1
1
P̃ε f i = P̃ε D − 2 ui = D − 2 D 2 P̃ε D − 2 ui = D − 2 Sui = D − 2 µ̃i ui = µ̃i f i .

(4.9.8)

To prove orthonormality of the functions f i ’s with respect to π̃, its useful to take
note of the following definition of the inner product.
Let h., .i denote the inner product on RΩ , that is

h f , gi =

∑

f (Ω̃) g(Ω̃),

(4.9.9)

Ω̃∈Ω

then we can define the inner product with respect to the distribution π̃ as

h f , giπ̃ =

∑

f (Ω̃) g(Ω̃)π̃ (Ω̃).

(4.9.10)

Ω̃∈Ω

Let δi,j denote the Dirac delta function (that is δi,j = 1 if and only if i = j), then
D 1
E
1
1
1
δi,j = ui , u j = D 2 f i , D 2 f j = ∑ π̃ (Ω̃) 2 f (Ω̃)π̃ (Ω̃) 2 g(Ω̃) = ∑ f (Ω̃)π̃ (Ω̃) g(Ω̃)
Ω̃∈Ω

Ω̃∈Ω

= h f , giπ̃ .

(4.9.11)
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Note that P̃εt (Ω̃, Ω̃0 ) is the Ω̃, Ω̃0 element of P̃εt , implying that P̃εt (Ω̃, Ω̃0 ) = ( P̃εt δΩ̃0 )(Ω̃);

where δΩ̃0 (Ω̃) is a Dirac function assuming the value of unity for Ω̃ = Ω̃0 and zero

otherwise. Notice also that δΩ̃0 belongs to the inner product space V = (RΩ , h., .iπ̃ ),
and since the set { f 1 , · · · , f |Ω| } is an orthonormal basis of V, then δΩ̃0 can be written

via basis decomposition as

η

δΩ̃0 =

η

∑ hδΩ̃0 , fi iπ̃ fi =

∑ fi (Ω̃0 )π̃ (Ω̃0 ) fi

i =1

(4.9.12)

i =1

Substituting (4.9.12) and P̃εt f i = µ̃it f i gives P̃εt (Ω̃, Ω̃0 ) as
P̃εt (Ω̃, Ω̃0 ) =

η

∑

i =1

η

f i (Ω̃0 )π̃ (Ω̃0 )µ̃it f i (Ω̃) = π̃ (Ω̃0 ) + ∑ f i (Ω̃0 )π̃ (Ω̃0 )µ̃it f i (Ω̃)

(4.9.13)

i =2

Taking the absolute values of (4.9.13) yields
P̃εt (Ω̃, Ω̃0 ) − π̃ (Ω̃0 ) =

η

∑

i =2

η

∑

f i (Ω̃0 )π̃ (Ω̃0 ) f i (Ω̃)µ̃it | ≤
"

≤ π̃ (Ω̃0 )

η

η

i =2

∑ fi2 (Ω̃0 ) ∑ fi2 (Ω̃)

i =2

f i (Ω̃0 )π̃ (Ω̃0 ) f i (Ω̃)||µ̃2 |t

#1

2

i =2

|µ̃2 |t

(4.9.14)
(4.9.15)

where the last inequality follows from Cauchy-Schwarz inequality. Following from
the definition of inner product together with that of δΩ̃0 (Ω̃) in (4.9.12), and relying
on the orthonormality of the set f i , we have
*
π̃ (Ω̃0 ) = hδΩ̃0 , δΩ̃0 i =

η

η

i =1

i =1

∑ fi (Ω̃0 )π̃ (Ω̃0 ) fi , ∑ fi (Ω̃0 )π̃ (Ω̃0 ) fi

+

η

= π̃ (Ω̃0 )2 ∑ f i (Ω̃0 )2
i =1

(4.9.16)
The implication is that

η
∑i=2 f i (Ω̃0 )2

≤

1
,
π̃ (Ω̃0 )

and consequently

P̃εt (Ω̃, Ω̃0 ) − π̃ (Ω̃0 ) ≤ q

π̃ (Ω̃0 )
π̃ (Ω̃)π̃ (Ω̃0 )

|µ̃2 |t

(4.9.17)

Such that if Ω̃0 is the initial state of (Ω̃, P̃ε ) with respective stationary distribution of
π̃ (Ω̃0 ), then

s0 P̃εt − π̃

=

1
2

∑

Ω̃0 ∈Ω

| P̃εt (Ω̃0 , Ω̃0 ) − π̃ (Ω̃0 )| ≤

1
2

∑

Ω̃0 ∈Ω

π̃ (Ω̃0 )
q

π̃ (Ω̃0 )π̃ (Ω̃0 )

|µ̃2 |t ≤

1 1
|µ̃2 |t
2 π̃min

where the last inequality follows from the fact that π̃ (Ω̃0 )π̃ (Ω̃0 ) ≤ minΩ̃∈Ω̃ π̃ (Ω̃)2 =
π̃min .
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For

s0 P̃εt − π̃

≤ v, then

1 1
t
2 π̃min | µ̃2 |

Tc ≤

≤ v. Consequently, the convergence time is

ln (2v π̃min )
ln |µ̃2 |

(4.9.18)

5
B E L I E F S D Y N A M I C S I N C O M M U N I C AT I O N N E T W O R K S 1

Abstract: We study the dynamics of individual beliefs and information aggregation when agents communicate via a social network. We provide a general
framework of word-of-mouth communication and learning that captures the interactive effects of three main factors on the structure of individual beliefs resulting from such a dynamic process; that is historical factors—prior beliefs, learning
mechanisms—rational and bounded-rational learning, and the topology of communication structure governing information exchange. More specifically, we provide
conditions under which heterogeneity and consensus prevail. We then establish
conditions on the structures of the communication network, prior beliefs and private information for public beliefs to correctly aggregate decentralized information. The speed of learning is also established, but most importantly, its implications on efficient information aggregation.

5.1

introduction

Individual beliefs play a significant role in determining public opinions and decisions made under uncertainty, both of which in turn shape social welfare. For
example the level of heterogeneity in beliefs about government policies such as public health and social integration initiatives affects their implementation. Decision
making under uncertainty is a ubiquitous problem in economics and social settings.
Examples include consumer decisions on a brand choice; adoption of agricultural
products and information technologies; investment as well as legislative decisions
among others. Our goal in this Chapter is to provide a comprehensive yet fundamental framework for characterizing the evolution of individual beliefs through
word-of-mouth communication, and to establish conditions under which the resulting public beliefs correctly and efficiently aggregate decentralized information.
1 This Chapter has been published in UNU-MERIT working paper series: Opolot and Azomahou [90]
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There are mainly three factors that influence the evolution of individual beliefs
through word-of-mouth communication; historical factors—prior beliefs, the learning
mechanism (the manner in which individuals incorporate new information into their
beliefs)—-rational or bounded-rational learning, and the topology of communication
structure governing information exchange. To this we construct a comprehensive
theoretical model that is fundamental enough to capture the main properties and
general enough to enable us compare and contrast the properties of beliefs resulting from rational and bounded-rational learning. There exists a true state of nature
unknown to all agents about which they update their beliefs. Agents possess heterogeneous prior beliefs that are not necessarily correlated to the true state of nature.
Each agent receives private information that is informative about the true state of
nature, and in turn updates their prior belief. The resulting private beliefs are then
simultaneously communicated (or simply announced) to the immediate neighbors.2
After observing the neighbors’ announcements, each agent incorporates the communicated beliefs into their private beliefs either by deducing the associated private
signal in the case of rational learning, or by taking the weighted average of the
announcements in the case of bounded-rational learning. The communication and
learning process continues until none of the agents has new information to learn
from the announcements of his neighbors, in which case their beliefs become “local
public information”. To differentiate private beliefs from beliefs that result at the end
of the learning process, we refer to the later as public beliefs since they become public
information at least to the first-order neighbors.
Unlike previous studies that focused on each of the three factors separately, the
generalized framework we provide directly establishes an explicit characterization
of how the three factors interactively shape individual beliefs. We also provide a
stylized model for an exit game in which economic agents partially rely on their level
of confidence in their beliefs in deciding whether or not to take an action (e.g. investing in a given project) or wait to collect more information. The waiting process
is however costly, such each agent has to choose the optimal waiting time to taking
an action. The purpose of this stylized model is to provide a characterization of the
effect of the learning mechanisms and the topology of the communication structure
on the efficiency of information aggregation. We start by making generalizations
of some of the existing results in the literature. More specifically, we establish the
structure of public beliefs under rational learning when agents are either certain or
uncertain about others’ prior beliefs. We then extend existing results on boundedrational learning to dynamic communication networks. The main contribution of
2 A private belief is what results after an agent incorporates his private information into his prior belief.
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the Chapter is the theorems providing the conditions on prior beliefs, private information and communication network structure for public beliefs to correctly and
efficiently aggregate decentralized information. Public beliefs are said to be correct
or to correctly aggregate private information if they fully incorporate private information of all agents, and asymptotically correct if in the limit of the population size,
they converge in probability to the true state of nature. To compare the efficiency of
information aggregation, we construct a simple decision problem in which agent’s
utility is the expected loss from mismatch between their actions and the true state of
nature.

5.1.1

Summary of results

We now provide a summary of our findings. Proposition 5 provides the expressions for the structure of public beliefs under rational learning for finite population.
When the communication network is common knowledge and connected, then a consensus in public beliefs arises only if the prior beliefs are identical and observable to
the neighbors. It is not necessary for prior beliefs to be common knowledge among
all agents for a consensus to emerge provided they are observable to the neighbors.
Proposition 5 also shows that when the communication network is complete, a consensus in public beliefs obtains under uncertainty of prior beliefs provided the realized prior beliefs are identical and correlated. Heterogeneity in public beliefs arises
under two cases. The first case is when the realized prior beliefs of neighbors are
observable but heterogeneous, and the second case is when the realized prior beliefs
are identical but not observable to the neighbors.
In Proposition 11, we generalize the bounded-rational learning models to dynamic
communication networks. We show that provided the switching strategy is such that
there exists a positive probability of realizing a connected network, then a consensus
will obtain in a long-run.3 Public beliefs will be heterogeneous otherwise.
In Theorems 6 and 7, we establish conditions for public beliefs to be asymptotically correct. That is conditions under which public beliefs converge in probability
for a large population size to the true state of nature. Under rational learning, public
beliefs will be asymptotically correct even when agents are uncertain of others’ prior
beliefs provided the prior beliefs and signals are independently distributed and of
finite spaces. The topology of the communication network does not affect correctness
of asymptotic public beliefs provided that it is common knowledge and connected.
3 A switching strategy is a function that maps an agent’s current position in the network (or simply the
current neighborhood) to another position in the next period.

107

108

beliefs dynamics in communication networks

Contrary to rational learning, under bounded-rational learning, the topology of the
communication network plays a significant role in determining correctness of public
beliefs. We show that the network must be perfectly balanced and asymptotically balanced for public beliefs and asymptotic public beliefs respectively to be correct. We
then characterize classes of networks that satisfy perfect and asymptotic balancedness conditions. In addition to restrictions on the network topology, we also find
that under bounded-rational learning, public beliefs are asymptotically correct if and
only if the prior beliefs are correlated to the true state of nature. Specifically, agents
prior beliefs must be normally distributed with mean equal to the true state of nature
and with finite variance.
In section 5.5 we compare the efficiency of private information aggregation by
public beliefs under rational and bounded-rational learning. We show that the price
of rationality, which we define as the ratio of expected social welfare under rational
learning to the expected social welfare under bounded-rational learning, is an inverse
function of the population size. Implying that the larger the population, the higher is
the relative benefit of having an economy made up of rational agents. We show that
the speed at which private information is aggregated is faster under rational learning
than under bounded-rational learning.

5.1.2

Relation to the literature

This Chapter contributes to the existing literature in several ways. First, it is closely
related to the literature on knowledge and consensus (e.g Geanakoplos and Polemarchakis [47], Parikh and Krasucki [92] and Krasucki [62]). Geanakoplos and Polemarchakis [47] showed that repeated communication of posterior beliefs between two
agents who start with a common prior will eventually lead to a consensus in their
public beliefs. Parikh and Krasucki [92] generalize the framework of Geanakoplos
and Polemarchakis [47] to the case in which agents communicate a general family of
functions that map information sets to messages, of which posterior beliefs are a special case. They then establish conditions on such functions under which a consensus
in public beliefs obtains. Krasucki [62] extends the framework of Parikh and Krasucki [92] to multiple agents who communicate sequentially through a protocol that
determines the sender and receiver. They show that if the communication protocol
does not consist of cycles, then a consensus in public beliefs obtains.4 In all the above
models, communication is sequential. That is it is defined by a protocol that selects
4 A cycle is a closed path, where a path from agent i to agent j is a connected set of links starting from i and
ending in j.
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a pair of agents (a sender and a receiver) and in each period only one of them is
active. This is contrary to the case here in which agents act simultaneously. The second general difference is that in the above papers, private information is represented
by an information set which is defined by a partition of the state space. Such representation of private information typically leads to multidimensional information
structure, which implies that communication can take multiple rounds even in the
case of two agents before a consensus in beliefs is finally reached. On the contrary we
adopt a simpler information structure that allows us to focus on the main questions
concerning learning in general networks and properties of public beliefs. Indeed, as
in Geanakoplos and Polemarchakis [47] and Parikh and Krasucki [92] we find that
when the communication network is complete or rather when posterior beliefs announcements are public, a consensus emerges provided prior beliefs are common
knowledge and identical. But as an extension to this result, we show that it is not
necessary for agents to be certain of others’ prior beliefs for a consensus to obtain.
All that matters is that prior beliefs are correlated and that the realizations are identical. When the communication network is not complete, we find as in Krasucki [62]
that the network must be connected if a consensus is to obtain. We then characterize
conditions for heterogeneity and correctness in public beliefs to obtain.
Secondly, this Chapter is related to the literature on Bayesian learning with rational agents in social networks (e.g Gale and Kariv [46], Rosenberg et al. [95] and
Mueller-Frank [80]). Just as we do in this here, these papers also consider simultaneous communication among agents but with the difference that agents communicate
their actions rather than the posterior beliefs.5 These papers also consider a multidimensional information structure as in the case of the models on knowledge and
consensus above. The primary focus of this literature is on the uniformity and local
indifference in the actions chosen by the agents at the end of the learning process,
which is contrary to our focus on public beliefs. Nevertheless, some of our findings
extend directly to situations where agents communicate actions rather than posterior
beliefs.6 Rosenberg et al. [95] and Mueller-Frank [80] show that under the assumptions of connected network, common prior, common knowledge of strategies and
network topology, heterogeneity in agents’ actions at the end of learning process
5 There also exists a literature on sequential Bayesian learning in which agents make a decision once in a
lifetime in an exogenously predefined order. When it is an agent’s turn to act, he observes the history of
actions of all agents that acted before him. The primary concern of this literature is establishing conditions
under which informational cascades and herds behavior occurs. The main contributions are Banerjee [13],
Bikhchandani et al. [16], Smith and Sorensen [109] and Acemoglu et al. [2].
6 This is particularly true because communicating posterior beliefs is equivalent to communicating actions
when the action space is rich (for example the continuous action space) and/or when strategies are common knowledge as in the case partly considered by Mueller-Frank [80].
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arises from. Here, we show that heterogeneity in public beliefs hence actions (see
section 5.5.2) can also arise from heterogeneity and uncertainty of prior beliefs.

Thirdly, this Chapter is related to the literature on agreement and disagreement
under Bayesian rational learning (e.g Dixit and Weibull [34], Cripps et al. [31], Acemoglu et al. [1] and Sethi and Yildiz [103]). Cripps et al. [31] and Acemoglu et al. [1]
study the validity of observational learning as a justification for the common prior
assumption generally employed in most economics models. That is, individuals
that share their experiences with each other will eventually have a shared history of
events that are informative about the state of nature, and this will in turn lead to an
agreement on their beliefs about the true state of nature. The framework employed
by Cripps et al. [31] and Acemoglu et al. [1] to model this claim consists of two
agents who observe a sequence of either private or public signals that are necessarily
informative about the true state of nature. Cripps et al. [31] show that when both
agents observe a sequence of correlated private signals then their beliefs converge to
a common public belief provided that the signal space is finite. Acemoglu et al. [1]
show that if agents start with heterogeneous prior beliefs, then observe a sequence
of public signals and that they are uncertain about signal interpretation, then they
do not necessarily converge to a common public belief. In our framework, rather
than agents having to observe and learn from exogenously “communicated” signals,
they instead learn endogenously through direct communication with their immediate neighbors in the network. Our framework for rational learning is thus similar
to that of Cripps et al. [31] and Acemoglu et al. [1], whereby an infinite sequence
of signals corresponds to an infinite set of agents each of whose private information is realized independently of the others. There is a difference in terms of the
“time factor” though. In our framework, the number of signals an agent receives (by
observing the neighbors announcements) at any given period t depends on the number of t-order neighbors. As a consequence the speed of learning is generally faster
(depending on the network topology) in our framework. Indeed, as in Cripps et al.
[31] we find that provided that the distribution from which the signals are drawn
has bounded variance, a consensus obtains in the limit of the number of agents. In
relation to Acemoglu et al. [1], the uncertainty on how to interpret the signal is related to the case in which agents do not observe the prior beliefs of their neighbors.
The uncertainty of neighbors’ priors leads to uncertainty on how to interpret their
announcements, which in turn leads to uncertainty on the signal interpretation. Contrary to Acemoglu et al. [1] we show that asymptotic consensus obtains provided the
signal space is finite and that the distribution of prior beliefs, hence of expected sig-

5.1 introduction

nals is bounded. Heterogeneity obtains otherwise. Additionally we show that under
such conditions, a consensus also implies correct asymptotic beliefs.
Dixit and Weibull [34] and Sethi and Yildiz [103] study the polarization in public
beliefs between two groups of agents when agents do not observe the prior beliefs
of other agents outside of their group. They show how uncertainty of prior beliefs
reinforces disagreement in opinions of the members of different groups. The findings
in Dixit and Weibull [34] and Sethi and Yildiz [103] are special cases of this Chapter
when the communication network is complete.
The closely related papers in the literature of bounded-rational learning are Demarzo et al. [32] and Golub and Jackson [49]. The main difference with what we do
here is the assumption that agents start with private beliefs that are of finite precision.
This assumption enables us to analyze the efficiency of information aggregation by
public beliefs under bounded-rational learning and compare it with that under rational learning. In Proposition 11 we generalize the findings in Demarzo et al. [32],
Golub and Jackson [49] concerning the convergent beliefs to dynamic networks. We
show that the communication network does not necessarily have to be connected
at all periods for a consensus to obtain. Specifically, a consensus in public beliefs
will always emerge in a long-run provided that there exists a positive probability
of realizing a connected network. Golub and Jackson [49] study conditions on the
communication network for wisdom of crowds to obtain. Their definition of a wise
crowd is closely related to our definition of correct asymptotic public beliefs in a
weak sense (see Definition 12). They show that a society will be wise if for any
finite-size subgroup of agents, the sum of weights connecting such a subgroup to
the rest of the society is sufficiently large, and vice versa. That is, there should not
be a subgroup of agents that stays prominent in the limit of population size. There
are two major differences between our characterization of correct public beliefs from
that of Golub and Jackson [49]. The first involves the initial conditions, whereby
in Golub and Jackson [49] it is assumed that agents’ prior beliefs are drawn from a
normal distribution with mean equal to the true state of nature. On the contrary, we
model a general case in which prior beliefs are distributed heterogeneously across
the population. We then show that a necessary condition for public beliefs to correctly aggregate private information is for prior beliefs to be correlated with the true
state of nature. In other words, the initial condition of Golub and Jackson [49] is derived as a necessary condition in our case. The second difference is that Golub and
Jackson [49] characterize conditions on the network topology under which wisdom
does not occur. On the contrary, we characterize conditions under which wisdom
occurs and in Theorem 7 we show that a network must be asymptotically balanced
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for a society to be wise. To demonstrate the generality of our approach, we provide
an example in which public beliefs are not correct under Golub and Jackson [49] but
are correct in our case. We then further show as a corollary that correct public beliefs obtain in Erdös-Rényi family of random networks but not in networks formed
through preferential attachment, like scale-free networks.
There is also a related literature on bounded-rational learning in physics and computer science which we shall not review in detail here. It focuses on conditions for
a consensus to be attained contrary to this Chapter in which the primary goal is on
the correctness of public beliefs and how it relates to rational learning. See Jackson
[54] for more references on related models.
The rest of the chapter is organized as follows. In Section 5.2 we outline the framework of communication and learning, providing the informational and communication structure. Section 5.3 presents the characterization of the general structure of
public beliefs for a finite population. Section 5.4 characterizes the conditions on the
informational and communication network structures under which public beliefs correctly aggregate decentralize information. Section 5.5 deals with convergence rates
and efficient information aggregation. All proofs are gathered in the Appendix.

5.2

the model

The set of agents is denoted by N = {1, · · · , i, · · · , n}. There is a state of nature X

that is unknown and unobservable to all agents. The true value of X is µ̄ or generally
a Dirac delta function centered at µ̄. Agents form and update beliefs about X. We
assume without loss of generality that the prior belief of each i ∈ N is a normal

distribution with mean µi and unit variance. That is each i ∈ N initially believes that

X is normally distributed with mean µi,0 and unit variance. The assumption of unit

variance is for simplicity and does not affect the main conclusions of the paper.
We model agents’ uncertainty of others’ prior beliefs by assuming that they are
normally distributed with mean νi for each i ∈ N and variance-covariance matrix M

with entries mij ≥ 0 for all (i, j) ∈ N. That is
µ0 ∼ N (ν, M)

and

X ∼i N (µi,0 , 1)

where µ0 and ν are column vectors of µi,0 and νi for all i ∈ N respectively, and ∼i

means “distribution according to i”. For a clearer exposition, we refer to the pair

(µi,0 , 1) as prior belief of i ∈ N and the pair (νi , Mi ), where Mi is the ith row of M, as
i’s prior belief distribution. When the prior beliefs are independently distributed then
i’s prior belief distribution will simply be the pair (νi , η 2 ), where η 2 is the associated
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variance. The assumption that X is normally distributed is also for simplicity and
does not affect our main results.
Given prior beliefs, each agent observes a private signal si that is informative
about X, and takes the form si = X + ε i . Conditional on µi,0 , each i believes that
X and ε 1 , · · · , ε n are independently distributed, and it is common knowledge that

ε i ∼ N (0, σ2 )

for all i ∈ N Agents therefore differ with respect to their prior be-

liefs and private information, and our goal is to study the public beliefs resulting

from deliberation under general communication networks. In what follows, we denote by µi,t for the mean associated with the posterior belief of i at period t, and by
vari,t for the associated variance.

5.2.1

Communication network

The communication among agents is modeled through an associated network or
graph. Let G (n, E) be a graph with n vertices representing the number of agents and
E is the set of edges linking different pairs of agents such that a graph gij defines a
communication link between i and j. In particular if gij > 0, then j communicates
to i, or simply that i observes j’s posterior beliefs, and gij = 0 implies the absence
of communication between i and j. No strict restrictions are imposed on gij ’s except
that 0 ≤ gij ≤ 1. In particular it is not necessary that gij = g ji . The corresponding
adjacency matrix of interactions is denoted by G.7

The first-order neighborhood Ni,1 is the set of agents that directly communicate with
i. That is, Ni,1 = { j ∈ N; gij > 0}. The corresponding cardinality of Ni,1 , k i,1 = #Ni,1 ,

is the first-order degree of i. A path between i and j is a connected set of links Pij =

{ gi1 , g12 , · · · , g( j−1) j } such that gij > 0 for each gij ∈ Pij . The length of the path

between i and j is denoted by |Pij |, which is simply the L1 norm of Pij . We can

then define the second-order neighborhood of i, Ni,2 as the set of agents, indexed by j2 ,
such that for each j2 ∈ Ni,2 there exists a path of length two between i and j. That

is Ni,2 = { j ∈ N; |Pij | = 2}. The second-order degree of i is k i,2 = #Ni,2 . In a similar

logic we can define the t-order neighborhood of i as a set, Ni,t = { j ∈ N; |Pij | = t}.

The corresponding t-order degree is denoted by k i,t = #Ni,t .

Property 1. A communication network with the corresponding matrix G is said to be connected if for any two agents (i, j) ∈ N, there exists a path of at least one step from i to j and
vice versa.

7 We use G to denote both the underlying network and the corresponding matrix unless otherwise specified.
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Definition 11:

(a) A geodesic dij ( G ) between two agents (i, j) ∈ N is the shortest

path between them. That is dij ( G ) = min{|Pij |; for a pair of agents {i, j} ∈ N }.
(b) The diameter of a network G, D ( G ) is its longest geodesic. That is
D ( G ) = max {|Pij |; ∀i, j ∈ N }.
{i,j}∈ N

A network is said to be finite if its diameter is finite. Note that it is possible for the
network to be finite when the population size is infinite.

5.2.2

Dynamic networks

We also consider dynamic communication structure in which the neighborhood of
an agent changes over time. We do not define the specific mechanism by which
agents switch their neighborhood but rather consider a generic and an arbitrary
switching mechanism. Such mechanism can be strategic or simply random. The
strategy can be a function of the current position in the network and/or other agents
observable characteristics. See for example Sethi and Yildiz [104] for a switching
mechanism that depends on the precision of opponents’ private information, and
König et al. [61] for a switching mechanism that depends on network related properties such as the centrality of an agent.
To be precise, let γ be the switching strategy or simply the switching signal, defined as γ : N → G. We then denote by G = { Gγ(1) , · · · , Gγ(t) , · · · } as a class/set of

all possible networks or graphs that can be defined on the set of agents N as a result

of the switching strategy γ. Gγ(t) is therefore the resulting network at time t from
switching strategy γ. Under such dynamics, it is then possible that at certain periods
some agents do not have any neighbors, that it k i,0 = 0.
A special case of this dynamic interaction structure includes that in which the
switching strategy maps into the same network structure over time. That is Gγ(1) =

· · · = Gγ(t) = · · · . We denote such a switching strategy by γ0 . Another special case
is when the switching strategy induces a connected network structure at each period.
That is each Gγ(t) for all t is connected. Let such a switching strategy be denoted by
γc .

5.2.3

Rational learning

Under rational learning, given the prior beliefs and after observing the signal si ,
each i ∈ N computes their posterior belief. The posterior beliefs are then truth-
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fully announced to the corresponding neighbors. After observing their neighbors’
announcements, each i ∈ N updates their belief and the resulting posterior beliefs

are again simultaneously announced to the neighbors at the end of that period, and
so forth. The sequential process continues until each agent’s posterior announcements are constant, in which case each agent has no new information to learn from
their neighbors. The limit belief of each i ∈ N becomes common knowledge to his

first-order neighbors, and we refer it as a local public belief or simply public belief. The
crucial assumptions in the rational learning mechanism are common knowledge of
rationality, and that agents have memory of the history of their neighbors announcements.
Example 6. Consider two agents N = { a, b} such that gab = gba = 1; an undirected
link exists between a and b. Let the prior beliefs be normally distributed such that X ∼ a
N (µ a,0 , 1) and X ∼b N (µb,0 , 1), and the private signals be s a = X + ε a and sb = X + ε b

respectively. As defined above, assume that X, ε a , ε b are independently distributed and that
ε a and ε b are independent and identically distributed with ε i ∼ N (0, σ2 ) for all i = a, b.

In the first round, after observing signals, it follows from Lemma 9 that the posterior beliefs

of both agents become X ∼i N (µi,1 , vari,1 ) for i = a, b. Whereµi,1 =
and vari,1 =

σ2

1+ σ 2

σ2
µ
1+σ2 i,0

+

1
s
1+ σ 2 i

. At the end of the first round each agent announces their posterior beliefs.

From b’s announcement, a knows that

(1 + σ2 )µb,1 = σ2 µb,0 + sb

(5.2.1)

If we assume that a knows the prior belief of b, that is a knows that b’s prior belief is normally
distributed with mean µb,0 and unit variance, then a can deduce sb from the first period
announcement of b. The similar argument follows for b since gba = 1. Combining their
posterior beliefs at the end of the first period together with the deduced signals s a and sb , both
agents update their beliefs to X ∼i N (µi,2 , vari,2 ) for i = a, b, where
µi,2 =

σ2
1
µi,0 +
( s a + s b ),
2 + σ2
2 + σ2

vari,2 =

σ2
2 + σ2

From the announcements at the end of the second period, both a and b do not have anymore
information to learn from each others’ announcements. Learning stops, and their posterior
beliefs become public information.

5.2.4

Bounded-rational learning

Under bounded-rational learning, agents update their beliefs sequentially just like
in the case rational learning except that they are not able to disentangle between
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old and new information from announcements of their first-order neighbors. After
receiving private signals, each agent updates their prior belief in accordance to Bayes
rule as in Lemma 9. The resulting private beliefs are then communicated to the
first-order neighbors. From the second period onwards, agents incorporate information from their first-order neighbors by simply taking the weighted average of their
posterior beliefs. That is, at period t i’s posterior mean is given by
N

µi,t+1 =

∑ gij (t)µ j,t

j =1

i = 1, · · · , n

(5.2.2)

where 0 ≤ gij (t) ≤ 1 is the weight that i attaches to j’s announcement at period t.
Since each agents revises their belief in every period, it follows that gii (t) > 0 for all

i ∈ N and t ≥ 0. If Gγ(t) is the associated matrix of interactions in the t-th period,

then (5.2.2) can be written as

µt+1 = Gγ(t) µt

(5.2.3)

where µt is a vector of posterior means in the t-th period. We assume that the same
updating rule applies to even the variance of precision of agents beliefs.

5.3

public beliefs

In this section, we characterize the general structure of public beliefs under the
informational structure described above. We focus of the case of a finite population
and provide conditions for heterogeneity and consensus in public beliefs to obtain.

5.3.1

Rational learning

The following theorem establishes the structure of public beliefs under rational
learning.
Theorem 5: Let the communication network be common knowledge and connected. Let
also µi,∞ and vari,∞ denote the mean and variance of i’s public belief respectively. Under
rational learning the public belief of each i ∈ N is normally distributed with mean and

variance as follows.

(i) If for each i ∈ N, µ j,0 for all j ∈ Ni,1 are observable, then
µi,∞ =

σ2
1
µi,0 +
n + σ2
n + σ2

for all i ∈ N, where s0 = si

n

∑ sj

j =0

and

vari,∞ =

σ2
n + σ2

(5.3.1)
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(ii) If for each i ∈ N, µ j,0 for all j ∈ Ni,1 are unobservable but it is common knowledge
that µ0 ∼ N (ν, η 2 I), where µ0 is a column vector of all µi,0 and I is an n × n identity

matrix, then
µi,∞



1 + σ2 1 + η 2 σ2
1
µ +
Ei [ s l | ν ]
=
(1 + σ2 ) (1 + η 2 σ2 ) + n − 1 i,1 (1 + σ2 ) (1 + η 2 σ2 ) + n − 1 l ∈ N∑
\{i }

and
vari,∞


σ2 1 + η 2 σ2
=
(1 + σ 2 ) (1 + η 2 σ 2 ) + n − 1

where Ei [sl |ν] = σ2 (µl,0 − νl ) + sl for all i ∈ N and all l ∈ N \ {i } is the expected

signal of l according to i given ν.

(iii) If the communication network is complete and it is common knowledge that µ0 ∼

N (ν, M ), where mij > 0 for all (i, j) ∈ N, then µi,∞ and vari,∞ are as in (5.3.1)

above.

Proof. See Appendix 5.7.1
The first implication of Theorem 5 (i ) is that when agents observe their neighbors’ prior beliefs and that the communication network is common knowledge and
connected, public beliefs fully incorporate all private information. The second implication is that under similar conditions on the network and prior beliefs, if the
realized prior beliefs are identical, then a consensus in public beliefs obtain. This
result is consistent with that of the literature on common knowledge and consensus,
for example Geanakoplos and Polemarchakis [47] and Parikh and Krasucki [92] in
which they find that a consensus arises under a common prior assumption. Similarly
in the literature of Bayesian rational learning on network for example Gale and Kariv
[46] and Mueller-Frank [80] it is established that a consensus (in actions) arises under
common prior assumption and connectedness of the communication network. The
only supplement to these papers in this regard is that Theorem 5 (i ) also emphasizes
the fact that prior beliefs do not have to be common knowledge for consensus to
obtain, but rather they are observable to the first-order neighbor.
The third implication of Theorem 5 (i ) is that heterogeneity in prior beliefs leads
o denote the public belief of i when
to heterogeneity in public beliefs. That is, let µi,∞

neighbor’s prior are observable, then for any pair of agents (i, j) ∈ N it follows from

(5.3.1) that


σ2
µi,0 − µ j,0
(5.3.2)
n + σ2
in which case only the heterogeneity in prior beliefs leads to heterogeneity in public
o
µi,∞
− µoj,∞ =

beliefs. This result also complements the literature on rational learning which has
focused mainly on learning under common prior beliefs.
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Theorem 5 (ii ) establishes the structure of public beliefs when agents are uncertain about others’ prior beliefs. Generally, public beliefs exhibit three sources of
heterogeneity under uncertainty of prior beliefs. Heterogeneity could result from a
difference in the realized priors and/or signals, as well as a difference in prior beliefs
distributions if it exists. To see this notice that under assumptions of Theorem 5 (ii ),
for any pair of agents (i, j) ∈ N, Ei [sl |νk ] = E j [sl |νr ] = σ2 (µl,0 − νl ) + sl for each

u denote the public belief of i when neighbor’s
k ∈ Ni,1 , r ∈ Nj,1 and all l ∈ N. Let µi,∞

prior are unobservable, then for any pair of agents (i, j) ∈ N
u
µi,∞

− µuj,∞

σ2 η 2 σ2 (µi,0 − µ j,0 ) + η 2 (si − s j ) + (νi − νj )
=
(1 + σ 2 ) (1 + η 2 σ 2 ) + n − 1


(5.3.3)

Implying that if the distributions of prior beliefs are heterogeneous, then heterogeneity in public beliefs can still arise even under identical realized priors and signals.
In comparison to the case in which priors are observable, the precision of public
o and var u be
beliefs when priors are unobservable is always lower. That is let vari,∞
i,∞

the variance of i’s public beliefs when prior beliefs are observable and unobservable
respectively, then
o
vari,∞

u
− vari,∞


− σ 2 ( n − 1) η 2 σ 2
= 2
<0
(σ + n)((1 + σ2 ) (1 + η 2 σ2 ) + n − 1)

(5.3.4)

This implies that agents’ confidence in their beliefs at the end of the learning process
is always lower when they are uncertain of their neighbors’ prior beliefs compared
to when they observe their neighbors’ prior beliefs.
Theorem 5 (iii ) entails two main implications. Since a pair of agents with an undirected link between them is a simplest form of a complete network, Theorem 5 (iii )
implies that the findings in Geanakoplos and Polemarchakis [47] extend to the case
in which agents are uncertain of other’s prior beliefs provided that their prior beliefs
are correlated. This is a particularly strong result given that the literature on knowledge and consensus has always emphasized the condition of common knowledge of
prior beliefs as a prerequisite for a consensus to obtain. Note the distinction we make
between common knowledge of prior beliefs and common knowledge of prior beliefs’
distributions. Theorem 5 (iii ) shows that the necessary condition for consensus to
emerge under rational learning when the network is complete, is prior beliefs’ to be
correlated and their distributions to be common knowledge. The second implication
of Theorem 5 (iii ) is that provided the network is complete and that prior beliefs are
correlated, then public beliefs fully incorporate dispersed private information.
We do not go into the detailed analysis of the outcomes of rational learning when
the communication network is dynamic because the requirements on agents’ knowledge of the network switching strategies amounts to assuming common knowledge
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of the network structure, and therefore does not affect the final outcome. To see this,
notice that the assumption that agents recall the history of their neighbors’ announcements is indispensable if they are to be able to deduce the private information (or the
expected private information) of their t-order neighbors. This then requires agents to
have knowledge of the past and current positions of all agents in the network, which
is equivalent to assuming common knowledge of the network. On the other hand,
when the communication network is common knowledge, its topology does not affect the general properties of public beliefs. Hence, under rational learning, whether
or not the network is dynamic does not affect the general properties of public beliefs.

5.3.2

Bounded-rational learning

The dynamic system (5.2.3) can generally be treated as a non-homogeneous Markov
chain, and the special case in which γ = γc is a homogeneous Markov chain. The convergence properties of non-homogeneous Markov chains has been well established in
the literature, and it particularly depends on the irreducibility and aperiodicity properties of the transition matrices Gγ(t) for all t ≥ 0. A Markov chain (transition matrix) is

said to be irreducible if it is possible to make a transition from any one state to every
other state, not necessarily in one time step. In the context of communication networks described in section 5.2.1, irreducibility of the network or the matrix induced
by the network implies that a path Pij between any pair of agents (i, j) ∈ N ex-

ists. Aperiodicity on the hand implies that there does not exists two or more groups

of agents for which communication is possible only among groups and not within
groups. For the communication structure considered in this Chapter, aperiodicity is
guaranteed since self loops exists. A more general property of Markov chains that
guarantees convergence to well defined characteristics is that of ergodicity. Ergodic
Markov chains are irreducible, aperiodic and recurrent. A Markov chain is recurrent
if every state is revisited infinitely many times. The following lemma summarizes
the properties of ergodic Markov chains and at the same time acts as a definition for
an ergodic chain.
Lemma 12: Let G = { Gγ(t) }t≥0 be (an infinite) sequence of finite matrices. If a Markov

chain formed as a product of matrices in G is ergodic, then
T

∏ Gγ(t) = ev0
T →∞
lim

(5.3.5)

t =0

where e is a column vector of ones, v is a column vector of real values and v0 is the transpose
of v.
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Proof. The proof can be found in Wolfowitz [112].
Note that ev0 is an n × n matrix with identical rows, hence it is of unit rank. The

analysis of the convergence of (5.2.3) then reduces to determining the conditions
under which a sequence of communication networks induced by a switching strategy γ lead to an ergodic Markov chain. The following proposition provides such
conditions.
Proposition 11: Let τ ≥ 0 be a sufficiently large integer. If the switching strategy γ is

such that in every time interval [t, t + τ ) a connected communication network obtains, then


T
µi,∞ = lim G µ1 = v0 µ1 for every i ∈ N
(5.3.6)
T →∞

i

where G T = ∏tT=0 Gγ(t) .
Proof. See Appendix 5.7.2.
Proposition 11 states that under some restrictions on the switching strategy, specifically that there be a positive probability of realizing a connected network, a consensus in public beliefs obtains. The public beliefs are a weighted average of the initial
private beliefs. The weights vector v generally depends on the network structure. To
understand the nature of the weights vector let us consider the special case in which
γ = γc , that is in which γ maps into the same network topology. This special case is
that of static networks studied in Demarzo et al. [32] and Golub and Jackson [49], in
which case the weight vector v is related to the left eigenvector of Gγc associated with
the leading eigenvalue. The left eigenvector is normally associated with the measure
of centrality; the eigenvector centrality (see Bonacich and Lloyd [22] and the references
therein). The centrality measures quantifies the level of influence of each agent. That
is for each i ∈ N, the ith value of v, vi is the measure of how influential i is in shaping public beliefs. The composition of the vector v is thus central in determining the
correctness and quality of public beliefs. For a detailed exposition of the nature of the
weight vector v we refer the reader to Demarzo et al. [32] and Golub and Jackson
[49], we only provide a simple example below.
Example 7. Let G1 denote the associated transition matrix of the communication network in
Figure 12a and G2 for the that in Figure 12b, and let the corresponding weights vectors be v1
and v2 respectively. A power iteration of each transition matrix results into
v1 = (0.363, 0.204, 0.191, 0.073, 0.121, 0.048)

and

v2 = (0, 0, 0, 0.359, 0.381, 0.260).

Clearly, the influence of each agent depends on their first-order connectivity and the their
closeness to other agents who are also have high first order-connectivity. Take for example
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(a) A connected network: G1

(b) Network with prominent “family”: G2

Figure 12: The labels on each link is the weight a player attaches to the neighbors
opinions.
the network G1 of Figure 12a in which agents d and f both observe announcements of only
one other agent and both communicate to one other agent. Though the first-order neighbor
of agent f attaches more weight to f ’s announcements than does the first-order neighbor of
agent d, agent d is more influential than f in a long-run. This is precisely the effect of being
connected to other agents who are themselves have higher first-order connectivity, as is the
case of a and e who are the first-order neighbors of d and f respectively.
In the case of communication network in Figure 12b, there are two subgroups (that is

{ a, b, c} and {d, e, f }) each of whom form a complete subgroup. The inter-subgroup communication on the other hand is unidirectional, that is members of subgroup { a, b, c} observe
and learn from announcements of those in subgroup {d, e, f } and not vise versa. As a consequence, a consensus emerges in a long-run in which member of subgroup { a, b, c} adopt
public beliefs of subgroup {d, e, f }. This example highlights the effect of the presence of prominent “families” discussed in Bala and Goyal [12] in a different model but related in the sense
that they also assume bounded-rationality of among as in this case.
In general, under bounded-rational learning public beliefs are greatly influenced
by the topology of the communication network and the distribution of private information. That is public belief of i will be normally distributed with mean
n

µi,∞ =

∑ vj



j =1

and variance


σ2
1
µ
+
s
i,0
j .
1 + σ2
1 + σ2

n

vari,1 =

σ2

∑ v j 1 + σ2

j =1

=

(5.3.7)

σ2
1 + σ2

The implication is that, under bounded-rational learning, if agents start with an identical level of precision or confidence in their beliefs, they stay so even after the learning process has ended. This result highlights the weakness associated with bounded-
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rational learning in correct aggregation of private information as will be elaborated
in the following subsection.

5.4

correct public beliefs

Correctness of public beliefs generally depends on whether or not they fully incorporate private information of all other agents and not just of their first-order
neighbors. If private information of all agents is fully incorporated then we would
expect the public beliefs to converge jointly in probability for large n to the true state
of nature. We differentiate correctness in public beliefs for finite population from
that when the population size is infinite. For a clear distinction, we refer to beliefs resulting from learning as the population size goes to infinity as asymptotic public beliefs
as opposed to just public beliefs for finite population. Public beliefs are said to be
correct if they fully incorporate private information of all other agents. In the case of
asymptotic public beliefs we differentiate between correctness in a weak and strong
sense. That is, public beliefs are correct in a strong sense if for each agent it converges
in probability to a Dirac delta function centered at the true state of nature µ̄, and in
the weak sense if it converges in probability to a normal distribution centered at the
true state of nature and not necessarily zero variance. Based on these definitions it is
easy to see that the basic requirement for both public beliefs and asymptotic public
beliefs to be correct is the communication network to be connected. We therefore will
not repeatedly emphasize this fact in most of the analysis that follows.
In the case of rational learning we have already provided conditions for public
beliefs to fully incorporate private information of other agents, so we will now focus
on correctness of asymptotic public beliefs below. To precisely define convergence
in probability, we need to define a sequence of networks for a growing population
size n. We let G (n) denote the network or equivalently the corresponding matrix
when the population size is n. This then implies that there are two limits in the
learning processes above; the limit for time t and for population size n. To study
such dynamic processes, we have to assume that one of the two limits is reached
faster than the other. Alternatively, and perhaps even more intuitive, we first fix the
network topology and derive the corresponding nature of public beliefs, then study
the evolution of public beliefs for a growing population size. The population size
should grow in such a way that the topology (or at least the main characteristics)
of the communication network are preserved. Given the nature of public beliefs,
we then study the sequence of networks { G (n)}n≥2 of fixed topology and show
conditions under which convergence in probability of public beliefs to the true state
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of nature occurs. We formally define strong and weak correctness of asymptotic
public beliefs as follows.
(a) Asymptotic public beliefs are said to be correct in a strong sense if

Definition 12:
for each i ∈ N

lim P (|µi,∞ (n) − µ̄| > e) = 0

n→∞

and

lim vari,∞ (n) = 0

n→∞

(5.4.1)

for all possible realizations of µi,0 .
(b) Asymptotic public beliefs are said to be correct in a weak sense if for each i ∈ N,
condition (5.4.1) is satisfied but

lim vari,∞ (n) < ∞

(5.4.2)

n→∞

Under strong correctness of asymptotic public beliefs we require that each agent’s
public belief converges in probability precisely to the true state of nature for all possible realizations of µi,0 . For weak correctness, the asymptotic public belief of each
agent must place the most weight on the true state of nature for all possible realizations of µi,0 . With these definitions, if public beliefs are correct in a strong sense then
they are also correct in a weak sense.

5.4.1

Rational learning

As shown in Example 6 and Theorem 5, full incorporation of private information
by public beliefs in the case of rational learning depends on the observability of prior
beliefs. We show below that in addition to observability of prior beliefs, correctness of
asymptotic public beliefs also depends on the structure of prior beliefs and of private
information, and in some cases on the structure of the communication network. The
following theorem establishes necessary conditions for asymptotic public beliefs to
be correct.
Theorem 6: As a general condition, let the sequence { G (n)}n≥2 be common knowledge.
p

(i) When it is common knowledge that µ0 ∼ N (ν, η 2 I), then µi,∞ (n) −
→ µ̄ and
lim vari,∞ (n) = 0

n→∞

∀i ∈ N if σ2 and η 2 are finite.

(ii) When it is common knowledge that µ0 ∼ N (ν, M ), where mij > 0 for all (i, j) ∈ N,
p

then µi,∞ (n) −
→ µ̄ and limn→∞ vari,∞ (n) = 0 ∀i ∈ N if the communication network
is complete and that mii < ∞.
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Proof. See Appendix 5.7.3.

The general implication of Theorem 6 is that whenever asymptotic public beliefs
are correct, they are correct in a strong sense. Depending on the observability of
prior beliefs though, there exists a difference on the speed of convergence to correct
asymptotic public beliefs, which is determined by the rate at which the variance of an
agent’s belief goes to zero. As indicated in the discussion of Theorem 5, the variance
associated with an agent’s public belief for a given population size depends on the
observability of prior beliefs.
Theorem 6 (i ) shows that despite the difference in the speed of convergence, correct
asymptotic public beliefs obtain irrespective of uncertainty of others’ prior beliefs
provided it is common knowledge that prior beliefs are independently distributed,
and that the signal space and prior beliefs space are finite. That is σ2 < ∞ and η 2 < ∞.
Note that in Theorem 6, correct asymptotic public beliefs also implies consensus in
asymptotic public beliefs. The condition that the signal space must be finite for
correct learning (public beliefs in this case) to occur has been pointed out in other
models of learning in the literature. For example Cripps et al. [31], in which they
show that a finite signal space is necessary for a consensus to obtain in a learning
model where two agents observe and learn from a sequence of correlated private
signals. Similarly in the literature of sequential Bayesian learning, it is shown that
boundedness of private beliefs plays a role in determining whether or not wrong
herds will emerge [109]. Recall that a private belief is what results after agents
incorporate their realized signal into their prior belief, so in essence if the signal
space is finite then private beliefs are also finite/bounded.
Our claim that correct asymptotic public beliefs obtain irrespective of uncertainty
of prior beliefs provided that prior beliefs are independently distributed and that the
signal and prior beliefs spaces are finite, is a particularly strong result. Since uncertainty in prior beliefs in turn leads to uncertainty in the signal interpretation, one
would expect that the uncertainty in signal interpretation should derail correctness
in asymptotic public beliefs. Although our framework is different, this finding is
contrary to Acemoglu et al. [1] who find that when two agents learn from a sequence
of signals and that they are uncertain of signal interpretation, then their beliefs do
not necessarily converge to a consensus (which is equivalent to correct public beliefs
in our case). We find that asymptotic consensus fails to arise only if the distribution
of prior beliefs, hence of expected signals is not bounded.
Theorem 6 (ii ) establishes the basic condition for asymptotic public beliefs to be
correct when the distributions of prior beliefs are correlated and that the correlation
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coefficients are not necessarily finite. In particular, the variance of the prior belief of
each agent must be finite and that the communication network is complete.

5.4.2

Bounded rational learning

Under bounded-rational learning, the network topology almost solely determines
the nature of public beliefs and should thus equally influence their correctness. Since
a consensus exists in public beliefs, we can focus on the correctness of the public
belief of a single agent for all possible realizations of prior beliefs. Under boundedrational learning, since agents incorporate others’ beliefs by taking weighted averages, it follows that the public belief of an agent is said to be correct if it attaches
equal weight to the private beliefs of all other agents. The following definition formalizes this observation.
Definition 13: Under bounded-rational learning, public beliefs are said to be correct or
fully aggregate private information if µi,∞ (n) = Ave[µ1 ] and that vari,∞ (n) < ∞ for each
i ∈ N, where
Ave[µ1 ] =

1
n

n

∑ µi,1 .

i =1

The following additional definitions are useful for a complete characterization of
the results below.
Definition 14: A matrix G (n) is said to be doubly stochastic if ∑nj=1 gij (n) = ∑in=1 gij (n) =
1 for all (i, j) ∈ N
Definition 15:

(a) A communication network is said to be perfectly balanced if the

corresponding matrix G (n) is doubly stochastic.
(b) A sequence of networks { G (n)}n≥2 is said to be asymptotically balanced if limn→∞ G (n) =
S, where S is an arbitrary doubly stochastic matrix.

Theorem 7: Under bounded-rational learning, if {µi,∞ (n)}n≥2 for each i ∈ N is the

sequence of public beliefs corresponding to the sequence { G (n)}n≥2 of networks, then

(i) µi,∞ (n) = Ave[µ1 ] and vari,∞ (n) < ∞ ∀i ∈ N if and only if ∑nj=1 gij (n) =
∑in=1 gij (n) for all (i, j) ∈ N.
p

(ii) µi,∞ (n) −
→ µ̄ and limn→∞ vari,∞ (n) =
µ0 ∼ N

(µ̄, η 2 I),

and that

µ̄.
Proof. See Appendix 5.7.4.

σ2

and

η2

∀i ∈ N if and only if limn→∞ G (n) = S,
are finite. Where µ̄ is an n dimensional vector of
σ
1+ σ
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Theorem 7 (i ) implies that under bounded-rational learning, correct public beliefs
obtain if and only if the network is balanced. The extensiveness of the class of
networks that satisfy the balancedness condition depends on whether or not selfloops are permitted to be heterogeneous. If the communication structure is such
that all agents must place the same weight on their beliefs (that is g11 = · · · = gnn ),

then there are limited network topologies that satisfy balancedness. If on the other
hand the weights gii for all agents are permitted to be heterogeneous then there
exists a wide range of networks that satisfy the balancedness condition. This can be

checked by comparing the first-order influences using the balancedness condition,
that is ∑in=1 gij = ∑in=1 gik for j 6= k. Which is equivalent to
g jj + ∑ gij = gkk + ∑ gik
i6= j

i 6=k

If g jj = gkk for all ( j, k) ∈ N then it must be that ∑i6= j gij = ∑i6=k gik , which implies
that all ( j, k) ∈ N must assign weights in an identical manner though not necessarily
to the same first-order neighbors. If on the contrary g jj 6= gkk for all ( j, k) ∈ N such
that ∑i6= j gij 6= ∑i6=k gik for all ( j, k ) ∈ N, then agents can assign weights in different
and various ways.

Theorem 7 (ii ) has three main implications. First, under bounded-rational learning
asymptotic public beliefs can only be correct in a weak sense. Once agents start with
beliefs that are not completely precise (in the sense that the variance of prior beliefs is
greater than zero), they will not be able to learn the true state of nature with complete
precision as in the case of rational learning. Secondly, unlike in the case of rational
learning where the distribution of prior beliefs can be independent of the true state
of nature, under bounded-rational learning asymptotic public beliefs can only be
correct if both the signals and prior beliefs are informative about the true state of
nature. That is the prior belief of each agent must be normally distributed with
mean equal to the true state of nature and finite variance. This restrictive condition
highlights the superiority of rational learning in aggregating privately information
compared to bounded rational learning. Third, correct asymptotic public beliefs
obtain if and only if the network is asymptotically balanced. The range of networks
that are asymptotically balanced is wide and we explore their characterization in the
following subsection.

5.4.3

Asymptotically balanced networks

To characterize the class of communication networks that are asymptotically balanced, we need to construct a measure of balancedness of a network/matrix. We
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denote by φ(n) for a network G (n) as a measure of its balancedness defined as follows.
Definition 16: Let S(n) be closest doubly stochastic matrix in terms of the Frobenius
norm to the matrix G (n). Then G (n) is said to be φ(n)-balanced if given S(n),

kS(n) − G (n)k F = φ(n)
where k.k F is the Frobenius norm.
We can then rephrase definition 15 (b) as saying that a sequence { G (n)}n≥2 is

asymptotically balanced if

lim φ(n) = lim kS(n) − G (n)k F = 0

n→∞

n→∞

The following proposition provides an expression for φ(n) for any stochastic matrix
of size n.
Proposition 12: Let G (n) with entries gij (n) for (i, j) ∈ N be a stochastic matrix

corresponding to a communication network whose measure of balancedness φ(n) > 0. Then
1
φ (n) =
n
2

n

∑

j =1

n

1 − ∑ gij (n)

!2
(5.4.3)

i =1

Proof. See Appendix 5.7.5.
Equation (5.4.3) gives an expression for the measure of balancedness of any arbitrary stochastic matrix. The quantity ∑iN=1 gij (n) = din
j ( n ) is the in-degree of agent j. It
specifies the influence of j on her first-order neighbors’ beliefs. Unlike the out-degree
diout (n) = ∑ N
j=1 gij ( n ) that is normalized to unity for all agents, the in-degree can
generally be equal to, less or greater than unity. The higher the value of din
j ( n ), the
more influential j in terms of first-order influence. For various values of n, din
j (n)
for each j is a random variable whose distribution depends on how the communication network scales with n. For a sequence of networks { G (n)}n≥2 there exists

a corresponding sequence {din
i ( n )}n≥2 of in-degree for each i ∈ N. If we define

in
din
max ( n ) = maxi ∈ N { di ( n ); i ∈ N }n≥2 , then for each sequence { G ( n )}n≥2 there exists

a corresponding sequence {din
max ( n )}n≥2 .

The following theorem employs Proposition 12 to characterize conditions for a

sequence of communication networks to be asymptotically balanced.
Theorem 8: A sequence of networks { G (n)}n≥2 with the corresponding sequence of max-

imum in-degrees {din
max ( n )}n≥2 is asymptotically balanced if and only if
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(i) limn→∞ din
max ( n ) = 1
(ii) there exists an integer n0 > 0 such that for all n > n0 the quantity
n

h(n) =

∑

j =1

n

1 − ∑ gij (n)

!2

i =1

stays constant.
Proof. See Appendix 5.7.6.
There exists a wide range of network topologies that satisfy condition (i ) in Theorem 8, including random networks (graphs). To see this, notice that Theorem 8

(i ) also implies that the sequence of the influence of the most influential agent
{vmax (n)}n≥2 , where vmax (n) = maxi∈ N {vi (n); i ∈ N } must converge to zero for
large n if the sequence { G (n)}n≥2 is to be asymptotically balanced. This argument
follows directly from the fact that the most influential agents are either those that
are the most connected or those that are connected to the most connected agents (see
example 7). Now consider the Erdös-Rényi family of random networks with parameters n and p (that is a random network G (n, p) of n agents in which each link is
included in the network with probability p independently of the other links), it is
log6 n
shown that for p ≥ n and for all i ∈ N [75]
s
s
1
1 log n
1
1 log n
log n
log n
− √ ≤ v1 ( i ) ≤ c √
+√
(5.4.4)
c√
np
np
n log(np)
n
n log(np)
n
with probability 1 − o (1), where c > 0 is some constant. Clearly, for a sequence of
such graphs it follows that limn→∞ vmax (n) = 0.

The class of communication networks that is ruled out by Theorem 8 (i ) is those

that are formed through preferential attachment, such as scale-free and generally
high-clustering networks. In such networks, din
max ( n ) : = f ( n ), where f is an increasing function in its argument. That is din
max ( n ) increases with n.
The following examples illustrate more other general network topologies that satisfy the two conditions for asymptotic balancedness in Theorem 8 and one which
does not.
Example 8.

(a) Consider a communication network that assumes a one dimensional lat-

tice structure in Figure 13. This example is adapted from Golub and Jackson [49]
to demonstrate the generality of our Theorem 8 compared to the characterizations of
wisdom of crowds in Golub and Jackson [49]. They show that a society assuming
a topology in Figure 13 is not wise (that is public beliefs do not correctly aggregate
private information), but we demonstrate the contrary using Theorem 8.
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Figure 13: A network satisfying condition (ii ) of Theorem 8
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(a) Each agents influence decays with n

(b) Player 1’s influence grows with n

Figure 14: Asymptotically balanced networks.

It is easy to see that in such a network, the quantity h(n) is constant and that
φ2 ( n ) =

2(1 − 2ξ )2
n

(5.4.5)

Implying that limn→∞ φ(n) = 0, hence public beliefs correctly aggregate private information.

(b) Consider the following two cases in which h(n) is not independent of n. In the communication network topology of Figure 14a, each agent’s first-order influence decays with
n. The corresponding φ2 (n) is
"


2 #
1
n−1 2
ξ
ω
2
φ (n) =
ω−
ξ + ( n − 1)
−
n
n
n n−1

(5.4.6)

Consequently, limn→∞ φ(n) = 0, in which case asymptotic balancedness obtains.
For the communication network of Figure 14b
"

2 #
ω
1
2
2
φ (n) =
,
( ω − ( n − 1) ξ ) + ( n − 1) ξ −
n
n−1

(5.4.7)
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in which case limn→∞ φ(n) = ∞. This is a general situation in which an agent or

a subgroup of agents posses unbounded influence. In such communication networks
asymptotic balancedness fails.

5.5

5.5.1

convergence rate and efficient information aggregation

Convergence rate

In both learning mechanisms, the convergence rate depends solely on the topology
of the communication network. The following proposition summarizes the convergence rates in terms of network properties.
Proposition 13: Let Gγ(t) = Gγc for all t ≥ 0, where Gγc is the transition matrix

resulting from a communication network. Let λ2 ( Gγc ) and D ( Gγc ) be the second largest
eigenvalue and the diameter of Gγc respectively. Denote by r R and r BR for the convergence
rates of rational and bounded-rational learning respectively, then
rR =

ln(1/λ2 ( Gγc ))
1
> λ2 ( Gγc ) = r BR
≥
D ( Gγc )
ln(c)

Proof. See Appendix 5.7.7.

Proposition 13 shows that rational learning generally converges faster than boundedrational learning. Specifically, under rational learning, it is the diameter of the communication network that matters and all other properties such as clustering and
skewness of degree distributions do not matter as much. In the case of boundedrational learning, clustering and the nature of degree distributions matter since the
second eigenvalue depends on them. For example, a network with a given number
of links in which agents are clustered into subgroups with few (or weak) connections between subgroups generally has a higher second eigenvalue than a network
with equal number of agents and edges but in which edges are randomly distributed.
Similarly, a network formed by removing links from a “parent” network generally
has a higher second eigenvalue than its “parent” network. This argument follows
from the well known concept of interlacing eigenvalues according to Fiedler [40]. Finally if agents are highly “inward-looking” when updating their beliefs, that is for
each agent the weight of a self-loop is higher compared to the total weight of outgoing links, then such a network also has a higher second eigenvalue, hence slow
convergence rate.

5.5 convergence rate and efficient information aggregation

The relevance of the network topologies in determining the convergence rate becomes more apparent in decision environments with discounted payoffs as will be
demonstrated in the subsection below.

5.5.2

Efficient information aggregation

To establish the efficiency of the two learning mechanisms and that of the network
topologies in aggregating information, we introduce a simple decision problem in
which agents’ objective is to minimize the expected loss from mismatching their
action and the true state of nature. Specifically, each agent has two choices in each
period; either to take an action a ∈ Ai , where Ai is a continuous action space for
i, or “wait” for the next period(s). The joint action space (which we assume to be

homogeneous for all agents, A1 = · · · = An ) for each agent is thus A = { A, w},

where w stands for “wait”. If an agent takes an action within the action space A, he

“exits” the game, meaning that he no longer learns and transmits new information
but only transmits the same information he possesses at the time of exit. If on the
other hand the agent decides to wait, then his expected loss for the next period is
increased by a factor of 1δ , where 0 ≤ δ ≤ 1. That is
Uit ( ãit , X ) =


i
h
− 1t Ei,t ( ãit − X )2

if ãit = a ∈ A

0

if ãit = w

δ

where Ei,t stands for expectation according to agent i at period t and ã ∈ A . We

assume for simplicity that agents are homogeneous in terms of payoff structure. The
strategy of each agent thus entails choosing the optimal period to exit the game.
Under this setup, it is easy to see that the optimal action a ∈ A for each agent at

any given period is

ait∗ = Ei,t [ X ] = µi,t
and the payoff corresponding to the optimal action is
Uit ( ait∗ , X ) = −

h
i
1
1
2
E
= − t vari,t
µ
−
X
(
)
i,t
i,t
δt
δ

where vari,t is the variance of X according to i at period t. This implies that an agent’s
exit time depends on his confidence in his beliefs.
We can also define the associated expected social welfare as the average of individual optimal expected utilities as follows.
Wt ( X ) =

1
n

n

1

n

∑ Uit (ait∗ , X ) = − nδt ∑ Ei,t

i =1

i =1

h

(µi,t − X )2

i
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Consider first the case in which there is no cost on the payoffs associated with
waiting, that is when δ = 1. It is clear that it is optimal for agents to wait until all
information has been exchanged among all agents, which in the case of boundedrational learning implies until a consensus is reached. Now, consider a balanced
network (which supports correct information aggregation under bounded-rational
learning) of size n. The optimal action (taken at the end of information exchange
process) under rational learning when priors are observable is
∗
ai∞
=

1
σ2
µi,0 +
2
n+σ
n + σ2

n

∑ sj

(5.5.1)

j =0

and the corresponding expected social welfare W∞ ( X ) is
W∞ ( X ) = −

1
n

n

h
i
1
2
∗
E
a
−
X
=−
(
)
∑ i,t i∞
n
i =1

n

σ2

∑ vari,∞ = − n + σ2

(5.5.2)

i =1

where the last equality follows from Theorem 5 (i ). Similarly for bounded-rational
learning, the optimal action is
∗
ai∞

1
=
n

n

∑

j =1




1
σ2
µi,0 +
sj .
1 + σ2
1 + σ2

(5.5.3)

where we have used the fact that for a balanced network of size n, the weights or
influence vector is v = ( n1 , · · · , n1 ) (see the proof of Theorem 7 in Appendix 5.7.4 for
details). And the corresponding expected social welfare is
W∞ ( X ) = −

1
n

n

∑ Ei,t

i =1

h

i
1 n
σ2
∗
− X )2 = − ∑ vari,∞ = −
( ai∞
n i =1
1 + σ2

(5.5.4)

The Price of Rationality (PoR) defined as the ratio of expected social welfare under
rational learning to the expected social welfare under bounded-rational learning, can
then be used to analyze how the efficiency of information aggregation (or learning in
general) degrades due to bounded rationality of the agents. From (5.5.2) and (5.5.4)
we thus have,

1 + σ2
(5.5.5)
n + σ2
Note that since the expected social welfare is the sum of the expected loss or cost,
PoR =

its possible maximum value is zero. It follows that the minimum possible value
for the PoR is zero and its maximum is one. When PoR is one, the two learning
mechanisms measure equally and rationality plays no role in the individual optimal
decisions. If on the other hand PoR is zero, then rational learning is infinitely more
efficient in aggregating information than bounded rational learning. From (5.5.5),
PoR tends to zero with large n, implying that rationality becomes more and more
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important in efficient aggregation of information as the population size increases. So
long as δ = 1 and agents do not find it costly to wait until all private information
has been exchanged before taking action, then the communication network does not
matter and only the population size does matter. If on the other hand δ < 1, the
network topology starts to matter through its role in determining the convergence
rate. The convergence rate becomes critical since agents have to optimize when to
exit the game and if the convergence rate is high such that some or all agents exit the
game before all the private information has been exchanged, then the actions they
take at the end of the learning process will lead to higher expected loss hence lower
expected social welfare. To formalize this argument, we need to formally define
correct asymptotic learning in terms of actions taken at the end of the learning process.
In this particular decision problem, correct asymptotic learning coincide with correct
asymptotic public beliefs, but this does not always have to be the case.
Definition 17: Given a sequence of networks { G (n)}n≥2 , correct asymptotic learning is

said to occur if

lim lim P (| ai,t (n) − µ̄| > e) = 0

n→∞ t→∞

for all i ∈ N

(5.5.6)

where µ̄ = ai,∞ (∞) is the possible optimal action for all agents.
When δ = 1 the conditions for correct asymptotic learning is precisely those described in Theorems 6 and 7 for rational and bounded-rational learning respectively,
and the convergence rate does not play much of a role in achieving correct asymptotic learning or public beliefs. If on the other hand δ < 1, the convergence rate
plays a big role in determining whether or not correct asymptotic leaning actually
occurs. This follows from the fact that when δ < 1 agents have to choose an optimal exit time, and this has an impact on how much of the private information gets
exchanged before the learning process ends. It also implies that the topologies of
the communication network that support correct asymptotic learning (and correct
public beliefs) will no longer be those illustrated in Theorems 6 and 7. The following
proposition states conditions on the communication network for correct asymptotic
learning to occur when δ < 1.
Proposition 14: Let { G (n)}n≥2 be a sequence of connected communication networks,

and that let δ < 1. If { D ( G (n))}n≥2 is the corresponding sequence of networks diameters,
then correct asymptotic learning obtains under rational learning if
lim

n→∞

1
D ( G (n)) = 0
n

Under bounded-rational learning, the network must be complete.

(5.5.7)
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Proof. See Appendix 5.7.8
Proposition 14 basically emphasizes the importance of the topology of the communication network in determining the convergence rate hence efficient information
aggregation, and can be summarized as follows. When δ < 1, though waiting reduces the expected loss associated with a mismatch between ones action and the
true state of nature, waiting for too long on the other hand becomes costly as prescribed by the factor 1/δ. It is therefore important that the convergence rate be high
if correct learning is to ever be achieved. Condition (5.5.7) is a necessary condition for
both fast and correct aggregation of information, hence correct asymptotic learning.
The network topology depicted in Figure 14 for example in which D ( G (n)) = 2 for
all n, satisfies condition (5.5.7). The network topology in Figure 13 on the other hand
does not satisfy condition (5.5.7), since D ( G (n)) = n. In the case of random graphs
the diameter is generally an increasing function of n (see for example Bollobás [21]
for analysis on the diameter of random graphs), hence correct asymptotic learning
does not obtain in random networks when δ < 1.
The failure by agents to account for informational externalities under bounded
rational learning is even more pronounced when δ < 1. All agents would prefer to
take an action in the action space A in the first or second periods since waiting longer
does not improve their confidence in their beliefs.
We conclude this section by noting the indirect implication of Proposition 14.
When the communication network has a large diameter and that agents find it costly
to wait before taking an action, even if agents start with a common prior, heterogeneity in public beliefs and actions will obtain.

5.6

conclusion

Individual beliefs play a significant in determining the success of policies, initiatives and theories, and play a significant role in determining outcomes in decisions
under uncertainty. Contrary to prediction from models of rationality and common
prior assumptions that learning through deliberation leads to a consensus in beliefs,
heterogeneity in beliefs is more of a rule than an exception in most economic and
social environments. In this Chapter, we investigated the properties of beliefs resulting from rational and bounded-rational learning in social networks. We established
conditions under which heterogeneity prevails, and under which such beliefs correctly aggregate private information. Under bounded-rational learning, correctness
in public beliefs is determined mainly by the topology of the communication network. Specifically, for a finite population the network must be balanced and for large

5.6 conclusion

population it must be asymptotically balanced. These conditions are quite restrictive
given that the topologies assumed by real world networks do not necessarily comprise of such properties. In addition to restrictions on the network topology, we also
find that under bounded-rational learning, public beliefs are asymptotically correct
if and only if the prior beliefs are correlated to the true state of nature.

In section 5.5 we provide a “toy” model of decision making under uncertainty, in
which agents find it costly to wait much longer before taking an action. It highlights
another possible source of heterogeneity in public beliefs that is not necessarily a
result of historical factors or of observability of prior beliefs, but rather resulting
from the topology of the communication network. That is, under such conditions
heterogeneity in public beliefs will arise if the communication network has a large
diameter.

Through out the Chapter we assumed that agents start with homogeneous confidence in their prior beliefs. Relaxing this assumption would give a richer understanding of the nature of public beliefs and distribution of actions in exit games
or observed levels of diversity in public opinions across the population even when
agents are exposed to the same sources of information (e.g Chamley and Gale [27]
and Murto and Välimäki [81]). But this analysis requires a more detailed model (than
the one provided in section 5.5) with specific preference structure, and we postpone
this question for future research.

In conclusion, since heterogeneity in beliefs is rather a ubiquitous phenomenon in
social and economic environments, one could argue that perhaps agents really do
incorporate new information into their beliefs through Bayesian rational inference.
If that is not the case then it could be that individuals are not as “gullible” with
every new information they receive as one would like to think, and are rather more
“inward-looking” when updating their beliefs. That is if agents attach more weight to
their own beliefs than others’ beliefs, or to beliefs of members of the subgroup they
belong to than beliefs of members in other subgroups (which in both cases implies a
slow speed of learning), then the observed heterogeneity in beliefs would imply that
a long-run consensus prescribed by bounded-rational learning has not been reached.
Or perhaps the observed nature of public beliefs indicates that individuals are heterogeneous with respect to the learning mechanisms.

135

136

beliefs dynamics in communication networks

5.7

5.7.1

appendix
Proof of Theorem 5

(i) If X, ε 1 , · · · , ε n are independent and it is common knowledge that ε 1 ∼ N (0, σ2 ),

then from Lemma 9
µi,1 =

σ2
1
µi,0 +
si ,
1 + σ2
1 + σ2

vari,1 =

σ2
1 + σ2

for all i ∈ N

We assume that under rational learning gij = 1 if j communicates to i and zero
otherwise. Let G be static and common knowledge, and let jt be the index for the torder neighbors. Consider any i ∈ N with first-order degree k i,1 . After the first round
of announcements, such an i updates his beliefs to a normal distribution mean


σ2
σ2
1


var
=
µ
+
s
+
s
µi,2 =
i,2
i,0
i
∑ j1
1 + k i,1 + σ2
1 + k i,1 + σ2
1 + k i,1 + σ2
j ∈N
1

i,1

where s j1 = (1 + σ2 )µ j1 ,1 − σ2 µ j1 ,0 for all j1 ∈ Ni,1 . If µ j1 ,0 for all j1 ∈ Ni,1 are
observable to i then s j1 ’s are accurately deduced, otherwise µ j1 ,0 is simply i’s ex-ante
belief about the prior distribution of j1 .
Similarly, for all j1 ∈ Ni,1 and all l1 ∈ Nj1 ,1 we have
µ j1 ,2 =

and var j1 ,2 =



σ2
1 + k j1 ,1 + σ2

µ j1 ,0 +



1
s j +
1
1 + k j1 ,1 + σ2
l

∑

1 ∈ Nj1 ,1

s l1 

σ2
.
1+k j1 ,1 +σ2

Since i knows k j1 ,1 for all j1 ∈ Ni,1 , hence Ni,2 and k i,2 , he can deduce each

∑l1 ∈ Nj ,1 sl1 from the first and second period announcements of all j1 ∈ Ni,1 . The
1
posterior belief of i in the third period is thus normally distributed with mean


σ2
1
 si + ∑ s j + ∑ s j 
µi,3 =
µi,0 +
2
1
1 + k i,1 + k i,2 + σ2
1 + k i,1 + k i,2 + σ2
j ∈N
j ∈N
1

and variance
vari,3 =

i,1

2

i,2

σ2
1 + k i,1 + k i,2 + σ2

For a finite network, there exists a bound on the order of the neighborhood for all
agents. That is there exists a Ti for all i ∈ N such that for any t > Ti , Ni,t = 0, hence

i stops updating his beliefs after t = Ti . It then follows that Tm = max{ Ti ; i ∈ N },

which is also the diameter of the communication network, is the period after which
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learning stops for all agents. After Tm no agents has new information to learn from
his neighbors. The iteration of posterior beliefs in a manner described above leads to
public belief of each i ∈ N to be normally distributed with the mean and variance of
the form

µi,∞ =

σ2
T

∑t=m0 k i,t + σ2

µi,0 +

1
T

∑t=m0 k i,t + σ2

Tm

∑ ∑

t=0 jt ∈ Ni,t

where s j0 = si and k i,0 = 1, and that ∑tT=m0 k i,t = n,

s jt

vari,∞ =

σ2
T

∑t=m0 k i,t + σ2
(5.7.1.1)

T
∑t=m0 ∑ jt ∈ Ni,t s jt = ∑nj=1 s j .

(ii) Let agents’ prior beliefs be uncorrelated and that µ0 ∼ N (ν, η 2 I), where µ0 is

a column vector of all µi,0 and I is an n × n identity matrix. Assume also that agents

know the distribution of their neighbors prior beliefs but do not observe the realized

value. Let Ei [sk |νj ] for each j ∈ Ni,1 denote the expected signal of k according to i

given the distribution of his neighbor j’s prior belief. It follows from Lemma 9 that,
after observing his neighbors first period announcements, i deduces the expected
signals of each j ∈ Ni,1 to be


Ei [s j |νj ] = 1 + σ2 µ j,1 − σ2 νj

= σ2 µ j,0 − νj + s j

(5.7.1.2)

where the second equality result from substituting for µ j,1 . The corresponding variance of the expected signal according to i is var[Ei [s j |νj ]] = σ4 η 2 + σ2 .

After incorporating the expected signals from his neighbors, each i ∈ N updates

his beliefs to a normal distribution with mean and variance


1 + σ2 1 + η 2 σ2
1
µi,1 +
µi,2 =
k i + (1 + σ 2 ) (1 + η 2 σ 2 )
k i + (1 + σ 2 ) (1 + η 2 σ 2 )

∑

j∈ Ni,1

Ei [s j |νj ]

and
vari,2


σ2 1 + η 2 σ2
=
k i + (1 + σ 2 ) (1 + η 2 σ 2 )

Let l be the index for the neighbors of j ∈ Ni,1 . We maintain the assumption that

agents have memory of past announcements of their neighbors and that the network
is common knowledge. From the second period announcements of his neighbors, i
deduces the new information from each j ∈ Ni,1 to be

∑

l ∈ Nj,1








Ei [sl |νj ] = k j + 1 + σ2 1 + η 2 σ2 µ j,2 − 1 + σ2 1 + η 2 σ2 µ j,1
(5.7.1.3)
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where each Ei [sl |νj ] is of the form Ei [sl |νj ] = σ2 (µl,0 − νl ) + sl . At the end of the

third period, i updates his beliefs to a normal distribution with mean and variance


1 + σ2 1 + η 2 σ2
µi,3 =
µi,1
k i + k i,2 + (1 + σ2 ) (1 + η 2 σ2 )


1

Ei [s j |νj ] + ∑ ∑ Ei [sl |νj ] (5.7.1.4)
+
k i + k i,2 + (1 + σ2 ) (1 + η 2 σ2 ) j∈∑
N
j∈ N l ∈ N
i,1

and
vari,3

i,1

j,1


σ2 1 + η 2 σ2
=
k i + ∑ j∈ Ni,1 k j + (1 + σ2 ) (1 + η 2 σ2 )

By iterating the posterior beliefs until the end of the learning process and noting that
T
∑t=m0 k i,t = n, the public belief of each i ∈ N is then normally distributed with mean
and variance


1 + σ2 1 + η 2 σ2
1
µi,1 +
Ei [ s l | ν ]
µi,∞ =
2
2
2
2
(1 + σ ) (1 + η σ ) + n − 1
(1 + σ ) (1 + η 2 σ2 ) + n − 1 l ∈ N∑
\{i }

and
vari,∞ =


σ2 1 + η 2 σ2
(1 + σ 2 ) (1 + η 2 σ 2 ) + n − 1

(iii) In Theorem 5 (iii ) we assume that µ0 ∼ N (ν, M), where each element of M,
mij > 0 for all (i, j) ∈ N.

The following notations will be used in the proof. We write µ and µ−i for the

column vectors of all µi for all i ∈ N and for all i ∈ N \ {i } respectively. Similarly,
µ and ν−i denote the column vectors of all νi for all i ∈ N and for all i ∈ N \

{i } respectively. M−i,−i denotes and n − 1 × n − 1 variance-covariance matrix of all
agents excluding i, and M−i,i is the ith column of M with the ith row excluded. We
also denote by 1k×l for a k × l dimensional matrix of ones, and by I the identity
matrix.
We employ the following well known concepts for normally distributed random
variables and specifically adopted to the distributions of prior beliefs of agents. Let
µ0 be the column vector of prior beliefs of all agents, µi,0 ∀i ∈ N and µ−i,0 ∀i ∈ N \ {i }.
If µ0 ∼ N (ν, M), then
h
i
E µ−i,0 |µi,0 = ν−i + mii−1 M−i,i (µi,0 − νi )
(5.7.1.5)
h
i
0
var µ−i,0 |µi,0 = M−i,−i − mii−1 M−i,i M−
i,i

(5.7.1.6)

When agents priors are correlated, the expected signal of each j ∈ Ni,1 according to i

given the realization µi,0 and j’s first period announcement µ j,1 is given by




Ei s j |µi,0 , µ j,1 = (1 + σ2 )µ j,1 − σ2 Ei µ j,0 |µi,0
(5.7.1.7)
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In a similar manner, we can write the joint expected signals for all j ∈ Ni,1 according

to an agent i who observes the announcements of all other agents as follows
i
h
i
h
(5.7.1.8)
Ei s−i |µi,0 , µ−i,1 = (1 + σ2 )µ−i,1 − σ2 Ei µ−i,0 |µi,0
which by substituting for µ−i,1 is equivalent to
i

h
i
h
Ei s−i |µi,0 , µ−i,1 = σ2 µ−i,0 − Ei µ−i,0 |µi,0 + s−i
The variance associated with the expected signal is then
i
h
i
h
var s−i |µi,0 , µ−i,1 = σ4 var µ−i,0 |µi,0 + σ2 I


0
2
= σ4 M−i,−i − mii−1 M−i,i M−
i,i + σ I

(5.7.1.9)

(5.7.1.10)

h
i
We now derive the coefficient of Ei s−i |µi,0 , µ−i,1 in the second period announce2

ment of i. Note that the variance associated with µi,1 is 1+σ σ2 , and together with
h
i
var s−i |µi,0 , µ−i,1 we can define an n − 1 × n − 1 matrix C as follows
C= 

=

σ2
1+ σ 2



1 n −1× n −1
h
i
1n−1×n−1 + var s−i |µi,0 , µ−i,1

(1 + σ 2 ) 1 n −1× n −1
 


0
σ2 1n−1×n−1 + σ2 (1 + σ2 ) σ2 M−i,−i − mii−1 M−i,i M−
+
I
i,i

(5.7.1.11)

Let Ci denote the ith row of C, that is
h
 

i−1
0
Ci = (1 + σ2 )11×n−1 σ2 1n−1×n−1 + σ2 (1 + σ2 ) σ2 M−i,−i − mii−1 M−i,i M−
+
I
i,i
The elements of Ci are the coefficients associated with the expected signals of all
j ∈ N \ {i } in the second period announcement of i. We thus have
h
i
µi,2 = (1 − Ci 11×n−1 ) µi,1 + Ci Ei s−i |µi,0 , µ−i,1

= (1 − Ci 11×n−1 ) µi,1 + (1 + σ2 )Ci µ−i,1 − σ2 Ci ν−i − σ2 mii−1 Ci M−i,i (µi,0 − νi )
(5.7.1.12)
From the second period announcement of i, all agents who observe i’s announcements know that
µi,0 = νi +

(1 − Ci 11×n−1 ) µi,1 + (1 + σ2 )Ci µ−i,1 − σ2 Ci ν−i − µi,2
σ2 mii−1 Ci M−i,i

(5.7.1.13)

From (5.7.1.13), each agent who communicates to i and i communicates to, will correctly deduce µi,0 at the end of the second period announcements if and only if that
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agent also observes the announcements of all other agents that communicate to i
and i communicates to. This follows from the fact that for any j ∈ Ni,1 to correctly

deduce µi,0 , then j must also observe all µk,1 ∈ µ−i,1 for k 6= j. The conclusion is

that the communication network must be complete if agents are to correctly deduce
the neighbors’ realized prior beliefs and hence private information. That is, from the
second period announcements, all agents (who observes i’s announcements) deduces

that
si = (1 + σ2 )µi,1 − σ2

νi +

(1 − Ci 11×n−1 ) µi,1 + (1 + σ2 )Ci µ−i,1 − σ2 Ci ν−i − µi,2
σ2 mii−1 Ci M−i,i

!

(5.7.1.14)

Since the network is complete, the third period announcement of each i ∈ N a normal

distribution with mean

µi,∞ (n) =

5.7.2

1
σ2
µi,0 +
n + σ2
n + σ2

n

∑ sj

(5.7.1.15)

j =0

Proof of Proposition 11

To proof the proposition, we first define the notion coefficient of ergodicity as a measure for ergodicity [101].
Definition 18: Given a matrix G with entries gij , the coefficient of ergodicity ρ( G )
defined on the L1 -norm of G is
1
ρ( G ) =
2

(

n

max
i,j

∑

k =1



| gik − g jk |



)
,

(5.7.2.1)

with the following properties;
(i) 0 ≤ ρ( G ) ≤ 1.
(ii) For two matrices G1 and G2 , ρ( G1 G2 ) ≤ ρ( G2 )ρ( G2 ).
(iii) ρ( G ) = 0 if and only if rank(G)=1; that is G = ev0
Let G T = ∏tT=0 Gγ(t) , then property (ii ) of Definition 12 implies that
ρ( G T ) ≤ ρ( Gγ(T ) )ρ( Gγ(T −1) ) · · · ρ( Gγ(0) )

(5.7.2.2)

Property (iii ) together with Lemma 12 imply that ergodic Markov chains are those
in which
lim ρ( G T ) = 0

T →∞

(5.7.2.3)
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We can thus deduce from properties (ii ) and (iii ) of Definition 12, specially equations
(5.7.2.2) and (5.7.2.3) that a chain is ergodic if there exists a τ ≥ 0 such that for

every time interval [t, t + τ ) there exists a sequence of matrices { Gγ(t) , · · · , Gγ(t+τ ) },
for which the coefficient of ergodicity of their product is less than unity. That is
ρ( Gγ(t) · · · Gγ(t+τ ) ) < 1. Matrices or a product of matrices for which the coefficient

of ergodicity is less than unity are known as scrambling matrices. The question we
then ask is, what switching strategy induces a sequence of networks whose product
on intervals of time result into scrambling matrices? The following lemmas establish
the necessary conditions.
Lemma 13: Let G1 and G2 be two network induced transition matrices, and that both matrices are aperiodic. If G1 is connected, then the products G1 G2 and G2 G1 are also connected
and aperiodic.
Proof. Write G2 in the form G2 = Diag( G2 ) + G20 , where Diag( G2 ) is a diagonal matrix
whose elements are the diagonal of G2 , and G20 is the residual G2 − Diag( G2 ). Since
G2 is non-negative then so is G20 . We thus have that

G2 G1 = Diag( G2 ) G1 + G20 G1
Denote by gii2 and gij1 for 1 ≤ i ≤ n as the elements of Diag( G2 ) and G1 respectively.

Then



2 g1
g11
11
 .

.
Diag( G2 ) G1 =  .
2 g1
gnn
n1

···
···


2 g1
g11
1n
.. 

. 
2 g1
gnn
nn

Clearly if G1 is connected and aperiodic, then so is Diag( G2 ) G1 . The matrix product
is non-negative since G1 is also non-negative, such that when added to Diag( G2 ) G1
the properties of connectedness aperiodicity are preserved. A similar argument follows for G1 G2 .
Lemma 14: Let { Gγ(t) }t≥0 be a sequence of connected aperiodic transition matrices, then

there exists a sufficiently large τ > 0 such that

G τ = Gγ(t) · · · Gγ(t+τ )
is a scrambling matrix.
Proof. The proof follows from the fact that a network that is connected and aperiodic
induces a primitive transition matrix. That is let G be such a matrix, then there exists
a sufficiently large t such that G t is a positive matrix. Since positive stochastic matrices are scrambling, it follows that the product of a sequence of connected aperiodic
matrices is scrambling.
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The following lemma then directly follows from the above two
Lemma 15: Let T2 < T1 < T be sufficiently large integers. If γ is such that there exist a
T2 ≥ 0 and T1 ≥ 0 where by for every time interval [t, t + T2 ) a connected communication

network obtains, such that within the time interval [t, t + T1 ) a scrambling connected network
obtains, then
T

∏ Gγ(t) = ev0
T →∞
lim

t =0

The expression on the right hand side of (5.3.6) then follows directly from Lemma
15

5.7.3

Proof of Theorem 6

The general assumption in all the proofs below is that the sequence { G (n)}n≥2 is

common knowledge

(i) There are two parts to the proof of Theorem 6 (i ); when the prior beliefs are
observable and when they are not. We first prove for the case in which the
realized prior beliefs are observable, that is for all i ∈ N, each µ j,0 for all j ∈ Ni,1

is observable to i. Under this assumption, the public belief of each i is normally
distributed with mean
µi,∞ (n) =

σ2
1
µi,0 +
2
n+σ
n + σ2

n

∑ sj

(5.7.3.1)

j =0

The variance of µi,∞ (n) is then
var[µi,∞ (n)] =

σ4 η 2
2
( n + σ2 )

+

nσ2

( n + σ2 )

2

From Chernoff bound, it follows that
lim P (|µi,∞ (n) − µ̄| > e)) ≤ lim

n→∞

n→∞

= lim

n→∞



var[µi,∞ (n)]
e
σ4 η 2

( n + σ2 )

2

+


!

nσ2

( n + σ2 )

2

=0

(5.7.3.2)

It is easy to see that the right hand side of (5.7.3.2) will be zero if and only if
both σ and η are finite such that σ4 η 2 < ∞. This conditions applies to all i ∈ N
The limit of the variance of X is
lim vari,∞ (n) = lim

n→∞

n→∞

σ2
= 0.
n + σ2
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Now we prove for the case in which the realized priors are unobservable. From
Theorem 5, if for each i ∈ N, µ j,0 for all j ∈ Ni,1 are unobservable but it is

common knowledge that µ0 ∼ N (ν, η 2 I), where µ0 is a column vector of all

µi,0 , then the public belief of each i is normally distributed with mean


1 + σ2 1 + η 2 σ2
1
µi,∞ (n) =
µi,1 +
Ei [ s l | ν ]
2
2
2
2
(1 + σ ) (1 + η σ ) + n − 1
(1 + σ ) (1 + η 2 σ2 ) + n − 1 l ∈ N∑
\{i }
(5.7.3.3)

For the sake of notational convenience, let ϕ = 1 + σ


2


2

1 + η 2 σ , and recall

that Ei [sl |ν] = σ2 (µl,0 − νl ) + sl for all i ∈ N and all l ∈ N \ {i }. We can then
rewrite (5.7.3.3) as
µi,∞ (n) =

σ2
1
ϕ
µi,1 +
sl
(µl,0 − νl ) +
ϕ+n−1
ϕ + n − 1 l ∈ N∑
ϕ
+
n − 1 l ∈ N∑
\{i }
\{i }
(5.7.3.4)

The variance associated with µi,∞ (n) in (5.7.3.4) is
var[µi,∞ (n)] =

σ4 η 2
( n − 1) σ 2
ϕ2 σ 4 η 2 + ϕ2 σ 2
+
+
(5.7.3.5)
( ϕ + n − 1)2 (1 + σ 2 )2 ( ϕ + n − 1)2 ( ϕ + n − 1)2

Similarly from (5.7.3.5), the limn→∞ var[µi,∞ (n)] = 0 if and only if η and σ

are finite. Note that the sequence of random variables {(µl,0 − νl )}l ∈ N \{i} is

of mean zero and variance η 2 . This implies that if each term in the sum on
the right hand side of (5.7.3.4) converges in probability, then the first and the
second term both converge to zero and the third term converges to µ̄. It then
p

follows from (5.7.3.2) that µi,∞ (n) −
→ µ̄.
If η and σ are finite, then limit of the variance of X when priors beliefs are not
observable is


σ2 1 + η 2 σ2
lim
= 0.
n → ∞ (1 + σ 2 ) (1 + η 2 σ 2 ) + n − 1

(ii) From (5.7.3.2) it follows that when the conditions of Theorem 6 (ii ) are satisfied,
p

µi,∞ (n) −
→ µ̄.
5.7.4

Proof of Theorem 7

(i) Consider the case in which G (n) is doubly stochastic such that ∑nj=1 gij (n) =
∑in=1 gij (n). Let z and y be the left and right eigenvalues of G (n) associated
with the leading eigenvalue. If G (n) is doubly stochastic then z = y, such that
z0 G (n) = z0

and

G (n)z = z
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Without loss of generality we can assume that kzk = z0 z = 1. Specifically,
z=

v=

√1 e, where e is a length
N
1
n e, such that for each i ∈

n vector of ones. From Lemma 12 it follows that
N

µi,∞ (n) =

1
n

n

∑ µi,1

i =1

(ii) Recall that
n

µi,∞ (n) =

∑ v j (n)



j =1

=

σ2
1
µ j,0 +
sj
1 + σ2
1 + σ2

σ2
1
µ̄
+
1 + σ2
1 + σ2



n

n

σ2

∑ v j (n)µ j,0 + 1 + σ2 ∑ v j (n)ε j

j =1

(5.7.4.1)

j =1

where the second equality follows from the fact that s j = µ̄ + ε j and that
∑nj=1 v j (n) = 1. Let the summation components on the right hand side of
5.7.4.1 be denoted as follows
n

Vµ (n) =

∑ v j (n)µ j,0 ,

n

and

Vε (n) =

j =1

∑ v j (n)ε j .

j =1

Since µ̄ is a parameter, it follows that any variance in µi,∞ (n) is due to the
variances in Vµ (n) and Vε (n). This in turn implies that for µi,∞ (n) to converge
in probability, then both Vµ (n) and Vε (n) must also converge in probability to
their respective limits. Consider first the in which the communication network
is balanced, in which case (5.7.4.1) becomes.

µi,∞ (n) =

1
σ2 1
µ̄ +
2
1+σ
1 + σ2 n

n

σ2

1

n

∑ µ j,0 + 1 + σ2 n ∑ ε j

j =1

(5.7.4.2)

j =1

This implies that both Vµ (n) and Vε (n) are simply sample averages of the random variables µi,0 and ε i of all i ∈ N respectively. It then follows from the

law of large numbers that Vε (n) converge in probability to zero, and Vµ (n) converges in probability to µ̄ only if µ0 ∼ N (µ̄, η 2 I). This in turn implies that
µi,∞ (n) also converges in probability to µ̄. That is
µi,∞ (∞) =

1
σ2
µ̄ +
µ̄ = µ̄
2
1+σ
1 + σ2

(5.7.4.3)

Generally speaking, both Vµ (n) and Vε (n) are sample weighted averages of
n random variable µi,0 and ε i respectively drawn with probabilities vi (n) for
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each i ∈ N, from normal distributions with means µ̄ and zero variance. These
sample means converge in probability if and only if their variances converge to
zero for large n. That is
lim var[Vµ (n)] = 0

n→∞

and

lim var[Vε (n)] = 0

n→∞

The respective variances are
var[Vµ (n)] = η 2

n

∑ v2j (n)

and

var[Vε (n)] = σ2

j =1

n

∑ v2j (n),

j =1

which converge to zero if and only if the summand ∑nj=1 v2j (n) converges to
zero with n. This sum converges to zero if each square v2j (n) converges to zero
with large n. In fact it is enough to say that maxi∈ N (vi (n)) → 0 for large n.
This condition is satisfied by asymptotically balanced networks in that if G (n)
is asymptotically balanced, then G (n) converges to doubly stochastic matrix
S. Where for any doubly stochastic matrix, the elements of the corresponding
weight vector vi (n) = n1 , converge to zero for large n.
In the case of the variance of public belief, it follows directly that
n

vari,∞ (n) =

σ

∑ v j (n) 1 + σ

j =1

=

5.7.5

σ
1+σ

n

σ

∑ v j (n) = 1 + σ

(5.7.4.4)

j =1

Proof of Proposition 12

Given G (n), the closest doubly stochastic matrix S(n) to G (n) is that which minimizes the quantity kS(n) − G (n)k2F . Our objective is then as follows:
minS(n)∈S(n)
subject to

kS(n) − G (n)k2F
S(n)z = z

z0 S(n) = z0

where S(n) is the set of all doubly stochastic matrices of size n, and z is the left and
right eigenvectors corresponding to the first (unit) eigenvalue of S(n). We assume

without loss of generality that kzk = z0 z = 1. The elements of G (n) are denoted
by gij (n) and those for S(n) by sij . It is easy to see that the objective function to be
minimized is of the form
f ( G (n)) = (s11 − g11 )2 + · · · + (s1n − g1n )2 + · · · + (sn1 − gn1 )2 + · · · + (snn − gnn )2
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Note that the constraints together make a total of 2n linear equations, which leads
to 2n Lagrange multipliers denoted (in vector form) by 2α = (2α1 , · · · , 2αn ) and

2β = (2β 1 , · · · , 2β n ). Note also that the factor of 2 in α and β is to account for the

factor of 2 in the derivative of f ( G (n)) below. The Kuhn-Tucker conditions yield the
following matrix equation.

(S(n) − G (n)) + αz0 + zβ0 = 0

(5.7.5.1)

By substituting for S(n) = G (n) − αz0 − zβ0 into S(n)z = z and z0 S(n) = z0 , together

with the assumption that z0 z = 1, one obtains the following set of simultaneous
equations.
G (n)z − α − zβ0 z = z

(5.7.5.2)

z0 G (n) − z0 αz0 − β0 = z0 ,

(5.7.5.3)

which can be written in matrix form as
"
#" #
I
zz0 α
zz0

I

"

=

G (n)z − z

#
(5.7.5.4)

G (n)0 z − z

β

We
" can then
# solve for α and β by multiplying both sides of (5.7.5.4) by the inverse of
0
I
zz
. That is
0
zz
I
"

I

0

0

I

"
I
1
=
0
1 − zz −zz0
β

#" #
α

−zz0
I

#"

G (n)z − z

#
(5.7.5.5)

G 0 (n)z − z

which yields,
α = G (n)z − z

and β = G 0 (n)z − z

The assumption that z0 z = 1 also implies that z =

√1 e.
n

Substituting for α and β in

(5.7.5.1) and noting that G (n)e = e, we obtain
S(n) = G (n) +

1 0 1 0
ee − ee G (n)
n
n

(5.7.5.6)

It then follows that
φ(n)2 = kS(n) − G (n)k2F =

1
kee0 − ee0 G (n)k2F
n2

1
=
n

n

∑

j =1

n

1 − ∑ gij (n)
i =1

!2
.

(5.7.5.7)
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5.7.6

Proof of Theorem 8

The proof follows from Proposition 12, where a network is said to be asymptotically balanced if
lim φ(n) = 0.

n→∞

For Theorem 8 (i ), we have that
1
φ (n) =
n
2

1
=
n

n

∑

j =1

n

1 − ∑ gij (n)
i =1



n

!2

n

∑ 1 − 2 ∑ gij (n) +

j =1



i =1

n

n

!2 
∑ gij (n) 
n

i =1
n

!2 
∑ gij (n) 
n

1
n − 2 ∑ ∑ gij (n) + ∑
n
i =1 j =1
j =1 i =1
!
!
n n
1
≤
din
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such that limn→∞ φ(n) = 0 if limn→∞ din
max ( n ) = 1.

For the case of Theorem 8 (ii ), since for n > n0 the quantity D (n) is constant say c,

then for all n > n0
φ2 ( n ) =

1
c
n

In which case limn→∞ n1 c = 0.
5.7.7

Proof of Proposition 13

Under Bayesian rational learning, the proof follows directly from the fact that
learning stops after the two agents that form the longest geodesic (diameter of the
network) have communicated their private informations (see proof of Theorem 5).
The time it takes private beliefs to become public is thus tc = D ( Gγc ), in which case
the convergence rate is basically

1
tc .

The relationship between the diameter and the

second largest eigenvalue of a graph is a well studied concept in graph theory (e.g
Chung [28]). Generally it assumes the form,
D ( Gγc ) ≤
where c is some constant.

ln(c)
ln(1/λ2 ( Gγc ))
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In the case of Bayesian bounded-rational learning mechanism, it is well known
that a homogeneous Markov chain with transition matrix Gγc whose second largest
eigenvalue is λ2 ( Gγc ) converges at the equal to λ2 ( Gγc ). We write λi for λi ( Gγc ) for
the sake of notational cumbersomeness. Let zi and yi be the right and left eigenvectors associated with the eigenvalue λi , and let λi in ordered as λ1 > λ2 ≥ · · · . Then

the above argument follows from the eigendecomposition of Gγc (assuming that Gγc

is connected such that λ2 ( Gγc ) < 1, and that Gγc is actually eigendecomposable),
where the convergence rate is defined precisely as,
1

r BBR = lim k Gγt c ¯1 − ¯k t
t→∞

n

1
= lim k z1 y1 0 ¯1 − ¯ + ∑ λit zi yi 0 ¯1 k t
t→∞

i =2

n

= |λ2 | lim kz2 y2 ¯1 + ∑
0

t→∞

5.7.8

i =3



λi
λ2

t

1

z i y i 0 ¯ 1 k t = | λ2 |

(5.7.7.1)

Proof of Proposition 14

First consider the case of Bayesian rational learning mechanism where
h
i
1
1
(5.7.8.1)
Uit ( ait∗ (n), X ) = − t Ei,t (µi,t (n) − X )2 = − t vari,t (n)
δ
δ
For a given δ and n, Uit ( ait∗ (n), X ) is a non-monotone function of time. The variance vari,t (n) a generally non-increasing function of time for a given n, and

1
δt

is

an increasing function of time. Note that the time until the learning process ends
under Bayesian ration learning is equal to the diameter D ( G (n)) of the network.
This implies that for a given δ and n, there exists a positive integer ti,e such that at
t = ti,e ≤ D ( G (n)), Uit ( ait∗ (n), X ) is minimum. The time t = ti,e is the optimal exit

time for agent i and it generally depends on i’s position in the network.

The exit time can be ordered with respect to D ( G (n)) for groups of agents. Let
Q( G (n)) be a set of agents in G (n) whose optimal exit time is less than the diameter
of the graph. That is
Q( G (n)) = {i ∈ N : ti,e < D ( G (n))}
and let #Q( G (n)) denote the respective cardinality. Then for two networks G1 (n) and
G2 (n) such that G1 (n) > G2 (n), then it must be Q( G1 (n)) ≥ Q( G2 (n))
Lemma 16: Given a sequence of networks { G (n)}n≥2 and the corresponding sequence

{ Q( G (n))}n≥2 , correct asymptotic learning obtains if and only if
lim #Q( G (n)) = 0

n→∞

(5.7.8.2)

5.7 appendix

If condition (5.7.8.2) is not fulfilled then even for a large n there exists a finite
number of agents who exit the game after receiving signals only from a finite number
of other agents. Lemma 16 can be proved by contradiction.
Consider the contrary case in which limn→∞ Q( G (n)) = Qe , that is Qe is a set of

agents that exited the game after receiving the private information of a finite number
of other agents. Denote by ai,e for the corresponding action taken by an agent i ∈ Qe

at the end of the learning process, and by ni,e as the number of agents whose signals
i received before exiting the game. Let ne = maxi∈Qe {ni,e }. The above definitions

and notations imply that

ai,e (n) = lim ai,t (n) = µi,∞ (n)
n→∞

such that the variance of ai,e (n) is
var[ ai,e (n)] ≡ var[µi,∞ (n)]
Given the sequence of networks { G (n)}n≥2 , then for an agent i ∈ Qe for whom
ni,e = ne , we have

lim var[ ai,e (n)] = var[µi,∞ (∞)]
"
1
σ2
µi,0 +
= var
2
ne + σ
ne + σ2

n→∞

=

ne

∑ sj

#

j =0

σ4 η 2 + ne σ2

( ne + σ2 )

(5.7.8.3)

2

From Chernoff bound, it follows that
lim lim P (| ai,t (n) − µ̄| > e) > lim lim

n→∞ t→∞

n→∞ t→∞

= 1−



var[ ai,t (n)]
1−
e

σ4 η 2 + ne σ2

( ne + σ2 )

2

>0



(5.7.8.4)

In which case limn→∞ limt→∞ ai,t (n) 6= µ̄. If this is true for an agent i ∈ Qe for

whom ni,e = ne , and from the fact that for all i ∈ Qe ni,e ≤ ne , then (5.7.8.4) must be
true for all i ∈ Qe .

Lemma 17: Condition (5.7.8.2) in Lemma 16 is satisfied if and only if for a sequence

{ G (n)}n≥2 of networks and the corresponding sequence { D ( G (n))}n≥2
lim

n→∞

1
D ( G (n)) = 0
n

(5.7.8.5)
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The proof of Lemma 17 follows directly from the argument that for a sequence
{ G (n)}n≥2 , if by contradiction the corresponding sequence { D ( G (n))}n≥2 is such
that D ( G (2)) < D ( G (2)) < · · · , then similarly for the sequence { Q( G (n))}n≥2 it
must be that Q( G (2)) ≤ Q( G (2)) ≤ · · · with at least one strict inequality. In which
case condition (5.7.8.2) in Lemma 16 will not be fulfilled.
In the case of bounded-rational learning, the variance of X is constant over time
and n, which implies that the “discounted” expected loss is non-increasing, unlike
the the case of rational learning in which it is non-monotonic in nature. Agents
therefore do not have any incentive to wait until longer before taking an action a ∈ A.

That is limn→∞ limt→∞ ai,t (n) = µ̄ can occur only if the network is complete, such

that agents do not have to wait for more than one or two periods before taking an
action in A.

6
VA L O R I Z AT I O N

This final Chapter of the dissertation discusses the valorization opportunities that
this PhD thesis presents. This is in accordance with article 23.5 of the Regulation
governing the attainment of doctoral degrees at Maastricht University. I start by providing
the summary of the socio-scientific implications of the thesis findings. The social and
economic relevance of the study will be followed with a description of the potential
target groups for whom the results may be of interest. I will then present the degree
of innovativeness of the research methods used and how the results of the study will
be disseminated to a wider audience.
This dissertation has focused on three aspects of social and economic interactions:
coordinated change in strategic behavior, opinion formation and the nature of public
beliefs, and the role of the structure of social interactions in shaping both aspects.
The analysis and results of the first part of the project can be directly applied to
the scientific study of how social institutions and technologies may arise and evolve.
Social institutions and technologies are dynamically similar in that they both require
coordinated change in expectations and behavior of individuals. Our analysis of
coordinated change in strategic behavior therefore directly extends to these specific
cases of social and economic interactions. Social institutions can be formally defined
as mechanisms that facilitate interactions and coordination among individuals of any
given society. Examples of social institutions include social norms, forms of corporate governance, terms of economic contracts and private property rights. Social
technologies in this context refer to technological products with positive returns to
adoption, such as information technologies. This dissertation thus contributes to our
understanding of how such institutions and technologies evolve. And in particular,
it shows how innovations can bring about change in social institutions and technologies.
This thesis finds that ( a) the payoff gains from the potentially new social institutional or technology and (b) the structure of day-to-day social interactions, matter in
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shaping their evolution. These two factors determine whether or not the new institution and technology can gain a foothold in the society. Our study shows that for
societies in which connections between individuals are sparse, incremental changes
are feasible. By contrast, for societies in which individuals are highly connected, only
radical changes are feasible. These findings are particularly relevant in the current
Information and Social Ages in which societal interactions are shaped by digital technologies because social interactions such as online relationships, collaboration and
information sharing are becoming more and more structured.
Beyond the above mentioned socio-scientific relevance, the findings in this thesis are also of relevance to firms and policy makers. Social norms and interactions
influence productivity and organizational efficiency in corporations and public organizations. Norms define expected behavior and hence accepted levels of performance by members of an organization. Our findings then imply that when thinking
about changing the working norms within an organization, not only does one have
to consider the potential reward from the desired norm but also the structure of interactions among the members of the organization. Perhaps most importantly, the
results in Chapter 3 imply that if the structure of interactions is known, then the
design of rewards to be offered for adopting a new norm can be determined.
In relation to firms as target groups, our findings can directly be applied in designing market expansionary strategies. The thesis theoretically shows that if the
preferences over a set of consumer or technological products exhibit network externalities, then for a given structure of social interactions among consumers, one can
determine the level of innovation on a product required for it to takeover (at least the
largest share of) the market. Examples of consumer products that exhibit network
externalities range from durable goods in which buyers care about post-purchase
services to IT products in which its benefits depend on how many others in one’s
social network adopt it. In the case where two competing products with network
externalities co-exist within the market, our findings imply that having knowledge
of the network of interactions among consumers enables determination of the level
of incremental innovation on the product for it to gain a larger share of the market. Similarly, when a new product is introduced to the market, it is not only the
relative gains that the new product offers to the consumers but also the structure of
interactions among consumers that determines its success.
Our results are also of relevance to policy makers. The success of any economic
policy depends on public opinion towards it. Consider an example of the current
debate on the exact cause of climate change. After examining nearly 12,000 peerreviewed scientific papers, Cook et al. [29] found that 97.1% of them endorsed the

valorization

consensus position that humans are causing global warming. By contrast, only 41%
of the American public says that global warming is anthropogenic. The success of
any economic policy aiming at reducing anthropogenic factors such as C02 emissions
will then depend on how it affects the 59% of the population with an alternative
opinion on causes of global warming. The second part (Chapter 5) of this thesis studies conditions under which public consensus and disagreement may arise and how
fast structured societies converge to stable public opinion. We show how historical
factors (prior beliefs), the manner in which individuals assimilate new information
and networks governing information exchange interactively shape public opinion.
Knowledge of these factors can be used by policy makers to promote desirable economic policies.
In terms of innovativeness, this thesis introduces novel analytical methods that are
not limited to the field of social sciences. The methods introduced include probability techniques for studying dynamic interaction systems that involve experimentation and communication among interacting entities. It also introduces theoretical
methods for analyzing processes in which interactions among entities are decentralized. Such interaction systems can be found in the field of biological sciences and
computer science. Our theoretical methods can for example be employed to study
flocking and herding behavior in social animals, or biological evolutionary processes.
Similarly, they can also be applied to the study of consensus and coordination in
sensor and electric networks. The theoretical methods introduced will therefore be
of use to a wider scientific circle.
Finally, the dissemination of the outcomes of this project is already in progress. The
results have been presented to international audiences in conferences and seminars.
Presentations have been given at The Centre d’Economie de La Sorbonne and Paris
School of Economics, University of Cergy Pontoise THEMA, Cournot seminars at
Bureau d’Economie Théorique et Appliquée (BETA), University of Strasbourg, Royal
Economic Society Postgraduate Presentation Meeting & Job Market, 10th Workshop
on Networks in Economics and Sociology at Utrecht School of Economics, and Maastricht Lecture Series in Economics. The four main chapters of the thesis have been
rewritten into journal article formats, all of which are under submission for publication in top peer-reviewed economic journals.
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