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Abstract

There is a growing body of research in economics that studies the consequences of time-
inconsistent preferences. This paper introduces time-inconsistent preferences in a general
equilibrium setting. We discuss how the standard notion of competitive equilibrium should
be extended in order to allow for changes in intertemporal preferences. Depending on
whether or not agents recognize that their intertemporal preferences change, agents are
called sophisticated or naive. We present competitive equilibrium notions for economies
with naive agents and economies with sophisticated agents and provide assumptions under
which both types of equilibria exist. Time-inconsistency also raises conceptual issues on the
appropriate notion of efficiency. Of particular importance is the way future intertemporal
preferences are taken into account. An example shows that sophisticated equilibria may
be less efficient than naive equilibria. We specify suitable conditions for which both types

of equilibria satisfy appropriate efficiency notions.
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1 Introduction

The vast majority of the economic literature assumes that preferences are time-consistent.
With time-consistent preferences a decision concerning a future date can be made at any
period before that date and will not have to be reconsidered. Psychological research,
however, suggests that observed behavior is often time-inconsistent. Individuals frequently
have intertemporal preferences that change over time. An example is a phenomenon known
as hyperbolic discounting. Experiments suggest that people tend to be more patient in the
long run than in the short run. While a person may prefer at any point in time one apple
today to two apples tomorrow, he might prefer two apples eleven days from the current
period to one apple ten days from that period. Hyperbolic discounting can explain this
phenomenon while maintaining the assumption of constant instantaneous preferences, but
exponential discounting cannot!.

A consequence of hyperbolic discounting is that a preference for commitment will arise.?
O’Donoghue and Rabin (1999) show the implications of hyperbolic discounting for the
timing of actions. As Laibson (1997, 1998) and Angeletos et al. (2001) show, a model
which takes time-inconsistency into account can have more explanatory power than a
traditional model. They study a representative agent economy, where the agent has a
(quasi-)hyperbolic discount utility function and thus time-inconsistent preferences. They
show that this time-inconsistency can explain empirical anomalies in the data, that cannot
be explained by the exponential model. The hyperbolic model can explain the willingness
of consumers to hold illiquid assets, the drop in consumption around retirement, extensive
credit-card borrowing and the co-movement of income and consumption.

While the effects of time-inconsistent preferences are primarily studied in partial equi-
librium settings, a sound assessment of the total effects of time-inconsistent preferences
requires a general equilibrium approach. Partial equilibrium models might either overes-
timate or underestimate the effects of changing preferences. The study of asset pricing
models like the CAPM with time-inconsistent preferences requires a general equilibrium
set-up. A general equilibrium approach is needed to address the validity of the first and sec-
ond welfare theorems in a world with time-inconsistent preferences. The need for a general
equilibrium approach is also recognized in Luttmer and Mariotti (2002a, 2002b, 2002c¢),
where competitive equilibrium is analyzed for specific classes of exchange economies, for in-
stance when individuals have additively separable utility functions and subjective discount
functions.

In this paper, time-inconsistent preferences are introduced into a full-fledged multi-

See for instance Thaler (1991), Ainslie and Haslam (1992), Loewenstein and Prelec (1992), Rachlin

and Raineri (1992), and Frederick, Loewenstein and O’Donoghue (2002).
2See for instance Hoch and Loewenstein (1991).



period general equilibrium model. We take a general perspective on time-inconsistent
preferences, that incorporates the models of hyperbolic and quasi-hyperbolic discounting
as special cases. We model individuals as consisting of a different self in every period. Thus,
no intrapersonal conflicts can arise when only one period is studied. This perspective differs
from the one in Benhabib and Bisin (2002), who assume that at every period an individual
has two conflicting preferences.

We follow Pollak (1968), in making a distinction between naive and sophisticated indi-
viduals. Naive individuals are not aware of their time-inconsistent behavior. They do not
realize that in the future they might be willing to reconsider choices made today. Sophisti-
cated individuals, on the other hand, are aware of their changing preferences and will take
that into account when making decisions. They will only consider future plans that they
expect to stick to.

In economies with naive agents, planned future prices turn out not to be consistent
with equilibrium in future periods, and have to be revised. The concept of competitive
equilibrium in economies with, possibly time-inconsistent, naive agents is extended to allow
for discrepancies in planned and realized future prices. When agents are sophisticated, they
optimize in the planning period subject to the constraints imposed upon them by their
own, rational, future behavior. Moreover, they are assumed to realize that other agents
are sophisticated as well. We define the appropriate equilibrium concept of sophisticated
equilibrium. Both equilibrium notions are compared to the standard notion of competitive
equilibrium. We provide equilibrium existence results for both economies with naive agents,
and economies with sophisticated agents.

One of the most important results of general equilibrium theory concerns the effi-
ciency of competitive equilibrium. Under standard assumptions, competitive equilibria are
Pareto optimal. When intertemporal preferences change over time, the very definition of
Pareto optimality has to be reconsidered. We make a distinction between myopic and
forward-looking social planners. Also, we consider planners that can change both actual
and planned consumption and planners that can only change the former. The relationship
between these concepts and the traditional Pareto efficiency concept is formalized. We
show that if social planners can change both actual and expected consumption, then naive
and sophisticated equilibria are typically inefficient. However, when social planners can
only change actual consumption, then naive and sophisticated equilibria are efficient under
suitable conditions.

The outline of this paper is as follows. Section 2 introduces the model. The defini-
tion and existence of competitive equilibria in naive societies is the subject of Section 3.
The definition of equilibrium and the proof of its existence for sophisticated economies is

analyzed in Section 4. Sections 5 and 6 introduce the appropriate notions of constrained



optimality, and discuss them in relation to naive and sophisticated economies. Section 5
considers myopic social planners, while section 6 considers forward-looking social planners.
Finally, Section 7 concludes. For the proofs of the lemmas and theorems we refer to the

Appendix.

2 The Model

We study sequences of deterministic exchange economies with non-storable commodities.
There are T periods that are indexed by ¢ € T. In each period, the economy consists of H
households, indexed by h € H, and L commodities, indexed by | € L.2> We will abstract
from the existence of securities that enable households to make commitments with respect
to future deliveries of commodities. The dynamic links between periods are therefore
solely dependent on preferences. The analysis of more complicated asset structures is a
highly relevant issue. However, many of the new conceptual issues that are implicated by
time-inconsistent preferences do already occur in this more simple structure.

With respect to periods or time, a distinction should be made between a planning
period and a consumption period. At planning period ¢, plans are made for consumption
in periods 7, where 7 > t. Planning periods are denoted by subscripts. Superscripts denote
the period for which the plan is made.

At planning period 1, households expect to have a consumption set X C R for the
remaining 7" periods. It is assumed that households have correct expectations about their
future consumption sets. This implies that the consumption set at a planning period ¢
can be derived from the consumption plan realized so far and the consumption set X7
Throughout the paper, we assume that the consumption sets are independent of past
consumption.* Moreover, we will assume that X{" = RET.

At every planning period ¢, households foresee an initial endowment ™ € R for period

b7 is independent

7. Here again, households are assumed to have correct expectations, so e
of the planning period ¢. At planning period ¢, the vector of all expected future endowments
for household A is represented by el = (eht ... eMT).

At every planning period ¢, every household h makes a consumption plan, which indi-
cates how much it expects to consume in the current and future periods. For household h

the consumption in period 7, planned in period ¢, is denoted by xf’T € RY. The planned

3Notice that T indicates both the number of time periods, and the set of time periods. Similarly, H
(L) indicates both the number of households (commodities) and the set of households (commodities). The

context in which the symbol is used will make sure that no confusion can arise.
4Making the consumption sets depend on past consumption complicates the proofs of existence of equi-

libria. For instance, even when the endowments are in the interior of X, for certain realized consumption
plans they might be on the boundary of the consumption set at a future planning period.



consumption path for household h at period ¢ is denoted by zf* = (xf’t, . ,x?’T). For prac-

: : : h,— h,1 hyt—1
tical purposes some other notations will be used: z;"" = (z7",..., 2, ) equals actual

. . horr! h ho's . . .
consumption up to period ¢, z;""" = (z;7,...,x;"" ) is consumption planned at period ¢

for the periods 7 up to 7/, and 2" = (2%,...,2) denotes a consumption bundle, i.e. T
consumption paths, of household h. Moreover, when we drop the superscript h, the prod-
uct over all households is taken, for instance x; = (z},...,z!). Similarly, if we drop the
subscript t, the product over all time periods is considered, x = (xy,...,zr). For all the
foregoing vectors, a subscript [ is added if attention is restricted to a particular commodity
I. We define the set X/~ = Rfr(t_l). Given 2"~ € X~ we define the sets X7, X X'
X" X7, X;, and X correspondingly by taking the appropriate projections and Cartesian
products. In particular, we define X" = RY, X} = ]R_LF(T%H), X = RJLF(T’”H),
Xt =R X =TT,y XP, and X = [T, X"

Notice that x € X consists of T" consumption paths for the entire economy, each one
starting at a different time period. Consumption paths starting at different time periods
are not necessarily consistent. We explicitly allow for the possibility that ] # z],. We call z
an allocation. An allocation is called time-consistent if at all periods the same consumption

is planned for a given future period. This is formally expressed by the following definition.

Definition 2.1 Time-consistent Allocation
An allocation x is time-consistent if, for every h € H, for every ¢t € T it holds that
xi‘ = x?’t’T.

At every planning period, every household has preferences over present and future con-
sumption bundles. These preferences may depend on consumption in the past. Preferences
of household A at planning period ¢, given past consumption x?’f, are represented by the
preference relation t';g,_ defined on X}*. When past consumption is clear from the context,
it is sometimes omitted from the notation, and the preferences of household A at planning
period t are denoted by ="' . The preference =" of household A is the collection of pref-
erences at all possible planning periods, contingent on all possible historical consumption
paths, == (=1 ) cpah-cxh-

An economy is described by its primitives, consumption sets, preferences, and endow-
ments, £ = (X" =" ey

Consider two consumption paths that coincide up to period ¢ > t. Preferences of a
household are said to be time-consistent if the household prefers the one consumption path

over the other at period ¢’ if and only if it also does so at period ¢.

Definition 2.2 Time-consistent Preferences

Preferences for household h are time-consistent if for all periods ¢,¢ € T with ¢t < ¢, for



e hoe _ A=l _htt -1
every x;"~ € X;”7, and z!', 7! € X} with ;""" 7 =7;""" 7 it holds that

h h,t —h
A S
Ty
if and only if
ht', T h,t' —h,t'T
xt, ) >_ ) :L.t, ) i

Preferences are said to be time-inconsistent if they are not time-consistent.’
The following lemma shows that for the verification of time-consistency of preferences
it suffices to make only comparisons involving period 1 and period t. The proofs of all

lemmas and theorems are in the appendix.

Lemma 2.3
If the preferences of household h are such that for every x 7% € X" with 2" = zh
T=1,...,t—1, it holds that

h h,l —h
Ty =Ty

iof and only of

xilz,t,T o hit —ht, T
1

T L1 Ty,

then the preferences of household h are time-consistent.

One of the implications of the lemma is that knowledge of the preference relation =",
together with the requirement of time-consistency, is sufficient for the derivation of all
preference relations >"* . Time consistency makes it possible to derive all future preferences
from the one at time period 1.

The consumption paths chosen by the households depend on current and expected
future prices. In period ¢, the expected prices for period 7 are denoted by pf € P/ = RE.
As before, the vector of expected prices, at planning period ¢, for present and future
periods is denoted by p; = (p!,...,p!). The set of admissible price systems P; is defined
appropriately. The expected prices, at planning period ¢, for periods 7 up till period 7’
are denoted by ptT’T’ = (p],...,p} ), and the complete price system over all periods is
represented by p = (p1,...,pr), where P is defined appropriately. Finally, realized prices
up till period ¢ are represented by p, = (pl,...,p\1).

A distinction will be made between naive and sophisticated households (Pollak (1968)).

Naive households are not aware of their changing preferences. Thus, when making a

®Note that we allow for a more general set of preferences than Laibson (1997, 1998), Angeletos et al.
(2001) and Luttmer and Mariotti (2000a, 2002b, 2002c).



consumption decision in planning period ¢, a naive household h only takes into account the
prevailing preferences at that particular period, N h _. A sophisticated household, however,
is aware of its changing preferences and takes these changes into account when planning
consumption. That is, when planning future consumption in period ¢, it incorporates i:,:,
for all 7 > . ’
First, the behavior of naive households will be addressed. Demand and supply of
commodities is identified and the existence of an equilibrium established. An example

should enhance the intuition on the model. The following assumptions will be made:

Ass. 1 For every h € H, for every t € T, the consumption set X! = RL" "1,

Ass. 2 Forevery he H,t €T, and xf’f € Xth’f, the preference relation tz;f,, is complete,
t
transitive, and continuous.
Ass. 3 Foreveryh € H,t € T, and x?’f € Xh’f the preference relation iz;f,, is monotone,
t
ie. for af, T e X with Z0 > 2P and Z)" > 2}"7 for some 7 > t, it holds that

T - h, .

Ass. 4 For every h € H, t € T, and x?’f € Xh’f the preference relation >h’t,7 is convex

Ty
in present and future consumption, i.e. for 27 7" € X! with 7" - h, ah it holds

that oz + (1 — o)z >x;,, ol for any a € (0,1).
t
Ass. 5 For every h € H, e! > 0.

The completeness, transitivity and continuity assumptions on preferences make sure that
there are continuous utility functions uh;f_ representing the preferences. Furthermore, the
utility functions are weakly increasing and quasi-concave in present and future consumption

by Assumptions 3 and 4.

3 Naive Societies

Throughout this paper, endowments are assumed to be fixed. The dependence of behavior
of individuals on endowments will therefore not be made explicit. In planning period ¢,
given a price vector p;, the naive household will have to make sure that in each future
period the value of its consumption bundle in that period does not exceed the value of its

endowment. That is, the opportunity set of the naive household h at period ¢ is defined by

Y (py) = {zh € X | pfal™ < plet for all T > t}.



The demand set of household h at period ¢ is then given by

ho—\ _ [~ ~h h,
0 (b w’™) = {at € 7 (pe) | 37 =35 i for all i € ' (py)}-
In a standard competitive analysis, preferences are implicitly assumed to be time-consistent.

In our more general setting, one could define a competitive equilibrium as follows.

Definition 3.1 Competitive Equilibrium

A pair (pi,x}) € Py x X is a competitive equilibrium of the economy & if

(a) for all households h € H, xi" € o(p),
(b) YXher®i" = Yhenel-

Note that this definition only concerns the behavior in the first period. Obviously, this
makes sense only when preferences are time-consistent. Another implicit assumption in
the definition of competitive equilibrium in the standard setting is that allocations are
time-consistent, as well as expectations on future prices. This observation leads to the

following notion of extended competitive equilibrium.

Definition 3.2 Extended Competitive Equilibrium

A pair (p*,2*) € P x X is an extended competitive equilibrium of the economy & if
(a) (pf,27) is a competitive equilibrium,

(b) pf = pi“" for every t € T, and

(c) z = 2T for every h € H and every t € T.

To define a competitive equilibrium notion that is appropriate for the study of economies
with time-inconsistent preferences, we first suppose that all households are naive and max-
imize their utilities given past consumption. Thus, at any given price system, every house-
hold demands a future consumption path that is in its demand set. The price system and
demanded consumption bundles will constitute an equilibrium if at any planning period,
for every commodity, the total demand for that commodity does not exceed the total en-
dowment of that commodity. Since preferences can be time-inconsistent, it may well be
that the expected consumption bundles and prices will not be equal to the actual consump-
tion bundles and prices. However, naive households are not able to foresee their changing
preferences and the resulting changing consumption bundles and prices. Thus, at an equi-
librium price system there is no household that wants to deviate from the consumption
plan at any period, given the prices and price expectations at that period. This leads to

the following definition of an equilibrium for naive households.

Definition 3.3 Naive Equilibrium

A pair (p*,2*) € P x X is a naive equilibrium of the economy & if

7



(a) ' e oMpr, ") forallh e Handallt €T,
(b) Yopemxi™ = Deper forallt e T.

The following theorem claims that the set of extended competitive equilibria is a subset

of the set of naive equilibria if preferences are time-consistent.

Theorem 3.4
If preferences of all households are time-consistent, then an extended competitive equilib-

rium of the economy &£ is a naive equilibrium.

The following example shows that the converse is not necessarily true. A naive equilibrium
is constructed such that the expectations in the first period of the second period prices are
not correct. Moreover, would the expected prices have been replaced by the realized prices
in the second period, such that expectations would have been correct, then this would not
have yielded an equilibrium in the first period. We even show that the first-period naive
equilibrium allocation is not compatible with any extended competitive equilibrium, even

though all preferences are time-consistent.

Example 3.5
Consider an economy with two naive households, two goods and two periods. The endow-
ments of the households are el = (e, e;?) = (1,2,0,4) and €2 = (e}, e>?) = (2,1,4,0).

The time-consistent preferences are given by

( L1 11 12 1,2
mln(xll,xm,xll,x”)

12 1,2
if m1n(x1 17551 27551 1521 2) <1

Wttt =

for household 1 and
210,21 22y _ ., 21 21 22 22
ubt (), 177) = mln(xm,xm,xl,l,xl 2)

for household 2.
Consider prices p* such that p; = (1,2,4,1) and pj = (3,4). Then for household 1 it

holds that min(z;’ f,xl ) < 4/5 < 1. Thus, 23! = (12,12, 3, %) is an optimal consumption

3755
2,1 : .
=13, L1 1, 156, %) is an optimal consumption bundle

for household 2. By time-consistency of preferences, when arriving in the second period,

bundle for household 1. Moreover, x;



the households maximize the following utility functions

e 12 12
if min(zy7,255) <1

ut?(@y 2y?) = |
7 , 1/4
(55 @i D -]+ 1
\ if min(zy?3,253) > 1
and
U2’2(1‘;2’17 $§,2) = mln(l%, 1%7 l‘;:%, x;ﬁ)

Then, with prices p3, the second-period budget constraint for household 1 implies that
xé% =4- 3x§?/4 The first household then maximizes (xé? - 1)(3:5% — 1) subject to that
budget constraint, which yields x3"* = (23,21). For household 2, 23>* = (11,11) is an
optimal consumption bundle. Thus, (p*, z*) is a naive equilibrium.

Note that ((z"', 232, (a7, 237%)) = ((12,12,25,24), (13,15, 14,1%)) can not be a
competitive equilibrium allocation. Suppose to the contrary that this allocation is a com-
petitive equilibrium allocation. Then, since household 1 demands more than one unit of
each good for the second period, it will maximize (x}} - 1)(x}§ — 1) in the first period
subject to the budget constraint. By deriving the first-order conditions of that problem,
it can easily be seen that household 1 will demand an equal amount of both goods in the
first period only if ph = p},Z. But then again, it would demand 1% units of each good in
the first period, instead of 1% units. Thus, we arrive at a contradiction. This shows that
(", 235, (23>, 25>?)) can not be a competitive equilibrium allocation. Moreover, by
similar arguments, p = (1,2, 3,4) cannot be a competitive equilibrium price system.

O

Though a naive equilibrium allocation might be incompatible with any extended com-
petitive equilibrium a weaker result can be obtained. If preferences are time-consistent
and a naive equilibrium exists, then at least one of the naive equilibria is an extended

competitive equilibrium as well. This is shown in the next theorem.

Theorem 3.6
Suppose preferences are time-consistent. If a naive equilibrium exists in the economy &,

then also an extended competitive equilibrium exists.

Now the result will be established that a naive equilibrium exists. We will compactify
the consumption sets. Following the approach of Debreu (1959) compounded with an
induction argument, we show that the resulting compactified economy has an equilibrium.

This then implies that the unrestricted economy has an equilibrium.



First of all, let € > 0 and define

XpT o= {x?” € X7

w <Y e+ e for allleL}

heH

for some & > 0. Let A" and 57} denote the corresponding budget and demand correspon-
dences. The economy £ is the compactified economy. We show some properties of the
demand correspondence o,

We denote the (L — 1)-dimensional unit simplex by A, so A = {p € RY | 321 pr = 1},
and we denote the k-fold Cartesian product of A by A¥. The price vectors are now restricted
to the sets P, = AT 1+1,

In the next lemma the box product in p,06"(py, 2" ) is defined by taking for all 7 > ¢

the product of p] and any demand x?’T planned at period ¢ for period 7, i.e.

00" (pr, 2l ) = {(wy, ..., wp) € RFTL | there is an 2 € 6% (py, 27)

such that w, = plz)”", 7 €t,...,T}.

Lemma 3.7

Suppose the economy £ satisfies Assumptions 1-5. Consider a naive household h € H,
a planning period t € T, and a realized consumption plan m?’_ € )?th’_. Then, at prices
pe € ]3t, gf(,xf_) 1s a non-empty, compact and conver-valued, upper-hemi continuous

correspondence that satisfies:
o Walras’ law, p00} (pr, ") = {(ple"™", ..., pFe"T)},

e Homogeneity property, @‘(pt,x?’_) = @‘(ﬁt,x?’_), where for T > t, for A > 0, p] =
M} and B] = p} for T # 7.

Theorem 3.8 (Existence of naive equilibrium)

If the economy &£ satisfies Assumptions 1-5, then there exists a naive equilibrium (p*,z*).

The proof of the theorem requires an induction argument. That is, we first establish
the existence of equilibrium prices and allocations in the first period. Then given the first
period equilibrium allocations, we show that there exist equilibrium prices and allocations

in the second period, and so on.

4 Sophisticated Societies

This section will consider sophisticated households. The introduction of sophisticated

households generates additional complications.

10



The difference between a naive and a sophisticated household is that the former is not
aware of its changing preferences, whereas the latter is. A sophisticated household will only
make consumption plans for the future that it expects to actually stick to. A sophisticated
household can be seen as consisting of different selves, where the first self acts first and
the next selves act subsequently. The behavior of the household can then be modeled as a
game where the players are the different selves. A sophisticated household will then only
play a subgame-perfect Nash equilibrium of that game.5

In the last period, no plans for the future are made. Thus, in the last period, the
opportunity and demand sets of the sophisticated households resemble those for the naive

households. More specifically, the opportunity set in the last period is defined by

¢ijl’(pT,$l%’7) = {ah e X | p%xl;,T < plehTy,
The set of optimal consumption bundles in the last period is then given by

>h oah for all e ¢h(pr, a7}

5%(1’Tax%i) {7} € d)T(pTaxT ) | @
The opportunity sets in earlier periods are similar to those for the naive households, except
for the fact that the sophisticated household restricts itself to future consumption plans
that are in its future demand sets at the expected future prices. That is, the opportunity

set, for the sophisticated household A in period ¢, ¢t < T, is defined by

W (p, ™) = {aleXM| plal™ < piet” forallT >t and
hot+1,T 1T h— bt
Ty’ € &l w wh)}

Since preferences depend on past consumption, the opportunity sets also depend on past

consumption. The demand set for household A in period t, ¢t < T, is then given by:

Epnei™) = {3 € o) (pnar) | & tht zp forall af € ¢f(pr, ap")}.
The equilibrium concept for sophisticated households will be different from the one for
naive households. Since sophisticated households make plans that they will stick to in
the future, following Radner (1972), we define an equilibrium price system in such a way
that expected prices are equal to actual prices, i.e that households have correct point
expectations concerning future prices.” Furthermore, it is then also reasonable to assume
that the consumption choices will not have to be reconsidered. This all leads to the

following equilibrium notion.

6Intrapersonal conflicts only arise when two or more periods are studied. This differs from the per-
spective of Benhabib and Bisin (2002), who assume that at every period an individual has two conflicting

preferences.
"See Dutta and Morris (1997) for alternatives to the concept of rational expectations as used by Radner

(1972).
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Definition 4.1 Sophisticated Equilibrium
A pair (p*,2*) € P x X is a sophisticated equilibrium if

(a) ah e eM(pr,zi" ) forall he H and all ¢t € T,

(b) Ypemai™ = D peper forallteT,
(c) p:t,’T =pj forall ¢, € T with t </,
(d) =

d) 2T = gt for all t,¢' € T with ¢ < ¢/,

Note that this sophisticated equilibrium notion requires a stronger form of rationality than
the naive equilibrium notion. In a sophisticated equilibrium, it has to be common knowl-
edge that expectations with respect to prices are correct. This would be the case if all
sophisticated households would not only be able to calculate their own optimal consump-
tion bundles, but also the optimal consumption bundles of other households. Sophisticated
households would then be able to calculate equilibria, and thus correctly anticipate equi-
librium prices.

The next theorem defines an equivalent equilibrium notion.

Theorem 4.2
A pair (p*,x*) € P x X is a sophisticated equilibrium if and only if it satisfies the following
conditions:

(i) zh e r(pt) for allh € H,

(1) Y pem i =D g€l for allh € H,

(iii) pt =p{“" forallt €T,

(iv) zi = ™" for allh € H and all t € T.

The next result shows that if preferences are time-consistent, then the set of sophisticated

equilibria coincides with the set of extended competitive equilibria.

Theorem 4.3
Suppose that the preferences of all households are time-consistent and that Assumptions
1-2 hold. A pair (p*,x*) € P x X with p* > 0 is a sophisticated equilibrium of the economy

E if and only if it is an extended competitive equilibrium.

In order to derive positive results we will need preferences to be independent of past

consumption. Independence of past consumption is defined next.

Definition 4.4 Independence of past consumption

. . hit hit h,— —h,—
Preferences are independent of past consumption when >"; = >";'_ for every ;" , 7, €
: h,

b Ty t
Xt ,_-
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In this section the following additional assumptions will be made:

Ass. 4’ Forevery he H,t €T, and x?’f € Xh , the preference relation N h _ is strictly
convex in present and future consumption, i.e. for %, 7" € X} with z h ih t,_ zh and

TP # 2 it holds that oz + (1 — )} >$;L,, zh for any a € (0,1).
t
Ass. 6 Preferences are independent of past consumption.

Assumption 6 requires preferences to be independent of past consumption. This restriction
for instance does not allow for habit formation, where consumption depends on consump-
tion in the past. However, it does allow for intertemporal utility functions that discount
hyperbolically or quasi-hyperbolically (Frederick, Loewenstein and O’Donoghue (2002)).
Thus, Assumption 6 does not rule out typical examples of time-inconsistent preferences as
considered in the literature.

If the assumptions, and in particular Assumption 6, are not satisfied, it may well
happen that an equilibrium does not exist. In that case, it cannot be guaranteed that

demand correspondences are convex-valued. This is illustrated in the following example.

Example 4.5

Consider an economy with two sophisticated households h € {1,2}, two goods | € {1,2}
and two periods ¢t € {1,2}. The endowments of the first and the second household are
respectively given by e; = (1,0,1,1) and €2 = (0,1,1,0). Let the preferences of household
1 in respectively the first and the second period be

L1 12y 11 1,2 | 11,1 1,2
u (x1 ,777) = T+ 2+ g (x12+x1,2)7
lnw21 . 1,1
o1 12y — +1In x22 if ) > 1/3
up(zy, y7) = i

3Inzy] + Inay 3 otherwise.

100 12y - : 12 12 : : _ o
Note that uy(z)", r,7) is continuous in z,’7 and x,%5. Given second-period prices p; = pj >

0, the demand of household 1 for the second period satisfies

b2 P21t p22 1 1 D21 T D22 1
21 = 1,1 1 1 1,1
D21 Ty Gl + D21 I+z
1,1
1,2 P21+ P22 P11
Lo =
b

1,1
D2,2 14+x3

if xH > 1/3, and

L2 D21 + P22 1
2,1 p2,1 1 + 1/37
12 Paitpeg 1/3
Loog —
pg,g 1 + ]./3

13



if 1) < 1/3.
By substituting these second period demands and the first period budget constraint in
the first period utility function, household 1 maximizes the indirect utility function v in

period 1, where

1,1 1,1
U(x1,1) = T+ +3

1,1
P21t P22 1 1 pil - p},lel
’ P21 14 x}j 2

1,1

i P21+ D22 Ty
1 11

pl,Z p2,2 1 + ‘,'Ul,l

1,1

1 1
p p + 1 T
(1 g (L
2p1 5 2p; o ’ L+ \ P21 2p29

ve) = 2+ +=

1,1
P21t P22 1 1 pil - p},lel
P21 1+ ]./3 2

i P21+ P22 1/3
p%,Q D22 1+1/3

if xH < 1/3. Note that in the former case v is a nonlinear function, whereas in the

latter case it is linear. The demand correspondence resulting from v is not everywhere
convex-valued.
The time-consistent preferences of household 2 in respectively the first and the second

period are given by

2/ 21 22\ . 21 21 2,2 2,2
ui(ry”,zy") = min (x1,1ax1,2)+x2,1+2x2,27
2/ 21 22\ 29 2,2
uy(xy,wy7) = $2,1+2$2,2-

In the appendix we show that there is no sophisticated equilibrium in this economy.
(I

The next lemma states that Assumptions 1-6 and 4’ suffice to obtain convex-valuedness
of demand of sophisticated individuals. In particular, it is shown that demand is either
empty or single-valued. Another approach would be to study a continuum economy as in
Luttmer and Mariotti (2002a, 2002b).

Lemma 4.6
Suppose the economy & satisfies Assumptions 1-6 and 4. Consider a sophisticated house-
hold h € H, a planning period t € T, and a realized consumption plan xf’f € Xth’*. Then,

at prices p; € Py, £8(:, xff) 18 either empty or single-valued.

We will now establish an existence theorem. The first step is again to compactify
the consumption sets and examine the compactified economy £. The next lemma shows
that demand in the compactified economy satisfies standard properties needed to show

existence.

14



Lemma 4.7

Suppose the economy £ satisfies Assumptions 1-6, and 4’. Then, at prices p; € ]3t, ézl s a
non-empty, compact-valued and continuous function that satisfies the homogeneity property
and Walras’ law for every h € H, t € T.

The existence proof is fairly standard. It can be found in the appendix. The major com-
plication to be taken care of is the part of the proof that shows a sophisticated equilibrium
of the compactified economy to remain an equilibrium after the bounds on consumption

sets have been removed.

Theorem 4.8 Existence of sophisticated equilibrium
If the economy &€ satisfies Assumptions 1-6 and 4’, then there exists a sophisticated equi-

librium (p*, x*).

5 Myopic Social Planners

The next two sections address the issue to what degree the equilibria in both naive and
sophisticated societies are efficient. An allocation is called efficient if there is no feasible
way for a social planner to improve on that allocation. A specification of what is feasible
for a social planner and a definition of ”improve on”, leads to a particular efficiency notion.

We distinguish between social planners that care only about the current self of every
household and social planners that care about all selves of every household. Another
distinction is made between social planners that can only reallocate the consumption that
will actually be consumed in the period they are operating in and social planners that can
also affect expectations concerning future consumption. This section will consider social
planners that care about only the current self of each household. The next section will
consider social planners that care about all selves.

When a social planner takes into account only the intertemporal preferences of the
households in one particular period, this can either mean that the social planner cares
only about the selves corresponding to the period in which the planner is active and is
myopic in that it forgets to realize that the preferences of future selves might differ from
the ones of current selves. Another interpretation is that the social planner has reasons to
believe that the preferences of the current selves of the households are the true underlying
preferences of the households and that the preferences of the future selves of the households
are distorted preferences. Nevertheless, we will refer to the social planners in this section
as being myopic.

We first assume that social planners can alter both actual consumption and expecta-

tions concerning future consumption. We show that in that case naive and sophisticated
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equilibria are typically not efficient. We also introduce a weaker efficiency concept that is
satisfied by equilibrium allocations under certain assumptions. For this weaker concept we

assume that social planners can only alter actual consumption.

5.1 Myopic Overall Pareto Efficiency

In this subsection we assume that myopic social planners can alter both actual consumption
and expectations concerning future consumption. An allocation will be called myopic
overall Pareto efficient if there is no planning period ¢ where actual consumption in that
particular period could be reallocated in such a way that every household would be at least
as well off in that period as at the original allocation, whereas one household would be

strictly better off than at the original allocation. This is given by the following definition.

Definition 5.1 Myopic Overall Pareto (MOP) Efficiency
The allocation x* is myopic overall Pareto (MOP) efficient if there is no other allocation

Z and no period ¢’ such that

(i) ZheH f?’ = ZheH 6?’7

(ii) x4 tz’f,:,_ zi for all h € H, and
o
(iii) @ >le:_ ziP for some b’ € H.
v
The intuition behind this definition is as follows. In every planning period t there is a
social planner who tries to maximize only the preferences of the selves of the households
at period ¢. The social planner reallocates both current consumption and expected future
consumption plans. Now an equilibrium is called MOP efficient if there is no sequence of
social planners that behave as described and that can make at least one household better
off than in equilibrium, while not making any household worse off.®
MOP efficiency is closely related to Pareto efficiency. In our multi-period context, by
restricting attention to the preferences of households at period 1, Pareto efficiency could

be defined as follows.

Definition 5.2 Pareto Efficiency

The allocation x* is Pareto efficient if there is no other allocation Z such that

(i) ZheH f? = ZheH 6?7

(ii) % =Pt z3h for all h € H, and

8Note that a MOP efficient allocation is renegotiation-proof in the sense of Luttmer and Mariotti
(2002Db).
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eee ~h! ! !
(iii) % =1 23" for some b’ € H.

The following theorem shows that the two concepts are equivalent when preferences are

time-consistent and when attention is restricted to time-consistent allocations.

Theorem 5.3
Suppose preferences are time-consistent. Then a time-consistent allocation is MOP efficient
iof and only if it s Pareto efficient.

In settings with incomplete markets, it has been shown that equilibria are typically not
Pareto efficient. They typically are not even efficient when weaker efficiency concepts are
used.? Therefore, since we have a sequence of markets that do not allow for intertemporal
income transfers, examples showing that naive and sophisticated equilibria may be MOP

inefficient should not come as a surprise.

Example 5.4
Consider an economy with two households, two periods and two goods in each period.
Let the endowments be given by e®” = (1,1) for all h,7. The first period preferences of

respectively the first and the second household are given by:

1,1 1,1 1,2 1,2
ui(xi) = 2(551,1 + x1,2) T T
2 2,
1

202y _ .21, 21 2,2 2
ui(ry) = a7y + a7 + 227 + 273),

’

and in the second period by

up(wy) = @1+ 55
2,2 2,2
u%(x%) = 2(%,1"‘@"2,2)-

Consider prices p] = (1,1) for every 7,¢ with 7 > ¢. Then the allocation
«h,1 _xh,1 _xh,2 _xh,2\ __
(xl,l 7‘%.1,2 7‘%.1,1 ,1'1’2 ) - (]-7 ]-7 ]-7 ]-)7
h2 _xh2
(x;,l ax;,z )=(1,1)
is a naive and sophisticated equilibrium. However, with the allocation T as defined next,
the households are better off in the first period.
SLL A1 ~12 412
(7 1ax1,2ax1,1ax1,2) =(2,2,0,0),
~21 221 ~22 ~22\
(7 17x1,2a$1,1ax1,2) =(0,0,2,2),
=(1,1).

Thus, this naive and sophisticated equilibrium is not MOP efficient.
(I

9Gee for instance Geanakoplos and Polemarchakis (1986), Citanna, Kajii and Villanacci (1998) and
Herings and Polemarchakis (2003).
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The next example shows that a sophisticated equilibrium may even be dominated by a

naive equilibrium.

Example 5.5
Consider a two-period economy with two households and two goods. Let ™ = (1,1) for

all h, 7. The first-period utilities for the two households are as follows:

1 1 — lal ) lal )
up(ry) = 2(xy) +x)) s+,

ui(a)) = @
The utilities in the second period are given by:

u%(xy) = 37;’? + 2$2z2a
2 (222) 22 | 22
Note that the utility functions are continuous and strictly increasing in every argument.
Suppose that the prices of the two goods are equal in the second period, i.e. pg,l = pg,Z.
Since household 1 (2) cares more about consumption of good 2 (1) in period 2, it will spend
all of its wealth on good 2 (1). More specifically, the demanded consumption bundles are

as follows:

(253%, 2557) = (0,2),

(2332, 2357) = (2,0).

Since markets clear this allocation can be sustained in equilibrium.

Note that the foregoing analysis does not depend on whether households are naive
or sophisticated. Both types of households would face the same maximization problem.
For the analysis of period 1, however, a distinction has to be made between naives and
sophisticates. To avoid confusion, a superscript "n” is added for naive households and a
superscript ”s” for sophisticated households.

Suppose that for each period the expected prices of both goods are equal, i.e. pil = pi2
and pil = piQ. Since the naive household 1 (2) now cares most about consumption of good

1 (2), the demanded consumption bundles are as follows:

xnl,1 _xnl,1 _xnl,2 _xnl,2 _
(1‘1,1 71‘1,2 71‘1,1 ,1'1’2 ) - (2707270)7

*n2,1  *n2,1 ¥n2,2 *n2,2 .
(x1,1 L2 HT11 5T19 ) = (0,2,0,2).

Thus, again, the assumed relative prices can be sustained in equilibrium.
Now the assumption will be made that all households are sophisticated. Suppose again

that the prices of the two goods are equal in both periods. Demand for sophisticated
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households is as follows:

*s1,1 _*s1,1 _xs1,2 xs1,2 .
(xl,l 71‘1,2 71‘1,1 ,1'1’2 ) - (2707072)7

*52,1 52,1 *52,2 %s2,2 _
(xl,l 71‘1,2 71‘1,1 7‘%.1,2 ) - (0727270)7

and again markets clear.
Note that both households are better off if they are both naive than if they are both

sophisticated. This can be seen by calculating their utility levels in both cases.

(uf' uy) = (8,4),

(ui17 u%) = (67 4)7

(uf?,u3) = (8,4),

(ui27 u%) = (67 4)'

By reallocating the goods in the sophisticated equilibrium, all households can be made
strictly better off as at the equilibrium allocations in period 1. This means that the
sophisticated equilibrium is not MOP efficient. Moreover, all households could benefit from
being naive instead of sophisticated. Here the sophisticated households are too forward-
looking.

(Il

5.2 Constrained Myopic Periodical Efficiency

In this subsection we assume that a social planner can only reallocate commodities in the

current period. This leads to the following definition.

Definition 5.6 Constrained Myopic Periodical (CMP) Efficiency'’
The feasible allocation x* is constrained myopic periodically (CMP) efficient if there is no

other allocation Z and no period ' such that

byt 1T hot/+1,T
(i) " =2 for every h € H,

s ~ht!
() Xohen T = Dpen e,
(iii) EZ’;,_ zi for all h € H, and
t

. ~h! Rt ’
(iv) @0 =", _ a for some h' € H.
S
!

ONote that a CMP efficient allocation is renegotiation-proof in the sense of Luttmer and Mariotti
(2002Db).
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The interpretation of this concept is similar to the interpretation of the concept of MOP
efficiency. The following theorem says that this concept is weaker than the concept of

myopic overall Pareto efficiency. Its proof is obvious and therefore omitted.

Theorem 5.7
If an allocation is myopic overall Pareto efficient, then it is CMP efficient.

The following theorem shows that a naive equilibrium allocation must be CMP efficient

under the assumptions of the foregoing sections.

Theorem 5.8
In an economy & that satisfies Assumptions 2, 8 and 4 a naive equilibrium allocation is

CMP efficient.

As the next example shows, a sophisticated equilibrium allocation is not necessarily CMP

efficient under Assumptions 2, 3 and 4.

Example 5.9
Consider an economy with two sophisticated households, two commodities and two periods.

Let the preferences of household 1 be given by

1,2
T1,2

NNy

o1 12y a1, Lo 1,2
uy(zy,2%) = T+ X T+

4

L2 1,12 L1
Tyy + 3Ty, if oz <1
101 12y
up(zy, ") =

+
8
N =

2 i s
Let the preferences of household 2 be given by

ui(at ay’) =

1,22, .22 2,1
TP T ayy if 2y, <1
20,21 22\ _
uy (27, 37) =

22, 1.22 . 2,1

Let the endowments be given by e?’t = 1 for every good [, for every period t, for every
household h.

Now consider prices and allocation (p*, z*), where pi; = 1 for every [ € L and every
t,7 €T witht <7, 23" = (1,1,2,0), 23 = (1,1,0,2), 23" = (2,0), and z3?> = (0,2). It can

easily be seen that the pair (p*, z*) constitutes a sophisticated equilibrium.
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However, consider the allocation & where 1 = (2,0,2,0), 7% = (0,2,0,2), 3 = (2,0),
and 73 = (0,2). Note that in the first period both households are better off. Therefore,
the sophisticated equilibrium allocation z* is not CMP efficient. O

By restricting the degree of time-inconsistency in such a way that consumption decisions
do not depend on past consumption, a sophisticated equilibrium allocation can be shown
to be CMP efficient. This is done in the following theorem.

Theorem 5.10
In an economy & that satisfies Assumptions 2, 8, 4 and 6, a sophisticated equilibrium
allocation is CMP efficient.

Thus, if the degree of time-inconsistency is restricted, then a sophisticated equilibrium
is CMP efficient. Note that the same restriction was needed in order to derive existence of
equilibria. As soon as consumption decisions are allowed to depend on past consumption,
a sophisticated equilibrium does no longer have to exist. Moreover, as this section shows,
even if a sophisticated equilibrium does exist in that case, it may be inefficient. This

illustrates once again the importance of the degree of sophistication in the model.

6 Non-Myopic Social Planners

In this section we will consider social planners that care about all selves. A social planner
will reallocate consumption only if by doing so he can make one self of one household better
off, while not making any self of any household worse off. Note that on the one hand one
might expect social planners to have more opportunities to improve welfare now, in the
sense that there are more selves to be made better off. On the other hand, social planners
have less opportunities to improve welfare since preferences depend on consumption in the
past. In the foregoing section a social planner was allowed to make future selves worse off,
but here that is no longer allowed. Thus, there is no clear direct relationship between the
concepts in this section and the concepts in the foregoing section.

In order to define the concepts in this section, we need to extend the preferences of
households. We now want to enable households to compare consumption bundles with
different realized past consumption. Although we assumed up to now that households
have preferences over future consumption given past consumption, people also often seem
to have preferences over past consumption. People cannot change the past, but one may
assume that they know what past they would have liked if they could have chosen it. In
this subsection we will extend the preferences of a household A in period t to preferences

with domain X?. We denote these preferences by =*** and impose the following restriction
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on them

(@ oal) = @)
iff
h, _
x? tm,’;* x,’}

for z T € X! and z]"~ € X/"". Notice that on top of comparing consumption bundles
with identical past consumption, =*"! can also be used to compare consumption bundles
with different past consumption.

We need to redefine independence of preferences on past consumption in order to obtain

positive results in this section.

Definition 6.1 Strong independence of past consumption
Preferences >**' are strongly independent of past consumption if the following holds:
@, 2 =t (7, Zh) if and only if (a7, Zh) =40t (207 T for every 2T, T € X7

We replace Assumption 6 by Assumption 6’, which is as follows.

Ass. 6’ Preferences =**! are strongly independent of past consumption.

Note that this assumption is stronger than Assumption 6. Consider a household with
preferences =*** represented by U(x," ,2}) = 3,3 s x?,'il + D st der x?,’lt,. These
preferences do satisfy Assumption 6, but not Assumption 6’. With these_speciﬁc preferences
past consumption does not influence current behavior, but past consumption does influence
current, utility.

We will again first consider social planners that can alter both actual consumption and

expectations about future consumption.

6.1 Overall Pareto Efficiency

In this subsection we consider social planners that can alter expectations concerning future
consumption. Combined with the assumption that social planners care about all selves,
the natural extension of the myopic overall Pareto efficiency concept yields the following

definition.

Definition 6.2 Overall Pareto (OP) Efficiency
The feasible allocation z* is overall Pareto (OP) efficient if there is no other allocation

and no period ¢’ such that

(1) Dhen iy = Yohen el for all t > ¢/,
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(ii) (a::,h’_,j}?,’t,, o EE Y et (T ) for all h € H and all t > ¢, and

h.— ~h' .t ~h' =1 ~p g h . — ’
(iii) (x5 7, Ty T @) =0 (a7 a) for some B’ € H and some " > t'.

The intuition underlying this definition is as follows. The same social planner is now
assumed to be active in every period, or social planners can specify binding contracts for
their successors. A social planner will reallocate commodities only if by doing so one self

of one household is made better off and no self of any household is made worse off.

Theorem 6.3
Suppose preferences are time-consistent and satisfy Assumption 6°. If a time-consistent
allocation is Pareto efficient, then it is OP efficient.

Note that an OP efficient allocation might not be Pareto efficient, even if preferences
are time-consistent and satisfy Assumption 6’. Consider for instance an economy with
two households, where one household has a much lower discount factor than the other.
Consider an initial allocation where consumers have strictly positive endowments both in
period 1 and in period 2. Then a social planner that cares only about the selves in the
first period would let one household consume only in the first period and the other only
in the second period. However, when the social planner would also have to take care of
future selves of the households, this would not be possible. The household that would not
consume in the second period would be better off in the first period, but worse off in the
second period.

Consider Example 5.4. Note that, while households are better off in the first period at
the new allocation & compared to the naive and sophisticated equilibrium allocation z*,
they are not worse off in the second period. Thus, the naive and sophisticated equilibrium
allocation z* is not OP efficient. Similarly, the sophisticated allocation in Example 5.5 is
not OP efficient.

The overall Pareto efficiency concept is not very appropriate for application to sophis-
ticated societies. We allowed a social planner to change actual and expected consumption
in such a way that the resulting reallocation might be time-inconsistent. Consider what
might happen in a sophisticated society. In every period a social planner announces actual
and expected consumption bundles for that period. It might happen that the expected
consumption that a previous planner announced is not the same as the consumption the
current planner announces. A sophisticated household will then realize that the current
announcement might also not come true the next period. Therefore, there is no reason why
the sophisticated household would believe the announcement of the social planner, which

contradicts the fact that a social planner would be able to alter expectations of households.
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In sophisticated societies, it makes sense to allow a social planner to change allocations
only in such a way that the reallocation is time-consistent. This is formalized in the

following definition.

Definition 6.4 TC Overall Pareto (TCOP) Efficiency
The feasible time-consistent allocation z* is time-consistent overall Pareto (TCOP) efficient

if there is no other time-consistent allocation # and no period t' such that

(1) Yopen @t = pemer forallt >t
(i) (aim, &t By et (T ) for all h € H and all ¢t > ', and
(i) (z37, @00 L Eh T g ) - (i ek for some h' € H and some ¢ > ¢,
The following theorem simplifies this definition, which we will need in later results.

Theorem 6.5
A feasible time-consistent allocation x* is TCOP efficient if and only if there is no other

time-consistent allocation T and no period t' such that

(i) ZheH Zhey 61,

(ii) (a3, @) =t a3t for all h € H and all t >t , and
(iii) (3" i L) = W 3 for some h' € H and some t" > t.

Theorem 6.6
Suppose preferences are time-consistent and satisfy Assumption 6°. If a time-consistent
allocation is Pareto efficient then it is TCOP efficient.

A similar argument as before shows that a TCOP efficient allocation might be Pareto
inefficient.

The following theorem claims that if preferences are independent of past consumption,
then a sophisticated equilibrium allocation is TCOP efficient. We refer to Example 6.11

for an illustration that we indeed need independence of preferences on past consumption.

Theorem 6.7
In an economy & that satisfies Assumptions 2, 3, 4 and 6°, a sophisticated equilibrium
allocation is TCOP efficient.
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6.2 Constrained Periodical Efficiency

In this section we assume that social planners care about all selves, but that once equilib-
rium expected consumption is given, the planners cannot alter those expectations anymore.
That is, a social planner can only alter actual consumption. This yields the following def-

inition.

Definition 6.8 Constrained Periodical (CP) Efficiency
The feasible allocation x* is constrained periodically (CP) efficient if there is no other

allocation  and no period ¢’ such that

byt 1T hot!+1,T
(i) @' =P for every h € H,

.. ~h,t' ’
(i) ZheH xt’t = ZheH et
(iii) (a7, &h) ="t (2™~ 23h) for all h € H and all t > ¢, and
(iv) (a7, &) =" (2307 axt') for some h' € H and some ¢ > ¢/,

Note that since expectations concerning consumption are kept fixed, that is, only present
consumption can be changed, it is not necessary to introduce a time-consistent variant
of this definition as we did in the foregoing section. Contrary to the concept of TCOP
efficiency, the CP efficiency concept is also applicable to naive societies.

The following theorem says that the CP efficiency concept is weaker than the OP

efficiency concept. Since its proof is obvious, it will be omitted.

Theorem 6.9
If an allocation is OP efficient, then it is CP efficient.

A similar theorem holds for time-consistent allocations and TCOP efficiency.

Theorem 6.10
If a time-consistent allocation is TCOP efficient, then it is CP efficient.

The next example shows that under Assumptions 2, 3, 4 and 6, naive and sophisticated

equilibria need not be constrained periodical efficient.

Example 6.11

Consider an economy with two periods, two households and two goods. Let the endowments
of all households be equal to 1 for each good in each period, i.e. ™™ = (1,1) for all h, 7.
For both households the preferences in the first period can be represented by the following

utility function:



In the second period, the preferences of the household are represented by the following

utility functions:
100 1y 1,1 1,1 1,2 1,2
uy (T, 35) = 25151,1 T Ty + Ty + Xy,
2/ 21 2y 21 2,1 2,2 2,2
uy(zy, 13) = Ty + 2275 + 257 + 255

Consider a price system where the prices of all goods are equal in both periods, i.e. p’{}l =

pih = pi = pi% and p3’ = p3%. The following allocations are consistent with optimizing

behavior of both naive and sophisticated households at the price system p*:

(@ 2yt e 2 = (1,1,1,1),

(31" 255°) = (1,1),

for every household h. Thus, at the price system p*, markets clear, and (p*,z*) is both
a naive and a sophisticated equilibrium. Note, however, that this equilibrium is not CP
efficient. In this equilibrium the first-period utility equals 4 for both households, while the

utilities in the second period equal 5. Now consider the allocation

LBV ) = (2,0,1,1),
,it3) = (0,2,1,1),

where the utility levels in the first period remain equal to 4 for both households, whereas
the utilities in the second period both equal 6 under correct expectations. Thus, at the
allocation Z, households are not worse off in the first period, and better off in the second
period. Moreover, the allocation ¥ is feasible. Therefore, the equilibrium allocation x* is
not CP efficient.

O

If preferences are strongly independent of the past, however, then naive and sophisticated

equilibria are constrained periodically efficient.

Theorem 6.12
In an economy £ that satisfies Assumptions 2, 3, 4 and 6°, naive and sophisticated equilib-

rium allocations are CP efficient.

7 Conclusion

Although the economic literature typically assumes that people have time-consistent pref-

erences, psychological research indicates that time-inconsistent behavior of humans and
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animals cannot be ignored. Due to time-inconsistency a preference for commitment can
arise, which does not arise if preferences are time-consistent.

In this paper, changing preferences are introduced in a multi-period general equilibrium
model. Changing preferences require new concepts of for instance behavior, equilibrium,
and welfare. Equilibrium concepts are defined that satisfy a particular form of efficiency
and some surprising results are obtained about economies with time-consistent preferences.

A distinction is made between naive and sophisticated societies. Appropriate equilib-
rium notions of naive and sophisticated equilibrium are defined. We extend the standard
competitive equilibrium notion and call it an extended competitive equilibrium. It is shown
that, in the case of time-consistent preferences, an extended competitive equilibrium is a
naive equilibrium and a sophisticated equilibrium coincides with an extended competitive
equilibrium. An intriguing result is that with time-consistent preferences there can be
naive equilibrium allocations that are not compatible with any competitive equilibrium.
For naive societies an equilibrium is shown to exist under quite general conditions. For
sophisticated societies, however, the existence of an equilibrium can be established only
under certain assumptions on time-inconsistency.

Several efficiency criteria are introduced. A distinction has been made between social
planners that take into account only the preferences of the current selves and planners
that take into account the preferences of both the current and future selves. Moreover,
we distinguish the cases where social planners can change only current consumption or
both current consumption and expectations concerning future consumption. When social
planners can change expected consumption, naive and sophisticated equilibria are typically
not efficient. When social planners cannot change expected consumption, however, we
provide sufficient conditions for both naive and sophisticated equilibria to be efficient.

Main interesting issues for future work remain. These involve existence and efficiency
issues, as well as extensions of the model to settings with a general specification of incom-
plete markets. Such a specification would be interesting, since it gives rise to new options
for commitment by agents. There are also many conceptual issues left over. Up to now we
considered the extreme cases where it is either common knowledge that behavior of indi-
viduals is naive, or common knowledge that individuals behave sophisticated. Alternative
assumptions on expectations concerning individuals’ own future behavior or the behavior of

others are possible, leading to distinct equilibrium concepts and related efficiency notions.

8 Appendix

Lemma 2.3

If the preferences of household h are such that for every x? a0 € X! with o™ = zh7
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T=1,...,t—1, it holds that
i
if and only if

htT o hit _ht,T
Ty gholt—1 xr,
1

then the preferences of household h are time-consistent.

Proof
h,— h,— — hott! —1 _ —htt 1
Let z,° € X;” . We first show that when 2 7" € X} are such that z;"" =z,
then
ho o ht  —h
T
~ h,—
t a! t
implies
N _ht'\T
xt — h,— _hitt'—1 xt .
(zg my )

If xf tz;f,, 77, then it follows from the “if” part of the hypothesis of the lemma that
t
(™ af) = (7).

The “only if” part of the hypothesis yields

Rt T byt —h#',T
xt, ’ E ,h,f hot,t! —1 xt, T
(zy oy )
The proof that
Rt T byt _h,t!, T
J"t, ’ i ,h,f hyt,t! —1 "L.t’ ’
(zp sxy )
implies
Rt —
wf = T
Ty
is similar. Q.E.D.

Theorem 3.4

If preferences of all households are time-consistent, then an extended competitive equilib-
rium is a naive equilibrium.

Proof

Suppose (p*, z*) is an extended competitive equilibrium. Since 2™ = "™ for every h and
every 7 > t and >,y x" = 3, el it can easily be seen that (b) of Definition 3.3 is
satisfied. It remains to be shown that Condition (a) of that definition is satisfied.
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b1 b (pttTy . Moreover, for every zl € vP(pit")

h,l,t | *h,1t—1
=zl and ] =1 .

Notice that if 21" € 47 (p}), then z]
there is 2" € v (p}) Wlth bt =
We know that x3" € 6#(p}). Thus, 3" € y(p}) and 23" ="' 2h for all 2 € +I(py).

xh,t, T >_h h

Then, by time-consistency of preferences, z; = oLt a:t for all ) € fyt( *tT), SO

T e gh(pit T Ny = 6P (pr, ™). Thus, the extended competitive equilibrium is a

naive equilibrium. Q.E.D.

Theorem 3.6

Suppose preferences are time-consistent. If a naive equilibrium exists, then also an extended
competitive equilibrium exists.

Proof

Let (p*,z*) be a naive equilibrium. First of all, note that """ (pt) = 4 (pi*"). Then we

know that T e Al (p T, Furthermore, (zt/b' ! 0Ty =t (b=t BTy for all
htT «t,T
a € ()
By time-consistency of preferences it holds that x*htT th,fh Lo x’ftT for all xh’t’T €
Ar@T). Thus, 2™ € h(piT, 1), Let p and T be deﬁned by by = pi"" and
7t = 25" Tt then follows immediately that (p,7) is a naive equilibrium. Q.E.D.

Lemma 3.7

Suppose the economy £ satisfies Assumptions 1-5. Consider a naive household h € H,
a planning period t € T, and a realized consumption plan xf’f € )?thf Then, at prices
JS f’t, ﬁ\f(,x,lff) 15 a non-empty, compact and convex-valued, upper-hemi continuous

correspondence that satisfies:
e Walras’ law, ptEIZS\f(pt, zPT) = {plett, ... ple T},
e Homo . Sh h,=\ _ Sh(= ,h— ' =7 _
geneity property, 8 (py,al) = 3B, x)), where for ' > t, for A > 0, By =
] and p} = pi for T # 7'
Proof

(i) Since €' € F(p;), 7 (p¢) is non-empty.

(ii) Consider a sequence {p,"}~_, With pi™ — p;. Let the sequence {xfm}oo be such
that 2™ € A*(p,™) for every m and 2™ — xt By closedness of Xh and since p] "z, h™ <
pr™el” it follows that ! € 37 (p;). Since 37 is bounded, 3 is upper-hemi continuous.
(iii) Let {p™}2°_, be a sequence of prices with p,™ — p,. Let z € 3"(p;). Then pJa" <
prer. Deﬁne a™™ such that p™a™ "z = p[m el

If i) < pt et , then p] ™z, T < p[m " for m larger than a certain value M'. In that

h
case deﬁne " = xt " for m > M.

Otherwise, if pJzl"™ = plel”” > 0, it holds that p]™el"” > 0 and p;™z]"" > 0 for m

larger than a certain M?2. Now, if a™™ > 1, then define th = a:t " and if a™™ < 1, then
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define x?’Tm =a "z, T for m larger than A2, Note that in this case ™™ is unique and
tends to one, since a™™ = pI™el" /pr™ T > 0.

For all m smaller than or equal to M! or M? define 2™ arbitrarily such that 2" €

Y (™).

Then z'™ € At (py™) for every m and ™ — z!. Thus, 3" is lower-hemi continuous. It
follows that A% is continuous.

We can then apply the Theorem of the Maximum to establish that /52‘(, z}"7) is non-
empty, compact-valued and upper-hemi continuous.

Convex-valuedness of 257; is straightforward. Walras’ law follows from monotonicity. The
homogeneity property follows immediately from the definition of the budget constraints J7.

Q.E.D.

Theorem 3.8 (Existence of naive equilibrium)

If the economy &£ satisfies Assumptions 1-5, then there exists a naive equilibrium (p*, z*).
Proof
Define 2, = ¥y X1 = Ypeqfel} and for any 7 € Xi, Glon i) = Yoy (o2l ) —
ZheH{e?}. Using Lemma 3.7, the correspondence Zt(, x, ) is non-empty, compact-valued,
convex-valued and upper-hemi continuous on ﬁt
Define p,(z) = {p; € ﬁt | pf 2] > p]z] for all p, € Pt for all 7 > t}. By the theorem of
the maximum, g, is non-empty and upper-hemi continuous. Moreover, p, is convex-valued.
For z, € )?t’, define ¢4(-, ;) : ﬁt X Zt — ]3t X Z as ¢u(pry 2, ) = pu(21) X Et(pt,x{).
First, consider period 1. By Kakutani’s fixed point theorem ¢;(-) has a fixed point
(P, 71) € m(Z1) x Gi(p}).

KT 5T

Since then p;"z] < 0 for every 7, we know, by the definition of p;, that Z; < 0. The

3 (p}).

By Walras’ law (Lemma 3.7), we know that pi7 = 0 if 27, < 0. By monotonicity, the

. . _h
corresponding consumption bundles are denoted by z7 €

excess supply of good [ for period 7 can be given to any household without making that
household worse off and without violating the budget constraints. Thus, given prices pj,
zi=0¢€ G (p%). Denote the corresponding demands by zi".

It remains to be shown that zi* € §%(p}) for every h. Suppose that this is not the case,
i.e. suppose that there is a household h with z%" ¢ 5h(p’{) That would mean that there

is an z" € 6 (pt) with zh =™ 2" Since x*hT

< D hen el + ¢ for every 7, and every [,
there would be a small positive number A € (0,1) such that Az} + (1 — N)zih € Fh(py),
and A" + (1 — N)ah ="! zh which would contradict 3" € 6" (p}). Thus, zi* € 6" (p?)
for every h.

Now suppose that for every 7 < t there exist p* such that 0 € ( (p%, z%7). Then,

by a similar argument as before it can be shown that there exists a p;,; such that
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0 € Cr1(Pfyys 2i5)- This argument of induction then establishes the existence of a naive
equilibrium.
Q.E.D.

Theorem 4.2
A pair (p*,x*) € P x X is a sophisticated equilibrium if and only if it satisfies the following

conditions:
(i) xi" € £ (pt) for allh € H,

(1) Y pemg T =D g€t for allh € H,

(iii) pt =pi"" forallt €T,

(iv) zh = 2" for all h € H and allt € T.

Proof

It can immediately be seen that a sophisticated equilibrium pair (p*, z*) satisfies (i)-(iv).
It remains to be shown that a pair that satisfies (i)-(iv) is a sophisticated equilibrium.
Let (p*,z*) satisfy (i)-(iv) and let ¢ < ¢'. Then, by (iii) pf = p{*" and p} = p;"". So

pi"" = pi and (c) is satisfied. Furthermore zp = 2" and 2 = 237, So 2" = & and
(d) is satisfied. It also holds that »_, , 2;" = >, 7] bl = = > hen €1 e = =Y pemer, so

(b) is satisfied. Finally, 23" € £8(p}), so 23" € ¢"(p}), which implies that (232, ... 23hT) €
Enp>", 2. But then, x’z‘h € &r(ps, 23", Now, by an argument of induction it can be
shown that it € & (p;,x*h ) for all t. So (a) is satisfied too. Thus, a pair (p*,z*) that
satisfies (i)-(iv) is a sophisticated equilibrium.

Q.E.D.

Theorem 4.3

Suppose that the preferences of all households are time-consistent and that Assumptions
1-2 hold. A pair (p*,x*) € P x X with p* > 0 is a sophisticated equilibrium of the economy
E if and only if it is an extended competitive equilibrium.

Proof

First of all, let (p*, z*) be an extended competltlve equ1l1br1um Since zi" € 6% (p}) we know
that 3" =M1 2h for every 2% € X1 with p1 x1 T<pyT 61 " for every 7. By time-consistency
«h, T _h,T

h,T h,T h,T
= T for every 2T e Xh with pTaT < piTelT
Ty

It follows that l‘*hT € gT(pl ,x»{h,l,T 1). We show next that x*h,t,T c gt( *tT,xih,l,tfl)

w)h,7,T € gh( 7,1 :U;h’l’T 1)

we then know that x

for every ¢t. Assume that z] for every 7 > t. Suppose that

gt g gh(pet? b1y Then there must be a consumption bundle that is strictly
preferred to xlhtT but is in the opportunity set at time ¢, which, by time-consistency,
leads to a contradiction of zi* being an optimal consumption bundle for household A in

period 1. Thus, (p*,z*) is a sophisticated equilibrium.
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Now let (p*, z*) be a sophisticated equilibrium. Suppose that (p*, z*) is not an extended

competitive equilibrium. Then there must be a household 4 and an Z# € X} such that

~ : ~h
zh =l prh with piTzl" < piT 61 " for every 7. Consider the maximum of those Z% with

respect to ="' Such an Z? exists because preferences are continuous. Since 77 is not

chosen by h, there must be a #; > 1 such that 2" ¢ & (p Aol b=l T Q6 there must

h ~ht) T
be a t| > t; and an xﬁl € Xt such that xt, - htlt,_l lt and pj” h,T < pi7 el’” for

every T > t}, and by time-consistency (7; Fhbht ~h) Wbt b gxh - which contradicts

our assumption on 7.

Q.E.D.

Example 4.5
An important role is played by the second derivative of v with respect to IH It is given
by

d*v _ P21t pep (i B L)
dx}’}Z (1+ x}})?’ P21 D22

1,1

for z); > 1/3 and is equal to 0 otherwise. Thus, when a:l 7

> 1/3, it depends on the
prices whether v is convex (pa,;1 < 2p22), linear (pa; = 2p22) or concave (pa1 > 2pa2). We
distinguish three cases accordingly.
Case 1
First consider the case where py; < 2p, 5. Note first that in this case the second derivative
of v with respect to x}} is larger than 0 for x}} > 1/3 and equal to 0 if xH <1/3.

First, assume that 2pl, < p},, so that the first derivative of v is negative when z;’ >

1/3, i.e.

doyy 2pip  (1+apy)?

2272,2 P21

dv 1 1 1
Py " D21 + D22 < ) <0

for xl 1> 1 /3. It is easily verified that the first derivative of v is negative as well for

apy < 1/3. Then z{;" = 0. Note that if z{;" = 0, then in equilibrium it must hold that
xﬁl = 1, which is only possible if p;; = 0. However, then demand for goods would be
infinite in the first period, which cannot yield an equilibrium.

Now assume that 2pj, > p;,. Since the second derivative of v is larger than 0 if
Ty 1 > 1/3, it holds that v is convex for xl | > 1/3. Thus, the optimal xl 1 will not be an
interior solution if z); > 1/3. Thus, either z};" € [0,1/3] or z7;' = 1. If zj;" = 1 then
pi 2 = 0, since otherwise household 2 would never be willing to consume x*2 "= 0. But if
pi 2 = 0, then household 1 will demand an infinite amount of good 2 in period 1. Thus,

this can also not yield an equilibrium. So consider x*l "' € [0,1/3]. Then, for the second
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period demand it holds that x’é’l{Q > 9/8. However, it also holds that x’f{Q = 1. Thus, there

would be excess demand of good 1 in period 2.

Case 2
Now consider the case where py 1 > 2ps 2. Then x;?f = Zi—:; and x;?f = 0. So in equilibrium
it would have to hold that z3;* = 2 and 233" = P s, Tirst of all, assume that
x’{}l’l > 1/3. This would imply the following two conditions:
D2,2 1
fom) L,
pZ,l 1 + xl,l
» x*l,l D
<£ N 1) AP
D2,2 1+ D2,2

By manipulating these two conditions, we arrive at
1/(p 1
«1,1 2,2
., = - |—/—-1)<—-
1,1 2 <p2,1 ) 47
which is not possible.
1

Now assume x’{ll < 1/3. Then the following two conditions should hold:

D2,2 1
14 222 = 2,
( p271> 1 + ]./3
1/3
<p2,1 4 1) / - 1_ p2,1,
D22 1+1/3 D22
which would imply that pss/pe1 = 5/3, which contradicts the fact that po; > 2ps .

Case 3

Finally, consider the case where py; = 2ps 5. Then the second derivative of v is equal to

zero and

dv Pia

)

1,1 T 51 ¢
dxyy 2pin

Thus, if pt, # 2pi,, then either i = 0 or z7;' = 1, which is incompatible with

equilibrium for the same reasons as before. Now assume that pil = 2pi2. For household 2

it then holds that x’{?l’l = 1/3. Then in equilibrium it follows that x’{}l’l = 2/3. This leads

to 2552 = 9/10 and 2% = 6/5. This vields a contradiction, since the total endowment of
2,1 2,2 y ,

good 2 in period 2 equals 1. Thus, in this economy no equilibrium exists.

Lemma 4.6
Suppose the economy & satisfies Assumptions 1-6 and 4. Consider a sophisticated house-
hold h € H, a planning period t € T, and a realized consumption plan m?’f € Xth’f. Then,

at prices p; € Py, &8(:, x?’_) 15 convex-valued and either empty or single-valued.
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Proof
Since preferences are independent on past consumption, the demand correspondences will

also be independent on past consumption. Therefore, the opportunity sets

o (p, ™) = {ahe XP| pt T < pretm forall T >, and
T e gl (T ot )

will be convex-valued. Then it is straightforward that the demand correspondences are
convex-valued.

Suppose that a demand correspondence contains two elements. By convex-valuedness
of the demand correspondence and by strict convexity of preferences this yields a contra-

diction. Thus, the demand correspondence is either empty or single-valued.
Q.E.D.

Lemma 4.7

Suppose the economy € satisfies Assumptions 1-6, and 4’. Then, at prices p; € ]3t, ézl s a
non-empty, compact-valued and continuous function that satisfies the homogeneity property
and Walras’ law for every h € H, t € T.

Proof

The homogeneity property is straightforward.

Since in the last period the maximization problem for the sophisticated household is
identical to that of the naive household and since QAﬁfTL,(pT, x}}_) is independent of x%_, the
characteristics of ?73 follow immediately from Lemma 3.7. By single-valuedness and upper-
hemi continuity, continuity of @p follows immediately. We will establish the properties of
the other demand correspondences by an argument of backwards induction.

Let t € T. Assume that é\f is non-empty, compact-valued and continuous for 7 €
T, 7 > t+ 1. We need to show that 8‘ is non-empty, compact-valued and upper-hemi
continuous. Thus, it is necessary to show that QAS,'} satisfies the conditions that are needed
in order to be able to apply the theorem of the maximum.

(i) Since &4, (prys, af>, )
t+ 1 for zMHHT = ézz_l(ptﬂ,x?’_,e
B (pr, ™). Thus, 3} (pr, ") is nonempty.

(ii) Consider the sequence {p,™}°_, with p/™ — p,. Let {z ", z"™1>_, be a se-
quence of consurnption plans converging to (x?i zh), where xf’fm € X" and =
¢t (pe™, 2~"™) for all m. Then pI™z™™" < pI™eh7 for every 7 > ¢ and zH"™"
§t+1( i N S T = 0 cont1nu1ty it follows that pJz"™ < preM7 for every T
t. Moreover, by continuity of §t+1, x? LT §t+1( LT x? , ft) Therefore, x?
&S\t (pt,xf ). Thus, the graph of qﬁt is closed.

By boundedness of Xth it can easily be seen, for a compact set B, that d)t( ) is bounded.

. h
is non-empty, ple! < plet, and pla}” < prehT, T >
€

ht), it can be seen that (eh’t,ah(ptﬂ,xil’ , ety

m 1V

Therefore, d)t is upper-hemi continuous.
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(iii) Consider a sequence {p™, z"~"}_ with (p/, z"™™) = (p,z"7). Let 2! €

q/\ﬁ,’} (py, 7). Then, for m large enough, there are z"" € X" such that p!"z™" < pi™eht

m m m _m m . .
and =" — 2Pt Let 2T = @H(piﬂ’T Lo 2. Tt follows immediately that

p[mxf”m < pj™ehT for 7 > t + 1. Continuity of 8‘“ then implies that 2™ —
e (T oty = G Therefore, o™ € @l (p™, a”") and ™ — . Thus,
#h(-) is lower-hemi continuous.

Since aﬁ is both upper-hemi and lower-hemi continuous, it is continuous.

To conclude, q/gf satisfies the conditions that are needed in order to be able to apply
the theorem of the maximum. Also, since Walras’ law holds for period ¢ + 1, and since
consumption in period ¢ does not influence the optimal consumption in period t41, Walras’
law holds for period ¢. The characteristics of @ then follow immediately.

Q.E.D

Theorem 4.8 Existence of sophisticated equilibrium
If the economy & satisfies Assumptions 1-6 and 4’, then there exists a sophisticated equi-
librium (p*, x*).
Proof
Note that in order to prove the existence of a sophisticated equilibrium, we can restrict
ourselves to the first planning period. By similar arguments as in the foregoing section,
there exists a restricted equilibrium pair (p?, ) such that 2* € ((p?) and 27 < 0. By
monotonicity and strict convexity of preferences, it must be the case that p* > 0. There-
fore, and by Walras’ law, it must hold that zj = 0. Denote the corresponding consumption
bundles by zi". It remains to be shown that x3" € £}(p?). Suppose that this is not the
case. Then two cases can be distinguished. First assume that x’{h’Z’T € §§(p’{2’T). Then,
since consumption in period 1 does not influence optimal consumption in period 2, a sim-
ilar argument as in the proof of Theorem 3.8 leads to a contradiction. Now assume that
i ¢ €8 (pi>"). Then, either z}*" € i (p>"), which again leads to a contradiction, or
oA g el Continuing in this way, we end up with ™" ¢ £(ptT), which leads to
a contraction by the same arguments as before. Thus, a sophisticated equilibrium exists.
Q.E.D.

Theorem 5.3

Suppose preferences are time-consistent. Then a time-consistent allocation is MOP efficient
if and only if it is Pareto efficient.

Proof

Let the time-consistent allocation z* be Pareto efficient. Suppose that it is not MOP

efficient. Then there must be a  and a period ' such that
(1) Dhen Ty = > ohen e,
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(ii) @0 >hfh _z for all h € H, and

(iii) & >:Lhi _# for some I € H.
v

But then, by time- cons1stency of preferences it holds that (z~, &h) ="' (z3~ a3 for
all h € H, and (z}) DTLEN) hL (x:,h , o) for some h' € H. Then it follows from time-
consistency of z* that (3", Zh) =M 2th for all h € H, and (">, Zh) =M1 23" for some
h' € H. This yields a contradiction to z* being Pareto efficient.

That a MOP efficient allocation is Pareto efficient, follows immediately from the defi-
nitions.

Q.E.D.

Theorem 5.8

In an economy & that satisfies Assumptions 2, 8 and 4 a naive equilibrium allocation is
CMP efficient.

Proof

Let (p*,z*) be a naive equilibrium. Suppose that z* is not CMP efficient, i.e. that there

is a reallocation T and a period ¢’ that satisfy

st LT hot!+1,T
(i) @0 =2 for every h € H,

.. ~hyt!
(11) ZheH xt’t zheH eh,t’,

(iii) 20 >h,fh _ait for all h € H, and

. 12 hl tl
(iv) x?, -0 xt, " for some b/ € H.
o*h
t/

Then, since /. was not chosen in equilibrium, it must hold that

wt! ~h ! xh! t/
Py Ty > pp x,  ,and

«t! ~h,t' >

Py Ty p:f’xf,h’t’ for every household h € H.

By summing over all households, this leads to

t' ~h,t' xh,t’
E Py Ty > E pi $t, ,

heH heH
which can be written as
t ~h,t' t xh,t'
Dy T, > pp Ty
heH heH
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This leads to a contradiction, since, by assumption, it must hold that

ht! ' hot!
E T, = E et = z,.

heH heH heH

Thus, it follows that the naive equilibrium allocation x* must be CMP efficient.
Q.E.D.

Theorem 5.10

In an economy & that satisfies Assumptions 2, 3, 4 and 6, a sophisticated equilibrium
allocation is CMP efficient.

Proof

Let (p*,x*) be a sophisticated equilibrium. Suppose that z* is not CMP efficient. Then

there must be a reallocation & and a period ¢’ that satisfy

N\ ~ht'+1,T ht'+1,T
(i) T =

for every h € H,

.. ~h7t’ . ’
(i) Yhen Tv" = Dhen et
(iii) th;t,i,, zi for all h € H, and
ZL’t,
(iv) @ >Z’,f:_ it for some b’ € H.
tl
Since preferences are independent of consumption in the past, optimal consumption is
also not dependent on consumption in the past. Similarly, optimal future consumption is
independent of current and past consumption. Therefore, the only reason why household
h' has not chosen j;‘,’ is that its period-t' component must be too expensive. Similarly,
for every household h the period-#' component of 7 must be at least as expensive as the

period-t' component of z*. This can be summarized as

wt! ~h' b’ wt! xh't
Dy Ty > py v, " ,and

p:,t,i?,’t, > pt,t'x;h’t’ for every household h € H.

As in the proof of Theorem 5.8 this leads to a contradiction. It follows that the sophisticated
equilibrium allocation x* must be CMP efficient.
Q.E.D.

Theorem 6.3

Suppose preferences are time-consistent and satisfy Assumption 6°. If a time-consistent
allocation is Pareto efficient, then it is OP efficient.

Proof

Let x* be a time-consistent allocation that is Pareto efficient. Suppose that z* is not OP

efficient. Then there must be an allocation Z and a period ¢’ such that
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(1) Yo pem & =D pemer forallt >t

s hy— ~ht' -1~ hy—
(1) (zp" 7,2y, .. a2, ar) =t (o o) = ot for all h € H and all ¢t > ¢’ | and
Ny W1 o~ /
(iii) (z3" @00, @t T ak) = (T ) = o for some h' € H and some
">t

Then, by Assumption 6’, it holds that
(ii) (2™, zh) =*"t 20 for all h € H and all t > #' | and
(iii) (xr,lf,’*,j?,i) = 3 for some A’ € H and some t" > t'.
By time-consistency of preferences it then follows that for some t"” > #'
(i) (zp0, @) =" 27t for all h € H, and

h'.— / ’
(iil) (w7, @) =*" 1 23" for some h' € H.

Since EheH(xt,, ,@t) = el by definition of z*, this would imply that z* is not Pareto

efficient, which is a contradiction. Thus, z* must be OP efficient.
Q.E.D.

Theorem 6.5
A feasible time-consistent allocation x* is TCOP efficient if and only if there is no other

time-consistent allocation T and no period t' such that

(i) hen T = D ohen e,

(ii) (x>, 2h) ="t 22 for all h € H and all t > t', and
(iii) (x37 @) = 3 for some B! € H and some t" > t'.

Proof
This can easily be derived from the definition of TCOP efficiency.
Q.E.D.

Theorem 6.6
Suppose preferences are time-consistent and satisfy Assumption 6°. If a time-consistent
allocation is Pareto efficient then it is TCOP efficient.
Proof
Let the time-consistent allocation x* be Pareto efficient. Then it follows by Theorem 6.3
that x* is OP efficient. By the definitions it then follows immediately that z* is TCOP
efficient.

Q.E.D.
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Theorem 6.7

In an economy & that satisfies Assumptions 2, 3, / and 6°, a sophisticated equilibrium
allocation is TCOP efficient.

Proof

Let (p*,z*) be a sophisticated equilibrium. Suppose that z* is not TCOP efficient. Then,

there must be a time-consistent reallocation Z and a period ¢’ that satisfy

() Dhen = D hem el
(it) (x>, @) =*t zh for all h € H and all £ > ¢, and
(iii) (xf,h,’f,iﬁl) = " for some h' € H and some " > t'.

If " = T then, since preferences are independent of past consumption, it must hold
that

~h! T W.,T
piTa,” > pifal™" and

p’{T:if,’T > pT2™T for every household h € H,
which yields a contradiction as before. Now assume that for every household A and every
t > t it holds that

i~hit i xh,t
iyt < pifa™, and

xh,— ~h t h
(x> @y) =t it

Since preferences are independent of past consumption it follows that :if must be an optimal

consumption in period ¢ given prices p’{i. Now assume that ¢” = ¢. Then it must hold that

bt Wt
piz, " > pi'al” ' and

p’{ti?,’t > pitai™ for every household h € H,
which again leads to a contradiction. Continuing like this we end up with this contradiction
for t = t', so that case (iii) can never hold.
It follows that the sophisticated equilibrium allocation x* must be TCOP efficient.
Q.E.D.

Theorem 6.10

If a time-consistent allocation is TCOP efficient, then it is CP efficient.

Proof

Let the time-consistent allocation z* be TCOP efficient. Suppose that z* is not CP efficient.

Then there is an allocation Z and a period # such that
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bt 1T hot!+1,T hot! +1,T
(i) " = = T for every h € H,

11 ~h'7 ! —
(i) Xhen Ty = Y hen e,
(iti) (23", 2h) =t (2} ah) = 3h for all h € H and all t > #' | and
(iv) (a7, &) = (20 gty = 23 for some h' € H and some " > ¢/,

which contradicts the fact that z* is TCOP efficient.
Q.E.D.

Theorem 6.12

In an economy £ that satisfies Assumptions 2, 3, 4 and 6°, naive and sophisticated equilib-
rium allocations are CP efficient.

Proof

For sophisticated equilibria the result follows directly from Theorems 6.10 and 6.7, since
sophisticated equilibrium allocations are time-consistent. Now let (p*, 2*) be a naive equi-
librium. Suppose that x* is not CP efficient. Then there must be a reallocation ¥ and a
period ¢’ that satisfy

T hot! +1,T
(i) @yt =2 for every h € H,

(ii) ZheH jzytl = ZheH eh’t,7
(iti) (37, @h) =t (27", 23*) for all h € H and all t > ¢, and
(iv) (xf,h,’f,jﬁl) - (x:,’f”*,xf,’/) for some h' € H and some t" > t'.
Since j?,"t”’T was not demanded in equilibrium by household A’ in period ¢, it must hold
that for some ¢ > t”
p;‘,t:j?,”f > p;‘,§xf,h,’£, and

p,’f‘fiz’t > p,’jx:,h’t for every household h € H,

which leads to a contradiction as before. Thus, * must be CP efficient. Q.E.D.
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