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Methods to improve the estimation
process in Generalized Linear Mixed
Models

/. A/efAodi to improve rAe esrimanon /voces*

Abstract
This chapter discusses methods to improve the estimation process in generalized
linear mixed models and serves as an introduction for this thesis. Two ways to improve
the estimation process are considered, namely the optimization of the choice of the design
and the detection of influential data.
The most frequently used optimality criteria are introduced and the preference for
the D-optimality criterion is explained. The solutions of the optimality criteria are only
local optimal. The most commonly used approaches to deal with local optimality are
discussed. It is explained why the maximin approach based on the relative efriciency is
most appealing.
As methods for influence assessment, Cook's Distance and local influence
measures are discussed. Cook's Distance is a member of the class of case deletion
methods, while the local influence measures are members of the class of likelihood based
influence measures. It is shown that the choice of the design and the influence of data are
closely related.

won/s: LMM, GLMM, estimation process, optimal design, D-optimality criterion,
maximin approach, Cook's Distance, local influence, potential influence
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1.1 Introduction
In medical and health sciences, many studies discuss processes of change within
subjects. Snijders and Bosker (1999, p. 182), for example, studied the growth of children
who visited a paediatrician-endocrinologist because of growth retardation. For this study,
the average growth trend of the children was of interest.
Figure 1.1 shows the growth trends of a random sample offivechildren, which are
sampled from the estimated model given by Snijders and Bosker (1999, p. 183). The bold
line in Figure 1.1 is the expected growth trend over all children, the thin lines give the
growth trends for each particular child and the dotted lines connect the observations from
each child. Note that the children grow almost linearly in time between 5 and 10 years of
age (Goldstein, 1979).

Length in
cm

Age in years
F/gwre /./. Growth of children between 5 and 10 years of age.
The differences among the growth trends of the children can be taken into account
by the use of Generalized Linear Mixed Models (Diggle, Liang and Zeger, 1994, ch. 9).
For these models, the expected growth trend over all children is modelled by the fixed
effects (cf. bold line), while the deviations of the growth trends of the children from the
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expected growth trend are modelled by the use of additional child-specific parameters
(cf. deviations of thin lines from bold line), which are often called random effects. Finally,
for each child, the deviations of the observations from the growth trend of the child are
modelled by the addition of a measurement error term (cf. deviations of dotted lines from
corresponding thin lines).
In many studies, the effect of a treatment is of interest. The significance of the
treatment effect is tested by relating the estimated parameter to its dispersion or variance.
Thus, a higher quality of the tests of the treatment effect can be obtained by the
improvement of the quality of the estimated parameters and their variances. In this
dissertation we will consider methods for the improvement of the quality of the estimated
parameters and their variances for stage 2 and 4 of the research stages of the empirical
cycle (Bouter and van Dongen, 1988, p.91):

Research stages of the empirical cycle
1. Formulation of the research question
2. Dey/gw stage
a. selection research population (inclusion and exclusion criteria)
b. choice of covariates and choice of outcome variables
c. je/ecf/on </es/gn
d. selection analysis model
3. Conduct of the experiment
4. /J/ia/ys/s a«rf resM/te
5. Interpretation of results

Large variances of the estimated parameters may be caused by the choice of an
inefficient design in stage 2 of the empirical cycle (Atkinson and Donev, 1996, Bunke and
Bunke, 1986, and Pukelsheim, 1993). If, for example, the measurements are taken at time
points, which are too close to each other, then the estimated time effect will have
a relatively large variance. One way to reduce the variance of the estimates is therefore
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to use a more efficient design.
The estimates of the model parameters and their variances based on all data may
be very different from the estimates of the model parameters based on the data without so
called influential subjects and observations. The detection of influential subjects and
observations in stage 4 of the empirical cycle can therefore improve the estimation
process.
The optimal design process and the detection of influential subjects and
observations will be discussed in this thesis for both the Linear Mixed Model and the
Generalized Linear Mixed Model. These models are introduced in section 1.2. In section
1.3, the optimal design concept will be explained. The assessment of influence is
discussed in more detail in section 1.4. A relation between the D-optimal design criterion
and the influence measures is given in section 1.5. Finally, the topics of the chapters will
be briefly introduced in section 1.6.

1.2 Mixed Models

In this section we will first introduce the Linear Mixed Model. Thereafter, the
Generalized Linear Mixed Model will be introduced as an extension of the Linear Mixed
Model.

For the Linear Mixed Model, the n, x 1 vectors of responses j , of subject /,
i = 1,..., Af, are ascribed to the expected trend A" P over subjects, to the subject-specific
deviations Z.6. from this expected trend A"" P and to the deviations e, of the observations
from the subject-specific profile ( X p + Z.6.) as follows:

In Figure 1.1, the expected trend X P is presented by the bold line, the subject-
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specific profiles ( X P + Z.6.) are presented by the thin lines and the observations>^ of
subject i, i = l , . . . , N, at measurement7,7 = 1,..., w,, are connected by the dotted lines. In
general, the n, * /? design matrices Aj consist of functions of the time points and time
varying and time independent covariates. For longitudinal data the columns of the n,x ^
design matrices Z, are often functions of the time points. In this thesis the design matrices
Z, are considered to be submatrices of the design matrices A^-.
No subscript is used for the fixed/? x 1 regression parameter vector p, because the
expected trend Jf p does not depend on the subjects in the sample. The use of the subscript
1 for the 9 x 1 random effects regression parameter vector A, indicates that the subjectspecific deviations Z.6. may be different for each subject /. The vectors A, are supposed
to be independently and normally distributed with mean zero and variance-covariance
matrix D.
The n, x 1 vectors e, are supposed to be measurement errors (or disturbances),
which are normally distributed with mean zero and variance-covariance matrices Y . Two
structures of the variance-covariance matrices Y will be considered. The first structure
corresponds to the situation that the measurement errors are independent of each other.
The matrix Y^ is then equal to o*/,,/= 1,...,N, with/, the identity matrix of rank n, and a*
the common variance of the measurement errors. The second structure is the AR(1)
structure, for which the correlation between two measurement errors 7 and7^ of the same
subject is equal to p * *' , where p e [0,1 ] is the serial correlation coefficient and f.. and f
are the time points at which the measures 7 and7" of subject 1 are taken. In other words,
the correlation is a decreasing function of the time between the two measures.
If we interpret the subject-specific deviations Z.A. from the expected profile ATP
as nuisance, then the variance-covariance matrix of the responses of subject / is ascribed
to the random effects and to the measurement errors, i.e. the variance-covariance matrix
of the responses is equal to F, = V a r ^ , ) = { [ Z, Var( A,) Z,' ] + Var( e,) } =
= [ (Z,D Z,' ) + ¥ , • ] (Diggle, Liang and Zeger, 1994, p. 81, Verbeke and Molenberghs,
2000, p. 41).

In model (1.1) the response is a linear function of the design matrices A^ and Z, and
the vectors of measurement errors e,. Other functions can also be considered. For the
logistic random effects model, for example, the logit of the conditional probability 7t,y of
the response j>,y is modelled, where the probability is conditioned on the random effects
6,. The logit is ascribed to the expected trend JT.p and the subject-specific deviations Z.A^
from this expected trend X P as follows:

logit( 7t.. ) = X .

Z..6,

(1.2)

The Generalized Linear Mixed Model can analogously be defined. Conditional on
the random effects ft,, the responses for the Generalized Linear Mixed Model are obtained
from an exponential density, such that

(1.3)

where A is the link function of the conditional expectation fi,y of the response ,y,,of subject
i at measurement_/.
Three link functions /J are used in this thesis and are given in Table 1.1.

/ . / Three models with their link functions and conditional variances
Model
Linear Mixed Model

Type of
response
Continuous

|i,y

Logistic Mixed Model

Dichotomous

logit(n,y)

(n,y)

logit( 7t^,)

Poisson Mixed Model

Count

log( (J.,-,-)

Conditional
variance
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The link functions correspond to the Linear Mixed Model, the Logistic Mixed Model and
the Poisson Mixed Model. The models differ in the type of the response. The response is
continuous for the Linear Mixed Model, is dichotomous for the Logistic Mixed Model and
is a count for the Poisson Mixed Model. For the Logistic Mixed Model, it is assumed that
the response is a 0/1 dichotomous variable, so that the conditional expectation |i,y is equal
to the conditional probability it,-,.
In chapter 3 of this thesis, we will also consider an Overdispersed Poisson Mixed
Model, which is an extension of the Poisson Mixed Model and can be used if the
conditional variance is unequal to the conditional expectation.

For ease of presentation, the stacked vector of all regression parameters, all random
effect variance and covariance parameters and all other variance and covariance
parameters is denoted by 0. The space of all possible model parameter vectors 6 is
denoted by 0 .
The model parameter vector 0 is estimated by means of the maximum likelihood
method, so that the estimate 0 of 0 maximizes the likelihood, i.e. maximizes the joint
density of the observed data set as a function of the model parameters. Note that the
likelihood is a measure of how "likely" or "probable" the data set is with respect to the
evaluated distribution.
For the considered Linear Mixed Models and Generalized Linear Mixed Models,
the subjects are assumed to be independently distributed. The log-likelihood function is
therefore equal to log Z,(0) = J^ / (6), where /,•( 6 ) is the logarithm of the likelihood
of the set of observations of subject i as function of 0.
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The log likelihood function log L(8) for the Linear Mixed Model is equal to

log 1(0) = 1 ,
Det( F, ) ^
/=i

where Det( F,) is the determinant of the variance-covariance matrix F,. Conditional on F,,
an estimate of P can be obtained by maximizing expression (1.4). The maximum
likelihood estimate and its variance are given by

^ .=i ' '

'J

.=i ' '

'

and

When the variance and covariance parameters are unknown, and when an estimate of F,
is available, then we can estimate P by replacing F, by its estimate.
The estimate of the vector of subject-specific parameters 6. in model (1.1) cannot
be obtained by maximizing expression (1.4). Instead, a Bayesian approach is used, to
estimate the subject-specific parameters based on both the prior information about the
common normal distribution of the 6 's as well as the deviation of the observations of the
subject from the estimated expected profile ( >> - X 6 ):

A. =DZ.'F;'(y. - Z f l ) .

(1.7)

The estimates of A,, for which D and F, are replaced by their estimates, are called
empirical Bayes estimates. The Maximum Likelihood estimate for F, is obtained by
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maximizing expression (1.4), in which P is replaced by p*, i.e. F, and P are estimated by
an iterative procedure.

• A/ixerf A/oaW.
The log-likelihood function log £ ( 9 ) for the Generalized Linear Mixed Model is
given by

v^

rf A

log L( 0 ) = 2^ log J 1 1 / ( ^. I A^,P,(J) )

1
g( A. | £> ) </A.,

(1.8)

where the density / is the conditional density of the response _y,-,-, given the vector of
random effects A,, the vector of fixed regression parameters P, and the dispersion
parameter <J), and the density g is the density of the vector of random effects A,, given the
variance-covariance matrix of the random effects D.
Expression (1.8) shows that the log-likelihood function log Z,(0) is the logarithm
of the marginal density of the response obtained by integrating the joint density of the
responses and random effects with respect to the random effects. For the Linear Mixed
Model with conditionally independent responses, the log-likelihood function (1.8) reduces
to expression (1.4). For most models, however, numerical integration methods are
required for its evaluation.
The variance of the estimated model parameters is asymptotically equal to the
inverse of the Fisher information matrix. The log-likelihood function log Z,(0) will be
used within the optimal design context and will also be used for the development of
influence measures.

In this thesis, the optimal design process is studied and influence measures are
developed. Both the considered optimal design criteria as well as the proposed influence
measures use characteristics of ellipsoids. We therefore briefly introduce the concept of
an ellipsoid in this section. An example of an ellipsoid is plotted in Figure 1.2 (Johnson

10

Section y.

and Wichern, 1988, p. 180). The ellipse in Figure 1.2 is given for a set of regression
parameter vectors P = ( P,, P2)', such that (P - (i)' Var( 0 )"' (p - f) i y for a
specific Y, fland Var((i) .
P2

Pi

F/gwre 7.2. Example of an ellipsoid.
The ellipse of Figure 1.2 is plotted in a two-dimensional space with axes
represented by the parameter P, and the parameter P2. The dashed lines /, and ^ are the
longest and smallest axis of the ellipse, respectively. The intersection of the dashed lines
/, and ^ is equal to the estimate p* = (pV, (i )'. The difference in length of/, and ^ is
caused by the variance of P, which is larger in the direction of/, than in the direction of
/2. The directions of the axes /, and ^ are related to the covariance between 0 and p* . If
Pi and 0 are uncorrelated, then /, and /j lie along the co-ordinate axes.
To assess whether a p-dimensional ellipsoid is large, we can use its volume

J]
1-1

r , its periphery P « 7i 2_, r. or the size of its largest axis A/ =
'

1=1

'

max
/ = 1

r.
/,

All three measures depend on the lengths r, of the axes of the ellipsoid.
The most commonly used optimal design criteria are also related to the lengths r, of the
axes of the ellipsoid.

11
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13 Optimal designs
For the Linear Mixed Model, the variance of the vector of estimated regression
parameters 0 depends on the design matrices A"). As a consequence, the costs of obtaining
a certain quality level of the estimation process depend on the design which is used. The
efficiency of a design plays an important role in the design stage.
The most commonly used optimality criteria are the £-, the ,4- and the D-optimality
criterion, which are related to the axes of the confidence ellipsoids. These three efficiency
measures are given in Table 1.2.
7.2 Optimality criteria
Optimality

Efficiency measure

£-optimality Proportional to the inverse of the square of the length
of the largest axis of the ellipsoid I/max r*.
/1-optimality Proportional to the inverse of the sum of the squares
of the lengths of all axes of the ellipsoid l / j j ''*•
i=i

'

D-optimality Proportional to the inverse of the product of the squares
of the lengths of all axes of the ellipsoid 1/

The £-optimality criterion minimizes the square of the length of the largest axis
Af * = max r *. The £-optimality criterion does not take into account the other axes of the
ellipsoid. To take all axes into account, the /1-optimality criterion or the D-optimality
criterion can be used. The /4-optimality criterion minimizes the sum of the squares of the
lengths of all axes £ ^> which is equivalent to minimizing the sum of the variances
2J Var( p. ). The D-optimality criterion minimizes the product of the squares of the
*••
'
f p V -A
lengths of all axes = I I ' (Johnson and Wichern, 1988, p. 103). Note that the
r* is proportional to the determinant Det[ Var( p* ) ] of the variance12
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covariance matrix Var( 0 ), which is called the generalized variance (Anderson, 1958,
p. 166).
D-opf/raa/zfy criterion.
The D-optimality criterion is the only criterion that takes both the lengths of all
axes as well as the angles between the axes of the ellipsoid and the parameter axes into
account. Further, the D-optimality criterion is the only criterion for which 'the function
induced ordering is invariant with respect to reparameterization' (Pukelsheim, 1993,
p. 137). In the study described by Snijders and Bosker (1999, p. 182), for example, the
children are measured between 5 and 10 years of age. D-optimal designs for this research
period can be obtained from D-optimal designs for the research period [-1,1]. This is not
possible for the other two criteria. Note, however, that the D-optimal designs may lead to
large but thin ellipsoids.

For the Linear Mixed Model, the variance-covariance matrix Var( 0 ) of the
estimated regression parameters depends on the unknown variance-covariance matrices
D and ¥,-. For the Logistic Mixed Model, the variance-covariance matrix Var( $ ) also
depends on the unknown vector of regression parameters p. Unfortunately, the D-optimal
design for one vector of parameter values can be inefficient for another vector of
parameter values. The D-optimal designs are therefore said to be locally optimal. Three
approaches to deal with local optimality have been proposed in literature, namely the
sequential design approach, the Bayesian design approach and the maximin approach.
•Seguentia/ tfevig/i opproac/i. One way to deal with the local optimality of the D-optimal
design is to take a small set of observations, estimate the parameters based on this set of
observations and iterate the following two steps as long as necessary:
1. optimize the choice of the next observation and select the next observation accordingly.
2. estimate the parameters based on the set with the new observation.
This approach is called the sequential design approach (Wu, 1985 and Wynn, 1970). The

13
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aim of the sequential design approach is to approximate the D-optimal design on the long
run.
5ayes/a« cfes/g/i opproacA. The second approach is to use a design which is efficient on
a weighted average. This is formulated into the Bayesian design criteria. The most
frequently used Bayesian design criterion evaluates the expected logarithm of the
efficiency £ j log Det [ Var (0^ 18 ) ] | of the design T over a prior distribution of the model
parameter vectors 0 e 8 . The design with the smallest expectation is said to be optimal
with respect to the Bayesian design criterion (Chaloner and Larntz, 1989; Chaloner and
Verdinelli, 1995).
Max/mi/i or min/max ap/woac/i. There exist two maximin criteria, which are based on the
maximin or minimax principle. The first maximin criterion is based on the efficiency of
the designs (Berger, King and Wong, 2000, King and Wong, 2000, and Wong, 1992). The
efficiency j Det[Var(($ )] ["' of a design x depends on the vector of model parameters
0. This implies that for each design T, the efficiency can be minimized over the model
parameter space 0. A design for which the s/wa//es/ e^ic/e/icy is max/>w/zerf is said to be
a maximin design. This explains the use of the term 'maximin principle', while the term
'minimax principle'is related to the generalized variance Det[Var($ )]. With respect to
the generalized variance Det[ Var(0 )], the maximin criterion leads to a design which
minimizes max Det [ Var (0)], i.e. minimizes the largest possible generalized variance
e .
of the estimates p.
The second maximin criterion which is proposed in this dissertation leads to a
design for which the sma//es/ re/af/ve e$?c/e/jcy min eff( T | T *) over the model parameter
e
space 0 is maximize*/, where the relative efficiency eff(T|x*) is defined as follows:
Given a model parameter vector 0 6 0, the relative efficiency eff(T[t*) of a design t is
equal to
efi(T|T*) =

Det[Var(p\)l
(1.9)
Det [ Var (p\)]

where 0 and 0 . are the estimated vector of regression parameters corresponding to the
14
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design T and the D-optimal design x*, respectively. The relative efficiency is defined in
such a way that if, for example, eff( x | x*) = 0.90 for a particular design x, then about
10% more observations will be needed to obtain the same efficiency as that of the Doptimal design x* for the same model.
C/io/ce/br /Ae second maximi/i enter/on.
The sequential approximation of the D-optimal design can often not be used, due
to experimental restrictions like the length of the research period. The Bayesian design
criterion and thefirstmaximin criterion share the same disadvantage. For both criteria, the
corresponding optimal design may be inefficient for the particular model parameter vector
0 at hand.
The second maximin criterion is related to the smallest relative efficiency of
designs. If the smallest relative efficiency of a design x is large, then the design x is in
particular highly efficient for the model parameter vector 8 at hand. The second maximin
criterion, which is related to the relative efficiency of designs, is therefore selected for this
thesis.

An advantage of the D-optimality criterion is that it is invariant with respect to
reparameterization of the variables (Pukelsheim, 1993, p.137). This means that the
research period can be assumed, without loss of generality, to start at time point -1 and to
end at time point 1. To obtain the Z)-optimal designs for other research periods, the time
points -1 and 1 must be interpreted as start and end point of the research period,
respectively. For the study described by Snijders and Bosker (1999, p. 182), for example,
the children are measured between 5 and 10 years of age. As a consequence, 5 is mapped
onto -1 and 10 is mapped onto 1. The range of the model parameter values is changed, due
to the change in the coding of the time variable. If, for example, the linear time effect is
equal to 2, then the new value of the linear time effect will become equal to
2*(10-5)/(l - -1) = 2*5/2 = 5, i.e. it will become equal to the linear time effect times the
fraction of the length of the original research period (10-5) and the length of the artificial
IS
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rime period (1 - -1).
1.4 Influence Measures

The estimation of the parameters and their variances may be improved by the
detection of influential subjects and/or influential observations. Two influence measures
to detect influential subjects and observations are considered in this thesis, namely Cook's
Distance and the local influence measure. Both influence measures are strongly related
to ellipsoids. We will discuss this relation for Cook's Distance in the next paragraphs.
Then the relation between the ellipsoids and the local influence measure will be given.

Coo&'s Z)/s/awce.

Cook's Distance assesses the difference between the estimates 0 and 0

of P,

which are based on the sample with and without subject or observation */, respectively.
Cook's Distance for the rfth subject or observation is defined as

The Cook's Distances can be compared with each other. Subjects and observations
with relative large Cook's Distances are said to be influential. The contours of constant
Cook's Distance are ellipsoids (Cook and Weisberg, 1982, p. 114). Expression (1.10)
looks very similar to the expression (P - 0 ) ' Var( ( i ) " ' ( P - $ ) ^ Y , which was
used to construct the ellipse in Figure 2. Note, however, that in expression (1.10), both 0
and p\

are random.

Cook's Distance measures the amount of change of the estimated parameters, due
to the deletion of a subject or observation from the data set. It follows from expression
(1.4) and (1.8) that the log-likelihood functions for the data set with and without the */th
subject can both be written as
16
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AT

log L(0) = £

/,(8) + w /.(0),

(1.11)

where w = 1 for the log-likelihood function based on the data set with subject */ and w =
0 for the log-likelihood function based on the data set without subject </. A value of w
between 0 and 1 implies that the influence of subject rf is downweighted, while a value of
w which is larger than 1 implies that the influence of subject J is upgraded. Note, for
example, that w = 2 implies that an additional subject is measured, for which the loglikelihood is equal to / ( 8 ) .
rfiei'g/iW /og-/ife//7ioocf/M«cf/o«. The weighted log-likelihood function, for which the
contribution of each subject to the log-likelihood function is weighted is given by:

log 2^(6) = E w, /.(0)

(1.12)
/

AT
1=1

'

\

Jf ft /(>Vl*

Z,oca/ z/i/7uence. The weighted log-likelihood function depends on the vector of weights
w = (w,, ..., w^)'. The local influence approach is based on the weighted log-likelihood
function in (1.12) and assesses the change in the estimates, due to small changes in the
vector of weights w. Analogously to Cook's Distance, the change in the estimates can be
compared with the length of the confidence ellipsoid in the direction of the change (Cook
and Weisberg, 1982, p. 182, and Cook, 1986).
The local influence measure is discussed in the literature by Cook (1986) and
Lesaffre and Verbeke (1998), among others. These papers show how the local influence
measure can be defined for subsets of the model parameters, where these local influence
measures are defined at subject level. No attention is, however, paid to the development
of local influence measures at observation level. An observation-oriented local influence
measure will be developed in this thesis in addition to the subject-level influence measures
for the Generalized Linear Mixed Models.
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</i/7ue/ice /Measures.
The detection of influential observations in addition to the detection of influential
subjects is important for Generalized Linear Mixed Models. Consider, for example, a
situation as presented in Figure 1.3. In Figure 1.3, the number of failures made during an
examination, is plotted against the time after the beginning of the examination.

Error rate

Time in hours
F/gwre / J . Error rate as function of the time of examination.
All subjects show a jump in their error rates curve after 2 hours of examination.
This jump can, for example, be explained by loud noises from the environment or by
tiredness. Because the jump is obtained for all subjects, the influence of the jump on the
estimation process cannot be assessed by the subject-oriented influence measures. This
influence, however, can be assessed by observation-oriented influence measures.

1.5 Relationship between Z)-optimal design criterion and influence measures

We have shown that both the optimal design topic as well as the influence topic are
related to the characteristics of ellipsoids. Via the ellipsoid, the choice of a design and the
influence of particular subjects and observations are related. The £)-optimality criterion
and the influence measures can also be connected by means of the linear regression model
18
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jy, = x, P + €,, with independent normally distributed responses. The connection is based
on the variance of the predicted response at a new vector of independent variables x^, i.e.
on Var[ _p,(t) ] = x ' Var( p* ) x , where the variance is computed from the data of
design x, which is not necessarily supported by x^.
The equivalence theorem of Kiefer-Wolfowitz (Pukelsheim, 1993, p. 212) states
that the D-optimal design x* minimizes the largest variance of the predicted response
max [x^ Var(p^) x j over all designs. Further, if the D-optimal design T* is used, then
the maximum is attained at each support point x^ of the D-optimal design T*.
The expected Cook's Distance E( C ) can be written as a product of two increasing
functions of the variance of the predicted responses Var[ j? ( T ) ] = x ' Var( (i ) x
under t (Cook and Weisberg, 1982, p. 117, and Weisberg, 1985, p. 127):
Var[x,(x)]

Var[j>,(T)]

(1.13)

(JV -

Note that the expectation decreases to 0 if N increases to infinity. It follows from
the previous two paragraphs that the D-optimal design minimizes the largest expected
Cook's Distance. The Z)-optimal design criterion therefore leads to a design for which the
maximal expected change in the estimate 0, due to the deletion of an observation is
minimized over the regression space. Further, the expected change in the estimate p, due
to the deletion of an observation is largest, if the observation is obtained from one of the
support points of the D-optimal design.
Cook's Distance is a measure for the influence of the deletion of a subject or
observation. In fact, if Cook's Distance for a subject or observation is small, then it does
not really matter whether the parameters are estimated based on the data set with or
without that subject or observation. On the other hand, if Cook's Distance for a subject or
observation is large, it really matters whether the parameters are estimated based on the
data set with or without that subject or observation. The D-optimal design is therefore
supported by points, which have large influence on the estimation process. An analogous
reasoning can be given for the connection between the D-optimality criterion and the local
19
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1.6 Outline of dissertation
The chapters in this thesis may be read as self-contained papers. A brief
introduction to the chapters is given in this subsection.
C/iapter 2. In this chapter we proceed the work of Berger and Tan (1998) and Tan and
Berger (1999). They discussed D-optimal balanced designs in the presence of random
intercepts and serial correlated measurement errors. They evaluated numerically the
relative efficiency of some commonly used designs. Two extensions will be made in this
paper. First, the model which is used in this paper is a random slope model with serial
correlation structure. Both balanced designs as well as cohort designs will be studied. The
second extension is that a maximin criterion will be used to obtain designs for which the
smallest relative efficiency over all parameter values is maximized. We will also search
for classes of symmetric designs for which the smallest relative efficiency over the model
parameter space is large.
Chapter 5. The optimal design criteria discussed in this introduction assume that all
independent variables are under experimental control, including all covariates and effect
variables. One may, however, want to specify the design for only the treatment variable
and the time. A new definition of the design will therefore be given in this chapter. Based
on this definition a maximin criterion is proposed to optimize the setting of those
variables, for which the distribution is specified by the researcher, taking into account the
covariates for which the distribution is not specified by the researcher. We will show that,
under certain conditions, the optimal distributions are balanced in the discrete independent
variables. The proposed method will be illustrated by a clinical trial where covariates are
involved.
Chapter 4. The definition of Cook's Distance in expression (1.8) is model independent.
It may therefore be expected that this definition of Cook's Distance can also be used for
the Linear Mixed Model. In this chapter we will give examples to demonstrate that the
defined Cook's Distance may fail to detect or may incorrectly detect influential
20

observations. A Conditional version of Cook's Distance will be proposed, which can be
decomposed in an influence measure for the. change in the estimated expected profile and
an influence measure for the change in the estimated subject-specific deviations.
C/iapter 5. The subject-oriented local influence measure is discussed for the Linear Mixed
Model by Lesaffre and Verbeke (1998). In this chapter, the subject-oriented local
influence measure is generalized to the Generalized Linear Mixed Model. To check
whether it is sufficient to use only the subject-oriented local influence measure, the
observation-oriented local influence measure is developed. The practical importance of
the observation-oriented influence measure is illustrated by the use of a two-treatment
multiple period cross-over trial.
Chapter 6. In this chapter the maximin criterion which is proposed in Chapter 3 and the
local influence measures which are proposed in chapter 5 are illustrated based on the
project 'teeth-brushing on the elementary school'. It appeared that the balanced design is
highly efficient, irrespective of the uncontrolled conditional distribution and model
parameter vector at hand. The detection of influential data lead to an assessment of the
stability of the parameter estimates, a change in the evaluated model and the suggestion
to sample more schools for the validation of a random effect for the social-economic
status.
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Abstract
In this chapter D-optimal cohort designs are computed for the first and second
degree polynomial models with random intercept, random slope and first order
autoregressive serial correlated measurement errors. To deal with the local optimality of
the D-optimal designs, a maximin criterion is used, which is based on the relative
efficiency. Large classes of symmetric designs are given, for which each element has a
large smallest relative efficiency over the model parameter space.

ffiWs: Random effects, cohort designs, D-optimality, robust designs, maximin
designs.
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2.1 Introduction

For longitudinal models, the shape of the confidence ellipsoid of the estimated
regression parameters depends on the choice of the design (Pukelsheim, 1993). A design
which minimizes the volume of the confidence ellipsoid is called D-optimal.
The optimal allocation and selection of time points for longitudinal models is
discussed in literature (Atkins and Chang, 1999, Berger and Tan, 1998, Bisschof, 1993,
Mentre, Mallet and Baccar, 1997, Tan and Berger, 1999). Atkins and Cheng (1999)
discussed optimal quadratic polynomial regression designs in the presence of random
intercepts and independent measurement errors. They assumed a constant number of
repeated measures across persons. Bischoff (1993) discussed D-optimal designs for linear
models under correlated observations. Mentre, Mallet and Baccar (1997) proposed an
algorithm for finding a design that maximizes the determinant of the Fisher information
matrix for random-effects regression models given a maximal cost. Berger and Tan (1998)
and Tan and Berger (1999) discussed D-optimal balanced designs in the presence of
random intercepts and serial correlated measurement errors. They evaluated numerically
the relative efficiency of some commonly used designs.
Two extensions will be made in this chapter. First, the model used in this chapter
is a random slope model with AR(1) correlated measurement errors. The D-optimal
solution for this model appears to be local optimal, i.e. the solution depends on the
variance and covariance parameters. To deal with the local optimality of the D-optimal
designs, a maximin criterion is used, which is based on the relative efficiency. The second
extension is that we present classes of symmetric designs, for which all elements have a
large smallest relative efficiency over the model parameter space. In this chapter, both
balanced designs as well as cohort designs will be studied.

-.^as-'

.: L

...v

tej-asi The importance of the polynomial models with random intercept and random slope
is, for example, illustrated by Snijders and Bosker (1999, p. 182). The data set they used
concerns children who visited a paediatrician-endocrinologist because of growth
retardation. Snijders and Bosker studied the measurements for ages from 5 to 10 years.
The results show that children who are relatively short at 5 years grow relatively fast
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between 5 and 10 years. To obtain this, a random intercept and random slope is used to
model the subject specific deviations from the average profile.
An introduction to D-optimality will be given in section 2.2. In section 2.3 the
relationship between the efficiency of a design under positively and under negatively
correlated random slope and random intercept will be given. In section 2.4 the evaluated
parameter values and the evaluated research period will be introduced and motivated and
the optimization algorithm will be discussed. The local D-optimal designs for the first and
second degree polynomial model will be discussed in section 2.5. In section 2.6 the
maximin criterion will be introduced and maximin designs, maximin values and sets of
highly efficient designs will be given.

••"*•• '-'^

2.2 Model specification and D-optimality
«j inesiiinTasb 3.41 «*•

no-j>
;! to! m?i

Let cohort / be based on the 1 x /M vector of time points /,' = ( r.j, ..., f,^ ) e
f - 1 , 1 1™, / = 1, .... C. Then the vector v ' = ( y , , . . . , v

) ofTOmeasurements of

persony,y = 1,..., «,, in cohort i, / = 1,..., C, is ascribed to the expected trend X P over
subjects, to the subject-specific deviations Z 6 . from this expected trend X P and to the
deviations e.. of the observations from the subject-specific profile ( X P + Z.A^.) as
follows:

I -.'.'I*

flOTl

J U J f n ~ n U B i . ; i ! i < ; . ; • ; : • • [ • > • ; i. . _> -j /

..Ti

• • J u o n i 'Si}<<-1 iHi>sj:--JSj is

(2.1)
where the/? x 1 vector P is a vector of fixed regression coefficients and the <jr x 1 vector
6,y is the vector of random regression coefficients of subjecty within cohort /, with mean
zero and J K ^ variance-covariance matrix Z). The m x p matrices A^ of explanatory
variables and theTOx qr matrices Z, of random effect variables consist of polynomial
coefficients based on f,. In fact, theTOX ^ matrices Z, are submatrices of the matrices ^,.
The /w x 1 vector e,-, of measurement errors has mean zero andTOX /« variance-covariance
matrix Y,-.
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In this chapter, we will confine ourselves to regression models with random
intercepts and random slopes and AR( 1) correlated measurement errors, i .e. the covariance
between two measurements at time points ^ and /,*., conditional on persony within cohort
/ is given by Cov( > ^ , ^

| /, y ) = a* p' '* '*"', where O i p s l .

The matrices A^ and Z, consist of polynomial coefficients based on f,, i = 1,..., C.
The experimental designs T are therefore of the form

7

s,- ,,;,..«

;,
'*<

X =

& >-. 1 *

*

*v...,

c
where J ^ w . = 1 ^nd w,is the relative size of cohort /. The space of all experimental
designs is called the design space and is denoted by 7^,,. Further, the matrices A^, Z, and
¥,• corresponding to a design T are denoted by A'., Z. and T . , while the vectors of time
points f, corresponding to a design T are denoted by /. , i = 1,..., C.
The best linear unbiased estimator of P is the generalized version of the GaussMarkoff estimator (Rao, 1973, p. 234) with variance-covariance matrix equal to:
Var(

T/ (Z.DZ/ + ¥ . )'• X ] I''.

. ._, ; ., ^ „

(2.3)

The volume of the confidence ellipsoid is an increasing function of the determinant
Det[ Var( p* ) ] of the variance-covariance matrix of the estimated regression
parameters, which is also called the generalized variance of the regression parameters
(Anderson, 1958, p. 166). If the variance parameters are known, then the generalized
variance Det[ Var( p* ) ] can be minimized by the choice of a D-optimal design
** £ T o * , s u c h t h a t f o r e a c h d e s i g n t e 7 ^

•r.

,..

-••,.;,..».

-v •:-.,•: .-,•-

?jtt-

?;-;;;::)>-

Det[ Var( ^ . ) ] s Det[ Var( ^ ) ], ,,,^,,..', ^ ; , . ^ p . f . . « ^ „

where (J^. and ^ are the estimates of P under t* and T, respectively,

(2.4)

j , ^ , . . , . , . „! ,.,.
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The relative efficiency can be used to compare the generalized variance of two
experimental designs x and x*. Let /M^ and /w^be the number of repeated measures under
design x and the design x*, respectively. The relative efficiency of x with respect to x*,
conditional on the values of the model parameters, is then equal to:
Det[ Var( p \
(2.5)

eff( x ) =
Det[ Var( 0
where /? is equal to the number of fixed regression coefficients in the model.

Expression (2.5) can be interpreted as follows. If, for example, eff( x ) = 0.90 for
a particular design x, then 10% less observations will be needed under the design x* to
obtain the same efficiency as that under the design x for the same model. Unless otherwise
stated, the relative efficiency is in this chapter computed with respect to the D-optimal
design x*, given the same number of repeated measures /M. Before D-optimal designs are
presented, the relationship between the efficiency of designs under positively and
negatively correlated random slopes and random intercepts is given.

2.3 Relationship between the efficiency of designs for
positively and negatively correlated random slopes and random intercepts

To simplify the presentation of the relationship, we define the design -x as
follows. If x is equal to

The

, then -x is equal to
'i

relationship is proven in the Appendix of this chapter.
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Theorem. Given two polynomial random slope models Af, and A/j implied by equation
(2.1) of the same order /? - 1. Suppose p e [ 0, 1 ] and o^ are known finite positive values.
Let the variance-covariance matrix of the random effects under A/, be equal to
£>.=

and under A/j be equal to Dj =

, for finite values of D11'

12

22

and D ^ , such that D, and D, are positive definite. Let x e 7 ^ be such that model A/, is
identified under T, where Cand w are finite numbers. Further, let Det[ Var( 0 ) | A/ ]
and Det[ Var( 0

) | A/ ] be the generalized variance under design x and model A/,

and the finite generalized variance under design -x and model A/j, respectively. Then

Det[ Var( ^ ) | M, ] = Det[ Var( 0_^ ) | A / J .

(2.6)

Expression (2.6) implies that if x* is D-optimal for A/,, then -x* is D-optimal for
A/j. Further, if x and -x are the same, then
Det[ Var( (^ ) | A/^ ] = Det[ Var( (J^ ) | A/^ ] . As a consequence, if x is equal to -x,
then the relative efficiency of the design x under A/, with respect to the design x* is equal
to the relative efficiency of the design x under A/2 with respect to the design -x*. This
equality will be used in section 2.6 for the construction of highly efficient designs. For
simplicity, designs for which x and -x are the same are said to be symmetric designs.
Examples of symmetric designs are

J( - 1 , 0.3, 1 ), ( -1, -0.3, 1 )1

1

0.5,

0.5

}

Because D-optimal designs are only local optimal, it is difficult to determine which
design is D-optimal for a specific research situation. Moreover, the determinant
Det[ Var( 0 ) ] is such a complex function, that an analytical solution is hard to realize.
In section five, we will show how the D-optimal allocation of time points depends on the
parameters of the variance components. Further, the effect of a misspecification of
parameter value-combinations will be discussed and a maximin criterion will be
introduced to deal with the local optimality of the D-optimal design. The D-optimal
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designs are determined numerically. Hence, relevant time points and possible values of
the variance components are chosen in the next section, to show how the D-optimal
designs depend on these parameters.

»fcV>jfPi

- ?'. ^ .;..;

2.4 The time period and parameter values

•* I ,^

•-. •'-"•

I V The values of the random effects variance-covariance matrices Z), are given in
Table 2.1. Without loss of generality, the variance of the random intercept Z),, is assumed
to be equal to 1.

t ^ ; -^fj f^,..
.•:;-

,i.'.-:v".---.

•

• *

v

n

>•••••.

2.7 Variance-covariance matrices D of the random effects
1

0.5/O002

1

0.8/0002

0.5/O002

0.002

0.8/0002

0.002

1
0.002J

0

. 1

1
0

0.0201 J

1

0

0

0.21

0

(0.5/O020T

( 0.5/OIT

0) f .

0

3j
0 )
120 ;

0.5/0.020 ll
0.0201 J

f

1

( 0.8/0.0201

0.8/O020T)
0.0201 j

0.5/O2T

1
!f

1

1

I 0.5/3
f

1

^ 0.5/120

0.21

0.5/3 j
0.5/T20 '
120

0.8/T20 I

(

I

0.8/T20

120

-• ' We choose to evaluate 0, 0.5 and 0.8 as values of the correlation between the
random slope and random intercept. Note that, according to the Theorem, local D-optimal
designs for Z)^ = - 0 . 5 7 Z T ~ D ^ = - 0 . 5 7 2 ) ^ and D ^ = - 0 . 8 7 2 ) ^ can be derived
from the corresponding local D-optimal designs for D
L ,-•
32

= O.STzXTandD

= 0.8 J D .

The variance of the measurement errors o* is assumed to be smaller than the

••„ l ^ i P t n i:

.Section 2.4 7%etimepen'orf am/parameter va/uas

,^,j

variance of the random intercept D,,, i.e. o^ s D,, = 1. This situation is commonly
encountered in longitudinal data (Snijders and Bosker, chapt. 12). We found that the
smallest value of o^ that revealed a meaningful variation was o* = 0.025. Therefore, the
three evaluated values of a* are o* = 1, 0.25 and 0.025. The serial correlation p varies
within the interval [ 0, 0.9 ].
As will be made apparent in section five by numerical computations, the time
points of the D-optimal designs are attracted to the location of the smallest dispersion, i.e.
to time point Z, = -Z),2 /D22 • Note that the dispersion at time point f is given by
. / l + 2f£)j2 + i ^ f *

+ 0*. The variance of the random slope D22 is chosen so that L

will take a reasonable range of different values. The number of cohorts C may take the
values C = 1, 2, 3 and 4. 'd«fefi)j\Sdt^ii?cj^!:F»rfi-4i
v

v,.VJTKV^jsgi;) ei,&fcy*&|Q,E

The local D-optimal designs are obtained by numerical computations under the

restriction that ^ e [ - 1 , 1 ]™ for all /, / = 1,..., C, andy.y = 1,..., n,. This is motivated by
Theorem 8.34 in Bunke and Bunke (1986), which states that the time period can be
restricted without loss of generality.

The following global search algorithm was used to obtain D-optimal designs for
this chapter:

„

,„

..,.,,.,... ...

,,.,,.,.

1.

Take an initial guess of the D-optimal design

2.

Compute the 'D-optimal solution' based on the local search algorithm BFGS ,».

Check 1:

^;,

3.

Take random starting values

.......

4.

D o step 2

5.

Compare with the earlier obtained results

Check 2:

;.
i

• -"-•"."

-^Asm.^yjv ^

; ^w >'-<•

;. : ; , * , . ; ; ;

- - . . . ' - , : ; g y p - - > ^ j . t." - ' ! , „ •

6.

Make a grid of the time points and the weights

7.

Compute the D-optimal solution for the grid

8.

Refine the grid in the neighbourhood of the D-optimal solution and compute the
D-optimal solution for the refined grid

>t. om* ? i ' • , ' : , ; « < ;

. v :•••!••..!••'.

•>;•'•--•<*•> - • • > - •

1 = • : ' ! ; • ' %• '»«

j

^
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The number of starting values for check 1 was set equal to 10. W e have used a grid for
which each time interval was subdivided into 30 smaller intervals of length 1/15 and for
which each interval corresponding with the weights of the cohorts was subdivided into 10
smaller intervals of length 1/10. By refining the grid in the neighbourhood of the
optimum, we found the same designs as under the random search algorithm.
The random search algorithm seems to work very well and is more than 1000 times
faster than the algorithm of evaluating each possible combination of time points. The
quasi-Newton algorithm BFGS (Broyden-Fletcher-Goldfarb-Shanno) is described at
http://orion.math.uwaterloo.ca/~hwoIkowi/mirror.d/glossary/B.html.and
TOMLAB

(http://www.mathtools.eom/files/tomlab//tomlabv2.pdf),

optimization toolbox for M A T L A B .

••.ro&.f.!&.-.*i-b'*-,':,

is default in
which

is

the

.>£ ->«»!

2.5 Local D-optimal designs for the first and second degree polynomial model

To describe how the local D-optimal designs depend on the model parameters,
local D-optimal designs will be given for the first and second degree polynomial model.
Then, the effect of some misspecifications on the relative efficiencies will be made
apparent. The D-optimal designs which will be discussed in this section correspond with
positively correlated random slopes and random intercepts. D-optimal designs for
negatively correlated random slopes and random intercepts can be obtained from these
designs by the use of the Theorem of section 2.3.

:

Note that the optimization problem is reformulated, such that the variance of the
random intercepts Z),, is equal to 1 and the feasible time points are elements of the interval
[ - 1 , 1 ]. Taking this into account, the efficiency of a design depends on the serial
correlation coefficient p, the variance of the measurement errors o \ the variance of the
random slopes £>22, the location of the smallest dispersion Z, = -£>,2/D22> the number of
repeated measures m, and the number of cohorts C.
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In Figure 2.1 to 2.4, local D-optimal designs are presented for different values of
p, o^, /n, C, D22 ^nd £• Figure 2.1 shows local D-optimal designs for Z, = 0 and a linear
polynomial model, i.e.p = 2. Figure 2.2 shows local D-optimal designs, when the location
of the smallest dispersion is shifted from time point 0 to time point -1, i.e. Z, = - l . Figure
2.3 and 2.4 are the corresponding figures for the quadratic polynomial model, where
/> = 3. The plots in the first and second column of Figure 2.1 to 2.4 correspond to a small
variance of the random slopes, D22 = 0.002, and to a moderate variance of the random
slopes, D22 = 0.8, respectively. The number of repeated measures, w, and the number of
cohorts, C, vary across each row of plots. For example, the upper left plot of Figure 2.1
corresponds to/? = 2, w = 2, o* = 0.25, C = 1, D22 = 0.002 and 1 = 0. Under the specified
values of a*, TH, C, D22 and L, each plot shows for each value of p an D-optimal allocation
of the time points. In the plots where C = 2, the time points corresponding to different
cohorts are indicated by different line types. A solid line indicates the first cohort and a
dotted line indicates the second cohort.

'' ""' ~ -~

.'-'

Several conclusions can be extracted from these figures. From Figure 2.1 and 2.2,
it can be concluded that the shift of the location of the smallest dispersion from time point
0 to time point -1 is followed by a shift of the time points of the corresponding local Doptimal designs in the same direction. The local D-optimal designs for Z, = 0 are
symmetric. The symmetry of the local D-optimal designs for Z, = 0 can be explained by
the fact that 0 is the mid time point of the interval [ -1, 1 ], where the attraction to the
positive time points is as strong as the attraction to the negative time points. The effect of
the location of the smallest dispersion also arises for the quadratic polynomial model, but
is much smaller than forthe linear polynomial model (see Figure 2.3 and 2.4). The figures
also show that the effect of the shift in location of the smallest dispersion increases as D22
increases.
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C=1,Z, = -1, o^ = 0.25,p = 2
A a =0.002

£>22 = 0.8
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Figwre 2.2. Optimal designs for the first degree polynomial model, with/? = 2 and I = -1.
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F/gwre 2 J . Optimal design for the second degree polynomial model, with/? = 3 and
1 = 0.
i,
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F/gwre 2.4. Optimal designs for the second degree polynomial model, withp = 3 and
I = -l.
All plotted local D-optitnal designs include the time points -1 and 1. However, if
Z>22 is extremely large and Z. is smaller than 0, then the influence of the location of the
smallest dispersion may be so large that the time point 1 is no longer included in the local
D-optimal design. Figure 5 shows this effect forZ^ = 120 and Z),2 = 0.8. For the local Doptimal designs presented in Figure 2.5, the last measurement is not taken at the end of
the research period. We will return to this phenomenon in the discussion section.
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' C = 1,^2 =120, a^ = 0.25,/> = 2
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F/gwre 2.5. Optimal designs for the first degree polynomial model, with/? = 2 and
#22=120.

Figure 2.1 to 2.5 show the D-optimal allocation of time points, but the weights of
the cohorts are not included. These weights are equal to 1/C for almost all cases. The
weights of the cohorts in the plotted two-cohort designs are only unequal to 1/C for the
designs given by the plot of Figure 2.2, corresponding top = 2, /w = 3, C = 2, D22 = 0.002,
Z, = -1 and o* = 0.25. For this plot, the weight of the cohort with positive inner time point
decreases to zero as p increases to 0.25.

.

.,,,.,.,

Although the presented local D-optimal designs are based on C = 1 and C = 2
cohorts, local D-optimal designs for C = 3 and C = 4 cohorts were also computed. The
local D-optimal designs for C = 4 cohorts coincide with the local D-optimal designs for
C = 3 cohorts. The local D-optimal designs for C = 3 cohorts only differ from the local
D-optimal designs for C = 2 cohorts, if the quadratic model is evaluated, the number of
repeated measures w is equal toTO= 4 and the serial correlation p is very small.
40
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The values of the model parameters are often unknown. The loss in efficiency, due
to the misspecification of the values of the model parameters, can be large. As an
example, we will consider the effect of a misspecification of the sign of the location of the
smallest dispersion Z,, all other parameter values being equal.

j ^ |f ,.^;- y

o / mittpeq/icarfo/i o///ie sign o/Z,. Suppose that Z, = -1, /? = 2,

ZJJJ

= 0.8,

= 0.25, p = 0.0025, m = 4 and C = 1. The D-optimal design for this situation is equal
1

( - 1 , -0.73, -0.40, 1 )

tO T* =

. It follows from the Theorem of section

i

3.2 that if all other parameters remain the same, the D-optimal design for Z, = 1 is equal
/ ( - 1 , 0.40, 0.73, 1 ) 1
to -T* = j
f. The relative efficiency of -T* with respect to the local
D-optimal design T* is equal to eff( - T * ) = 0.90, so that for this situation the
misspecification of the sign of I leads to a 10% loss of efficiency. The effects of
misspecifications of the other parameters can be about as large as that of Z-.
An often used design is the equally spaced design. It appears from Figure 2.1 to 2.5
that if the serial correlation is close to 1, then the D-optimal designs are almost equally
spaced. In fact, for the first degree polynomial model, the equally spaced design has a
smallest relative efficiency of 0.94 for w = 3 and of 0.93 for m = 4. For the second degree
polynomial model, the equally spaced design has a smallest relative efficiency of 0.997
for w = 3 and 0.96 for /w = 4.
It follows from the Theorem of section 2.3 that the relative efficiency of a
symmetric design is invariant under a change of the sign of Z-, provided that the relative
efficiency is determined with respect to the corresponding D-optimal design. It turns out
that, evaluating symmetric designs corresponds with the search for maximin designs as
will be shown in the next section. In the following section we will show numerically, that
there exist maximin designs with a large relative efficiency.
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2.6 Maximin designs for the first and second degree polynomial model
Let the space 0 of optimization parameters be defined by
*""'

0

= { 0 : 0 = ( p , o > , Z,, D J J , C ) , ••••-

3/: • . n '

•-

u _q > rr! s 'i

-

* - =-

-•-

(2.7)

pe[0, 1], o* e [0, 1], Z)^ * 0, |Z,| s 1/^BT, Ce{l ,2, 3, 4} }. ,

A maximin design, A/A/Z), over a specific set 5 of designs is in this chapter defined to be
a design in 5* for which max[ min eff( T ) ] is attained, where eff( t ) is taken with
respect to the D-optimal design within the design space T.^= Uc r ^ . The corresponding
value of max [ min eff( T ) ] is called the maximin value, say MA/K, under 5. It should
e
s
be noted that the maximin design A/A/Z) is independent of the values of the variance
parameters, due to the minimization over the set 0.
The following corollary of the Theorem given in section 2.3 shows the relationship
between maximin designs and symmetric designs.
Corollary. Let 7".«= U^ T^ . For each design t e 7*., there exists a symmetric design
x, e 7".^, such that min eff( T ) :> min eff ( T ).
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The corollary is proven in the appendix. A consequence of the corollary is that for
each maximin design T e 7".^ there is a maximin design x^ e T.^ which is symmetric.
Instead of determining the A/MZ) among all symmetric designs, we have decided to
evaluate two sets of symmetric designs, 5,, based on C = 2 cohorts and m = 3 repeated
measures, and Sj, based on C = 1 cohort and /w = 4 repeated measures, which are given
b y :
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5, = {

T: T

= •

Sj = {

T: T

=i

"

."'

05

, . , '

_

.

:

.

•••'.'•

, . . :

f,0 . a . 1 }

•-.

..

(2.8)

Secrion 2. (5 A/axi'mm (fejignsybr fAe/irsf am/ ^eco/trf rfegree po/ynomia/ morfe/

The smallest relative efficiencies min eff( x ) are much smaller for models
e
without serial correlation than for models with serial correlation p s 0.0025. In this
section we will only discuss the results for models with serial correlation p ^ 0.0025, but
the results for models without serial correlation are also presented in the figures.
///gA/y e$?ae/tf <fes/gns _/br /Ae y?rs/ degree po/ynow/a/ woJe/ vv/Y/i ser/a/
corre/arto/i. Figure 2.6 and 2.7 show the smallest relative efficiencies of the elements of
5", and S2, respectively, as a function of a. The solid lines indicate the smallest relative
efficiencies for p > 0.0025, while the dotted lines indicate the smallest relative efficiencies
forp = 0.

*

__ . _

_

j

min eff(x) 0.5 •
e

- ' - •

-'•

o

Figure 2.6. min eff(x) of the designs in 5, as a function of a, for/? = 2.
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A/A/£>
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min eff(t) 0.5
"- t i i r s a i ! ! - . ; ' ' ; • « . s r i :

0

_.^..

.•• *<> • • r ? . : ? - :

.. 0,5 ^.

' • ' " • •

.

.

1

,:>,

a

F/gure 2.7. min eff(x) of the designs in 52 as a function of a, for/? = 2.
e

•
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- - " • ' •

Figure 2.6 and 2.7 show that the designs in 5, and 5^ are highly efficient for a large
range of values of a. In fact, the smallest relative efficiency is larger than 0.95 if
0.25 < a < 0.80 for S,, and if 0.45 < a < 0.75 for 5^. The A/MD in 5, and ^ correspond to
a = 0.55 and a = 0.57, respectively. The corresponding A/A/F are 0.97 and 0.98,
respectively.
wi/A
corre/a//o/i. Figure 2.8 and 2.9 show the values of min eff( T ) for the designs in 5| and
e
52, respectively, as a function of a.

f( - 1 , 0 , 1 ) 1
As can be seen from Figure 2.8, the design ^

f is the A/A/D

in set 5,,

with A/A/F = 0.997. It should be noted that this design is not D-optimal for all sets of

f( - 1 , 1 )1

parameter values, just like the design i

f is not D-optimal for all sets of

parameter values for the first degree polynomial model (see Figure 2.5). The smallest
relative efficiency for designs in 5, is larger than 0.95 for a < 0.28. Figure 2.9 shows that
the smallest relative efficiency for designs in 52 is larger than 0.95 for 0.10 < a < 0.38.
value of a corresponding to the A/A/D is equal to a = 0.23, with MMV = 0.995.
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2.5. min eff(x) of the designs in S, as a function of a, for/? = 3.
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Figure 2.9. min eff(t) of the designs in 52, as a function of a, for/? = 3.
e

?/on. The degree of the polynomial is often unknown. In that case
it makes sense to use designs, which are highly efficient for both polynomial models.
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Figure 2.6 and Figure 2.8 show that the smallest relative efficiency for designs in
5| is larger than 0.95 for both polynomial models, if 0.25 < a < 0.28. The A/A/Z) over both
polynomial models is the design for which a = 0.27, with A/A/F = 0.95.
It can be concluded from Figure 2.7 and Figure 2.9 that the smallest relative
efficiency for designs in S2, is larger than 0.90 for 0.2 < a < .46. The A/A/K over both
polynomial models is attained for a = 0.39 and is equal to A/A/F= 0.94. There is no design
with smallest relative efficiency above 0.95.

+

2.7 Summary and discussion

In this chapter, local D-optimal designs for the random slope model with serial
correlation are studied. The local D-optimal designs were evaluated numerically, because
the optimization problem involves finding the roots of high degree polynomials and no
analytic solution to this problem seems to exist (Hungerford, 1990, p. 363). Because the
D-optimal designs depend heavily on the values of the variance-covariance parameters,
the D-optimality criterion is used in combination with a maximin criterion. Designs which
are highly efficient under a large range of parameter values are given for both polynomial
models. Moreover, it is shown that some of the highly efficient designs are highly efficient
for both the linear as well as quadratic polynomial model.

-

Local D-optimal designs for extremely large D22, Z, < 0 and small values of p are
difficult to interpret, because the end point of the time interval is not the last time point
of the D-optimal designs (see Figure 2.5). It is possible to restrict the optimization
problem by assuming that the first measurement is taken at the start of the research period
and the last time point is taken at the end of the research period. This restriction involves
a loss of efficiency of at most 0.3%. Although this loss of efficiency is very small, it
shows that the claim that measurements have to be taken at the time points -1 and 1
restricts the optimization problem.

.

It is possible to fit a second degree polynomial model, with m = 2 time points and
different cohorts. However, the corresponding D-optimal designs are very inefficient for
large values of p and D,2- Numerical computations show that the relative efficiencies of
46
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the local D-optimal designs for m = 2, £>22 = 120, a* = 0.025 and Z. = 0, with respect to the
corresponding local D-optimal designs for m = 3, as function of p is bounded between 0
and 0.45, irrespective of the number of cohorts C. Further, for all evaluated sets of
parameter values, the relative efficiencies of the local D-optimal designs for m = 2
repeated measures, with respect to the corresponding local D-optimal designs for m = 3
repeated measures, are smaller than 1. For the linear polynomial model, the D-optimal
number of repeated measures is equal to /n = 2. The A/A/D is j

'

f, with

A/MK= 0.997, which is very large.
" '

Table 2.2 gives the A/A/D for the set S, and S2 for the first and second degree

polynomial model. It indicates that the loss of efficiency, due to the use of the A/A/D is
very small. It appeared that the maximin designs have much larger smallest relative
efficiencies than the equally spaced designs.

"

' •*.••<"••• -

2.2 Relative efficiency of equally spaced designs and maximin designs
Order polynomial

Equally J (-l,-a,l) (-l,a,l) 1 Equally f (-i,-o,a,l
spaced, 1
f spaced, i

m = 3 1 0.5

First order, /? = 2

0.94

0. 97

Second order, /? = 3

0.997

0. 997 ( a = 0

First or second order,

0.94

0 .95

0.5 J « = 4

( a = 0.55)

I

1

0.93

0.98 i( a = 0.57 )

)

0.96

0.997 i( a = 0.23 )

( a = 0.28 )

0.93

0.94 (; a = 0.39 )

p = 2 or 3
* Maximin designs correspond to the value of a given within brackets

;

r

t;

In this chapter the Z)-optimality criterion is extended by the use of a maximin
criterion based on the relative efficiency. A topic for further research may be to construct
highly efficient designs with respect to other optimality criteria. Finally, the optimization
problem was restricted to the situation of no covariates. The model may be extended to
polynomial models with time independent and time dependent covariates.
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Appendix
' ' '*i ~ }*^

I"'

Theorem. Given two polynomial random slope models A/, and A/j implied by equation
(2.1) of the same order/? - 1. Suppose p e [ 0, 1 ] and o* are known finite positive values.
Let the variance-covariance matrix of the random effects under A/, be equal to
and under A/j be equal to Dj =

^

^

, for finite values

)|i,\D|2 and b ^ , such that Z), and Dj are positive definite. Let'x e 7 ^ be such that
model A/, is identified under x, where C and /M are finite numbers. Further, let
Det[ Var( (^ ) | A/ ] and Det[ Var( (i ^ ) j A/^ ] be the generalized variance under
design x and model A/, and the finite generalized variance under design -x and model A/2,
respectively. Then

, ^.. .,., ^m...-.

..

Det[ Var( ^ ) I Aij ] = Det[ Var(

(2.6)

Proof: It will be shown after the proof of the Theorem that for all 1, j = 1,.., C,
( Z. DjZ^' + T^ ) = ( Z. D^Z. ' + 1^ ). Let ^ be the diagonal />*/> matrix for
which /4,, = 1, if/ is odd, and /4,, = -1, if / is even. Then X = X .4. Further

Det

.

.^, j

" ( Z D,Z.'
-1

Det(^')Det

£ [ X

'(Z^

•

1 -1

q.e.d.
;' t : S ' i : ' i u ; ' n ' - i
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D e t ( / < • ' ) =

> -^

•••'•• ."

For all /, i = 1,.., C ( Z. ^),Z.' + T ) = ( Z. Z^

fl 0^1

Proof: LetTeT™. Then Z. = Z.
1 0
0 -1.

-t

-t

Z

T

£ > Z ' Mr-iT-.:-"'*

'

1 0
0 -1

0 -l

1 0'
0 -1;

*r?>

^•il;.^

'

"

'

"

z ' -

0 - 1 0 - 1

r.j.;.>fnr;<K,

"•

',

h ? ".r: t i e '..it -b--'fi

*

^ H ? ^^i.i;:"^K

."

;•. •:

'*

Moreover "F. = Y . for all /. '

' " '"'•-'•-^' " ^ - " '"^ -''•'

'" "

'.'

"

•' ' '

q.e.d.

Corollary. Let 7".^= U ^ 7"^ . For each design x e T.^ there exists a symmetric design
Xj e 7!„, such that min eff( x ) ^ min eff( x ) .
e
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Proof: Let x 6 T.^ be a design. The Theorem states that the relative efficiency of x under
D=

is equal to the relative efficiency of-T under D =
^

...

-*,

, ceteris
,

12

22

paribus. Obviously, the domain of the correlation between the random slope and random
intercept, i.e. the domain of

'*

, is equal to [ -1, 1 ]. Consequently, the smallest

relative efficiency of x over tne model parameter space is equal to the smallest relative
efficiency of-x over the model parameter space. Let the design ( x © -x) be the design for
which half of the persons is measured according to x and half of the persons is measured
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according to -x. Note that this design is symmetric and an element of T.^. It can be proven
that the information obtained from the design ( x © -x ) is larger than or equal to the
minimum of the information obtained from x and the information obtained from -x as
follows.
•

**^" "*tk< *"'" • •>"-'^^- s ' ' -i • : vW *•'.*•"'•' V»* ' ^ ''''•*'V- ^ ' ^ ' ' •"••y.-*-''

Rao (1973, p.70) states that if /4 and 5 are real, positive definite and of order n,

then Det ( ^ + 5 )"" * Det( /* )"" + Det( fi )"". Obviously, the right-hand expression is
larger than or equal to twice the minimum of Det( ^ )"" and Det( fi)"". Let/^be the Fisher
information of the regression parameters under design t e T . . Filling in >4 = 14 ^ a n d
fi = '/2 /.r, it follows that the information obtained from the design ( x ® -x) is larger than
or equal to the minimum of the information obtained from x and the information obtained
from -x. Because this holds for all model parameter vectors, the smallest relative
efficiency for the design ( x © -x ) is larger than the minimum of the smallest relative
efficiency for the design x and the smallest relative efficiency of the design -x.

,.., ,y

q.e.d.
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Abstract
A maximin criterion is used to find optimal designs for the logistic random
intercept model with discrete covariates. The proposed maximin criterion maximizes the
smallest possible relative efficiency not only with respect to all possible values of the
model parameters, but also with respect to the unknown conditional joint distribution of
the covariates in the model. We show that the maximin design is balanced with respect
to the joint distribution of all, experimentally controlled, independent discrete variables
in the model. The proposed method will be used to plan a (stratified) clinical trial where
covariates are involved.

words: relative efficiency, maximin design, logistic random effects model,
covariates, D-optimal design
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The search for D-optimal designs has received increasing attention by planners of
experimental designs in the last two decades. The main objective is to establish which
design has to be chosen, such that the regression parameters of a specified regression
model can be estimated most efficiently. For the fixed effects longitudinal logistic model,
the optimal allocation and selection of time points is discussed by Abdelbasit and Plackett
(1983), Finney (1989) and Meeker and Hahn (1977), among others. For the linear random
effects model, optimal designs are discussed by Atkins and Cheng (1999), Berger and Tan
(1998), Bischoff (1993), Mentre, Mallet and Baccar(1997) and Tan and Berger (1999).
The D-optimal designs for the logistic random effects model are only locally
optimal, i.e. are only optimal for a given set of parameter values. Three methods are
proposed in the literature to handle the problem of local optimality, namely the sequential
design procedure, the Bayesian method and the maximin method (Atkinson and Donev,
1996). In this chapter, we will concentrate on the maximin method. This method has been
advocated by several authors, e.g. Berger, King and Wong (2000), King and Wong
(2000), Ouwens, Tan and Berger (2001), Pronzato and Walter (1988) and Wong (1992).
The maximin method considered in literature is based on the efficiency. It is, however,
preferable to base this method on the relative efficiency.
' ' *•

In this chapter a class of logistic models is considered with random intercept and

time-independent discrete variables, which may have interaction with time. For these
models, the designs not only consist of the time points at which the measurements are
taken, but also of the joint distribution of the discrete independent variables.
Unfortunately, it may not be possible to specify the joint distribution of all variables prior
to data sampling. In this chapter it is assumed that a marginal joint distribution of some
of the independent variables is experimentally controlled, where is marginalised over the
strata of the other independent variables. Throughout this chapter, we will denote an
independent variable corresponding to the marginal joint distribution as a 'variate'. An
independent variable over which is marginalised is called a 'covariate'. A maximin

SS
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criterion is proposed that deals with the problem of local optimality, due to both the
dependency on the unknown model parameters, as well as to the dependency on the
unknown conditional joint distribution of the covariates.
The logistic random effects model is specified in section 3.2. The D-optimality
criterion and the maximin criterion will be introduced in section 3.3. Some characteristics
of maximin designs for the logistic random intercept model are formulated in section 3.4.
In section 3.5, the domain of the parameter values will be introduced. The optimization
algorithm is given in section 3.6. In section 3.7, maximin designs are given for some trials
with covariates. Finally, the results will be discussed in section 3.8.

•/'**•; .
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3.2 M o d e l specification

<':

In this section the logistic random effects model is introduced. The 1 x /w vector

_y. ' = ( > " . , ..., >>.

) is the vector of/w responses of subject J, J = 1,..., «,, in cohort /,

/ = 1,..., c. Conditional on all fixed and random effects in the model, the responses j ; ,
£ = 1, ..., m, are independently Bernoulli distributed with probabilities TI^, i.e. > ^ ~
Bernoulli 1, TI^ ). These probabilities are related to the average profile A^'P and the
subject-specific deviations Z^'A^ from this average profile as follows:

logit(n ) = In

+ Z. 'A ,

'

:,...

(3.1)

where thep x 1 vector P is a vector of fixed regression coefficients and the ^ x 1 vector 6.
is a vector of random regression coefficients, which is normally distributed with mean
zero and variance-covariance matrix Z).

. , . - . , . . . . , „, .

.

The Maximin procedure proposed in this chapter can be applied to the larger class
of logistic models in equation (3.1) with more random effects, higher order polynomials
and an arbitrary number of independent variables. Hence, the discussion with respect to
the experimental design space, D-optimality- and maximin criterion will be based on the
general class of models represented by equation (3.1). We will, however, illustrate the
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results in this chapter by the model:

fit:-?•'
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it it

P4

1.1

it'

where Po is the intercept, /,* is the £-th time measurement of the subjects in cohort /, the
parameters P,,..., P4 are fixed regression parameters and £,, and C,, are the values of the
dichotomous variables £ and C, respectively, for subject s in cohort /. The time dependent
effect of £ is ( P2 + P3 f#), and £„ is the random intercept, which is assumed to be
normally distributed with mean zero and variance 6*.
As a motivating example, consider the clinical trial on ' epileptic seizures'
described by Diggle, Liang, Zeger (1994, p. 13-15). In this study, the occurrence of
epileptic seizures of each patient was recorded during a baseline period before
randomization. Patients were then randomized to treatment with the anti-epileptic drug
progabide, or to placebo in addition to standard therapy. The dependent variable is the
occurrence of a seizure, which were measured repeatedly in time. It appears that there is
a strong variation among the patients in the baseline level of seizures, which seems to
persist across time. For this example, PQ is the baseline odds of a seizure. The
dichotomous variable £ is coded 0/1 and indicates the treatment group (£ = 1) versus the
control group (£ = 0). Hence, the coefficient P, is the log ratio of seizure rates between
adjacent time points for the control group and the time-dependent coefficient
(P2 + P3 ',*) of £ is proportional to the log ratio of seizure rates between the two treatment
groups as a function of time. The variable C could be any dichotomous independent
variable, and 6^ denotes the deviation of the patient specific baseline seizure count from
Po- In the study at hand, all patients are measured at the same time points, i.e. there is only
one cohort (/ = 1 ). A total of 31 out of «;= 59 patients are assigned to the experimental
group.
The purpose of this chapter is to establish which design should be chosen, such that
all regression parameters can be estimated most efficiently. That is, at which time points
the subjects should be measured, and how the joint distribution of £ and C should be

Cfai/tfer i. Mui'mm f/a?igru w Me />re$ence o/covaria/ei

chosen. When planning an experimental design, some variables may have a known
marginal distribution prior to data sampling. In the 'epileptic seizures' study, for example,
one is able to choose what marginal percentage of the patients should be treated with
progabide, where is marginalised over the independent variable C. In other words, the
marginal distribution of the treatment variable £ can be chosen by design. The joint
distribution of all independent variables, however, may not be determined in advance. It
does not generally make sense to search for an optimal joint distribution of all independent
variables. We will denote the independent variables corresponding to the controlled
marginal joint distribution as variables which are kept under control, while the
independent variables which do not correspond with the controlled marginal joint
distribution are denoted as variables which are not kept under control.

> •. ., .

To define the experimental design space, consider the case that there are 9 < /?
discrete independent variables (time variables are not included). Suppose that
5<. = {A",,..., A",} is the set of discrete variates, which is kept under control, and let
£„,.= {AV+i, ....A', }be the set of discrete covariates, which is not kept under control, with
r s 9. Then the marginal joint distribution of the independent variables in the set 5^ and
the time is represented by Table 3.1.
In Table 3.1, w, through w,. are the relative sizes of the c cohorts. Within each
cohort /, / = 1,..., c, the subjects are measured at the same time points /,, through /,„. For
each cohort /, / = 1,..., c, the number of strata of the cross-classification indicated by the
set S,. is denoted by z and the corresponding weights are denoted by w,-,. Note that the
cross-classification is made marginally over the set £„<. of covariates.

'

<
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Section 3.2 Aforfe/ speci/icarfon

5.7 Experimental design of a longitudinal model with c cohorts, . ,
maximal z strata within the z'-th cohort and w repeated measures
Cohort
-

•

•

-

Weight w,
"

-

•

-

•

• •

Time points
• • • • • •

Stratum
i

Weight w,y
^

The vector ( w.,, ..., w. )' of relative sizes of the c cohorts is an element of the
space W, = {( w , ..., w. ) ' : $2 *"• ~ 1, w, ^ 0 , / = 1,..., c }. For each cohort/,
i = 1,.., c, the vector ( w , ..., w. )' of relative sizes of the z strata indicated by 5,. is an
element of H^= {( w , ..., w. ) ' : J ^ w.. = 1, w,y ^ 0,y= 1, ...,z } and the time vector
(f,,,..., f^)' is an element of 7 ^ = {'(f,-i> •••>'«,)' : /« e [-1, 1 ] }. Note that the number of
strata z should be interpreted as the maximal number of strata within the c cohorts,
because some of the w,y's may be zero. Based on the previous definitions, the experimental
design space T is defined as

ft

(3.3)

Note that the maximal number of strata z is determined by the choice of the set S,. and
remains constant during the search for the maximin design. In this chapter we assume that
the maximal number of cohorts and time points are finite to ensure compactness of the
design space 7*.
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3.3 Optimality criteria

*£^v;•'

In this section the D-optimality criterion and the maximin criterion are introduced,
which will be used to compare experimental designs of the form mentioned above.
' cr/fer/o/! aw*/ re/arive«
Let p be the maximum likelihood estimator of p. Then the volume of the
confidence ellipsoid of p* is an increasing function of the determinant Det[ Var( 0 ) ]
of the variance of 0, i.e. of the generalized variance of 0. It should be noted that the
determinant Det[ Var( 0 ) ] depends on the joint distribution of all independent
variables. Hence, for each design t e 7", the determinant Det[ Var( p* ) ] depends not
only on the values of the model parameters, but also on the conditional (on the cohorts and
5,.) joint distribution of the set of covariates 5^, which is not kept under control. For each
vector of model parameters and conditional joint distribution of the covariates in S^, the
Det[ Var( 0 ) ] can be minimized by the choice of a D-optimal design x* e 7", such that
for each design x e F
:

'

;'
Det[ Var( | L )] <; Det[ Var( ^ ) ],

(3.4)

where 0 . and 0 are the estimates of P under x* and x, respectively. The D-optimal
design is only locally D-optimal, because the determinant depends on the unknown values
of the model parameters and the conditional joint distribution of 5^The relative efficiency can be used to compare the generalized variances of two
experimental designs. The relative efficiency of a design x, e 7" with respect to Xj e 7",
conditional on the values of the model parameters and the conditional joint distribution
of 5^, is given by
Det[ Var(
eff( *, | T, ) =
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Det[ Var( -

- -

-

-

(3.5)

'••

Secrton 5.5 CJpfi'ma/ify criteria

<

^ t ? .>

where p is equal to the number of fixed regression coefficients. Expression (3.5) can be
interpreted as follows. If, for example, eff( T, | TJ ) = 0.9 for a particular design T,, then
about 10% more observations will be needed to obtain the same efficiency as that of
design T; for the same model.

>. ...

•-.. --*-....

The D-optimal design for model (3.1) depends on the values of the model
parameters and the conditional joint distribution of S,,,.. An approach to deal with this local
optimality is the use of a maximin criterion.

A/arz/w/w
Both the model parameter vector as well as the conditional joint distribution of the
covariates in 5 ^ must be taken into account. A maximin design t"""""'" 6 T with respect
to the D-optimality criterion is therefore defined to be a design that maximizes, among all
designs T e 7, the smallest relative efficiency over both the space Q of model parameter
vectors as well as the space f^ond of conditional joint distributions of the covariates in £„,.,
i.e. the maximin design x™"""'" maximizes .«»*.•>«'•?.'.*.?..

:=> v

,-,:

- ^ .--,-f<-

min eff( x | T*

over the experimental design space T, where t" is the local D-optimal design. The
corresponding value of expression (3.6) is called the maximin value of T"""*"*\ In the next
section we will give the balancedness characteristic of maximin designs.

3.4 Balancedness of maximin designs

The discrete independent variables can, without loss of generality, be assumed to
be represented by dummy variables with values 0 and 1. The time period can, without loss
of generality, be assumed to be [ - 1 , 1] (Bunke and Bunke, 1986, theorem 8.34).
Although maximin designs differ per model and can often only be found by
numerical computations, some characteristics can be proven analytically. One of these
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characteristics is balancedness. A design is called balanced in the strata of a set of
independent variables, if the corresponding relative sizes are the same.

Theorem. Consider model (3.1). Let S,. be a set of variates, which is kept under control.
The design space T is defined as in expression (3.3). If the model parameter space is
symmetric around 0, then there exists a maximin design which is balanced in £„.

The proof of the Theorem is given in the appendix. In the following, we have
applied the maximin criterion and the Theorem to the longitudinal model with two
additional dichotomous independent variables as specified by model (3.2). Before we
proceed with the presentation of the results of the maximin designs and corresponding
maximin values for model (3.2), we will restrict the parameter space, because large ranges
of the model parameters will evidently lead to relative small maximin values.

3.5 Parameter space

^

" ,

We have reduced the parameter space to values which are generally relevant in
practice. Each model parameter vector in Q consists of a vector of fixed regression
parameters P and a variance of the random intercept 6*. We choose the subspace of Q
defined as

0 = { ( p, 8^) e Q : Poe [ -10, 10 ], p , e [ -1, 1 ], A = 1,.... 4, 6> e [ 0.01, 3 ] }.

It is additionally required that, for each stratum of { £ , C }, the intercept of model (3.2)
is an element of [ -10, 10 ] and the effects of time P, and P, + P3 are elements of [ - 1 , 1 ] .
Note that if P, = 1 and the research period is [ -1, 1 ], then the odds at the end of the
research period is exp( 2 ) =7 times the odds at the start of the research period. The range
of Po is much larger than the ranges of the other parameters, because the probability of
getting a disease can be very small, while the change in the probability is not expected to
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be large in absolute sense.
:_.
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,?i .t;' ??' *; t>•» s H •• ;P 3.6 Optimization Algorithm

A consequence of the Theorem in section 3.4 is that the search for maximin designs
may be restricted to designs which are balanced in all variates that are kept under control.
The relative efficiency of each design T e 7" is determined relatively to the D-optimal
design. Because D-optimal designs do not need to be symmetric, nor balanced, the
calculation of the relative efficiencies and maximin values were performed with respect
to the whole design space T.
The following global search algorithm was used to obtain maximin optimal designs
for this chapter:
1.

take an initial guess of the balanced maximin design,

'

2.

compute the 'maximin solution' based on the local search algorithm BFGS (for
maximization), taking into account the minimization of the relative efficiency over
W^onrf ^nd 0 (BFGS is used within the maximization algorithm to obtain the

••-'•"> smallest relative efficiency over # ^ and 0 ) ,
Check

1:

••••-••'

-

• . . . . ,

3.

select randomly balanced design (Use the uniform distribution for selection),

4.

do step 2 + compare with earlier computed designs,

Check 2:
5.

select balanced designs from the boundary of the design space,

6.

do step 2 + compare with earlier computed designs,

Check 3:

•
• - . • • ' • • •

•••

•

'

7.

d o s t e p 3 ,

8.

compute corresponding smallest relative efficiency and compare with earlier
computed designs.

•-••

•

• . : • • . . .
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Check 1 and 2 are repeated 10 times and check 3 is repeated 1000 times. The quasiNewton

algorithm

BFGS (Broyden-Fletcher-Goldfarb-Shanno)

is described

at

http://orion.math.uwaterloo.ca/~hwolkowi/mirror.d/glossary/B.html and is default in
TOMLAB (http://www.mathtools.eom/files/tomlab//tomlabv2.pdf),
toolbox for MATLAB.

y ; « i t: ' • : • : > J
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The maximin value depends on the independent variables in the set S^. Hence, to
plan an experimental design for models with covariates, it is necessary to decide in
advance, which independent variables will be kept under control (to form the set S,.), and
which independent variables will not (to form the set 5^). In this section maximin designs
and maximin values are presented for model (3.2) for the following three cases. The trial
on epileptic seizures is used as an example for the first two cases.

Case /. 77>e varza/es £ a/i<f C arefco/A/rep/ under co«/ro/.

.

•, • •

Suppose that we want to plan a stratified trial, where a specified number of
smokers as well as non-smokers will be assigned to the treatment (progabide) and placebo
group. Here we have a situation, in which the treatment variable £ as well as the
dichotomous Smoking covariate C are kept under control. The set S,. of variates, which
is kept under control is S<, = {£, C}. The set of covariates, which is not kept under control
is empty, i.e. 5 ^ = 0 . According to the Theorem, the maximin design implies a balanced
joint distribution of the independent variables in 5^, i.e. an equal number of patients for
each of the strata of S,.. Furthermore, numerical computations show that the maximin
design consists of one cohort with the optimal allocation of time points at -1 and 1 (start
and end of the research period). The corresponding maximin value is equal to 0.77.
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2. 77ie variate £ w £e/rt wnrfer cowfro/, 6M/ /Ae covan'ate C w no?.
A commonly encountered design in many clinical trials, is a design in which only
the treatment variate £ and the time are kept under control. A fraction of the patients will
then be assigned by design to the progabide group. In this case the set S,. contains only the
variate £. The set of covariates, which is not kept under control is S^ = { C }. Thus, the
relative efficiency of any design will also depend on the conditional distribution of the
covariate C. According to the Theorem, the maximin design implies that the patients
should be equally distributed across the treatment and the control group. Numerical
computations show that one cohort is sufficient for the maximin design with the optimal
allocation of time points at -1 and 1. The corresponding maximin value is equal to 0.87.

Cose 5. Both covariates E and C are not kept under control.
'!r, '

•-^ -•••• • " *

•

In many observational studies, which involve repeated measures, only the time

allocation is planned in advance. Numerical computations show that in this case the
maximin design involves one cohort with optimal allocation of time points at -1 and 1. In
this case the set S^ of variates, which is kept under control, is empty, i.e. 5, = 0 . The set
of covariates, which is not kept under control is 5 ^ = { £, C }. The corresponding
maximin value is equal to 0.90.
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We found, that the relative efficiencies may be small for large values of the

regression parameters. The above stated maximin values are calculated for valuecombinations that belong to the subspace 0 as defined in section 3.5. A further restriction
of the parameter space will in general lead to larger maximin values. Table 3.2 shows the
effect on the maximin values for the three different cases, with decreasing range of the
regression parameters.

--'fr
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5.2 Maximin values as a function of the range of regression
parameter values P^,, A = 1,...,4. The number of cohorts / = 1
'**,.?

Range of
parameter values

P*,A = 1 , . . . , 4
[-1 ,1 ]
[-0.75, 0.75]
[-0.50, 0.50]

[-0.25, 0.25]

'

•

•:

* ,

.-•'-.-

-.JA-,

\

,

:

Case 1
5,. = { £ , C }
5^ = 0

Case 2

0.77
0.82
0.88
0.94

0.87
0.89
0.91
0.94

.;.••.•-•:?

3 . 8

^c
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I ^ /

Case 3
5,= 0
5c = { £ , C }
0.90
0.91
0.95
0.98

:,;.

• ;;i-i-:;;-;••
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It has become increasingly important to search for experimental designs, such that
the regression parameters can be estimated as precisely as possible and the power of
statistical tests is maximized. It is known from literature (e.g. Rochen, 1998) that a design
with equally sized groups does not necessarily lead to estimates of the regression
parameters with smallest standard errors. Rochen (1998) found that the stratum with the
largest variance should have the largest sample size. In contrast to the unbalancedness of
the D-optimal designs, the results in this chapter indicate that the maximin designs imply
a balanced design with respect to the marginal joint distribution of all experimentally
controlled variates in the model. To plan a clinical trial for the comparison of treatment
groups, an equal assignment of patients across the treatment groups is optimal in the
maximin sense, irrespective of the number of covariates in £„,.. Furthermore, the time
points should be allocated at time points -1 and 1. It seems that the allocation of time
points is independent of how many independent variables are kept under control. The
same conclusion can be drawn for the second order longitudinal model, with optimal
allocation at time points -1,0 and 1 and one cohort. The corresponding maximin values
are slightly larger for the second order model than for the first order model.
Table 3.2 shows that the maximin value tends to be smaller as the number of
variates, which is kept under control, increases. It should be noted, that the maximin
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values between different cases in Table 3.2 cannot be compared to each other. To obtain
these maximin values, the efficiencies of the maximin designs are related to the
corresponding efficiencies of different D-optimal designs (expression (3.6)). The Doptimal designs of the first case, for example, are more efficient than the D-optimal
designs of the second case, because the first case has more experimentally controlled
variates. Hence, the maximin value of the maximin design will tend to be smaller, due to
the division of an increasing D-optimal efficiency value as the number of experimentally
controlled variates increases.
In practice, the variates are used as stratification variables. One might argue that
the maximin value of 0.77 for the first case in Table 3.2 may be too small, and that the
situation will even be worse when many experimentally controlled variates are
encountered. The use of the maximin criterion to obtain an efficient design would then be
questionable and not very useful in practice. In many practical situations, however,
additional information about the range of the regression parameters is available or can be
obtained by pilot studies. In the epileptic seizures trial, for example, the odds ratio of
having a seizure for a subject in the control group relative to a subject in the treatment
group may be expected to be less than 2. For the regression parameters, a range of
parameter values of [ -0.35, 0.35 ] is therefore very plausible. As Table 3.2 indicates, the
maximin value will increase if the range of the regression parameters decreases. Another
reason why the maximin criterion is useful in practice when planning a stratified
randomized trial, is that pre-stratification is often desirable for only a few variates
(cf. Pocock, 1984, page 81).
In conclusion, the maximin criterion for regression models with covariates leads
to designs which are balanced in the covariates with large relative efficiencies. We expect
that the optimal allocation of time points will be independent of the number of timeindependent covariates in model (3.1) and the number of repeated measures. Further
research is needed on this topic and on extensions to other generalized linear mixed
models, with more random effects, discrete or continuous covariates, and time varying
covariates.
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Theorem. Consider model (3.1). Let $. be a set of variates, which is kept under control.
The design space 7* is defined as in expression (3.3). If the model parameter space is
symmetric around 0, then there exists a maximin design which is balanced in S,.. Recall
that a design is balanced in the strata of a set of independent variables, if the
corresponding relative sizes are the same. Within this appendix, the dichotomous variables
and the dummies are assumed to be coded -1 and 1, without loss of generality.

Proof: Note that there is always at least one maximin design x"""'""" e 7, due to the
continuity of the relative efficiency, and due to the compactness of the design space 7*, the
space of conditional distributions of the set of covariates £„,., and the space of model
parameters Q. Let therefore

T"""'"""

e Tbe a maximin design.

T h e T h e o r e m is p r o v e n in the f o l l o w i n g t w o steps:

--y^ ..;•<-. > .•.;!•,„•
• - • • ; • ? . . • - " •».?»•. ;••••• :'•

•'••'.

1.

construction of a maximin design -x"""'""" e Tbased on the maximin design x"""'™",

2.

proof that ( x"""'""" © -x"""""") is a balanced maximin design, where

=. ;*

( x"""""'" © -X"""'""") is the design obtained by assigning half of the subjects to
x™«""" and half of the subjects to -x"""'""\

.;

. <; -. .,

...

Step (1): CortJ/rwcrton o/f/ie /nax/>m>j </ey/gn -x"""""'".
We will describe the construction of -X"""""" for the logistic model (3.2) in the
setting that C is a covariate, i.e. the set of variates is 5^= { £ } and the set of covariates
is £„,.= { C }. A generalization to other settings of 5^ and $ „ and higher order polynomial
logistic models with an arbitrary number of discrete independent covariates and more
random effects can be made analogously.
Let for each design T e 7", the design -x e J be obtained by interchanging, within
each cohort /, / = 1,..., c, the relative sizes w,y of the strata of £. Then it can be proven that
-T""™"""
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is also maximin as follows.

Suppose that the relative efficiency of -T"""'""" attains its minimum for
^

and 6 = ( p«, p,, p,, p,, p«, tf )' e Q. Let / ( 6

)

denote the Fisher

information matrix evaluated in H%^ and 6 under -x, which is the inverse of Var( P

)

evaluated in w ^ and 0. Further, let H ^ * be obtained from w^^ by interchanging within
each cohort /, / = 1,..., c, the conditional distribution of C over the strata of £" and let 0*
= ( Po, Pi, -P2, -P3, P4, 5*)'. Then to proof that -x"""'""" is maximin, it is sufficient to proof
that the relative efficiency of-T™"""™ under u ^ and 0 is equal to the relative efficiency
of x""™" under w , ^ * and 0*, i.e.

Det

'-;."; A fh:C , - • ' ? • - .

:

- ; *.

Det / (

I* , . e

(3.7)

Det

Det

.y. 9

where x* e Tis the locally D-optimal design for *%„,/* and 0* and -x* will be proven to
be a locally D-optimal design for w ^ ^ and 0.
To proof equation (3.7), equation (3.8) will be used:

,

;

(3.8)

Proof of equation (3.8): Equation (3.8) can be proven based on the building blocks for the
information matrix (cf. Diggle, Liang and Zeger, 1994, p. 173) as follows. For each design
x e Tthe design matrix JL% under -x, w^^ and 0 can be written as A^/4 under x, w^^* and
0*, where /I is the diagonal matrix for which ^/, = 1, for / = 1, 2 and 5 and /4,, = -1, for /
= 3 and 4. Further, 6* is for -x, v v ^ a n d 0 the same as for x, w ^ / and 0*. Finally, for
each random intercept value 6, the conditional probability of a response in stratum / of £
under -x, w ^ ^ and 0 is equal to the conditional probability of a response in stratum ( 2 1) of £ under x, w ^ , / and 0", / = 1, 2, because
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Hence, Det[ /( ( ^ ), ^

„ ] = Dct[ ^ ' /( p\ ), ^

w h i c h proves equation (3.8).
q.e.d.
^

»••..•
,• .

.

• .
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,^. i

^ >>.„•<:;.._„.-
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A consequence of equation (3.8) is that -x* is D-optimal for w ^ and 0, because

max D e t [ / ( 0^ )

.

. ] = max D e t [ / ( 0

)

<, ] .

*

Equation (3.7) follows from equation (3.8), because

a). Det[

Det[

b) Det[

„.), _

^••l-

.T=D«*[

Because the relative efficiency of-T"""""'" is minimal for >*-„,„,, and 6, this relative
efficiency is also obtained by x"""'""" and x"""*"" is a maximin design, the design - t
is also maximin.

<

;

; '

Step (2): /?roo///ia/ f' ^«*"« ©. t"««»j «
Since t"""""'" and -x""'"""are based on the same cohorts, ( T"""*"'" e -T"""'""") is also
based on the same cohorts as x"""'""" and is therefore also an element of T. The
balancedness of the design ( x"""'™" © -x™"*"''") follows by the construction of -x"""""'". It
remains to proof that the design ( x"""'""" e -x™"™") is also maximin.
Take a w^^ e fTco^ and a 0 e Q, for which the relative efficiency of
( ^ r - m ^ . ^ » « ) ,8 smallest. To proof that ( x""™" © -x"""""'") is also maximin, it is
sufficient to proof that

-

»,_„..,•„,),

Det[ /( p \
Det[
mm
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Det[

)]
Det[

where t* is the D-optimal design under w ^ and 6. The inequality (3.9) can be proven
based on Rao (1973, p.70) as follows.

Det[
114,

Det
Det

i«A

1 { Det

+

Det

I /(

I { Det
;£.-"'Si

in
min

( j Det[ /( 0 ^ « . ) ] }'*, { Det[ /( 0_^,^ ) ] }"* ), which proofs

inequality (3.9).
q.e.d.
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A b s t r a c t

Mixed effects models for longitudinal data with fixed as well as random parameters
are often used to describe expected profiles. Influence measures are usually constructed
to detect influential subjects and observations for the fixed regression parameters, treating
the subject specific parameters as nuisance parameters. One of these measures is the wellknown Cook's Distance. It is shown that this statistic may fail to detect or may incorrectly
detect influential observations due to the random effect variances and covariances. A
conditional version of Cook's Distance is proposed to assess the influence of observations
on the estimated regression parameters.

won/s: Conditional Cook's Distance, Cook's Distance, influential observations,
Random effects
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In the last two decades many references on longitudinal models with random

effects have appeared (Diggle, Liang and Zeger, 1994, Lesaffre & Verbeke, 1998, and
Vonesh and Carter, 1987, among others). Despite this growing interest, the development
of diagnostic methods remains a somewhat neglected topic. This paper discusses the
problem of identifying an observation with a demonstrably large effect on estimated
regression parameters. Such observations were called influential observations by Belsley,
Kuh and Welsch (1980). Chatterjee and Hadi (1986) reviewed several influence measures
for linear regression models with uncorrelated error terms. Each of them stresses different
aspects of influence on the values of the estimates. These influence measures differ in
their intention. Some detect influential observations for the estimated regression
parameters, some evaluate the influence on a linear combination of these regression
parameters and some focus on the estimated variances of the estimated regression
parameters. Extensions to multivariate regression have been suggested by Barrett and Ling
(1992), Christensen, Pearson and Johnson, (1992), Cook (1986), De Gruttola, Ware and
Louis (1987), Rohlf (1975) and Siontani (1959), among others. One of these measures is
Cook's Distance. Although it seems natural to use Cook's Distance as an influence
measure for mixed effects regression models, some caution is needed. Christensen et al.
(1992) proposed a two- step method to detect influential observations. In the first step a
diagnostic tool is used to evaluate the influence on the estimates of the variance
components. In the second step they used an extension of Cook's Distance. Banerjee
(1998) noticed that the effectiveness of Cook's Distance as an influence measure in the
longitudinal data setting is limited. Banerjee and Frees (1997) have applied the concept
of partial influence to take into account the effects on subject-specific parameters and to
measure the effect of a subject on the population parameters. Ouwens, Tan and Berger
(1999, 2000, 2001) demonstrated the necessity to use observation-oriented influence
measures in addition to subject-oriented influence measures. They showed that existing
subject-oriented influence measures may fail to detect influential subjects, owing to the
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relative position of the observations within and across subjects.
In this chapter a conditional version of Cook's Distance is proposed by conditioning
on the subjects in the sample. In section 2 the data from the London Growth Study
(Tanner, Whitehouse, Marubini and Resele, 1976) are described and the problem of
detecting influential observations is motivated. In section 3 the underlying regression
model is specified. In section 4 Cook's Distance is investigated in detail. Examples will
be given to demonstrate its shortcomings for mixed effects models. A conditional version
is proposed in section 5 and some numerical examples are given that show the similarities
and discrepancies between the two representations of Cook's Distance. Some general
conclusions will also be discussed in detail. Finally, the data of the London growth study
will be analysed for influential observations in section 6.

4.2 The London Growth Study: Data description and problem formulation

A more elaborate description and analysis of the London Growth Study can be
found in Tanner et al. (1976). Part of this study is known as the Harpenden Growth Study
and consists of several hundreds of boys and girls in a children's home in the country just
outside London between 1948 and 1972. Each child was observed twice a year until the
first signs of puberty, followed by measurements every 3 months until the growth spurt
ended, and then each year until they were 20 years old and finally every 5 years. Tanner
et al. (1976) analysed 55 boys and 35 girls whose measurements were made regularly until
they reached adulthood. Goldstein (1979) selected growth data of 20 pre-adolescent girls
between 6 and 10 years old. One of the purposes of the London Growth Study was to
describe the mean growth of the girls who had mothers of different height: short mothers
( < 155 cm ), medium mothers ( 155 - 164 cm ) and tall mothers ( > 164 cm ). Table 4.1
shows the relationship between height and age of the girls, for the three different groups
of mothers. Table 4.1 can also be found in Goldstein (1979).
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4. / London growth study data

6

.

Height ( cm ) at the ages f vears):
7
8
9
10

Short mother
111.0
110.0
113.7
114.0
114.5
112.0
112.5

116.4
115.8
119.7
118.9
112.0
117.3
116.7

121.7
121.5
125.3
124.6
126.4
124.4
124.0

126.3
126.6
130.1
129.0
131.2
129.2
129.2

130.5
131.4
136.0
134.0
135.0
135.2
135.2

Medium-sized mother
7
116.0
;g • - .-v,,:!V.' I;
117.6
121.0
io
*-' 114.5
117.4
11
113.7
12
13
113.6
Mean
.
>
116.2

122.0
123.2
127.3
119.0
123.2
119.7
119.1
121.9

126.6
129.3
134.5
124.0
129.5
125.3
124.8
127.9

132.6
134.5
139.9
130.0
134.5
130.1
130.8
133.2

137.6
138.9
145.4
135.1
140.0
135.9
136.3

125.0
128.5
125.6
126.7
128.1
121.3
131.8
126.7

132.0
134.6
132.1
133.8
134.3
127.4
141.3
133.6

136.6
141.0
139.1
140.7
140.3
135.1
146.8
139.9

140.7
146.5
144.0
146.0
144.0
141.1
152.3
144.9

1
2

" ' " •
•

'-. T - - . . i - -•*-"i?-'

3
4

5
6
Mean

Tall mother
14

15
16
17

18
19
20
Mean

'

" • "

120.4
120.2
118.9
120.7
121.0
115.9
125.1
120.3

138.5

*«..«j

:

>>.-.—.-.;••

,.

An inspection of the data reveals that the second observation of the fifth girl is perhaps
a transcription error. During the analysis, the influence of this observation on the average
rate of change should be evaluated. Furthermore, the influence of the other observations,
which might not be apparent in this stage, should also be evaluated.
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4 3 Model specification

For the Linear Mixed Model, the M, * 1 vectors of responses .y, of subject /,
/' = 1,..., JV, are ascribed to the expected trend AJP over subjects, to the subject-specific
deviations Z, 6, from this expected trend A", P and to the deviations e, of the observations
from the subject-specific profile (A^ P + Z, A,) as follows:

ZA. + e. ,

(4.1)

where the /?, x 1 vectors €,, 6j, ..., e# are supposed to be measurement errors (or
disturbances), which are independently normally distributed with mean zero and
covariance matrix o* /„ / = 1, ..., A^, with /, the identity matrix of rank n, and o^ the
common variance of the measurement errors.
No subscript is used for the fixed/? x 1 regression parameter vector P, because the
expected trend A", P does not depend on the subjects in the sample. The use of the subscript
/ for the ^ x 1 random effects regression parameter vector A, indicates that the subjectspecific deviations Z,A, may be different for each subject /. The vectors 6, are supposed to
be independently and normally distributed with mean zero and variance-covariance matrix
D.
In general, the w, x p design matrices A^ consist of functions of the time points and
time varying and time independent covariates. For longitudinal data the columns of the
n, x <7 design matrices Z, are often functions of the time points and are considered to be
submatrices of the A', matrices. This is made possible, without loss of generality, because
the random effects parameters 6,- are assumed to have zero mean. The variance of the
response >> is equal to Fj = Z,D Z,' + o*/,. The block diagonal matrix Fis the matrix with
K,'s as block diagonal.
The first term A $ of model (4.1) can be interpreted in two different ways. Each
interpretation includes a definition of influential observations. The first interpretation
brings into focus the group results. In this case, the expected value of the response^, is
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equal to the expected profile A $ with variance-covariance matrix F,. An influential
observation in this context is supposed to have a large impact on the estimated fixed
regression parameters, and the fitted response j?. is equal to the estimated expected profile
A^ft.The London growth study data also dealt with group results. The main objective was
to compare the mean growth of pre-adolescent girls for each of the three groups. The
second interpretation brings into focus the subject-specific results. Examples can be found
in educational research (Tan, 1994). One of the examples is the analysis of progress-test
data. A progress-test intends to measure the progress of the students in a school, and
describes and predicts the growth of knowledge of each student. In this case, the expected
value of the response^, in model (4.1) is equal to the subject-specific profile
( A $ + Z, A,-) with variance o^/. An influential observation in this context may have a
large impact on the estimated subject-specific parameters A. or on the estimated fixed
parameters ft or on both. No matter which interpretation is used, the estimated average
profile Af.ft can be influenced by a strong effect on A.. Although the subject-specific
parameters may be treated as nuisance parameters, we will show that it makes sense to
evaluate influence conditional on the subjects in the sample. Note that the variance ofy,,
conditionally on the subjects in the sample, is equal to the variance of the measurement
errors o*/,. The variance-covariance matrices D and Fare estimated by the ML method.
The estimates of ft and A. are given by (Laird and Ware, 1982):
-i

ft =

.,

1=1

and

respectively.

•

. • ...

The estimation process may strongly depend on a small number of observations.
A commonly used method to detect such influential observations for the fixed regression
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parameters in standard linear regression is Cook's Distance, which will be discussed in
the following section.
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'•• '•- Cook's Distance assesses the difference between the estimates 0 and (i

of P,

which are based on the sample with and without subject or observation rf, respectively.
Cook's Distance for the Jth subject or observation is defined as (Cook, 1977):

where j? and >»

are the fitted values of>> = ( ^ ' , ^ ' , •••,>'^' )', using the sample with

and without subject or observation J, respectively, and/? is the number of independent
design parameters.
In longitudinal context, influential observations that have an unusually large impact
on the subject-specific parameters £ cannot always be detected by Cook's Distance and
may occasionally lead to an observation being incorrectly detected as influential. These
statements will be clarified using a set of 20 subjects, which are generated from the model:

V
where f is the time variable, _y.. is the response of observation _/ of subject / at time point
fy, PQ = 5 and P = 2.5 are the fixed intercept and slope, respectively, and 6

is the

random intercept corresponding with the /-th subject, which is normally distributed with
mean zero and variance 6* = 2.
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a

•f

•
30 •

Response
20 •

sample

1

•

10 •

1

•

1
1

i

• •

• '•• :

.tl

i - f i

•

*

Response
subject 1
10 •

10
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Figure 4.1 shows the relationship between the response^ and the time pointsfyfor
the whole simulated data set as well as for subject 1. Each subject is measured at nine
equidistant time points. The fifth observation of subject 1 is taken, such that it has a large
impact on the estimated value of £ .
Figure 4.2 shows the relative changes in the estimated fixed intercept ^ , the
estimated fixed slope 0j and the estimated random intercepts Z^., respectively, due to the
deletion of an observation. The relative change in £ is calculated relatively to the sum
of the standard deviation and the true value of the fixed intercept, i.e. it is compared to
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Figure 4.2 indicates that thefifthobservation of subject 1 has the largest impact on
6 , and the ninth observation of subject 1 has the largest impact on the estimated fixed
slope 0 . Figure 4.2 also shows that the value of the estimated random intercept

01

strongly depends on the fifth observation of subject 1.
2.0

" 5
1.5

Percentage

LO •
.5 •

o.o

4.2. Relative changes in /L,
p\, and
of
Figure 4.3 shows the Cook's Distances for the situation presented by Figure 4.1
(CD5O) and for the situation that the fifth observation is set equal to the expected value
for subject 1 (CD5E). The third diagnostic in Figure 4.3 (C^,,y2) refers to the conditional
Cook's Distance, which will be proposed in the next sections.
Figure 4.3 indicates that the ninth instead of the fifth observation of subject 1 has
the largest Cook's Distance (diagram CD5O). However, if the fifth observation is set
equal to the average value of subject 1 (diagram CD5E), then the Cook's Distance of the
ninth observation becomes comparable to the other Cook's Distances.

•

Obviously, the apparent influence of the ninth observation of subject 1 can be
mainly ascribed to the large correlation between the observations of the same subject. We
will come back to this point in section five, where we explain why Cook's Distance
incorrectly recognizes the ninth observation to be most influential.
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Figure 4.5. Cook's Distance and Conditional Cook's Distance.
Figure 4.4 shows the relationship between the Cook's Distances and the time points
at which the measures are taken.
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Figure 4.4. Cook's Distance over Time.
Figure 4.4 shows that if none of the observations has a significant impact on the
regression parameters and the number of observations is moderate or small, then the
Cook's Distances at the boundaries of the time interval will be larger than at the centre.
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This is a consequence of the fact that the leverages are largest at the boundaries of the
time interval and that Cook's Distance is a monotonic function of these leverages
(cf. Weisberg, 1985, pg. 113 and pg. 120). Note that based on Figure 4, the fifth
observation of subject 1 is easily detected to be influential.
Another approach, which may be more efficient, is the use of a conditional Cook's
Distance, which will be elaborated in the next section.
4.5 Orthogonal decomposition of Cook's Distance and
Conditional Cook's Distance
In the previous section, we showed that the undue influence of the ninth
observation of subject 1 is mainly caused by the correlation between the ninth and fifth
observation of subject 1, together with the large influence of the fifth observation on the
estimated subject-specific intercept £ . In this section, this result will be further
explained and the proposed conditional Cook's Distance will be motivated.
To explain the influence of the ninth observation, model (4.1) can be rewritten as
follows. Because the Z. matrices can be represented as submatrices of the X matrices,
model (4.1) is equivalent with
, , - (Z, ,4,)P * Z A, • e,
(4.6)

*p

4P

**

with i4, an /i,- * ( p - ^ ) design matrix, and P = ( P / , P2')'. Expression (4.6) can be written
as

, , = z.p; + z;p, + z,*, + e,,

(4.7)

where p* is a function of all fixed parameters, and Z.^ is the design matrix orthogonal to
Z.. Applying equation (4.7) to model (4.5) leads to

84

Secrton ¥.5 OrtAogona/ t/ecompofiYion o/CooA "j Disfa/ice and Condi/iona/ Coot i Dis/awce

with P* = PQ + t P, = Po + 5 p| , and Z^ = ( / , - £ - , '9- 0 ' . which is perpendicular to
( 1, ..., 1 )'. After transformation, a change in the estimate 0* represents a shift, and a
change in the estimate 0 represents a rotation around the centre point of the scattergram.
Further, the estimated regression parameters 6* and 0 are uncorrelated, such that the
change in the estimate of p* not attributed to the change in P can be evaluated and vice
versa.
Figure 4.5 shows that the deletion of the fifth observation of subject 1 caused the
largest shift and the deletion of the ninth observation of the same subject caused the
largest rotation.
.7
.6
.5
.4

.9

Percentage
.3 .
.2 •

.1
0.0

072

0,

Figure 4.5. Relative change in 0,and 0*.
Figure 4.5 together with Figure 4.4 shows that the sensitivity of the Cook's
Distance for changes in the estimates of the random effects is too small. It is shown in the
appendix of this chapter that this is caused by the fact that Cook's Distance weighs the
change in 0* by the variance of the random parameters in addition to the variance of the
measurement errors, while the change in 0 is only weighted by the variance of the
measurement errors. In other words, the change in 0*, due to the deletion of the fifth
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observation, is too much weighted down to detect it. This feature of Cook's Distance for
mixed effects models can be overcome by approaching the problem conditionally on the
subjects in the sample. This conditioning implies that the 6 ,'s are treated as being fixed,
and we therefore do not have to deal with the variances and covariances of the random
parameters. The conditional version of model (4.1) can be expressed as follows:

••

I ' . " : " .

'

• " ' : • '

J- = tfy + e,

where £/ is of the form
Z, 0 0 ... 0
0 Z

0 ... 0

c/ =
0 Z,

the vector y is given by

Y = [ P'

V

(4.9)

and the vector e = ( e,',..., e ^ ' ) ' is the vector of measurement errors. The design matrix
f/is not of full rank, because the matrices Z, are by definition submatrices of the matrices
A). As a consequence, the vector of regression parameters y is not identified. Hence, the
unweighted least squares method cannot be applied in this situation. Therefore, we
propose to use the Laird and Ware estimators as done in the unconditional case. Moreover,
by using the same estimates, Cook's Distance can be compared with the conditional
Cook's Distance, which is equal to

"'cond.
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(4.10)

Section 4.5 O/nogona/ </ecompo.sirton o/Cbo* '.$ Dufa/ice anrf Conrfi'rtona/ Coot '5 Distance

To evaluate the influence on the subject-specific parameters and fixed regression
parameters separately, expression (4.10) can be decomposed as: ;v^ ;;:..!,iiw -MI t
-:.r:J.

C . =C + C + C , =
cona,

cona,

^

cona^

V

co«a,

V

V

"-vsii^L^^.^-'
"'
r

'
•

-

wherefc= (A^-l)^ +/?. The first term

com/,^

can be interpreted as a distance measure for p*. It can also be interpreted as the change in
the estimated average profile. The term C

is equal to Cook's Distance (4.4), but

without normalizing for the random effects variances and covariances (see the corollary
in the appendix of this chapter). The second term

<=1

can be interpreted as a distance measure for the change in the estimated vectors of subjectspecific regression parametersfc..It also assesses the change in the estimated deviations
of the subject-specific profiles from the average profile. The third term
JV
1=1

is a measure of covariance between a change of the average profile and a change of
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position of the subject specific profiles relative to the average profile.
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The conditional Cook's Distances for the illustration mentioned above are plotted
in Figure 4.3. Figure 4.3 indicates that the fifth observation has a large conditional Cook's
Distance. This implies that the conditional Cook's Distance correctly detects the fifth
observation to be influential.
Figure 4.6 shows the values of the decomposition terms of equation (4.11).
.04

. 5
.03

Value

-5

.02

.01 .

-9

I

0.00

^ conci,

Figure 4.6. Values of the three terms of decomposition (4.11).
Figure 4.6 shows that the fifth observation of subject 1, instead of the ninth
observation, has the largest influence value for thefirstterm of equation (4.11). The fifth
observation also has the largest effect on the estimated subject-specific regression
parameters. The values of the last term of the decomposition are extremely small. Our
experience based on a simulation study is that this term remains small in most practical
situations.
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4.6 The London Growth Study: An analysis for influential observations

The model that we use for the London growth study is a longitudinal random
intercept model with group by time interaction. Note that Goldstein (1979) has used a
fixed effects model with group by time interaction. The inter-subject variation for each
of the three groups is small. The discrepancy between Cook's Distance and its conditional
version is mainly due to this variation. Therefore, the first and second group are combined
to obtain a larger inter-subject variation. The model is specified as follows.

^

= (Po * *o/> + P,G + P,' + P j G * ' + €.,

(4.12)

where G is the indicator for tall mothers, P,,/ = 0,...,3, are fixed regression parameters, e,
is the error term, 6^, is the intercept of subject /, andy, is the length of girl / at time point
(age) f. Figure 4.7 shows the Cook's Distances, the conditional Cook's Distances and the
values of the three terms of decomposition (4.11).

•

Cook's Distance C, indicates that the fifth observation of the first girl in the second
group (girl number 14) is most influential. The conditional Cook's Distance C , ^ ,
however, indicates that the second observation of the fifth girl of the first group (girl
number 5) is most influential. The same observation is indicated as most influential by the
first and the second terms C

.

and C

. .respectively. The fifth observation of the

first girl of the second group is also indicated by the first term as influential. A closer
inspection of the data in Table 4.1 shows, that the growth curve of the height of this girl
is flatter than the other curves in her group.

•••"
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F/gwre ^.7. Cook's Distances, values of the three terms of the decomposition and
Conditional Cook's Distances.
Table 4.2 shows the estimates of the regression parameters based on the sample
with and without certain observations. It shows that deleting observation five changes
upwards the fixed regression slope estimate by means of (J . Cook's Distance correctly
detects this change. The average growth of the first group remains unchanged.
Furthermore, the second observation of the fifth girl of the first group is lower than the
first observation of the same person. Deleting this observation changes upwards the
estimated intercept 0^ as well as the estimated slope p*| of the average growth in this
group. The average growth of the second group remains unchanged. Cook's Distance does
not detect this change. The conditional Cook's Distance however, points out that the
deletion of this observation has the largest impact on both the vector of fixed regression
parameters and the subject-specific parameter estimates. This illustration demonstrates
that Cook's Distance is less sensitive for observations influential on the fixed parameters
associated with the random effects and that the second term of the conditional Cook's
Distance is sensitive for observations that are influential for the random effects.
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4.2 Estimates and variances of the elements of P

Sample

81.437(1.218) 1.686(2.059) 5.506(2.059) 0.742(0.173)

Sample without 2nd

82.050(1.083) 1.073(1.828) 5.445(0.076) 0.804(0.128)

observation of girl 5
Sample without 5th

81.437(1.191) 0.939(2.030) 5.506(0.098) 0.849(0.170)

observation of girl 14
Sample without

82.050(1.050) 0.331(1.782) 5.445(0.070) 0.910(0.120)

both observations

:

4.7 Discussion
In this chapter we argue that influential observations that have a large impact on

the subject-specific parameters cannot always be detected by Cook's Distance due to large
between subject variation. Since some of the fixed regression parameters are more
sensitive to changes of subject-specific parameters, the problem of influential observations
should be approached conditionally on the subjects. A conditional version of Cook's
Distance is proposed that deals with this problem. The conditional measure can be
decomposed into a part that measures the influence on the estimated fixed parameters, a
part that measures the influence on the estimated subject-specific parameters, and a part
that measures the influence on how the change in the estimated average profile covariates
with the change in the subject specific profiles. Based on our own experience with real
data and a simulation study, it appears that this last part can be neglected.
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In general, the error terms in model (4.1) are correlated due to within individual
serial correlations. However, in specific applications the effect of serial correlation may
be dominated by the combination of random effects and measurement errors (Diggle et
al. 1994, page 88). In this chapter we restrict ourselves to uncorrelated error terms. Note
that, if an observation has a large influence on an estimated subject parameter, then
deletion of this observation will affect the variances and covariances of the random
parameters and hence K. The second term, C

, of decomposition (4.11) replaces the

variance component analysis of Christensen et al. (1992).
Each influence measure maps multidimensional vectors of estimated parameters
onto a one dimensional space, by the use of a measure specific metric. In this paper, we
showed that the choice of this metric for the unconditional Cook's Distance may lead to
wrong conclusions. We claim that the (unconditional) Cook's Distance may lead to wrong
conclusions. We claim that the conditional Cook's Distance, which uses the Euclidian
metric, works well in practice. A possible drawback of using the conditional version of
Cook's Distance is the fact that we have used empirical bayes estimates for the subject
specific parameters. It is not known how large the bias of these estimates can be and the
impact of (large) bias on the quality of the conditional Cook's Distance as an influence
measure for mixed effects longitudinal models with uncorrelated error terms is unknown.
Note that for fixed effects models the unconditional and the conditional Cook's Distance
coincide. In that situation we are dealing with the common OLS Cook's Distance.
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In this appendix the relationship between Cook's Distance and the first term of the
Conditional C o o k ' s Distance is derived. Given model (4.1), Z, is a submatrix of A',.
Consequently the A^-space can be decomposed in the Z,-space and the subspace of A^
orthogonal to the Z,-space. It follows that for every i the change in the estimates ofy, is
equal to
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(&-&,.,) = Z «

(4.13)

for some vectors w, and v,, and Z> a matrix of full rank for which the columns are vectors
in the A^-space and are orthogonal to the columns of Z,.

Theorem. Suppose that {s , ..., s } is an orthonormal basis for the kernel of Z/)Z,' and
{f. , . . . , /

} is an orthonormal basis of eigenvectors for the image of Z/)Z/, with

eigenvalues A. . Let < , > be the inproduct. p times Cook's Distance is then equal to

E

+E 'o^
"' +

" ,' '

(4.14)
A..

Proof:

1=1

Using the union of { « . , , ..., s.. } and { / . , , . . . , / . ,

} as a basis for the A^ -space,

can be written as

E < *,,. JT,
E
The s,^'s and /,^'s are eigenvectors of the matrix K,"' with eigenvalues o* and
o^ + A.,,,, respectively. Consequently,/? times the Cook's Distance can be written as
ft \ O
(4.17)

It will be proven below that the «,-„ 's are orthogonal to the columns of the Z, matrix and
that the /,-^'s are linear combinations of the columns of Z,. Expression (4.14) can then be
derived from expression (4.17) using expression (4.13) and the statements in the previous
sentence, which completes the proof.
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s^ w or//iogona/ to /Ae co/u/nns o/Z,,ybr every m, /n = 1,..., &,.
Proof: Take an arbitrary i s W a n d m s *,, Then 0 = Z D Z ' s

= s. ' Z D Z ' s

.

Since £) is of full rank it follows that Z / s ^ = 0. Consequently «,„ is orthogonal to the
columns of Z,. Because / and w were arbitrarily chosen, this holds for all / s Wand

CO/M/M«5 O / Z ,

,

'

Proof: Take an arbitrary i ^ A^ and m s /w,. Then ?,-„ can be written as *,„, = Z, A + </, for
some A and rf, where rf is orthogonal to the columns of Z,. Furthermore *,-„, is an
eigenvector of Z^DZ,'. Note that A,^ is larger than zero. The result can be derived as
follows:
</'</ =

rf'(ZA

+</)=</'

Z.DZ.'

DZ'
= (</'Z.) —-!- (Z.A + </) = 0.

A..

A.

This implies that </ is zero and thus that /,„ is a linear combination of the columns of Z,.
Because / and /w were arbitrary, this holds for all /, / i A f and w s 7TM,.
q.e.d.

Corollary. Let )fc be the denominator of the Conditional Cook's Distance
( p + (A^- 1 ) 0 ). A times the first term of the Conditional Cook's Distance is then equal
to
(4.18)

=E

and the relationship between Cook's Distance and the first term of the Conditional Cook's
Distance is given by

., Z.n.
(4.19)
im
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Abstract

L-'? ^ ?.It- * .•• ' '-•' * ^

This chapter discusses the generalization of the local influence measures for
normally distributed responses to local influence measures for generalized linear
models with random effects. For these models, it is shown that the subject-oriented
influence measure is a special case of the proposed observation-oriented influence
measure. A two-step diagnostic procedure is proposed. The first step is to search for
influential subjects. A search for influential observations is proposed as second step.
An illustration of a two-treatment multiple period cross-over trial demonstrates the
practical importance of the detection of influential observations in addition to the
detection of influential subjects.

^

words: influential observations, influential subjects, local influence, GLMM,
Poisson regression, random effects, GLM, Likelihood Displacement
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5.1

Introduction

The interest in generalized linear mixed models (GLMM) has grown steadily
during the past decades (Diggle, Liang and Zeger, 1994). Unfortunately, the estimates
of the model parameters may heavily depend on a small part of the data set or even on
one particular observation or subject. For ease of presentation, a set of observations of
one or more subjects is called a data structure. A data structure which has a large
impact on the estimated model parameters will be called influential.
An approach to detect influential data structures is to compare the estimates of
the model parameters based on the sample with and without the data structures of
interest. Diagnostics based on this approach are called deletion diagnostics and are
discussed for normally distributed responses by Bannerjee and Frees (1997),
Christensen, Pearson and Johnson (1992) and Tan, Ouwens and Berger (1999, 2001).
The only influence diagnostics for generalized linear mixed models discussed in
literature are the deletion diagnostics of Preisser and Qaqish (1996) in the context of
marginal models. For these models the average of the responses for each covariate
pattern is modelled.
A second approach to detect influential data structures is based on the curvature
of the log-likelihood function. One of the measures based on this approach is local
influence and has been developed by Cook (1986). Local influence for generalized
linear models is discussed by Thomas and Cook (1989, 1990) and local influence for
longitudinal models with normally distributed responses has been discussed by
Lesaffre and Verbeke (1998). We will discuss local influence measures for the
generalized linear mixed model. For these models it is important to detect influential
observations in addition to the detection of influential subjects. The main reason is that
influential observations may be distributed across several subjects, such that the
subjects themselves are not detected to be influential. On the other hand, when
influence is only considered at subject level, no distinction can be made between
influence due to subject specific characteristics and influence due to characteristics of
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some observations from the subjects. Two classes of models may be applied, namely
models with known dispersion parameter, such as the Poisson mixed model, and
models with unknown dispersion parameter. It will be shown in this chapter that the
proposed

observation-oriented

local

influence

measures

can

give

additional

information for models with known as well as for models with unknown dispersion
p a r a m e t e r .
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The detection of local influential observations and subjects can be done
stepwise. In the first step the subject-oriented local influence measures are used and in
a second step the observation-oriented local influence measures are used. This
procedure may be applied iteratively.
In section 5.2 the underlying regression model is specified. The observationoriented local influence approach is proposed in section 5.3. The additional importance
of the observation-oriented influence measures is demonstrated by the analysis of a
real data set in section 5.4 and conclusions are drawn in section 5.5.

;

'

,

5.2 Model specification

•,

< ••

Conditional on the subject specific parameters, the responses^ of subject j,
i = l,.... W, at time pointy,/ = 1,..., n,, are independent and drawn from an exponential
density function (Diggle, Liang and Zeger, 1994, p. 134):

where 6,y is the canonical form of the location parameter and is a function of the
conditional mean |i,y, a,y( <j) ) is a known function of the possibly unknown dispersion
parameter, or vector of dispersion parameters (j), c,y is a function of the dispersion
parameter and the responses (McCullagh and Nelder, 1996, p. 28), and I|J is a known
function, such that the conditional mean ofj,y is equal to
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H,-,- = E(_y,y| 0,y) = 9 i|f( 8,y) / 5 0,y. The subjects are assumed to be independent and the
vectors of subject specific parameters A, are outcomes of the normal distribution
$ (0, G) where G is a 9 x ^ variance-covariance matrix.
In the illustration section we will use the Poisson mixed model with known
dispersion parameter (j) = 1. In some cases, however, the data may be overdispersed
and the Poisson mixed model may not be suitable. A commonly used model for
overdispersed count data is the negative binomial model (McCullagh and Nelder,
1996, p. 199). This model will also be considered in the illustration section.

5.3 Local influence

.

•

The first part of this section focusses on the detection of influential
observations. The relationship between the observation-oriented and the subjectoriented local influence measure is the topic of the second part.

.-

!

[ .

Some specific notation and definitions are used throughout this chapter. The
vector of fixed model parameters is denoted by £• The vector of responses j> can be
written as [ ,y ', ..., ,y ' ] ' , where j ' , is the vector of n, responses of subject/,
i = l , . . . , Af. Finally, the set A/^ is the set of observations (the data structure) of subject d
to be evaluated, the vector j>
is formed by stacking the responses of subject d
»*%
corresponding to the observations in set A/, and the vector .y

is formed by stacking

the responses of subject rf corresponding to the observations not in A/^. It should be
noted that j>

may be an empty vector.

In this section an observation-oriented influence measure is derived based on
the case-deletion approach, i.e. based on the approach to detect influential data
structures by assessing the difference between the maximum likelihood estimates
based on the sample with and without the data structure of interest. The difference
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between the maximum likelihood estimates can be assessed using the Likelihood
Displacement given by Cook and Weisberg (1982):

•• i. ";M v . '

LD^ = 2[ log I ( j> | £ ) - log I ( >> | £(^, ) ],

where £ and £

-•

'.

!••>>... •

.* a•--'-.'- -• ... . ' .••;

(s.2)

are the maximum likelihood estimates based on the complete

sample with and without the subset Af^ of observations of subject rf, respectively, and
log Z, denotes the log-likelihood function of the complete sample. Expression (5.2) can
be Taylored using weighted log-likelihood functions. Cook (1986) called the Taylor
expansion the local influence measure.
Since the subjects are independent, the log-likelihood function is the sum of the
contributions

of the individual

log £ ( .y | C ) = $ 3 ' ( J

subjects

to the log-likelihood

I C )• Let / ( j> | C ) and /

(>>

function,
| ()

i.e.

be the

contributions of the d-th subject to the log-likelihood functions of the complete sample
and of the sample without the observations of subject rf in A/^, respectively. The loglikelihood functions of the sample with and without the observations of subject J in M^
are both of the form
log I ( j>| C, oy_ ) = log I ( j ; | C ) +

W
where 0)

is a scalar. If co

^

,..,-

(53)

^(^) I < > - '-< J\r I < > ].

= 1, expression (5.3) is equal to the log-likelihood

function of the complete sample; if <o^ = 0, it is equal to the log-likelihood function
of the sample without the observations in A/^. Expression (5.3) indicates that the
weighted log-likelihood function can be defined as:
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log

C)

= log

-r.»

(5.4)

AT

where CJ is the vector of weights (o,,.
Using expression (5.4), expression (5.2) can be written as:

ffl ) = 2 [ log

C^, «„ ) - log

, «„ )

(5.5)

where to denotes the vector of weights for which each element is equal to 1, except the
weight corresponding to set A/, which is equal to 0, and u> is the vector of weights for
which each element is equal to 1. The corresponding maximum likelihood estimates of
the model parameters are £

and £ . In general the weights may take any value.

Different vectors u may be of interest. The evaluation of all possible vectors co of
interest, however, may be very labourious. One way to reduce the amount of work is to
approximate the likelihood displacement by the second order Taylor expansion around
(OQ. The likelihood displacement in O)Q is zero. Because the value log L( y | £ , a) )
Gig

U

is for all w larger than or equal to log Z. ( y | £ . , oo ), the value of the first
derivative in (OQ is zero. Hence the second order Taylor expansion depends only on the
j • •
r
A
second.i derivative.
Let
A
= d M o g L( j | C,

and «/ be the direction in which the

second derivative is evaluated. In general, to evaluate the influence of the observations
in M, the only element of rf unequal to zero is the element corresponding to u> . The
local influence measure in co,, in the direction </ is defined as twice the absolute value
of the second derivative in the direction rf. Cook (1986) showed that the local influence
measure is equal to

rf'A'

flMog

C)

Arf

(5.6)
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evaluated in £ = £ • Local influence measures for a particular subset of the model
parameters can be obtained by the procedure proposed by Cook (1986).
To calculate the value of the local influence Q , the information matrix and A
must be computed. The information matrix of the model parameters is standard output
of most computer programs and can be interpreted without knowing the exact
analytical expression. Thus, we only need to concentrate on A to compute the local
influence measure in equation (5.6). ••,-, »5.c-» ,:;
Let 5, and 5,,

'. -. .»• >-'• (;

: - > :„ -.»

be the contributions of subject / to the score function based on

the complete sample with and without set A/;, / = 1, ..., iV, respectively. The column of
A corresponding to weight to,, is then equal to ( 5, - S,,,,. ). The expressions for
( 5, - £.,,,. ) for the exponential density function are given in the appendix of this
chapter. The difference in the score functions consists of the subvector of the
difference in the score function for the regression parameters, the subvector of the
difference in the score function for the parameters specifying the random effects
variance-covariance matrix G and if the overdispersion 4> is unknown, the subvector of
the difference in the score function for the overdispersion parameter <J).
The subvector corresponding to the regression parameters for the Poisson mixed
model is given by:

(5.7)

where X is the design matrix of subject j with/th row AC, and A\,,,. is the design
matrix of the observations of subject / not in A/,. The vector of empirical bayes
estimates rj, of the responses of subject / is based on all n, observations of subject /, and
TI .... is the vector of empirical bayes estimates of the responses of subject /
corresponding to the observations not in A/,. That is, element & of T| is equal to
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(5.8)

/Jf'»«<*<
and element £ of ij

is equal to

n /,
n /,

Si

y = i,ytw,

<»,.

^

(5.9)

* ,

where these expressions are evaluated at the maximum likelihood estimates of the
model parameters. The observations are assumed to be conditionally independent. If,
for example, serial correlation is present, the above written theory can be applied, but
the product of density functions in expression (5.8) and (5.9) will then be replaced by a
single joint density function.
Assuming that the random effects variance-covariance matrix is unstructured,
the parameters specifying the variance-covariance matrix of the random effects are the
elements of the matrix G. The derivative of the weighted log-likelihood function with
respect to the/Mi element of the variance-covariance matrix of the random effects G,
G., and G),, for / * & in 0 = 0 is equal to the sum of theyfcth element and the A/th
element of the matrix

(5.10)

where £ ( A. A' | j>., £ ) and £ ( 6. A( | ,y.,w»> £ ) are the empirical bayes estimates
of the second moment of the random effects of subject /, based on the complete sample
with and without the observations in set A/,, respectively. The derivative with respect to
G.. is equal to theyyth element of the matrix in formula (5.10). The quantities
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*,

(5.11)

A;

and

* */

n
n

(5.12)

are both evaluated at the maximum likelihood estimates.

•

-

Note that the larger the difference in contribution of subject j to the score
functions, the more the corresponding maximum likelihood estimates differ. To take
the shape of the log-likelihood function into account, expression (5.6) normalizes the
difference
parameters.

in contribution using the variance-covariance matrix of the model
•

Expression (5.7) is a function of the residuals and the location in the design
space where the responses are measured. This supports the development of optimal
design criteria and the search for optimal designs (Ouwens, Tan and Berger, 2001). In
the next section the relation between the subject-oriented local influence measure and
the observation-oriented local influence measure will be discussed.

For the subject-oriented local influence measure each set M, will consist of all
observations of subject /, implying that the function /.,,..(,y.,,,, I C ) will be equal to
zero. Let 5, be the set of all observations of subject /, / = 1, ..., Af. If we are only
interested in the influence of subjects, expression (5.4) can be rewritten as:
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logKj>i c) + E E (i - u j [ u ( J W i o - a^,i o i

E

= logL(>> i c ) + E ( i - " 5 ) [ -',(*, 1 O ] = E
/=1
/=1

The expression E

'

i

=

i

(5.i3)

w,',(J»J
'

" 5 ',•( ^, I C ) was also given by Lesaffre and Verbeke

(1998, p. 571) for the Linear Mixed Model. For generalized linear mixed models, the
subject-oriented influence measures based on expression (5.13) are special cases of the
proposed observation-oriented local influence measures based on expression (5.4). In
the next section it will be shown that for the analysed dataset and for both GLMM with
known dispersion parameter as well as for models with unknown dispersion parameter,
the observation-oriented influence measures give additional information.

5.4 An illustration

Data tfeyc/7/rt/OH.
Table 5.1 presents the dataset which will be used to illustrate the proposed
influence measures (McKnight and Van Den Eeden, 1993). The presented data set is
obtained from a two treatment multiple period crossover trial in which the number of
headaches per week is repeatedly measured for 27 patients. In the first period, each
patient received the placebo. In the other four periods the patients received either the
placebo (P) or the aspartame (A), in random order, using the double-blind crossover
treatment design. To wash out the effects of the treatment of the foregoing periods the
periods are separated by one day. Hedeker (1999) showed that the sequence in which
the placebo and aspartame is given did not matter significantly. Furthermore, he
assumed only random intercepts. This formed our motivation to assume that the
patients only differed in their intercepts and that the sequence in which the
observations are taken was not important. The data are grouped in Table 5.1 according
to the use of aspartame and the use of placebo. The last column shows the actual
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sequence in which the placebo (P) and the aspartame (A) were given and some counts
are missing.

;

I '*•

.

,•

5.7 Number of Headaches of the Patients
Patient
1

2

3
4
5
7
8

? -,.
id

n
12
13
14
IS
16
17

18 ,
19
20
21

22
2 3 ••-•••>

24

25*
26
27

Placebo

Aspartame
0
5*
2
0
0
1
4
0
2
0
1
5*
7
1
2
3
1 (1)
1
1
1 (2)
2
1
2
1
6
3

0
2
0
0
1
3
1
0
1(3)
0
6
2
1

0
0
6*
1
3
2
7
2(4)

3
0
2
0
3
1
1
1
2
0
0
0
7
2
3
1
4
0
0
1
1
2
7*
1
1
0
3

3
2
3
0
2
0
1
1
0
0
0
0
7
2
1
1
1
1
6
3
0
3
0
1
1
3

1
2
0
0
3
2
1(2)
1(5)
0
3
0
7
0
0

1
1
3
0
2
0
0
0

Sequence
PAPPA
PAP
PAPPA
PPAAP
PAPAP
PAPPA
PPAPA
PPAAP
PAPP
PPAPA
PPAPA
PPAAP
PAPAP
PPAPA
PPAAP
PAP
PA
PAPPA
PAPAP
PPA
PAPPA
PAPPA
PAPAP
PPAPA
PAPAP
PP
PPAPA

Almost all periods spanned seven days, but some periods were smaller. The
number of days in the periods smaller than seven days are given within brackets. The
asterisks in Table 5.1 indicate the observations and patients which will be detected to
be influential by the subject-oriented and observation-oriented influence measures.
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The measures for local influence may differ in performance for models with
known dispersion parameter and for models with unknown dispersion parameter.
Therefore, the data will be analysed with the Poisson mixed model with known
dispersion parameter and the negative binomial mixed model with unknown dispersion
parameter.

...

.•

For both the Poisson mixed model and the negative binomial mixed model
expression (5.14) was fitted:

'

£( ^ I P, ^ ) = r. exp( p, + DrugAsp^ p, + 6 J ,
' :

;

•;••

.•'••'

.-.-

.

. • ' : . ' . ' . "

:

• • 1 8 "

' J : ' U

'

•

-.-or:

. ' i W

'

" . "

.

'4

'

, „
•

' i i j

'

•

•

'

(5.14)
'•

' • • ' . :

where Po is the fixed intercept, DrugAsp,, indicates whether placebo (0) or aspartame
(1) is given to patient 1 at they'th time point, P, is the corresponding fixed regression
parameter, &<,, is the random intercept for patient / and r,y is the number of days in the
periody for patient /'. The variance of the random intercept 6,,, is denoted by 6*.
The Poisson density is a member of the family of density functions of the form
of expression (5.1). The Poisson density is equal to
H^ exp( -[i.. )

= exp[ ^

log( n . ) - ^

- log( >»J ) ]

and can be obtained from expression (5.1) by taking afy{ <j>) = 1, 6,y = log( ^,y),
«|f( 6j,) = exp( 9^) and c ( ^ , (J)) =

The negative binomial density (McCullagh and Nelder, 1996, p. 198) is given by

/( A

•

4>. JA ) =

—

3—,

(5.16)

yir(4)^)( 1 +4>y*"
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where F denotes the gamma function. Although this density is not a member of the
exponential density function, the above written theory on influence measures can also
be applied to the negative binomial mixed effects model.
The computations for the Poisson mixed model are based on Hedekers (1999)
program MIXPREG. The computations for the negative binomial mixed model are
made using TOMLAB (http://www.ima.mdh.se/tom), the optimization toolbox of
MATLAB.

-'»-'

Figure 5.1 shows the subject-oriented local influence of the patients on the

regression parameters PQ, p., the variance of the random intercept 5, the vector of
regression parameters P = ( Po, P i ) ' and the vector of all model parameters ( P', 6 )',
respectively. The symbols in Figure 5.1 are the patient numbers of the corresponding
patients in Table 5.1. Patient 25 has a much larger influence on the regression
parameters than the other patients. Table 5.1 shows that patient 25 has much more
headaches using aspartame than in the placebo condition.

. 25

1.5 •

1

. 25

>

.25

•

25
0.5 •

4
10

•

i

•
1

$o

Pi

*

•

•

•
•
1

•

P

( &'• A ) '

1

* 5.7. Subject-oriented influence measures for five different sets of model
parameters for the Poisson random effects model.
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After deletion of the observations of patient 25, the subject-oriented influence
measures (5.13) did not detect any other influential patients for the regression
parameters.
Figure 5.2 shows the values of the observation-oriented influence measures.
The symbol ( a, 6 ) in Figure 5.2 refers to the observation in row a and column 6 in
Table 5.1. The values of the influence measure for the four displayed influential
observations are more than three times larger than the values of the other observations.
The influential observations are marked by an asterisk ( * ) in Table 5.1. It can be seen
that the influential observations deviate from the subject-specific profiles. For example
all observations of patient 12 are equal to 0, except the influential observation itself,
which is equal to 5.

(12,1)
0.3.

C,

(12,1)

0.2.

0.1-

- (12,1)

•

•
1

j

i

( 2,1)

( 2,1)
(23,3)
(21,2)

•

-(12,1)
•

ft,

(23,3)
(21,2)

i

( 2,1)
•

(23,3)
(21,2)

i
(fc

5.2. Observation-oriented local influence measures for the Poisson random
effects model.
To show the effect of the deletion of certain observations and/or patients on the
estimated parameters, Table 5.2 displays the estimates of Po, P, and 8, based on the
sample omitting certain observations and/or patients.
From Table 5.2 it can be obtained that the estimate of P, remains unstable after
the deletion of patient 25. The change in the estimate of P,, due to the deletion of
HI
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patient 25, is 0.13 and is as large as the additional change due to the deletion of the
four influential observations. This means that the results still depend heavily on a small
part of the data set.

,

,

5.2 Estimated Model Parameters, Based on the Sample with and without
Certain Patients or Observations

Sample

-1.72

0.28(0.14)

0.69

-1.70

0.15(0.14)

0.70

Sample without patient 4,10,13 and 25

-1.61

0.19(0.16)

0.39

Sample without patient 25 and without the
influential observation of patient 12

-1.74

0.09(0.15)

0.78

Sample without patient 25 and without the
influential observation of patient 23

-1.72

0.20 (0.15)

0.68

Sample without patient 25 and without the 3
influential observations of the aspartame group

-1.74

-0.03 (0.16)

0.76

-1.77

0.02(0.16)

0.74

Sample without patient 25

-

? •••-'

Sample without patient 25 and without the 4
influential observations

To investigate whether the additional detection of influential observations was
partly determined by the fact that the Poisson mixed model assumes a known
dispersion, we extended the Poisson mixed model to the negative binomial mixed
model and used the subject-oriented influence measures based on the negative
binomial mixed model.
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The subject-oriented influence values for the estimate of the dispersion
parameter (J), the estimates of the regression parameters P,, and P, and the estimate of
the variance of the random effects 5, separately and together, are given in Figure 5.3.

25
13
12

4
10
•

25

. 13

- 12

. 4
10

4
• 25 B : 10
23

1

1

1

* 1

1

5.5. Subject-oriented influence measures for the negative binomial random
effects model, based on all observations.
Figure 5.3 shows that patients 4, 10 and 13 are again influential for the standard
deviation of the random effects 6. For the negative binomial mixed model they are also
detected to be influential for the estimate of the intercept Po. Patient 12 is detected to
be influential for the estimate of the dispersion parameter (J). Patient 23 has a large
influence for the estimate of the intercept PQ. Hence, the influential patients 12 and 23,
which were not detected by the subject-oriented influence measures under the Poisson
mixed model, are detected under the negative binomial mixed model. We deleted
sequentially patient 25, patient 13 and the two influential observations of patient 23
and patient 12, but the subject-oriented influence measures did not give any additional
information. Figure 5.4 shows the observation-oriented influence measures, after
patient 13, patient 25 and the two influential observations of patient 23 and patient 12
are deleted, and it can be seen that again two observations of patient 2 and patient 21
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were detected to be influential, while the corresponding patients were not detected at
the subject level.

i?a«t4",

•_>.<-. - M ' ? •< ••>; •• - ; . , , ^ ^ r

. - ^ • • • ' • • . • n - - - ; . - . . -•

-, \-

0.3

• ( 2,1)
' (20,4)
(21,2)

: ( 2,1)
(21,2)

•
;

•

• •

i

i .

1

•

5.-/. Observation-oriented influence measures for the negative binomial random
effects model, based on the reduced data set, without patient 13, 25 and observation
(12, 1) and (23, 3).
It can be concluded that the observations indicated by an asterisk in Table 5.1 of
patient 2 and patient 21 are influential observations, which are not detected to be
influential using the subject-oriented influence measures. Therefore, the use of the
observation-oriented influence measures can give additional information for models
with unknown dispersion parameters.

5.5 Discussion

In this chapter the local influence measures are discussed for the generalized
linear mixed model. The real data example shows that both the detection of influential
observations and the detection of influential subjects are important. It shows that
subjects may have a large influence while none of their observations is detected to be
influential. On the other hand, the example also shows that influential observations
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may be distributed across subjects which are not detected to be influential by the
subject-oriented influence measures. If we only use subject-oriented local influence
measures the estimates of the parameters may heavily depend on the remaining small
number of influential observations. Consequently, if one of these measures is not used,
a possible instability of the parameter estimates remains undetected.
Although the proposed procedure to detect influential observations and subjects
can be applied to more complex data structures, we only evaluated single subjects or
observations. When more complex data structures are evaluated, the number of units in
the evaluated data structures should be comparable across the evaluated data
structures, because the amount of influence depends on the number of units in the sets.
The evaluation of more complex data structures did not give any additional
information for our example.
It should be noted that the weights of the weighted log-likelihood function are
taken to be equal to 0 or 1. This is a combinatorial restriction. Other weights may also
be evaluated. Finally, although models assuming, for example, serial correlations are
not discussed, the weighted log-likelihood function in expression (5.4) can also be
used for those models.

Appendix

The expression for the contributions of subject / to the score functions for the
model parameters are given in this appendix.
If the conditional density of the responses of subject /, / = 1, ..., N i s given by

/ = l l exp

«„(»)'
WV»>
v
• 1

effects is given by g =

— exp(-6.'G

and the density of the random
6^/2 ), then the contribution of

subject / to the log-likelihood function based on the complete sample is equal to
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log f / g <#>.• Note that the parameters specifying/ are not used to specify g and
vice versa, implying that the vector of model parameters £ can be divided into the
vector of parameters £,, specifying G, and the vector of parameters £2. specifying/.
The derivative of the weighted log-likelihood function with respect to theyMi element
of the variance-covariance matrix of the random effects G, G , and o

fory * & in

6 = 6 is equal to the sum of they'Ath element and the &/th element of the matrix
£(

(5.17)

where £( 6. 6.' | ^., £ ) and £( A. A.' | J'.,,.., C ) are the empirical bayes
estimates of the second moment of the random effects of subject /, based on the
complete sample with and without the responses in set A/,, respectively. The derivative
with respect to G.. is equal to theyy-th element of this matrix (5.17).
C2 ) be the contributions of subject J to the score
Let S,(
C,2 ) and 5.,,.,(
1
uWj)
functions for £2- S.( C, ) 's then equal to:

(5.18)

c.( >»..,
y

v

0 - i|f( 9

(J)

Consequently, 5 ( Cj ) is the empirical bayes estimate of
"<
P

v - u 36

J •'y

*!/

y

(5.19)

e.. - i|r( e . . ) &,..(
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A n a l o g o u s l y , S . ( C, ) is the empirical b a y e s e s t i m a t e o f

i

••.;

t;sr$ . 3" T*'v,:Oi':•/

•••A'--,':-.'!.,,-*.

(5.20)

based on the responses not in A/,. It should be noted that if the dispersion (j) is constant,
the second term vanishes. This is the case when, for example, Poisson mixed models
and logistic mixed models are used.

•

*

'

•

--•:••.•;:

< R e f e r e n c e s

•

• •• ' • " ' "

•-' ••'

v . .:•••.••

Bannerjee, M., and Frees, E. W. (1997). Influence diagnostics for linear longitudinal
models, 7o«rwa/o/7/ie/4/wer/caw SVa//.s//ca//4ssoc/arto/j, 92, 999-1005.
Christensen, R., Pearson, L.M., and Johnson, W. (1992). Case deletion diagnostics for
mixed models, Tec/jwomerncs, 54, 38-45.

,

Cook, R.D. (1986). Assessment of local influence, Jowrna/ o///ie /toya/ S/atortca/
,4.Moc/af/o«, Series fi, 45, 133-169.
Cook, R.D. , and Weisberg, S. (1982). /tesWwa/.y a/ifl" /n/7«ence /n regress/o/i, New
York: Chapman and Hall.
Diggle, P.J., Liang, K.Y., and Zeger, S.L. (1994). /4«a/ym o / /ong/ft/rfma/ </ato,
Oxford: Oxford Science Publications.
Hedeker, D. (1999). Mix/veg wia/iua/ A/ix/?cm.p<^
http://www.uic.edu/~hedeker/mixdos.html.
Lesaffre, E., and Verbeke, G. (1998). Local influence in linear mixed models,
5/o/we/ncs, 54, 570-582.
McCullagh, P., and Nelder, J.A. (1996). Ge/iera//ze*/ //near moaW.s, London: Chapman
& Hall.

117

Chapter 5. Detection o/in/7uen(ia/ data in Generafcerf Linear Aftxea' A/oaW.s

McKnight, B., and van den Eeden, S.K. (1993). A Conditional Analyses for twotreatment multiple-period crossover designs with binomial or poisson outcomes
and subjects who drop out, S/afw/ics /n A/et/ic/ne, 72, 825-834.
Ouwens, M.J.N.M., Tan, F.E.S., and Berger, M.P.F. (2001). On the maximin designs
for logistic random effects models with covariates. /Voceerfmgs o / ?ne /6r«
/fl/ernaf/orta/ fTorfenop on Sta//.s?/ca/ A/orfe///ng, 321-328, Denmark.
Preisser, J.S., and Qaqish, B.F. (1996). Deletion diagnostics for generalised estimating
equations, ifromefriAa, 55, 551-562.

s

Tan, F.E.S., Ouwens, M.J.N., and Berger, M.P.F. (1999). On the use of Cook's
Distance for longitudinal regression models with random effects. Statistical
modelling, Eds. H. Friedl, A. Berghold, G. Kamermann, proceeding of 14th
International Workshop on Statistical Modelling, 686-690, Graz, Austria.
Tan, F.E.S., Ouwens, M.J.N., and Berger, M.P.F. (2001). Detection of influential
observations in longitudinal mixed effects regression models, Journa/ o / ?/ie
/toya/ .Starwftca/ Sbctery Z), 50, 271-284.
Thomas, W., and Cook, R.D. (1989). Assessing influence on regression coefficients in
generalized linear models, /fr'omefriAa, 76, 741-749.
Thomas, W., and Cook, R.D. (1990). Assessing influence on predictions from
generalized linear models, 7ecnno/ttefrics, 32, 59-65.

118

6

Maximin design and local influence
in a health education intervention
study
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Abstract

-. . , ., .

^

; ,.

This chapter discusses two methods to improve the estimation process for health
education intervention studies with individuals nested within clusters. The first method
concerns the choice of the design. A maximin criterion will be used to find a combination
of treatment and control schools which maximizes the smallest possible relative
efficiency not only with respect to all possible values of the model parameters, but also
with respect to the unknown scores on the covariates in the model. The second method
concerns the detection of influential data. Based on the detected influential data, we
decided to study both the change in the estimated parameters, due to the deletion of
schools and pupils, as well as the change in the estimated parameters, due to the addition
of a random effect to the model. The previously given two methods to improve the
estimation process will be illustrated based on a Dutch school-based intervention study,
with pupils nested within schools.

'

: optimal design, maximin, covariates, influential data, local influence
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In this chapter, the data obtained from the project 'teeth-brushing on the
elementary school' (Terstegge, Schefrnan and Thijs, 2000) will be used to illustrate two
approaches to improve the estimation process. The objective of the project 'teethbrushing on the elementary school' was to stimulate the pupils to brush their teeth at least
twice a day to prevent for caries. The effect of the school-based intervention on the
number of times the pupils brush their teeth a? Ao/ne, will be considered in this chapter.
Additional interest is in the effect of the social-economic status of the pupils.
Two methods to improve the quality of the estimated parameters and their
variances will be discussed, namely the use of more efficient designs and the detection
of influential subjects and observations.
The choice of an optimal design can lead to an improvement of the quality of the
estimated parameters before the data are actually collected. Often referred books on
optimal design theory are written by Atkinson and Donev (1996), Bunke and Bunke
(1986) and Pukelsheim (1993).
The detection of influential data can also improve the estimation process. The
estimates of the model parameters based on the sample may be very different from the
estimates of the model parameters based on the sample without the influential data. An
introductory book about residuals and influential data for ordinary least squares is written
by Cook and Weisberg (1982). A review of influence measures is written by Chatterjee
and Hadi (1986). Influence measures for the linear mixed model are discussed by
Lesaffre and Verbeke (1998) and Tan, Ouwens and Berger (1999, 2000,2001). Hosmer
and Lemeshow (1989) discuss tools for the exploration of data for the logistic model.
Influence measures for the generalized linear mixed model, with the Poisson mixed model
and the logistic mixed model as special applications, are given by Ouwens, Tan and
Berger(1999,2000,2001a).

*

•

-\ ,.-.•
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In section 6.2 the project 'teeth-brushing on the elementary school' is described
in more detail. The models which are considered in this chapter are given in section 6.3.
The optimal design mechanisms are discussed in section 6.4, while methods to assess the
influence of schools and pupils on the estimated model parameters are described in
section 6.5. Finally, conclusions are drawn in section 6.6.

' ,

>T ,

6.2 Teeth-brushing on the elementary school

< < .

' .«

The objective of the project 'teeth-brushing on the elementary school' is to
stimulate the pupils to brush their teeth at least fw/'ce a day. The research units in this
project are 733 pupils, who are nested within 18 schools. Each pupil is measured twice,
in grade 3 and 5 or in grade 4 and 6. Additional measurements will be taken in grade 7
and 8 and, possibly later, in a follow-up study. The randomization of the treatment is done
at school-level, although this seems to be less efficient than randomization at pupil level
(Moerbeek, van Breukelen and Berger, 2001 a, b). Within the treatment schools, the pupils
brush their teeth once a day at school. Within the control schools, the pupils do not brush
their teeth at school.

..

•J,

t>..

The first measure of each pupil will be used as baseline measure, to indicate
whether a pupil already sufficiently brushed his/her teeth at the start of the research
period. The dependent variable is based on the second measure and indicates whether a
pupil brushes his/her teeth at least twice a day at home in grade 5 or 6. Additional interest
is in the difference between the treatment effect for pupils with low social-economic
status and the treatment effect for pupils with high social-economic status.
The dependent and independent variables are operationalized as follows:
•

The dependent variable PREV is equal to PREV = 1, if a pupil brushes his/her
teeth at least twice a day at home. PREV = 0, otherwise.

•

The independent variable TREAT is equal to TREAT = 1 for the treatment
schools. TREAT = 0, otherwise.
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The independent variable SES (Social-economic Status) is equal to ,,,i-/\H<ft;,i#v
SES = 1 for pupils with high social-economic status. SES = 0, otherwise.
The baseline variable AP (Already Prevented) is equal to AP = 1 for pupils who
already sufficiently brushed their teeth at the start of the research period. AP = 0,
otherwise.

,

..._,

„.

..„

Table 6.1 gives a summary of the data obtained from the project 'teeth-brushing
on the elementary school'.

7aWe 6.7 Summary of data
Treatment schools
/A

1 2

3

4

5

6

Control schools
7

/?,

61 36 38 53 72 69 41

P

«-,._i. -20 .36 .24 .24 .21 .13 .27

p

^

8

9 10 11 12 13 14 15 16 17 18 Mean

44 49 23 39 31 33 27 21 24 43 18

40(16)

.23 .14 .04 .23 .29 .33 .33 .23 .17 .34 .11 .23 (.09)

.11 .17 .00 .34 .05 .04 .05

.09 .10 .22 .05 .06 .00 .00 .10 .12 .19 .11 .10 (.09)

*W. />/A

^ •" ^

•" -64 -66 .54

.50 .52 .35 .64 .59 .58 .56 .53 .27 .21 .39 .51 (.14)

p „,

.03 .08 .11 .19 .10 .17 .14

.18 .24 .39 .08 .07 .09 .11 .14 .44 .26 .39 .16(.12)

-33 .31 .44 .46 .33 .67 .27

.40 .57

1 .44 .33 .36 .44 .60 .50 .53 .00

.43 .50 - .61 .75

1 .50

.50 .80

1

1 .00

-

1

1

1

1

1

1 .94

1

1 .67 .67

1

1

1

1

1 .71

*»#,

p.,

*

tow,
.J.

_,

Pi,
«••..,. -83
^llntf: fog*,

1

1 .83 .85 .98 .86

1 .88

p., _ ,

1

1 .50

1

1

1 .92 .67

-

'

.50 .67 .38 .50

*Standard deviation within parentheses

1

1

•

The first row of Table 6.1 gives the identification numbers ID of the schools. The
numbers «, of pupils sampled from each school are given in the second row. The third
through sixth row of Table 6.1 give the proportions /?. /r*-**'^p

«•

' / ' * • * • * ^"^

corresponding to the strata obtained by cross-classification of the variables SES
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(high/low) and AP (insufficient/sufficient). The means of these proportions are given in
the last column, where the corresponding standard deviations are given within brackets.
The seventh through tenth row of Table 6.1 give the conditional proportions P , - ^ - ^, ^ ,
.

, P., ~ , , andp,, _ ,

; tow,' *1|«{0: A/gA,

^iNtfl

of pupils who brush their teeth at least twice a day
tow,

^

^

'

at home at the second measurement, given their scores on SES and AP. Finally, Table 6.1
shows that schools 1 through 7 obtained a treatment, while schools 8 through 18 act as
control schools. An elaborated description of the project 'teeth-brushing on the
elementary school' can be found in the report by Terstegge et al. (2000).

6.3 Model specification

•'

The full model which we want to consider is given by

:

logit(7t.) = p , + p, TREAT. + P, AP.. + P3 SES. +

+ P^ TREAT,*AP^ + P5 TREATISES

.

(6.1)

+ P^ AP

TREAT *AP xSES.. + 6.. + 6, AP...

For model (6.1), the logit of the conditional probability

TI,-,- of

the response PREV = 1 for

pupil y of school /, 7 = 1, .., «/, / = I,—, Af, is ascribed to the main effects of the
independent variables TREAT, AP and SES, to the two-way interactions and the threeway interaction between these variables and to the school-specific deviations. Model (6.1)
can be motivated as follows.

•• < •

The objective of the project 'teeth-brushing on the elementary school' is to
stimulate the pupils to brush their teeth sufficiently. The treatment supports the behaviour
of pupils who already sufficiently brushed their teeth at the start of the research period,
while it motivates pupils who did not sufficiently brush their teeth at the start of the
research period to brush their teeth more often. The effect of the treatment will therefore
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r . .-.

be different for the two strata of AP. Hence, the interaction between the treatment and AP
is i n c o r p o r a t e d in t h e m o d e l .

*. ••. • .

<-.: .-•

•«!•:

t,

•-.,,-.-.

3<is«'--

•—¥,••

-

Because the difference between the treatment effects for the two social-economic
strata is of primary interest and the treatment effect is different for the two strata indicated
by AP, we decided to study the difference in treatment effect for the two strata of SES per
stratum of AP. As a consequence, the three-way interaction SES x AP * TREAT together
with the hierarchically lower ordered interactions and main effects are incorporated in
model (6.1).
The score of the pupils within each school may be influenced by school-specific
learning programs and other school-specific differences. To model these influences, the
school-specific parameters &„, and 6,, are used in model (6.1). Note that model (6.1) is a
random effects model, because the school-specific effects Z>o, and Z>,, are assumed to be
random.

• •

~ .«•-

Model (6.1) can be written as follows:

•>

AP=1:

'

••*••

;.••-•

•• .

.

- ^

.

•- •:, :•

•:

(6.2)

logit(7t.) = p ^ + p,, TREAT, + P,,SES.. + Pj, TREAT, x SES ^ + ^ , ,
AP = 0:

.

logit(7r..) = p . . + P,.TREAT. + P^SES.. + p^TREAT xSES
y

00

10

/

20

y

30

I

+ 6^,,
y

00/

where 7ty is the probability of an increase for pupil _/ in school /, Po, and P^ are the
intercepts corresponding to AP = 1 and AP = 0, p,, and P,o are the main effects for the
treatment, P21 and P20 are the main effects for the social-economic status of the pupils and
P31 and P30 are the interaction effects between the treatment and the social-economic
status, respectively. The vectors 6 = (fe<,w,600;)' of random intercepts are assumed to be
independently normally distributed over schools with mean zero and variance-covariance
matrix £>. Based on model (6.2), the vector of all fixed regression parameters P is given
by

P = ( Po,. P..' P2.. P31. Poo> P,o. P20' P30 >'•

'
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Note that model (6.2) is given conditional on the observed values of the variable
AP, i.e. based on the teeth-brushing behaviour of the pupils at the start of the research
period. As a consequence, the interactions between the independent variables and AP
cannot easily be tested. Because these interactions were not of primarily interest, model
(6.2) is considered in the following sections. - <.
,
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6.4Optimal design
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The variance of the maximum likelihood estimate p* of the vector of regression
parameters P depends on the values of P, the variance-covariance matrix Z) of the random
effects, the proportion treated schools w and the joint distribution of the variables SES
and AP within the schools (Ouwens, Tan and Berger, 2001b). The proportion treated
schools w is specified by the researcher. The number of pupils /i, and the proportions
P

^-,

,P ^ , > P

^ r ^ t and P ^ ^ ^ within the schools are, however, unknown

^ftuitf; tow,' **!«#; tow,' *IJIJH0: *<£*,

^ro.# /i/gA,

and cannot easily be fixed in the design stage. As a consequence, we propose to optimize
the choice of the proportion treated schools w, taking both the values of P and Z) as well
as the number of pupils «, and the proportions p.
p

^.

_,

, p _,

, p.

_ ,. , and

within the schools into account (Ouwens, Tan and Berger, 2001b). In the

following subsection, the commonly used D-optimality criterion and the relative
efficiency will be given, which are used to define the maximin criterion.
crifer/on.
For the teeth-brushing project, the D-optimality criterion searches for that
proportion of treated schools w*, for which the determinant Det[ Var( 0) ] of the variancecovariance matrix of the maximum likelihood estimate p* is minimized, given P, £>, «,-,
P

^,

>P^,

»P

^ L L and P ^ t, t • The D-optimality criterion has a natural

interpretation. It searches for that proportion treated schools w*, for which the
approximated volume of the confidence ellipsoid is minimized, where the confidence
ellipsoid is the analogue of the confidence interval for vectors of estimates (Johnson and
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^

•' '

Wichern, 1988, p. 103). The determinant Det[ Var((i) ] is also called the generalized
variance of 0 (Anderson, 1958, p. 166). The inverse of Fisher's information matrix is
used in this chapter as approximation of the variance matrix Var(p*). •

.& -\ -'••••" '•

Given the values of p, D, all numbers of pupils «, and all proportions
P

*•.

.P ^ , >P

*•..... and P *• ..• ._ . the generalized variance Det[ Var(6 ) 1

•^ftini)^ low,' * J U # ; tow,' ^mju^; A/gA,

^ra^i WgA,

°

L

vr^/ J

under a particular proportion w can be compared with the generalized variance
Det[ Var(0 .) ] under the D-optimal proportion w* by means of the relative efficiency

Det[ Var( 0^. ) ]
eff( w | w * ) =

(6.4)

Det[ Var( 0

) ]

where 0 and 0 . are the maximum likelihood estimates of p corresponding to n> and
w*, respectively. The relative efficiency is defined in such a way that if, for example,
eff[ w | w* ) = .90 for a particular proportion w, then 10% less observations are needed
under the .D-optimal proportion w* to obtain the same generalized variance as under w,
given the same P, £>, numbers of pupils n, and proportions p

„ , , p „
J/uu#,

tow,

,p

„. ,

suyi tow, *^ inji/^ wg*,

. This relative efficiency is used to define the maximin criterion.
A/aximi/i cr/ter/on.
For the D-optimality criterion, the vector of regression parameters P, the variancecovariance matrix D, all numbers of pupils n, and all proportions p
r

p.

r-

i

r

r

„ , , p „ , ,

^/nJMj^ / o * | ' ^TOj^; tow,'

, .. . and p _ . . are assumed to be known. Unfortunately, these quantities are

*in™#; Aigft,

"(/?;

tog*,

"

unknown in advance. We therefore propose to search for a proportion treated schools w,
which is highly efficient under all likely values of P, D, «,, p
**

r'

»

, p

i» ^ , n j u j ^ /ow^'

^ r e / ^ tow,

^in™/f M A ^"^ ^ W A/ A ' ' ^ ' ^ propose to search for a proportion treated schools w for
which the minimal relative efficiency is large. The maximin criterion is based on this
principle and is defined as follows.
For each proportion of treated schools w, the corresponding minimal relative
efficiency can be computed over all likely values of P, £>, numbers of pupils «, and
proportions p

, /?

'inrai?; tow, *™.#

, /?.
tow,

^inntfK AigA,

and /> , , . . . . The minimal relative
nftfl '"g*,
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efficiencies can be compared with each other, to obtain the proportion w™"""'" with the
largest minimal relative efficiency. Such a proportion iv"""™" is said to be maximin. In
other words, the maximin criterion leads to a proportion

H""""""",

for which the smallest

relative efficiency

••

•.,.,' i>v-v "i;;-r-.- r ,v?

m i l l efff

W | W * )

..,

.

-.-,..

;-•„ .

(6.5)

over all likely values of P, all likely variance-covariance matrices D and all likely
numbers of pupils «, and proportions p .

_, ,p _,

, p.

_ ,. . and p

.

is

maximized. Note that if the corresponding minimal relative efficiency is large, then we
have found a proportion of treated schools w, which is highly efficient, irrespective of the
values of B, Z), «,, p,

_,

, p _,

, p.

_ .. , a n d p

_.....

The sign and the size of the effect of the school-based intervention project on the
teeth-brushing behaviour of the pupils at home are both unknown. Further, the set of
likely joint distributions of n,, SES and AP for both treatment groups are the same. The
theorem of Ouwens, Tan and Berger (2001b) can therefore be applied to state that the
maximin optimal choice of the proportion of treated schools w is equal to .50 or,
equivalently, to state that half of the schools should be treated and half of the schools
should be selected as controls. To obtain the possible loss in relative efficiency, the
different ranges of the parameters and the likely distributions of the independent variables
must be specified. To illustrate this loss in relative efficiency, an example will be given
in the next subsection.

o/"f/ie parameters a m / <fofr/Z>K//ow.y o / « , , p .

_,

, p ^ ,

,p

_ .. . and

v
Based on Terstegge et al. (2000) and personal communication, w e assume that for
all schools w, = 60, p .
P

, L J .='30"Pi

_,

= .40 x ( 1 - p

= .60 x ( 1 - p , . , ) ,

L and p _ , , = .70 x p , , , so that p . . ,

proportion which is unknown in advance.
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At population level, the proportion pupils with high social-economic status p ^
is approximately normally distributed with mean .55 and standard deviation .20
(Terstegge et al., 2000). The sample distribution of/?
the sample distribution of /»

for the treatment schools and

for the control schools are therefore assumed to be

normal, with means varying from .50 to .60 and standard deviations varying from . 10 to
.30. The variance-covariance matrix of the random intercepts D is taken to be diagonal
with elements between 0 and 2. These values 0 and 2 are chosen to cover all values that
are likely to occur in practice.
It follows from Terstegge et al. (2000) that PREV = 1 for about half of the pupils
for whom AP = 0. We therefore consider p ^ e [ -1, 1 ], P20 e [ -1, 1 ], Poo + P10 e
[ -1, 1 ] and P20 + P30 e [ -1, 1 ]. In terms of probabilities and ORs, the ranges of the
parameters can be interpreted as:
•

The probability that pupils with low social-economic status (SES = 0) brush their

1- ?r

teeth at least twice a day at the second measurement (PREV = 1) lies for all

.-•-•'

s c h o o l s b e t w e e n :

• ••• - • • • • • r H • ? r . , . -

.;-•=:,•

•••;:-

•

,-

.

.

min { [ l + e x p ( - p o o ) ] ' } = m i n { [ l + exp-(poo + P , o ) ] ' }
= .27 a n d
max{[l+exp(-poo)]'}=max{[l+exp-(Poo + P,o)]'}
= .73.

•

' '

• •

...

.

-"

. . . - . ;

The OR for pupils with high social-economic status (SES = 1) with respect to
pupils with low social-economic status (SES = 0) lies for all schools between:
min exp( P2o) = min exp( P20+P3o) = exp(-1 ) = .37 and
max exp ( P20) ~ max exp ( P20 + P30) = exp( 1 ) = 2.7.

We expect that only a small group of the pupils who sufficiently brushed their
teeth at the beginning of the research period (AP = 1) will brush their teeth less than twice
a day at home at the second measurement (PREV = 0). We therefore assume that Po, e
[ 2, 4 ], pj, e [ -1.5, 1.5 ], Po, + P,, e [ 2, 4 ] and fc, + pj, e [ -1.5, 1.5 ]. In terms of
probabilities and ORs, the ranges of parameters can be interpreted as:
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•'

The probability that pupils with low social-economic status (SES = 0) brush their
teeth at least twice a day at the second measurement (PREV = 1 ) lies for all

;?r

schools between:
min{[l+exp(-po,)]'}=min

{[l+exp-(Po, + P,,)]'}

'

= [ l + e x p ( - 2 ) ] ' = .88 and
m a x { [ l + e x p ( - P o , ) ] - ' } = m a x { [ l + e x p - ( P o , + P,,)]-'}
= [ l + e x p ( - 4 ) ] ' = .98.

•

> f.r,, .,-.-,.-

'

"-

, . i ..-:••.,

•>

The OR for pupils with high social-economic status (SES = I) with respect to
pupils with low social-economic status (SES = 0) lies for all schools between:
min exp( P21) = min exp ( P21 +P31) = exp(-1.5 ) = .22 and
maxexp ( P21 ) = max exp ( P21+P31) = exp( 1.5 ) = 4.5.

i

A/ax/mi/i proporrtow q/7rea/«/ sc/ioo/.s w awrf correspoW/wg /ni/i/'/na/ re/artve e^jc/ency.
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The maximin proportion of treated schools is equal to iv"""""'" = .5. Thus it is

maximin optimal to take the number of treatment schools equal to the number of control
schools. The computed minimal relative efficiency for model (6.2) is equal to
min [ eff ( w"""""'" | w* ) ] = .999, where for each vector of model parameters 0 and each
value of p

the proportion w* is the D-optimal proportion treated schools given 6 and

p^, . . If the interaction between the variables SES and TREAT and the three-way
interaction are not incorporated in the model, then the minimal relative efficiency
decreases to min [ eff ( iv"""'""" | w* ) ] = .94. In other words, although it is nearly Doptimal for model (6.2) to take the number of treatment schools equal to the number of
control schools, this does not hold for model (6.2) without the interaction terms.
In the teeth-brushing project, the number of treatment schools is equal to 7, while
the total number of schools is equal to 18. The smallest relative efficiency for
w = 7/18 = .39 may therefore be of interest and is equal to min [ eff ( w | w* ) ] = .95 for
the model with the interaction between the variables SES and TREAT and is equal to
min [ eff ( w | w* ) ] = .79 for the model without the interaction between the variables
SES and TREAT. In other words, the maximal loss in relative efficiency for w = .39 is
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5% larger for the model with interaction between SES and TREAT and 16% larger for
; *• --;' •• . .-.na* ?»t? --m> »si3ti=;

the model without this interaction.
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6.5 Influential schools and pupils

.-•

<:-;;Y

.

.

•.'.

r»;>i;

.

ti

s^v \ •; vteK-ft .^ 0 •

The estimates of the model parameters based on all data may be very different
from the estimates of the model parameters based on the data without the influential
schools and pupils. Hence, a second way to improve the estimation process is the
detection of influential schools and pupils. The detection of influential schools and pupils
may lead to the deletion of them, but may also lead to a change of the model. Moreover,
it may lead to a better understanding of the stability of the parameter estimates.
To assess the influence of a set of schools or pupils A/, the parameters can be
estimated by means of the data with and without the set A/. The difference between the
obtained estimates can be compared with the differences found for other sets. If only a
single parameter is of interest, then the differences can be ordered based on their absolute
values. If vectors of parameters are of interest, then the differences are more-dimensional
and their ordering will have to be based on a more complex criterion (Cook and
Weisberg, 1982).
To assess the influence of sets of schools and/or pupils, the Likelihood
Displacement can be used (Cook and Weisberg, 1982, Ouwens, Tan and Berger, 1999,
2000,2001 a). This measure compares the likelihood Z,( (i, D ) of the sample under P = p*
and £> = D with the likelihood I ( pV,. ,Z5
(M)

) of the sample under P = 6 ^ and £> = A , .

(Af)

(AT)

(Af)

and is given by:
= 2[ log L( p\ D ) - log I ( p ^ , D ^ ) ] ,
where pV

(6.6)

is the maximum likelihood estimate of the vector of regression parameters

P based on the sample without the set of schools or pupils A/ and Z5 ^ is the maximum
(M)

likelihood estimate of the variance-covariance matrix of the random effects D based on
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the data without the set of schools or pupils A/. If the Likelihood Displacement in
equation (6.6) is large, then the sample is much better fitted under 0 and D than under
pV.^and D,,_. This is only the case when 6 and D are very different from p\,^ and
D , , - . Hence, a large Likelihood Displacement indicates a large difference between the
estimates. The Likelihood Displacement can be modified to accommodate situations in
which only a part of the model parameters is of interest (Ouwens, Tan and Berger, 1999,
2000,2001a).
The evaluation of the Likelihood Displacement may be extremely time consuming.
Therefore, a second order Taylor expansion is used as an approximation of the Likelihood
Displacement (Ouwens, Tan and Berger, 1999, 2000, 2001a). This approximation is
called the local influence measure.

Figure 6.1 shows the influence of the schools on the estimated regression
parameters 0 , (J , 0 , pV and the estimated vector of regression parameters 0.
i •;-
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Figure 6.7. Influence of schools.

The symbols in Figure 6.1 are the identification numbers ID of the corresponding
schools in Table 6.1. School 10 and 17 are both detected to be influential. These schools
may be influential, due to school-specific characteristics, but also due to the influence of
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a subgroup of the observations within the schools. Whether the influence of school 10 and
17 can be ascribed to the influence of a subgroup of the pupils within the schools cannot
be obtained from Figure 6.1.
To assess whether the influence of school 10 and 17 can be ascribed to a subgroup
of the pupils within school 10 and 17, the pupil-oriented influence measures developed
by Ouwens, Tan and Berger (1999,2000,2001 a) can be used. A natural way to subdivide
the pupils in subgroups within the schools is to subdivide them based on their socialeconomic status (cf. Hosmer and Lemeshow, 1989, ch. 5).
It appeared that the influence of school 10 can almost fully be ascribed to the
influence of the pupils within the stratum for which SES = 1. This may be caused by the
fact that almost all pupils within school 10 with AP = 0 has a high social-economic status.
We therefore decided to evaluate the change in the parameters, due to the deletion of all
pupils within school 10. The pupil-oriented influence measures showed that the influence
of school 17 can be ascribed to the stratum for which SES = 0.
Proceeding the detection of influential schools and pupils, we obtained the set of
estimates given in Table 6.2. The estimate of the variance of the random intercept 6 is in
all cases equal to 6 = 0.
After the influential schools and strata are detected, we can proceed with the
detection of influential pupils. The influence of pupils is related to the estimated
probability. If, for example, a pupil scores PREV = 1, while the corresponding estimated
probability is small, than that pupil will have a large influence (Hosmer and Lemeshow,
1989). However, even for small probabilities, there are pupils which will score
PREV = 1, if the data set is large enough. Plotting the values of the influence measures
against the probability will give an indication of the influence of pupils (Hosmer and
Lemeshow, 1989). For the logistic random effects model, both the conditional probability
as well as the marginal probability can be used. For the teeth-brushing data, however, we
did not detect any influential pupil.
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• "• 7a6/e 6.2 Estimates of parameters, based on the sample with and without
certain detected schools and strata for AP = 0

Sample ,

,,^ ^ , , < , , ,..

< ' •'•'•'•

'

.45 (.37) -.004 (.04) -.59 (.38) -.29 (.45)

Sample without low SES of 17 .35 (.37) .028 (.04) -.91 (.44) -.002 (.49)
Sample without low SES of 17 .29 (.37) .019 (.04) -.75 (.45) -.052 (.50)
and without school 10
—
Sample without low SES of 17 .26 (.38) .009 (.04) -.61 (.45) -.28 (.51)
and without 6 and 10.
Sample without low SES of 17 .27 (.38) -.023 (.04) -.78 (.46) -.16 (.52)
and without 6, 10 and low SES
ofschool 12

It follows from Table 6.2 that the stability of the parameter estimates is
relatively large. For the estimates of the parameters for AP = 1, however, this is not the
case.
/or
Table 6.3 shows the estimates based on the sample with and without the detected
influential schools and strata for AP = 1. It shows that the estimates of the interaction
effect P3 and the main effect P2 remarkably change, if all pupils of school 9 with low
social-economic status are deleted. If all pupils of school 16 with low social-economic
status are also deleted, then p , .. = 1 for all control schools. This means that, after
deletion, model (6.2) is not identified.
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6 J Estimates of parameters, based on the sample with and without certain
detected schools and strata for AP = 1

Sample .,

.

2.47 (.53) -.72 (.69) 1.54( .45) - .87 ( .71) .81 ( .87)

Sample without low
SES of school 9

2.45 (.59) -.63 (.79) 3.00(1.19) -2.34(1.40) .97(1.10)

Sample without low Model is not identified
SES of school 9 and
low SES of school 16

,

.

.

6.6 Discussion

In this chapter, the project 'teeth-brushing on the elementary school' is used to
illustrate two methods to improve the estimation process. The first method concerned the
choice of the proportion of treated schools w\ A maximin criterion is used. It appears that
w = .5 maximizes the smallest possible relative efficiency not only with respect to all
possible values of the model parameters, but also with respect to the unknown scores on
the covariates in the model. The second method concerned the detection of influential
data. Based on the influence assessment, we obtained that for the model for AP = 0, the
deletion of influential data does not lead to large changes in the estimates, while for the
model for AP = 1, the estimates are very unstable.
The treatment may be interpreted by the pupils as a replacement of one time teethbrushing at home. We may therefore expect that during the treatment period, the pupils
in the treatment group will brush their teeth less often at home than the pupils in the
control schools. As a consequence, the treatment effect is underestimated. Note that if we
had modelled the total number of times the pupils brush their teeth, then the treatment
effect would be overestimated. In other words, the treatment is associated with the
dependent variable such that an unbiased estimate of the treatment effect cannot be
obtained from the measurements taken during the treatment period. Hence, it makes sense
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to extend the project 'teeth-brushing on the elementary school' with a follow-up study,
to obtain an unbiased estimate of the treatment effect.
The distribution of the number of pupils n, significantly differs for the two
treatment groups. The (conservative) Mann-Whitney U-test statistic is equal to 11.0 and
has a p-value of/? = .011. Further, the overlap between the two distributions is small
(between 36 and 49 pupils per school) and only contains 7 schools. It may therefore be
concluded that the random treatment assignment to schools did not result in equivalent
treatment and control groups.
Under the restrictions given above, the choice of equally sized treatment groups
turns out to be optimal according to the theorem of Ouwens, Tan and Berger (2001b). The
smallest relative efficiency of the balanced design for model (6.2) is equal to .999. The
smallest relative efficiency of the balanced design for model (6.2), when the interactions
between SES and TREAT are not incorporated, is equal to .94. Only a subset of the set
of possible conditional joint distributions of the number of pupils, the baseline value and
the social-economic status of the pupils within the schools is evaluated. Hence, the
smallest relative efficiencies that can be encountered in practice may be smaller.
The detection of influential data is used as a tool to explore the data set. In section
6.5 we stated that the stability of the estimates is large for AP = 0. To assess the stability
of the estimates, the range of the estimates is compared with the variance of the estimates.
This comparison is, however, somewhat subjective.
The detection of influential schools for AP = 0 is questionable, because the random
intercept variance is estimated to be equal to 6 = 0, so that there seems to be no school
effect. Nevertheless, the influence of schools is of interest, because the schools are the
study units.
The detection of influential schools for AP = 1 leads to the statement that the
model is unidentified, when the pupils with low social-economic status of school 9 and
16 are deleted. The model is also unidentified, when the pupils with high social-economic
status of school 10, 11 and 18 are deleted. Because the effect of SES is strongly
decreasing for school 9 and 16 and strongly increasing for school 10,11 and 18, we
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decided to incorporate a random slope for the variable SES. The influential schools
remained influential. For the extended model, the estimates p \ = 2.82 (.56 ),
p\ = - 5 1 ( . 8 1 ) , $2 = 1.64 ( . 8 0 ) , 63 = -1.04 (1.06) and
.
( .91 ( .86 ) -.81 ( .99 ) I
. . ,r»* .:, ..M .*, «',vi-.
D =
are obtained. Note that the small amount of schools
within the sample may cause the insignificance of the variance of the random slope. More
schools may be sampled to assess whether the slope of the variable SES indeed varies
over schools.
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This thesis discusses methods to improve the estimation process of regression
parameters in GLMM. It can be extended in many ways. Some of the possible future
research topics are presented in this epilogue.
All estimates presented in this thesis are based on numerical integration
procedures. Alternatively, quasi-likelihood procedures may be used, which are much
faster but may lead to somewhat different results. The comparison of the numerical
integration procedures and the quasi-likelihood procedures deserve much more attention.
In this thesis the minimization of the volume of the confidence ellipsoid is
considered. The volume is not the only criterion which is used in the statistical literature.
A detailed reconsideration of the several optimality criteria may lead to a synthesis
between the several optimal design criteria.
The preference for the maximin approach based on the relative efficiency above
both the maximin approach based on the absolute efficiency as well as the Bayesian
design criterion is explained in chapter 1. This explanation may be elaborated. Further,
a synthesis between the sequential design approach and the maximin approach may be
constructed to deal with the situation that the maximin value is too small.
Chapter 1 shows the relationship between the D-optimal design criterion and the
expected/potential influence for the linear model with uncorrelated measurement errors.
Other models may also be considered. Further, the relationship between the D-optimality
criterion and goodness-of-fit, lack-of-fit and goodness-of-link measures may be studied.
Chapter 2 is restricted to polynomial models, i.e. covariates are not incorporated
in the evaluated models. Because models with covariates are often encountered in
practice, chapter 2 may be extended.
In Chapter 3 a maximin criterion is proposed to optimize the choice of the
experimental design. A topic for future research would be to establish necessary and/or
sufficient conditions to ensure the existence of balanced maximin solutions. The chapter
is limited to marginally controlled designs and conditionally uncontrolled designs. Other

141

factorizations are also encountered in practice and may be discussed in detail.
In chapter 4, Cook's Distance is defined for the Linear Mixed Model conditionally
on the subjects in the sample. This can also be done for the Generalized Linear Mixed
Models. The comparison of the Conditional Cook's Distance and the Marginal Cook's
Distance can be elaborated. A comparison between the conditional Cook's Distance and
the local influence measures may also be of interest.
The influence values do not indicate whether the influence is large enough to be
of interest. Moreover, the origin of the influence of subjects and observations is hard to
retrieve. Further research on these topics is therefore necessary.

• •

•

In literature, the concept of local influence is also discussed for other research
problems like the drop-out process. The corresponding observation-oriented local
influence measures can be developed based on chapter 5. Obviously, the necessity of
these measures must be shown.

-
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Chapter 6 illustrates the methods proposed in chapter 3 and 5. The illustration can
lead to two tutorials, one about the optimal design approach and one about the influence
of data. One may also discuss the relationship between the design which is used and the
influence of the data.

•

*, - •'

The above given research topics are only a sample of the possible future research
topics. We want to proceed with the following three topics. First, the maximin criterion
will be applied to more complex situations. Second, the balancedness will be proven in
a more general framework, for which the conditionally controlled design and the
marginally controlled design are special cases and in which subsets of parameter
estimates are also involved. Third, the relationships between the choice of the design and
the results in the analysis stage will be studied in more detail.
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The aim of this thesis is to find methods to improve the estimation process of the
regression parameters for Generalized Linear Mixed Models. The proposed methods
concern the optimization of the choice of the design and the detection of influential data.
The methods are discussed for the Linear Mixed Model and the Generalized Linear
Mixed Model. The optimality criteria are discussed in chapter 1, 2, 3 and 6, while the
influence measures are discussed in chapter 1, 4, 5 and 6.
Chapter 1 starts with the introduction of the Linear Mixed Model and the
Generalized Linear Mixed Model. Thereafter, the most frequently used optimality criteria
are discussed. One of these criteria is the D-optimality criterion, which is used to find a
design for which the volume of the confidence ellipsoid is minimized. The preference for
the D-optimality criterion is based on its invariance with respect to the coding of the
independent variables.
Which design is D-optimal depends on the values of the model parameters in the
Generalized Linear Mixed Model. Because these values are unknown in practice, the
sequential design approach, the Bayesian design approach and the maximin approach can
be used. In literature, the maximin approach is used to find a design for which the
smallest efficiency over the model parameter space is maximized. The choice to let the
maximin approach be based on the relative efficiency is explained in this chapter.
The chapter proceeds with the introduction of Cook's Distance and local influence
measures to detect influential data. Cook's Distance assesses the change in the estimates,
due to case deletion. The local influence measures assess the change in the estimates, due
to infinitesimally perturbations of the data set. It is proposed to detect the influential cases
by comparing the scores of the cases on the influence measures with each other. The
importance of the detection of influential observations in addition to the detection of
influential subjects is illustrated.
Chapter 1 ends by explaining the relationship between the D-optimality criterion
and the expected/potential influence of observations for the linear regression model with
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uncorrelated measurement errors. It is shown that each design point of the D-optimal
design has the same expected/potential influence and that there exists no design point
with larger expected/potential influence.
Chapter 2 starts with the presentation of D-optimal designs for the first and second
degree polynomial model with random intercept, random slope and AR(1) correlated
measurement errors. It shows that the solution of the D-optimality criterion depends on
the unknown values of the model parameters. As a consequence, the chapter proceeds
with the search of designs which are highly efficient for all likely values of the model
parameters. Large classes of highly efficient

symmetric designs are presented. The

evaluation of the relative efficiency leads to the maximin criterion based on the re/a//ve

The optimality criteria discussed in literature assume that a// independent variables
are experimentally controlled. This assumption is often violated in practice. For example,
consider the project 'teeth-brushing on the elementary school', which is discussed in
more detail in chapter 6. For this project, only the marginal proportion treated schools is
experimentally controlled, where the marginals are taken over the joint distribution of the
baseline value, the number of pupils within the schools and the social-economic status of
the pupils. Because only the marginal proportion treated schools can be experimentally
controlled, the existing optimality criteria are inadequate for this situation.
To deal with the previously described situation, the sample design is factorized in
chapter 3 in a part which is experimentally controlled and a part which is not. The
experimentally controlled part is called the experimental design and corresponds in this
chapter with a marginal distribution (cf. marginal proportion treated schools). The other
part of the factorization corresponds with a conditional distribution (cf. conditional joint
distribution of the baseline value, the number of pupils within the schools and the socialeconomic status of the pupils). The experimental design should be optimized, taking this
unknown conditional distribution into account. Because the conditional distribution is
unknown, a maximin criterion is proposed which searches for an experimental design
that maximizes the smallest relative efficiency over all likely values of the model
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parameters and all likely conditional distributions. It is shown that under certain
conditions, the maximin experimental design is balanced in the discrete variables. The
proposed maximin criterion is illustrated using a Logistic Mixed Model.
The second method to improve the estimation process is the detection of influential
subjects and observations. For the Linear Mixed Model, Cook's Distance is defined
marginally over the random effects. Unfortunately, this measure may fail to detect or may
incorrectly detect influential observations, due to the random effect variances and
covariances. In chapter 4, Cook's Distance is defined conditionally on the subjects in the
sample. The conditionally defined Cook's Distance can be partitioned into two influence
measures, one measuring the effect on the estimated average profile and one measuring
the effect on the estimated subject-specific deviations. The conditionally defined Cook's
Distance works better than the marginally defined Cook's Distance.
In chapter 5, we considered likelihood-based influence measures. To accelerate the
detection of influential data, these measures are approximated by Taylor expansions,
which are called local influence measures. In literature, the local influence measures are
defined at subject-level and are only discussed for the Linear Mixed Model. We extended
these measures not only to the Generalized Linear Mixed Model, but also to the
observation-level. It is shown that the subject-oriented influence measure is a special case
of the proposed observation-oriented influence measure. An illustration of a twotreatment multiple period cross-over trial demonstrates the practical importance of the
detection of influential observations in addition to the detection of influential subjects.
In chapter 6, the optimal design criterion which is proposed in Chapter 3 and the
local influence measures which are proposed in chapter 5 are illustrated based on the
project 'teeth-brushing on the elementary school'. It appeared that the balanced design
is highly efficient, irrespective of the uncontrolled conditional distribution and model
parameter vector at hand. The detection of influential data leaded to an assessment of the
stability of the parameter estimates, a change in the evaluated model and the suggestion
to sample more schools for the validation of a random effect for the social-economic
status.
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In dit proefschrift worden methoden voorgesteld, die tot kwalitatief betere
schatters van de regressieparameters leiden. De methoden zijn gericht op de optimalisatie
van de keuze van het design en de detectie van invloedrijke data en worden besproken
voor het lineaire mixed effect model en het gegeneraliseerde lineaire mixed effect model.
De optimalisatiecriteria zijn behandeld in hoofdstuk 1, 2, 3 en 6. De invloedsmaten zijn
terug te vinden in hoofdstuk 1, 4, 5 en 6. Hieronder volgt een samenvatting van elk
hoofdstuk.
Hoofdstuk 1 begint met de introductie van het lineaire mixed effect model en het
gegeneraliseerde lineaire mixed effect model. Het hoofdstuk vervolgt met de bespreking
van de meest gebruikte optimalisatiecriteria. Een van deze criteria is het Doptimalisatiecriterium. Dit criterium wordt gebruikt voor het bepalen van een design dat
het volume van de betrouwbaarheidsellipsoide minimaliseert. De voorkeur voor dit
criterium is gebaseerd op zijn invariantie met betrekking tot de codering van de
onafhankelijke variabelen.
Welk design D-optimaal is hangt af van de waarden van de modelparameters.
Helaas zijn deze waarden in de praktijk onbekend. Om toch tot een goede keuze van het
design te kunnen komen, zijn de sequentiele design benadering, de Bayesiaanse design
benadering en de maximin benadering gei'ntroduceerd. Tot nu toe is de maximin
benadering gebruikt voor het bepalen van een design dat de kleinste efficientie over dc
modelparameter ruimte maximaliseert. De keuze om de maximin benadering te baseren
op de relatieve efficientie is in hoofdstuk 1 gemotiveerd.
Het hoofdstuk gaat verder met de introductie van Cook's Distance en lokale
invloedsmaten voor het detecteren van invloedrijke data. Cook's Distance meet de
verandering in de regressieparameters door het wegnemen van data. De lokale
invloedsmaten meten de verandering in de schatters door infinitesimale verstoringen van
de data set. De invloedrijke cases worden gedetecteerd door het onderling vergelijken
van de scores van de cases op de invloedsmaten. De toegevoegde waarde van de detectie
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van invloedrijke observaties is aangetoond.
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Hoofdstuk 1 eindigt met de relatie tussen het D-optimalisatiecriterium en de
verwachte/potentiele invloed van observaties voor het lineaire regressie model met
ongecorreleerde meetfouten. Het blijkt dat ieder design punt van het D-optimaal design
dezelfde verwachte/potentiele invloed heeft en dat geen enkel ander design punt een nog
grotere verwachte/potentiele invloed heeft.
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Hoofdstuk 2 start met de presentatie van D-optimale designs voor de eerstegraads
en tweedegraads polynomen met stochastisch intercept, stochastische helling en AR(1)
gecorreleerde meetfouten. Uit deze presentatie blijkt dat de oplossing van het Doptimalisatiecriterium afhangt van de (onbekende) waarden van de modelparameters. Als
een gevolg hiervan wordt overgegaan tot het zoeken van designs die voor alle
aannemelijke waarden van de modelparameters hoog efficient zijn. De evaluatie van de
relatieve efficientie over de gehele modelparameter ruimte leidt tot de definitie van de
maximin benadering op basis van de relatieve efficientie.
De in de literatuur behandelde optimalisatiecriteria veronderstellen dat a//e
onafhankelijke variabelen experimenteel gecontroleerd worden. Deze veronderstelling
wordt in de praktijk vaak geschonden. Neem bijvoorbeeld het project 'tandenpoetsen op
de basisschool', dat uitgebreid behandeld wordt in hoofdstuk 6. In dit project wordt alleen
de marginale proportie behandelde scholen experimenteel gecontroleerd, waar de
marginalen genomen worden over de verdeling van de beginmeting, het aantal leerlingen
per school en de sociaal-economische status van de leerlingen. Omdat alleen de marginale
proportie behandelde scholen experimenteel gecontroleerd wordt, zijn de bestaande
optimalisatiecriteria voor deze situatie ontoereikend.
Een maximin criterium voor de hiervoor beschreven situatie wordt in hoofdstuk
3 afgeleid door het ontbinden van het steekproef design in dat deel dat experimenteel
gecontroleerd wordt en dat deel dat niet experimenteel gecontroleerd wordt. Het
experimenteel gecontroleerde gedeelte wordt experimenteel design genoemd en
correspondeert in dit hoofdstuk met een marginale verdeling (marginale proportie
behandelde scholen). Het andere deel correspondeert met een conditionele verdeling
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(conditionele verdeling van de basismeting, het aantal leerlingen per school en de sociaaleconomische status van de leerlingen). De optimalisatie van het experimenteel
gecontroleerde deel is nu van belang, terwijl er rekening moet worden gehouden met het
ongecontroleerde deel. Omdat de conditionele verdeling onbekend is, wordt een maximin
benadenng voorgesteld, die zoekt naar een experimenteel design waarvoor de kleinste
relatieve efficientie over alle aannemelijke waarden voor de modelparameters en alle
aannemelijke conditionele verdelingen het grootst is. Onder bepaalde omstandigheden
blijkt het maximin experimentele design gebalanceerd te zijn in de discrete variabelen.
De voorgestelde maximin benadenng wordt aan de hand van een logistisch mixed model
geillustreerd.
In hoofdstuk 4 worden twee generalisaties van Cook's Distance voor het lineaire
mixed model besproken. Cook's Distance is in het verleden naar het lineaire mixed effect
model uitgebreid. Dit werd gedaan via marginalisatie over de stochastische effecten.
Helaas detecteert de zo verkregen invloedsmaat de invloedrijke observaties niet altijd en
worden soms zelfs de verkeerde observaties gedetecteerd. Dit is voornamelijk toe te
wijzen aan de varianties en covarianties van de stochastische effecten. In hoofdstuk 4
wordt Cook's Distance daarom geconditioneerd op de subjecten. De conditioned
gedefinieerde Cook's Distance kan worden ontbonden in twee invloedsmaten, waarbij de
ene het effect op het geschatte algemene profiel meet en de andere het effect op de
geschatte subject-specifieke afwijkingen. De conditioned gedefinieerde Cook's Distance
werkt beter dan de marginaal gedefinieerde Cook's Distance.
In hoofdstuk 5 behandelen we likelihood-gebaseerde invloedsmaten. Om de
detectie van invloedrijke data te versnellen worden de invloedsmaten benaderd door
Taylor expansies. Deze Taylor expansies worden lokale invloedsmaten genoemd. In de
literatuur worden de lokale invloedsmaten op subject-niveau gedefmieerd en worden zij
alleen besproken voor het lineaire mixed effect model. In hoofdstuk 5 worden deze maten
uitgebreid tot de gegeneraliseerde lineaire mixed effect modellen en tot het observatieniveau. De subject-georienteerde invloedsmaten blijken speciale gevallen van de
observatie-georienteerde invloedsmaten te zijn. De toegevoegde waarde van de
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observatie-georienteerde invloedsmaten wordt aan de hand van een twee-behandelingen
meervoudige periode kruisproef studie aangetoond. -,-.; •„-."
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• ;-u ?. In hoofdstuk 6 worden het optimalisatiecriterium van hoofdstuk 3 en de lokale
invloedsmaten van hoofdstuk 5 aan de hand van het project 'tandenpoetsen op de
basisschool' geillustreerd. Het blijkt dat het gebalanceerde design hoog efficient is,
onafhankelijk van de conditionele verdeling en de waarden van de modelparameters. De
detectie van invloedrijke data leidt tot een beoordeling van de stabiliteit van de
parameterschatters, een verandering in het geevalueerde model en de suggestie om meer
scholen op te nemen in de steekproef voor de validatie van een stochastische helling voor
de sociaal-economische status.
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