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Abstract
Despite being a well-studied decision rule, the Slater rule has not been analyzed axi-
omatically. In this paper, we show that it is the only rule which is unbiased, mono-
tone, tournamental, tie-breaking, and gradual. Thereby we provide a characteriza-
tion of it for the first time. We also show these axioms to be logically independent.

1 Introduction

The well-known Slater rule captures the pairwise comparison idea discussed in 
Slater (1961). The rule chooses those linear orders (strict rankings) that are closest 
to the pairwise strict majority tournament. Here the concept of closeness is defined 
in terms of the Kemeny distance between the tournament and a given linear order.1 
There has been a stream of literature on the analysis of the Slater rule both as a (col-
lective) preference correspondence and as a (collective) choice correspondence. The 
preference correspondence chooses the linear orders as described above, where the 
choice correspondence chooses the tops of these linear orders.

For instance, Moulin (1986) and Laffond and Laslier (1991) analyze the rule as 
a choice correspondence. Meskanen and Nurmi (2006) and Nurmi (2002) discuss 
the rule within the context of distance from a consensus state. Baigent and Klamler 
(2003) exposes a comparison with the transitive closure rule while Klamler (2004) 
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compares it to other pairwise rules such as the Kemeny and the Dodgson rules. In 
terms of the computational efficiency of the Slater rule (both as a choice corre-
spondence and a preference correspondence) see also Hudry (2010) and Endriss and 
de Haan (2015).

This paper contributes to the aforementioned far from exhaustive list of existing 
literature by proposing a novel axiomatic characterization of the Slater rule as a col-
lective preference correspondence, i.e., a rule that chooses sets of linear orders as 
outcomes. To that end, we introduce five conditions for preference rules: being unbi-
ased, tournamental, monotone, tie-breaking, and gradual.

As a normative condition being unbiased requires that at uniform profiles, where 
all possible preferences are reported the same number of times, the outcome is that 
of a rule treating all alternatives equally. Many rules satisfy this condition. Being 
tournamental is standard. It means that the outcome is based on the pairwise strict 
majority tournament. It is the equivalent of the C1 condition for choice correspond-
ences introduced by Fishburn (1977). Being tournamental is not satisfied by scoring 
rules, but besides the Slater rule there are other rules which are also tournamental, 
e.g., the Kemeny rule, the Copeland rule2 and the Miller rule.3 The monotonicity 
condition, in the framework of choice functions, i.e., single valued choice corre-
spondences, often leads to impossibility theorems.4 In the framework of preference 
correspondences, however, it is shown in Can and Storcken (2013) to be one of the 
characterizing conditions of the Kemeny-Young preference correspondence. Being 
monotone requires that if an agent changes (updates) her preference towards one 
of the preferences in the outcome, then the new outcome should still contain this 
preference and possibly more preferences but none that were not present before this 
update.

Finally, we introduce two new conditions tie-breaking and being gradual. Con-
sider a preference profile with a pairwise tie on two alternatives. The former condi-
tion requires that a minimal change from this tie leads to a resolute outcome between 
these two alternatives. Meaning that in all outcome preferences the same strict order 
between these two alternatives is present. As such a resolution might already be pre-
sent before the change in the profile, being gradual imposes that not at all new out-
come preferences the order between these two alternatives is reversed. Many rules 
satisfy both these conditions. Among these rules are for instance the Copeland rule, 
the Kemeny rule, and the Borda rule. Together, these two conditions resonate with 
that of Baigent (1987), which proposes that a small change in the profile should also 
be represented by a small change in the outcome. Here, however, only changes from 
specific profiles are considered and changes are measured in terms of the Kemeny 
distance.

2 Copeland (1951).
3 The rule introduced in Miller (1980) takes all linear extensions of the cover relation. Here at a profile p 
an alternative a covers alternative b,  if for all alternatives x we have that b beats x in pairwise compari-
son at p implies that a beats x in pairwise comparison.
4 Muller and Satterthwaite (1977) show the equivalence of strategy proofness and strong positive asso-
ciation hence making the connection to the impossibility results of Gibbard (1973) and Satterthwaite 
(1975). Brandt et al. (2016) also introduces a monotonicity condition for tournaments only. We provide a 
detailed comparison between this condition and our framework in the Appendix.
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The paper is organized as follows. In Sect. 2, we formalize some basic notions 
and the model. Section  3 is on the characterizing conditions. In Sect.  4 we show 
how properties for preference rules translate to properties for tournament corre-
spondences, assigning sets of preferences to tournaments. Section 5 discusses that 
the Slater rule is the only rule that satisfies these conditions simultaneously. Sec-
tion 6 discusses the independence of the conditions used and concludes the paper. 
The appendix relates the monotonicity condition used here to a well-known monoto-
nicity condition for tournament correspondences.

2  Notational framework

2.1  Model basics

We take ℕ = {1, 2,…} the set of natural numbers as the set of potential agents. A 
set of (concerned) agents with cardinality n is now N = {1,… , n} , i.e., the first n 
elements of ℕ . Let A denote the finite set of m alternatives with m ≥ 3 . The cardinal-
ity of an arbitrary (finite) set S is denoted by |S|.

Let � denote the set of all possible linear orders over A, i.e., irreflexive, weakly 
complete, asymmetric and transitive binary relations on A.5 For a generic R ∈ � , 
and any two alternatives a, b ∈ A , (a, b) ∈ R is interpreted as a is ordered above b 
at R. Note because of asymmetry of R the latter can only hold for distinct alterna-
tives a and b. To simplify notation, we write ab ∈ R instead of (a, b) ∈ R . Simi-
larly, R = abc denotes a full ranking where R = {ab, ac, bc} . Further, notations like 
a1a2...am = R have the obvious meaning. Let −R = {yx ∶ xy ∈ R} denote the reverse 
of a linear order R.

Consider a set of agents N. A (preference) profile p ∈ �
N assigns to every agent 

i ∈ N , an element of � , where p(i) refers to the preference of agent i at profile p. 
It therewith models a combination of individual preferences over agent set N. We 
call profile p ∈ �

N uniform if all linear orders in � are reported an equal number of 
times, i.e., for all R,R� ∈ �

Let N1 = {1,… , n1} and N2 = {1,… , n2} be two sets of agents. Let q ∈ �
N1 

and r ∈ �
N2 be two profiles. Then q + r denotes the profile in �N3 , where 

N3 = {1, 2,… , n1 + n2} defined for each agent i ∈ N3 by

The order in this “addition” matters as in general q + r ≠ r + q. For a sequence of 
profiles, say q1 up to qk , the profile q1 + q2 +⋯ + qk is denoted by 

∑k

t=1
qt.

|{i ∈ N ∶ p(i) = R}| = |{i ∈ N ∶ p(i) = R�}|.

(q + r)(i) =

{

q(i) if i ∈ {1, 2,… , n1}

r(i − n1) if i ∈ {n1 + 1, n1 + 2,… , n1 + n2}
.

5 We take linear orders to be irreflexive without theoretical consequences in our approach. It has how-
ever notational advantage here as now linear orders are partial tournaments.
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Let �  denote the set of all partial tournaments on A, i.e., asymmetric binary rela-
tions on A. In the sequel we shall omit the term partial. For a subset V of �  let Vab 
= {T ∈ V ∶ ab ∈ T} denote the subset of partial tournaments in V containing pair 
ab. Note that � ⊆ �  . So, �ab is the set of all linear orders ordering a above b. A tour-
nament T is called acyclic if there is a linear order R such that T ⊆ R. Let � denote 
the set of all acyclic tournaments.

Let p be a preference profile and a and b be distinct alternatives. Then 
pab = |{i ∶ ab ∈ p(i)}| denotes the number of agents ordering a above b at p. 
The (pairwise majority) tournament associated to profile p is defined as follows: 
Tp = {ab ∈ A × A ∶ pab > pba}. That is, pair of alternatives ab is in the tournament 
Tp, whenever the number of agents ordering a above b is strictly greater than the 
number of agents ordering b above a.

The Kemeny distance between T and T ′ is defined by �(T , T �) = |T ⧵ T �
| + |T � ⧵ T| , 

i.e., the cardinality of the symmetric set difference of T and T ′ . The extension of the 
Kemeny distance between a linear order R and a profile p ∈ �

N is defined by 
�(p,R) =

∑

i∈N

�(p(i),R).

Finally, a preference correspondence or rule � assigns a non-empty subset of lin-
ear orders �(p) to every profile p ∈ �

N for every agent set N. A rule aggregates the 
preferences of the agents into a set of linear orders �(p), the collective outcome at 
profile p. In case the pairwise majority tournament, Tp , contains cycles every linear 
order in the outcome orders some pairs on this cycle in a reversed way. It there-
with violates the corresponding pairwise majority of the profile. The Slater rule 
chooses those linear orders at which as few as possible of such majority violations 
are required. Formally, for any profile p the Slater rule is defined by,

2.2  Elementary changes

Next we define the notion of an elementary change in tournaments, linear orders 
and profiles. An elementary change is essentially “the smallest change possible” in 
a domain. This concept has slightly differing formulations in tournaments, linear 
orders, and profiles.

Let a and b be two distinct alternatives in A. We say that the ordered pair 
(T , T �) forms an elementary change (in �  ) from ab to ba if either (i) ba ∈ T � and 
T = T ��{ba} or (ii) ab ∈ T  and T � = T�{ab}. Note that (T , T �) forms an elementary 
change in �  precisely when �(T , T �) = 1 . For two linear orders (R,R�) we say (R,R�) 
forms an elementary change (in � ) from ab to ba if R�{ab} = R��{ba}. That is, a is 
consecutively ordered above b at R and b is so above a at R′ , where in going from R 
to R′ only the positions of a and b are swapped. Note that �(R,R�) = 2 which is the 
minimum value for distinct linear orders. Finally, we define the notion of elemen-
tary change for two profiles. For some set of agents N let p and q be two profiles 
in �N . We say that the ordered pair of profiles (p, q) forms an elementary change 
(in �N) from ab to ba,   whenever for some agent i ∈ N the pair (p(i), q(i)) forms 

�S(p) = {R ∈ � ∶ �(Tp,R) ≤ �(Tp,R
�) for all R� ∈ �}.
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an elementary change in � from ab to ba, and p(j) = q(j) for all j ∈ N ⧵ {i} . So, 
elementary changes at profiles occur precisely when one agent swaps the ranking of 
two consecutively ordered alternatives and all other agents do not change their pref-
erences. It is the “slightest” possible change between distinct profiles.

2.3  Some fundamental profiles

McGarvey (1953) introduced the following two agents profiles, denoted by rab,R, as 
building blocks for a given tournament, say T. Such a profile rab,R is determined by 
two distinct alternatives a and b and a linear order R such that a is consecutively 
ordered above b at R. Further, rab,R(1) = R and rab,R(2) is the linear order such that 
rab,R(2) = (−R�{ba}) ∪ {ab} . Note also that the pair of linear orders, (−R, rab,R(2)) 
forms an elementary change from ba to ab. We call the profile rab,R an almost maxi-
mal conflict,  as agent 1 and 2 only agree on one pair ab. An example for such a 
profile could be as follows: rab,R(1) = abc1c2 … cm−2 and rab,R(2) = cm−2 … c2c1ab.

Note that for the almost maximal conflict profile rab,R , the associated tournament 
is Trab,R = {ab} . In case the choice of R is not important we may write rab instead of 
rab,R . Finally, let T = {x1y1, x2y2,… , xkyk} be an arbitrary tournament in �  . Then, we 
can associate a profile rT defined by rT =

∑

xy∈T r
xy to T where T is the associated 

tournament to rT . Note that by McGarvey (1953), TrT = T .

3  The characterizing conditions

To characterize the Slater rule we introduce the following five conditions for a pref-
erence rule �.
∙ Unbiased: � is unbiased (at uniform profiles) if for all agent sets N,  and all uni-
form profiles p ∈ �

N,

The condition imposes that at profiles, where all linear orders in � are reported the 
same number of times, the alternatives are treated equally. It can therewith be seen 
as a limited neutrality requirement which is satisfied by many rules.
∙ Monotone: � is (update) monotone if for all pairs of profiles (p, q) forming an 
elementary change from ab to ba, with �(p)ba ≠ �,

In words, monotonicity requires that if an agent swaps a pair of adjacent ordered 
alternatives, here from ab to ba, towards an outcome preference, then at this updated 
profile the outcome is a subset of the old outcome containing this specific prefer-
ence. Note that this swapping is an update towards all the preferences at which b is 
ordered above a. Therefore all preferences in �(p)ba are in �(q). Update monotonic-
ity is introduced by Can and Storcken (2013) as one of the characterizing conditions 
of the Kemeny rule. In Appendix , we relate update monotonicity to a well-known 
monotonicity condition for tournament correspondences.

�(p) = �.

𝜑(p)ba ⊆ 𝜑(q) ⊆ 𝜑(p).
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∙ Tournamental: � is tournamental if for all profiles p and q,  with Tp = Tq,

Note that in this definition p and q need not stem from the same agent sets. It is clear 
that the condition of being tournamental imposes the rule to be “pairwise”. But the 
Slater rule is not the only tournamental rule as explained in the introduction. Note 
that being tournamental imposes anonymity and replication invariance on the rule. 
The latter condition requires that the outcome of the rule does not change, in case 
the profile is expanded by replicating all agents’ preferences the same number of 
times.
∙ Tie-breaking: � is tie-breaking if for all pairs of profiles (p,  q) forming an 
elementary change from ab to ba in �N , with pab = pba,

In words, consider a profile p in which a pairwise tie between a and b occurs. That 
is the number of agents preferring a to b at p equals the number of agents preferring 
b to a at p: pab = pba . Suppose an agent who orders a above b consecutively in her 
preference (only) swaps those alternatives to get a new profile q. In these cases the 
condition requires that if (at the initial outcome) there was already a ranking that put 
b above a, then after the switching to a strict pairwise majority of b over a there are 
no outcomes (at q) putting a above b. Situations such that �(p)ab ≠ � and �(p)ba ≠ � 
are interpreted as a “tie” between a and b in the outcome �(p).

Remark 1 shows that for the Slater rule the “equal votes situation” is a neces-
sary premise in the tie-breaking condition. That is, the Slater rule does not sat-
isfy a similar tie-breaking condition applicable to a wider class of elementary 
changes, in particular at those where there are no equal votes.

Remark 1 Let A = {a, b, c} be a set of three alternatives and N = {1, 2,… , 12} be 
the set of agents. Consider profile p ∈ �

N defined as follows:

Further, consider profile q ∈ �
N , such that q(i) = p(i) for all i ∈ {1, 2, 3, ..., 11} 

and let q(12) = cba. Now (p,  q) forms an elementary change from ab to ba. Yet 
Tp = Tq = {ab, bc, ca} and the Slater rule assigns {abc, bca, cab} to both of these 
profiles. So, at both of the outcomes there is a tie between a and b. Obviously, the 
equal votes requirement is violated at p and q and (Tp, Tq) does not form an elemen-
tary change. This clarifies that the equal votes requirement is essential in the defini-
tion of tie-breaking.

∙ Gradual: � is gradual if for all pairs of profiles (p,  q) forming an elementary 
change from ab to ba in �N , with pab = pba,

�(p) = �(q).

if �(p)ba ≠ �, then �(q)ab = �.

p(i) = abc for 1 ≤ i ≤ 4,

p(i) = bca for 5 ≤ i ≤ 8,

p(i) = cab for 9 ≤ i ≤ 12.
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In words, consider a profile p in which a pairwise tie between a and b occurs. Sup-
pose an agent who orders a above b consecutively in her preference (only) swaps 
those alternatives to get a new profile q. In these cases the condition requires that if 
at the new profile q all outcomes put b above a, then there exist at least some out-
come at the old profile p that put b above a.

The following lemma shows that the Slater rule satisfies all the aforementioned 
conditions.

Lemma 1 The Slater rule is unbiased, tournamental, monotone, tie-breaking, and 
gradual.

Proof In the following we show that the Slater rule satisfies each of these conditions.
Unbiased: As at a uniform profile the corresponding pairwise majority tournament 
is empty, it is evident that the Slater rule assigns the set of all linear orders to such a 
profile. Hence, the Slater rule is unbiased.
Tournamental: It follows from the definition that the Slater rule is tournamental.
Monotone: To show that the Slater rule satisfies monotonicity, we have to show 
that for all pairs of profiles (p,  q) forming an elementary change from ab to ba, 
with �S(p)ba ≠ �, we have 𝜑S(p)ba ⊆ 𝜑S(q) ⊆ 𝜑S(p) . Let (p, q) be as such. In case 
Tp = Tq , as �S is tournamental, then �S(p) = �S(q) which results in monotonic-
ity for this case. Therefore, let Tp ≠ Tq . Take R ∈ �S(p)ba . It suffices to show (i) 
R ∈ �S(q) and (ii) 𝜑S(q) ⊆ 𝜑S(p) . Since (p, q) forms an elementary change from ab 
to ba, Tp�{ab} = Tq�{ba}, ba ∉ Tp , and ab ∉ Tp. So, Tp�R = (Tq�R) ∪ (Tp�Tq) and 
R�Tp = (R�Tq) ∪ (Tq�Tp). Hence,

 

 (i) To the contrary assume R ∉ �S(q) . It is sufficient to deduce a contradiction. 
As R ∉ �S(q) there is a linear order R′ such that 𝛿(Tq,R�) < 𝛿(Tq,R) . Add-
ing �(Tp, Tq) to both sides yields 𝛿(Tp, Tq) + 𝛿(Tq,R

�) < 𝛿(Tp, Tq) + 𝛿(Tq,R) . 
Applying Eq. (1) to the right hand side and triangle inequality to the left 
hand side of the latter inequality yields 𝛿(Tp,R�) < 𝛿(Tp,R) . As we assumed 
R ∈ �S(p) , and therewith �(Tp,R) ≤ �(Tp,R

�), we have a contradiction. So, 
R ∈ �S(q).

 (ii) To show the inclusion 𝜑S(q) ⊆ 𝜑S(p) , take any R�� ∈ �S(q) . It is sufficient 
to prove that R�� ∈ �S(p) . Since R ∈ �S(p)ba (and therefore R ∈ �S(p) ), it is 
sufficient to prove that �(Tp,R��) ≤ �(Tp,R) . By triangle inequality of � we 
have that �(Tp,R��) ≤ �(Tp, Tq) + �(Tq,R

��) . As R�� ∈ �S(q), it follows that 
�(Tq,R

��) ≤ �(Tq,R) for any R ∈ �S(p)ba . This together with the previous 
inequality yields �(Tp,R��) ≤ �(Tp, Tq) + �(Tq,R) . Applying Eq. (1) on the 
right hand side of the latter weak inequality yields �(Tp,R��) ≤ �(Tp,R) for 

if �(q)ab = �, then �(p)ba ≠ �.

(1)�(Tp,R) = �(Tp, Tq) + �(Tq,R).
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any R ∈ �S(p)ba and thus also for any R ∈ �S(p) since R ∈ �S(p)ba implies 
�(Tp,R) = �(Tp,R

���) for any R��� ∈ �S(p) . Therefore, R�� ∈ �S(p) which proves 
the inclusion 𝜑S(q) ⊆ 𝜑S(p).

Tie-breaking: To show that the Slater rule satisfies tie-breaking we have to show 
that �S(q)ab = � for arbitrary pairs of profiles (p, q) forming an elementary change 
in �N from ab to ba,   with pab = pba and �S(p)ba ≠ �. To the contrary assume 
�S(q)ab ≠ � . We deduce a contradiction. Since (p, q) forms an elementary change 
from ab to ba and �S(p)ba ≠ � monotonicity implies (𝜑S(p)ba ⊆)𝜑

S(q) ⊆ 𝜑S(p). 
Since (q,  p) forms an elementary change from ba to ab and �S(q)ab ≠ � mono-
tonicity implies (𝜑S(q)ab ⊆)𝜑

S(p) ⊆ 𝜑S(q). Therefore, �S(p) = �S(q) . As we have 
�S(p)ba ≠ � let R ∈ �S(p) = �S(q) with ba ∈ R . As we assumed to the contrary 
that �S(q)ab ≠ � let R� ∈ �S(q) = �S(p) with ab ∈ R� . As both R and R′ are in both 
�S(q) and �S(p) by the definition of the Slater rule we have

Similarly to (1) we have

Substituting Eq. (3) into Eq. (4) implies �(Tp,R) = �(Tp, Tq) + �(Tq,R
�) . Substituting 

Eq. (5) into this latter equation results in �(Tp,R) = �(Tp, Tq) + �(Tq, Tp) + �(Tp,R
�). 

This together with Eq. (2) implies the contradiction that �(Tp, Tq) = 0.

Gradual: To show that the Slater rule is gradual we have to show that �S(p)ba ≠ � 
for an arbitrary elementary change (p,  q) from ab to ba, with pab = pba and 
�S(q)ab = �. Let p and q be such profiles. Consider Tp and Tq. As �S(q)ab = �, it 
follows that �S(q)ba = �S(q) ≠ �. If Tp = Tq, then as the Slater rule is tournamental 
�S(p) = �S(q). But �S(q)ba = �S(q). Hence, �S(p)ba ≠ �.

Now suppose that Tp ≠ Tq . As (p,  q) is an elementary change from ab to ba,   
with pab = pba, we have that Tp = Tq�{ba} and ba ∈ Tq. To the contrary assume 
�S(p)ba = �. We deduce a contradiction. As �S(q)ab = � and �S(p)ba = � we have 
𝜑S(q) ⊆ �ba and 𝜑S(p) ⊆ �ab . Suppose that R ∈ �S(p) and R� ∈ �S(q). First we prove 
that �(R,Tp) = �(R�, Tq). Similar to (1) we have

Because of R� ∉ �S(p) , we have 𝛿(Tp,R) < 𝛿(Tp,R
�). Hence, 1 + �(Tp,R) ≤ �(Tp,R

�). 
Combining this weak inequality and Eq. (6), yields �(Tp,R) ≤ �(Tq,R

�). The reverse 
weak inequality, �(Tq,R�) ≤ �(Tp,R) , follows similarly by interchanging the role of 
Tp and Tq and that of R and R′ . So, we may conclude that �(R,Tp) = �(R�, Tq).

(2)�(Tp,R) = �(Tp,R
�),

(3)�(Tq,R) = �(Tq,R
�).

(4)�(Tp,R) = �(Tp, Tq) + �(Tq,R),

(5)�(Tq,R
�) = �(Tq, Tp) + �(Tp,R

�).

(6)�(Tp,R
�) = �(Tp, Tq) + �(Tq,R

�) = 1 + �(Tq,R
�).
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Now we have a path of elementary changes in �  from R to Tp of length �(R,Tp) 
and a path of elementary changes in �  from Tq to R′ of length �(R�, Tq) = �(R,Tp). As 
(Tp, Tq) forms an elementary change, all in all there is a path of elementary changes 
in �  from R to R′ of length 2 × �(R,Tp) + �(Tp, Tq) = 2 × �(R,Tp) + 1. This is a path 
of odd length. But R and R′ are linear orders and therefore complete. Between com-
plete tournaments every path of elementary changes in �  has even length6. This con-
tradiction completes the proof.   ◻

4  Tournament correspondences

A tournament (preference) correspondence Φ is a function which assigns to every 
tournament T ∈ �  a non-empty subset of � . To a tournamental rule � we associate a 
tournament (preference) correspondence Φ� which assigns to any T ∈ �  a subset of 
� as follows:

Note that by Sect. 2.3 for every tournament T, there is at least one profile p such that 
T = Tp. So, Φ� is well-defined. As the Slater rule, �S , is tournamental we have a cor-
responding tournament correspondence Φ�S

. For simplicity, in what follows we shall 
denote it by ΦS instead.

Next we introduce conditions on tournament correspondences. Essentially, these 
are adaptations of the conditions discussed in Sect. 3. To distinguish these condi-
tions on tournament correspondences from those on preference rules, we add a letter 
“T” at the front. Let Φ be a tournament correspondence.
∙ T-unbiased: Φ is T-unbiased if Φ(�) = �.
∙ T-monotone: Φ is T-monotone if for all tournament pairs (T , T �) forming an ele-
mentary change in �  from ab to ba, with Φ(T)ba ≠ �,

∙ T-tie-breaking: Φ is T-tie-breaking if for all tournament pairs (T , T �) forming an 
elementary change in �  from ab to ba,

Φ�(T) = �(p), where p is a profile such that T = Tp.

Φ(T)ba ⊆ Φ(T �) ⊆ Φ(T).

6 For every two distinct alternatives a and b we can partition �  in �ab , �ba and �{a,b} = ��(� ab∪ �ba). 
Note that complete tournaments are in �ab∪ �ba and that �{a,b} consists of the incomplete tournaments at 
which a and b are incomparable. Every elementary change from ab to ba or from ba to ab is now a con-
necting relation (edge) between an element in �ab∪ �ba and one in �{a,b}. Further, an elementary change 
from xy to yx does not effect the preference between a and b in case {x, y} ≠ {a, b}. Call an elementary 
change between a and b if it is either from ab to ba or from ba to ab. So, a path of elementary changes 
with an odd number of changes between a and b starting in �ab∪ �ba ends in �{a,b}. As �{a,b} consists 
of incomplete tournaments and both R an R′ are complete it follows that on every path of elementary 
changes from R to R′ there is an even number of elementary changes between a and b. As this holds for 
every two distinct alternatives it follows that such a path is of even length.
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∙ T-gradual: Φ is T-gradual if for all tournament pairs (T , T �) forming an elemen-
tary change in �  from ab to ba,

The following lemma states that the tournament correspondence Φ� inherits these 
”T” properties from the tournamental preference rule �.

Lemma 2 (Inheritance Lemma) Let � be an unbiased, monotone, tournamental, tie-
breaking and gradual rule. Then the associated tournament correspondence Φ� is 
T-unbiased, T-monotone, T-tie-breaking, and T-gradual.

Proof Φ� is obviously T-unbiased.
Next we show that the tournament correspondence Φ� inherits the other three 

conditions from � . To that end, consider any tournament pair (T , T �) forming an ele-
mentary change from ab to ba with distinct alternatives a and b. Then either of the 
following two holds 

1. ab ∉ T  , ba ∉ T  , and T � = T ∪ {ba},
2. ab ∉ T � , ba ∉ T � and T = T � ∪ {ab}

That is, in the first case, a and b are incomparable in T, while T ′ puts b above 
a. Correspondingly in the second case a and b are incomparable in T ′ , while T 
puts a above b. Using the building blocks of Sect.  2.3, we build a preference 
profile p (and respectively q) for which T (and respectively T ′ ) is the associated 
tournament.

In case (1), let rT =
∑

xy∈T r
xy . Take any linear order R′ at which b is consecutively 

ordered above a and construct q = rT + rba,R
� . Further in this case, let p = rT + oR

� , 
where oR�

= (R�,−R�) is a two agent profile. Note that (p, q) forms an elementary 
change from ab to ba,  with pab = pba and Tp = T  and Tq = T �.

In case (2), let rT �

=
∑

xy∈T � r
xy . Take any linear order R at which a is consec-

utively ordered above b and construct p = rT
�

+ rab,R . Further in this case, let 
q = rT + oR , where oR = (R,−R) is a two agent profile. Note that (p,  q) forms an 
elementary change from ab to ba,  with qab = qba and Tp = T  and Tq = T �.

Φ� is T-monotone: Consider the aforementioned (T , T �) . In addition, assume 
Φ�(T)ba ≠ � . It is sufficient to show the following two inclusions Φ𝜑(T)ba ⊆ 
Φ𝜑(T �) ⊆ Φ𝜑(T). Because Φ�(T)ba ≠ � , and T is the associated tournament of p, 
it follows by the definition of Φ� that �(p)ba = Φ�(T)ba ≠ �. Monotonicity of � 
implies 𝜑(p)ba ⊆ 𝜑(q) ⊆ 𝜑(p) . Finally, as T ′ is the associated tournament of q, the 
definition of Φ� now yields Φ𝜑(T)ba ⊆ Φ𝜑(T �) ⊆ Φ𝜑(T).

Φ� is T-tie-breaking: Consider the aforementioned pair (T , T �) and let Φ�(T)ba ≠ � . 
It is sufficient to show that Φ�(T �)ab = �.

If case 1 applies to (T , T �) , then we have equal votes at p. As Φ�(T)ba ≠ � , then 
�(p)ba ≠ � and tie-breaking of � imply �(q)ab = �. Hence, Φ�(T �)ab = �.

if Φ(T)ba ≠ �, then Φ(T �)ab = �.

if Φ(T �)ab = �, then Φ(T)ba ≠ �.
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If case 2 applies to (T , T �), then we have equal votes at q. If in this case 
Φ�(T �)ab ≠ �, then �(q)ab ≠ � . Tie-breaking of � would imply �(p)ba = � , and 
therefore Φ�(T)ba = � , which is a contradiction. Hence, Φ�(T �)ab = �.
Φ� is T-gradual: Consider the aforementioned pair (T , T �) . Let Φ�(T �)ab = �. It is 
sufficient to show that Φ�(T)ba ≠ �.

If case 1 applies to (T , T �), then we have equal votes at p. Now Φ�(T �)ab = � 
implies �(q)ab = � . So, graduality of � implies �(p)ba ≠ �. Hence, Φ�(T)ba ≠ �.

If case 2 applies to (T , T �), then we have equal votes at q. If in this case 
Φ�(T)ba = � , then �(p)ba = � . Graduality of � would imply that �(q)ab ≠ � , and 
therewith the contradiction Φ�(T �)ab ≠ � . Hence, Φ�(T)ba ≠ � .   ◻

Next we discuss two elementary results. The following result shows that combin-
ing T-monotonicity and T-tie-breaking yields a stronger monotonicity condition.

Lemma 3 Let Φ be a T-monotone and T-tie-breaking tournament correspond-
ence. Let tournament pair (T , T �) forms an elementary change from ab to ba . Let 
Φ(T)ba ≠ �. Then Φ(T �) = Φ(T)ba.

Proof Consider a tournament correspondence Φ, tournaments T and T ′, and alter-
natives a and b as in the formulation of the Lemma. Because Φ(T)ba ≠ � , mono-
tonicity and tie-breaking imply Φ(T)ba ⊆ Φ(T �) ⊆ Φ(T) and Φ(T �)ab = �. So, 
Φ(T)ba ⊆ Φ(T �), Φ(T �) ⊆ Φ(T), and Φ(T �) ⊆ �ba. Hence, Φ(T)ba ⊆ Φ(T �) ⊆ Φ(T)ba . 
So, Φ(T �) = Φ(T)ba.   ◻

The following result shows that at acyclic tournaments all T-unbiased, T-mono-
tone, T-tie-breaking, and T-gradual tournament correspondences assign the set of 
complete linear extensions of these tournaments.

Lemma 4 Let Φ be a T-unbiased, T-monotone, T-tie-breaking, and T-gradual tour-
nament correspondence. Let T be an acyclic tournament. Then

Proof Let T be an acyclic tournament. We show by induction on the size of T that 
for such correspondences the outcome at such tournaments T, consists of all com-
plete linear extensions of T,   i.e., Φ(T) = {R ∈ � ∶ T ⊆ R} =

⋂

ab∈T

�ab. As Φ(T) is 

T-unbiased, this holds for the empty tournament. Let (T , T �) be a pair of acyclic 
tournaments forming an elementary change from xy to yx,  such that T � = T ∪ {yx}. 
Furthermore, let Φ(T) = {R ∈ � ∶ T ⊆ R} =

⋂

ab∈T

�ab. Because T ′ is acyclic there is 

a linear order R′, such that R′ ⊇ T ′. So, R′ ⊇ T ′ ⊇ T  and yx ∈ T ′ ⊆ R′. So, R� ∈ 
Φ(T)yx by the assumptions on Φ(T). Now Lemma 3 implies Φ(T �) = Φ(T)yx. Hence, 
Φ(T �) = {R ∈ � ∶ T � ⊆ R} =

⋂

ab∈T �

�ab and consists therewith of all linear orders 

extending T ′. All in all the above reasoning yields an inductive proof for the lemma.  
 ◻

Φ(T) =
⋂

ab∈T

�ab = {R ∈ � ∶ T ⊆ R}.
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5  Characterization

Lemma 1 shows that the characterizing conditions of the Slater rule are neces-
sary. Therefore, the proof of Theorem 1, dealing with the characterization of the 
Slater rule, is just on the sufficiency of these conditions.

Theorem 1 The Slater rule is the only rule that is simultaneously unbiased, mono-
tone, tournamental, tie-breaking, and gradual.

Proof Lemma 1 shows that the Slater rule satisfies these properties. Let � be a rule 
that is unbiased, monotone, tournamental, tie-breaking, and gradual. We show that � 
and �S are equal. Because both rules are tournamental it is sufficient to show that Φ� 
and ΦS are equal. Lemma 2 implies that both these tournament correspondences are 
T-unbiased, T-monotone, T-tie-breaking, and T-gradual. It is therefore sufficient to 
show that any two T-unbiased, T-monotone, T-tie-breaking, and T-gradual tourna-
ment correspondences are equal. Let Φ1 and Φ2 be two such tournament correspond-
ences. It is sufficient to prove for all k ≥ 0 statement P(k) indicating

where |T| denotes the cardinality of the set T. This proof is by induction on k.
Basis k = 0 . In this case T = � . As Φ1 and Φ2 are T-unbiased Φ1(�) = � = Φ2(�) . 
This completes the proof of P(0).
Induction Step. Assume P(k) holds. In order to prove P(k + 1) let T be a tournament 
with |T| = k + 1. For reasons of symmetry it is sufficient to prove Φ1(T) ⊆ Φ2(T) . 
Take R ∈ Φ1(T) . It is sufficient to show that R ∈ Φ2(T) . We distinguish the follow-
ing two cases: (i) T ⊆ R and (ii) T ⊈ R.

Case (i) T ⊆ R . Let T = {x1y1,… , xkyk} . By Lemma 4 we have 
Φ1(T) = �x1y1

∩ �x2y2
∩⋯ ∩ �xkyk

= Φ2(T) . Hence, R ∈ Φ2(T) which completes the 
analysis for this case.

Case (ii) T ⊈ R . If T ⊈ R then there is a pair ab ∈ T  such that ba ∈ R. So, 
R ∈ Φ1(T)ba . Let T � = T�{ab} . Then the tournament pair (T , T �) forms an elemen-
tary change from ab to ba, and |T �

| = |T| − 1 = k . By T-monotonicity and T-tie-
breaking of Φ1, Lemma 3 yields

As |T �
| = |T| − 1 = k , the induction hypothesis P(k) implies that

Note that (T �, T) forms an elementary change from ba to ab. In addition by Eqs. (7) 
and (8) we have Φ2(T �) ⊆ �ba . Therefore, as Φ2 is T-gradual we have Φ2(T)ba ≠ � . 
As Φ2 is T-monotone and T-tie-breaking, Lemma 3 implies

Φ1(T) = Φ2(T) for any tournament T ∈ � with |T| ≤ k.

(7)Φ1(T)ba = Φ1(T �).

(8)Φ1(T �) = Φ2(T �).

(9)Φ2(T)ba = Φ2(T �).
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Eqs. (7), (8), and (9) yield Φ1(T)ba = Φ2(T)ba . As R ∈ Φ1(T)ba, we have R ∈ Φ2(T) . 
This proves Φ1(T) ⊆ Φ2(T) .   ◻

6  Discussion

Theorem 1 characterizes the Slater rule. Further, in Can et al. (2018) we show that 
the Kemeny rule can be characterized by a similar set of conditions along a similar 
line of arguments. Considering Lemmas 1 and 2 and in addition the proof of Theo-
rem 1 Corollary 1 below follows as a kind of by-product. This Corollary is closer 
to the literature on pair comparisons as discussed by for instance Slater (1961) and 
Monsuur and Storcken (1997).

Corollary 1 ΦS is the only tournament correspondence which is simultaneously 
T-unbiased, T-monotone, T-tie-breaking, and T-gradual.

Although Remark 1 suggests that the tie-breaking condition cannot be weakened, 
others such as being gradual can.7 As the presented conditions are logically inde-
pendent we chose these for presentational reasons. To show that the characterizing 
conditions in Theorem 1 are logically independent we define the following five rules 
at an arbitrary profile p in �N as follows: 

1. The constant R rule: �R(p) = {R},
2. The Kemeny(-Young) rule: �K(p) = {R ∈ � ∶ �(R, p) ≤ �(R�, p) for all R� ∈ �},

  where �(R, p) =
∑

xy∈R pyx (see Can and Storcken (2013); Young and Lev-
englick (1978)).8 This rule and the Slater rule these rules have sometimes been 
confused.9

3. The indecisive rule: ��(p) = �,
4. The Copeland rule: �C(p) = {R ∈ L ∶ xy ∈ R for all x, y ∈ A , with 

Cscore(x, p) > Cscore(y, p)}, where Cscore(a, p) = |{b ∈ A ∶ ab ∈ Tp}|,

5. The hierarchical rule: 𝜑≻(p) = {R ∈ � ∶ �Tp ⊆ R}, where among all acyclic tour-
naments contained in Tp tournament T̂p is the best with respect to a given hierar-
chy, ≻, a linear order on the set of all acyclic tournaments � based on weights as 

7 For instance, it is possible to deduce the same results as presented here with only marginal changes 
based on a condition like � is gradual if for all pairs of profiles (p, q) forming an elementary change from 
ab to ba in �N there are non-negative integers k such that

Meaning that if at such an elementary change the sets of outcomes �(p) and �(q) are disjoint then gradu-
ality imposes that for some (large) replica k ⋅ p of p the influence of q is limited. Meaning that the out-
come at k ⋅ p + q has something in common with the outcome at p. This condition is related to Young’s 
continuity condition for scoring rules. See Young (1975).

�(k ⋅ p + q) ∩ �(p) ≠ �.

8 This resembles the Fishburn’s C2 condition for choice correspondences.
9 See footnote 5 in Baigent and Klamler (2003), which attributes the clarification of the issue to Hannu 
Nurmi.
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follows. Let � be an injective function on the ordered pairs of distinct alternatives 
(in A) to the set of positive powers of 2. For two acyclic tournaments T1 and T2 : 

 Note that because � is injective and assigns powers of 2, then T̂p is uniquely 
defined10. Also note that, 𝜑≻(p) = ΦS(�Tp).

Example 1 Let A = {a, b, c} . Let �(bc) = 21 , �(ac) = 22 , �(ab) = 23 , �(ba) = 24 , 
�(ca) = 25 , and �(cb) = 26 . Let N = {1,… , 6} . Consider the following profiles:

Note that Tp = {ac, cb} . So, T̂p = Tp and 𝜑≻(p) = {acb} . As Tq = {ac, cb, ba} the 
acyclic tournaments contained in Tq are T0 = � , T1 = {ac} , T2 = {cb} , T3 = {ba} , 
T4 = {ac, cb} , T5 = {cb, ba} , and T6 = {ba, ac} . Denoting 

∑

xy∈T �(xy) by �(T) 
yields: �(T0) = 0 , �(T1) = 4 , �(T2) = 64 , �(T3) = 16 , �(T4) = 68 , �(T5) = 80 , 
and �(T6) = 20 . Therefore, T̂q = T5 and 𝜑≻(q) = {cba}.

Table 1 summarizes these results and shows this independence. In the following 
list of explanations, the list number corresponds to the superscripts in Table 1.

 1. These are obvious or elementary.
 2. To show that the Kemeny rule is not tournamental, consider the two pro-

files p and q on three alternatives with p = (abc, abc, bca, bca, cab, cab, abc) 
and q = (abc, abc, bca, bca, cab, cab, bca) .  I t  can be ver i f ied that 
Tp = Tq = {ab, bc, ca}. Yet �K(p) = {abc} and �K(q) = {bca}.

T1 ≻ T2 if
∑

xy∈T1

𝜔(xy) >
∑

xy∈T2

𝜔(xy)

p = (acb, acb, cba, cab, bac, bac),

q = (acb, acb, cba, cba, bac, bac).

Table 1  Logical independence 
of the conditions

+ : satisfied, −: unsatisfied

Condition �R �K �C �� 𝜑≻

Unbiased −1 +1 +1 +1 +1

Tournamental +1 −2 +1 +1 +1

Monotone +1 +3 −6 +1 +9

Tie-breaking +1 +4 +7 −1 +10

Gradual +1 +5 +8 +1 −11

10 Instead of representing ≻ by an additive weight function � as above one may choose ≻ such that 

(a) R1 ≻ R2 for all R1,R2 ∈ � , with R2 ⊊ R1.

(b) R1 ≻ R2 for all R1,R2 ∈ � , with R1�{xy} ≻ R2�{xy} for some xy ∈ R1 ∩ R2.

  Here T̂p being the best means that T̂p is that tournament in � contained in Tp such that �Tp ≻ T,  
for all T ∈ ��{T̂p} and T ⊆ Tp.
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 3. This monotonicity condition is one of the conditions by which the Kemeny rule 
is characterized in Can and Storcken (2013).

 4. The Kemeny rule is tie-breaking. Recall that �K(p) = {R ∈ � ∶ �(R, p) ≤ �(R�, p) 
for all R� ∈ �}. Now, let profile pair (p, q) forms an elementary change from 
ab to ba and let pab = pba. So, the set of agents, say N,  has even cardinality. As 
profile pair (p, q) forms an elementary change from ab to ba, and cardinality of 
N is even, we have qxy = pxy for all entries xy not equal to ab and not equal to ba, 
where qab = pab − 1 and qba = pba + 1. Let Rba ∈ �K(p)ba and Rab ∈ �ab. In order 
to prove that �K is tie-breaking, it is sufficient to show that Rab ∉ �K(q). As 
qab = pab − 1 and pba + 1 = qba and Rba is in �K(p) we have �(Rba, q) < 𝜅(Rba, p) 
≤ �(Rab, p) < �(Rab, q) . This means that Rab ∉ �K(q).

 5. The Kemeny rule is gradual. Let profile pair (p, q) forms an elementary change 
from ab to ba and pab = pba . We are done if �K(p)ba ≠ � or �K(q)ab ≠ �. 
To prove this, we show that the complementary case �K(p)ba = � and 
�K(q)ab = � , leads to a contradiction. So, let 𝜑K(q) ⊆ �ba and 𝜑K(p) ⊆ �ab. 
Let R1 ∈ �K(p) and R2 ∈ �K(q). So, 

∑

xy∈Ri∩(A�{a,b})2 pyx =
∑

xy∈Ri∩(A�{a,b})2 qyx 
for i ∈ {1, 2}. We denote the values of these sums by �i. As pab = pba we 
have 

∑

xy∈R1∩{a,b}2 pyx =
∑

xy∈R2∩{a,b}2 pyx. We denote these sums by �. Fur-
ther, we denote � i =

∑

xy∈Ri∩{a,b}2 qyx for i ∈ {1, 2}. Because qab = pab − 1 and 
qba = pba + 1 we have |�1 − �2| ≤ 2. Now, �(Ri, p) = �i + � and �(Ri, q) = �i + � i 
for i ∈ {1, 2}. As the number of agents is even |rxy − ryx| is even for every profile 
r ∈ �

N and every two distinct alternatives x and y. So, |�(R1, p) − �(R2, p)| and 
|�(R1, q) − �(R2, q)| are both even numbers. By the definition of �K we have 
that �(R1, p) < 𝜅(R2, p) and 𝜅(R2, q) < �(R1, q) . So, there are strictly positive 
integers s and t such that �1 + � + 2s = �(R1, p) + 2s = �(R2, p) = �2 + � and 
�2 + �2 + 2t = �(R2, q) + 2t = �(R1, q) = �1 + �1. Adding these two equalities 
yields �1 + � + 2s + �2 + �2 + 2t = �2 + � + �1 + �1. Hence, �2 + 2(s + t) = �1. 
Because s and t are strictly positive this means that �1 and �2 differ by at least 4. 
But this contradicts |�1 − �2| ≤ 2.

 6. To show that the Copeland rule does not satisfy the monotonicity condi-
tion, consider the following two profiles p and q on three alternatives with 
p = (bac, acb, cba) and q = (bac, acb, bca) . Note that (p,  q) forms an ele-
mentary change from cb to bc. It can be verified that Tp = {ba, ac, cb} and 
Tq = {ba, ac, bc}. So,  Cscore(a, p) = Cscore(b, p) = Cscore(c, p) = 1 and 
Cscore(b, q) = 2,Cscore(a, q) = 1 and Cscore(c, q) = 0. Hence, �C(p) = � and 
bca ∈ �C(p) , however bca ∉ �C(q) = {bac}.

 7. The Copeland rule is tie-breaking. Let profile pair (p, q) forms an elementary 
change from ab to ba and let pab = pba. Then tournament pair (Tp, Tq) forms an 
elementary change from ab to ba,  such that Tp = Tq�{ba} , and ba ∈ Tq . Note 
that all Cscores except that of b are unchanged going from p to q and that of b 
increases by 1. It is sufficient to prove 

if �C(p)ba ≠ � then �C(q)ab = �.
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 As �C(p)ba ≠ � then Cscore(b, p) ≥ Cscore(a, p) . Given the scores 
changes going from p to q we have Cscore(b, q) > Cscore(a, q). Since 
Cscore(b, q) > Cscore(a, q) then �C(q)ab = �.

 8. The Copeland rule is gradual. Let profile pair (p, q) forms an elementary change 
from ab to ba and let pab = pba. Then tournament pair (Tp, Tq) forms an elemen-
tary change from ab to ba,  such that Tp = Tq�{ba} , and ba ∈ Tq . Note that all 
Cscores except that of b are unchanged going from p to q and that of b increases 
by 1. It is sufficient to prove 

 As �C(q)ab = � then Cscore(b, q) > Cscore(a, q) . Given the scores 
changes going from p to q we have Cscore(b, p) ≥ Cscore(a, p) . Since, 
Cscore(b, p) ≥ Cscore(a, p) then �C(p)ba ≠ �.

 9. The hierarchical rule is monotone. Let profile pair (p, q) forms an elementary 
change from ab to ba. Let R ∈ 𝜑≻(p)ba . It is sufficient to prove that (i) R ∈ 𝜑≻(q) 
and (ii) 𝜑≻(q) ⊆ 𝜑≻(p) . As (p, q) forms an elementary change we have the fol-
lowing three cases.

   Case 1. Tp = Tq . Then T̂p = T̂q and 𝜑≻(p) = 𝜑≻(q) . Therewith in this case (i) 
and (ii) follow.

   Case 2. Tq = Tp ∪ {ba} and ab, ba ∉ Tp . As ba ∈ R and �Tp ⊆ R , we have that 
T̂p ∪ {ba} is acyclic. For a tournament T let �(T) =

∑

xy∈T

�(xy) . Then 

�(T̂q) ≥ �(T̂p) + �(ba) . As �Tq ⊆ Tq it follows �Tq ⧵ {ba} ⊆ Tp . As T̂q is acyclic 
so is T̂q ⧵ {ba} . So, �(T̂q ⧵ {ba}) ≤ �(T̂p) . Hence, �(T̂p) + �(ba) ≥ �(T̂q) . So, 
�(T̂p) + �(ba) = �(T̂q) . Because all weights are different powers of 2 this 
implies T̂p ∪ {ba} = T̂q . But then �Tq ⊆ R which means that R ∈ 𝜑≻(q) . Further, 
it follows from T̂q = T̂p ∪ {ba} that 𝜑≻(q) = 𝜑≻(p)ba . Hence, 𝜑≻(q) ⊂ 𝜑≻(p).

   Case 3. Tp = Tq ∪ {ab} and ab, ba ∉ Tq . Then �Tq ⊆ Tq ⊆ Tp . As �Tp ⊆ R and 
ba ∈ R it follows that ab ∉ T̂p . So, �Tp ⊆ Tq . As T̂p is the best of ≻ among acyclic 
orders contained in Tp it follows that �(T̂p) ≥ �(T̂q) . As �Tp ⊆ Tq and T̂q is the 
best of ≻ among acyclic orders contained in Tq it follows that �(T̂p) ≤ �(T̂q) . 
The definition of � implies T̂p = T̂q . But this means that 𝜑≻(p) = 𝜑≻(q) , which 
obviously implies (i) and (ii).

 10. The hierarchical rule is tie-breaking. Let profile (p, q) forms an elemen-
tary change from ab to ba, with pab = pba . Let 𝜑≻(p)ba ≠ � . It is sufficient 
to prove 𝜑≻(q)ab = � . Note that by the assumptions on p and q we have that 
Tq = Tp ∪ {ba} and ab, ba ∉ Tp . As 𝜑≻(p)ba ≠ � Case 2 of the monotonicity 
proof of the hierarchical rule at point (9) above applies. There we prove that 
𝜑≻(q) = 𝜑≻(p)ba . As this means that 𝜑≻(q) ⊆ �ba , it follows 𝜑≻(q)ab = �.

 11. The hierarchical rule is not gradual. In Example 1, the profile pair (p, q) forms 
an elementary change from ab to ba. Further, pab = pba = 3 , 𝜑≻(p) = {acb} and 
𝜑≻(q) = {cba} . Hence, 𝜑≻(q)ab = � and 𝜑≻(p)ba = � . This shows that 𝜑≻ is not 
gradual.

�C(q)ab = � then �C(p)ba ≠ �.
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Appendix

Monotonicity

This appendix is on remarks related to update monotonicity.
A tournament choice correspondence, say Ψ, assigns to every tournament T ∈ �  a 

subset Ψ(T) of the set of alternatives A. For instance consider the Copeland tourna-
ment choice correspondence ΨC defined for an arbitrary tournament T as follows

where Cscore(x, T) = |{z ∈ A ∶ xz ∈ T}|.

In Brandt et al. (2016), the following monotonicity for such correspondences is 
introduced: a tournament choice correspondence is said to be monotone if for all 
a ∈ A and all T and T ′ in �  , with both (1) T ∩ (A�{a})2 = T �∩ (A�{a})2 and (2) 
ay ∈ T  implies ay ∈ T � for all y ∈ A�{a}

As the ranges of tournament preference correspondences differ from those of tour-
nament choice correspondences, a direct comparison between update monotonicity 
and the monotonicity defined above is not possible. For a special subclass of tourna-
ment choice correspondences it is possible to translate the monotonicity condition 
to the setting of tournament preference correspondences. This translated condition 
appears to be weaker than update monotonicity. By that, for this subclass, the differ-
ence between monotonicity and update monotonicity can partially be revealed. Let 
Φ be a tournament preference correspondence. To Φ we can associate a tournament 
choice correspondence ΨΦ in the following way

Here best(R) = {y ∈ A ∶ for all z ∈ A we have yz ∈ R}. So, ΨΦ(T) chooses all best 
alternatives from the outcome of Φ at tournament T. It is obvious that ΨC = ΨΦC.

Translating the monotonicity condition for tournament choice correspondences 
to tournament preference correspondences via such a best choice association yields 
the following. Let Φ be a tournament preference correspondence. We say that Φ is 
weakly monotone if for all tournament pairs (T , T �) forming an elementary change 
from ab to ba,   with b ∈ best(R) for some R ∈ Φ(T), there are R� ∈ Φ(T �) with 
b ∈ best(R�).

ΨC(T) = {x ∈ A ∶ Cscore(x, T) ≥ Cscore(y, T) for all y ∈ A},

a ∈ Ψ(T) implies a ∈ Ψ(T �).

ΨΦ(T) = {x ∈ A ∶ x ∈ best(R) for some R ∈ Φ(T)}.
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Proposition 1 Let Φ be a tournament preference correspondence and ΨΦ its asso-
ciated tournament choice correspondence. Then

Proof (if part) Let ΨΦ be monotone. Let tournament pair (T , T �) forms an elemen-
tary change from ab to ba,   with b ∈ best(R) for some R ∈ Φ(T). It is sufficient to 
prove that b ∈ best(R�) for some R� ∈ Φ(T �). As b ∈ best(R) for some R ∈ Φ(T), it 
follows that b ∈ ΨΦ(T). Monotonicity of ΨΦ implies that b ∈ ΨΦ(T �). Meaning that 
for some R� ∈ Φ(T �) we have that b ∈ best(R�).

(only if part) Let Φ be weakly monotone. Let tournament pair (T , T �) forms an 
elementary change from ab to ba,   with b ∈ ΨΦ(T). In order to prove that ΨΦ is 
monotone it is sufficient to show that b ∈ ΨΦ(T �). As b ∈ ΨΦ(T), there are R ∈ Φ(T) 
with b ∈ best(R). Weak monotonicity of Φ guarantees the existence of R� ∈ Φ(T �) 
with b ∈ best(R�). So, b ∈ ΨΦ(T �).   ◻

To see that update monotonicity implies weak monotonicity take notations like 
in the definition of the latter notion. So, R ∈ Φ(T)ba. Update monotonicity implies 
that Φ(T)ba ⊆ Φ(T �) ⊆ Φ(T) . In particular R ∈ Φ(T �). So, we may take R� = R to 
conclude that b ∈ best(R�). So, a consequence of Proposition 1 is that update mono-
tonicity of Φ implies that ΨΦ is monotone. The Copeland preference correspondence 
�C is not update monotone. Therefore, the Copeland tournament correspondence 
ΦC is not T-monotone. The Copeland tournament correspondence ΨC is monotone. 
Therefore, by Proposition 1, ΦC is weakly monotone, but not T-monotone.
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