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Abstract

For communication situations where the communication possibilities of players are

modeled by an undirected graph, we study to what extent Myerson’s graph-restricted

game inherits properties from the original transferable utility game. We focus on mono-

tonicity, additivity, superadditivity, convexity, imputation admissibility, balancedness,

total balancedness, population monotonic allocation schemes, and exactness. For each

of these properties, we characterize all communication graphs that guarantee the inher-

itance. We present existing results from the literature and we provide new results.

Keywords: communication situation, graph-restricted game, inheritance

JEL classification: C71

1 Introduction

A communication situation (cf. Myerson 1977) is a model for cooperative environments where

the coalitional economic possibilities of players are represented by a transferable utility game

and the bilateral communication possibilities of players are represented by an undirected

graph. In the underlying game, the worth of a coalition summarizes its economic possibilities.

In the communication graph, the nodes correspond to the players and the edges indicate the

pairs of players that are able to communicate directly. Coalitions not connected in the

communication graph cannot attain their worth but are assumed to split into cooperating

components. In the corresponding graph-restricted game (cf. Myerson 1977), the worth of a

coalition is therefore defined as the sum of the worths of its induced components.
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We are interested to what extent the graph-restricted game inherits properties from

the original transferable utility game. Owen (1986) showed that the graph-restricted game

is superadditive if the original game is superadditive, independent of the communication

graph. Van den Nouweland and Borm (1991) showed that the inheritance of convexity is

only guaranteed for cycle-complete graphs, i.e. graphs in which each cycle induces a complete

subgraph. This means that for cycle-complete communication graphs, all graph-restricted

games of convex games are convex. Moreover, for each communication graph that is not cycle-

complete, there exists a convex game for which the graph-restricted game is not convex. In

other words, cycle-completeness is a necessary and sufficient condition for the communication

graph to guarantee the inheritance of convexity.

Along these lines, Slikker (2000) studied the inheritance of average convexity, inclusion of

the Shapley value in the core, inclusion of the Shapley values of a game and all its subgames

in the corresponding cores, existence of a population monotonic allocation scheme, and the

property that the extended Shapley value is a population monotonic allocation scheme. Re-

cently, Schouten et al. (2022) studied the inheritance of strong compromise admissibility

and compromise stability.

This paper continues the inheritance research line with a focus on the elementary proper-

ties monotonicity, additivity, superadditivity, convexity, imputation admissibility, balanced-

ness, total balancedness, population monotonic allocation schemes, and exactness. All these

properties are related. On the one hand, we present existing results from the literature and

provide their proofs. On the other hand, we provide new results regarding monotonicity,

additivity, imputation admissibility, and exactness. In particular, we show that additivity

is unconditionally inherited, the inheritance of imputation admissibility is characterized by

empty and complete graphs, and a necessary and sufficient condition for the inheritance of

monotonicity is component-completeness, i.e. each component induces a complete graph. We

show that the inheritance of exactness is characterized by two types of graphs: (i) graphs

with components of size at most 2; (ii) connected and cycle-complete graphs for which at

most one component of size at least 2 remains when any node is removed. Both types of

graphs guarantee the inheritance of exactness. For any other graph, there exists an exact

game for which the graph-restricted game is not exact.

This paper is organized as follows. Section 2 introduces preliminary notions from co-

operative game theory and graph theory. Section 3 studies the inheritance of properties

for graph-restricted games, separated into the inheritance for all graphs, the inheritance

for empty and connected graphs, and the inheritance for component-complete and cycle-

complete graphs. Section 4 concludes.
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2 Model

2.1 Transferable utility games

Let N be a nonempty and finite set of players. The set of coalitions is denoted by 2N =

{S | S ⊆ N}. A game v : 2N → R assigns to each coalition S ∈ 2N its worth v(S) ∈ R such

that v(∅) = 0. The set of all games with player set N is denoted by TUN . The subgame

vT ∈ TUT of v ∈ TUN on T ∈ 2N \ {∅} is given by vT (S) = v(S) for all S ∈ 2T . The set of

imputations of v ∈ TUN is

Imp(v) =

{
x ∈ RN

∣∣∣∣∣∑
i∈N

xi = v(N),∀i ∈ N : xi ≥ v({i})

}
.

The core of v ∈ TUN is

Core(v) =

{
x ∈ RN

∣∣∣∣∣ ∑
i∈N

xi = v(N),∀S ∈ 2N :
∑
i∈S

xi ≥ v(S)

}
.

Note that Core(v) ⊆ Imp(v) for all v ∈ TUN .

A game v ∈ TUN is

– nonnegative if v(S) ≥ 0 for all S ∈ 2N ;

– monotonic if v(S) ≤ v(T ) for all S, T ∈ 2N with S ⊆ T ;

– additive if v(S) + v(T ) = v(S ∪ T ) for all S, T ∈ 2N with S ∩ T = ∅;

– superadditive if v(S) + v(T ) ≤ v(S ∪ T ) for all S, T ∈ 2N with S ∩ T = ∅;

– convex (cf. Shapley 1971) if v(S) + v(T ) ≤ v(S ∩ T ) + v(S ∪ T ) for all S, T ∈ 2N ;

– imputation admissible if Imp(v) ̸= ∅;

– balanced (cf. Shapley 1967) if Core(v) ̸= ∅;

– totally balanced if Core(vS) ̸= ∅ for all S ∈ 2N \ {∅};

– pmas1 admissible (cf. Sprumont 1990) if there exists (xS)S∈2N\{∅} with xS ∈ RS and∑
i∈S xS

i = v(S) for all S ∈ 2N \ {∅} such that xS ≤ xT
S for all S, T ∈ 2N \ {∅} with

S ⊆ T ;

– exact (cf. Schmeidler 1972) if for each S ∈ 2N , there exists x ∈ Core(v) such that∑
i∈S xi = v(S).

1population monotonic allocation scheme
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Note that all additive games are convex, all totally balanced games are superadditive and

balanced, all balanced games are imputation admissible, all superadditive games are impu-

tation admissible, all nonnegative superadditive games are monotonic, and all monotonic

games are nonnegative. Sprumont (1990) showed that all convex games are pmas admissi-

ble, and all pmas admissible games are totally balanced. Schmeidler (1972) showed that all

convex games are exact, and all exact games are totally balanced. All these relations are

presented in the following diagram.

additive

convex

pmas admissible exact

totally balanced

superadditive balanced

monotonic imputation admissible

(+nonnegative)

nonnegative

A game is totally balanced if all subgames are balanced. Note that all subgames of

additive games are additive, all subgames of convex games are convex, all subgames of pmas

admissible games are pmas admissible, all subgames of totally balanced games are totally

balanced, all subgames of superadditive games are superadditive, all subgames of monotonic

games are monotonic, and all subgames of nonnegative games are nonnegative. Biswas et al.

(1999) showed that a game is convex if all subgames are exact.

For |N | = 1, all games are additive. For |N | ≤ 2, all imputation admissible games are

convex. For |N | ≤ 3, Sprumont (1990) showed that all totally balanced games are pmas

admissible, and Driessen and Tijs (1985) showed that all exact games are convex.

Example 1

Let |N | ≥ 3 and let v ∈ TUN be given by

v(S) =


|N | if S = N ,

1 if |S| = 1,

0 otherwise.

Then v is balanced as there exists x ∈ Core(v) with xi = 1 for all i ∈ N . However, v is not

monotonic as v(S) = 1 > 0 = v(T ) for all S, T ∈ 2N with |S| = 1 and |T | = 2. △
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Example 2

Let |N | ≥ 2 and let v ∈ TUN be given by

v(S) =

1 if S ̸= ∅,

0 if S = ∅.

Then v is monotonic as v(S) ≤ v(T ) for all S, T ∈ 2N with S ⊆ T . However, v is not

imputation admissible as v(N) = 1 < |N | =
∑

i∈N v({i}). △

2.2 Undirected graphs

A graph is a pair (N,E), where N is a nonempty and finite set of nodes and E ⊆ {S ∈
2N | |S| = 2} is a set of edges. A path in (N,E) from i1 ∈ N to im ∈ N is a sequence of

distinct nodes (i1, . . . , im) such that ik ∈ N for all k ∈ {1, . . . ,m} and {ik, ik+1} ∈ E for

all k ∈ {1, . . . ,m − 1}. A cycle in (N,E) is a sequence of nodes (i1, . . . , im, i1) such that

(i1, . . . , im) is a path in (N,E) from i1 ∈ N to im ∈ N and {i1, im} ∈ E. A component of

(N,E) is a set of nodes S ∈ 2N \ {∅} such that for each pair i, j ∈ S there exists a path in

(N,E) from i to j, and for each pair i ∈ S and j ∈ N \ S there does not exist a path in

(N,E) from i to j. The set of all components of (N,E) is denoted by N/E. Note that N/E

is a partition of N , i.e.
⋃

S∈N/E S = N and S ∩T = ∅ for all pairs S, T ∈ N/E. The induced

subgraph of (N,E) on T ∈ 2N \ {∅} is the graph (T,E[T ]), where E[T ] = {S ∈ E | S ⊆ T},
and the set of all components of (T,E[T ]) is denoted by T/E.

A graph (N,E) is

– empty if E = ∅;

– connected if N/E = {N};

– complete if E = {S ∈ 2N | |S| = 2};

– cycle-complete if ({i1, . . . , im}, E[{i1, . . . , im}]) is complete for all cycles (i1, . . . , im, i1)

in (N,E);

– component-complete if (S,E[S]) is complete for all S ∈ N/E.

Note that all empty graphs are component-complete, all complete graphs are connected

and component-complete, and all component-complete graphs are cycle-complete. These

relations are presented in the following diagram.

empty complete

component-complete connected

cycle-complete
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For |N | = 1, all graphs are empty and complete. For |N | = 2, all graphs are component-

complete, and all connected graphs are complete. For |N | = 3, all graphs are cycle-complete.

2.3 Communication situations

A communication situation (cf. Myerson 1977) is a triple (N, v,E), where v ∈ TUN is a

game and (N,E) is a graph. The graph-restricted game (cf. Myerson 1977) vE ∈ TUN is for

each S ∈ 2N \ {∅} given by

vE(S) =
∑

C∈S/E

v(C).

Note that vE({i}) = v({i}) for all i ∈ N .

3 Inheritance of properties

3.1 All graphs

This section studies the properties that are inherited by the graph-restricted game from

the original game for all communication graphs. In other words, the inheritance is guar-

anteed independent of the communication graph in the communication situation. Clearly,

nonnegativity is unconditionally inherited.

Lemma 1

Let (N,E) be a graph. Then vE is nonnegative for all nonnegative games v ∈ TUN .

Proof. Let v ∈ TUN be nonnegative. Then vE(S) =
∑

C∈S/E v(C) ≥ 0 for all S ∈ 2N .

Hence, vE is nonnegative.

Owen (1986) provided the first inheritance result by showing that superadditivity is

inherited for all graphs. A similar result holds for additivity.

Theorem 1 (Owen 1986)

Let (N,E) be a graph. Then vE is superadditive for all superadditive games v ∈ TUN .

Proof. Let v ∈ TUN be superadditive. Let S, T ∈ 2N with S ∩ T = ∅. Then

vE(S ∪ T ) =
∑

C∈(S∪T )/E

v(C) ≥
∑

C∈(S∪T )/E

v(C ∩ S) +
∑

C∈(S∪T )/E

v(C ∩ T )

≥
∑

C∈S/E

v(C) +
∑

C∈T/E

v(C)

= vE(S) + vE(T ).

Hence, vE is superadditive.
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Theorem 2

Let (N,E) be a graph. Then vE is additive for all additive games v ∈ TUN .

Proof. Let v ∈ TUN be additive. Then v(S) =
∑

i∈S v({i}) for all S ∈ 2N . Let S, T ∈ 2N

with S ∩ T = ∅. Then

vE(S ∪ T ) =
∑

C∈(S∪T )/E

v(C) =
∑

C∈(S∪T )/E

∑
i∈C

v({i})

=
∑

i∈S∪T

v({i})

=
∑
i∈S

v({i}) +
∑
i∈T

v({i})

=
∑

C∈S/E

∑
i∈C

v({i}) +
∑

C∈T/E

∑
i∈C

v({i})

=
∑

C∈S/E

v(C) +
∑

C∈T/E

v(C)

= vE(S) + vE(T ).

Hence, vE is additive.

Van den Nouweland and Borm (1991) stated without a proof that total balancedness is

inherited for all graphs. We provide a proof.

Theorem 3 (Van den Nouweland and Borm 1991)

Let (N,E) be a graph. Then vE is totally balanced for all totally balanced games v ∈ TUN .

Proof. Let v ∈ TUN be totally balanced. Let T ∈ 2N \ {∅}. Then vT is superadditive.

For each C ∈ T/E, let xC ∈ Core(vC). Define xT ∈ RT by xT
i = xC

i for all i ∈ T , where

C ∈ T/E is such that i ∈ C. Then∑
i∈T

xT
i =

∑
C∈T/E

∑
i∈C

xT
i =

∑
C∈T/E

∑
i∈C

xC
i =

∑
C∈T/E

vC(C) =
∑

C∈T/E

vT (C) = vET (T ),

and for each S ∈ 2T ,∑
i∈S

xT
i =

∑
C∈T/E

∑
i∈C∩S

xT
i =

∑
C∈T/E

∑
i∈C∩S

xC
i ≥

∑
C∈T/E

vC(C ∩ S)

=
∑

C∈T/E

vT (C ∩ S)

≥
∑

C∈S/E

vT (C) = vET (S),

so xT ∈ Core(vET ). Hence, vE is totally balanced.
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Slikker (2000) showed that a graph-restricted game is pmas admissible if the original is

pmas admissible. In other words, pmas admissibility is inherited for all graphs.

Theorem 4 (Slikker 2000)

Let (N,E) be a graph. Then vE is pmas admissible for all pmas admissible games v ∈ TUN .

Proof. Let v ∈ TUN be pmas admissible. Let (xS)S∈2N\{∅} with xS ∈ RS and
∑

i∈S xS
i =

v(S) for all S ∈ 2N \ {∅} be such that xS ≤ xT
S for all S, T ∈ 2N \ {∅} with S ⊆ T . For each

S ∈ 2N \ {∅}, define yS ∈ RS by ySi = xC
i for all i ∈ S, where C ∈ S/E is such that i ∈ C.

For each S ∈ 2N \ {∅},∑
i∈S

ySi =
∑

C∈S/E

∑
i∈C

ySi =
∑

C∈S/E

∑
i∈C

xC
i =

∑
C∈S/E

v(C) = vE(S).

Let S, T ∈ 2N \{∅} with S ⊆ T and let i ∈ S. Let C ∈ S/E and C ′ ∈ T/E be such that i ∈ C

and i ∈ C ′. Then C ⊆ C ′ and ySi = xC
i ≤ xC′

i = yTi . Hence, vE is pmas admissible.

3.2 Empty and connected graphs

This section studies the properties that are inherited by the graph-restricted game from the

original game for empty and connected graphs. For each communication graph that is neither

empty nor connected, there exists a game satisfying one of these properties for which the

graph-restricted game does not satisfy this property. Note that all graph-restricted games

are additive for empty graphs.

Lemma 2

Let (N,E) be an empty graph. Then vE is additive for all games v ∈ TUN .

Proof. Let v ∈ TUN . Let S, T ∈ 2N with S ∩ T = ∅. Then

vE(S ∪ T ) =
∑

C∈(S∪T )/E

v(C) =
∑

i∈S∪T

v({i}) =
∑
i∈S

v({i}) +
∑
i∈T

v({i})

=
∑

C∈S/E

v(C) +
∑

C∈T/E

v(C)

= vE(S) + vE(T ).

Hence, vE is additive.

Lemma 2 implies that all properties studied in this paper are inherited for empty graphs,

in particular balancedness. Van den Nouweland and Borm (1991) stated without a proof

that balancedness is also inherited for connected graphs. Slikker (2000) characterized the

inheritance of balancedness by empty and connected graphs. A similar result holds for

imputation admissibility.
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Theorem 5

Let (N,E) be a graph. Then vE is imputation admissible for all imputation admissible games

v ∈ TUN if and only if (N,E) is empty or connected.

Proof. Assume that (N,E) is empty. Let v ∈ TUN be imputation admissible. By Lemma 2,

vE is additive. Hence, vE is imputation admissible.

Assume that (N,E) is connected. Let v ∈ TUN be imputation admissible. Let x ∈
Imp(v). Then ∑

i∈N

xi = v(N) =
∑

C∈N/E

v(C) = vE(N)

and xi ≥ v({i}) = vE({i}) for all i ∈ N , so x ∈ Imp(vE). Hence, vE is imputation admissible.

Assume that (N,E) is neither empty nor connected. Then |N | ≥ 3. Let v ∈ TUN be the

game from Example 1. Then v is balanced, so v is imputation admissible. However,

vE(N) =
∑

C∈N/E

v(C) = |{C ∈ N/E | |C| = 1}| < |N | =
∑
i∈N

v({i}) =
∑
i∈N

vE({i}).

Hence, vE is not imputation admissible.

Theorem 6 (Slikker 2000)

Let (N,E) be a graph. Then vE is balanced for all balanced games v ∈ TUN if and only if

(N,E) is empty or connected.

Proof. Assume that (N,E) is empty. Let v ∈ TUN be balanced. By Lemma 2, vE is additive.

Hence, vE is balanced.

Assume that (N,E) is connected. Let v ∈ TUN be balanced. Let x ∈ Core(v). Then∑
i∈N

xi = v(N) =
∑

C∈N/E

v(C) = vE(N)

and for each S ∈ 2N , ∑
i∈S

xi =
∑

C∈S/E

∑
i∈C

xi ≥
∑

C∈S/E

v(C) = vE(S),

so x ∈ Core(vE). Hence, vE is balanced.

Assume that (N,E) is neither empty nor connected. Then |N | ≥ 3. Let v ∈ TUN be the

game from Example 1. Then v is balanced. However,

vE(N) =
∑

C∈N/E

v(C) = |{C ∈ N/E | |C| = 1}| < |N | =
∑
i∈N

v({i}) =
∑
i∈N

vE({i}),

so vE is not imputation admissible. Hence, vE is not balanced.
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3.3 Component-complete and cycle-complete graphs

This section studies the properties that are inherited by the graph-restricted game from the

original game for component-complete or cycle-complete graphs. We show that component-

complete graphs guarantee the inheritance of monotonicity. For each graph that is not

component-complete, we show that there exists a monotonic game for which the graph-

restricted game is not monotonic. In graph theory, component-complete graphs are also

called cluster graphs.

Theorem 7

Let (N,E) be a graph. Then vE is monotonic for all monotonic games v ∈ TUN if and only

if (N,E) is component-complete.

Proof. Assume that (N,E) is component-complete. Let v ∈ TUN be monotonic. Then v is

nonnegative. By Lemma 1, vE is nonnegative. Let S, T ∈ 2N with S ⊆ T . If S = ∅, then
vE(S) = 0 ≤ vE(T ). Suppose that S ̸= ∅. For each C ∈ S/E, there exists a unique C ′ ∈ T/E

such that C ⊆ C ′. Moreover, since (N,E) is component-complete, for each C ′ ∈ T/E, there

exists at most one C ∈ S/E such that C ⊆ C ′. This implies that

vE(S) =
∑

C∈S/E

v(C) =
∑

C∈T/E

v(C ∩ S) ≤
∑

C∈T/E

v(C) = vE(T ).

Hence, vE is monotonic.

Assume that (N,E) is not component-complete. Then |N | ≥ 3. Let v ∈ TUN be the

game from Example 2. Then v is monotonic. Let i, j ∈ N with i ̸= j be such that i, j ∈ C

for some C ∈ N/E and {i, j} /∈ E. Then {i, j} ⊆ C but

vE({i, j}) = v({i}) + v({j}) = 2 > 1 = v(C) = vE(C).

Hence, vE is not monotonic.

A specific type of component-complete graphs are graphs for which the size of each

component is at most 2. In graph theoretic terms, such graph is a forest where the size of

each tree is at most 2. In other words, all edges of such graph are disjoint. For this type of

graphs, graph-restricted games of all superadditive games are convex.

Lemma 3

Let (N,E) be a graph such that |C| ≤ 2 for all C ∈ N/E. Then vE is convex for all

superadditive games v ∈ TUN .

10



Proof. Let v ∈ TUN be superadditive. Let S, T ∈ 2N . Then

vE(S) + vE(T ) =
∑

C∈S/E

v(C) +
∑

C∈T/E

v(C)

=
∑

C∈N/E

v(C ∩ S) +
∑

C∈N/E

v(C ∩ T )

=
∑

C∈N/E

(v(C ∩ S) + v(C ∩ T ))

≤
∑

C∈N/E

(v(C ∩ S ∩ T ) + v(C ∩ (S ∪ T )))

=
∑

C∈N/E

v(C ∩ S ∩ T ) +
∑

C∈N/E

v(C ∩ (S ∪ T ))

=
∑

C∈(S∩T )/E

v(C) +
∑

C∈(S∪T )/E

v(C)

= vE(S ∩ T ) + vE(S ∪ T ).

Hence, vE is convex.

Van den Nouweland and Borm (1991) showed that a necessary and sufficient condition

for the inheritance of convexity is cycle-completeness of the communication graph. We only

show the necessary part, i.e. for each graph that is not cycle-complete, we show that there

exists a convex game for which the graph-restricted game is not convex. For the sufficient

part, we refer to Van den Nouweland and Borm (1991).

Theorem 8 (Van den Nouweland and Borm 1991)

Let (N,E) be a graph. Then vE is convex for all convex games v ∈ TUN if and only if

(N,E) is cycle-complete.

Proof. Assume that (N,E) is cycle-complete. Let v ∈ TUN be convex. By Theorem 1 of

Van den Nouweland and Borm (1991), vE is convex.

Assume that (N,E) is not cycle-complete. Then |N | ≥ 4 and there exists a cycle

(i1, . . . , im, i1) in (N,E) such that {ik, iℓ} /∈ E for some k, ℓ ∈ {1, . . . ,m} with k < ℓ.

Let v ∈ TUN be given by

v(S) =

1 if {ik, iℓ} ⊆ S,

0 if {ik, iℓ} ⊈ S.

Then v is convex as v(S) + v(T ) ≤ v(S ∩ T ) + v(S ∪ T ) for all S, T ∈ 2N . Moreover,

Core(vE) = Core(v) = {x ∈ Imp(v) | xik + xiℓ = 1} .

This implies that xik + xiℓ = 1 > 0 = v({ik}) + v({iℓ}) = vE({ik, iℓ}) for all x ∈ Core(vE),

so vE is not exact. Hence, vE is not convex.
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The inheritance of exactness is characterized by two classes of graphs. The first class

consists of all graphs for which the size of each component is at most 2, i.e. all edges are

disjoint. The second class consists of all connected and cycle-complete graphs for which the

size of at most one component is at least 2 when any single node is removed. In graph

theoretic terms, each graph in this class consists of a clique and leaves adjacent to this

clique. In other words, these graphs are stars where the internal node is replaced by a

complete graph. For each communication graph in one of these two classes, we show that all

graph-restricted games of exact games are exact. For any other communication graph, we

show that there exists an exact game for which the graph-restricted game is not exact.

Theorem 9

Let (N,E) be a graph. Then vE is exact for all exact games v ∈ TUN if and only if one of

the following conditions hold:

(i) |C| ≤ 2 for all C ∈ N/E.

(ii) (N,E) is connected, cycle-complete, and |{C ∈ (N \ {i})/E | |C| ≥ 2}| ≤ 1 for all

i ∈ N .

Proof. Assume that |C| ≤ 2 for all C ∈ N/E. Let v ∈ TUN be exact. Then v is superaddi-

tive. By Lemma 3, vE is convex. Hence, vE is exact.

Assume that (N,E) is connected, cycle-complete, and |{C ∈ (N \ {i})/E | |C| ≥ 2}| ≤ 1

for all i ∈ N . Let v ∈ TUN be exact. Then v is superadditive. Let T ∈ 2N . Define

C∗ =
⋂

i∈N\T

{C ∈ (N \ {i})/E | |C| ≥ 2} .

Then C∗ ⊆ T and

vE(T ) =
∑

C∈T/E

v(C) = v(C∗) +
∑

i∈T\C∗

v({i}).

For each i ∈ T \C∗, there exists a unique ki ∈ N \ T such that {i, ki} ∈ E. Let x ∈ Core(v)

such that
∑

i∈C∗ xi = v(C∗). Define y ∈ RN by

yi =


xi for all i ∈ C∗,

v({i}) for all i ∈ T \ C∗,

xi +
∑

j∈T\C∗:kj=i(xj − v({j})) for all i ∈ N \ T .

Then ∑
i∈N

yi =
∑
i∈C∗

xi +
∑

i∈T\C∗

v({i}) +
∑

i∈N\T

xi +
∑

j∈T\C∗:kj=i

(xj − v({j}))


=

∑
i∈N

xi = v(N) =
∑

C∈N/E

v(C) = vE(N).
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Let S ∈ 2N . Denote R = {i ∈ S ∩ (T \ C∗) | ki /∈ S}. Then∑
i∈S

yi ≥
∑
i∈R

v({i}) +
∑

i∈S\R

xi ≥
∑
i∈R

v({i}) + v(S \R) ≥
∑

C∈S/E

v(C) = vE(S),

so y ∈ Core(vE). Moreover,∑
i∈T

yi =
∑
i∈C∗

xi +
∑

i∈T\C∗

v({i}) = v(C∗) +
∑

i∈T\C∗

v({i}) = vE(T ).

Hence, vE is exact.

Assume that |C| > 2 for some C ∈ N/E and (N,E) is not connected. Then |N | ≥ 4.

Denote N = {1, . . . , |N |} such that 1, 2, 3 ∈ C, {1, 2}, {2, 3} ∈ E, and 4 /∈ C. Let v ∈ TUN

be given by

v(S) =


2 if {1, 2, 3, 4} ⊆ S,

1 if {1, 2} ⊆ S or {1, 4} ⊆ S or {2, 3} ⊆ S or {3, 4} ⊆ S, and {1, 2, 3, 4} ⊈ S,

0 otherwise.

Then v is exact as (1, 0, 1, 0, . . . , 0), (0, 1, 0, 1, 0, . . . , 0) ∈ Core(v). However, vE is given by

vE(S) =

1 if {1, 2} ⊆ S or {2, 3} ⊆ S,

0 otherwise.

Then Core(vE) = {(0, 1, 0, . . . , 0)}, so x2 = 1 > 0 = vE({2}) for all x ∈ Core(vE). Hence,

vE is not exact.

Assume that (N,E) is not cycle-complete. Then |N | ≥ 4 and there exists a cycle

(i1, . . . , im, i1) in (N,E) such that {ik, iℓ} /∈ E for some k, ℓ ∈ {1, . . . ,m} with k < ℓ.

Let v ∈ TUN be given by

v(S) =

1 if {ik, iℓ} ⊆ S,

0 if {ik, iℓ} ⊈ S.

Then v is convex as v(S) + v(T ) ≤ v(S ∩ T ) + v(S ∪ T ) for all S, T ∈ 2N , so vE is exact.

Moreover,

Core(vE) = Core(v) = {x ∈ Imp(v) | xik + xiℓ = 1} .

This implies that xik + xiℓ = 1 > 0 = v({ik}) + v({iℓ}) = vE({ik, iℓ}) for all x ∈ Core(vE).

Hence, vE is not exact.
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Assume that (N,E) is connected and |{C ∈ (N \ {i})/E | |C| ≥ 2}| > 1 for some i ∈ N .

Then |N | ≥ 5. Denote N = {1, . . . , |N |} such that there exists a pair C,C ′ ∈ (N \ {3})/E
with 1, 2 ∈ C, 4, 5 ∈ C ′, and {1, 2}, {2, 3}, {3, 4}, {4, 5} ∈ E. Let v ∈ TUN be given by

v(S) =


2 if {1, 2, 4, 5} ⊆ S,

1 if {1, 2} ⊆ S or {2, 4} ⊆ S or {4, 5} ⊆ S, and {1, 2, 4, 5} ⊈ S,

0 otherwise.

Then v is exact as (1, 0, 0, 1, 0, . . . , 0), (0, 1, 0, 1, 0, . . . , 0), (0, 1, 0, 0, 1, 0, . . . , 0) ∈ Core(v).

However, vE is given by

vE(S) =


2 if {1, 2, 4, 5} ⊆ S,

1 if {1, 2} ⊆ S or {2, 3, 4} ⊆ S or {4, 5} ⊆ S, and {1, 2, 4, 5} ⊈ S,

0 otherwise.

Then x2+x4 ≥ 1 > 0 = v({2})+ v({4}) = vE({2, 4}) for all x ∈ Core(vE). Hence, vE is not

exact.

4 Concluding remarks

In this paper, we studied the inheritance of properties from the original game in a com-

munication situation to the graph-restricted game. We focuced on the related elementary

properties monotonicity, additivity, superadditivity, convexity, imputation admissibility, bal-

ancedness, total balancedness, population monotonic allocation schemes, and exactness. For

each of these properties, we characterize all communication graphs that guarantee the inher-

itance. Needless to say, there are more properties for cooperative games that can be studied

along the same lines. Similarly, for certain classes of games, conditions could be formulated

under which the graph-restricted game belongs to the same class.

The graph-restricted game of Myerson (1977) is only one way of modeling cooperation

with communication restrictions. In some contexts, it may not be appropriate to assume

that coalitions split into cooperating components and that the worths of these components

should be added up. Alternative graph-restricted games could be formulated. Van den

Nouweland and Borm (1991) and Borm et al. (1992) studied a graph-restricted game where

the edges of the communication graph are the players. A full inheritance analysis for those

graph-restricted games is still lacking.
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Other studies generalize communication situations by allowing for a more general co-

operative game or a more general communication graph. Myerson (1980) and Van den

Nouweland et al. (1992) studied hypergraph communication situations where communica-

tion possibilities can be multilateral instead of bilateral. In other words, an edge in the

communication graph may connect more than two players. The inheritance of properties

in hypergraph communication situations has not been studied. Hendrickx (2004) studied

the inheritance of several properties in NTU communication situations where the economic

possibilities of coalitions are not necessarily summarized by a worth, but are expressed in a

set of attainable utility allocations. The inheritance of monotonicity, additivity, imputation

admissibility, several types of convexity, and exactness for nontransferable utility games has

not been studied.
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