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A C K N O W L E D G E M E N T S

I think that a good economist should be upfront about their assumptions,

that is why I start this section with two of them.

• If you think that you should be mentioned here and I did not mention

you, then you are right.

• If you think that I wrote too nice or cheesy things about you that are

untrue, then you are wrong.
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derful people that I met along the way who helped and shaped me, possibly
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ciated. Moreover, I am well aware that some of the people that I would like

to thank are too kind for their own good.

First of all, I am indebted to my supervisors Dries and János. I remember

the confusing first days in Maastricht when I did not really know who they

were, or how to pronounce Dries’ last name, but all my fellow PhDs were

congratulating me on how lucky I was to get them as supervisors. Back then

I could just nod along without having any idea what these PhD students

were talking about. Now, four years later, I can heartily agree with these com-

ments, and pass them on to the new PhDs (in order to confuse them as well).

Unfortunately, some of my main features are constantly talking and contin-

uously doubting everything, which means that bearing with me as a PhD

student requires a substantial amount of patience. So I cannot only thank my

supervisors for their knowledge and wisdom, but they deserve respect for

their patience as well. It would be amiss if I did not mention that besides for

their help in research, I am grateful for the Robo rally nights, Terry Pratchett

discussions, concerts, movie nights, countless lunches and dinners. In conclu-

sion, one usually hopes for smart and helpful supervisors, but I was lucky,

because mine are also patient, caring and funny.
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I would like to thank the assessment committee for taking the time to care-

fully read the thesis. I am grateful to Miklós for many things, including being

my master thesis supervisor, encouraging me to apply for a PhD position in

Maastricht, and for arranging the research seminar for his students. It was a

great community with in-depth discussions about research. We did not only

think of Miklós as a supervisor, but also as a mentor, so special thanks for

that. I would like to thank Arkadi for our inspiring discussions on measure

theory, game theory, history, books and ice cream. Most importantly, I would

like to thank him for sharing his never-ending supply of good quality choco-

late. I was privileged that Arkadi shared his unlimited wisdom with me by

sometimes saying truly profound statements such as "if I didn’t have a brain,

I wouldn’t eat ice cream". Just to have closure on an extended argument:

Arkadi, infinity does exist. I would like to thank Frank for being the chair of

the committee, showing me the connection between mathematics and Donald

Duck, and his respectable enthusiasm for taking pictures in Tel Aviv. I would

like to thank Bill for his historical anecdotes on the finitely additive theory,

and thank him and Jerri for crossing the ocean to come to my defense.

My dear paranymphs, Andrej and Hande, started the PhD journey with me

and were part of my integration in Maastricht in many ways. Andrej helped

me make my flat into a home, took me on bike trips and always let me scat-

ter my thoughts across his office, while Hande joined me to Muziekgieterij

for concerts, to improv and started the Balkans dinner tradition. We also

had trips together to Amsterdam, Köln, Liege, Aachen, Berlin, Istanbul, New

York, Washington DC and so on. I am glad that I could also be part of such

historical moments as their weddings, in Minsk and in Crete, respectively. I

would also like to thank Hanna and Levent for making them happy. I thank

Emilia and Sophia for being adorable.

A warm word of thanks to Marc, Abhi, Angie and Swarnendu for asking

me to be their paranymphs. I am grateful to Jan, Swarnendu, Nadine and

Shash for being my fellow paranymphs and partners in crime in planning

the presents and parties.

I am glad that I could be part of the KE department, and the legendary atmo-

sphere on the 4th floor. I think that the department community is great, and

especially the PhD community with whom I had a lot of nice events together,
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like trips to Efteling, All in Echt, jazz and karaoke nights, PhD defense par-

ties, Veerle’s and Dries’ weddings, Sinterklaas run, Marc’s farewell biercantus,

carnival, Abhi’s, Andrey’s and Tim’s birthdays or simply dinners and movie

nights. My PhD experience would not have been the same without Marc. He

could be picked as a role model as a researcher, however I consider him as

one of my role models due to his chill attitude. This also made him a great

travel buddy for our trips to Singapore, Vietnam, Malaysia, Brazil, Argentina,

Paris, Istanbul, Sicily, Chile and Pinkpop. It is difficult to mention all the great

fellow PhDs that made my Maastricht experience. When I started there were

older PhDs that made an effort to share their experiences, for example Artem

and Greg. There were also the PhDs with whom we started together and

stumbled through the beginning: Abhinaba, Andrej, Chris, Hande, Hanno,

Kutay and Tim. Sincere thanks to Angie and Chris for the game theory din-

ners and for being my relentless cheerleaders, it is an amazing feeling. Thank

you, Tim, for being so kind and upbeat. It was fun to discuss with Hanno

econometrics, game theory, modern physics and how stupid it is to make

life plans. Who would have thought that moving to the Netherlands would

make me read books by the Hungarian author Márai Sándor? Thanks, Hanno.

Thank you, Veerle, for the conflicting pieces of advice, thus making me use a

Fitbit, but also teaching me how to make oreo cupcakes. I would like to thank

Sean for his infectious laughs, Yuliya for the unicycling and slacklining, and

Shash for having the confidence to proclaim himself the "coolest Indian". I

thank Caterina for being a great office mate, hosting me in Rome and most

importantly, for Bongo Mondays. I thank Benoit for being positive and funny

and Dasha for being enthusiastic. Moreover, Adi, Aida, Ahmad, Alex, An-

drey, Etiënne, Indra, Kouma, Marina, Martijn, Murat, Niels, Oksana, Rasmus,

Roli, Verena, Vincent and Yicong were also great colleagues. We often took

over Karin and Yolanda’s office with tea breaks and superfluous questions,

so thank you for the patience in dealing with us.

Teaching is an interesting part of a PhD. The purpose is rather unclear. . . Is

it for PhDs to socialize more? To feel more time pressure? To avoid lunches

with awkward silence and fill them with amusing stories? Four years were

not enough to figure this out, even though I tried by discussing this with my

amazing fellow teachers: Alex, Christian, Dirk, Dries, Greg, Hanno, Hans dG,
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1
I N T R O D U C T I O N

A noncooperative game is a model of strategic interaction between players. A

player’s payoff might depend on the decisions taken by other players. Deci-

sion theory can be viewed as a special case of game theory where there is only

one player, called a decision maker. Game theory has many applications in

economics, biology, computer science, logic, political science and psychology.

zero-sum games In zero-sum games there are two players. Given any

pair of strategies of the players, the payoffs of the two players add up to zero.

Hence, it is sufficient to consider the payoff of player 1 and also interpret

it as the payment of player 2. These types of games are also called strictly

competitive or conflict games.

The value is the central solution concept of zero-sum games. If a zero-sum

game has a value, then this is the highest amount that player 1 can guarantee

to receive, irrespective of what the other player plays. Similarly, the value is

the lowest amount that player 2 can guarantee to pay, irrespective of what

player 1 plays.

The theory of zero-sum games starts with von Neumann (1928), who showed

that zero-sum games with finite action spaces admit a value. Games with

infinite action spaces are much more complex, and Wald (1945) demonstrated

that such games do not always have a value. In Wald’s game there are two

players who can each say any natural number. Player 1 wins, if he says a

higher number or the same as player 2, otherwise he loses.

probabilities When a player makes a choice, he bases his decision on

probabilities. In game theory the usual approach is to define mixed strategies

as countably additive probabilities on the actions. A notable, but less frequent

alternative is to define mixed strategies as finitely additive probabilities, so-

called charges. Since finite additivity is a weaker requirement than countable

additivity, the latter approach allows for a richer class of mixed strategies.
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Charges have regularly been argued for from a conceptual point of view, but

they also provide technical advantages.

structure of the thesis Chapter 2 is a preliminary chapter, it mainly

focuses on notions connected to finitely additive probabilities.

Chapters 3 and 4 are about zero-sum games with infinite action spaces. In

Chapter 3 we consider any game with a bounded payoff function, and mainly

focus on finitely additive strategies. In Chapter 4 we consider only a certain

type of zero-sum games, and focus on countably additive strategies.

In Chapter 3 we consider two-player zero-sum games with infinite action

spaces and bounded payoff functions. The players’ strategies are finitely ad-

ditive probability measures, called charges. Since a strategy profile does not

always induce a unique expected payoff, we distinguish two extreme atti-

tudes of players. A player is viewed as pessimistic if he always evaluates the

range of possible expected payoffs by the worst one, and a player is viewed as

optimistic if he always evaluates it by the best one. This approach results in

a definition of a pessimistic and an optimistic guarantee level for each player.

We provide an extensive analysis of the relation between these guarantee

levels, and connect them to the guarantee levels defined through countably

additive strategies, and to other known techniques to define expected pay-

offs, based on computation of double integrals. In addition, we also examine

existence of optimal strategies with respect to these guarantee levels.

Chapter 3 is centered around the problem that a finitely additive strategy

profile does not always induce a unique expected payoff. One might reach

the conclusion that finitely additive strategies are problematic, and so their

use should be avoided. In Chapter 3 we only compute the guarantee levels

through countably additive strategies when the action space is countable.

When a game has action spaces with larger cardinalities, countably additive

strategies can cause similar problems to finitely additive strategies. This is

investigated in Chapter 4.

In Chapter 4 we examine the guarantee levels defined through countably

additive strategies of the players in a type of zero-sum games, catch games.

We show how these levels depend on the sigma-algebras that are being em-

ployed on the player’s action spaces. We further argue that guarantee levels
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may therefore also depend on set theoretic considerations. Additionally, we

calculate the guarantee levels for finitely additive strategies. The solutions of

catch games essentially differ among these setups. We find optimal strategies

for almost all cases.

In Chapters 3 and 4 we consider two-player games, however Chapter 5 in-

cludes a game with one player, so a decision theoretic model. Chapters 3 and

4 consider games where players move once and simultaneously. In Chapter 5

the decision maker is taking decisions over infinitely many time periods.

In Chapter 5 we consider the following class of decision problems. A deci-

sion maker chooses an action at from a given action space A at every period

t = 1, 2, . . ., and receives a payoff that is a function of the resulting sequence

(a1,a2, . . .). A mixed strategy of the decision maker is a finitely additive

probability measure on the space of pure strategies. A behavior strategy of

the decision maker is a mapping that assigns to every history a finitely addi-

tive probability measure on the action space. In this setup, we address several

questions, both from a conceptual and from a technical point of view. For a

behavior strategy, it is generally not clear which finitely additive measure

such a strategy induces on the set of plays, i.e., on the set of all infinite se-

quences of elements of A. Consequently, it is not clear which mixed strategies

are equivalent to the given behavior strategy, and therefore what the expected

payoff should be. We present and compare various approaches to this prob-

lem. Moreover, we investigate the equivalence between behavior and mixed

strategies.

related literature There are different ways of defining probabilities.

Countable additivity is a usual assumption of probability. However, from

a conceptual point of view, the weaker assumption of finite additivity was

also argued for, see de Finetti (1975), Savage (1972), and Dubins and Savage

(2014). Since finite additivity is the weaker assumption, it is also more basic. It

allows for a richer class of probabilities, and facilitates constructions such as

a uniform probability distribution over the natural numbers (see Schirokauer

and Kadane (2007)). Moreover, translation invariant charges can be defined

on all subsets of the real line, and translation and rotation invariant charges

can be defined on all subsets of the plane. A notable advantage of finitely

additive measures, more briefly called charges, is that they avoid the problem
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of measure (cf. Aliprantis and Border (2005)). Finally, in decision theory and

game theory, only approximate solutions may be achieved with countably

additive strategies, while exact solutions can be achieved when using charges

(e.g. Sudderth (2016)). For a more extensive summary of the history of finite

additivity and its relation to countable additivity, see Bingham (2010).



2
P R E L I M I N A R I E S

In this section we provide a brief summary on probability charges. For further

reading, we refer to Rao and Rao (1983) and Dunford and Schwartz (1964).

Let X be a nonempty set. A collection P of subsets of X is called an algebra if

it has the following propertis: (1) X ∈ P , (2) if E, F ∈ P , then E ∪ F ∈ P , (3)

if E ∈P , then Ec ∈P . It follows that an algebra is also closed under taking

finite unions. An algebra is called a sigma-algebra, if it is even closed under

taking countable unions.

For example, the set 2X, i.e. the set of all subsets of X, is a sigma-algebra.

However, there are algebras that are not sigma-algebras. For example, take

an infinite set X and the algebra consisting of all finite subsets of X and their

complements.

Let P be an algebra on X. A probability charge, or simply charge, on (X, P) is

a function µ : P → [0, 1] such that µ(X) = 1 and for all disjoint sets E, F ∈P

it holds that µ(E ∪ F) = µ(E) + µ(F). 1 We denote the set of all charges on

(X, P) by C(X, P).

The following statement follows from Theorem 2 in Loś and Marczewski

(1949) together with the Lemma of Zorn, and is also shown in Theorem 3.C.3.

If P is an algebra, and µ is a charge on P , then µ can be extended to a

charge on 2X. That is, there exists a charge ν on (X, 2X) such that ν(E) = µ(E)

for all E ∈P .

Let P be a sigma-algebra on X. A (countably additive) probability measure on

(X, P) is a function µ : P → [0, 1] such that µ(X) = 1 and if for all collections

{Ei}
∞
i=1 of pairwise disjoint sets in P it holds that µ(∪∞i=1Ei) = ∞∑

i=1

µ(Ei). We

denote the set of all probability measures on (X, P) by ∆(X, P).

1 A charge is thus finitely additive, but not necessarily countably additive.

5
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For x ∈ X, δx denotes the Dirac measure on x. So, for every set B ∈ P , we

have δx(B) = 1 if x ∈ B and δx(B) = 0 if x /∈ B. Note that δx ∈ ∆(X, P) for

every x ∈ X.

Let P be an algebra on X. A function s : X → R is called a P-measurable

simple–function if there are c1, . . . , cm ∈ R and a partition {B1, . . . ,Bm} of X

with B1, . . . ,Bm ∈P such that s =
∑m
i=1 ciIBi , where IBi is the characteristic

function of the set Bi. Let µ be a charge on (X, P). The integral of s with

respect to the charge µ is defined by
∫
X sdµ =

∑m
i=1 ci · µ(Bi).

Let µ be a charge on (X, 2X). For every bounded function f : X→ R and every

ε > 0, there exists a (2X-measurable) simple–function s such that s 6 f 6 s+ ε.
2 Let f : X → R be a bounded function. The integral

∫
X fdµ is defined as the

supremum of all real numbers
∫
X sdµ, where s is a simple–function with

s 6 f. Since f is bounded, the integral is finite. The integral is linear over the

set of bounded real-valued functions. We remark that the integral
∫
X fdµ is

equal to the infimum of all real numbers
∫
X sdµ, where s is a simple–function

and s > f.

When X is countably infinite, we say that µ ∈ C(X, 2X) is a pure charge if

µ({x}) = 0 for every x ∈ X. 3 It follows from Theorem 3.C.3 that pure charges

exist. 4 Since pure charges are not countably additive, it follows that ∆(X, 2X)

is a strict subset of C(X, 2X) in this case.

2 See p. 272 in the appendix by WD Sudderth, D Gilat and R Purves in Dubins and Savage
(2014). Indeed, consider the inverse images f−1[zε, (z+ 1)ε), where z is an integer. Since f is
bounded, only finitely many of them are non-empty. If f−1[zε, (z+ 1)ε) is non-empty, then let
s take value zε on this set. It follows that s 6 f 6 s+ ε.

3 The definition of a pure charge can be generalized to sets that are uncountably infinite. How-
ever, in the general case the definition is more involved.

4 In Theorem 3.C.3 we can take for instance F to be the algebra of all finite subsets of X and
their complements.
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Z E R O - S U M G A M E S W I T H C H A R G E S

3.1 introduction

We have shortly mentioned the origins of zero-sum games in Chapter 1.

When the action spaces are infinite, the definition of mixed strategies is not

trivial. In game theory the usual approach is to define mixed strategies as

countably additive probabilities on the actions. In this chapter however we

focus our attention on finitely additive probabilities, so-called charges.

In this chapter1, we are interested in the best expected payoff that a charge

can guarantee for a player. Since the expected payoff can be defined in various

manners, we obtain several guarantee levels. Our goal is to examine these

guarantee levels in detail, and to find conditions under which the value of a

game exists.

our setup We study general two-player zero-sum games with infinite,

possibly uncountable, action spaces and bounded payoff functions. The strat-

egy space of a player is the set of probability charges defined on all subsets of

that player’s action space. The game is now played as follows. Each player si-

multaneously selects a probability charge on his action space. These choices

are then recorded in a strategy profile. An extension of such a profile is a

probability charge that is defined on all subsets of the set of action profiles

that coincides on product sets (rectangles) with the product of the strategies.

Given a strategy profile of probability charges, there may be many such exten-

sions. And any extension induces an expected payoff to each player, so that

the expected payoff may not be uniquely defined. Since the set of expected

payoffs we can thus construct is not necessarily singleton, we study several

1 This chapter is based on Flesch, Vermeulen and Zseleva (2017). We would like to thank Valerio
Capraro, Ferenc Forgó, Ehud Lehrer, Christian Nauerz, Miklós Pintér, Marco Scarsini, and
William Sudderth for their helpful comments and discussion prior to that publication. We
also thank the Dutch institute NWO for funding the research visit of William Sudderth.

7
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ways—some of them novel, some of them introduced before—to define the

value of the resulting game, or better, class of possible games.

The first two—novel—notions relate to two extreme attitudes of players. In

our framework, a player is viewed as pessimistic if from the range of possible

expected payoffs he always selects the worst one. Equivalently, he always

selects an extension that results in the worst possible payoff. 2 In contrast, a

player is viewed as optimistic if from the range of possible expected payoffs

he always selects the best one. This approach results in a definition of a

pessimistic and an optimistic guarantee level for each player.

The second pair of notions relate to the two possible ways to compute double

integrals with respect to the chosen probability charges. Each double integral

assigns an expected payoff to both players. Note that for these notions the

choice of extension depends only on the strategy profile, not on the payoff

function of the zero-sum game.

our contribution Starting with a given zero-sum game, endowing

each player with one of the above approaches to compute expected payoffs

yields a new game. We argue that, given a zero-sum game, the resulting

games may all be different. In each such a resulting game, a player can com-

pute the maximum payoff he can guarantee for himself, which leads to a

guarantee level for that player. We provide an extensive analysis of the rela-

tion between these guarantee levels. In addition, we also examine existence of

optimal strategies with respect to these guarantee levels. Our main findings

are:

[1] The pessimistic guarantee level for player 1, the optimistic guarantee level

for player 2, and the guarantee levels for both players in which we first inte-

grate with respect to the strategy of the 2nd player and then with respect to

the 1st player, all coincide. Similarly, the optimistic guarantee level for player

1, the pessimistic guarantee level for player 2 and the guarantee levels arising

from the reverse order of integration all coincide as well (cf. Theorem 3.4.3).

2 Note that this type of selection of the extension crucially depends on the payoffs of the game,
not merely on the strategy profile that is chosen.
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[2] Moreover, the guarantee levels defined above can be calculated by comput-

ing so-called finitistic guarantee levels, associated with finite approximations

of the resulting games (cf. Theorem 3.4.3).

[3] Thus, when one player is optimistic, and the other is pessimistic, for any

zero-sum game we start with, the resulting (zero-sum) game has a value.

The same holds when both players use the same order of integration for the

approach based on double integrals: the resulting game is still zero-sum, and

the value exists (cf. Corollary 3.6.1 and 3.6.2).

This is a novel result in the sense that we establish an existence result for a

class of payoff functions that is outside the scope of earlier papers such as

Capraro and Scarsini (2013), Harris et al (2005), Marinacci (1997) and Reny

(1999).

A counterexample illustrates that it is not a general fact that the game has a

value when the resulting game is zero-sum. We construct a zero-sum game

(a game in which the players agree on how to compute expected payoffs) in

which the guarantee levels for the players do not coincide. In other words,

the resulting zero-sum game does not have a value (cf. Example 3.6.3).

[4] We prove that players always have optimal strategies with respect to the

optimistic guarantee level (cf. Theorem 3.5.2). We also show that a pessimistic

optimal strategy of a player, when it exists, 3 is also optimal for that player

when he computes payoffs by a double integral where the integration is first

over strategies of his opponent (cf. Proposition 3.5.8).

[5] For countable action spaces we show that the classical guarantee level for

a player, when players only play countably additive probability distributions,

coincides with the pessimistic guarantee level of that player (cf. Theorem

3.4.5).

structure of the chapter In Section 3.2 we discuss some prelimi-

naries. In Section 3.3 we introduce the zero-sum games we consider and the

different ways of calculating expected payoffs. Section 3.4 contains our solu-

tion concepts and main results. Section 3.5 deals with optimal strategies, and

Section 3.6 is about games where the players consider the same extension.

3 Existence of optimal strategies for pessimistic players is an open question.
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related literature There is a Related literature section in Chapter 1

on probabilities.

Decision theory and game theory In decision theory, charges have been

used in various models, notably in de Finetti (1975), Savage (1972) and Du-

bins and Savage (2014). Charges also gained recognition in game theory, such

as in Marinacci (1997), Capraro and Scarsini (2013), Harris et al (2005), and

Maitra and Sudderth (1993), Maitra and Sudderth (1998), but to a lesser ex-

tent. One possible reason is that in a game setting it can occur that multi-

ple players choose actions simultaneously. If each of them uses a probability

charge for the choice of his action, then on the space of action profiles, as

pointed out above, those choices induce a unique charge only on the algebra

generated by the cylinder sets. This algebra is fairly restricted, and conse-

quently, there is only a limited class of payoff functions for which the ex-

pected payoff is uniquely defined. For instance, Marinacci (1997) and Harris

et al (2005) consider only payoff functions that can be uniformly approxi-

mated by simple–functions on this algebra.

In our setup we study a wider range of utility functions, however we consider

only games that are zero-sum. As mentioned before, Marinacci (1997) and

Harris et al (2005) consider a restricted class of utility functions where the ex-

tension is unique. In this setting they prove the existence of Nash-equilibrium

in nonzero-sum games. Capraro and Scarsini (2013) take specific types of ex-

tensions, specific classes of payoff functions and also prove existence of Nash-

equilibrium in nonzero-sum games. These results indicate that generalization

of our results to nonzero-sum games may require a considerable restriction

of the set of utility functions.

Relating to our first pair of notions, a well-known definition of pessimism by

Wald (1950) is when the decision maker assumes that whichever act he might

choose, the worst state will be realised. In our framework, the pessimistic

player assumes that from a range of possible expected payoffs the worst one

will be realised.

Relating to our second pair of notions, taking a fixed order of integration as

the expected payoff has been analyzed before by Heath and Sudderth (1972),

and Maitra and Sudderth (1993), Maitra and Sudderth (1998). Yanovskaya
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(1970) and Kindler (1983) consider the double integral as an expected payoff

only when different orders of integration yield the same expected payoff. For

all other strategy profiles, i.e. when the order of integration does make a dif-

ference, they set an arbitrary number as an expected payoff. Schervish and

Seidenfeld (1996) take convex combinations of the two orders of integration

in zero-sum games, and take those as possible expected payoffs. Capraro and

Scarsini (2013) also look at convex combinations of different orders of inte-

gration, but they consider countable n-player nonzero-sum games defined

through an algebraic operator. We compare their approach to ours through

Example 3.3.8.

As mentioned earlier, when the players agree on how to compute expected

payoffs, the resulting game is zero-sum. However, this is not true in general

when players disagree on the computation. This is comparable to the model

of Aumann (1974), where the players might assign different subjective proba-

bilities to the same event, and consequently, the resulting game might not be

zero-sum anymore.

Ambiguity Our pessimistic approach is somewhat related to ambiguity.

For example, the maximin expected utility model proposed by Gilboa and

Schmeidler (1989) also computes the lowest expected utility over a set of

possible probability distributions.

When using charges as strategies in game theory, one of the intriguing ques-

tions is how to define an integral over the product of action spaces. A problem

of integration also arises when modeling ambiguity through non-additive

probabilities, so-called capacities. Schmeidler (1989) made use of the Cho-

quet integral, and Lehrer (2009) defined a concave integral, which can be

interpreted as uncertainty aversion.

3.2 preliminaries

For more on probability charges, see Chapter 2.

Let X be a nonempty set. By 2X denote the set of all subsets of X. The set of

all finite subsets of X is denoted by F(X). In this chapter we use a shorthand,
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and we simply write C(X) instead of C(X, 2X), and we use the notation ∆(X)

for the set of probability measures on (X, 2X). Thus, ∆(X) ⊆ C(X).

When X is countably infinite, we say that µ ∈ C(X) is a pure probability charge

if µ({x}) = 0 for every x ∈ X. We denote the set of all pure probability charges

on X by Q(X). Since pure charges are not countably additive, this shows that

in this case ∆(X) is a strict subset of C(X).

We write N = {1, 2, . . .}. In this chapter we assume the Axiom of Choice.

3.3 games with charges

In this section, we define the model of games with charges.

We focus on two-player zero-sum games. For i = 1, 2, the set Ai is the set

of actions of player i. The sets Ai are not empty, and may be, but need not

be, infinite. Let u : A1 ×A2 → R be a bounded payoff function. The zero-sum

game g(u) is a game that is played as follows. Player 1 chooses an action

m ∈ A1 and independently player 2 chooses an action n ∈ A2. Subsequently,

player 1 receives a payoff u(m,n) from player 2. Then the game ends.

A special class of zero-sum games are binary games. Consider a set W ⊆
A1 ×A2. The set W is called the winning set of player 1. In the binary game

defined by W, the payoff function u : A1 ×A2 → {0, 1} is the characteristic

function of W. That is, u(m,n) = 1 when (m,n) ∈ W, and u(m,n) = 0

otherwise.

Example 3.3.1. The following binary game is a version of the Wald game

(Wald (1945)). The action sets are A1 = A2 = N. The payoff for m ∈ A1 and

n ∈ A2 is u(m,n) = 1 if m > n and u(m,n) = 0 if m < n. The payoffs

are represented in the following matrix, where player 1 is the row player and

player 2 is the column player.

u 1 2 3 . . .

1 1 0 0 . . .

2 1 1 0 . . .

3 1 1 1 . . .
...

...
...

...
. . .

/
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3.3.1 Basic definitions

Consider a zero-sum game g(u) with payoff function u. A strategy for a

player i is a probability charge µi ∈ C(Ai). A pair of strategies, one for each

player, is called a strategy profile.

Consider a strategy profile (µ1,µ2). In order to define the expected payoff for

the players when they use this profile, we need a bit of notation.

A set E ⊆ A1 ×A2 is called a rectangle if there are sets E1 ⊆ A1 and E2 ⊆ A2
with E = E1 × E2. A probability charge µ on 2A1×A2 is called an extension of

(µ1,µ2) if for all rectangles E = E1 × E2 it holds that µ(E) = µ1(E1) · µ2(E2).
The set of extensions of (µ1,µ2) is denoted by < µ1,µ2 >. 4 All extensions

of a given pair (µ1,µ2) coincide on the algebra generated by the collection of

rectangles. They may differ on other sets E ⊆ A1 ×A2. Consequently, the ex-

pected payoff for the players will generally depend on the specific extension

we consider. In this chapter we closely study several specific ways to extend

such a strategy profile (µ1,µ2).

Formally, for a given extension µ of profile (µ1,µ2), the expected payoff U(µ)

is defined by

U(µ) =

∫
A1×A2

u(m,n) dµ.

Thus, given a zero-sum game g(u), this construction gives rise to many ways

to define a game with charges. Let each player i be endowed with a function

τi : C(A1)× C(A2) → C(A1 ×A2). If for every profile (µ1,µ2) we have that

τi(µ1,µ2) is an extension of (µ1,µ2), such a function is called an extension

function.

For given extension functions τ1, τ2, the expected payoffs Uτ1(µ1,µ2) and

Uτ2(µ1,µ2) of profile (µ1,µ2) are defined by

Uτ1(µ1,µ2) = U(τ1(µ1,µ2)) and Uτ2(µ1,µ2) = U(τ2(µ1,µ2)).

Thus, in this chapter we record payments for player 2 instead of rewards. This

way we constructed a new two-player game G(τ1, τ2) = (Uτ1 ,−Uτ2). When

τ1 = τ2, the resulting game is again a zero-sum game. But in general this

need not be the case.

4 Using Axiom of Choice, it can be shown that < µ1,µ2 > is not empty. For more details, see
Appendix 3.C.
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Example 3.3.2. Let W be the winning set of a binary game. Consider a strat-

egy profile (µ1,µ2) in this game. Then, for any extension function τ1, the

payoff for player 1 is exactly

Uτ1(µ1,µ2) =
∫
A1×A2

u(m,n) dτ1(µ1,µ2) = τ1(µ1,µ2)(W).

The payment that player 2 expects to make is Uτ2(µ1,µ2) = τ2(µ1,µ2)(W).

Hence, his utility is −Uτ2(µ1,µ2). /

We will hardly ever explicitly specify the extension function in question, but

simply explain the specific way extensions are constructed, and then leave it

implicit how the game with charges is precisely defined.

3.3.2 Optimistic and pessimistic players

In this subsection we introduce two extreme cases of behavior, that depend

on the attitude of the players. Our approach is based on the following lemma.

Lemma 3.3.3. Let µ1 ∈ C(A1), µ2 ∈ C(A2) and the bounded utility function u be

given. There exist extensions µ∗,µ∗ ∈< µ1,µ2 > with

U(µ∗) > U(κ) and U(µ∗) 6 U(κ) for all κ ∈< µ1,µ2 > .

Proof. We construct µ∗. The construction of µ∗ is similar. For every k ∈ N,

let νk denote an extension of (µ1,µ2) such that U(νk) > sup
κ∈<µ1,µ2>

U(κ) − 1
k .

Take any pure probability charge τ on N. Define the probability charge µ∗ by

µ∗(E) =

∫
k∈N

νk(E) dτ for every E ∈ 2A1×A2 .

Take a K ∈N and κ ∈< µ1,µ2 >. We have

U(µ∗) =

∫
A1×A2

u(m,n) dµ∗ =
∫
k∈N

∫
A1×A2

u(m,n) dνk dτ

=

∫
k∈N

U(νk) dτ > U(κ) − 1
K ,

where the second equality comes from Lemma 3.A.2, and the inequality is

due to the fact that τ({K,K+ 1, . . .}) = 1. Since K was arbitrary, U(µ∗) > U(κ).

Player 1 is optimistic if, given profile (µ1,µ2), he selects an extension µ∗ with

U(µ∗) > U(κ) for all κ ∈< µ1,µ2 > .
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Due to the previous lemma, such a selection is possible. The optimistic utility

for player 1 is then defined by Uo(µ1,µ2) = U(µ∗).

In the same way, player 1 is pessimistic, if he selects an extension µ∗ with

U(µ∗) 6 U(κ) for all κ ∈< µ1,µ2 > .

The pessimistic utility of player 1 is then defined by Up(µ1,µ2) = U(µ∗).

Thus, an optimistic player 1 selects an extension µ∗ of (µ1,µ2) that, amongst

all possible extensions, offers him the best expected payoff. A pessimistic

player 1 selects an extension µ∗ that offers him the worst expected payoff.

However, since player 2 has to pay the amounts specified by the payoff func-

tion, an optimistic player 2 selects an extension µ∗ that offers player 1 the

worst expected payoff, and a pessimistic player 2 selects an extension µ∗ of

(µ1,µ2) that, amongst all possible extensions, offers player 1 the best expected

payoff. 5

3.3.3 Double integrals

As already mentioned in the Introduction of this chapter, a stream of litera-

ture uses expected payoffs defined via double integrals as their starting point.

This type of extension of a profile (µ1,µ2) is defined as follows. For every set

E ∈ 2A1×A2 , define

µ(E) =

∫
m∈A1

∫
n∈A2

IE(m,n) dµ2 dµ1, 6

where IE denotes the characteristic function of the set E. We defineU21(µ1,µ2)

= U(µ), where 21 refers to integrating first with respect to µ2 and then with

respect to µ1. We have the following basic observation.

Lemma 3.3.4. It holds that

U21(µ1,µ2) =
∫
m∈A1

∫
n∈A2

u(m,n) dµ2 dµ1.

5 Given a profile (µ1,µ2), the optimistic payoff of player 1 is equal to the infimum of the
(uniquely defined) expected payoffs from step functions, as defined in Harris et al (2005), that
are larger than or equal to the payoff function for every profile of pure actions. This feature of
optimistic expected payoff was pointed out to us by Ehud Lehrer. Of course a similar remark
holds for pessimistic payoffs. Compare Lemma 1 of Lehrer (2009).

6 In this case we first integrate the function IE(m,n) with respect to µ2. This integral will
depend only on m. Then we integrate with respect to µ1.
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Proof. Let (µ1,µ2) be a strategy profile. Let µ be the extension of (µ1,µ2) as

defined above. Take X = A1×A2, and let S be the set of all simple–functions

on X. Define for any bounded function u on X

φ(u) =

∫
(m,n)∈X

u(m,n) dµ.

Define ψ(u) by

ψ(u) =

∫
m∈A1

∫
n∈A2

u(m,n) dµ2 dµ1.

It is straightforward to check that Lemma 3.A.1 applies. This completes the

proof.

We can also reverse the order of integration, the resulting expected utility

function is denoted by U12(µ1,µ2).

Remark 3.3.5. Fix probability charges µ1 ∈ C(A1), µ2 ∈ C(A2) and a bounded

payoff function u. The Fubini-equality is∫
m∈A1

∫
n∈A2

u(m,n) dµ2 dµ1 =
∫
n∈A2

∫
m∈A1

u(m,n) dµ1 dµ2

=

∫
A1×A2

u(m,n) dτ

for any extension τ ∈< µ1,µ2 >.

Fubini’s theorem gives conditions under which the Fubini-equality holds.

However, the following example shows that the Fubini-equality does not hold

in general.

Example 3.3.6. Consider the Wald game again from Example 3.3.1. Take pure

probability charges µ1 ∈ Q(A1) and µ2 ∈ Q(A2). In this case the Fubini-

equality does not hold, since

U21(µ1,µ2) =
∫
m∈A1

0 dµ1 = 0 while U12(µ1,µ2) =
∫
n∈A2

1 dµ2 = 1.

/

3.3.4 All games are different

Thus, a single zero-sum game may generate different expected utility func-

tions. In this section we show that different choices for extensions can result

in different games with charges.
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In general, of course, games induced by different extension functions might

coincide, even though the extension functions are different. An extreme case

are constant-payoff games, where all possible extension functions generate

the same game. However, we have the following observation.

Proposition 3.3.7. Let (µ1,µ2) be a strategy profile. Let κ and µ be two different

extensions of this profile. Then there is a zero-sum game g(u) with U(κ) 6= U(µ).

Proof. Since κ 6= µ, there is a set W with κ(W) 6= µ(W). Let g(u) be the

binary game with winning set W. Then U(κ) = κ(W) 6= µ(W) = U(µ).

For the specific cases of Uo, Up, U21 and U12, we present a zero-sum game

g(u) for which all four extensions are different. More precisely, we present a

binary game g(u) and strategies µ1 ∈ C(N), µ2 ∈ C(N), and κ1 ∈ C(N) with

Up(µ1,µ2) = 0, Uo(µ1,µ2) = 1, U21(µ1,µ2) = U12(µ1,µ2) = 1
2 , U21(κ1,µ2) =

1 and U12(κ1,µ2) = 0. Thus, Uo, Up, U21 and U12 define four different games,

even though they are derived from the same zero-sum game.

Example 3.3.8. Consider the following binary game. Let A1 = A2 = N. When

player 1 plays m and player 2 plays n, the payoff u(m,n) is defined by

u(m,n) =


1 if m > n and m is odd

1 if m 6 n and m is even

0 otherwise.

The game can be represented as follows.

u 1 2 3 4 5 6 . . .

1 1 0 0 0 0 0 . . .

2 0 1 1 1 1 1 . . .

3 1 1 1 0 0 0 . . .

4 0 0 0 1 1 1 . . .

5 1 1 1 1 1 0 . . .

6 0 0 0 0 0 1 . . .
...

...
...

...
...

...
...

. . .

Write E = {m ∈ N : m is even} and O = {m ∈ N : m is odd}. Take a pure

probability charge µ1 for player 1 such that

µ1(E) = µ1(O) =
1

2
. 7

7 By Theorem 3.C.3, we can in fact construct such a pure charge.
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Let µ2 be an arbitrary pure probability charge for player 2. Then for the

double integrals we have

U12(µ1,µ2) =

∫
n∈N

∫
m∈O

u(m,n) dµ1 dµ2 +
∫

n∈N

∫
m∈E

u(m,n) dµ1 dµ2

=

∫
n∈N

∫
m∈O
m>n

1 dµ1 dµ2 +

∫
n∈N

∫
m∈E
m>n

0 dµ1 dµ2

=

∫
n∈N

1

2
dµ2 +

∫
n∈N

0 dµ2 =
1

2
+ 0 =

1

2
.

Similarly,

U21(µ1,µ2) =

∫
m∈O

∫
n∈N

u(m,n) dµ2 dµ1 +
∫

m∈E

∫
n∈N

u(m,n) dµ2 dµ1

=

∫
m∈O

0 dµ1 +

∫
m∈E

1 dµ1 = 0+
1

2
=
1

2
.

We verify that Up(µ1,µ2) = 0. Write

K = {(m,n) ∈N×N : m is even and m 6 n}.

Define, as in Appendix 3.C, α(µ1,µ2)(K) =

sup

{
k∑
i=1

µ1(Ci) · µ2(Di) : Ci ×Di are mutually disjoint, contained in K

}
.

We show that α(µ1,µ2)(K) = 0. Let A× B be a non-empty rectangle with

A× B ⊆ K. We show that µ1(A) · µ2(B) = 0. Suppose that A is infinite. Take

any n ∈ B. Since A is infinite, there is m ∈ A with m > n. Then m > n and

(m,n) ∈ K, which contradicts the definition of K. So, A is finite. Hence, since

µ1 is a pure charge, µ1(A) · µ2(B) = 0. It follows that α(µ1,µ2)(K) = 0.

Now define

L = {(m,n) ∈N×N : m is odd and m > n}.

Since also µ2 is a pure charge, we can show that α(µ1,µ2)(L) = 0. However,

let W denote the winning set of the game. Then W = K ∪ L, so that also

α(µ1,µ2)(W) = 0. The claim that Up(µ1,µ2) = 0 then follows from Proposi-

tion 3.C.5. In the same way we can verify that Uo(µ1,µ2) = 1.

Now, let κ1 be a pure charge with κ1(E) = 1. Again, such a charge exists by

Theorem 3.C.3. Then U21(κ1,µ2) = 1 and U12(κ1,µ2) = 0. /
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Remark. The above example distinguishes our work from the work by

Schervish and Seidenfeld (1996), and Capraro and Scarsini (2013). Those two

articles consider convex combinations of the different orders of integration.

Note that the optimistic and pessimistic approaches are not of that type.

In the above example, U21(µ1,µ2) = U12(µ1,µ2) = 1
2 . So, convex combi-

nations of these two payoff functions also result in a payoff of 12 . But the

pessimistic and optimistic expected payoffs are different in this case, namely

Up(µ1,µ2) = 0 and Uo(µ1,µ2) = 1.

3.4 guarantee level

Thus, a single zero-sum game g(u) generates many different games with

charges. We study the solutions for a few of the more natural and interesting

choices out of the various possibilities.

3.4.1 Definitions

Let g(u) be a zero-sum game. When (µ1,µ2) has a unique extension µ, we

write U(< µ1,µ2 >) instead of U(µ). Now we turn to the definition of a

guarantee level in probability charges. We first briefly discuss the defini-

tion for general extension functions. Let g(u) be a zero-sum game, and let

τ1 : C(A1)× C(A2) → C(A1 ×A2) and τ2 : C(A1)× C(A2) → C(A1 ×A2) be

two extension functions. The resulting game is (Uτ1 ,−Uτ2). 8

Definition 3.4.1. The τ1-guarantee level vτ11 for player 1, and the τ2-guarantee

level vτ22 for player 2 are defined by

vτ11 = sup
µ1∈C(A1)

inf
µ2∈C(A2)

Uτ1(µ1,µ2) and vτ22 = inf
µ2∈C(A2)

sup
µ1∈C(A1)

Uτ2(µ1,µ2).

If the two extension functions coincide, that is τ = τ1 = τ2, and vτ1 = vτ2, then

we say that the τ-value vτ of the resulting game (Uτ,−Uτ) exists.

In the specific cases that we mainly study—optimistic and pessimistic exten-

sions, and double integrals—the definitions look as follows.

8 Thus, given a strategy profile (µ1,µ2), even though the players do not need to have an agree-
ment on the outcome of the game, we still assume that player 1 expects to receive an amount
Uτ1(µ1,µ2), while player 2 expects to pay the amount Uτ2(µ1,µ2).
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Definition 3.4.2. The optimistic guarantee level vo1 for player 1, and the opti-

mistic guarantee level vo2 for player 2 are defined by

vo1 = sup
µ1∈C(A1)

inf
µ2∈C(A2)

Uo(µ1,µ2) and vo2 = inf
µ2∈C(A2)

sup
µ1∈C(A1)

Up(µ1,µ2).

The pessimistic guarantee level vp1 for player 1, and the pessimistic guarantee

level vp2 for player 2 are defined by

v
p
1 = sup

µ1∈C(A1)
inf

µ2∈C(A2)
Up(µ1,µ2) and v

p
2 = inf

µ2∈C(A2)
sup

µ1∈C(A1)
Uo(µ1,µ2).

The 21-guarantee level v21
1 for player 1, and the 21-guarantee level v21

2 for player

2 are defined by

v21
1 = sup

µ1∈C(A1)
inf

µ2∈C(A2)
U21(µ1,µ2) and v21

2 = inf
µ2∈C(A2)

sup
µ1∈C(A1)

U21(µ1,µ2).

In the same way we can define v12
1 and v12

2 . The fact that the pessimistic

guarantee level for player 2 involves Uo and the optimistic guarantee level

involves Up is due to the fact that player 2 still views the amounts specified

by the utility function as payments, not as rewards. 9

3.4.2 Finitistic guarantee levels

We also introduce several guarantee levels that do not originate from exten-

sions of strategy profiles, but from approximations of a (zero-sum) game by

finite games. Let D(Ai) be the set of probability charges (or equivalently, mea-

sures) for player i with finite support. Note that D(Ai) is dense in C(Ai) with

respect to the topology of weak convergence. 10 We define

vd1 = sup
µ1∈D(A1)

inf
µ2∈D(A2)

U(< µ1,µ2 >),

vd2 = inf
µ2∈D(A2)

sup
µ1∈D(A1)

U(< µ1,µ2 >).

9 Note that in this chapter vo1 , vo2 , vp1 and vp2 are guarantee levels defined through charges. In
the next chapter, we will use this notation for guarantee levels defined through countably
additive probability measures, see Section 4.3.

10 Note that this topology is not metrizable, so one needs to work with nets and not only se-
quences.
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For two non-empty finite sets F1 ∈ F(A1) and F2 ∈ F(A2), consider the game

G(F1, F2) in which player 1 is restricted to F1 and player 2 is restricted to F2.

This game has a value, say v(F1, F2). We define

vf1 = sup
F1∈F(A1)

inf
F2∈F(A2)

v(F1, F2) and vf2 = inf
F2∈F(A2)

sup
F1∈F(A1)

v(F1, F2).

3.4.3 The main result

We provide the precise relationship between all guarantee levels defined

above in the following theorem. The result is surprising in the sense that

all guarantee levels appear to coincide, despite the fact that the games from

which they are derived are, in general, all different. The proof of Theorem

3.4.3 can be found in Appendix 3.B, Theorem 3.B.2.

Theorem 3.4.3. Let g(u) be any zero-sum game. The guarantee levels of the players

satisfy

vf1 = v
d
1 = vp1 = vo2 = v21

1 = v21
2 and vf2 = v

d
2 = vp2 = vo1 = v12

2 = v12
1 .

Note that, even though the double integral U21 might differ from the pes-

simistic expected payoff Up, the corresponding guarantee levels for player 1

coincide. That is, v21
1 = vp1 .

We identify a specific class of games for which all guarantee levels in Theorem

3.4.3 coincide. We say that a function is a simple–function when it is a finite lin-

ear combination of indicator functions of sets of the form A×B, with A ⊆ A1
and B ⊆ A2. Harris et al (2005) call a payoff function u : A1 ×A2 → R inte-

grable when u is the uniform limit of simple–functions. An integrable payoff

function’s expected payoff is uniquely defined for any strategy profile. Mari-

nacci (1997) and Harris et al (2005) prove the existence of Nash-equilibrium

in nonzero-sum games with integrable payoff functions.

We have the following result, which extends the classic result of von Neu-

mann (1928).

Corollary 3.4.4. Let g(u) be a zero-sum game, where u is an integrable function.

Then all guarantee levels are equal.
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Proof. For an integrable function, the Fubini-equality (cf. Remark 3.3.5)

holds for any pair of probability charges. For a detailed proof, see Marinacci

(1997), Proposition 3. This implies that v21
1 = v12

1 . The result is now a direct

consequence of Theorem 3.4.3.

This result is also in line with the findings of Harris et al (2005). They show

that, under the condition that the utility functions of an n-person normal

form game are integrable, the resulting game played with charges is uniquely

defined, and admits a Nash equilibrium.

3.4.4 The classical guarantee level

In this subsection we examine the classical guarantee levels of the players,

which are defined through countably additive strategies. We restrict our at-

tention to games where the action spaces of the players are countable. First

we provide a formal definition of these classical guarantee levels, and then in

Theorem 3.4.5 we relate them to the guarantee levels defined through charges

and to the finitistic guarantee levels. As we show, the classical guarantee level

of each player coincides with his pessimistic guarantee level.

Suppose that A1 = A2 = N. A zero-sum game g(u) defined by a bounded

payoff function u : N×N→ R is called countably infinite.11 For this case, the

(classical) guarantee level for player 1 and, respectively, the (classical) guarantee

level for player 2 are defined as

v1 = sup
p1∈∆(A1)

inf
p2∈∆(A2)

U(< p1,p2 >) ,

v2 = inf
p2∈∆(A2)

sup
p1∈∆(A1)

U(< p1,p2 >) .

Theorem 3.4.5. Let g(u) be any countably infinite zero-sum game. The guarantee

levels of the players satisfy

v1 = v
f
1 = v

d
1 = vp1 = vo2 = v21

1 = v21
2 and v2 = v

f
2 = v

d
2 = vp2 = vo1 = v12

2 = v12
1 .

Proof. A. We show that vd1 6 v1. Take µ1 ∈ D(N). Then

inf
µ2∈∆(N)

U(< µ1,µ2 >) = inf
n∈N

U(< µ1, δn >) = inf
µ2∈D(N)

U(< µ1,µ2 >).

11 Note that the choice of N is not relevant, only the cardinality matters. The results hold for
any set with countable cardinality.
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Therefore,

v1 = sup
µ1∈∆(N)

inf
µ2∈∆(N)

U(< µ1,µ2 >)

> sup
µ1∈D(N)

inf
µ2∈∆(N)

U(< µ1,µ2 >)

= sup
µ1∈D(N)

inf
µ2∈D(N)

U(< µ1,µ2 >)

= vd1 .

B. We show that v1 6 v21
1 . Take any p1 ∈ ∆(N) and any µ2 ∈ C(N). Then

by Lemma 3.A.3

U21(p1,µ2) = U(< p1,µ2 >) =

∫
n∈N

∫
m∈N

u(m,n) dp1 dµ2

>
∫
n∈N

(
inf
n∈N

U(< p1, δn >)
)
dµ2

= inf
n∈N

U(< p1, δn >)

= inf
p2∈∆(N)

U(< p1,p2 >).

So, since the last expression does not depend on µ2,

inf
µ2∈C(N)

U21(p1,µ2) > inf
p2∈∆(N)

U(< p1,p2 >).

Hence,

v21
1 = sup

µ1∈C(N)

inf
µ2∈C(N)

U21(µ1,µ2)

> sup
p1∈∆(N)

inf
µ2∈C(N)

U21(p1,µ2)

> sup
p1∈∆(N)

inf
p2∈∆(N)

U(< p1,p2 >)

= v1.

The first half of the assertion now follows from Theorem 3.4.3. The proof of

the second half is similar.

We always have v1 6 v2. Theorem 3.4.5 has the following corollary for the

case when v1 = v2 holds, that is, when the classical value exists.

Corollary 3.4.6. The classical value exists in a countably infinite zero-sum game if

and only if all guarantee levels in Theorem 3.4.5 coincide.
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3.5 optimality

When using countably additive strategies, even though the value of a game

may exist, players may have only approximate optimal strategies. We inves-

tigate to which extent the use of charges guarantees existence of optimal

strategies.

Let g(u) be a zero-sum game, and let τ1 : C(A1)× C(A2) → C(A1 ×A2) and

τ2 : C(A1)×C(A2)→ C(A1×A2) be the extension functions employed by the

respective players. Thus the resulting game is (Uτ1 ,−Uτ2).

Definition 3.5.1. A probability charge µ1 ∈ C(A1) is a τ1-optimal strategy for

player 1 if for all strategies µ2 ∈ C(A2) it holds that

Uτ1(µ1,µ2) > v
τ1
1 .

A probability charge µ2 ∈ C(A2) is a τ2-optimal strategy for player 2 if for all

strategies µ1 ∈ C(A1) it holds that

Uτ2(µ1,µ2) 6 v
τ2
2 .

3.5.1 Optimistic optimality

When player 1 uses Uo to evaluate outcomes, we say that an optimal strategy

for player 1 is optimistic optimal. When player 2 uses −Up to evaluate out-

comes, we say that an optimal strategy for player 2 is optimistic optimal. We

have the following result.

Theorem 3.5.2. Both players have optimistic optimal strategies.

Proof. By Lemma 3.B.1, player 2 has a strategy σ2 ∈ C(A2) such that for

every µ1 ∈ C(A1) it holds that

U21(µ1,σ2) 6 vf1.

Since vf1 = vo2 by Theorem 3.4.3, it follows that σ2 is optimistic optimal for

player 2. The proof for player 1 is similar.

Remark 3.5.3. We show how to construct optimistic optimal strategies di-

rectly. For each k ∈N, let p1k ∈ ∆(A1) be such that, for every p2 ∈ ∆(A2),

U(< p1k,p2 >) > v− 1
k .
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Let µ1 be a pure charge. Define the probability charge κ1 by

κ1(E) =

∫
k∈N

p1k(E)dµ1 for all E ⊆ A1 ×A2.

Let µ2 be any probability charge of player 2. Take a K ∈ N. Then for every

n ∈ A2, ∫
m∈A1

u(m,n)dκ1 =

∫
k∈N

∫
m∈A1

u(m,n) dp1k dµ1

=

∫
k>K

∫
m∈A1

u(m,n) dp1k dµ1

>
∫
k>K

(
v− 1

k

)
dµ1 > v−

1
K .

The first equality comes from Lemma 3.A.2, and the second equality is due

to the fact that µ1({K,K+ 1, . . .}) = 1. Since K was chosen arbitrarily, we find

that ∫
m∈A1

u(m,n) dκ1 > v.

Then for every probability charge µ2 of player 2,

Uo(κ1,µ2) >
∫
n∈A2

∫
m∈A1

u(m,n) dκ1 dµ2 >
∫
n∈A2

v dµ2 = v.

Hence, κ1 is optimistic optimal for player 1. /

Example 3.5.4. Also in zero-sum games that do not have a classical value,

players have optimistic optimal strategies. Consider the Wald game

u 1 2 3 . . .

1 1 0 0 . . .

2 1 1 0 . . .

3 1 1 1 . . .
...

...
...

...
. . .

defined in Example 3.3.1. It is well-known that this game does not have a

classical value, and countably additive optimal strategies do not exist.

We show that vo1 = 1 and that the set of optimistic optimal strategies for

player 1 is exactly the set Q(N) of pure probability charges. Take κ1 ∈ Q(N)

and take any µ2 ∈ C(N). We verify that Uo(κ1,µ2) = 1. Write

W = {(m,n) ∈N×N : m > n}.
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We show that β(κ1,µ2)(K) = 1, where β(κ1,µ2)(K) =

inf

{
k∑
i=1

κ1(Ci) · µ2(Di) : Ci ×Di are mutually disjoint, and cover K

}

as defined in Appendix 3.C. Let A× B be a non-empty rectangle with A×
B ∩W = ∅. We show that κ1(A) · µ2(B) = 0. Suppose that A is infinite. Take

any n ∈ B. Since A is infinite, there is m ∈ A with m > n. Then (m,n) ∈ W,

which contradicts the assumption that A× B∩W = ∅. So, A is finite. Hence,

since µ1 is a pure charge, µ1(A) · µ2(B) = 0. It follows that β(κ1,µ2)(W) = 1.

So, by Proposition 3.C.5 there exists an extension µ of (κ1,µ2) such that

µ(W) = 1. This implies that Uo(κ1,µ2) = 1. Since µ2 ∈ C(N) was chosen

arbitrarily, it follows that vo1 = 1, and κ1 is optimistic optimal for player 1.

Now take µ1 ∈ C(N) with µ1 /∈ Q(N). We show that µ1 is not optimistic

optimal for player 1. Let κ2 ∈ Q(N). Write µ1 = λ · p1 + (1 − λ) · κ1 with

p1 ∈ ∆(N), κ1 ∈ Q(N) and λ > 0. Then

Uo(µ1, κ2) = λ ·Uo(p1, κ2) + (1− λ) ·Uo(κ1, κ2) = (1− λ) ·Uo(κ1, κ2) < 1.

Hence, µ1 is not optimistic optimal for player 1. /

Example 3.5.5. We show that an optimistic optimal strategy may be neither

countably additive nor a pure probability charge, and may have to be a real

mixture of the two.

Again consider the game from Example 3.3.8

u 1 2 3 4 5 6 . . .

1 1 0 0 0 0 0 . . .

2 0 1 1 1 1 1 . . .

3 1 1 1 0 0 0 . . .

4 0 0 0 1 1 1 . . .

5 1 1 1 1 1 0 . . .

6 0 0 0 0 0 1 . . .
...

...
...

...
...

...
...

. . .

First we show that vo2 = 1
2 . Suppose that player 1 plays the first row with

probability 1
2 and the second row with probability 1

2 . Then the expected pay-

off is exactly 1
2 regardless of what player 2 does. So, v1 > 1

2 .
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Conversely, let p ∈ ∆(N) be any countably additive strategy for player 1. Let

ε > 0. Take a number m such that
∑∞
k=m p(k) < ε. Take n with n > m,

and let player 2 play the first column with probability 1
2 and column n with

probability 1
2 . Then the expected payoff for player 1 is at most 12 + ε. These

observations imply that v1 = 1
2 . Hence, by Theorem 3.4.5 also vo2 = 1

2 .

Now notice that for any pure probability charge µ1 with µ1(O) = 1 (where

O stands for the set of odd numbers) and for any countably additive strategy

p2, we have U(< µ1,p2 >) = 1. Hence, countably additive strategies are not

optimistic optimal for player 2.

Next, if player 1 uses the Dirac measure δ2 on action 2, and player 2 uses

a pure probability charge µ2, then U(< δ2,µ2 >) = 1. Hence, an optimistic

optimal strategy for player 2 cannot be a pure probability charge either.

Consequently, any optimistic optimal strategy for player 2 must be a real

mixture of a countably additive strategy and a pure probability charge. For

completeness, we provide an optimistic optimal strategy for player 2. Let

µ2 = 1
2 · δ1 +

1
2 · κ2 where δ1 is the Dirac measure on action 1 and κ is any

pure probability charge on N. Take a strategy µ1 of player 1. We write d1 =∑
m∈N µ1(m), and µ1 = d1p1 + (1− d1)κ1 with p1 ∈ ∆(N) and κ1 ∈ Q(N).

Then

Up(µ1,µ2) = 1
2 · d1 ·U(< p1, δ1 >) + 1

2 · (1− d1) ·U(< κ1, δ1 >)

+ 1
2 · d1 ·U(< p1, κ2 >) + 1

2 · (1− d1) ·U
p(κ1, κ2)

= 1
2 · d1 · p1(O) +

1
2 · (1− d1) · κ1(O)

+12 · d1 · p1(E) +
1
2 · (1− d1) · 0

= 1
2 · d1 +

1
2 · (1− d1) · κ1(O)

6 1
2 · d1 +

1
2 · (1− d1)

= 1
2 .

Here, the inequality follows from κ1(O) 6 1. Since vo2 = 1
2 , the strategy µ2 is

optimistic optimal for player 2. /
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3.5.2 Pessimistic optimality

When player 1 uses Up to evaluate outcomes, we say that an optimal strat-

egy for player 1 is pessimistic optimal. When player 2 uses −Uo to evaluate

outcomes, we say that an optimal strategy for player 2 is pessimistic optimal.

Example 3.5.6. We do not know whether pessimistic optimal strategies al-

ways exist. The game below shows that the set of pessimistic optimal strate-

gies may be non-trivial. We show that in this example pessimistic optimal

strategies exist. However, countably additive strategies are not pessimistic

optimal, and also not every pure charge is pessimistic optimal.

Consider the following binary game. Let A1 = A2 = N and define the payoff

function u by

u(m,n) =

0 if m = n

1 otherwise.

The payoffs are displayed in the following figure.

u 1 2 3 . . .

1 0 1 1 . . .

2 1 0 1 . . .

3 1 1 0 . . .
...

...
...

...
. . .

In this game player 1 has to hide at a certain place m ∈ N. Player 2 wins if

he searches at the place where player 1 is hidden, otherwise player 1 wins.

First we argue that vp1 = 1. Take k ∈ N and consider the countably additive

strategy pk for player 1 such that

pk(m) =

1k if m 6 k

0 otherwise.

It is clear that U(< pk,µ2 >) > k−1
k for every µ2 ∈ C(N). Therefore vp1 = 1

indeed. /

Now notice that no strategy p1 ∈ ∆(N) can be pessimistic optimal for player

1. There exists n ∈ N such that p1(n) > 0, so if player 2 plays the Dirac

measure δn, then U(< p1, δn >) < 1. Also notice that a pure charge µ ∈ Q(N)
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with µ(B) ∈ {0, 1} for all B ⊆N is not pessimistic optimal either, since if player

2 also plays µ, then Up(< µ,µ >) = 0.

Now we define the strategy κ1 for player 1 and show that it is pessimistic

optimal. For k ∈N, and ` ∈N with 1 6 ` 6 2k, define

Ek` =
{
2k ·n+ ` : n ∈N∪ {0}

}
.

There exists a pure charge κ1 with the property that, for all k and `, κ1(Ek` ) =(
1
2

)k
. 12 Suppose player 1 plays charge κ1. Let µ2 be any charge for player 2.

One possible cover of the diagonal is

(E× E)∪ (O×O),

where E is the set of even numbers and O is the set of odd numbers. This

cover has a probability of 12 · µ2(E) +
1
2 · µ2(O) =

1
2 . In general, for fixed k,

2k⋃
`=1

(
Ek` × Ek`

)
covers the diagonal. The probability of this cover is

2k∑
`=1

(
1
2

)k · µ2(Ek` ) = (12)k .

Thus, the infimum of the probabilities of these covers of the diagonal is 0.

This implies that Up(< κ1,µ2 >) = 1. Thus, κ1 is pessimistic optimal for

player 1.

As a final remark, note that, since vp1 = 1, also vo1 = 1. Then, just like in the

Wald game, the set Q(N) of all pure probability charges is the set of optimistic

optimal strategies for player 1. 13 /

We do not know whether pessimistic optimal strategies always exist. For

showing that optimistic optimal strategies exist, both in Theorem 3.5.2 and in

12 Since for each k the collection of sets Ek` is a partition, it is straightforward to define κ1 on the
smallest algebra containing all singletons and all sets Ek` . The existence of such a charge κ1
defined on all subsets of N then follows from Theorem 3.C.3.

13 Also Capraro and Scarsini (2013) analyze this game in Example 6.9 in their paper. Even though
they consider different payoff extensions, they also find that the set of optimal strategies equals
the set of pure charges for this game. Additionally, Pivato (2014) in subsection 4.2 looks at a
game with the same payoff function on pure action profiles, but the players’ mixed strategies
are nonstandard probabilities. He shows in Proposition 8 that if each player plays a uniform
distribution, then this strategy profile is a Nash-equilibrium.
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Remark 3.5.3 we used an argument based on double integrals. More precisely,

in both cases we used the fact that the optimistic payoff for player 1 is the

same or higher than his payoff calculated through double integrals. The same

argument cannot be used for pessimistic optimal strategies. We found games

where pessimistic optimal strategies do exist, but we do not know whether

this is the case in general for all games.

3.5.3 Optimality for double integrals

When player 1 (player 2) uses U21 to evaluate outcomes, we say that an opti-

mal strategy for player 1 (player 2) is 21-optimal. The notion of 12-optimality

can be defined similarly.

Theorem 3.5.7. Player 2 has 21-optimal strategies. Player 1 has 12-optimal strate-

gies.

Proof. The first half of the assertion is an immediate consequence of Lemma

3.B.1 and the fact from Theorem 3.4.3 that vf1 = v21
2 . The proof of the second

half is similar.

Proposition 3.5.8. Let κ1 be a pessimistic optimal strategy for player 1. Then it is

an 21-optimal strategy for player 1. Similarly, if a strategy is pessimistic optimal for

player 2, then it is also 12-optimal for player 2.

Proof. The first half of the assertion is an immediate consequence of Theo-

rem 3.4.3 and the fact that Up 6 U21. The proof of the second half is similar.

3.6 zero-sum games with charges

When both players take the same extension function, the resulting game

with charges is also zero-sum. In this section we analyze when—meaning for

which types of extensions—such a resulting game has a value. The following

two results are both direct consequences of Theorem 3.4.3.

Corollary 3.6.1. Suppose that one player is optimistic, and that the other player is

pessimistic. Then every resulting zero-sum game with charges has a value.
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Corollary 3.6.2. Suppose that player 1 evaluates via U21 and that player 2 evaluates

via −U21. Then every resulting zero-sum game with charges has a value. Similarly,

there is a value, when player 1 evaluates via U12 and player 2 evaluates via −U12.

Thus, when the players agree on a given order of integration as an expected

payoff, for example U21, then any zero-sum game with charges has a value.

This is well-known in the literature. Heath and Sudderth (1972) also show in

Theorem 3 that v21
1 = v21

2 .

It is tempting to think that, whenever the players agree on the extension and

consequently the resulting game is zero-sum, this game automatically has a

value. However, the next example shows this is not true.

Example 3.6.3. Even when the players agree on the extension function, and

the resulting game with charges is zero-sum, the value of the game need not

exist. Again consider the Wald game from Example 3.3.1 with payoff matrix

u 1 2 3 . . .

1 1 0 0 . . .

2 1 1 0 . . .

3 1 1 1 . . .
...

...
...

...
. . .

We construct a total ordering on the set C(N) of probability charges on N.

Take a countable sequence (µk)k∈N of pure probability charges where µk 6=
µn if k 6= n, and write Q = {µk : k ∈ N}. By Axiom of Choice, we can take a

total ordering � of the set C(N)\Q of the remaining probability charges on

N. This total ordering can be extended to the set C(N) of probability charges

on N as follows. For the elements of the sequence, if n > k, then µn � µk.

For any ν ∈ C(N)\Q and for any n ∈ N we define µn � ν. Hence, the total

ordering� of the set C(N) is such that, for every probability charge ν ∈ C(N),

there is a pure probability charge µ ∈ Q with µ � ν.

Next, for any pair of probability charges (µ1,µ2) we define an extension

τ(µ1,µ2) by letting for all K ⊆N

τ(µ1,µ2)(K) =


∫

n∈N

∫
m∈N

IK(m,n) dµ1 dµ2 if µ1 � µ2∫
m∈N

∫
n∈N

IK(m,n) dµ2 dµ1 if µ2 � µ1.
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Note that τ(µ1,µ2) is indeed an extension of (µ1,µ2). When we apply this

extension function to the Wald game, by Lemma 3.3.4 the resulting zero-sum

game on charges is

U(µ1,µ2) =

U12(µ1,µ2) if µ1 � µ2

U21(µ1,µ2) if µ2 � µ1.

Intuitively, if µ1 is equal to µ2 or µ1 is enumerated later than µ2 by �, then

the inner integral is taken with respect the strategy of player 1. As we know,

this favors player 1 in the Wald game. Otherwise, the inner integral is taken

with respect to the strategy of player 2.

Take any µ1 ∈ C(N). Then, by our construction of the total ordering

�, there is a pure charge µ2 such that µ2 � µ1. Then Uτ(µ1,µ2) = 0.

So, supµ1∈C(N) infµ2∈C(N)U
τ(µ1,µ2) = 0. Similarly, one can show that

infµ2∈C(N) supµ1∈C(N)U
τ(µ1,µ2) = 1.

Thus there exists an extension τ(µ1,µ2) for each pair of probability charges

(µ1,µ2) with

sup
µ1∈C(N)

inf
µ2∈C(N)

Uτ(µ1,µ2) < inf
µ2∈C(N)

sup
µ1∈C(N)

Uτ(µ1,µ2).

So, the supremum and the infimum are not interchangeable for τ, and the

value vτ does not exist. /

Example 3.6.4. On the other hand, when both players are optimistic, by The-

orem 3.5.2 both players have optimal strategies. However, the resulting game

need not be a zero-sum game. For example, again consider the Wald game

from Example 3.3.1. Clearly, for every p1 ∈ ∆(N) it holds that

inf
n∈N

u(< p1,n >) = 0.

Hence, v1 = 0. We obtain similarly that v2 = 1. /

3.7 concluding remarks

We studied the effect of using finitely additive probability distributions,

charges, in the context of zero-sum games. Due to the ambiguity associated
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with extending strategy profiles to charges on the space of pure action pro-

files, the use of charges gives rise to several methods to define the guarantee

level of a player.

Specifically, we studied optimistic and pessimistic guarantee levels, and guar-

antee levels associated with double integrals. We showed that the pessimistic

guarantee level for player 1, the optimistic guarantee level for player 2, and

the guarantee levels for both players in which we first integrate with respect

to the strategy of the 2nd player and then with respect to the 1st player, all

coincide. Moreover, these guarantee levels can be calculated by computing

the finitistic guarantee levels.

Thus, when player 1 is optimistic, and player 2 is pessimistic, any resulting

(zero-sum) game has a value. The same holds when both players use the

same order of integration for the approach based on double integrals. We

also proved that players always have optimal strategies with respect to the

optimistic guarantee level.

In conclusion, charges are useful to define the value of an arbitrary zero-sum

game, and optimistic players always have optimal strategies. It is still an open

question whether pessimistic players always have optimal strategies.

In the next chapter we show that there are cases where there can be ambi-

guity associated also with extending strategy profiles to countably additive

probabilities on the space of pure action profiles. We make further use of the

optimistic and pessimistic guarantee levels, and additionally we also vary

other aspects of our model.

3.a tools

Lemma 3.A.1. Let X be a non-empty set. Let F be the set of all bounded functions

f : X→ R. Let S be the set of all simple–functions in F. Let φ : F→ R be a mapping

such that for every f ∈ F

φ(f) = sup{φ(s) : s ∈ S and s 6 f}.

Let ψ : F → R be linear and monotone. Suppose that φ(s) = ψ(s) for all s ∈ S.

Then φ = ψ.
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Proof. For every s ∈ S and f ∈ F with s 6 f we have φ(s) = ψ(s) 6 ψ(f).

Hence, for every f ∈ F

φ(f) = sup{φ(s) : s ∈ S and s 6 f} 6 ψ(f).

Take f ∈ F. We prove φ(f) > ψ(f). Take ε > 0. It is easy to see that there exists

a simple–function s such that s 6 f 6 s+ ε, see Chapter 2. Thus

ψ(f) 6 ψ(s+ ε) = ψ(s) +ψ(ε) = φ(s) + εψ(1) 6 φ(f) + εψ(1).

Since ε > 0 is arbitrary, ψ(f) 6 φ(f).

Lemma 3.A.2. Let X be a non-empty set. Let I be a set of indices. For each k ∈ I,
let µk be a probability charge on X. Let τ be a probability charge on I. Consider the

probability charge σ on X defined by

σ(E) =

∫
k∈I

µk(E) dτ for all E ⊆ X.

Then, for any bounded function f : X→ R,∫
X

f(x)dσ =

∫
k∈I

∫
X

f(x) dµk dτ.

Proof. For any simple–function s : X→ R, where s =
∑m
i=1 ciIFi , we have∫

X

s(x) dσ =

m∑
i=1

ci · σ(Fi) =
m∑
i=1

ci

∫
k∈I

µk(Fi) dτ

=

∫
k∈I

m∑
i=1

ciµk(Fi) dτ

=

∫
k∈I

∫
X

s(x) dµk dτ,

where the first equality is based on the definition of the integral of a simple–

function and the second equality on the definition of σ. In view of Lemma

3.A.1, taking φ(f) =
∫
X f(x)dσ and ψ(f) =

∫
k∈I
∫
X f(x) dµk dτ, the proof is

complete.

For a set A1, let `(A1) be the collection of probability charges p1 ∈ C(A1) for

which there is a sequence of points a11,a21, . . . in A1 and non-negative real

numbers c1, c2, . . . such that p1 =
∑
k c
k · δak1 , where δak1 denotes the Dirac

measure on ak1 . Note that automatically
∑
k c
k = 1. We assume that all points

ak1 are different.
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Lemma 3.A.3. Let p1 ∈ `(A1) and µ2 ∈ C(A2). Then there is a unique µ ∈
C(A1 ×A2) such that µ ∈< p1,µ2 >. Consequently, the Fubini-equality (cf. Re-

mark 3.3.5) holds for the pair (p1,µ2) and any bounded payoff function.

Proof. By Proposition 3.C.5, we know that < p1,µ2 > is not empty. Take

µ ∈< p1,µ2 > and κ ∈< p1,µ2 >. Take a set W ⊆ A1 ×A2. We show that

µ(W) = κ(W).

A. We say that a set R ⊆ A1 ×A2 is a rectangle if there are B1 ⊆ A1 and

B2 ⊆ A2 such that R = B1 × B2. Observe that µ(R) = p1(B1) · µ2(B2) = κ(R)

for all rectangles R.

B. Take any ε > 0. Take K ∈N such that
∑
k>K c

k 6 ε. For k 6 K, define

Bk = {(a1,a2) ∈W : a1 = a
k
1} and B =

⋃
k6K

Bk.

Notice that each Bk is a rectangle. So, µ(Bk) = κ(Bk) for each k. Further, since

all points ak1 are different, B is a finite union of disjoint rectangles Bk, k 6 K.

So, since µ and κ are finitely additive, we also have µ(B) = κ(B).

C. Also define

Z1 = A1 \ {a
k
1 ∈ A1 : k 6 K}

and Z = Z1 ×A2. Then Z is a rectangle, so that µ(Z) = p1(Z1) · µ2(A2) 6
ε · 1 = ε. In the same way we find κ(Z) 6 ε.

D. Now notice that B ⊆ W ⊆ B ∪ Z, and B and Z are disjoint. So, by the

additivity and monotonicity of µ, µ(B) 6 µ(W) 6 µ(B) + µ(Z) 6 µ(B) + ε.

Hence, since κ(B) = µ(B), κ(B) 6 µ(W) 6 κ(B) + ε. However, also κ(B) 6

κ(W) 6 κ(B) + ε. It follows that µ(W) = κ(W).

3.b proof of theorem 3 .4 .3

Lemma 3.B.1. Player 2 has a strategy σ2 ∈ C(A2) such that for every µ1 ∈ C(A1)

we have

U21(µ1,σ2) 6 vf1.

Player 1 has a similar strategy σ1.
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Proof. A. Take F1 ∈ F(A1). Take k ∈ N. By definition of vf1 there is a set

F2k ∈ F(A2) with

v(F1, F2k) 6 vf1 +
1
k .

Let p2k ∈ ∆(F2k) be an optimal strategy for player 2 in the game G(F1, F2k).

Naturally, p2k can also be seen as an element of C(A2).

B. Let λ be any pure probability charge on N. Define a strategy σ2,F1 ∈
C(A2) for player 2 by

σ2,F1(B) =

∫
k∈N

p2k(B) dλ for all B ⊆ A2.

C. For each m ∈ F1, let δm denote the Dirac measure on m. We have

U(< δm,σ2,F1 >) =

∫
n∈A2

u(m,n) dσ2,F1 =

∫
k∈N

∫
n∈A2

u(m,n) dp2k dλ

6
∫
k∈N

(
vf1 +

1

k

)
dλ = vf1. (1)

Here the second equality follows from Lemma 3.A.2 and the definition of

σ2,F1 in part B. The inequality comes from the definition of p2k in part A.

The last equality is a consequence of the fact that λ({1, . . . ,K}) = 0 for every

K ∈N.

D. Let τ be a probability charge as in Lemma 3.C.4 on F(A1). Thus, for

every m ∈ A1 we have

τ({F1 ∈ F(A1) : m ∈ F1}) = 1.

Define a strategy σ2 ∈ C(A2) for player 2 by

σ2(B) =

∫
F1∈F(A1)

σ2,F1(B) dτ for all B ⊆ A2.

E. We show that for every µ1 ∈ C(A1)

U21(µ1,σ2) 6 vf1.

For every m ∈ A1 we have∫
n∈A2

u(m,n) dσ2 =

∫
F1∈F1

∫
n∈A2

u(m,n) dσ2,F1 dτ

=

∫
F1∈F1

U(< δm,σ2,F1 >) dτ

=

∫
F1∈{F∈F1:m∈F}

U(< δm,σ2,F1 >) dτ 6 v
f
1.
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Here the first equality follows from Lemma 3.A.2 and the definition of σ2 in

part D. The third equality holds due to our choice of τ in part D. In the final

step we can use inequality (1) from part A, since now m ∈ F1.

F. Since an integral is monotonic, for any µ1 ∈ C(A1)

U21(µ1,σ2) =
∫
m∈A1

∫
n∈A2

u(m,n) dσ2 dµ1 6
∫
m∈A1

vf1 dµ1 = v
f
1.

This concludes the proof.

Theorem 3.B.2. Let u be any zero-sum game. The guarantee levels of the players

satisfy

vf1 = v
d
1 = vp1 = vo2 = v21

1 = v21
2 and vf2 = v

d
2 = vp2 = vo1 = v12

2 = v12
1 .

Moreover, if σ1 and σ2 are strategies as in Lemma 3.B.1, then σ1 is optimistic

optimal for player 1, and σ2 is optimistic optimal for player 2.

Proof. First we show that vp1 6 v
o
2 6 v

f
1. Then we show that vf1 6 v

d
1 6 v

p
1 6

v21
1 6 v

21
2 6 v

f
1, and that σ2 is optimistic optimal for player 2.

A. We show that vp1 6 v
o
2 . It is clear from the definitions that vp1 6 v

o
2 .

B. We show that vo2 6 v
f
1. Let σ2 ∈ C(A2) be a strategy for player 2 as in

Lemma 3.B.1. Then, for every µ1 ∈ C(A1) we have

Up(µ1,σ2) 6 U21(µ1,σ2) 6 vf1.

Therefore,

vo2 = inf
µ2∈C(A2)

sup
µ1∈C(A1)

Up(µ1,µ2) 6 sup
µ1∈C(A1)

Up(µ1,σ2) 6 vf1.

C. We show that vf1 6 v
d
1 . Take F1 ∈ F(A1). Then

sup
µ1∈∆(F1)

inf
µ2∈D(A2)

U(< µ1,µ2 >) = sup
µ1∈∆(F1)

inf
n∈A2

U(< µ1, δn >)

> inf
F2∈F2

sup
µ1∈∆(F1)

inf
n∈F2

U(< µ1, δn >)

= inf
F2∈F2

w(F1, F2).

Hence, vd1 > v
f
1.

D. We show that vd1 6 v
p
1 . Take a p1 ∈ D(A1) and a µ2 ∈ C(A2). Let δn

denote the Dirac measure on n ∈ A2. Then

U(< p1,µ2 >) =
∫
n∈A2

U(< p1, δn >) dµ2 > inf
n∈A2

U(< p1, δn >).
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We used the fact that, since p1 ∈ `(A1), the extension for (p1,µ2) is unique

by Lemma 3.A.3. So,

inf
µ2∈C(A1)

U(< p1,µ2 >) > inf
n∈A2

U(< p1, δn >) > inf
p2∈D(A2)

U(< p1,p2 >).

It follows that

sup
p1∈D(A1)

inf
µ2∈C(A2)

U(< p1,µ2 >) > sup
p1∈D(A1)

inf
p2∈D(A2)

U(< p1,p2 >) = vd1 .

So,

v
p
1 = sup

µ1∈C(A1)
inf

µ2∈C(A2)
Up(µ1,µ2) > sup

p1∈D(A1)

inf
µ2∈C(A2)

Up(p1,µ2) > vd1 .

E. We show that vp1 6 v
21
1 . Let µ1 ∈ C(A1) and µ2 ∈ C(A2) be two probabil-

ity charges. We know from Lemma 3.3.4 that the probability charge κ defined

by

κ(E) =

∫
m∈A1

∫
n∈A2

IE(m,n) dµ2 dµ1 for all E ⊆N

is an extension of the strategy profile (µ1,µ2), and that by definition

U21(µ1,µ2) = U(κ). Hence, by definition of Up(µ1,µ2), we have Up(µ1,µ2) 6

U(κ) = U21(µ1,µ2). So,

v
p
1 = sup

µ1∈C(A1)
inf

µ2∈C(A2)
Up(µ1,µ2) 6 sup

µ1∈C(A1)
inf

µ2∈C(A2)
U21(µ1,µ2) 6 v21

1 .

F. We argue that v21
1 6 v

21
2 . It is clear from the definitions that v21

1 6 v
21
2 .

G. We argue that v21
2 6 v

f
1. It follows from Lemma 3.B.1 that v21

2 6 v
f
1.

H. Hence, v1 = vf1 = vd1 = v
p
1 = vo2 = v21

1 = v21
2 . It now follows from

Lemma 3.B.1 that σ2 is optimistic optimal for player 2.

3.c existence of charges

A collection F of subsets of a non-empty set X is called a algebra if:

[1] ∅ ∈ F

[2] if A ∈ F then X \A ∈ F and

[3] if A1, . . . ,An are elements of F, then
n⋃
i=1

Ai ∈ F.
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The following observation can be found as 1.(ii) on page 268 in Loś and

Marczewski (1949).

Lemma 3.C.1. Let F be an algebra on X, and let E ⊆ X be given. There exists a

smallest algebra F(E) that contains both E and all elements of F. Moreover,

S ∈ F(E)⇔ there are A,B ∈ F with S = (A∩ E)∪ (B \ E).

Proof. Suppose that F 6= 2X and E /∈ F. It is clear that a smallest algebra

F(E) exists that contains both E and all elements of F. It is also clear that all

elements of the form (A∩ E)∪ (B \ E) with A,B ∈ F are contained in F(E).

Define the set G by

S ∈ G⇔ there are A,B ∈ F with S = (A∩ E)∪ (B \ E).

We show that G is an algebra that contains both E and all elements of F. Then

F(E) ⊆ G, which concludes the proof.

We show that F ⊆ G and E ∈ G. Take C ∈ F. Then, by choosing A = B = C,

we see that C ∈ G. So, F ⊆ G. Further, by choosing A = X, B = ∅, we see that

E ∈ G.

We show that G is an algebra. Clearly, ∅ ∈ G. Take S ∈ G. Take A,B ∈ F with

S = (A ∩ E) ∪ (B \ E). Then X \ S = (Ac ∩ E) ∪ (Bc \ E). Since F is an algebra,

we know that Ac,Bc ∈ F, and we can conclude that X \ S ∈ G.

Take S1, . . . ,Sn ∈ G. Take Ak,Bk ∈ F with Sk = (Ak ∩ E)∪ (Bk \ E). Then⋃
k

Sk =

[(⋃
k

Ak

)
∩ E

]
∪

[(⋃
k

Bk

)
\ E

]
.

Since F is an algebra,
⋃
kAk,

⋃
k Bk ∈ F. Hence,

⋃
k Sk ∈ G.

A function µ : F → [0, 1] is called a charge on F if µ(X) = 1, and µ(A ∪ B) =
µ(A)+µ(B) for all disjoint sets A,B ∈ F. In particular µ(∅) = 0 for any charge

µ.

Take E ⊆ X. A charge ν on F(E) is called an extension to F(E) of a charge µ

on F if ν(A) = µ(A) for all A ∈ F. Take Y ⊂ X.

α(µ)(Y) = sup {µ(A) : A ∈ F,A ⊆ Y} and β(µ)(Y) = inf {µ(B) : B ∈ F, Y ⊆ B} .

Clearly α(µ)(Y) 6 β(µ)(Y). The following observation, which we prove for

completeness, follows from Theorem 2 in Loś and Marczewski (1949).
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Lemma 3.C.2. Let F be an algebra, and let µ be a charge on F. Let E ∈ 2X and

r ∈ R with α(µ)(E) 6 r 6 β(µ)(E). Then there exists an extension ν of µ to F(E)

such that ν(E) = r.

Proof. We show there exists a charge ν on F(E) with ν(A) = µ(A) for all

A ∈ F and ν(E) = r.

A. We first define an extension νwith ν(E) = α(µ)(E). Define ν : F(E)→ R

as follows. Take S ∈ F(E). Take A,B ∈ F with S = (A∩ E)∪ (B \ E). Define

ν(S) = α(µ)(A∩ E) + µ(B) −α(µ)(B∩ E).

A1 We show that this is a valid definition. Take A′,B′ ∈ F with S =

(A′ ∩ E)∪ (B′ \ E). Then A∩ E = A′ ∩ E. So, clearly

α(µ)(A∩ E) = α(µ)(A′ ∩ E).

Also B \ E = B′ \ E. Write H = B \ B′ and J = B′ \ B. Then H, J ∈ F. So,

µ(B) − µ(H) = µ(B∩B′) = µ(B′) − µ(J). Hence, it remains to show that

α(µ)(B∩ E) − µ(H) = α(µ)(B′ ∩ E) − µ(J).

Take D ∈ F with D ⊆ B ∩ E. Write G = D \H. Then G ∪ J ∈ F, and G ∪ J ⊆
B′ ∩ E. So,

µ(D) − µ(H) 6 µ(G∪H) − µ(H)
= µ(G) + µ(H) − µ(H)

= µ(G) + µ(J) − µ(J)

= µ(G∪ J) − µ(J)
6 α(µ)(B′ ∩ E) − µ(J).

This shows that

α(µ)(B∩ E) − µ(H) 6 α(µ)(B′ ∩ E) − µ(J).

The reverse inequality follows similarly. This shows that the definition of ν is

sound.

A2. Take F ∈ F. We show that ν(F) = µ(F). Take A = B = F. Then

ν(F) = α(µ)(A∩ E) + µ(B) −α(µ)(B∩ E) = µ(B) = µ(F).
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We show that ν(E) = α(µ)(E). Take A = X and B = ∅. Then

ν(E) = α(µ)(X∩ E) + µ(∅) −α(µ)(∅ ∩ E) = α(µ)(E).

A3. Take two sets A and B in F for which A ∩ E and B ∩ E are disjoint.

We show that α(µ)(A ∩ E) + α(µ)(B ∩ E) = α(µ)((A ∪ B) ∩ E). It is clear that

α(µ)(A∩ E) +α(µ)(B∩ E) 6 α(µ)((A∪B)∩ E). We show the reverse inequal-

ity. Take a C ∈ F with C ⊆ (A ∪ B) ∩ E). Define U = C ∩A and V = C ∩ B.

Then U,V ∈ F, U∩ V = ∅, and C = U∪ V . So,

µ(C) = µ(U) + µ(V) 6 α(µ)(A∩ E) +α(µ)(B∩ E).

This completes the proof.

A4. We show that ν is additive on F(E). Take two disjoint sets S and T in

F(E). We show that ν(S) + ν(T) = ν(S∪ T). Take sets A,B,C,D ∈ F such that

S = (A∩ E)∪ (B \ E) and T = (C∩ E)∪ (D \ E). First note that

S∪ T = ((A∪C)∩ E)∪ ((B∪D) \ E).

Note that A ∩ E and C ∩ E are disjoint. Moreover, B and D can be chosen in

such a way that B∩D = ∅. Then, using A3,

ν(S) + ν(T) = α(µ)(A∩ E) + µ(B) −α(B∩ E)
+α(µ)(C∩ E) + µ(D) −α(D∩ E)

= α(µ)((A∪C)∩ E) + µ(B∪D) −α((B∪D)∩ E)
= ν(S∪ T).

B. In the same way we can construct κ on G with κ(E) = β(µ)(E). Taking a

convex combination shows that we can find a ν on G with ν(E) = r.

Let 2X denote the collection of subsets of X. Note that 2X is an algebra. Let µ

be a charge on F. An extension of µ is a charge ν on 2X with ν(A) = µ(A) for

all A ∈ F. Let µ be an extension of (µ1,µ2). By monotonicity of µ,

α(µ)(E) 6 µ(E) 6 β(µ)(E)

for every set E ∈ 2X×X.

Theorem 3.C.3. Assume Axiom of Choice. Let F be an algebra, and let µ be a charge

on F. Let E ∈ 2X and r ∈ R with α(µ)(E) 6 r 6 β(µ)(E). Then there exists an

extension ν of µ such that ν(E) = r.



42

Proof. The statement now follows from Lemma 3.C.2 and the Lemma of

Zorn.

Corollary 3.C.4. Let Ω be a non-empty set. Let F denote the collection of all finite

subsets of Ω. Then there is a probability charge τ on F such that for every ω ∈ Ω

τ({F ∈ F : ω ∈ F}) = 1.

Proof. Take F,G ∈ F. Define

V[F,G] = {H ∈ F : F ⊆ H and G∩H = ∅}.

Let V be the collection of all finite unions of such sets V[F,G]. This collection

is an algebra. Moreover, define τ on V as the linear extension of

τ(V[F,G]) =

1 if G = ∅

0 otherwise.

Then τ is a probability charge on V. The result now follows directly from

Theorem 3.C.3.

For probability charges µ1 ∈ C(A1) and µ2 ∈ C(A2) and a set E ∈ 2A1×A2 ,
we define α(µ1,µ2)(E) =

sup

{
k∑
i=1

µ1(Ci) · µ2(Di) : Ci ×Di are mutually disjoint, contained in E

}
,

and β(µ1,µ2)(E) =

inf

{
k∑
i=1

µ1(Ci) · µ2(Di) : Ci ×Di are mutually disjoint, and cover E

}
.

Clearly, α(µ1,µ2)(E) 6 β(µ1,µ2)(E). Let µ be an extension of (µ1,µ2). By

monotonicity of µ,

α(µ1,µ2)(E) 6 µ(E) 6 β(µ1,µ2)(E)

for every set E ∈ 2A1×A2 .

Proposition 3.C.5. Let µ1 ∈ C(A1) and µ2 ∈ C(A2). Let E ∈ 2A1×A2 and r ∈ R

with α(µ1,µ2)(E) 6 r 6 β(µ1,µ2)(E). Then there exists an extension µ of (µ1,µ2)

such that µ(E) = r.



4
C AT C H G A M E S - T H E I M PA C T O F M O D E L I N G

D E C I S I O N S

4.1 introduction

In the previous chapter we considered a fairly large set of zero-sum games.

This chapter is a study of catch games, a class of two-person zero sum games

with infinite action spaces. We use this class of games to highlight the effects

of modeling decisions on the guarantee levels of the players, and hence on

the existence of the value of the game. Catch games and similar games are

used for example to compute optimal strategies in games of pursuit, or to

study tactics of evasion. Besides that, modeling questions similar to the ones

in catch games can arise in any economic model where the players’ action

spaces are assumed to be infinite.

catch games A catch game is a game played by two players. Player

1 chooses an action of a given infinite set A of actions. An action a ∈ A is

interpreted as a location for player 1 to hide. Player 2 simultaneously selects a

finite set b ⊆ A of possible locations. The interpretation is that player 2 checks

finitely many possible locations for the presence of player 1. The collection of

actions of player 2 is denoted by B. Player 1 wins the game if his choice a ∈ A
of location is not an element of the finite set b ∈ B of locations that player 2

selects to check. Thus, player 1 wins if a /∈ b. Otherwise, when a ∈ b, player

1 gets caught, and player 2 wins the game. Notice that the game is entirely

specified by the choice of the action set A of player 1.

Players are assumed to use mixed strategies. In order to model this assump-

tion, each of the sets A and B is endowed with a sigma-algebra, F(A) and

F(B), respectively. Player 1 selects an element of the set of probability mea-

sures on F(A), and player 2 selects an element of the set of probability mea-

sures on F(B). The result of these choices is evaluated by means of computa-

tion of expected payoffs, which is identical to the probability of success, with

43
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respect to outer measure. The main questions in this chapter revolve around

the possible set of mixed strategies and the corresponding guarantee levels,

which are calculated through the expected payoffs.

optimistic versus pessimistic evaluation In this context, we con-

sider two possible attitudes for each player. An optimistic player 1 maximizes

the probability that a /∈ b, i.e. that player 1 avoids player 2. A pessimistic

player 1 minimizes the probability that a ∈ b, i.e. that player 2 catches player

1.

Since we compute outer measures, these two attitudes are not identical. It

may happen that in a catch game an optimistic player 1 thinks he can suc-

cessfully, with probability 1, avoid player 2, while in the same catch game a

pessimistic player 1 thinks that, with probability 1, player 2 is able to catch

player 1.

the central results Our first central result, Theorem 4.4.1, states that

player 2, both in the optimistic and the pessimistic case, thinks that player 1

will win the game. Our central result for player 1, Theorem 4.4.2, considers

three exhaustive and mutually exclusive cases.

Case [1]. In this case F(A) admits only trivial probability measures. Player

1, both in the optimistic and in the pessimistic case, thinks that player 2 will

win the game. Consequently, the game does not have a value.

Case [2]. In this case, there exists a non-trivial probability measure on F(A)

that does not have any atoms. Player 1, both in the optimistic and in the

pessimistic case, thinks that player 1 will win the game. Consequently, the

value of the game is 1.

Case [3]. In this case there exist non-trivial probability measures on F(A), but

each such measure has an atom. The optimistic player 1 thinks that he will

win the game, so that the value of the game is 1.

On the remaining situation, case [3], and player 1 being pessimistic, we only

have a partial result, Theorem 4.4.6. We have an example of sigma-algebras

F(A) and F(B) that fall within the context of case [3] in which a pessimistic

player 1 thinks that player 2 will win the game. Thus, here a pessimistic player

1 disagrees with the optimistic player 1.
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Among the three cases and the two different attitudes not only the guaran-

tee levels of player 1 vary, but also his sets of optimal strategies are quite

different.

the consequences The modeling decisions we study affect the collec-

tion of mixed strategies available to the players, and hence have influence on

which case is realized. The decisions we vary are as follows.

[1] The choice of sigma-algebra on which mixed strategies are defined.

[2] Optimistic versus pessimistic players.

[3] The set theoretic setting in which we execute our analysis.

Each of these decisions determines in which of the three above cases we end

up. Thus, the guarantee levels change when we change our modeling deci-

sion. Apart from these modeling decisions, which take place in the setting

of countably additive strategies, we also analyze the effect on the guarantee

levels of the players when the players use finitely additive strategies instead

of countably additive strategies. Thus, the fourth modeling decision we vary

is as follows.

[4] Countably additive strategies versus finitely additive strategies.

We first briefly discuss the possible effects of each modeling decision, under

the assumption that players use countably additive strategies.

[1] Different sigma-algebras may allow different types of strategies. For exam-

ple, in the partial result in case [3], the only non-trivial probability measures

that the sigma-algebra F(A) allows are atomic. In this case, a pessimistic

player 1 thinks player 2 wins the game. However, in the case where A = [0, 1],

we can extend F(A) to the Borel sigma-algebra B(A). Since the Lebesgue

measure is an atomless probability measure on B(A), that would put us in

case [2], where a pessimistic player 1 thinks he wins the game.

[2] The attitude (pessimistic or optimistic) of player 1 affects the guarantee

level of player 1, and thus the existence of the value, in case [3].

[3] The set theoretic setting may also affect which case we end up in. For

each of the three cases, we have a collection of set theoretic axioms that force

the game to be in that specific case. We will provide an example where the
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action set A = [0, 1] and the sigma algebra F(A) is its power set. This is a

rather natural setting and even so, player 1’s guarantee levels can be quite

different, 0 or 1, depending on the assumed set theoretic axioms. (see Section

4.5)

[4] Finally, we study the case where players use finitely additive probabilities

as mixed strategies, under the assumption that both have the power set as

sigma-algebra. Both the guarantee level of a pessimistic player 1 and the

guarantee level of an optimistic player 2 are equal to zero. However, the

guarantee levels of an optimistic player 1 and a pessimistic player 2 are both

equal to one. Thus, when one player is optimistic, and the other is pessimistic,

the value of the game exists. Evidently, these results are in stark contrast to

the countably additive case discussed earlier. (see Section 4.6)

structure of the chapter In Section 4.2 we discuss some preliminar-

ies. In Section 4.3 we define catch games and the solution concepts that we

study. In Section 4.4, we present our main results. The proofs are given in

Appendix 4.A. In Section 4.5 we show how set theoretic assumptions affect

our results, and provide some examples to illustrate the different cases in

our main theorem. In Section 4.6 we report our results for the finitely addi-

tive setup, and compare those to the countably additive setup. In Section 4.7

we briefly argue that our requirements on the sigma-algebras F(A) and F(B)

are fairly mild.

related literature Instances of catch games have previously been

considered—mainly as illustrative examples—see Example 3.5.6, Capraro and

Scarsini (2013) and Pivato (2014). A related line of literature is on hide-

and-seek games, which often have a dynamic flavor where the seeker has

to develop a search strategy to detect the hider. Applications of hide-and-

seek games can be found in for example Crawford and Iriberri (2007) and

Rubinstein-Tversky (1996). Other classes of related games are for example

search games (Isaacs (1965)), Stackelberg security games (Kiekintveld et al

(2009)) and patrolling games (Abaffy et al (2014)).

Interplay between set theory and game theory Our paper is not the first

paper where game theory and set theory interact. Set theory plays an impor-

tant role in several game theoretic papers. For example, Prikry and Sudderth
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(2016) derive properties of the guarantee levels in certain zero sum games

from descriptive set theory. Zame (2007) also investigated the relationship

between economic theory and set theory, when he showed that the existence

of an ethical preference relation is independent of a certain collection of set

theoretic axioms. An ethical preference relation is a formalisation of equal re-

gard of all individuals in an intergenerational model. This model can also be

interpreted as a repeated game. Peters and Vermeulen (2012) show that the

set of bargaining solutions satisfying a certain collection of properties differs

when assuming the Axiom of Determinacy compared to assuming the Axiom

of Choice.

Conversely, there is a line of research where game theory is used for set the-

oretic purposes. For example, the determinacy of Gale-Stewart games (Gale

and Stewart (1953)) has implications in set theory, see Kechris (1995), p. 138-

139 and Martin (1975). Similarly, topological games such as Banach-Mazur

games, Oxtoby (1980), p. 27, also have applications in set theory.

Finite additivity For related literature on finitely additivity probabilities,

see Chapter 1. In addition, for related literature on finitely additive strategies

in games, see Chapter 3.

4.2 preliminaries

For a set A, we write 2A to denote the collection of all subsets of A. For a

finite set A, |A| denotes the number of elements of A.

Let S be a non-empty set and let F denote a sigma-algebra on S. A func-

tion p : F → [0,∞) is called countably additive if for all collections {Ei}
∞
i=1 of

pairwise disjoint sets in F it holds that

p

( ∞⋃
i=1

Ei

)
=

∞∑
i=1

p(Ei) .

A measure on S is a countably additive function p such that p(S) > 0. A

measure p is called a probability measure if p(S) = 1. We denote by ∆(S) the

set of all probability measures on S. Let p ∈ ∆(S). A set A ∈ F is called an

atom of p if

[1] p(A) > 0, and
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[2] there is no set B ∈ F such that B ⊂ A with 0 < p(B) < p(A).

If a measure has no atoms, then it is called atomless. Suppose that {s} ∈ F for

every s ∈ S. A measure p is called non-trivial if p({s}) = 0 for every s ∈ S.

Note that an atomless measure is non-trivial.

Consider two non-empty sets S and T . Let F(S) be a sigma-algebra on S and

let F(T) be a sigma-algebra on T . A set Z ⊆ S× T is called a rectangle if there

are sets A ∈ F(S) and B ∈ F(T) such that Z = A× B. We write Z1 = A and

Z2 = B.

A collection {Zi}∞i=1 is a cover of X ⊆ S× T if

[1] for each i ∈N, the set Zi is a rectangle in S× T , and

[2] X ⊆
∞⋃
i=1

Zi.

Let p1 ∈ ∆(S), p2 ∈ ∆(T) and X ⊆ S× T . The outer measure < p1,p2 > (X) of

X with respect to (p1,p2) is defined by

< p1,p2 > (X) = inf

{ ∞∑
i=1

p1(Z
i
1) · p2(Zi2) : {Zi}∞i=1 is a cover of X

}
.

Note that for a rectangle Z ⊆ S× T we have < p1,p2 > (Z) = p1(Z1) · p2(Z2).

In this chapter we do not always assume the Axiom of Choice, and when we

do, we explicitly mention it.

4.3 catch games

This chapter is a study of catch games. A catch game is defined as follows. Let

A be an infinite set, and let B be the set consisting of all finite subsets of A.

Consider the zero-sum game in which player 1 chooses an action a from A,

and simultaneously, player 2 chooses an action b from B. The payoff is 0 if

a ∈ b, i.e. when player 2 catches player 1, and 1 if a 6∈ b. Player 2 pays the

payoff to player 1. Thus, the winning set of player 1 in a catch game is

W1 = {(a,b) ∈ A×B : a /∈ b}.

Similarly W2 = {(a,b) ∈ A×B : a ∈ b} is the winning set for player 2. 1 Note

that a catch game is a type of binary game, as defined in Section 3.3.

1 When A is finite, the whole set A is an action for player 2, and he can win by choosing this
action. Therefore we restrict our attention to cases where A is infinite.
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sigma-algebras We endowA and Bwith sigma-algebras F(A) and F(B),

respectively. For our results we need various minimum requirements on F(A)

and F(B). Therefore we first briefly discuss the requirements we need. For the

interested reader, in Section 4.7 we discuss our requirements on the sigma-

algebras F(A) and F(B) in more detail, and argue that our conditions are rel-

atively mild, in the sense that they allow for many different sigma-algebras.

Condition [A] For every a ∈ A, {a} ∈ F(A).

We explain the condition on F(B) we use in the chapter. For any m ∈ N, let

Bm be the set of actions b for player 2 with |b| = m. Let I be a finite subset of

A, and let m ∈N. We define

Q(I,m) = {b ∈ Bm : I is a subset of b} .

Condition [B] For any choice of I and m, Q(I,m) ∈ F(B).

Condition [B] has the following basic, but useful, consequences.

[B1] For every m, Bm ∈ F(B). To see this, take I = ∅.

[B2] For every a ∈ A, B(a) = {b ∈ B : a ∈ b} ∈ F(B). To see this, take I = {a}

and any m ∈ N. Then Q(I,m) = {b ∈ Bm : a ∈ b}. Hence, B(a) is the

union over all m of the sets Q(I,m).

[B3] For every c ∈ B, {c} ∈ F(B). To see this, take I = c and m = |c|. Then,

for an arbitrary b ∈ B, we have that b ∈ Q(I,m) precisely when b is

a set with |c| elements that contains c. This implies that b = c, so that

Q(I,m) = {c}. Hence, {c} ∈ F(B).

Conditions [A] and [B] are assumed throughout this chapter. Therefore, we

do not mention their validity explicitly. Notice that [B1] and [B2] together are

equivalent to [B], as Q(∅,m) = Bm, and

Q(I,m) = Bm
⋂[⋂

a∈I
B(a)

]
.

We sometimes need a stronger condition on F(B). Let D be any subset of A,

and let k ∈N∪ {0}. We define

Y(D,k) = {b ∈ B : D∩ b has exactly k elements } .



50

Condition [C] For any choice of D ∈ F(A), and any k, Y(D,k) ∈ F(B).

Notice that condition [C] implies condition [B]. To see this, first notice that

Y(A,m) = Bm. Hence, for any finite I and m ∈ N, Q(I,m) = Y(I, |I|) ∩
Y(A,m).

guarantee levels We examine 4 different guarantee levels for a catch

game. Let F(A) and F(B) be fixed. The set of mixed strategies for player 1 is

∆(A), and the set of mixed strategies for player 2 is ∆(B). Write p =< p1,p2 >

for the outer measure defined by p1 and p2. We define

vo1 := sup
p1∈∆(A)

inf
p2∈∆(B)

p(W1) (2)

v
p
1 := sup

p1∈∆(A)

inf
p2∈∆(B)

[1− p(W2)] (3)

v
p
2 := inf

p2∈∆(B)
sup

p1∈∆(A)

p(W1) (4)

vo2 := inf
p2∈∆(B)

sup
p1∈∆(A)

[1− p(W2)]. (5)

In the definition of these guarantee levels the superscript p stands for pes-

simistic and superscript o stands for optimistic. 2 The subscript in the no-

tation for these levels indicates which player is under consideration. Thus

subscript 1 indicates guarantee levels for the payoff to player 1, and subscript

2 indicates guarantee levels for the payoff of player 2. 3

Remarks. A few comments on these definitions are in order here.

[1] Notice that W1 ∪W2 = A × B. So, it follows immediately from the

definition of outer measure that

< p1,p2 > (W1)+ < p1,p2 > (W2) > 1

for any p1 ∈ ∆(A) and p2 ∈ ∆(B). Hence, vo1 > v
p
1 and vp2 > v

o
2 .

[2] Let F(A×B) denote the sigma-algebra induced by the rectangles of

the product space A× B. Based on Carathéodory’s extension theorem,

any two probability measures p1 ∈ ∆(A) and p2 ∈ ∆(B) generate

2 The guarantee level vo1 is considered to be a more optimistic assessment by player 1 than vp1
because vo1 > v

p
1 .

3 Note that in this chapter vo1 , vp1 , vp2 and vo2 are defined through countably additive strategies,
while in the previous chapter this notation was used for guarantee levels defined through
finitely additive strategies, see Definition 3.4.2.
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a unique probability measure p over elements of F(A×B). Hence, if

W1 ∈ F(A×B), then p(W1) + p(W2) = 1. In that case, vp1 = vo1 and

v
p
2 = vo2 .

[3] When player 1 is optimistic and player 2 is pessimistic, the resulting

game is zero-sum, just like the original game (in pure strategies). Nat-

urally, this also holds when player 1 is pessimistic and player 2 is op-

timistic. However, when both players are optimistic or both are pes-

simistic, the game in mixed strategies need not be zero-sum anymore.

optimal strategies A strategy p1 ∈ ∆(A) is optimistic optimal for player

1 if

< p1,p2 > (W1) > vo1

for all p2 ∈ ∆(B). Similarly, p1 is pessimistic optimal for player 1 if

1− < p1,p2 > (W2) > vp1

for all p2 ∈ ∆(B). For player 2, a strategy p2 ∈ ∆(B) is pessimistic optimal if

for all strategies p1 ∈ ∆(A) it holds that < p1,p2 > (W1) 6 vp2 . Strategy p2
is optimistic optimal for player 2 if for all strategies p1 ∈ ∆(A) it holds that

1− < p1,p2 > (W2) 6 vo2 .

4.4 the main results

In this section we present our main results. The proofs of the main results,

Theorems 4.4.1, 4.4.2, and 4.4.6, can be found in Appendix 4.A. As a reminder

we note that throughout this section we assume that F(A) satisfies condition

[A], and F(B) satisfies condition [B]. The first result states that the guarantee

levels for player 2 are always equal to 1.

Theorem 4.4.1. The guarantee levels for player 2 are vp2 = vo2 = 1. In both cases

(optimistic and pessimistic), any strategy of player 2 is optimal.

The analysis of the guarantee levels for player 1 requires more effort. We dis-

tinguish three cases, in which the levels for player 1 may differ. It is peculiar

that the pessimistic and optimistic approach can make a difference only in

one case.
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Theorem 4.4.2. For player 1, we distinguish three exhaustive but mutually exclu-

sive settings.

[1] Suppose there exists no non-trivial measure on F(A). Then vp1 = vo1 = 0. In

both cases (optimistic and pessimistic), any strategy of player 1 is optimal.

[2] Suppose there exists an atomless measure on F(A). Assume condition [C].

Then vp1 = vo1 = 1. In both cases (optimistic and pessimistic), any atomless

probability measure is optimal for player 1.

[3] Suppose there is a non-trivial measure on F(A), but each non-trivial measure

has an atom. Then vo1 = 1. Moreover, any non-trivial {0, 1}-valued probability

measure on A is optimistic optimal for player 1.

The following table summarizes the results for player 1’s guarantee levels in

Theorem 4.4.2:

v
p
1 vo1

Case [1] No non-trivial measure on F(A) 0 0

Case [2] Atomless measure on F(A) 1 1

Case [3] Non-trivial measure on F(A), and each has an atom ? 1

Thus, the guarantee levels of player 1 depend on what type of (probability)

measures player 1’s action space A admits. For each case, we present an

example. In the first two examples we do not specify the sigma-algebra F(B),

we only require that the conditions from Section 4.3 are satisfied. In Example

3 we need an additional requirement on F(B).

Example 4.4.3. Take A = N and F(A) = 2N. Since A = N is countable, F(A)

does not admit a non-trivial measure. So, this example belongs to case [1].

Hence, vp1 = vo1 = 0. �

Example 4.4.4. Take A = [0, 1]. Let F(A) = M be the collection of Lebesgue

measurable subsets of [0, 1]. Then, the Lebesgue measure is an atomless mea-

sure on M. So, this example belongs to case [2]. Hence, vp1 = vo1 = 1. �

Example 4.4.5. Take A = [0, 1]. Let F(A) consist of all subsets of A = [0, 1]

that are at most countable, together with their complements. In Lemma 4.A.1

it is shown that this example falls under case [3]. Hence, vo1 = 1, and the
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unique non-trivial probability measure on F(A) is the only optimistic optimal

strategy for player 1. �

Remark. The value of a game exists when the guarantee levels for the two

players coincide. In finite games the value always exists, but for infinite games

this is not necessarily so. Since in catch games the guarantee level for player

2 is always 1, the value exists when player 1’s guarantee level is also 1. So

the value exists in a catch game in case [2], and in case [3] when player 1 is

optimistic.

In general, the guarantee level of vp1 for a pessimistic player 1 remains an

open problem in case [3]. We briefly discuss a partial result. We assume that

A is uncountable. 4 The sigma-algebra F(A) on A that consists of all subsets

of A that are at most countable, together with their complements is called

the minimal sigma-algebra on A. Note that the minimal sigma-algebra on A

satisfies condition [A].

For the pessimistic case, we have the following partial result.

Theorem 4.4.6. Let A be uncountable. Let F(A) be the minimal sigma-algebra on

A. Let F(B) be the smallest sigma-algebra that satisfies condition [B]. Then vp1 = 0.

Moreover, any strategy is pessimistic optimal for player 1.

We conclude that in case [3] the optimistic and pessimistic guarantee levels

for player 1 may differ. We conjecture that vp1 = 0 is valid in general in case

[3].

4.5 consequences from set theory

In this section we discuss the consequences of set theory on player 1’s guar-

antee levels in our main theorem. In Theorem 4.4.2 we distinguished three

exhaustive but mutually exclusive cases depending on what type of (proba-

bility) measures player 1’s action set A admits. Our examples showed that

different choices for F(A) may change the case we end up in.

In this section we fix the choice of sigma-algebra for player 1 to F(A) = 2A.

Thus, the case distinctions now boil down to the question of existence of

4 Note that for countable sets A we are automatically in case [1]. Moreover, then the guarantee
levels are the classical guarantee levels from Section 3.4.4.
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certain types of probability measures defined on the entire power set of A. In

this section we provide more details. For each case, we present well-known

axioms from set theory that force our model to be in that specific case. The

definitions of the various axioms can be found in Appendix 4.C. In subsection

4.5.4 we provide an example to illustrate our results in this section.

4.5.1 Case [A]

In case [A] we assume the Zermelo-Fraenkel axioms ZF, plus the axiom of

constructability V = L. We show that under these conditions, 2A belongs to

case [1] for any set A. It can be shown that, if ZF is consistent, then ZF plus

“V = L” is consistent.

Theorem 4.5.1. Assume the axiom of constructability V = L. Then there exists no

non-trivial measure on 2A. Hence

v
p
1 = vo1 = 0.

Proof. Let A be any infinite set. We show that there exists no non-trivial

measure on 2A. Suppose the opposite. Take the smallest cardinal κ on which

a non-trivial measure µ exists. Thus, κ 6 card(A).

Suppose first that κ > 2ℵ0 . By corollary 10.7 in Jech (2006), κ is a real-valued

measurable cardinal. Hence, by corollary 10.10 in Jech (2006), κ is simply a

measurable cardinal. This is however impossible in view of Scott’s theorem

(Jech (2006), Theorem 17.1), which states that under the assumption of the

axiom of constructability V = L, there is no measurable cardinal.

So, κ 6 2ℵ0 . Then, the measure µ can be extended to a non-trivial measure

µ̄ on 2ℵ0 . This is however impossible. Based on Gödel’s theorem (Jech (2006),

Theorem 13.20) under the assumption of the axiom of constructability V = L,

the generalized continuum hypothesis holds: 2ℵα = ℵα+1 for every ordinal α.

Banach and Kuratowski showed that under the assumption of the continuum

hypothesis 2ℵ0 = ℵ1, there exists no non-trivial measure on the continuum

2ℵ0 , i.e. on any set having the same cardinality as [0, 1] (Jech (2006), pp. 133

and 138).

We conclude that there exists no non-trivial measure on 2A. Thus, we are in

case [1] of Theorem 4.4.2. Hence, vp1 = vo1 = 0.
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Remark. We briefly mention that F(A) = 2A falls under case [1] when A is

countable, and when A is a subset of R or Rn, provided that the continuum

hypothesis CH is valid.

4.5.2 Case [B]

In case [B] we assume the Zermelo-Fraenkel axioms ZF plus the axiom of

determinacy AD. We show that, under these conditions 2A belongs to case

[2] for any set A whose cardinality exceeds, or equals, the cardinality of R.
5 Woodin showed that the consistency of ZF+AD is equivalent to the consis-

tency of ZF plus the statement that infinitely many Woodin cardinals exist.

Theorem 4.5.2. Assume the axiom of determinacy AD. Let A be such that the

cardinality of A is at least the cardinality of [0, 1]. Then there exists an atomless

measure on 2A. Hence

v
p
1 = vo1 = 1.

Proof. Let A be any infinite set with a cardinality at least the cardinality

[0, 1]. By the axiom of determinacy, 2[0,1] = M. So, the Lebesgue measure is

an atomless probability measure on 2[0,1]. Since the cardinality of A is at least

the cardinality of [0, 1], we can extend this measure to a measure on 2A.

Remark. It is known that the existence of an atomless measure (on any 2A) is

equivalent to the existence of a countably additive extension of the Lebesgue

measure to all sets of the real numbers.

4.5.3 Case [C]

In case [C] we assume ZFC (ZF plus AC), existence of a measurable cardinal

MC, and the continuum hypothesis CH. In this case we show that 2A belongs

to case [3], whenever the cardinality of A is larger or equal to the cardinality

of a measurable cardinal. In ZF plus MC it can be shown that ZF is consis-

tent. It was shown by Lévy and Solovay (1967) that if ZFM (ZF plus MC) is

consistent, then ZFM plus CH is consistent.

5 The cardinality of X is at least the cardinality of Y if there exists a one-to-one map from Y to
X.
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Theorem 4.5.3. Assume ZFC and CH. Also assume MC, so there exists a measur-

able cardinal α. Let A be such that card(A) > α. Then there exists a non-trivial

measure on 2A, and each such measure has an atom. Hence

vo1 = 1.

Proof. We show that 2A belongs to case [3]. Since α is a measurable cardinal,

and card(A) > α, it follows that there is a non-trivial probability measure on

2A. Let µ be such a non-trivial probability measure on 2A. We show that µ

has an atom.

Suppose that µ does not have an atom. Lemma 10.9 of Jech (2006) states

that, if there is an atomless non-trivial σ-additive measure on A, then there

exists a non-trivial countably additive measure on some cardinal κ 6 2ℵ0 . So,

there exists a non-trivial measure on some κ 6 2ℵ0 . Since by CH we have

that 2ℵ0 = ℵ1 = ω1, this implies that there exists a non-trivial measure on

ω1. This however contradicts Lemma 10.13 in Jech (2006). This concludes the

proof.

4.5.4 An example

This section can be considered to be a simpler, illustrative version of the

preceding discussion. We explain how the various set theoretic settings affect

the analysis for the specific case A = [0, 1] and F(A) = 2A.

Example 4.5.4. Take A = [0, 1] and F(A) = 2A = 2[0,1].

[A] Assume ZF and the axiom of constructibility V = L. Then, based on

Theorem 4.5.1, 2A belongs to case [1]. So, vp1 = vo1 = 0. Note that, in this

setting, also AC is valid, so that 2A 6= M.

[B] Assume ZF and AD. Then, it follows from Mycielski-Świerczkowski

(1964) that 2[0,1] = M. So, we are in fact in the situation of Example 2.

It follows that vp1 = vo1 = 1.

[C] Assume ZFC and CH. Suppose that there exists a non-trivial measure

on 2[0,1]. Then there exists a non-trivial measure on 2ℵ0 . Banach and

Kuratowski showed that this implies that 2ℵ0 > ℵ1. This violates CH.
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Hence, under these assumptions, 2A does not belong to case [3], but to

case [1].

This ends our discussion of the example. �

4.6 finitely additive strategies

In this section we will compare the setup with countable additivity with that

of finite additivity. For more on finite additivity, see the Related literature

sections of Chapters 1 and 3.

We show that the guarantee levels defined using finitely additive strategies

differ from those specified in Theorems 4.4.1 and 4.4.2, where the player used

countably additive strategies. We restrict our analysis to the case where the

sigma-algebra equals the power set of the action space.

Let S be a non-empty set. A probability charge on S is a function µ : 2S → [0, 1]

such that µ(S) = 1, and for all disjoint sets E, F ∈ 2S it holds that µ(E ∪ F) =
µ(E) + µ(F). We denote by C(S) the set of all probability charges on 2S. If S is

infinite and we assume the Axiom of Choice, the set of (countably additive)

probability measures ∆(S) is a strict subset of C(S). For more on probability

charges, see Chapter 2.

We can define an outer measure for probability charges very similarly to

how it was carried out in the Preliminaries. However, in this case we would

use only finite covers instead of countable ones. Furthermore, the guarantee

levels can be defined similarly to Section 4.3, but now the set of strategies for

player 1 is C(A), and the set of strategies for player 2 is C(B). We denote the 4

guarantee levels defined through probability charges by wp1 ,wo1 ,wp2 and wo2 ,

which are special cases of Definition 3.4.2. The following result follows from

Theorems 3.4.3 and 3.5.2.

Theorem 4.6.1. Assume the Axiom of Choice. The guarantee levels in finitely addi-

tive strategies are

w
p
1 = wo2 = 0 and wo1 = wp2 = 1.

Both players have pessimistic and optimistic optimal strategies.

So optimal strategies always exist, independent of assuming finitely or count-

ably additive strategies.
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However, the guarantee levels differ drastically between the two different

models. The finitely additive guarantee levels are 0 when the definition of

a guarantee level considers 1 minus the outer-measure of W2 (equations (3)

and (5)), and the guarantee levels are 1 when the definition considers the

outer-measure of W1 (equations (2) and (4)). Thus the finitely additive guar-

antee levels of a player depend on whether we take the pessimistic or the

optimistic approach.

Also note that, when the players agree on how to compute expected payoffs—

that is, when one player is pessimistic and the other player is optimistic—in

the finitely additive case, the players agree on the value of the game. This in

stark contrast to for example, case [1] of the countably additive setup, where

both players think that their opponent will win, even when they agree on

how to compute expected payoffs.

4.7 remarks on our requirements for the sigma-algebras

In this section, we briefly examine how demanding conditions [A], [B], and

[C] are. We argue that conditions [A] and [B] are relatively mild, while con-

dition [C] is more demanding.

We start with condition [A] on F(A). The condition requires that all single-

ton sets are in F(A). This is a relatively mild condition. It is for example

satisfied by any sigma-algebra that includes a Hausdorff topology. Thus, any

Borel sigma-algebra induced by such a topology, as well as the familiar sigma-

algebra M on R satisfy this condition. One of the consequences of this condi-

tion - from a game theoretic perspective - is that it allows for pure strategies.

In order to argue that condition [B] on F(B) is mild, we need a bit more

terminology.

A subset L of B is called a layer if there is a finite subset F of A such that

L = {F∪ {a} : a ∈ A \ F}.

Remarks. Note that every finite set F defines a (unique) layer. Moreover, if

L is a layer generated by F, then L ⊆ Bm with m = |F|+ 1. Also note that

B1 is a layer (for F = ∅), and that condition [B] implies that every layer is an

element of F(B).
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A set C ⊆ B is minimalistic if for every layer L, either L ∩C is at most count-

able, or L \C is at most countable.

Condition [M] For every C ∈ F(B), C is minimalistic.

We have the following result. The proof can be found in Appendix 4.A.

Lemma 4.7.1. Let F(B) be the smallest sigma-algebra that satisfies condition [B].

Then F(B) satisfies condition [M].

Thus, no element of the smallest sigma-algebra that satisfies condition [B]

will split a layer into two uncountable sets. In this sense, F(B) only contains

a limited collection of subsets of B.

Remark. Suppose that F(A) is not minimal. Then any sigma-algebra F(B)

that satisfies condition [C] automatically violates condition [M]. To see this,

since F(A) is not minimal, F(A) contains an uncountable set D whose com-

plement is also uncountable. 6 Then Y(D, 1) ∈ F(B) by [C]. However, L = B1

is a layer—for F = ∅—while both Y(D, 1)∩ L and L \ Y(D, 1) are uncountable.

Hence, Y(D, 1) is not minimalistic.

Hence, when F(A) is not minimal, the smallest sigma-algebra that satisfies

condition [B] does not satisfy condition [C]. The smallest sigma-algebra that

satisfies condition [B] is a strict subset of any sigma-algebra that satisfies

condition [C]. Nevertheless, given F(A), also condition [C] still leaves some

flexibility for the choice of F(B). For a set D ⊆ A, write

D∗ = {{a} : a ∈ D}.

Let F(B) be the smallest sigma-algebra that satisfies condition [C]. Then

{E ⊆ B1 : E ∈ F(B)} = {D∗ : D ∈ F(A)}.

Thus, the restriction of F(B) to B1 is “identical” to F(A).

4.8 concluding remarks

We examined a class of zero-sum games, catch games, in which the guarantee

levels are quite varied. The countably additive levels depend on many details

6 This statement is not entirely innocuous. Showing the existence of such a set D for any given
uncountable set A requires Lemma of Zorn, hence AC. In our case it follows though from the
assumption that F(A) is not minimal.
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of the model, including the cardinality of the action set, the sigma-algebra

defined on the action set, and on set theoretic axioms.

At first sight, when A is infinite, as player 2 can only choose finite subsets of

A, it would seem that player 2 has an impossible task. We showed that this

speculation is just partly justified, and the situation is more complex than

first intuition might suggest.

We distinguished three cases. In case [1] player 1 only has trivial strategies.

This makes it easier to catch him, which is reflected in his guarantee levels

being 0, signifying that player 1 expects to be caught. Paradoxically, player 2

disagrees, and thinks player 1 will win the game.

In case [2] player 1 has atomless measures, which is more favorable when

trying not to be caught. The guarantee levels for player 1 are 1 in this case.

So, both players expect player 1 to win the game.

Case 3 is an intermediate case. The optimistic guarantee level for player 1 is

again 1. We also established that vp1 = 0 for a specific type of sigma-algebra.

In general, it remains an open problem to determine vp1 for this case.

The situation changes again when we consider finitely additive strategies.

In this case the guarantee levels of the players are driven by the extension

(pessimistic or optimistic) we take. When player 1 is optimistic, and player 2

is pessimistic, the value of the game is 1. So, both players expect player 1 to

win the game. When player 1 is pessimistic, and player 2 is optimistic, both

players expect player 2 to win the game.

Thus, we should be cautious with claims about the value of a zero-sum game.

As we argued, the value, its size, and even its existence, may depend on many

details in our choices regarding which model to select.

In economic theory there is an abundance of models with infinite action

spaces. Modeling the mixed strategies of players in this case is not trivial,

since similar questions can be raised to the ones presented in this chapter. In

our examples the exact model of mixed strategies significantly changed the

prediction, both in terms of the value of the game and in terms of optimal

strategies.
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In the previous chapter we considered bounded payoff functions, and we

focused on different ways of defining finitely additive values and comparing

them to each other. We only briefly discussed countably additive guarantee

levels, only in Section 3.4.4. In this chapter we considered a subset of zero-

sum games, and we only considered the pessimistic and optimistic guarantee

levels from Chapter 3. We focused on the countably additive guarantee levels

and varied them in different ways.

In this chapter and the previous one we considered two-player simultaneous-

move games where different models of probabilities can have an effect on

the value of the game, because players have infinite action spaces. In the next

chapter we consider one-player games—decision problems—with infinitely

many time periods, where interesting cases can arise already with finitely

many actions.

4.a the proofs of theorems 4 .4 .1 and 4 .4 .2

In this section we provide the proofs of our main theorems. Throughout this

section, we assume that F(A) satisfies condition [A]. So, {a} ∈ F(A) for every

a ∈ A. Also, unless explicitly stated otherwise, F(B) satisfies condition [B].

Thus, Q(I,m) ∈ F(B) for any choice of I and m.

A. The guarantee levels for player 2 We prove the following theorem.

Theorem. The guarantee levels for player 2 are vp2 = vo2 = 1. In both cases (opti-

mistic and pessimistic), any strategy of player 2 is optimal.

Proof. We show that

v
p
2 = vo2 = 1.

Since vo2 6 v
p
2 , it is sufficient to prove that vo2 = 1. Take an arbitrary k ∈ N.

We prove that vo2 > 1−
1
k . For this purpose, take a p2 ∈ ∆(B). We construct a

p1 ∈ ∆(A) such that

1− < p1,p2 > (W2) > 1− 1
k .

For m ∈N, write Cm = B1 ∪ · · · ∪Bm. By condition [B1], Cm ∈ F(B) for each

m. Choose m ∈N such that

p2(Cm) > 1− 1
2k .
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Since A is infinite, we can choose a sequence a1, . . . ,a2km of 2km different

elements of A. Since by condition [A] singleton sets are elements of F(A), we

can define

p1 =
1

2km
· δa1 + . . .+

1

2km
· δa2km ,

where δa denotes the Dirac measure on A. We show that < p1,p2 > (W2) 6
1
k .

Let A∗ = {a1, . . . ,a2km}. For each I ⊆ A∗ with |I| 6 m, we define R(I) in

A × Cm as follows. Define R(I)1 = I ∪ (A \ A∗), and R(I)2 = {b ∈ Cm :

b∩A∗ = I}. Define

R(I) = R(I)1 × R(I)2.

By condition [B], since

R(I)2 = Cm
⋂(⋃

a∈I
B(a)

)
\

 ⋃
a∈A∗\I

B(a)

 ,

we have that R(I)2 ∈ F(B). Also, since singleton sets are in F(A), it follows

that R(I)1 ∈ F(A). So, R(I) is a rectangle. Let R denote the set of all such sets

R(I) for each choice of I. Clearly, R is finite. We prove the following claim.

Claim. The collection R∪ {A× (B \Cm)} is a cover of W2.

Proof of claim. Take an (a,b) ∈W2 ∩ (A×Cm). Then a ∈ b. Take I = b∩A∗.
Note that, since b ∈ Cm, the set I has at most m elements. Consider the

rectangle R(I) ∈ R. We argue that (a,b) ∈ R(I). Clearly,

b ∈ {b ∈ Cm : b∩A∗ = I}

by definition of I. We argue that a ∈ I ∪ (A \A∗). Suppose that a /∈ I. Then,

since a ∈ b, a /∈ A∗. So, a ∈ A \A∗. End proof of claim. �

We continue to prove that < p1,p2 > (W2) 6 1
k . By the choice of m, we have

< p1,p2 > (A× (B \Cm)) = p1(A) · p2(B \Cm) 6 1
2k .

Next, take R(I) ∈ R. Define k(I) = p2(R(I)2). Then

< p1,p2 > (R(I)) = p1(R(I)1) · p2(R(I)2) = p1(I) · k(I)

6 m · 1
2km · k(I) =

1
2k · k(I).
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Also, let I be the collection of subsets I of A∗ with |I| 6 m. Then the collection

{R(I)2}I∈I constitutes a finite partition of Cm. Indeed, b ∈ R(I)2 precisely

when I = b∩A∗. Hence, using the above claim, and the fact that∑
I∈I

k(I) = p2(Cm) 6 1,

we have that

< p1,p2 > (W2) 6 < p1,p2 > (A× (B \Cm)) +
∑
I∈I

< p1,p2 > (R(I))

6 1
2k +

∑
I∈I

1
2k · k(I)

6 1
2k + 1

2k = 1
k

Since the guarantee levels for player 2 are 1, any probability measure p2 ∈
∆(B) is automatically pessimistic and optimistic optimal for player 2.

B. The guarantee levels for player 1 in case [1] In this section, we assume

that there exists no non-trivial measure on F(A). We also only need condition

[B3] on F(B) instead of [B].

Theorem. Assume that there exists no non-trivial measure on F(A). Then

v
p
1 = vo1 = 0.

In both cases (optimistic and pessimistic), any strategy of player 1 is optimal.

Proof. Since there exists no non-trivial measure on F(A), by Lemma 4.B.1,

every strategy of player 1 has a countable support. Take a p1 ∈ ∆(A) and

let C be the countable support for p1. Let ε > 0. Take a finite subset D ⊆ C
such that p1(D) > 1− ε. By condition [B3], {D} ∈ F(B). So, δD ∈ ∆(B), and

< p1, δD > (W1) 6 ε. Hence

inf
p2∈∆(B)

< p1,p2 > (W1) = 0.

Therefore vo1 = 0, which implies that vp1 = 0 as well. Since these levels for

player 1 are 0, it follows that all probability measures p1 ∈ ∆(A) are pes-

simistic and optimistic optimal for player 1.

C. The guarantee levels for player 1 in case [2] In this section, assume

condition [C]. We also assume that there is an atomless measure on F(A).
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Theorem. Assume condition [C]. Further assume that there is an atomless measure

on F(A). Then

v
p
1 = vo1 = 1.

In both the optimistic and the pessimistic case, any atomless probability measure is

optimal for player 1.

Proof. Let p1 be any atomless probability measure on A. It is sufficient to

prove that vp1 = 1. Thus, it is sufficient to prove that < p1,p2 > (W2) = 0 for

every p2 ∈ ∆(B). Take any p2 ∈ ∆(B) and k ∈N. We prove that

< p1,p2 > (W2) 6 1
k .

For everym ∈N, by Theorem 4.B.2 there exists a partition A = {A1m, . . . ,Akmm }

of A such that p1(Aim) = 1
km for each i = 1, . . . ,km.

For a vector g = (g(1), . . . ,g(km)) whose coordinates are non-negative inte-

gers, write

X(g,m) =
⋃

` : g(`)>0

A`m,

Y(g,m) = {b ∈ Bm : b∩A`m has g(`) elements for every ` = 1, . . . ,km},

and

Z(g,m) = X(g,m)× Y(g,m).

For fixed m, let Z(m) denote the collection of all such sets Z(g,m), and let

Z denote the collection of all sets Z(g,m). Clearly, Z(m) is finite, and Z is

countable. We note the following facts.

[1] Z is a cover of W2. We first show that each Z(g,m) is a rectangle. Since

X(g,m) is a union of sets A`m, it follows that X(g,m) ∈ F(A). Also, since

Y(g,m) is the intersection of Bm with sets of the form Y(A`m,g(`)), it

follows from condition [C] that Y(g,m) ∈ F(B).

Next, take any (a,b) ∈W2. Define m = |b|. Define g by g(`) = |b∩A`m|.

Then b ∈ Y(g,m). Further, take ` with a ∈ A`m. Since (a,b) ∈ W2,

we know that a ∈ b. So g(`) > 0. Thus, a ∈ X(g,m). It follows that

(a,b) ∈ Z(g,m). Hence, the sets Z(g,m) cover W2.

[2] For any non-empty set Z(g,m) ∈ Z we have

p1(X(g,m)) =
∑

`:g(`)>0

p1(A
`
m) 6 m · 1km = 1

k .
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[3] For fixed m, the sets Y(g,m) constitute a partition of Bm. To see this,

note that for b ∈ Bm, b ∈ Y(g,m) precisely when each g(`) is the

number of elements of b∩A`m.

Using the properties above, we compute that

< p1,p2 > (W2) 6
∑

Z(g,m)∈Z

< p1,p2 > (Z(g,m))

=
∑
m

∑
Z(g,m)∈Z(m)

p1(X(g,m)) · p2(Y(g,m))

6
∑
m

1

k
·

∑
Z(g,m)∈Z(m)

p2(Y(g,m))

=
∑
m

1

k
· p2(Bm) =

1

k
.

It also follows that p1 is pessimistic, and hence optimistic, optimal for player

1.

D. The guarantee levels for player 1 in case [3] In this section we assume

that there is a non-trivial measure on F(A), but each such measure has an

atom.

Theorem. Assume that there is a non-trivial measure on F(A), but each such mea-

sure has an atom. Then

vo1 = 1.

Moreover, any non-trivial {0, 1}-valued measure on F(A) is optimistic optimal for

player 1.

Proof. Let p1 be a non-trivial probability measure on F(A). By our assump-

tion, it has an atom, say T . Let q1 be the probability measure on F(A) defined

by

q1(E) =
p1(E∩ T)
p1(T)

for every E ∈ F(A). Note that q1 is non-trivial and {0, 1}-valued.

We prove that vo1 = 1. In particular, we show that < q1,p2 > (W1) = 1 for

every p2 ∈ ∆(B). Take any p2 ∈ ∆(B). Let {Zi}i∈N be a cover of W1. We prove

that ∑
i∈N

< q1,p2 > (Zi) = 1.

The proof is in three parts.
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A. Let

E = {i ∈N : q1(Z
i
1) = 1} and P =

⋂
i∈E

Zi1 ∩

⋂
i/∈E

(A \Zi1)

 .

We argue that q1(P) = 1. First note that q1(A \Zi1) = 0 for all i ∈ E. However,

since q1 is a {0, 1}-valued measure, we also have q1(Zi1) = 0 for all i /∈ E. It

follows that q1(A \ P) = 0, so that q1(P) = 1.

B. Write

Q =
⋃
i∈E

Zi2.

We argue that Q = B. Suppose there is a fixed c ∈ B with c /∈ Q. We derive a

contradiction.

Take any a ∈ P. Take i ∈ E. Then, since c /∈ Q, also c /∈ Zi2. It follows that

(a, c) /∈ Zi. Take i /∈ E. Then, since a ∈ P, a /∈ Zi1. So, also in this case,

(a, c) /∈ Zi. We conclude that (a, c) /∈ Zi for every i ∈ N. This implies that

(a, c) /∈W1. It follows that a ∈ c. So, P ⊆ c.

However, as q1 is non-trivial and q1(P) = 1, the set P is uncountable, hence

infinite. This contradicts the fact that c is a finite subset of A.

C. Therefore, we obtain∑
i∈N

< q1,p2 > (Zi) =
∑
i∈N

q1(Z
i
1) ·p2(Zi2) =

∑
i∈E

p2(Z
i
2) > p2(Q) = p2(B) = 1.

This completes the proof that vo1 = 1. It also implies that q1 is an optimistic

optimal strategy for player 1.

E. The proofs for the partial result in Theorem 4.4.6. Let F(A) be the

minimal sigma-algebra on A. Define q1 on F(A) by, for every E ∈ F(A),

q1(E) =

0 if E is at most countable

1 otherwise.

Notice that q1 is a non-trivial probability measure for which each uncount-

able E ∈ F(A) is an atom. We start with the following observation.

Lemma 4.A.1. The probability measure q1 is the unique non-trivial probability

measure on F(A). Hence, F(A) falls in case [3].
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Proof. We already observed that q1 is a non-trivial measure on F(A). Let

p1 be any non-trivial probability measure on F(A). Then p1(E) = 0 = q1(E)

for every E ∈ F(A) that is at most countable. Since F(A) is minimal, it follows

that p1 = q1.

Lemma. Let F(B) be the smallest sigma-algebra that satisfies condition [B]. Then

F(B) satisfies condition [M].

Proof of Lemma 4.7.1. The proof is in four parts.

A. Take any non-empty set Q(I,m). We show that Q(I,m) is minimalistic.

Take a finite subset F. Let L be the layer associated with F. Take b ∈ L ∩
Q(I,m). Then there is a ∈ A \ F with b = F ∪ {a}, |F| = m− 1, and I ⊆ b. If

a ∈ I. Then L ∩Q(I,m) = {b}. So, L ∩Q(I,m) is at most countable. If a /∈ I.
Then I ⊆ F, so that L ⊆ Q(I,m). In that case L \Q(I,m) is empty, hence at

most countable.

B. Let C1,C2, . . . be a sequence of minimalistic subsets of B. Write C =⋃
nCn. We argue that C is also minimalistic. Let L be any layer. If for each n

it holds that L∩Cn is at most countable, then also L∩C is at most countable.

If on the other hand there is an n such that L \Cn is at most countable, then

clearly also L \C is at most countable.

C. Let C be a minimalistic subset of B. Then also B \C is minimalistic, as

for every layer L, L∩ (B \C) = L \C and L \ (B \C) = L∩C.

D. Our claim now follows from the observation that the smallest sigma-

algebra that satisfies condition [B] can be constructed by building the count-

able Borel hierarchy starting with the collection of sets Q(I,m).

Theorem. Let A be uncountable. Let F(A) be the minimal sigma-algebra on A.

Let F(B) be the smallest sigma-algebra that satisfies condition [B]. Then vp1 = 0.

Moreover, any strategy is pessimistic optimal for player 1.

Proof of Theorem 4.4.6. Let p1 ∈ ∆(A) be a strategy of player 1. We have to

show that

inf
p2∈∆(B)

[1− < p1,p2 > (W2)] = 0, or, equivalently,

sup
p2∈∆(B)

< p1,p2 > (W2) = 1.
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By Lemma 4.B.1 and Lemma 4.A.1 there are a countable set I ⊆ A and coeffi-

cients d > 0 and ca > 0 for a ∈ I such that

p1 = d · q1 + (1− d) ·
∑
a∈I

ca · δa,

where q1 is the unique non-trivial probability measure on F(A). Take any

ε > 0. Take a finite set F ⊆ I such that
∑
a/∈F ca < ε. If d = 0, then for p2 = δF

it holds that < p1,p2 > (W2) > 1− ε.

We assume that d > 0. Let L be the layer associated with F. For a set C ∈ F(B),

define

C∗ = {a ∈ A : F∪ {a} ∈ L∩C}.

Note that C∗ = {a ∈ A \ F : F∪ {a} ∈ C}.

A. We show that C∗ ∈ F(A). Since, by Lemma 4.7.1, F(B) satisfies condition

[M], either L ∩C is at most countable, or L \C is at most countable. If L ∩C
is at most countable, it follows that C∗ is at most countable. In this case, by

condition [A], C∗ ∈ F(A). If L \C is at most countable, the set

D = {a ∈ A : F∪ {a} ∈ L \C}

is at most countable. So, also in this case C∗ = A \ (D ∪ F) is an element of

F(A).

B. Thus, we can define p2 by, for every C ∈ F(B), p2(C) = q1(C∗). Then

p2(B) = q1(B∗) = q1(A \ F) = 1. Further, if C1,C2, . . . is a sequence of mutu-

ally disjoint sets in F(B), then C1∗,C2∗, . . . are mutually disjoint sets in F(A).

So,∑
k

p2(Ck) =
∑
k

q1(Ck∗) = q1

[⋃
k

Ck∗

]
= q1

[(⋃
k

Ck

)
∗

]
= p2

(⋃
k

Ck

)
.

Hence, p2 is a probability measure on F(B).

C. We show that < p1,p2 > (W2) > 1− ε. Notice that

U = {(a, F∪ {a}) : a ∈ A \ F} and V = {(c, F∪ {a}) : c ∈ F and a ∈ A \ F}

are subsets of W2. Thus, it suffices to show that < p1,p2 > (U∪ V) > 1− ε.

C1. We first argue that

< p1,p2 > (U∪ V) =< p1,p2 > (U)+ < p1,p2 > (V).



69

Clearly

< p1,p2 > (U∪ V) 6< p1,p2 > (U)+ < p1,p2 > (V).

We show the reverse inequality. Notice that V = F× L. Let {Zi}i∈N be a cover

of U ∪ V . Let Zi = Zi1 × Zi2 be a rectangle in the cover. Define Gi1 = Zi1 ∩ F,
Hi1 = Z

i
1 \ F, and Hi2 = Z

i
2 ∩ L.

Notice that F ∈ F(A), and L = Q(F, |F|+ 1) ∈ F(B). So, Gi1 ∈ F(A), Hi1 ∈ F(A),

and Hi2 ∈ F(B).

Moreover, Gi1 ×Hi2 and Hi1 ×Hi2 are disjoint subsets of Zi. Also, if (a, F ∪
{a}) ∈ U, then (a, F ∪ {a}) ∈ Hi1 ×Hi2. If (a, F ∪ {a}) ∈ V , then (a, F ∪ {a}) ∈
Gi1 ×Hi2.

C2. We show that < p1,p2 > (V) = (1− d) · (1− ε). We already observed

that V = F× L. Moreover, F ∈ F(A), and L = Q(F, |F|+ 1) ∈ F(B). So,

< p1,p2 > (V) = p1(F) · p2(L) = p1(F) · q1(A \ F)

= (1− d) ·

[∑
a∈F

ca

]
· 1 > (1− d) · (1− ε).

C3. It remains to show that < p1,p2 > (U) > d. Let {Zi}i∈N be a cover

of U = {(a, F ∪ {a}) : a ∈ A \ F}. Let Zi = Zi1 × Zi2 be a rectangle in the cover.

Define

Yi1 = {a ∈ A \ F : (a, F∪ {a}) ∈ Zi} and Yi2 = {F∪ {a} : a ∈ Yi1}.

Clearly, Yi1 is a subset of Zi1 and Yi2 is a subset of Zi2.

Claim. It holds that Yi2 ∈ F(B) and Yi1 ∈ F(A).

We first show that Yi2 ∈ F(B). Write Ji2 = {F∪ {a} : a ∈ Zi1}. Then Yi2 = Ji2 \ {F}.

Thus, by condition [B3], it suffices to show that Ji2 ∈ F(B). We do this in two

steps.

Step 1. If Ji2 is countable. Then Ji2 ∈ F(B) by condition [B3], plus the

observation that F(B) is a sigma-algebra.

Step 2. If Ji2 is not countable. Then Zi1 is not countable. So, since Zi1 ∈
F(A) and F(A) is the minimal sigma-algebra on A, this implies that A \Zi1 is

countable. So, D = {F ∪ {a} : a /∈ Zi1} is countable, and hence an element of

F(B). Then either Ji2 = L \D or Ji2 = (L \D)∪ {F}. In either case, since F(B) is
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a sigma-algebra, and L = Q(F, |F|+ 1) is an element of F(B), Ji2 is an element

of F(B). Now note that

Yi2∗ = {a ∈ A : F∪ {a} ∈ Yi2} = {a ∈ A \ F : a ∈ Yi1} = Yi1.

It follows that Yi1 = Y
i
2∗ ∈ F(A).

C4. Define Yi = Yi1 × Yi2. Clearly the sets Yi cover U. Thus, it suffices to

show that ∑
i∈N

p1(Y
i
1)× p2(Yi2) > d.

For a set Yi = Yi1 × Yi2,

< p1,p2 > (Yi) = p1(Y
i
1) · p2(Yi2) > d · q1(Yi1) · q1(Yi2∗) = d · q1(Yi1) · q1(Yi1).

Further, since the sets Yi cover U, the sets Yi1 cover A \ F. Then there is a k

with q1(Yk1 ) > 0. Then however, since A is an atom of q1, this implies that

q1(Y
k
1 ) = 1.

Finally, since vp1 = 0, all probability measure in ∆(A) are pessimistic optimal

for player 1. This completes the proof.

4.b toolbox

In this section we briefly discuss two well-known theorems needed in our

arguments.

Lemma 4.B.1. Let p ∈ ∆(S). Then there are

[1] a countable set I

[2] coefficients c > 0 and ci > 0 for all i ∈ I, with c+
∑
i∈I ci = 1, and

[3] a non-trivial probability measure q on S and Dirac measures δsi on si ∈ S for

every i ∈ I

such that p = c · q+
∑
i∈I
ci · δsi .

Proof. Let I = {s ∈ S : p({s}) > 0}. Note that I is countable. Define ci =

p({i}), for all i ∈ I, and c = 1−
∑
i∈I ci. If c > 0, then q(T) = p(T \ I)/c, for

all T ⊆ S.

The following theorem has been proved by Sierpiński (1922).
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Theorem 4.B.2. Let (S,F,p) be an atomless probability measure space. For any

t ∈ (0, 1) there exists a set U ∈ F for which p(U) = t.

Proof. The proof is in two parts.

A. Let V ∈ F with p(V) > 0 be given. Take c and d such that 2c 6 d < p(V).

We show that there is a set W ∈ F such that W ⊆ V and c 6 p(W) 6 d.

If c = 0, we take W = ∅. Suppose c > 0. Let V be the collection of sets C ∈ F

with C ⊆ V . Define

s = sup{p(C) : p(C) < c,C ∈ V}.

Note that s 6 c. Since S does not have atoms, s > 0. Take a sequence (Ck)k∈N

in V where p(Ck) → s. Let Dm = ∪mk=1Ck. Suppose there is an m with

p(Dm) > c. Let n be the first such m. Then p(Dn) 6 2c 6 d. So, we can take

W = Dn.

Suppose alternatively that p(Dm) < c for all m. Define D = ∪n∈NDn. It

follows from monotone convergence that p(D) = s 6 c. Suppose that p(D) =

c. Then we can take W = D.

Suppose alternatively that p(D) < c. Then, since p is atomless, there is a set

E ⊆ V \D with 0 < p(E) < c− p(D). It then follows that s < p(E ∪D) < c.

This contradicts the definition of s.

B. Now take any t ∈ (0, 1). We show that there exists a set U ∈ F for which

p(U) = t. Since S is not an atom, there is a U1 ∈ F such that t2 6 p(U1) 6 t.

Suppose Un is defined with p(Un) 6 t and t− p(Un) 6
t−p(U1)
2n−1

. If p(Un) =

t, we take U = Un. Otherwise, take c =
t−p(Un)

2 and d = t− p(Un). By the

previous argument applied to V = S \Un, there is a W ∈ F and W ⊆ V such

that t−p(Un)2 6 p(W) 6 t− p(Un). Let Un+1 = Un ∪W. Then p(Un+1) =

p(Un) + p(W) 6 t and t − p(Un+1 = t − p(Un) − p(W) 6 t−p(Un)
2 6

t−p(U1)
2n .

If the iterative procedure does not terminate, let U = ∪n∈NUn. Then by

monotone convergence, p(U) = t.
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4.c set theory

In this section we briefly define and discuss the set theoretic axioms that

feature in this chapter.

Zermelo Fraenkel The Zermelo Fraenkel axiom system is the universally

accepted axiom system on which modern mathematics is built. We do not

venture into all its separate axioms, but only observe that the ZF axiom sys-

tem is conservative, in the sense that it does not include controversial axioms,

and it is therefore widely accepted.

Axiom of Choice Let I be any non-empty set, and suppose that for every

i ∈ I, Vi is a non-empty set. Write

V =
⋃
i∈I
Vi.

A function f : I → V with f(i) ∈ Vi for every i ∈ I is called a choice function.

The Axiom of Choice asserts the following.

AC For every choice of sets I and Vi, a choice function f : I→ V exists.

Axiom of Determinacy Let A be a subset of NN. This set A defines a

game G(A) in the following way. There are two players. The players take

turns to choose elements of N. The game has perfect information, so that

players observe each other’s choice. The game is then played as follows.

Player 1 chooses n1,

player 2 chooses n2,

player 1 chooses n3,

player 2 chooses n4,

and so on. This way a sequence

s = (n1,n2,n3,n4, . . .) ∈NN

is constructed. Player 1 wins the game G(A) if s ∈ A, otherwise player 2

wins. The game G(A) is called determined if either player 1 or player 2 has a

winning strategy. The Axiom of Determinacy states the following.

AD For every set A ⊆NN, the resulting game G(A) is determined.

The Axiom of Determinacy implies the continuum hypothesis.
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Continuum Hypothesis We say that two sets X and Y have the same

cardinality if there exists a one-to-one and onto f : X→ Y.

CH Let X be an infinite subset of the unit interval [0, 1]. Then either X has

the cardinality of N, or X has the cardinality of R.

Generalized Continuum Hypothesis Let A be a non-empty set. A binary

relation on A is a subset of A×A. Let � be a binary relation on A. When

x � y and not y � x we write x ≺ y. Let Y be a subset of A. An element y ∈ Y
is called the smallest element of Y when y ≺ z for all z ∈ Y with z 6= y. The

binary relation � is called a well-ordering when � satisfies

[1] ( reflexivity) for all x ∈ X we have x � x,

[2] ( transitivity) for all x,y, z ∈ X we have x � z whenever both x � y and

y � z,

[3] ( totality) for all x,y ∈ X with x 6= y we have x ≺ y or y ≺ x, and

[4] ( well order) every non-empty subset of A has a smallest element.

A set A is called transitive when for every a ∈ A it holds that a ⊆ A. A

set A is called an ordinal number when A is transitive and moreover A is

well-ordered by set inclusion. For example,

A = {∅, {∅}, {∅, {∅}}}

is an ordinal number. The set a = {∅, {∅}} is both an element and a subset of

A.

It can be shown that, for any two ordinal numbers α and β, either α ∈ β or

β ∈ α. Conversely, each element of an ordinal number is an ordinal number

itself.

When two sets X and Y have the same cardinality, we write X ∼ Y. If there is a

one-to-one map f : X→ Y, we write X 6 Y. The Theorem of Cantor-Bernstein-

Schroeder shows that X 6 Y and Y 6 X imply X ∼ Y. We write X < Y when

X 6 Y and not X ∼ Y.

An ordinal number κ is called a cardinal number if there does not exist an

ordinal number α ∈ κ with α ∼ κ. For every cardinal number κ, there exists a

smallest cardinal number µ with κ < µ. We write µ = κ+.
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Now assume that the Axiom of Choice is true. Then for every set X there is a

cardinal number κ such that X ∼ κ. We define Card(X) = κ. The generalized

continuum hypothesis states the following.

GCH For every cardinal number κ, Card(2κ) = κ+.

Measurable Cardinals Let κ be a cardinal number. A binary map on κ

is a map µ : 2κ → {0, 1}. A binary map on κ is called κ-additive if for every

cardinal number λ ∈ κ and for every mutually disjoint collection (Aξ)ξ∈λ of

sets Aξ ⊆ κ it holds that

µ

(⋃
ξ∈λ

Aξ

)
=
∑
ξ∈λ

µ(Aξ).

A cardinal number κ is called measurable if there exists a binary κ-additive

binary map on κ with µ(κ) = 1 and µ({λ}) = 0 for all λ ∈ κ.

MC There exists a measurable cardinal.

Constructable sets and V = L The statement V = L is called the Axiom

of Constructability. Its formulation and its associated contructions are due to

Gödel. Let A be a set. An expression φ is called a formula for A if

[1] φ has one free variable x

[2] the only predicate symbols in φ are “∈” and “=”

[3] the individual-constants in φ are names of elements of A

[4] the quantifiers are restricted to A. So, it only uses ∀y ∈ A and ∃y ∈ A.

Let A be a set, and let B be a subset of A. We say that B is a definable subset

of A when there is a formula φ for A such that

B = {x ∈ A : φ(x)}.

We define for every set A

Def(A) = {B ⊆ A : B is a definable set of A}.

Define L(φ) = {φ}. Using transfinite induction, for every ordinal α we define

L(α) =
⋃
β∈α

Def(L(β))
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We say that a set B is constructable (by abuse of notation denoted by B ∈ L)

if there is an ordinal α with B ∈ L(α). The class L is the collection of all

constructable sets.

V = L. Every set is constructable.





5
F I N I T E LY A D D I T I V E M I X E D A N D B E H AV I O R

S T R AT E G I E S I N I N F I N I T E D U R AT I O N D E C I S I O N

P R O B L E M S

5.1 introduction

In the previous chapters we considered two-player simultaneous-move games.

In this chapter we consider one-player infinite-length games, so decision

problems. In the previous chapters we focused on games with infinite ac-

tion spaces. If the action spaces are finite, then in Chapter 4 player 2 wins,

and in Chapter 3 we arrive at the same analysis as von Neumann (1928). In

this chapter we also consider decision problems with finite action spaces.

our setup We consider the following decision problem. Let A denote a

set of actions, having at least two elements, and let P denote the set of all

infinite sequences of elements of A. Let u : P → R denote a bounded payoff

function. At every period t = 1, 2, . . ., the decision maker chooses an action

at ∈ A, knowing his previously chosen actions a1, . . . ,at−1, i.e., the history.

The decision maker’s payoff is given by u(a1,a2, . . .).

We study this problem in the finitely additive setup. That is, probability mea-

sures are only assumed to be finitely additive, and not necessarily countably

additive. Our goal is to examine and compare expected payoffs induced by

mixed and behavior strategies in these decision problems.

strategies A pure strategy is a function that specifies an action at each

history. A mixed strategy is a charge on the set of pure strategies, with the in-

terpretation that the decision maker should choose a pure strategy according

to this charge.

A behavior strategy gives recommendations to the decision maker in an es-

sentially different fashion. A behavior strategy prescribes a charge on the

action space at each history. The interpretation is that, at each history that

77
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arises during the play of the decision problem, the decision maker should

choose an action according to the corresponding charge.

induced charges on 2P and expected payoff Given a strategy, it

is natural to ask which distribution it induces on the the set P of all infinite

sequences of actions, since the payoff function u is defined on P. Once we

know the answer to this question, we can calculate the induced expected

payoff by simply taking the integral of the payoff function u with respect to

this charge.

For pure strategies the answer is easy. Consequently, we can define the in-

duced charge on 2P for every mixed strategy in a natural way.

For behavior strategies, the question is more challenging, both from a concep-

tual and from a technical point of view. We discuss four different approaches

to this problem. In each approach, we first fix an algebra P on the set P and

then define for each behavior strategy which charge it induces on this alge-

bra. One could think of P as the collection of sets on which we think that

each behavior strategy should induce a certain unique probability.

Then, given such an algebra P of P, we say that a mixed strategy and a

behavior strategy are equivalent whenever they generate the same charge on

the algebra P .

our contribution

[1] We start with arguably the smallest—least restrictive—algebra that one

could consider. Then, step by step we enlarge the algebra (cf. Section 5.6).

I. The first algebra that we consider is the algebra consisting of all events that

only depend on the first n actions, for some n ∈ N. This is a very natural

algebra.

II. The second, and generally larger, algebra consists of all events such that it

eventually becomes certain whether the event occurs or not. It turns out that

this algebra coincides with the collection of all clopen subsets of P, where

clopen stands for closed and open with respect to a natural topology. This

algebra is examined in detail in Dubins and Savage (2014).

III. Note that singletons of P do not belong to the second algebra, and hence

we cannot express the probability of a certain sequence (a1,a2, . . .) with re-

spect to any behavior strategy. Thus the third algebra that we consider is the
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smallest algebra that includes the second algebra and all singletons of P. A

subset of P belongs to this algebra exactly when it differs from a clopen set

by only a finite number of elements of P.

IV. The largest algebra that we analyse is the algebra induced by all open

sets. This algebra was already investigated by Dubins (1974). It is richer than

the one considered under Approach III, but is still smaller than the Borel

sigma-algebra.

[2] We compare these four approaches. In particular, we prove that each ap-

proach is consistent with all earlier approaches. This means the following.

Given an approach, a behavior strategy induces a charge on the algebra cor-

responding to the approach. When we restrict this charge to an algebra corre-

sponding to one of the earlier approaches, then it coincides with the charge

induced by the behavior strategy under that approach (cf. (13), Lemmas 5.6.7

and 5.6.10).

[3] With respect to the first and second approaches, we provide sufficient

and necessary topological conditions on the payoff function under which

each behavior strategy induces a unique expected payoff. Similarly, we pro-

vide sufficient conditions with respect to the third and fourth approaches (cf.

Theorem 5.7.2).

[4] With respect to all approaches, we prove that each behavior strategy has

an equivalent mixed strategy. We show that with respect to the third and

fourth approaches the converse does not hold, and in each decision problem

there is a mixed strategy that does not have an equivalent behavior strategy

(cf. Theorem 5.7.1).

[5] We provide several illustrative examples that clarify the differences be-

tween the four approaches.

structure of the chapter In Section 5.2 we introduce the model and

define strategies, and in Section 5.3 we illustrate the problem with the help

of examples. In Section 5.4 we define the topology, which will play an im-

portant role in our investigation and in our main results. In Section 5.5 we

discuss induced charges by mixed and behavior strategies. In Section 5.6 we

discuss the four approaches connected to behavior strategies. In Section 5.7
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we present our main results. The proofs are given in Appendices 5.A and 5.B.

In Section 5.8 we conclude with some remarks.

related literature

Finite additivity For related literature on finitely additivity probabilities,

see Chapter 1. In addition, for related literature on finitely additive strategies

in decision theory, see Chapter 3.

Dubins and Savage (2014) study the same type of decision problems as we

do, and mention what we call Approach I, but focus on Approach II. Du-

bins (1974) considers what we call Approach IV. Purves and Sudderth (1976)

go further, and consider the Borel sigma-algebra, which is larger than the

algebras that we cover in our four approaches.

Sudderth (2016) writes about finitely additive dynamic programming. His

model includes finitely additive strategies and an infinite horizon, as our

model does. However, his model has states and probabilistic transitions, and

the payoff is some type of aggregation of daily payoffs, for example by dis-

counting. The paper also contains comparisons to the countably additive the-

ory. For example, it shows that there are cases when there exists a finitely

additive optimal stationary strategy, in contrast, a countably additive one

need not exist.

Equivalent strategies Equivalence between mixed and behavior strategies

has been investigated in finite games with perfect recall, see Kuhn’s theorem

in Maschler et al (2013), Theorem 6.15. For infinite-length games with finite

action spaces, see Theorem 6.26 in Maschler et al (2013) or Takahashi (1969).

Muraviev et al (2017) extend Kuhn’s result to Ellsberg games. Aryal and

Stauber (2014) show the limits of extending Kuhn’s theorem in the case of

ambiguity averse players (for more about ambiguity, see Chapter 3).

5.2 the model

the decision problem Let A be an action set, having at least two el-

ements. Let H denote the set of finite sequences in A, including the empty

sequence ø. Let P denote the set of infinite sequences in A. Elements of A are

called actions, elements of H are called histories and elements of P are called

plays. Let u : P → R be a bounded function, called the payoff function.
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Consider the following decision problem. At each period t = 1, 2, . . ., the

decision maker chooses 1 an action at from A, knowing his previous choices

(a1, . . . ,at−1) ∈ H. This induces a play p = (a1,a2, . . .). The payoff of the

decision maker is u(p).

A strategy is a decision rule that gives a recommendation to the decision

maker how to choose his actions during the decision problem. These recom-

mendations can be given in essentially different ways, and based on that we

distinguish three different types of strategies: pure strategies, mixed strate-

gies and behavior strategies. We discuss each type of strategies in turn.

pure strategies A pure strategy is a function f : H→ A. The interpretation

is that if history h arises during the decision problem, then the strategy f

recommends the decision maker to choose action f(h). Each pure strategy f

induces a unique play pf. 2 We denote the set of pure strategies by F.

mixed strategies A mixed strategy m is a charge on the set of pure strate-

gies, i.e., m ∈ C(F, 2F). The interpretation is that the decision maker should

draw a pure strategy according to m, and play the decision problem by using

f.

behavior strategies A behavior strategy is a function b : H → C(A, 2A).

The interpretation is that if history h arises during the decision problem, then

the strategy b recommends the decision maker to choose an action according

to the charge b(h). As we will see, in our finitely additive setting, these strate-

gies are the most difficult to handle. The reason is that a behavior strategy

may involve successive uses of charges during the decision problem, possibly

even infinitely many of them.

In this chapter we assume the Axiom of Choice.

5.3 examples

In this section we discuss a number of illustrative and thought-provoking

examples, with the intention to focus on the intuition and the main ideas.

1 Note that the set of available actions does not depend on the history of the decision problem,
and is always A.

2 We say that two pure strategies that induce the same play are outcome–equivalent.
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The precise formal arguments and technical details are delayed to Section

5.7.

The first example is essentially a two-period decision problem.

Example 5.3.1. Consider the decision problem with action space A = N and

the following payoff function: for a play p = (a1,a2, . . .) ∈ P, if a1 = a2 = n

for some n ∈ N then u(p) = n
n+1 and otherwise u(p) = 0. So the payoff

is determined after the second period. Intuitively, the decision maker would

like to choose a large action at period 1 and repeat the same action at period

2.

In this decision problem, there is no pure strategy that gives payoff 1. Yet,

the decision maker can obtain an expected payoff of 1 by playing a mixed

strategy, which can be constructed as follows. For every n ∈ N, let fn be

a pure strategy which chooses action n at periods 1 and 2. Let τ be a pure

charge on N. Intuitively, letm be the mixed strategy that prescribes to choose

n ∈ N according to τ and then to play the pure strategy fn. Formally, for

every G ⊆ F, we let m(G) = τ({n ∈N : fn ∈ G}).

Since τ is a pure charge on N, the decision maker can expect to draw a large

natural number n, i.e. for all N ∈N

τ({1, . . . ,N}) = 0 and m({f1, . . . , fN}) = 0

and

τ({N+ 1,N+ 2, . . .}) = 1 and m({fN+1, fN+2, . . .}) = 1. (6)

The mixed strategy m induces an expected payoff of 1, i.e. by (6)∫
n∈N

u(fn) τ(dn) = 1.

Note that all countably additive mixed strategies induce an expected payoff

strictly less than 1.

Now consider a corresponding behavior strategy b such that b chooses an

action according to τ at period 1 and repeats this action at period 2. That is,

b(ø) = τ and b(n) = δn for every n ∈ N, where δn is the Dirac measure

on action n. The payoff n
n+1 is received on the set of plays that start with

action n at periods 1 and 2. Naturally, we calculate the expected payoff under
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the behavior strategy b by the iterative integral over the first two periods as

follows: ∫
a1∈A

∫
a2∈A

u(a1,a2, . . .) b(a1)(da2) b(ø)(da1)

=

∫
a1∈A

a1
a1 + 1

b(ø)(da1) =

∫
a1>n

a1
a1 + 1

b(ø)(da1) >
n

n+ 1
,

for all n ∈ N. The second equality follows from (6). Therefore b induces an

expected payoff of 1. All of our approaches have this type of finite iterative

integration as part of them. /

The next example is a variation on Example 5.3.1.

Example 5.3.2. Consider the decision problem with action space A = N and

the following payoff function: for a play p = (a1,a2, . . .) ∈ P, if a1 = . . . =

an = n for some n ∈ N then u(p) = n
n+1 and otherwise u(p) = 0. If action

n is played at period 1, then the payoff is determined after period n. Con-

sequently, the payoff is determined in finite but unbounded time. Intuitively,

the decision maker would like to choose a large number n and play action n

at periods 1, . . . ,n.

Similarly to Example 5.3.1, there is no pure strategy that gives payoff 1, but

one can construct a mixed strategy that induces an expected payoff of 1. For

every n ∈ N, let fn be a pure strategy which chooses action n at periods

1, . . . ,n. Let τ be a pure charge on N. For every G ⊆ F, we let m(G) =

τ({n ∈N : fn ∈ G}).

Let b denote the behavior strategy for which b(ø) is a pure charge on N, but

for any other h = (a1, . . . ,at) ∈ H the probability distribution b(h) is simply

the Dirac measure on action a1. Let Rn denote the set of plays that start with

action n at the first n periods. If we want to calculate the probability of Rn
under b, as in Example 5.3.1, then we need to use n iterative integrals. So in

contrast with Example 5.3.1, with a finite but bounded number of iterative

integrals, we cannot conclude that the set ∪n>NRn has probability 1, for an

N ∈N.

This example illustrates the main difference between our first and second ap-

proaches. In our first approach, which is based on finite but bounded iterative

integrals, b does not induce a unique expected payoff. However in the second
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approach, by considering stop rules (Definition 5.4.2) that identify histories

where the payoff is determined, we will find that b induces an expected pay-

off of 1. A similar example is shown in Dubins and Savage (2014), Section

2.6.

/

The next two examples in this section are stopping decision problems. In

these decision problems the decision maker has two actions, one of which

could be interpreted as “continue” and the other as “stop”. The payoff is de-

termined by the first period when the decision maker plays the latter action.

Example 5.3.3. Consider the decision problem with action space A = {c, s}.

Denote p = (c, c, . . .). Let the payoff function u be given by u(p) = 1 and

u(p ′) = 0 for all p ′ ∈ P \ {p}.

The pure strategy that always chooses action c induces payoff 1, and so does

the mixed strategy that places probability 1 on this pure strategy.

From now on, we focus on the corresponding behavior strategy b that chooses

action c with probability 1 at every history, i.e., b(h)(c) = 1 for every h ∈ H.

Let ht denote the history at period t in which only action c is played. Then,

at every period t, the history ht has probability 1 and the history ht−1s has

probability 0. Notice that⋃
t∈N

[ht−1s] = P \ {p},

where [ht−1s] denotes the set of plays that start with prefix ht−1s up to

period t.

In the context of countably additive probabilities, this would imply that P \ {p}

has probability 0, and hence that {p} has probability 1. Thus in that context,

b would yield an expected payoff of 1.

In our model with charges, this cannot be concluded without additional as-

sumptions. In our first two approaches, with fairly minimal assumptions, the

algebras are small and do not contain the singleton {p}, and any probability

on {p} is consistent under the behavior strategy b. That is, with respect to

the first two approaches, b does not induce a unique expected payoff. The

third and fourth approaches consider larger algebras which do contain {p}
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and assign probability 1 to {p} under b. Under these approaches the expected

payoff induced by b is 1. /

Example 5.3.4. Consider the decision problem with action space A = {c, s}

and the following payoff function: for a play p ∈ P, if action s is played at

period t for the first time then u(p) = t
t+1 , and otherwise, if p only contains

action c then u(p) = 0.

In this decision problem, there is no pure strategy that gives payoff 1. Yet,

similarly to Example 5.3.1, the decision maker can obtain an expected payoff

of 1 by playing a mixed strategy, which can be constructed as follows. For

every n ∈ N, let fn be a pure strategy that prescribes action c at all periods

before n and action s at period n. Let τ be a pure charge on N. Let the mixed

strategy m be defined by m(G) = τ({n ∈ N : fn ∈ G}) for all G ⊆ F. Thus

intuitively, m prescribes to choose n ∈N according to τ and then to play the

pure strategy fn. This means that if the decision maker plays according to

m, then he eventually plays s with probability 1, but the probability that he

plays s in the first T periods is 0, for every T ∈ N. This strategy induces an

expected payoff of 1. Note that all countably additive mixed strategies induce

an expected payoff strictly less than 1.

In the class of behavior strategies, the interesting question is which expected

payoff the behavior strategy b gives that always chooses action c with prob-

ability 1. The analysis is identical to the same behavior strategy in Example

5.3.3, and it depends on further assumptions which expected payoffs we ob-

tain in the interval [0, 1]. /

Example 5.3.5. Consider the decision problem with action space A = N and

the following payoff function: for any n ∈ N, the play p = (n, 1, 1, . . .) has a

payoff of u(p) = n
n+1 , and otherwise the payoff is u(p) = 0.

In this decision problem, there is no pure strategy that gives payoff 1. Yet,

similarly to Example 5.3.1, the decision maker can obtain an expected payoff

of 1 by playing a mixed strategy, which can be constructed as follows. For

every n ∈ N, let fn be a pure strategy that prescribes action n at period 1,

and at all other periods it prescribes 1. Let τ be a pure charge on N. Let the

mixed strategy m be defined by m(G) = τ({n ∈ N : fn ∈ G}) for all G ⊆ F.
This strategy induces an expected payoff of 1.
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Take the behavior strategy b that assigns to the root τ, so b(ø) = τ, and

at every other history h ∈ H it assigns the Dirac measure on action 1, so

b(h) = δ1. The expected payoff induced by b is only unique under the fourth

approach. /

5.4 topological issues

For n ∈ N, a history h ∈ An and a period T 6 n, T ∈ N we denote by

h(T) the action taken at period T by history h. Similarly, for a play p we

denote by p(T) the action in p taken at period T . We use the notation h ≺ p,

if p(t) = h(t) for all t 6 n and t ∈ N. Similarly, for an m ∈ N and a history

h ′ ∈ Am, we use the notation h � h ′, if h(t) = h ′(t) for all t 6 n, and use

the notation h ≺ h ′, if h � h ′ and h 6= h ′.

We endow A with the discrete topology and P with the induced product

topology denoted by T. Note that P is compact if and only if A is finite,

and whenever P is compact, it is homeomorphic to the Cantor ternary set.

Furthermore, (P,T) is completely metrizable. We consider the metric d : P×
P → R which is defined as follows: if p = q then d(p,q) = 0, and otherwise

d(p,q) = 2−k(p,q) where k(p,q) ∈ N is the least period at which p and q

differ.

In (P,T), a sequence of plays (pn)n∈N converges to a play p if for every k ∈N

there exists an Nk ∈ N such that for every n > Nk the first k coordinates of

pn coincide with those of p. For more details on the topological space (P,T),

we refer to Kechris (1995). The same topology is used in Dubins and Savage

(2014).

A function g : P → R is said to be continuous at a play p ∈ P if for every

sequence of plays (pn)n∈N converging to p, we have limn→∞ g(pn) = g(p).

A function g : P → R is said to be continuous if g is continuous at every play

p ∈ P.

A function g : P → R is said to be uniformly continuous if for every ε > 0

there exists δ > 0 such that for every p,q ∈ P with d(p,q) < δ we have

|g(p) − g(q)| < ε. For example, the payoff function in Example 5.3.1 is uni-

formly continuous (the payoff is determined after the first two periods). The
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payoff function in Example 5.3.2 is continuous, but not uniformly continuous.

Clearly, if g is uniformly continuous, then g is also continuous. If A is finite,

then by compactness of P the converse also holds.

The following lemma follows directly from the definition of the metric d.

Lemma 5.4.1. Consider a function g : P → R.

1. g is continuous at a play p ∈ P if and only if for every ε > 0, there is a

T ∈ N such that if for a play q it holds that q(t) = p(t) for all t 6 T , then

|g(p) − g(q)| < ε.

2. g is uniformly continuous if and only if for every ε > 0, there is a T ∈ N

such that if for two plays p and q it holds that p(t) = q(t) for all t 6 T , then

|g(p) − g(q)| < ε.

Stop rules will play an important role in our definitions.

Definition 5.4.2. A stop rule is a set S ⊆ H for which there is no h,h ′ ∈ S
with h ≺ h ′. A stop rule S is horizontal if there is an n ∈N such that S ⊆ An.

A stop rule S is complete if for every play p ∈ P there is a history h ∈ S with

h ≺ p.

The definitions of stop rules and complete stop rules are related to Sections

2.9 and 2.11 in Dubins and Savage (2014). However, there is a slight difference

in phrasing. What they call an incomplete stop rule, we simply call a stop rule,

and what they call a stop rule, we call a complete stop rule.

We show the formal connection between the incomplete stop rules of Dubins

and Savage (2014) and our stop rules. In Dubins and Savage (2014) an incom-

plete stop rule s is a function s : P →N∪ {∞}. Let P ′ = {p ∈ P : s(p) <∞}. In

our model a corresponding stop rule S ⊆ H can be defined by S = {h ∈ H :

∃p ∈ P ′ with h ≺ p and h ∈ As(p)}.

Take a stop rule S. Associated with S we define the set

[S] = {p ∈ P : ∃h ∈ S : h ≺ p}

of plays. It is straightforward to check that [S] is open. In particular, for every

history h ∈ H,

[h] = {p ∈ P : h ≺ p} ∈ T.
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A set of the form [h] is called a cylinder set. Note that, [S] =
⋃
h∈S

[h].

The next lemma characterizes continuous and uniformly continuous func-

tions on P by complete stop rules. The proof follows directly from the defini-

tions.

Lemma 5.4.3. Consider a function g : P → R.

1. g is continuous if and only if for every ε > 0, there is a complete stop rule

S ⊆ H such that, for all histories h ∈ S and all plays p � h and q � h, we

have |u(p) − u(q)| < ε.

2. g is uniformly continuous if and only if for every ε > 0, there is a complete

horizontal stop rule S = An, for some n ∈N, such that for all histories h ∈ S
and all plays p � h and q � h, we have |u(p) − u(q)| < ε.

Consider a function g : P → R. We say that g is upper semi-continuous if for

every r ∈ R the set g−1([r,∞)) is closed. Equivalently, for every play p and

every sequence of plays pn converging to p we have lim supn→∞ g(pn) 6
g(p). Similarly, we say that g is lower semi-continuous if for every r ∈ R the

set g−1((−∞, r]) is closed. Equivalently, for every play p and every sequence

of plays pn converging to p we have lim infn→∞ g(pn) > g(p). A function is

continuous if and only if it is both upper and lower semi-continuous.

Consider a function g : P → R. We say that g has a limit at p ∈ P if there is

` ∈ R with the following property: g(pn) converges to ` for each sequence

pn in P such that (1) pn converges to p as n → ∞, and (2) pn 6= p for all

n ∈N. If the limit at p exists, we denote it by Lg(p). Note that the function g

is continuous at p if and only if g has a limit at p and Lg(p) = g(p).

Consider a function g : P → R and a play p ∈ P. The oscillation of g at p is

defined as

og(p) = lim
ε↓0

sup
q,r∈Nε(p)

|g(q) − g(r)|,

where Nε(p) = {q ∈ P : d(p,q) < ε} is the ε-neighbourhood of p. Note that a

function g is continuous at p if and only if og(p) = 0.

We call a function g : P → R weakly tame if for every r > 0 the set {p ∈ P :

og(p) > r} is finite. A continuous function is clearly weakly tame.
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Consider a function g : P → R. Let Dg be the set of plays at which g is not

continuous. We say that a discontinuity p ∈ Dg is removable if g has a limit

at p ∈ Dg. We call the function g strongly tame if the following two conditions

hold:

1. The function g is weakly tame.

2. Each discontinuity in Dg is removable.

The proof can be found in Appendix 5.A.

Lemma 5.4.4. Consider a function g : P → R. Assume that each discontinuity in

Dg is removable. Then the function Lg : P → R is continuous.

The following example provides an illustration of strongly tame functions.

Example 5.4.5. Consider the action space A = N. For every n ∈ A let pn be

the play where action n is played at all periods and let Pn be the set of plays

that start with action n. Let the function g be as follows: for a play p ∈ Pn
we set g(p) = 1 if p = pn and g(p) = n

n+1 if p ∈ Pn\{pn}. The function g is

continuous everywhere except at the plays p1,p2, . . .

The function g is strongly tame. First, each discontinuity pn is removable,

and og(pn) = 1
n+1 . Second, for any r > 0, the set

{p ∈ P : og(p) > r} =
{
pn : n 6 1−r

r

}
is clearly finite.

Counterexample. Consider the following function g ′: for a play p ∈ Pn we

set g ′(p) = 1 if p = pn and g ′(p) = 0 if p ∈ Pn\{pn}. This function is not

weakly tame, as for every r ∈ (0, 1) the set

{p ∈ P : og(p) > r} = {pn : n ∈N}

is infinite. /

5.5 induced charges on the set P of plays and expected pay-

offs

In this section we consider the charges on the set P of plays induced by

strategies. Note that the strategies are defined on the corresponding power



90

sets. More concretely, mixed strategies are defined on (F, 2F), so the power set

of pure strategies. Given a history, a behavior strategy is defined on (A, 2A),

so the power set of actions. We are interested in what charge these strategies

induce on the the set P of plays. We will see that a mixed strategy induces

a charge on the power set of plays. However, it is not clear what charge a

behavior strategy induces on the power set of plays, so our starting point is

to look at what charge it induces on different algebras on the set of plays.

5.5.1 Mixed strategies

In this subsection we consider mixed strategies and examine the induced

charges on the set of plays and the corresponding expected payoffs.

A pure strategy f induces a unique play pf. Define U(f) = u(pf). As a mixed

strategy m prescribes to draw a pure strategy f according to the charge m

defined on (F, 2F), the expected payoff for the mixed strategy m is given by

U(m) =

∫
f∈F

U(f) m(df). (7)

In a natural way, a mixed strategy m generates a charge m∗ on (P, 2P), given

for every Q ⊆ P by

m∗(Q) = m ({f ∈ F : pf ∈ Q}). (8)

Thus, the probability of Q according to m∗ is equal to the probability ac-

cording to m that a pure strategy is chosen which induces a play in the set

Q.

Note that, as different pure strategies can induce the same play, different

mixed strategies can generate the same charge on (P, 2P).

The next lemma establishes a natural relationship between the expected pay-

off for a mixed strategy and the induced charge on (P, 2P). The proof is given

in Appendix 5.A.

Lemma 5.5.1. For every mixed strategy m

U(m) =

∫
p∈P

u(p) m∗(dp).
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Note that a pure strategy can be seen as a mixed strategy. Indeed, if f is a pure

strategy and δf is the Dirac measure on f, then (δf)
∗ is the Dirac measure on

pf and U(mf) = U(f).

5.5.2 Behavior strategies

In this subsection we consider behavior strategies and describe the induced

charges on the set of plays and the corresponding expected payoffs.

For a behavior strategy it is not immediately evident what the corresponding

charge on the set P of plays should be. Consequently, since the expected

payoff induced by a behavior strategy is the integral of the payoff function

with respect to the induced charge on P, it is not evident what the expected

payoff for a behavior strategy should be either.

algebras on the set P of plays and specifications In the next

section we discuss in total four different approaches to the above mentioned

problem. In each approach, we first fix an algebra on the set P of plays and

then define for each behavior strategy which charge it induces on (P, P).

One should think of P as the collection of sets Q ⊆ P on which we agree

that a behavior strategy b should induce a certain unique probability, which

is denoted by ψP(b)(Q).

Arguably, a minimal requirement on the algebra P is that it contains all

cylinder sets [S] where S is a stop rule and S ⊆ An for some n ∈ N. Let Rhs

denote the set of all such sets. The superscript hs refers to horizontal stop

rules.

Lemma 5.5.2. Rhs is an algebra.

The proof is given in Appendix 5.A.

Take a behavior strategy b and a set [S], where S ⊆ An for some n ∈ N.

The probability of the set [S] under b can be calculated through n iterated

integrals as follows: let chs(b)([S]) =∫
a1∈A

· · ·
∫
an∈A

IS(a1, . . . ,an) b(a1, . . . ,an−1)(dan) · · ·b(ø)(da1). (9)

Note that chs(b) is a charge on the algebra Rhs.
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Definition 5.5.3. An algebra P of P is called competent if P ⊇ Rhs.

Given a competent algebra P , a P-specification is a function ψP that to each

behavior strategy b assigns a charge ψP(b) on (P, P) with the requirement

that for all sets [R] ∈ Rhs

ψP(b)([R]) = chs(b)([R]).

Note that Rhs, in view of Lemma 5.5.2, is a competent algebra of P and chs

is an Rhs-specification.

For a competent algebra P and a P-specification ψP , and for a given be-

havior strategy b, the charge ψP(b) can be extended, generally not uniquely,

from the algebra P to all subsets of P. The set of these charges is denoted by

< b|P ,ψP >. For more details on this extension, see Appendix 3.C.

Consequently, a behavior strategy b generally induces a set of possible ex-

pected payoffs. Indeed, for each B ∈< b|P ,ψP >, we obtain an expected

payoff

u(B) =

∫
p∈P

u(p) B(dp). (10)

Let

U(b|P ,ψP) = {u(B) : B ∈< b|P ,ψP >}. (11)

equivalence of strategies Consider a competent algebra P on P. By

equation (8), each mixed strategy m induces a charge m∗ on (P, P). Given

a P-specification (P,ψP), each behavior strategy b also induces a charge

ψP(b) on P . This allows us to define equivalence between strategies.

Definition 5.5.4. Let P denote a competent algebra of P, and let ψP be a

P-specification. A mixed strategy m and a behavior strategy b are said to

be P-equivalent if they generate the same charge on the algebra (P, P), i.e.,

m∗(Q) = ψP(b)(Q) for every set Q ∈P .

Given an algebra P , we say that the payoff function u is uniformly P-

approachable, if for every ε > 0 there exists a P-measurable simple–function

u ′ : P → R such that |u(p) − u ′(p)| 6 ε for every p ∈ P. We consider a differ-

ent algebra P for each approach. Marinacci (1997) in Section 4 and Harris et
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al (2005) in Section 2.1.3 focus on uniformly P-approachable functions, how-

ever they work with a different model, namely one-shot simultaneous-move

games. For more on their work, see Sections 3.1 and 3.4.3.

unique expected payoffs We already know from equation (7) that a

mixed strategy induces a unique expected payoff. The following lemma iden-

tifies a sufficient condition for the uniqueness of expected payoffs under be-

havior strategies. The proof can be found in Appendix 5.A.

Theorem 5.5.5. Let P denote a competent algebra of P, and let ψP be a P-

specification. Suppose that the payoff function u is uniformly P-approachable. Then,

for every behavior strategy b the set U(b|P ,ψP) is a singleton. This means that b

induces a unique payoff.

The opposite direction of the above theorem does not hold, as shown in Ex-

ample 5.7.3.

5.6 four approaches to induce charges on the set P of plays

by behavior strategies

In the next subsections we discuss in turn the four approaches to the choices

of the algebra P and the P-specification ψP . The first approach considers

the minimal competent algebra Rhs on P, and then the subsequent algebras

are getting larger step by step.

5.6.1 Approach I: the minimal competent algebra Rhs

In this subsection, we further investigate the minimal competent algebra Rhs

and the corresponding Rhs–specification chs, which was defined in (9). Let

ψhs = chs. Dubins and Savage (2014) mention a similar idea in Section 2.6,

but find it insufficient for their purpose.

The next lemma claims that Rhs is strongly related to the set CL of all clopen

(closed and open) subsets of P. The proof can be found in Appendix 5.A.

Lemma 5.6.1. The algebra Rhs has the following properties:

1. Rhs ⊆ CL.
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2. Rhs = CL if and only if the action set A is finite.

For each behavior strategy b, let Uhs(b) denote the set of possible expected

payoffs, i.e. Uhs(b) = U(b|Rhs,ψhs), as defined in (11).

5.6.2 Approach II: stop rules

In this section, we define the algebra Rs on P and a corresponding Rs-

specification ψs. The superscript s refers to stop rules. The main idea of this

approach is to look at subsets of P such that they and their complements can

be defined through stop rules.

Let

S = {[S] : S ⊆ H is a stop rule}.

Thus, S consists of all subsets of P that are induced by a stop rule. We define

Rs = {[R] : [R] ∈ S and P\[R] ∈ S}.

The following lemma summarizes basic properties of S and Rs. The proof

can be found in Appendix 5.A. The lemma is connected to Theorem 2.9.1 in

Dubins and Savage (2014).

Lemma 5.6.2. The collections S and Rs have the following properties:

1. S is equal to the set of all open sets in P.

2. Rs is an algebra.

3. Rs is equal to the set of all clopen sets of P.

4. Rs ⊇ Rhs, and hence Rs is competent.

5. Rs = Rhs if and only if the action set A is finite.

For Approach II we need the definition of a subproblem. Given a decision

problem G, k ∈ N, a history h ∈ Ak and a payoff function u, we denote the

subproblem that starts at history h by G|h. This is played as follows. At peri-

ods n > k+ 1, the decision maker chooses an action an ∈ A, which induces

a play (ak+1,ak+2, . . .) and a corresponding payoff u|h(ak+1,ak+2, . . .) =
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u(h,ak+1,ak+2, . . .). In fact,G|h is identical to the decision problemG, except

for the payoff function (and for the inessential change that the first period has

label k+ 1). For a k ∈N and for a history h ∈ Ak, let

Q|h = {(qk+1,qk+2, . . .) : (h,qk+1,qk+2, . . .) ∈ Q}.

Note that Q|h ∈ Rs. The behavior strategy b in decision problem G induces a

behavior strategy b|h in the subproblem G|h as follows: b|h(h ′|h) = b(h ′) for

any h ′ � h. That is, b|h(ak+1,ak+2, . . . ,ak ′) = b(h,ak+1,ak+2, . . . ,ak ′), for

every k ′ > k. Note that b|h, as a mapping from H to C(A, 2A), is a behavior

strategy itself according to our definition.

An Rs-specification ψ defines an extension ψ(b) in decision problem G, and

for a history h ∈ H the Rs-specification ψ defines an extension ψ(b|h) in

decision problem G|h. The following lemma claims that there is a unique

Rs-specification ψ with a fairly natural consistency property between the

probabilities under ψ(b|h) and ψ(b|ha), for each behavior strategy b, history

h and action a. More precisely, for every set in Rs, the corresponding prob-

ability under ψ(b|h) should be equal to the expectation of the probability at

the next period under ψ(b|ha). The proof of the lemma is given in Appendix

5.A. The following lemma is strongly related to Theorem 2.8.1 from Dubins

and Savage (2014), even though the proofs have a different style. Theorem 1

in Purves and Sudderth (1976) is also similar.

Lemma 5.6.3. There exists a unique Rs-specification ψ with the following property:

for every behavior strategy b, for every history h and for every Q ∈ Rs

ψ(b|h)(Q|h) =

∫
a∈A

ψ(b|ha)(Q|ha) b(h)(da). (12)

Let ψs be the unique Rs-specification in Lemma 5.6.3. Note that by the defi-

nition of an Rs-specification, we have for every behavior strategy b and every

[R] ∈ Rhs that

ψs(b)([R]) = ψhs(b)([R]), (13)

which also intuitively states that Approach II is consistent with Approach

I. The following lemma further examines the relation of Approach II to Ap-

proach I. It claims that, if the action space is infinite, then for some behavior
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strategies b, the charge ψs(b) is not a unique extension of ψhs(b). That is,

Approach II is not the only way to extend Approach I to Rs. The proof of the

lemma can be found in Appendix 5.A.

Lemma 5.6.4 (Approach I and Approach II are different). Assume that the

action space A is infinite. Then there is a behavior strategy b and a charge µ on Rs

such that for every [S] ∈ Rhs

ψs(b)([S]) = µ([S]),

but ψs(b) 6= µ.

In the above lemma, it is necessary to assume that A is infinite, in view of

part 5 of Lemma 5.6.2.

For each behavior strategy b, let Us(b) denote the set of possible expected

payoffs, i.e. Us(b) = U(b|Rs,ψs), as defined in (11). Theorem 2.8.4 in Dubins

and Savage (2014) is comparable to finding a singleton Us(b).

5.6.3 Approach III: stop rules and singletons

In this section, we define an algebra Rs+s on P and a corresponding Rs+s-

specification ψs+s. The superscript s+ s refers to stop rules and singletons.

The main idea of this approach is to extend the algebra Rs from Approach II

by singleton plays.

Let Rs+s be the smallest algebra that contains all sets from Rs and all sin-

gletons {p}, where p ∈ P. Note that Rs+s is competent by part 4 of Lemma

5.6.2.

Lemma 5.6.5. The algebra Rs+s has the following properties:

1. Rs+s is a strict superset of Rs, i.e. Rs+s ) Rs.

2. Rs+s is the collection of all subsets Z of P that differ in at most finitely many

plays from a clopen set:

Rs+s = {Z ⊆ P : ∃[R] ∈ Rs such that both Z \ [R] and [R] \Z are finite}.

In other words, the algebra Rs+s is the collection of all subsets Z of P of the

form

Z = ([R]∪Q1) \Q2 (14)
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where [R] ∈ Rs and Q1 and Q2 are finite subsets of P.

3. For every Z ∈ Rs+s there is a unique representation of the form (14) such

that [R]∩Q1 = ∅, Q1 ∩Q2 = ∅ and [R] ⊇ Q2.

Take a behavior strategy b. Let p = (a1,a2, . . .) ∈ P. For each n ∈N, let

ls+s(b,p) =

∞∏
n=1

b(a1, . . . ,an−1)(an).

Take a Z ∈ Rs+s. In view of Lemma 5.6.5, the set Z can be written in a unique

way of the form Z = ([R]∪Q1) \Q2 such that [R]∩Q1 = ∅, Q1 ∩Q2 = ∅ and

[R] ⊇ Q2. We define

ψs+s(b)(Z) = ψs(b)([R]) +
∑
p∈Q1

ls+s(b,p) −
∑
p∈Q2

ls+s(b,p). (15)

This means that ls+s(b,p) is the limit of the probabilities that the behavior

strategy b induces on the histories (a1, . . . ,an). In a countably additive setup,

ls+s(b,p) would be exactly the probability that b induces the play p. Note

that ψhs(b)([(a1, . . . ,ak)]) =

ψs(b)([(a1, . . . ,ak)]) =

k∏
n=1

b(a1, . . . ,an−1)(an), (16)

soψhs(b)([(a1, . . . ,ak)]) andψs(b)([(a1, . . . ,ak)]) converge to ls+s(b,p). One

can verify that any representation of Z from (14) gives the same outcome for

ψs+s.

Lemma 5.6.6. Let b be a behavior strategy. The function ψs+s(b) is a charge on the

algebra Rs+s.

Notice that ψs+s(b)([S]) = ψs(b)([S]) = ψhs(b)([S]) for every behavior strat-

egy b and [S] ∈ Rhs, because of (15) and by (13). Thus, ψs+s is an Rs+s-

specification on the algebra Rs+s.

The following lemma examines the relation of Approach III to Approach

II, and is similar in spirit to (13) and Lemma 5.6.4. The proof is given in

Appendix 5.A.

Lemma 5.6.7 (Approach II and Approach III are different).
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1. For every behavior strategy b and every Z ∈ Rs

ψs+s(b)(Z) = ψs(b)(Z).

2. There is a behavior strategy b and a charge µ on Rs+s such that for every

Z ∈ Rs

ψs+s(b)(Z) = µ(Z),

but ψs+s(b) 6= µ.

We emphasize that the above lemma holds for any action space A (under our

assumption that |A| > 2), even when A is finite.

For each behavior strategy b, let Us+s(b) denote the set of possible expected

payoffs, i.e. Us+s(b) = U(b|Rs+s,ψs+s), as defined in (11).

5.6.4 Approach IV: open sets

In this section, we consider an algebra Ro on P and a corresponding Ro-

specification ψo. The superscript o refers to open sets.

Let Ro be the smallest algebra of subsets of P that contains all open sets.

Lemma 5.6.8. Ro is a strict superset of Rs+s, and Ro is a strict subset of the Borel

sigma-algebra σ(P) on P. That is, Rs+s ( Ro ( σ(P).

Due to the first inclusion, Ro includes the competent algebra Rs+s, and hence

Ro is competent too. The second inclusion is not surprising as an algebra is

only closed under countable unions under strong conditions. To provide a

concrete example, in the proof we define a class Y of sets that all belong to

σ(P) \ Ro. A subset Z of P belongs to Y if there is a non–empty open subset

O of P with the following property: Z is dense in O and its complement P \Z

is also dense in O, i.e., Z∩O ′ 6= ∅ and (P \Z)∩O ′ 6= ∅ for every non–empty

open set O ′ ⊆ O.

Dubins (1974) considers the following probability of an open set based on

inner approximations by clopen sets: for every behavior strategy b and open

set O,

co(b)(O) = sup
Z∈Rs , Z⊆O

ψs(b)(Z). (17)
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We will briefly investigate in Section 5.8 the counterpart of this definition by

taking the outer approximations by clopen sets.

The following theorem is proven in Dubins (1974), Theorem 2.

Theorem 5.6.9. For every behavior strategy b, the map co(b)(·) has a unique ex-

tension from the open subsets of P to a charge on the algebra Ro.

Notice that ψo(b)([S]) = ψs(b)([S]) = ψhs(b)([S]) for every behavior strategy

b and [S] ∈ Rhs, because of (17) and (13). This allows us to define the Ro-

specification ψo as follows: for every behavior strategy b, the charge ψo(b)

is the unique extension of co(b)(·) in Theorem 5.6.9.

The following lemma examines the relation of Approach IV to Approach III,

and is similar in spirit to (13) and Lemmas 5.6.4 and 5.6.7. The proof is given

in Appendix 5.A.

Lemma 5.6.10 (Approach III and Approach IV are different).

1. For every behavior strategy b and every Z ∈ Rs+s

ψo(b)(Z) = ψs+s(b)(Z).

2. Assume that the action space A is infinite. Then there is a behavior strategy b

and a charge µ on Ro such that for every Z ∈ Rs+s

ψo(b)(Z) = µ(Z),

but ψo(b) 6= µ.

For each behavior strategy b, let Uo(b) denote the set of possible expected

payoffs, i.e. Uo(b) = U(b|Ro,ψo), as defined in (11).

The algebra Ro is the largest algebra that we consider. As Example 5.6.11

shows, even using the algebra Ro and the corresponding specification ψo,

not all behavior strategies generate a unique expected payoff. The following

example is very similar to the example presented in Sections 4 and 5, Purves

and Sudderth (1976).

Example 5.6.11. Consider a decision problem with action space A = {a,a ′}.

LetQ be the set of plays p such that action a only appears finitely many times
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in p. We remark that Q ∈ σ(P) \ Ro, which is shown in the proof of Lemma

5.6.8, part B. Consider the following payoff function: u(p) = 1 for every play

p ∈ Q, and u(p) = 0 otherwise. Take the behavior strategy b which for every

history h ∈ H gives b(h)(a) = 1
2 and b(h)(a ′) = 1

2 . The expected payoff

depends on the probability of set Q.

We show that b does not induce a unique expected payoff under Approach

IV, that is, Uo(b) = U(b|Ro,ψo) is not a singleton. For this purpose, we prove

that ψo(b) has two extensions from Ro to 2P, B,B ′ ∈< b|Ro,ψo > such that

u(B) 6= u(B ′), where we use the definition in (10). Since u(B) = B(Q) and

u(B ′) = B ′(Q), we need to verify that B(Q) 6= B ′(Q).

Note that ψo(b)({p}) = 0 for every p ∈ P, because of part 1 of Lemma 5.6.10

and (15). As explained in the proof of Lemma 5.6.8, the sets Q and P \Q are

dense in all non–empty open subsets of P. So the inner and outer approxima-

tions of Q by sets in Ro yield

sup
Z∈Ro , Z⊆Q

ψo(b)(Z) = 0,

inf
Z∈Ro , Z⊇Q

ψo(b)(Z) = 1.

Based on Theorem 3.C.3 there exists an extension B ∈< b|Ro,ψo > such that

B(Q) = 0 and there exists an extension B ′ ∈< b|Ro,ψo > such that B ′(Q) = 1.

The proof is complete. /

We emphasize that the specification ψo defines a charge on Ro for all be-

havior strategies. Given a specific behavior strategy b, Purves and Sudderth

(1976) extend the charge ψo(b) from the algebra Ro to A(b). The algebra

A(b) contains the sets of plays which can be approximated by closed sets

from the inside and open sets from the outside in such a way that the ψo(b)-

probability of their difference can be made arbitrarily small (see their Propo-

sition 2.1). In Theorem 5.1 they show that all elements of the Borel sigma-

algebra on P can be approximated this way, so σ(P) ⊆ A(b). This means that

for every behavior strategy b, there is a charge defined on σ(P) which agrees

with ψo(b) on the algebra Ro. Therefore this charge is consistent with all of

our approaches. They have an example with a behavior strategy which does

not induce a unique expected payoff even under their approach.
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5.7 the main results

In this section we present our main results. The proof can be found in Ap-

pendix 5.A.

Recall the definition of equivalent strategies from Definition 5.5.4. The next

theorem discusses the equivalence between mixed and behavior strategies.

Theorem 5.7.1 (Existence of equivalent strategies).

1. Let P be an algebra of P, and ψP be a P–specification. Then, for every

behavior strategy there exists a P–equivalent mixed strategy.

2. There exists a mixed strategy m, in any decision problem 3, that does not have

an Rs+s-equivalent behavior strategy. Consequently, m has no Ro-equivalent

behavior strategy either.

In Example 5.7.5 we show a mixed strategy that does not have an Rs+s-

equivalent behavior strategy. Moreover, every behavior strategy gives a strictly

lower expected payoff than this mixed strategy.

We leave it as an open question whether for every mixed strategy m there

exists a behavior strategy b that is equivalent to m according to Approach I

or Approach II. We sketch the idea for constructing an equivalent behavior

strategy b for Approach I. Let a mixed strategy m be given, and let m∗ be

the charge it induces on the set P of plays, as defined in (8). We could find

the Rhs-equivalent behavior strategy b by disintegrating m∗. First we define

b(ø) by for every D ⊆ A letting b(ø)(D) = m∗([D]). Let g : A → C(A, 2A) be

such that for every E ⊆ A2

m∗([E]) =

∫
a1∈A

∫
a2∈A

IE(a1,a2) g(a1)(da2) b(ø)(da1).

If it is possible to disintegrate m∗, so g exists, then set b(a1) = g(a1) for all

a1 ∈ A. If disintegration is possible, then this can be continued recursively.

In that case the behavior strategy b would be Rhs-equivalent to m.

The next theorem provides, for each approach separately, a connection be-

tween each behavior strategy inducing a unique expected payoff and proper-

ties of the payoff function.

3 Recall that we assume that there are at least two actions.
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Theorem 5.7.2 (Unique expected payoff under behavior strategies).

Let u : P → R be a bounded function.

• Approach I. The following are equivalent:

– Every behavior strategy b induces a unique expected payoff for u, i.e.,

Uhs(b) is a singleton.

– The payoff function u is uniformly continuous.

– The payoff function u is uniformly Rhs–approachable.

• Approach II. The following are equivalent:

– Every behavior strategy b induces a unique expected payoff for u, i.e.,

Us(b) is a singleton.

– The payoff function u is continuous.

– The payoff function u is uniformly Rs–approachable.

• Approach III:

1. If the payoff function u is uniformly Rs+s–approachable, then every be-

havior strategy b induces a unique expected payoff, i.e., Us+s(b) is a

singleton.

2. If the payoff function u is strongly tame, then u is uniformly Rs+s–

approachable and hence every behavior strategy b induces a unique ex-

pected payoff.

• Approach IV:

1. If the payoff function u is uniformly Ro–approachable, then every behav-

ior strategy b induces a unique expected payoff, i.e., Uo(b) is a singleton.

2. The payoff function u is uniformly Ro–approachable if any of the follow-

ing sufficient conditions hold:

a) the function u is weakly tame,

b) the function u is upper semi-continuous,

c) the function u is lower semi-continuous.

Hence under any of these conditions every behavior strategy b induces a

unique expected payoff.
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Theorem 2.8.5 in Dubins and Savage (2014) resembles the part on Approach

II in the foregoing theorem.

The following example shows that under Approach III with stop rules and

singletons, every behavior strategy b inducing a unique expected payoff does

not imply that the payoff function u is Rs+s-approachable or strongly tame.

The example shows a payoff function that is neither Rs+s-approachable nor

strongly tame, however the Us+s(b) is a singleton for every behavior strategy

b.

Example 5.7.3. Consider the decision problem with action space A =

{a,a ′,a ′′}. Let Wa be the set of plays p such that, for some t ∈N, the play p

contains action a ′ at all periods 1, . . . , t− 1 and contains action a at period t.

Similarly, let Wa ′′ be the set of plays p such that, for some t ∈ N, the play p

contains action a ′ at all periods 1, . . . , t− 1 and contains action a ′′ at period

t. Thus Wa,Wa ′′ and the singleton play (a ′,a ′, . . .) form a partition of P.

Consider the following payoff function: let u(p) = 1 for all p ∈ Wa, let

u(p) = −1 for all p ∈Wa ′′ , and let u(a ′,a ′, . . .) = 0.

A. Notice thatWa ∈ Ro asWa is an open set. Now we argue thatWa /∈ Rs+s

by contradiction. Assume that Wa ∈ Rs+s, then by Lemma 5.6.5

Wa = ([R]∪Q1) \Q2

where [R] ∈ Rs and Q1 and Q2 are finite subsets of P, and [R] ∩Q1 = ∅,
Q1 ∩Q2 = ∅ and [R] ⊇ Q2.

There are two distinct possibilities, either the play p = (a ′,a ′, . . .) ∈ [R] or p /∈
[R]. First assume that p ∈ [R]. Since [R] is an open set, there is a history h ∈ H
such that h ≺ p and [h] ⊆ [R]. Since [h] ∩Wa ′′ is infinite, the intersection

[R]∩Wa ′′ is also infinite. The set Q2 is finite and Wa ∩Wa ′′ = ∅, so we reach

a contradiction. Now assume that p /∈ [R]. By [R] ∈ Rs and part 3 of Lemma

5.6.2 the complement P \ [R] is open. Hence there exists a history h ∈ H such

that h ≺ p and [h] ⊆ P \ [R]. The set Q1 is finite and Wa ∩ [h] is infinite, so

we reach a contradiction. In conclusion, Wa /∈ Rs+s.

It is peculiar that if we took an action space consisting only of actions a and

a ′, but we defined Wa in the same way as above, then Wa = P \ {p} ∈ Rs+s

would hold. In this new decision problem the set of plays is Wa ∪ {p}, and
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the restriction of the payoff function u on this set is strongly tame, unlike in

the original decision problem.

B. We show that u is not Rs+s-approachable. We show that if ε = 1
3 , then

for any Rs+s-measurable simple–function u ′ there is a play p ′ ∈ P such that

|u(p ′) − u ′(p ′)| > ε.

Take an Rs+s-measurable simple–function u ′ =
∑m
i=1 riIRi where m ∈ N,

r1, . . . , rm ∈ R, R1, . . . ,Rm ∈ Rs+s and {R1, . . . ,Rm} is a partition of P. There

is an i ∈ {1, . . . ,m} such that p ∈ Ri. Assume that |Ri| > 1, then there is a

p ′ ∈ (Ri ∩Wa) ∪ (Ri ∩Wa ′′). Therefore |u(p ′) − ri| > ε or |u(p) − ri| > ε.

On the other hand, assume that |Ri| = 1. Additionally, assume that there

is a j ∈ {1, . . . ,m} such that there is a play p ′ ∈ Rj ∩Wa and a play p ′′ ∈
Rj ∩Wa ′′ . Then |u(p ′) − rj| > ε or |u(p ′′) − rj| > ε. An alternative case would

be assuming that there is no such j, so for every j 6= i either Rj ⊂ Wa or

Rj ⊂ Wa ′′ . However there is no finite partition of P in Rs+s that satisfies

this condition, since Wa /∈ Rs+s and Rs+s is an algebra. Since we covered

all cases of Rs+s-measurable simple–functions, and in each case we found

a play p ′ ∈ P such that |u(p ′) − u ′(p ′)| > ε, we can conclude that u is not

Rs+s-approachable.

C. We show that Us+s(b) is a singleton for any behavior strategy b. Take

a behavior strategy b. It is enough to show that B(Wa) = B ′(Wa) for all

B,B ′ ∈< b|Rs+s,ψs+s >, because {p} ∈ Rs+s and Wa ∪Wa ′′ ∪ {p} = P. For

all k ∈ N, let hak ∈ Ak be the history that contains action a ′ at all periods

1, . . . ,k − 1 and contains action a at period k. Similarly, for all k ∈ N, let

ha
′′
k ∈ Ak be the history that contains action a ′ at all periods 1, . . . ,k− 1 and

contains action a ′′ at period k. For all t ∈N, let Sat ⊆ H be the set of histories

that consists of hak for all k 6 t. Similarly, for all t ∈ N, let Sa
′′
t ⊆ H be the

set of histories that consists of ha
′′
k for all k 6 t. Finally, for all t ∈ N, let

(a ′)t ∈ At be the history that contains action a ′ at all periods 1, . . . , t.

Take an arbitrary extension B ∈< b|Rs+s,ψs+s >. Take a t ∈ N. Since

[Sat ], [S
a ′′
t ] and [(a ′)t] form a finite partition of P,

ψs+s(b)([Sat ]) +ψ
s+s(b)([Sa

′′
t ]) = 1−ψs+s(b)

(
[(a ′)t]

)
.

It follows from [Sat ] ⊂ Wa that ψs+s(b)([Sat ]) 6 B(W
a). Note that if t 6 t ′,

then ψs+s(b)([Sat ]) 6 ψ
s+s(b)([Sat ′ ]). Thus limt→∞ψs+s(b)([Sat ]) exists, and
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let us denote it by la. By a similar argument, let la
′′
= limt→∞ψs+s(b)([Sa ′′t ]).

By definition, ψs+s(b)(p) = limt→∞ψs+s(b)([(a ′)t]). Hence

la + la
′′
= 1−ψs+s(b)(p). (18)

Since B is a charge on the power set P of plays, B(Wa) +B(Wa ′′) = 1−B(p).

It follows from {p} ∈ Rs+s that B(p) = ψs+s(b)(p), so

B(Wa) +B(Wa ′′) = 1−ψs+s(b)(p). (19)

It follows from ψs+s(b)([Sat ]) 6 B(W
a) for all t ∈ N that la 6 B(Wa). Sim-

ilarly, la
′′
6 B(Wa ′′). Based on these last two inequalities, (18) and (19) we

can conclude that la = B(Wa) and la
′′
= B(Wa ′′). Since la and la

′′
de-

pends only on the behavior strategy b, but does not depend on the extension

B, these equalities hold for any extension. Thus the expected payoff of b is

Us+s(b) = la − la
′′
. Hence, the expected payoff Us+s(b) is a singleton for

any behavior strategy b, even though the payoff function u is neither Rs+s-

approachable nor strongly tame. /

Comparing the various approaches through examples

revisiting the examples under approach i First consider Example

5.3.1 again. Let τ be a pure charge on N, and b be a behavior strategy such

that b(ø) = τ and b(n) = δn for every n ∈N, where δn is the Dirac measure

on action n. For every N ∈ N, let RN = {(n,n) : n > N} ⊆ A2. By iterative

integration over the first two periods, for every N ∈ N we have B([RN]) = 1

for every charge B ∈< b|Rhs,ψhs >, see (9). Hence, b induces a unique

expected payoff of 1, i.e. Uhs(b) = 1.

revisiting the examples under approach ii In Example 5.3.1, we

found under Approach I that the behavior strategy b induces a unique ex-

pected payoff of 1. Since Approaches I and II are consistent on Rhs in view

of (13), the behavior strategy b induces a unique expected payoff of 1 under

Approach II as well.

Now consider Example 5.3.2 and the behavior strategy b described there. For

every t ∈N, take the stop rule

St = {(n, . . . ,n) : n ∈N and n > t},
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where (n, . . . ,n) denotes the history consisting of action n at the first n peri-

ods. Since St is a stop rule, [St] ∈ S for all t ∈N.

Moreover, P \ [St] = [Qt] where Qt is the stop rule Qt = Q1t ∪Q2t where

Q1t = {(n) : n ∈N and n 6 t}

Q2t = ∪n∈N {(a1, . . . ,an) ∈ An : a1 = n, (a1, . . . ,an) 6= (n, . . . ,n)}.

So P\[St] ∈ S. Altogether this means that [St] ∈ Rs.

It follows from Lemma 5.6.3 that for every t ∈N

ψs(b)([St]) = 1.

Consequently, under Approach II, behavior strategy b induces the unique

expected payoff of 1, i.e. Us(b) = 1.

We show in the proof of Lemma 5.6.4 that there is an extension B ∈
< b|Rhs,ψhs > with B([1] ∪ [S1]) = 0, so u(B) = 0. Since u(B) = 0, but

Us(b) = 1, the expected payoff induced by b is not unique under Approach

I.

revisiting the examples under approach iii Since Approach III

is consistent with Approach II on the algebra Rs in view of Lemma 5.6.7,

the behavior strategies in Examples 5.3.1 and 5.3.2 induce a unique expected

payoff of 1 under Approach III as well.

Now consider Examples 5.3.3 and 5.3.4 with the corresponding behavior strat-

egy b. Recall that b(h)(c) = 1 for all histories h ∈ H. It follows from (15) that

ψs+s(b)(c, c, . . .) = ls+s(b,p) = 1. In Example 5.3.3 the payoff u(c, c, . . .) = 1,

so Us+s(b) = 1. However, in Example 5.3.4 the payoff u(c, c, . . .) = 0, so

Us+s(b) = 0.

In part 2 of the proof of Lemma 5.6.7 we show that there is an extension

B ∈< b|Rs,ψs > with B(c, c, . . .) = 0. In Example 5.3.3 u(p) = 0 for all

p ∈ P \ {(c, c, . . .)}, so u(B) = 0 while Us+s(b) = 1. In Example 5.3.4 u(p) > 1
2

for all p ∈ P \ {(c, c, . . .)}, so u(B) > 1
2 while Us+s(b) = 0. So in both examples

the expected payoff induced by b is not unique under Approach II. Since

Approaches I and II are consistent, the expected payoff induced by b is not

unique under Approach I either.
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Example 5.7.4 (Another example under Approach III). Consider the decision

problem with action space A = N. For every n ∈ A let pn be the play where

action n is played at all periods and let Pn be the set of plays that start with

action n. Let the payoff function u be as follows: for a play p ∈ Pn we set

u(p) = 1 if p = pn and u(p) = n
n+1 if p ∈ Pn\{pn}. As we have shown in

Example 5.4.5, u is strongly tame.

Consider the behavior strategy b which at period 1 plays a pure charge on

A, and at all later periods repeats the action chosen at period 1. By Theorem

5.7.2, b induces a unique expected payoff of 1, i.e. Us+s(b) = 1. /

revisiting the examples under approach iv Since Approach IV is

consistent with Approach III on the algebra Rs+s in view of Lemma 5.6.10,

the behavior strategies in Examples 5.3.1, 5.3.2, 5.3.3 and 5.3.4 induce a unique

expected payoff under Approach IV as well.

Now consider Example 5.3.5 with the corresponding behavior strategy b. Re-

call b(ø) = τ where τ is a pure charge on N, and b(h) = δ1 at every other

history h ∈ H. For every n ∈N, let pn ∈ P be a play that prescribes action n

at the root, and at all other histories it prescribes 1. For every t ∈N, let Vt =

{pn ∈ P : n ∈ N,n > t}. Let Ot = P \ Vt which is an open set in P. It follows

from (17) that co(b)(Ot) = supZ∈Rs,Z⊆Ot ψ
s(b)(Z). Since ψs(Z) = 0 for all

Z ⊆ Ot,Z ∈ Rs, the probability ψo(b)(Ot) = co(b)(Ot) = 0. Because {Ot,Vt}

is a partition of the set P of plays, ψo(Ot) +ψo(b)(Vt) = ψo(b)(P) = 1. Thus

ψo(b)(Vt) = 1, for all t ∈N. This implies that Uo(b) = 1.

In part 2 of the proof of Lemma 5.6.10 we show that there is an extension

B ∈< b|Rs+s,ψs+s > with B(V1) = 0, and so u(B) = 0. Since u(B) = 0, but

Uo(b) = 1, the expected payoff induced by b is not unique under Approach

III. Since Approaches I, II and III are consistent, the expected payoff induced

by b is not unique under Approaches I and II either.

In the following example we illustrate via Example 5.3.4 that the converse of

the statement in part 1 of Theorem 5.7.1 cannot be stated under Approaches

III and IV. This counterexample shows that there exists a mixed strategy that

does not have an Rs+s–equivalent or an Ro–equivalent behavior strategy,

thus it proves part 2 of Theorem 5.7.1. Moreover, we show that every behavior
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strategy induces a strictly lower expected payoff than the expected payoff

induced by m.

Example 5.7.5. We use the mixed strategy m defined in Example 5.3.4. Let

p∗ = (c, c, . . .), and let O = P \ {p∗}. Note that O ∈ Rs+s. Take a clopen set

C ⊆ O. Then P \C is open, and since p∗ ∈ P \C, there exists a history h ∈ H
such that h ≺ p∗ and [h] ⊆ P \C. Based on (8) the probability m∗([h]) = 1, so

m∗(P \C) = 1. Since m∗ is finitely additive, m∗(C) = 0. However, m∗(O) = 1.

Assume, by contradiction, that there exists a behavior strategy b that is Rs+s-

equivalent to m. Then by definition they generate the same charge on the

algebra Rs+s. Let for every t ∈N the history ht ∈ At be ht = (c, . . . , c). Then

m∗([ht]) = 1, so ψs+s(b)([ht]) = ψs(b)([ht]) = ψhs(b)([ht]) = 1, because m

and b are Rs+s-equivalent. Based on (9), for every t ∈ N the probability

b(ht)(c) = 1 too. This implies that ls+s(b,p∗) =
∏∞
t=1 b(ht)(c) = 1. As

mentioned earlier, m∗(O) = 1, thus ψs+s(b)(O) = ψs(b)(P) − ls+s(b,p∗) = 1

as well. It follows from ψs(b)(P) = 1 that ls+s(b,p∗) = 0. Since ls+s(b,p∗)

cannot be 0 and 1 at the same time, we have reached a contradiction.

Hence there does not exist a behavior strategy b that is Rs+s-equivalent to

the mixed strategy m. By part 1 of Lemma 5.6.10 this implies that there does

not exist a behavior strategy b that is Ro-equivalent to the mixed strategy m

either.

Now we focus on the expected payoffs induced by the strategies. As argued

in Example 5.3.4, the expected payoff induced by m is 1, i.e. U(m) = 1.

Consider a behavior strategy b such that there exists a history h where

b(h)(s) > 0. Then Us+s(b) < 1 and Uo(b) < 1. On the other hand, let b be

the behavior strategy with b(h)(c) = 1 for all histories h. According to (15),

ψs+s(b)(c, c, . . .) = ls+s(b, (c, c, . . .)) = 1. Since u(c, c, . . .) = 0, the expected

payoff Us+s(b) = 0. Due to part 1 of Lemma 5.6.10, Uo(b) = Us+s(b) = 0 as

well. So Us+s(b) < U(m) = 1 and Uo(b) < U(m) for all behavior strategies b.

Thus all behavior strategies induce expected payoffs (under Approaches III

and IV) strictly lower than the expected payoff induced by the mixed strategy

m. /



109

5.8 concluding remarks

We consider decision problems with infinitely many time periods, and exam-

ine finitely additive strategies a decision maker can play. All pure and mixed

strategies induce a unique charge on the set of plays, and so they induce a

unique expected payoff. However, a behavior strategy may induce multiple

charges on the set of plays, possibly even when it prescribes a Dirac measure

at every history. So a behavior strategy may induce a set of expected payoffs.

We consider four approaches to this problem. We prove consistency amongst

these approaches, and illustrate the differences through examples.

With respect to all four approaches, we provide sufficient topological condi-

tions on the payoff function under which each behavior strategy induces a

unique expected payoff. We also consider equivalence between mixed and

behavior strategies. Each behavior strategy has an equivalent mixed strategy

according to all four approaches. However, the converse does not hold under

Approaches III and IV, so in every decision problem there is a mixed strat-

egy without an equivalent behavior strategy. We leave it as an open question

whether every mixed strategy has an equivalent behavior strategy under Ap-

proach I or under Approach II.

an alternative to approach iv In Approach IV we examined the

algebra Ro generated by the open sets. The starting point was, following Du-

bins (1974), to define the probability of an open set, under a behavior strategy,

through inner approximations by clopen sets. An alternative to this approach

would be to take outer approximations by clopen sets instead. We do not go

into details whether or not defining the probabilities of open sets this way

can be extended to the whole algebra Ro, just as Dubins (1974) did it with

inner approximations. We rather illustrate by the following example that this

alternative approach would contradict Approach III (and hence Approach IV

as well).

Consider the decision problem in Example 5.3.3 with action space A = {c, s},

and payoff function u given by u(p) = 1 and u(p ′) = 0 for all p ′ ∈ P \ {p},

where p = (c, c, . . .). Let b denote the behavior strategy that chooses action c

with probability 1 at every history. Consider the open set P \ {p}.
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Approach III, under b, assigns probability 1 to {p} and hence probability 0

to P \ {p}. Now we investigate the probability of the open set P \ {p} under

the alternative approach with outer approximations. Consider any clopen set

Z ⊇ P \ {p}. Then by Lemma 5.6.2 the set Z ∈ Rhs. It follows directly that there

is a history h = (c, . . . , c) such that [h] ⊆ Z. Hence the set Z has probability

1 under b. This implies that the alternative approach assigns probability 1 to

P \ {p}, in contrast with Approach III. In fact, the alternative approach even

violates the viewpoint of countable additivity.

decision problems with chance moves It is an interesting question

how to deal with decision problems in which chance moves are present. In

such a decision problem it is not clear how to calculate the expected payoff for

a pure strategy. Indeed, if we fix a pure strategy for the decision maker, then

we can think of chance as a single decision maker who chooses his actions

according to a fixed probabilistic rule. As we know from the main body of

the chapter, there is an essential difference whether we model the choices

of chance by a mixed or by a behavior strategy. This adds an additional

dimension to the whole investigation.

multiple decision makers When there are multiple decision mak-

ers the problem becomes substantially more difficult. Suppose that there

are two decision makers who use mixed strategies m1 and m2 respectively.

The first question is which charge arises under (m1,m2) on the set of pure

strategy pairs (f1, f2). The pair (m1,m2) naturally induces the probability

m1(F
′
1) ·m2(F ′2) on each rectangle F ′1 × F ′2 where F ′1 and F ′2 are subsets of the

sets F1 and F2 of pure strategies for the decision makers. The probabilities on

rectangles generally do not have a unique extension to a charge on the power

set of F1 × F2. Consequently, the expected payoff under (m1,m2) is not al-

ways uniquely defined. The problem is quite similar to what we encounter in

Chapter 3.

5.a the proofs

Proof of Lemma 5.4.4: Take an arbitrary play p ∈ P. Consider a sequence of

plays (pk)k∈N that converges to p. We show that (Lg(pk))k∈N converges to

Lg(p).
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By the definition of Lg, for every k ∈ N there exists a play qk ∈ P such that

d(pk,qk) < 1
k and |Lg(pk) − g(qk)| <

1
k . Since d(pk,qk) < 1

k for all k ∈ N,

the sequence (qk)k∈N converges to p as well. Hence by the definition of Lg,

the sequence (g(qk))k∈N converges to Lg(p). By using

|Lg(pk) − Lg(p)| 6 |Lg(pk) − g(qk)|+ |g(qk) − Lg(p)|,

we obtain that |Lg(pk) − Lg(p)| converges to 0. �

Proof of Lemma 5.5.1: Take an arbitrary mixed strategy m.

Assume first that u is a (2P-measurable) simple–function. Then, u is of the

form u(p) =
∑n
i=1 ci · IQi(p), where ci ∈ R for each i = 1, . . . ,n, where

{Qi : i = 1, . . . ,n} is a partition of P. For each i = 1, . . . ,n, let Fi = {f ∈ F :

pf ∈ Qi}. Thus, {Fi : i = 1, . . . ,n} is a partition of the set F of pure strategies,

U(f) =
∑n
i=1 ci · IFi(f) for all f ∈ F, and m∗(Qi) = m(Fi) for each i = 1, . . . ,n

by (8).

Hence, we have∫
p∈P

u(p) m∗(dp) =

n∑
i=1

ci ·
∫
p∈P

IQi(p) m
∗(dp) =

n∑
i=1

ci ·m∗(Qi)

=

n∑
i=1

ci ·m(Fi) =

n∑
i=1

ci ·
∫
f∈F

IFi(f) m(df)

=

∫
f∈F

U(f) m(df) = U(m).

Now let u be an arbitrary bounded payoff function. Let ε > 0 and let u ′ :

P → R be a simple–function such that |u(p) −u ′(p)| 6 ε for every play p ∈ P.

Hence, also |U(f) −U ′(f)| 6 ε for every pure strategy f ∈ F. We have

U(m) =

∫
f∈F

U(f) m(df) 6
∫
f∈F

U ′(f) m(df) + ε

=

∫
p∈P

u ′(p) m∗(dp) + ε 6
∫
p∈P

u(p) m∗(dp) + 2ε,

and similarly U(m) >
∫
p∈P u(p) m

∗(dp) − 2ε. Hence

|U(m) −

∫
p∈P

u(p) m∗(dp)| 6 2ε.

Since ε > 0 was arbitrary, the proof is complete. �
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Proof of Lemma 5.5.2: The empty set ∅ belongs to Rhs, as it is induced by

the empty stop rule: [∅] = ∅.

Now we show that Rhs is closed under taking complements. Let [R] ∈ Rhs,

where R ⊆ An for some n ∈ N. Then, P \ [R] = [R ′], where R ′ = An \ R.

Hence, P \ [R] ∈ Rhs.

Finally, we show that Rhs is closed under taking unions. Let [R] ∈ Rhs and

[R ′] ∈ Rhs, where R ⊆ An for some n ∈ N and R ′ ⊆ An ′ for some n ′ ∈ N.

Let N = max{n,n ′}. Let

Q = {h ∈ AN : there exists g ∈ R with g � h}

Q ′ = {h ∈ AN : there exists g ∈ R ′ with g � h}.

Clearly, [R] = [Q] and [R ′] = [Q ′]. Hence

[R]∪ [R ′] = [Q]∪ [Q ′] = [Q∪Q ′].

As Q∪Q ′ ⊆ AN, we conclude [R]∪ [R ′] ∈ Rhs. �

Proof of Theorem 5.5.5:

Let P denote an algebra of P, and ψP be a P-specification, and suppose

that the payoff function u is uniformly P-approachable. Consider a behavior

strategy b.

Let ε > 0. Since u is uniformly P-approachable, there exist ci ∈ R and

Qi ∈P for each i = 1, . . . ,n, and where {Qi : i = 1, . . . ,n} is a partition of P

such that for all p ∈ P
n∑
i=1

(ci − ε) · IQi(p) 6 u(p) 6
n∑
i=1

(ci + ε) · IQi(p).

Let B ∈< b|P ,ψP >. As Qi ∈ P we have B(Qi) = ψP(b)(Qi), for every

i = 1, . . . ,n. By monotonicity of the integral, by the definition of integration

of a P-measurable simple–function and by (10)

n∑
i=1

(ci − ε) ·ψP(b)(Qi) 6 u(B) 6
n∑
i=1

(ci + ε) ·ψP(b)(Qi).

This inequality holds for u(B ′) for any B ′ ∈< b|P ,ψP > as well, hence

−2ε 6 u(B) − u(B ′) 6 2ε.
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Since this can be derived for all ε > 0, it follows that u(B) = u(B ′). So

U(b|P ,ψP) is a singleton, as claimed. �

Proof of Lemma 5.6.1:

Proof of part 1. Take a set [R] ∈ Rhs. Because [h] is open for all histories h

and [R] = ∪h∈R[h], the set [R] is open. Since by Lemma 5.5.2 the complement

of [R] is also in Rhs, the set [R] is closed as well. Hence, [R] is clopen.

Proof of part 2.

=⇒ Assume first that the action set A is infinite. We show that there exists

a set U ∈ CL \ Rhs. (The construction is related to Example 5.3.2.) Since A

is infinite, by renaming the actions we can assume that N ⊆ A. For every

n ∈N, let hn denote the history (n, . . . ,n) of length n. Define

U =
⋃
n∈N

[hn].

Thus, U is the set of plays that start with action n at the first n periods, for

some n ∈N.

We show U ∈ CL \ Rhs. It is clear that U 6∈ Rhs. So it remains to verify that

U ∈ CL. Since [hn] is open for every n ∈N, the set U is open.

For every n ∈ N, let Hn be the set of histories of length n that start with

action n. Since [Hn \ {hn}] is open for every n ∈ N and [A\N] is also open,

the set

P \U = ∪n∈N [Hn \ {hn}]∪ [A\N]

is open too. Hence, U is closed, and therefore U ∈ CL indeed.

⇐= Now assume first that the action set A is finite. For proving Rhs = CL,

in view of part 1 we only need to prove Rhs ⊇ CL. Let Z ∈ CL. To show

Z ∈ Rhs, it is sufficient to prove that there is n ∈ N such that for every

history h ∈ An we have either [h] ⊆ Z or [h] ⊆ P\Z. Indeed, then Z = [R]

where R = {h ∈ An : [h] ⊆ Z}.

Suppose the opposite. Then there exists a sequence of histories hn such that

for every n ∈N we have hn ∈ An and there exists a play pn � hn and a play

qn � hn with pn ∈ Z and qn ∈ P\Z. Because A is finite, P is compact. Hence,

there exists a subsequence nk, with index k ∈N, converging to infinity, such

that pnk converges to some play p. Then there also exists a sub-subsequence
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nkm such that qnkm also converges. Since pnkm � hnkm and qnkm � hnkm
for every m ∈ N, and the sequence pnkm converges to p, we can conclude

that qnkm also converges to p. However, because Z is clopen, p ∈ Z as it is the

limit of pnkm and p ∈ P\Z as it is the limit of qnkm . This is a contradiction. �

Proof of Lemma 5.6.2: First we prove part 1. Since for every stop rule S ⊆ H

[S] =
⋃
h∈S

[h]

and each [h] is open, the set [S] is open too. Hence, S only contains open sets

of P.

Now suppose that Q ⊆ P is open. Because Q is open, for every play p ∈ Q
there is a history hp such that hp ≺ p and [hp] ⊆ Q. In addition, we assume

that hp is the shortest such history. It can be verified that the set S = {hp ∈
H : p ∈ Q} is a stop rule, and Q = [S]. Thus, Q ∈ S.

Part 3 is a consequence of part 1 and the definition of Rs. Part 2 then follows,

as the set of clopen sets in a topological space is an algebra (and one can

also prove it directly from the definition). Part 4 directly follows from the

definitions of Rhs and Rs. Part 5 is due to part 2 of Lemma 5.6.1 and part 3

of Lemma 5.6.2. �

Proof of Lemma 5.6.3:

Let Ψ be the set of functions ψ that to each behavior strategy b assigns a

charge ψ(b) on Rs. In part A we prove that there is a unique element ψ ∈ Ψ
with property (12). Then in part B we show that this ψ is an Rs-specification.

Part A: Take an arbitrary behavior strategy b and a set Q ∈ Rs. Our goal

is to show that the probability ψ(b)(Q) is the same for each ψ ∈ Ψ that

satisfies property (12). This will imply that there is a unique element ψ ∈ Ψ
with property (12). We will use in the proof that ψ(b)(Q) is the same as

ψ(b|ø)(Q|ø).

As Q ∈ Rs, there exist stop rules S1, S2 such that [S1] = Q and [S2] =

P\Q. Take a h ∈ S1. Since Q = [S1], we know Q|h = [h]|h = AN. Therefore

ψ(b|h)(Q|h) = 1. Similarly, if h ∈ S2, then ψ(b|h)(Q|h) = ψ(b)(∅) = 0.
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Let HQ ⊂ H be the set of all histories h such that there is no h ′ ≺ h with h ′ ∈
S1 ∪ S2. Intuitively, these are the histories that do not come after stopping by

either S1 or S2. Let HQ0 = S1 ∪ S2.

Let φ0 : HQ0 → R, and φ0(h) = 1 if h ∈ S1 and φ0(h) = 0 if h ∈ S2. So φ0
coincides with ψ(b|h)(Q|h) on h ∈ HQ0 . Let Z be the set of maps φ : Dφ → R,

where HQ0 ⊆ Dφ ⊆ H
Q and if h ∈ Dφ \H

Q
0 , then (h,a) ∈ Dφ as well, for all

a ∈ A. Moreover, φ(h) = φ0(h) for all h ∈ HQ0 and based on (12) for every

history h ∈ Dφ \H
Q
0

φ(h) =

∫
a∈A

φ(ha) b(h)(da) . (20)

Take a partial ordering / on the set Z, by (Dφ1 ,φ1) / (Dφ2 ,φ2) if Dφ1 ⊆ Dφ2
and φ1 = φ2 on Dφ1 . Take a chain C ⊆ Z. Let φ be φ(h) = φ(h) whenever

h ∈ Dφ for a φ ∈ C, so φ is defined on Dφ = ∪φ∈CDφ. It follows from

(Dφ0 ,φ0) / (Dφ,φ) that (Dφ,φ) ∈ Z. Hence (Dφ,φ) is an upper bound for

the chain C. So every chain in Z has an upper bound. Based on the Lemma

of Zorn, Z has a maximal element (Dξ, ξ).

We show that Dξ = HQ. Assume by contradiction that HQ \Dξ is not empty.

Also assume that there exists a history h ∈ HQ \Dξ such that (h,a) ∈ Dξ
for all a ∈ A. Then ξ(h) could be defined through (20) on Dξ ∪ {h}. In that

case (Dξ, ξ) would not be maximal, which is a contradiction. Assume, on the

other hand, that for every history h ∈ HQ \Dξ there exists an action a ∈ A
with (h,a) /∈ Dξ. Then there exists a history h ∈ HQ \Dξ and a sequence

of actions (at)t∈N where (h,a1, . . . ,at) /∈ Dξ for all t ∈ N. Since HQ0 ⊆ Dξ,

we know that (h,a1, . . . ,at) /∈ HQ0 for all t ∈ N either. However, this is a

contradiction, because HQ0 = S1 ∪ S2 is a complete stop rule.

Finally, we show that ξ is unique. Take a maximal element (Dξ ′ , ξ ′) in the

set Z, so Dξ ′ = HQ. Assume by contradiction that ξ and ξ ′ are not the same.

Since (Dξ, ξ), (Dξ ′ , ξ ′) ∈ Z, the maps ξ and ξ ′ coincide on the set HQ0 . Let

N = {h ∈ HQ \ H
Q
0 : ξ ′(h) 6= ξ(h)}. By our assumption, the set N is not

empty. We consider two cases, and in both cases we derive a contradiction.

First, assume that there exists a history h ∈ N such that (h,a) ∈ HQ \N for

all a ∈ A. Since in (20) the charge b(h) is the same irrespective of the map

φ, the values ξ(h) and ξ ′(h) coincide. That means that h /∈ N, which is a

contradiction. On the other hand, assume that there is a history h ∈ N and
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a sequence of actions (at)t∈N such that (h,a1, . . . ,at) ∈ N as well, for all

t ∈ N. Let p = (h,a1,a2, . . .). Because HQ0 = S1 ∪ S2 is a complete stop rule,

there exists a history h ′ ∈ HQ0 with h ′ ≺ p. It follows from h ′ ∈ HQ0 and

(Dξ, ξ), (Dξ ′ , ξ ′) ∈ Z that ξ(h ′) = φ0(h
′) and ξ ′(h ′) = φ0(h

′), so ξ(h ′) =

ξ ′(h ′). Because h ′ ≺ p, the history h ′ ∈ N and so ξ ′(h ′) 6= ξ(h ′). This is a

contradiction as well. Therefore the set N is empty, and (Dξ, ξ) is the unique

maximal element of Z.

Since Dξ = HQ, the map ξ is also defined at the root. Let ψ(b|ø)(Q|ø) = ξ(ø).

Part B: Now prove that ψ(b) is indeed an Rs-specification. Recall that

chs(b)([S]) = ψhs(b)([S]), by the definition of ψhs, for every behavior strat-

egy b and for every set [S] ∈ Rhs. Thus, we need to show that

ψ(b)([S]) = ψhs(b)([S])

for every behavior strategy b and for every set [S] ∈ Rhs.

Let for any set S ⊆ An+1, where n ∈N, and for any a ∈ A

S|a = {(r2, r3, . . . , rn+1) : (a, r2, r3, . . . , rn+1) ∈ S}.

Hence S|a ⊆ An. The function ψhs assigns to the induced strategy b|a a

charge ψhs(b|a) on the algebra Rhs.

For every n ∈ N, let Λ(n) be the statement that ψhs(b)([S]) = ψ(b)([S])

for every behavior strategy b and and every [S] ∈ Rhs, where S ⊆ An (for

n = 0, A0 consists of the root, i.e. A0 = {ø}). We prove this statement Λ(n) by

induction on n.

If n = 0, then S = ∅ or S = {ø}, so [S] = ∅ or [S] = P. Recall that ψhs(b) is a

charge on the algebra Rhs and ψ(b) is a charge on the algebra Rs, and both ∅
and P belong to these algebras. In the former case ψhs(b)(∅) = ψ(b)(∅) = 0,

and in the latter case ψhs(b)(P) = ψ(b)(P) = 1. Hence, Λ(0) is true.
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Now assume that Λ(n) is true for some n ∈ N. We prove Λ(n+ 1). Take a

behavior strategy b and [S] ∈ Rhs, where S ⊆ An+1. By part A of the proof

of Lemma 5.6.3, we have

ψ(b)([S]) =

∫
a∈A

ψ(b|a)([S]|a) b(ø)(da)

=

∫
a∈A

ψ(b|a)([S|a]) b(ø)(da)

=

∫
a∈A

ψhs(b|a)([S|a]) b(ø)(da)

= ψhs(b)([S]).

The first equality follows from (12). For the second equality we use that

[S]|a = [S|a]. In the third equality we use the inclusion S|a ⊆ An for each

a ∈ A and that Λ(n) is true by assumption (specifically, in the subproblem

G|a). The last equality follows from ψhs = chs, where the latter is defined in

(9).

In conclusion, Λ(n) is true for all n ∈N. �

Proof of Lemma 5.6.4: Since A is infinite, by renaming the actions we can

assume that N ⊆ A. The proof is making use of the idea of Example 5.3.2.

Consider the following behavior strategy b. The charge b(ø) is such that

b(ø)({n}) = 0 for every n ∈ N and b(ø)(N) = 1 (essentially, b(ø) is a

pure charge on N), and for any other h = (a1, . . . ,at) ∈ H the charge

b(h) is simply the Dirac measure on action a1. Consider also the set Z =

∪n∈N[(n, . . . ,n)], where [(n, . . . ,n)] denotes the set of plays that start with

action n at the first n periods.

Now we prove that there is a charge µ on Rs such that for every [R] ∈ Rhs

ψs(b)([R]) = µ([R]) and ψs(b)(Z) 6= µ(Z).

Take an N ⊂ N, and note that ψhs(b) (∪n∈N[(n, . . . ,n)]) = 0. So the inner

approximation of Z by sets in Rhs yields

sup
[R]∈Rhs , [R]⊆Z

ψhs(b)([R]) = 0.

Based on Theorem 3.C.3 there exists an extension µ ∈< b|Rhs,ψhs > such

that µ(Z) = 0. Since ψs(b)(Z) = 1 6= 0 = µ(Z), this is exactly what we were

looking for. �
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Proof of Lemma 5.6.5:

Part 1: We show that Rs+s ) Rs, by proving that {p} ∈ Rs+s \Rs. Take a play

p ∈ P. By definition, {p} ∈ Rs+s. Since we assumed that the action space A

has at least two actions, the singleton set {p} is not open. By part 3 of Lemma

5.6.2, the algebra Rs only contains clopen sets. Thus {p} /∈ Rs.

Part 2: Let P be the set of all subsets of P of the form (14) given in the

lemma. We show that Rs+s = P .

By the definition of Rs+s, we have P ⊆ Rs+s. So it remains to prove that

Rs+s ⊆P .

It is clear that (1) Rs ⊆P and (2) {p} ∈P for every p ∈ P. We show that P

is an algebra. Then, by the definition of Rs+s, it will follow that Rs+s ⊆P .

Obviously, P ∈P , by choosing R = ø and Q1 = Q2 = ∅.

Now we show that P is closed under taking complements. Let Z ∈P . Then

Z is of the form

Z = ([R]∪Q1) \Q2

where [R] ∈ Rs and Q1 and Q2 are finite subsets of P. The complement of Z

is then

P \Z = ((P \ [R])∪Q2) \ (Q1 \Q2).

Because [R] ∈ Rs, we have (P \ [R]) ∈ Rs as well. Hence, (P \Z) ∈P .

Finally, we show that P is closed under taking unions. Let Z,Z ′ ∈ P . Then

Z and Z ′ are of the form

Z =W \ V and Z ′ =W ′ \ V ′

where W = [R] ∪Q and W ′ = [R ′] ∪Q ′, with [R], [R ′] ∈ Rs and Q, Q ′, V and

V ′ being finite subsets of P. For the union of Z and Z ′ we have

Z∪Z ′ =
(
W ∪W ′

)
\
(
((W \W ′)∩ V)∪ ((W ′ \W)∩ V ′)

)
.

Note that W ∪W ′ = ([R] ∪ [R ′]) ∪ (Q ∪Q ′). Moreover, ([R] ∪ [R ′]) ∈ Rs and

Q∪Q ′ is finite. So (Z∪Z ′) ∈P .

Part 3: We prove that for every Z ∈ Rs+s there is a unique representation of

the form (14) such that [R]∩Q1 = ∅, Q1 ∩Q2 = ∅ and [R] ⊇ Q2.
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By part A, it is easy to conclude that such a representation exists. Now as-

sume that for some Z ∈ Rs+s there are two representations

Z = ([R]∪Q1) \Q2 and Z = ([R ′]∪Q ′1) \Q ′2 (21)

such that [R] ∩Q1 = ∅, Q1 ∩Q2 = ∅ and [R] ⊇ Q2, and [R ′] ∩Q ′1 = ∅, Q ′1 ∩
Q ′2 = ∅ and [R ′] ⊇ Q ′2.

We first show that [R] = [R ′]. Let h ∈ R. Then [h] ⊆ [R]. We argue that

[h] ⊆ [R ′]. Assume the opposite. Then, there is a play p ∈ P such that h ≺ p
and p 6∈ [R ′]. Since by Lemma 5.6.2, [R ′] is clopen and so P \ [R ′] is open,

there exists a history h ′ with h � h ′ ≺ p and [h ′] ∩ [R ′] = ∅. Thus, the set

[h ′] has the following properties: (1) [h ′] is infinite because of our assumption

that |A| > 2, (2) [h ′] ⊆ [h] ⊆ [R] and (3) [h ′] ∩ [R ′] = ∅. Then by using that

Q1,Q ′1,Q2 and Q ′2 are finite sets, ([R]∪Q1) \Q2 and ([R ′]∪Q ′1) \Q ′2 cannot

be equal, contradicting (21). Hence, [h] ⊆ [R ′]. Because this holds for all h ∈ R,

we conclude that [R] ⊆ [R ′]. For a similar reason, [R] ⊇ [R ′]. So, [R] = [R ′].

Based on [R] = [R ′], it follows easily by finiteness of Q1, Q2, Q ′1 and Q ′2 that

Q1 = Q
′
1 and Q2 = Q ′2. �

Proof of Lemma 5.6.6: Fix an arbitrary behavior strategy b. It follows from

ψs(b) being a charge on Rs, and ∅,P ∈ Rs thatψs+s(b)(∅) = 0 andψs+s(b)(P)

= 1.

Now we will show that ψs+s(b) is finitely additive on the algebra Rs+s. Take

two sets Z,Z ′ ∈ Rs+s such that Z ∩ Z ′ = ∅. Due to Lemma 5.6.5, these sets

have the following unique representations:

Z = ([R]∪Q1) \Q2

where [R] ∈ Rs andQ1 andQ2 are finite subsets of P. Additionally, [R]∩Q1 =
∅, Q1 ∩Q2 = ∅ and [R] ⊇ Q2. Similarly, for set Z ′,

Z ′ = ([R ′]∪Q ′1) \Q ′2

where [R ′] ∈ Rs and Q ′1 and Q ′2 are finite subsets of P. Additionally, [R ′] ∩
Q ′1 = ∅, Q ′1 ∩Q ′2 = ∅ and [R ′] ⊇ Q ′2.

We will show that [R] ∩ [R ′] = ∅. Assume by contradiction that [R] ∩ [R ′] 6= ∅.
As [R] ∩ [R ′] is open, there exists a history h ∈ H such that [h] ⊆ [R] ∩ [R ′].
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Since we assumed that Z ∩ Z ′ = ∅, we have [h] ⊆ Q2 ∪Q ′2. However, the

cylinder set [h] is infinite (by the assumption that |A| > 2), while Q2 and Q ′2
are finite sets. We have reached a contradiction, and thus we can conclude

that [R]∩ [R ′] = ∅.

It follows from [R]∩ [R ′] = ∅ thatQ2∩Q ′2 = ∅. We can deduce from Z∩Z ′ = ∅
that Q1 ∩Q ′1 = ∅ as well.

Let us denote by V = [R ′] ∩Q1 and by V ′ = [R] ∩Q ′1. Note that V ⊆ Q ′2 and

V ′ ⊆ Q2. The representation of Z∪Z ′ is

Z∪Z ′ =
(
([R]∪ [R ′])

⋃
((Q1 \ V)∪ (Q ′1 \ V ′))

)
\
(
(Q2 \ V

′)∪ (Q ′2 \ V)
)

.

Since Rs is an algebra, the set [R] ∪ [R ′] ∈ Rs. Moreover, (Q1 \ V) ∪ (Q ′1 \ V ′)
and (Q2 \V

′)∪ (Q ′2 \V) are finite subsets of P. Additionally, ([R]∪ [R ′])
⋂
((Q1 \

V) ∪ (Q ′1 \ V
′)) = ∅, ((Q1 \ V) ∪ (Q ′1 \ V

′))
⋂
((Q2 \ V

′) ∪ (Q ′2 \ V)) = ∅ and

[R]∪ [R ′] ⊇ (Q2 \ V
′)∪ (Q ′2 \ V).

ψs+s(b)(Z∪Z ′) = ψs(b)
(
[R]∪ [R ′]

)
+

∑
p∈(Q1\V)∪(Q ′1\V ′)

ls+s(b,p) −
∑

p∈(Q2\V ′)∪(Q ′2\V)

ls+s(b,p)

=ψs(b) ([R]) + ψs(b)
(
[R ′]
)
+
∑
p∈Q1

ls+s(b,p) −
∑
p∈V

ls+s(b,p)

+
∑
p∈Q ′1

ls+s(b,p) −
∑
p∈V ′

ls+s(b,p) −
∑
p∈Q2

ls+s(b,p)

+
∑
p∈V ′

ls+s(b,p) −
∑
p∈Q ′2

ls+s(b,p) +
∑
p∈V

ls+s(b,p)

=ψs(b) ([R]) + ψs(b)
(
[R ′]
)
+
∑
p∈Q1

ls+s(b,p)

+
∑
p∈Q ′1

ls+s(b,p) −
∑
p∈Q2

ls+s(b,p) −
∑
p∈Q ′2

ls+s(b,p)

=ψs+s(b)(Z) + ψs+s(b)(Z ′).

The first and last equalities follow from the definition of ψs+s in (15). The

second equality follows from ψs being a charge on Rs and [R]∩ [R ′] = ∅. We

also make use of V ⊆ Q1, V ⊆ Q ′2 and similarly, V ′ ⊆ Q ′1 and V ′ ⊆ Q2. So

we found that

ψs+s(b)(Z∪Z ′) = ψs+s(b)(Z) +ψs+s(b)(Z ′) .
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This means that ψs+s(b) is indeed finitely additive for any behavior strategy

b. Hence ψs+s(b) is a charge for any behavior strategy b. �

Proof of Lemma 5.6.7:

Proof of part 1. Let b be a behavior strategy and Z ∈ Rs. Then by (15) with

[R] = Z and Q1 = Q2 = ∅, we have ψs+s(b)(Z) = ψs(b)(Z). Hence, by

definition, ψs+s(b)(Z) = ψs(b)(Z).

Proof of part 2. The proof is making use of the idea of Example 5.3.3. Take

an action a ∈ A, and let p = (a,a, . . .) ∈ P.

Consider the behavior strategy b where b(h)(a) = 1 for every h ∈ H. Let ht
denote the history at period t in which only action a is played. Then by (15)

ψs+s(b) ({p}) = ls+s(b,p) =

∞∏
t=1

b(ht)(a) = 1.

Now we prove that there is a charge µ on Rs+s such that for every Z ∈ Rs

ψs(b)(Z) = µ(Z) and ψs(b)({p}) 6= µ({p}).

Note that {Z ∈ Rs : Z ⊆ {p}} = {∅}. So the inner approximation of {p} by sets

in Rs yields

sup
Z∈Rs , Z⊆{p}

ψs(b)(Z) = ψs(b)(∅) = 0.

Based on Theorem 3.C.3 there exists an extension µ ∈< b|Rs,ψs > such that

µ({p}) = 0. Since ψs+s(b)({p}) = 1 6= 0 = µ({p}), this is exactly what we were

looking for. �

Proof of Lemma 5.6.8:

Part A: We show that Ro ) Rs+s.

Since each set in Rs is clopen by part 3 of Lemma 5.6.2 and since each single-

ton {p}, where p ∈ P, is closed, the algebra Ro includes Rs and each singleton

{p}. Hence, Ro ⊇ Rs+s.

Now we prove that Ro 6= Rs+s. We construct a set Z ⊂ P such that Z ∈ Ro

but Z 6∈ Rs+s. The idea of the proof is related to Example 5.3.4.

Take two distinct actions a and a ′ – recall that we assumed |A| > 2. For every

n ∈N, let pn denote the play where action a is played at the first n periods,

and action a ′ is played at all periods after that. Let Z = {pn : n ∈N}.
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First we argue that Z 6∈ Rs+s. Assume by way of contradiction that Z ∈ Rs+s.

Then by part 3 of Lemma 5.6.5, there are [R] ∈ Rs and finite subsets Q1 and

Q2 of P such that

Z = ([R]∪Q1) \Q2,

and [R]∩Q1 = ∅, Q1 ∩Q2 = ∅ and [R] ⊇ Q2. Therefore,

[R] = (Z \Q1)∪Q2.

Since Z is countably infinite and both Q1 and Q2 are finite, [R] must be

countably infinite too. This is however in contradiction with the fact that [R]

is open. Thus, Z 6∈ Rs+s as claimed.

Now we argue that Z ∈ Ro. Let p∞ = (a,a, . . .). Note that the closure of Z is

Z∪ {p∞}. Since Z∪ {p∞} and {p∞} are closed, they are elements of the algebra

Ro. Thus Z ∈ Ro as well. �

Part B: We show that Ro is always strictly smaller than the Borel sigma-

algebra of P. We do it through constructing a set Q such that Q belongs to

the Borel sigma-algebra of P, but Q 6∈ Ro. The proof is making use of the idea

of Example 5.6.11.

We suppose for simplicity that there are only two actions: A = {a,a ′} – the

same set Q can be taken even if A contains more actions. Consider the set Q

of plays p such that action a ′ only appears finitely many times in p. As Q

is countable, Q belongs to the Borel sigma-algebra of P. However, we show

below thatQ 6∈ Ro. In fact, we prove a stronger statement: there is a collection

Y of subsets of P such that Q ∈ Y and Y∩Ro = ∅.

Let Y denote all subsets Z of P for which there is a non–empty open subset

O of P with the following property: Z is dense in O and its complement P \Z

is also dense in O, i.e., Z∩O ′ 6= ∅ and (P \Z)∩O ′ 6= ∅ for every non–empty

open set O ′ ⊆ O. Note that Q ∈ Y – in fact, Q and P \Q are dense in all

non–empty open subsets of P.

The collection Y has the following properties. (1) If Z ∈ Y, then by definition,

(P \ Z) ∈ Y. (2) If (Z1 ∪ Z2) ∈ Y, then Z1 ∈ Y or Z2 ∈ Y. Indeed, suppose

that (Z1 ∪ Z2) ∈ Y. Then there is a non–empty open subset O of P such that

Z1 ∪Z2 and P \ (Z1 ∪Z2) are both dense in O.
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Suppose first that Z1 is dense in O. Then as P \ Z1 ⊇ P \ (Z1 ∪ Z2), the set

P \Z1 is also dense in O. Thus, Z1 ∈ Y as desired.

Now suppose that Z1 is not dense in O. Then there is a non–empty open set

O ′ ⊆ O such that Z1 ∩O ′ = ∅. Because Z1 ∪ Z2 is dense in O, it also holds

that Z1 ∪Z2 is dense in O ′. As Z1 ∩O ′ = ∅, we can conclude that Z2 is dense

in O ′. In addition, because P \ Z2 ⊇ P \ (Z1 ∪ Z2) and P \ (Z1 ∪ Z2) is dense

in O, the set P \ Z2 is dense in O, and therefore P \ Z2 is dense in O ′. In

conclusion, Z2 ∈ Y as desired. Hence, we have shown that Y has properties

(1) and (2).

All sets of the algebra Ro can be constructed from open sets by finitely many

applications of the operations of taking unions of two sets and taking com-

plements. More precisely, each set in Ro can be written as a finite formula

with only non–empty open sets and the operations union and complement.

Now we prove that Y ∩Ro = ∅. Suppose by contradiction that there is a set

Q ′ ∈ Y ∩Ro. Due to the above-mentioned finite formula for Q ′ and proper-

ties (1) and (2) for the set Y, we can conclude that there is a non–empty open

set that belongs to Y. This is a contradiction. Hence, Y ∩ Ro = ∅ indeed. In

particular, Q 6∈ Ro. �

Proof of Lemma 5.6.10:

Proof of part 1. Take a behavior strategy b. We prove that ψo(b) agrees

with ψs+s(b) on all sets in Rs and all singletons {p}, where p ∈ P. Because

the algebra Rs+s is generated by these sets, we will then have the desired

ψo(Z) = ψs+s(b)(Z) for every Z ∈ Rs+s.

First, let Z ∈ Rs. By part 3 of Lemma 5.6.2, the set Z is clopen in P. By the

definition of ψo(b)(Z), by (17) and by part 1 of Lemma 5.6.7

ψo(b)(Z) = co(b)(Z) = ψs(b)(Z) = ψs+s(b)(Z).

Now let p = (a1,a2, . . .) ∈ P, and consider the singleton {p}. Let V = P \ {p}.

Take n ∈N. Since V is an open set and

V ⊃ [An \ {(a1, . . . ,an)}],
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we have

ψo(b)(V) > ψo(b) ([An \ {(a1, . . . ,an)}]) = 1−ψo(b) ([(a1, . . . ,an)]) .

Hence, by letting n converge to infinity, ψo(b)(V) > 1− ls+s(b,p).

Now we will show that the opposite inequality is also true: ψo(b)(V) 6

1− ls+s(b,p). Take a Z ⊆ V with Z ∈ Rs. It follows from {p} = P \ V that

p ∈ P \Z. Then ls+s(b,p) 6 ψs+s(b)(P \Z) = ψs(b)(P \Z). This is equivalent

to ls+s(b,p) 6 1−ψs(b)(Z), so 1− ls+s(b,p) > ψs(b)(Z) for any Z ⊆ V with

Z ∈ Rs. By (17) we have 1− ls+s(b,p) > ψo(b)(V), as desired.

Based on the previous arguments, we have ψo(b)(V) = 1− ls+s(b,p). There-

fore,

ψo(b)({p}) = ls+s(b,p) = ψs+s({p}).

Proof of part 2. Since A is infinite, by renaming the actions we can assume

that N ⊆ A. The proof is making use of the idea of Example 5.3.5.

Consider the following behavior strategy b. The charge b(ø) is such that

b(ø)({n}) = 0 for every n ∈ N and b(ø)(N) = 1 (essentially, b(ø) is a pure

charge on N), and for any other h ∈ H the charge b(h) is simply the Dirac

measure on action 1. For every n ∈ N, let pn be a play which starts with n

at period 1, and at all other periods is 1. Let V = {pn : n ∈N}.

Now we prove that there is a charge µ on Ro such that for every Z ∈ Rs+s

ψo(b)(Z) = µ(Z) and ψo(V) 6= µ(V).

When we revisited Example 5.3.5 under Approach IV in Section 5.7 we showed

that ψo(V) = 1. Let V = {Z ∈ Rs+s : Z ⊆ V}. Since V is countable and by (14),

the elements of V are finite sets. Take a Z ∈ V. After plugging in ls+s(b,p) = 0

for every play p ∈ Z into (15) we arrive at ψs+s(Z) =
∑
p∈Z l

s+s(b,p) = 0.

So the inner approximation of V by sets in Rs+s yields

sup
Z∈Rs+s , Z⊆V

ψs+s(b)(Z) = 0.

Based on Theorem 3.C.3 there exists an extension µ ∈< b|Rs+s,ψs+s > such

that µ(V) = 0. Since ψo(b)(V) = 1 6= 0 = µ(V), this is exactly what we were

looking for. �
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Proof of part 1 of Theorem 5.7.1: Let P be an algebra of P, and ψP be a P–

specification. Let a behavior strategy b be given. We define a mixed strategy

m as follows. Take an arbitrary charge B ∈< b|P ,ψP >. Let φ : P → F be a

function such that if φ(p) = f then pf = p. This means that φ(p) is a pure

strategy that induces the play p, for every p ∈ P. Note that φ is one-to-one,

and f↔ pf is a bijection between φ(P) and P.

For a set G ⊆ F, define

m(G) = B({pf : f ∈ G∩φ(P)}).

Intuitively,m(G) is the probability under B of the set of plays that are induced

by a pure strategy in G ∩ φ(P). We show in two steps that m is a mixed

strategy, i.e., that m is a charge on F.

(1) Clearly, m(∅) = B(∅) = 0 and m(F) = B(P) = 1.

(2) Now we prove that m is additive. Take two disjoint sets G ⊆ F and G ′ ⊆ F.
Then, G ∩φ(P) and G ′ ∩φ(P) are disjoint, and because φ is one-to-one, the

sets {pf : f ∈ G ∩ φ(P)} and {pf : f ∈ G ′ ∩ φ(P)} are also disjoint. Thus, by

using the additivity of B, we obtain

m(G) +m(G ′) = B({pf : f ∈ G∩φ(P)}) +B({pf : f ∈ G ′ ∩φ(P)})

= B({pf : f ∈ (G∪G ′)∩φ(P)})

= m(G∪G ′).

Thus, m is a mixed strategy as claimed.

Finally, we argue that m and b are P–equivalent. Take a set Q ∈ P . Let

G = {f ∈ F : pf ∈ Q}. Then {pf : f ∈ G∩φ(P)} = Q. In view of (8) we have

m∗(Q) = m (G) = B({pf : f ∈ G∩φ(P)}) = B(Q).

Thus, m and b are P–equivalent as claimed. �

Proof of part 2 of Theorem 5.7.1: Example 5.7.5 is the proof. �

Proof of part 1 of Theorem 5.7.2: We prove that (1) implies (2) and that (2)

implies (3). It follows from Lemma 5.5.5 that (3) implies (1) as well.

(2) implies (3): Assume that u is uniformly continuous. Let ε > 0. As we

assume that u is bounded, there is a finite set K ⊂ R such that for every



126

play p ∈ P there exists k ∈ K with |u(p) − k| 6 ε/2. Because u is uniformly

continuous, by Lemma 5.4.1, there is a T ∈N such that if for two plays p and

q it holds that p(t) = q(t) for all t 6 T , then |u(p) − u(q)| 6 ε/2. This means

that for every history h ∈ AT there is a number zh ∈ K such that for every

p � h we have |u(p) − zh| 6 ε. Now we define a payoff function ū by setting

ū(p) = zh if p � h for h ∈ AT . Thus |ū(p) − u(p)| 6 ε for every p ∈ P. By

construction, ū is an Rhs–measurable simple–function. Indeed,

ū(p) =
∑
k∈K

k · I[Qk](p),

where Qk = {h ∈ AT : zh = k} for every k ∈ K.

(1) implies (2): We prove the contraposition of this implication. So assume

that u is not uniformly continuous. Then, by Lemma 5.4.1, there exists ε > 0

for which for every k ∈N, there exists a history hk ∈ Ak and plays pk � hk
and qk � hk such that u(pk) + ε < u(qk). Consider the sequences of plays

(pk)k∈N and (qk)k∈N. In view of Lemma 5.B.1, by taking subsequences if

necessary, we can assume that at least one of the following holds:

1. The sequences (pk)k∈N and (qk)k∈N converge to the same play as k→∞.

2. There exists a history h and a sequence of actions (ak)k∈N, with ak 6=
ak ′ for all k,k ′ ∈N with k 6= k ′, such that pk � (h,ak) and qk � (h,ak)

for every k ∈N.

Assume first that property 1 holds. (This case is illustrated in Example 5.3.3,

with pk being a play starting with action c up to period k and action s at

period k+1, and each qk being the play (c, c, . . .).) Then u(pk)+ε < u(qk) for

every k ∈N and both sequences converge to the same play, say to (a1,a2, . . .).

Consider a behavior strategy b such that b(a1, . . . ,an−1) is the Dirac measure

on action an, for every n ∈N. We show that Uhs(b) is not a singleton.

Let τ be a pure charge on N. Define two charges Bp,Bq on P by for every

Z ⊆ P letting

Bp(Z) =

∫
k∈N

δpk(Z) τ(dk) ,

Bq(Z) =

∫
k∈N

δqk(Z) τ(dk) .
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It follows from Lemma 5.B.2 that Bp,Bq ∈< b|Rhs,ψhs >. Additionally,

u(Bp) + ε 6 u(Bq). Hence Uhs(b) is not a singleton.

Now assume that property 2 holds. (This case is illustrated in Example 5.3.2,

with h = ø and for every k > 2: ak = k, pk = (k,k + 1,k + 1, . . .) and

qk = (k,k, . . .).) Let hk, for every k ∈ N, be the longest history on which pk
and qk coincide. Note that the length of hk converges to infinity.

Let τ be a pure charge on N. Consider a behavior strategy b that prescribes

to play as follows: First, from the root, with Dirac measures follow h. Then

at h choose an action from {a1,a2, . . .} according to τ. Finally, if action ak is

chosen, then follow the play pk with Dirac measures on the corresponding

actions.

Define two charges Bp,Bq on P by for every Z ⊆ P letting

Bp(Z) =

∫
k∈N

δpk(Z) τ(dk) ,

Bq(Z) =

∫
k∈N

δqk(Z) τ(dk) .

It follows from Lemma 5.B.2 that Bp,Bq ∈< b|Rhs,ψhs >. Additionally,

u(Bp) + ε 6 u(Bq). Hence Uhs(b) is not a singleton. �

Proof of part 2 of Theorem 5.7.2: We prove that (1) implies (2) and that (2)

implies (3). It follows from Lemma 5.5.5 that (3) implies (1) as well.

(2) implies (3): Assume that u is continuous. Let ε > 0. Because u is continu-

ous, for every play p ∈ P, by part 1 of Lemma 5.4.1 there is a prefix hp ∈ H
such that in the subproblem at hp the payoff varies less than ε. Formally, for

every two plays q and q ′ that extend hp we have |u(q) − u(q ′)| < ε/2. Let

hp be the shortest such prefix of p. Note that for every play q � hp we have

hq = hp. Let S = {hp : p ∈ P}. Clearly, the set S is a complete stop rule.

As we assume that u is bounded, there is a finite set K ⊂ R such that for

every play p ∈ P there exists k ∈ K with |u(p) − k| < ε/2. By construction, for

every history h ∈ S there is a number zh ∈ K such that for every p � h we

have |u(p) − zh| < ε. Now we define a payoff function ū by setting ū(p) = zh
if p � h for h ∈ S. Thus |ū(p) − u(p)| < ε for every p ∈ P. By construction, ū

is an Rs–measurable simple–function, as it has the form

ū(p) =
∑
k∈K

k · I[Sk](p),
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where Sk = {h ∈ S : zh = k} for every k ∈ K.

(1) implies (2): We prove the contraposition of this implication. So assume

that u is not continuous. Then u is not continuous at some play p = (a1,a2 . . .)

∈ P. This means that there are ε > 0 and two sequences (pk)k∈N and (qk)k∈N

of plays such that (1) both sequences (pk)k∈N and (qk)k∈N converge to p, (2)

u(pk)k∈N converges to some rp ∈ R and u(qk)k∈N converges to some rq ∈ R

such that rp + ε < rq.

Consider a behavior strategy b such that b(a1, . . . ,an−1) is the Dirac measure

on action an, for every n ∈N.

Let τ be a pure charge on N. Define two charges Bp,Bq on P by for every

Z ⊆ P letting

Bp(Z) =

∫
k∈N

δpk(Z) τ(dk) ,

Bq(Z) =

∫
k∈N

δqk(Z) τ(dk) .

It follows from Lemma 5.B.2 that Bp,Bq ∈< b|Rs,ψs >. Additionally, u(Bp)+

ε < u(Bq). Hence Us(b) is not a singleton. �

Proof of part 3 of Theorem 5.7.2: Part 3–(a) follows from Lemma 5.5.5.

Now we prove part 3–(b). Assume that u is strongly tame. We need to show

that u is uniformly Rs+s-approachable. Let Du denote the set of plays where

u is not continuous. Since u is strongly tame, by part 1 of Lemma 5.4.4 the

function Lu : P → R is continuous. Moreover, Lu(p) = u(p) for all p ∈ P \Du.

Note that ou(p) = |u(p) − Lu(p)| for each p ∈ Du.

Let ε > 0. Let Dεu = {p ∈ Du : ou(p) >
ε
2 }. Since u is strongly tame, Dεu is a

finite set.

In view of part 2 of Theorem 5.7.2, applied to the continuous function Lu,

there is an Rs–measurable simple–function g : P → R such that |Lu(p) −

g(p)| 6 ε
2 for every p ∈ P. By Lu(p) = u(p) for all p ∈ P \Du and by |Lu(p) −

u(p)| 6 ε
2 for all p ∈ Du \Dεu, we obtain for all P \Dεu that |u(p) − g(p)| 6 ε.

We define a function ū : P → R by setting ū(p) = g(p) for all p ∈ Du \

Dεu and ū(p) = u(p) for all p ∈ Dεu. Thus |ū(p) − u(p)| 6 ε for every p ∈
P. Since g is an Rs–measurable simple–function and Dεu is a finite set, ū

is an Rs+s–measurable simple–function. By construction and as mentioned
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earlier, |u(p) − ū(p)| 6 ε for all p ∈ P. This proves that u is uniformly Rs+s-

approachable. �

Proof of part 4 of Theorem 5.7.2:

Part 4–(a): It follows from Lemma 5.5.5.

Part 4–(b)–i: Assume that u is weakly tame. We prove that u is uniformly Ro-

approachable. Let ε > 0. Let Q denote the set of plays where the oscillation

of u is at most ε/2, i.e., Q = {p ∈ P : ou(p) 6 ε/2}. Thus, P \Q is a finite set.

By definition of Q, for every play p ∈ Q, there is a prefix hp ∈ H such that in

the subproblem at hp the payoff varies at most ε/2. Formally, for every two

plays q,q ′ ∈ Q that extend hp we have |u(q) − u(q ′)| 6 ε/2. Let hp be the

shortest such prefix of p. Note that if a play q ∈ Q extends hp then we have

hq = hp. Let S = {hp : p ∈ Q}.

As we assume that u is bounded, there is a finite set K ⊂ R such that for

every play p ∈ P there exists k ∈ K with |u(p) − k| < ε/2. By construction,

for every history h ∈ S there is a number zh ∈ K such that for every p � h
we have |u(p) − zh| < ε. Let Pk = ∪h∈S,zh=k[h] for every k ∈ K. Note that

{Pk : k ∈ K} is a partition of [S]. Now we define a payoff function ū by setting

ū(p) = k if p ∈ Pk, and ū(p) = u(p) if p ∈ P \Q. Thus |ū(p) − u(p)| < ε for

every p ∈ P. Note that for all k ∈ K, the set Pk is open and hence Pk ∈ Ro.

Moreover, since P \Q is finite, P \Q ∈ Ro as well. By construction, ū is an

Ro–measurable simple–function. Thus, u is uniformly Ro-approachable.

Parts 4–(b)–ii and 4–(b)–iii: Assume that u is upper semi-continuous. We

prove that u is uniformly Ro-approachable. Let ε > 0. Choose m ∈ N such

that 1
m < ε. Since the payoff function u is bounded, there exists K ∈ N such

that u−1([−Km,Km)) = P.

Take an arbitrary k ∈ {−K,−K + 1, . . . ,K − 1,K}. Let Pk = u−1([ km , k+1m )).

For any p,q ∈ Pk, we have |u(p) − u(q)| < 1
m < ε. Since u is upper semi-

continuous, the sets u−1([ km ,Km)) and u−1([k+1m ,Km)) are closed, and hence

Pk is closed. Consequently, Pk ∈ Ro.

Now we define a payoff function ū by setting ū(p) = k
m if p ∈ Pk. Thus

|ū(p) − u(p)| < ε for every p ∈ P. By construction, ū is an Ro–measurable

simple–function. Thus, u is uniformly Ro-approachable.

The proof of part 4-(b)-iii is similar. �
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5.b auxiliary claims

Lemma 5.B.1. Consider two sequences of plays (pk)k∈N and (qk)k∈N. For every

k ∈N, let hk denote the longest history on which pk and qk coincide. Assume that

the length of hk converges to infinity as k → ∞. Then, there exists an increasing

sequence (k`)`∈N such that for the subsequences (pk`)`∈N and (qk`)`∈N at least

one of the following holds:

1. The subsequences (pk`)`∈N and (qk`)`∈N converge to the same play as ` →∞.

2. There exists a history h and a sequence of actions (a`)`∈N, with a` 6= a` ′ for

all `, ` ′ ∈ N with ` 6= ` ′, such that p` � (h,a`) and q` � (h,a`) for every

` ∈N.

Proof. For every n ∈ N, let Ān denote the set of actions that is used at

period n by at least one of the plays in either one of the sequences (pk)k∈N

and (qk)k∈N. That is, if pkn and qkn denote the actions of pk and respectively

qk at period n, then Ān = ∪k∈N{pkn,qkn}. Thus, pk,qk ∈ ×∞n=1Ān for every

k ∈N. We distinguish two cases.

First assume that Ān is finite for every n ∈N. Then, the set ×∞n=1Ān is a com-

pact subset of P. This implies that there exists an increasing sequence (k`)`∈N

in N such that the subsequence (pk`)`∈N converges. Since the length of hk`
tends to infinity as `→∞, we conclude that both subsequences (pk`)`∈N and

(qk`)`∈N converge to the same play. Thus, property 1 holds.

Now assume that, for some n ∈ N, the sets Ā1, . . . , Ān−1 are finite, but

Ān is infinite. Since by assumption the length of hk converges to infinity

as k → ∞, there exists m ∈ N such that the length of hk is at least n+ 1

for all k > m. In particular, pkn = qkn for all k > m. Then, by finiteness

of the set Ā1 × · · · × Ān−1 and because Ān is infinite, there exists a history

h ∈ Ā1 × · · · × Ān−1 such that the set of actions

{pkn : k > m and pk � h} = {qkn : k > m and qk � h}

is infinite. It follows that there exists an increasing sequence (k`)`∈N such

that k1 > m, pk` � h and thus qk` � h for all ` ∈N, and moreover the action

pk`n = qk`n, i.e. the common action in pk` and qk` at period n, is different

for each value of `. Thus, property 2 is satisfied.
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Lemma 5.B.2. Take a sequence of plays (pk)k∈N which converges to the play p =

(a1,a2, . . .). Consider a behavior strategy b such that the charge b(a1, . . . ,an−1)

is a Dirac measure on action an, for every n ∈N.

Let τ be a pure charge on N. Define a charge B on P by for every Z ⊆ P letting

B(Z) =

∫
k∈N

δpk(Z) τ(dk).

Then B ∈< b|Rs,ψs >, and hence B ∈< b|Rhs,ψhs >.

Proof. We need to show that B coincides with the charge ψs(b) on algebra

Rs, i.e., B(Q|h) = ψ
s(b|h)(Q|h) for every Q ∈ Rs and history h. Take Q ∈ Rs

and h ∈ An where n ∈ N, and let h = (a1, . . . ,an) be the prefix of p up

to period n. Since (pk)k∈N converges to the play p, there exists N ∈ N such

that h ≺ pk for any k > N. We distinguish two cases.

First, assume that p ∈ Q∩ [h]. Then ψs(b|h)(Q|h) = 1. Moreover, hn = h and

[h] ⊆ Q. Thus, for all k > N, the play pk ∈ [h] ⊆ Q. Hence, δpk(Q ∩ [h]) = 1.

Since τ is a pure charge on N,

B(Q∩ [h]) =
∫
k∈N

δpk(Q∩ [h]) τ(dk) =
∫
k>N

δpk(Q∩ [h]) τ(dk) = 1.

Now assume that p /∈ Q∩ [h]. Then ψs(b|h)(Q|h) = 0. Moreover, [hn]∩ (Q∩
[h]) = ∅. Thus, for all k > N, the play pk ∈ [hn] and pk /∈ Q ∩ [h]. Hence,

δpk(Q∩ [h]) = 0. Since τ is a pure charge on N,

B(Q∩ [h]) =
∫
k∈N

δpk(Q∩ [h]) τ(dk) =
∫
k>N

δpk(Q∩ [h]) τ(dk) = 0.

So, B(Q ∩ [h]) = ψs(b|h)(Q|h) in both cases. By this, and Q and h being

arbitrarily chosen, we have B ∈< b|Rs,ψs >. It follows from Lemma 5.6.4

that B ∈< b|Rhs,ψhs > as well.





6
C O N C L U S I O N S

This thesis investigates how different models of probabilities have an effect on

games. We consider finitely and countably additive probabilities, which can

be defined on different (sigma-)algebras. We also investigate how different

set theoretic axioms can have an effect on these models.

Across the different chapters we consider games where it makes a difference

which model of probability we take. More specifically, Chapters 3 and 4 con-

tain zero-sum games with infinite action spaces, and Chapter 5 contains a

game with infinitely many time periods.

In Chapter 3 we focus on finitely additive strategies defined on the power

set of the action space. We consider different approaches of defining the ex-

pected payoff for a given strategy profile. This gives rise to multiple types of

guarantee levels that we relate to each other. Finally, for a countable action

space, we also compare these guarantee levels to guarantee levels defined

through countably additive strategies defined on the power set.

In Chapter 4 we shift our focus to countably additive strategies. Unlike in

the previous chapter, we also consider games with uncountable action spaces

and with countably additive strategies. In this case similar problems arise to

the finitely additive case, the expected payoff for a strategy profile might not

be uniquely defined. We investigate how the guarantee levels of a catch game

depend on the cardinality of the action space, the sigma-algebra and on set

theoretic axioms. Finally, we also relate these guarantee levels to the finitely

additive ones. In Chapter 3 we only consider strategies that are defined on

the power set, but in Chapter 4 we also consider strategies defined on dif-

ferent sigma-algebras. In Chapter 3 for finitely additive strategies defined on

the power set it does not make a difference what the cardinality of the ac-

tion space is, til it is infinite. However, in Chapter 4 for countably additive

strategies the cardinality of the action space is also relevant.
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In Chapter 5 we consider a special type of game with one player, a decision

problem. In the previous chapters for the different models of probability to

make a difference, we need an infinite action space. However, in this chapter

some of the approaches are different even if the action space is finite. The

difference comes from having infinitely many time periods instead of only

one, as in the previous chapters. In this case it is not trivial how to define the

expected payoff for a finitely additive behavior strategy.
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Sierpiński, W (1922) Sur les fonctions d’ensemble additives et continues,

Fund. Math. 3, 240-246.

Solovay, RM (1971) Real-valued measurable cardinals. Axiomatic set theory

(Proc. Sympos. Pure Math., vol XIII, Part I, Univ. California, Los Angeles,

Calif., 1967), 397-428. Amer. Math. Soc., Providence, R.I.

Sudderth, W (2016) Finitely additive dynamic programming. Mathematics of

Operations Research, 41, 92-108.

Takahashi, M (1969) A generalization of Kuhn’s theorem for an infinite game.

J. Sci. Hiroshima Univ. Ser. A-I Math. 33, no 2, 237-242.

von Neumann, J (1928) Zur Theorie der Gesellschaftsspiele. Mathematische

Annalen, 100, 295-320.



139

Wald, A (1945) Generalization of a theorem by v. Neumann concerning zero

sum two person games. Ann. of Math., 2, issue 46, 281-286.

Wald, A (1950) Statistical Decision Functions. Wiley, New York.

Yanovskaya, EB (1970) The solution of infinite zero-sum two-person games

with finitely additive strategies. Theory of Probability and Its Applications,

vol 15, no 1, 153-158.

Zame, WR (2007) Can intergenerational equity be operationalized?, Theoreti-

cal Economics 2, 187-202.





I N D E X

2X, 11

< µ1,µ2 >, 13

Bm, 49

Dg, 89

G(F1, F2), 21

H, 80

Lg(p), 88

P, 80

Q(I,m), 49

S |a, 116

U(< µ1,µ2 >), 19

U(µ), 13

U(b | P ,ψP), 92

U(f), 90

U(m), 90

Uo(µ1,µ2), 15

Up(µ1,µ2), 15

U12(µ1,µ2), 16

U21(µ1,µ2), 15

Uhs(b), 94

Uo(b), 99

Us+s(b), 98

Us(b), 96

V = L, 74

Y(D,k), 50

[h], 88

D(Ai), 20

∆(X), 12

∆(X, P), 5

F(X), 11

N, 12

Q(X), 12

Ro, 98

Rs, 94

Rhs, 91

Rs+s, 96

P-equivalent strategies, 92

P-measurable simple–function, 6

P-specification, 92

δx, 6

IB, 6

C(X), 12

C(X, P), 5

F(A), 49

| A |, 47

ψ(b |h)(Q |h), 95

ψhs, 93

ψs+s, 97

ψs, 95

τ-guarantee level, 19

τ-optimal strategy, 24

τ-value, 19

21-guarantee level, 20

chs(b)([R]), 91

co(b)(O), 99

h ≺ p, 86

h(t), 86

ls+s(b,p), 97

141



142

m∗(Q), 90

og(p), 88

u(B), 92

v(F1, F2), 21

vτ, 19

v1, 22

v21
1 , 20

vd1 , 21

vf1, 21

vo1 , 20

v
p
1 , 20

vτ1, 19

v12
1 , 20

v2, 22

v21
2 , 20

vd2 , 21

vf2, 21

vo2 , 20

v
p
2 , 20

vτ22 , 19

v12
2 , 20

wo1 , 50

w
p
1 , 50

wo2 , 50

w
p
2 , 50

12-optimal strategy, 30

21-optimal strategy, 30

algebra, 5

Approach I, 93

Approach II, 94

Approach III, 96

Approach IV, 98

atomless, 48

Axiom of Choice, 72

Axiom of Determinacy, 72

behavior strategy, 81

binary games, 12

catch game, 48

charge, 5

classical guarantee level, 22

competent algebra, 92

complete stop rule, 87

constructable set, 74

continuous function, 86

Continuum Hypothesis, 73

convergence, 86

countably additive function, 47

countably additive probability

measure, 5

countably infinite zero-sum game,

22

cover, 48

cylinder set, 88

Dirac measure, 6

expected payoff, 13

expected payoff induced by a

behavior strategy, 92

expected payoff induced by a

mixed strategy, 90

extension, 13

extension function, 13

Fubini-equality, 16

Generalized Continuum

Hypothesis, 73

history, 80



143

horizontal stop rule, 87

integrable, 21

layer, 58

lower semi-continuous function,

88

Measurable Cardinals, 74

minimalistic, 59

mixed strategy, 81

non-trivial measure, 48

optimistic, 14

optimistic guarantee level, 20

optimistic optimal strategy, 24, 51

optimistic utility, 15

outer measure, 48

pessimistic, 15

pessimistic guarantee level, 20

pessimistic optimal, 51

pessimistic optimal strategy, 28

pessimistic utility, 15

play, 80

probability charge, 5

probability measure, 5

pure charge, 6

pure strategy, 81

rectangle, 13, 48

removable discontinuity, 89

sigma-algebra, 5

simple–function, 21

stop rule, 87

strategy profile, 13

strongly tame function, 89

subproblem, 94

uniformly P-approachable

function, 92

uniformly continuous function, 86

upper semi-continuous function,

88

weakly tame function, 88

winning set, 12

Zermelo Fraenkel axiom system,

72

zero-sum game, 12





S U M M A RY

A noncooperative game is a model of strategic interaction between players. A

player’s payoff might depend on the decisions taken by other players. Deci-

sion theory can be viewed as a special case of game theory where there is only

one player, called a decision maker. Game theory has many applications in

economics, biology, computer science, logic, political science and psychology.

zero-sum games In zero-sum games there are two players. Given any

pair of strategies of the players, the payoffs of the two players add up to zero.

Hence, it is sufficient to consider the payoff of player 1 and also interpret

it as the payment of player 2. These types of games are also called strictly

competitive or conflict games.

The value is the central solution concept of zero-sum games. If a zero-sum

game has a value, then this is the highest amount that player 1 can guarantee

to receive, irrespective of what the other player plays. Similarly, the value is

the lowest amount that player 2 can guarantee to pay, irrespective of what

player 1 plays.

The theory of zero-sum games starts with von Neumann (1928), who showed

that zero-sum games with finite action spaces admit a value. Games with

infinite action spaces are much more complex, and Wald (1945) demonstrated

that such games do not always have a value. In Wald’s game there are two

players who can each say any natural number. Player 1 wins, if he says a

higher number or the same as player 2, otherwise he loses.

probabilities When a player makes a choice, he bases his decision on

probabilities. In game theory the usual approach is to define mixed strategies

as countably additive probabilities on the actions. A notable, but less frequent

alternative is to define mixed strategies as finitely additive probabilities, so-

called charges. Since finite additivity is a weaker requirement than countable

additivity, the latter approach allows for a richer class of mixed strategies.

Charges have regularly been argued for from a conceptual point of view, but

they also provide technical advantages.
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thesis This thesis investigates how different models of probabilities have

an effect on games. More specifically, Chapters 3 and 4 contain zero-sum

games with infinite action spaces, and Chapter 5 contains a game with in-

finitely many time periods. In Chapter 3 we consider any game with a

bounded payoff function, and mainly focus on finitely additive strategies.

In Chapter 4 we consider only a certain type of zero-sum games, and focus

on countably additive strategies.

In Chapter 3 we consider two-player zero-sum games with infinite action

spaces and bounded payoff functions. The players’ strategies are finitely ad-

ditive probability measures, called charges. Since a strategy profile does not

always induce a unique expected payoff, we distinguish two extreme atti-

tudes of players. A player is viewed as pessimistic if he always evaluates the

range of possible expected payoffs by the worst one, and a player is viewed as

optimistic if he always evaluates it by the best one. This approach results in

a definition of a pessimistic and an optimistic guarantee level for each player.

We provide an extensive analysis of the relation between these guarantee

levels, and connect them to the guarantee levels defined through countably

additive strategies, and to other known techniques to define expected pay-

offs, based on computation of double integrals. In addition, we also examine

existence of optimal strategies with respect to these guarantee levels.

Chapter 3 is centered around the problem that a finitely additive strategy

profile does not always induce a unique expected payoff. One might reach

the conclusion that finitely additive strategies are problematic, and so their

use should be avoided. In Chapter 3 we only compute the guarantee levels

through countably additive strategies when the action space is countable.

When a game has action spaces with larger cardinalities, countably additive

strategies can cause similar problems to finitely additive strategies. This is

investigated in Chapter 4.

In Chapter 4 we examine the guarantee levels defined through countably

additive strategies of the players in a type of zero-sum games, catch games.

We show how these levels depend on the sigma-algebras that are being em-

ployed on the player’s action spaces. We further argue that guarantee levels

may therefore also depend on set theoretic considerations. Additionally, we

calculate the guarantee levels for finitely additive strategies. The solutions of



summary 147

catch games essentially differ among these setups. We find optimal strategies

for almost all cases.

In Chapters 3 and 4 we consider two-player games, however Chapter 5 in-

cludes a game with one player, so a decision theoretic model. Chapters 3 and

4 consider games where players move once and simultaneously. In Chapter 5

the decision maker is taking decisions over infinitely many time periods.

In Chapter 5 we consider the following class of decision problems. A deci-

sion maker chooses an action at from a given action space A at every period

t = 1, 2, . . ., and receives a payoff that is a function of the resulting sequence

(a1,a2, . . .). A mixed strategy of the decision maker is a finitely additive

probability measure on the space of pure strategies. A behavior strategy of

the decision maker is a mapping that assigns to every history a finitely addi-

tive probability measure on the action space. In this setup, we address several

questions, both from a conceptual and from a technical point of view. For a

behavior strategy, it is generally not clear which finitely additive measure

such a strategy induces on the set of plays, i.e., on the set of all infinite se-

quences of elements of A. Consequently, it is not clear which mixed strategies

are equivalent to the given behavior strategy, and therefore what the expected

payoff should be. We present and compare various approaches to this prob-

lem. Moreover, we investigate the equivalence between behavior and mixed

strategies.





VA L O R I S AT I O N

In general, the Valorization addendum of a PhD thesis seems to be a contro-

versial topic. On one hand, it is valuable to make research more accessible

to lay people, both through open access publications and through making

research output more understandable. On the other hand, the tendency to

marginalize fundamental research is distressing. If the purpose of science is

to accumulate knowledge, then fundamental research should also be consid-

ered useful. Looking for direct applications is complicated, since the fruit of

this type of research can come after a considerable amount of time and more-

over, indirectly. This is why there are projects that seemed useless at some

point, but are currently considered indispensable. Even at the onset of a re-

search project, one might not know what will be the end result, for example,

some famous discoveries were made accidentally.

Specifically, this Valorization addendum creates an opportunity to think about

why I spent years of my life being a PhD candidate, and why tax payers

supported me in this project. Thinking about usefulness can raise a lot of

philosophical questions, for example whether humanity is useful on its own.

Assuming that we should keep up the human race, what is useful for it is

still an intriguing question which would lead us far away. I will build on a

more pragmatic basis.

I start by assuming that education is useful, as it is usually subsidized by

the public sector in most European countries. Since I taught a number of

courses, I contributed to others’ education. Moreover, a PhD is a part of my

own personal education. As a PhD candidate, one does not only learn a lot

about their own subfield, but through colleagues one can get familiarized

with other fields as well.

This thesis is part of fundamental research, so direct applications are meant

for researchers. The focus of this thesis is on mixed strategies. Mixed strate-

gies are part of both decision theory and game theory, which means that we

assume that decision makers or players can take probabilistic decisions. The
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results of this thesis are relevant for models where the time horizon or the

action space is infinite.

When you do not know clearly when a game ends, then it can be modeled

with an infinite time horizon. For example, discounted models in macroe-

conomics or bargaining theory can have infinite time horizons. There are

numerous models in economics with infinitely many actions. In basic mod-

els of industrial organization, firms are assumed to choose from an interval

of prices. Similarly, bids and valuations in auction theory are often assumed

to be infinite. In spatial economics, for example, in Hotelling’s model firms

can choose from an infinite set of locations. Consider a stretch of beach with

sun bathers and two ice cream vendors. Since the vendors serve the same ice

cream at the same price, consumers simply go to the closest vendor. The pre-

diction of this model is that both ice cream vendors will locate in the middle

of the stretch of beach, minimizing their product differentiation. Hotelling’s

model has also been used to analyse many other situations, including radio

station programs and political candidates’ platforms.

One of the lessons of this thesis is to be careful when modeling games of

these types, because they can be very sensitive even to seemingly innocuous

changes.

I have argued so far that the results of this thesis can be interesting to re-

searchers in (applied) game theory. As I argued in Chapter 1, game theory

has numerous applications to other fields, including economics. Time is well

spent on improving economic models, since economists are often part of de-

cision processes that have a vast impact on society. The most famous exam-

ples are Nobel-prize winners. For example, Jean Tirole advises the French

government, and Alvin Roth advises doctors working on kidney exchange

programs and schools on their acceptance procedures. Moreover, some of the

above-mentioned theoretical models are tested using actual data, for example

by CBS (Centraal Bureau Voor de Statistiek) and CBP (Centraal Planbureau)

in the Netherlands.
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