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Chapter 1

Introduction

Formal treatment of game theory arguably starts with the work of Zermelo (1913),
Borel (1921), and von Neumann (1928). But, the theory received widespread atten-
tion only after the publication of the seminal book of von Neumann and Morgenstern
(1944). Game theory is the study of strategic decision making. More precisely, it
is the mathematical discipline that addresses the situation where each of a group
of strategic agents, the players, interact and jointly determine the outcome. Each
player has certain personal preferences over the set of possible outcomes, which is
measured on a given utility scale and is called the payoff of the player. A game
consists of a set of players, each player’s set of available choices (so-called player’s
action space), and each player’s payoff function that is a function of all possible pro-
files of actions chosen by the players. In game theory we assume that players are
intelligent and rational and this is common knowledge between them. A player is
rational if his objective is to maximize his utility and he is intelligent if he can make
any inferences about the game that we can make. A strategy for a player in a game is
a decision rule that tells him which action to choose at different stages of the game.

Traditionally, games have been divided into two classes: cooperative games and
noncooperative games. Noncooperative games are games in which there are no pos-
sibilities for binding agreements. A specific class of noncooperative games are nor-
mal form games. In such games, players simultaneously choose an action from their
action space and subsequently each player receives a payoff depending on the re-
sulting profile of all actions chosen by the players. Interestingly, every game can be
reduced to a normal form game. In order to do this, one needs to consider the set
of all possible strategies for a player as his action space. In this way, each player
by choosing a strategy at the start of the game knows in advance how to act at any
possible stage of the game. In this monograph, we restrict our attention to normal
form games.
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A main question in game theory is how each player should act so that his partial
influence on the game benefits him the most. An answer to this question is called
a solution for the game. John Nash in 1950 [36] introduced the solution concept
of Nash equilibrium for normal form games. A Nash equilibrium is a profile of
(possibly randomized) strategies in which no player can improve his payoff by uni-
lateral deviation. In other words, a strategy profile in equilibrium is self-enforcing.
Nash proved the existence of Nash equilibrium in randomized strategies for normal
form games with finite action spaces. He received the Nobel prize in 1994 for his
contribution to game theory and economic science.

However, Nash equilibrium fails to select the intuitive equilibrium in some games.
As an example of such cases, consider the following public good game. In this game
at least two players are involved and each player has to choose an action from the set
{yes, no}. If all of them choose yes, the public good will be provided to the players,
consequently they will all enjoy a strictly positive payoff. Otherwise, they do not get
anything and the payoff is zero for all players. This game contains many Nash equi-
libria. The most obvious Nash equilibrium is the strategy profile in which all players
choose yes. However, the strategy profile where all players choose no is also a Nash
equilibrium. Because, when each player believes that his opponents choose no, he is
indifferent between yes and no, therefore he does not have any incentive to deviate
from saying no. Nevertheless, the latter equilibrium is not intuitive. Notice that each
player by choosing action yes is never worse off when compared to action no, no
matter what other players do. For this reason, action no is called weakly dominated
by action yes. Formally speaking, a strategy for a player is weakly dominated if it
is (weakly) inferior in terms of payoffs to other choices available to him, regardless
what other players choose. In the example of public good game, the strategy profile
in which every player chooses no is a Nash equilibrium but actually every player
chooses a strategy that is weakly dominated.

Hence, it seems necessary to refine the Nash equilibrium in order to obtain more
intuitive solutions. To address this issue, in 1975 Nash’s co-Nobel prize winner
Selten [41] introduced trembling hand perfect equilibrium, a refinement of Nash
equilibrium for games with finite action spaces that rules out equilibria where such
weakly dominated strategies are played. Perfect equilibrium is a Nash equilibrium in
which players choose strategies that are robust against small mistakes in the choice of
strategies by opponents. In the above public good game, the only perfect equilibrium
is the strategy profile in which every player says yes. The reason is that if each
player takes making mistakes by his opponents serious, then he believes that all
his opponents say yes at least with a small positive probability. This is enough for
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him to make yes the unique best response, as by doing so he gets a strictly positive
payoff, even though with a small positive probability. But, by choosing no, he gets
zero surely. The strategy profile (yes,yes,. . . ,yes), that is robust with respect to small
perturbations, is the only intuitive equilibrium in this game.

In modern economic theory, there are many game theoretic models that feature
an infinity of possible choices. Some of the important examples of such games are
auctions, Cournot competition models, cake division games, and location games.
Since also in such models Nash equilibria may use weakly dominated strategies, in
1995 Simon and Stinchcombe [42] defined perfect equilibrium for games with infi-
nite compact action spaces. They distinguished two different approaches. The first
approach is a direct generalization of the original definition of Selten, whereas the
second approach is based on finite approximations of the infinite game in question
and is called the finitistic approach.

Note that in the some of the applications mentioned above, information is not
always fully disclosed. Those are situations where players may have private infor-
mation about the game, consequently players may be uncertain about the payoffs.
Such games are called games with incomplete information. One of the interesting
examples of games with incomplete information is auctions. We discuss auctions
more in detail here. Consider an auction where bidders submit written bids without
knowing the bid of other bidders in the auction, and in which the highest bidder wins,
but the price paid is the second-highest bid. This auction is a sealed bid second-price
auction and it is known as the Vickrey auction, after Vickrey who won the Nobel
prize in 1996 for his research in the economic theory of incentives under asymmet-
ric information. In such auctions each bidder knows the valuation of the object for
himself, but he does not know the other bidders’ valuation. There maybe many equi-
libria in this auction, however Vickrey showed that bidding his own valuation of the
object is a weakly dominant strategy for each bidder. Now, consider a sealed bid
second-price auction in which each bidder has only partial information on the val-
uation of the object even for himself. In this auction, bidders might not have any
dominant strategy while there are multiple equilibria. Therefore, a selection tool is
needed that can rule out the less intuitive equilibria. This motivates us to study per-
fect equilibrium as a selection criterion in games with infinite action spaces as well
as in games with incomplete information.

In chapter 2, we investigate the relations between different types of perfect equi-
librium, introduced by Simon and Stinchcombe. We propose an improved refine-
ment along finitistic approach and prove its existence. Despite the fact that the fini-
tistic approach appeals to basic intuition, our results seem to imply a severe critique
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of this approach.

In chapters 3 and 4, we extend Selten’s trembling hand approach to equilibrium
refinement to games with incomplete information with infinite action spaces. We
develop the concept of perfect equilibrium for such games, by taking two different
approaches. The difference between these two approaches is at using two distinct
strategies, so-called behavioral strategies and distributional strategies. In chapter
3, we formulate and examine several definitions of perfection based on behavioral
strategies. We distinguish three definitions, using various notions of convergence
of randomized strategies such as uniform, pointwise and almost everywhere point-
wise convergence. In chapter 4, we define perfection by making use of distributional
strategies and prove its existence under some continuity assumptions. It should be
emphasized here that the approach taken in chapter 3 is a more straightforward way
of defining perfection in games with incomplete information than the one in chapter
4. However, in developing the theory, particularly in proving existence, it is diffi-
cult to work with behavioral strategies while the second approach does not have this
problem. Additionally, in chapters 3 and 4 by using both approaches, we apply per-
fection to a class of symmetric second-price auctions with incomplete information
and observe that perfect equilibrium selects a specific type of equilibrium and rules
out less intuitive equilibria.

Related literature Equilibrium selection and refinement theory already have
a long and steady-going tradition, arguably starting with essential equilibrium (Wu
Wen-Tsün, Jiang Jia-He [47]). A Nash equilibrium in a normal form game is es-
sential if neighboring games with slightly perturbed payoffs have equilibria close
to the Nash equilibrium. Thereafter, perfect equilibrium (Selten [41]) was defined
which is the main focus in this monograph. Perfect equilibrium in games with in-
finite action spaces is a useful tool to select Nash equilibria, for example in auction
models with incomplete information, such as the ones studied in Compte and Jehiel
[9] and Crémer et al. [10], where dominant strategies are not available as a selec-
tion criterion. Concrete applications of perfect equilibrium in infinite strategic form
games can among others be found in Jackson et al. [16], Simon and Stinchcombe
[42], and Andersson et al. [2]. A further refinement of perfect equilibrium is proper
equilibrium (Myerson [35]). The idea behind proper equilibrium is that more costly
mistakes occur with less probability than less costly ones. Kalai and Samet [19]
by defining persistent equilibrium develop the notion of stability to neighborhood
stability. All of the mentioned refinements are for finite normal form games.

Progress on refinements in the context of extensive form games are for example
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sequential equilibrium (Kreps and Wilson [22]). This concept focuses attention on
the beliefs of the players at information sets not reached in the equilibrium under
consideration.

Kohlberg and Mertens [21], introduce the concept of strategically stable equi-
librium by motivating a number of requirements a solution concept should satisfy.
Generally speaking, a stable set of equilibria is a minimal closed set of equilibria
such that small perturbations of the game have equilibria close to the stable set. They
fail to define a solution concept satisfying all their requirements. Mertens [28] [29]
reformulates the concept of stable equilibrium. Hillas [15], shows that by chang-
ing the definition of perturbation it is possible to define a solution concept that does
satisfy all of the requirements introduced by Kohlberg and Mertens. More recently
Govindan and Wilson [14] work on metastable equilibria.

Theory on refinements for games with compact action spaces has been developed
in, among others, Méndez et al. [27], Simon and Stinchcombe [42], and Yu [48], and
Carbonell-Nicolau [7].

The above line of literature mainly concerns what Andersson et al. [2] refer to as
“strategic uncertainty”. In this study, they formulate a notion of strategic uncertainty
for games with infinite action spaces and propose a criterion for robustness to such
uncertainty.

An alternative line of research on equilibrium refinement is on “structural un-
certainty” where, due to informational uncertainty, iterated deletion of weakly dom-
inated strategies is used as a refinement technique. This approach, also known as
the global games approach, was developed by Carlsson and van Damme [8], with
applications in for example banking and finance (Morris and Shin [34]).





Chapter 2

Perfect equilibrium in games with
compact action spaces

2.1 Introduction

In 1995 Simon and Stinchcombe [42], for brevity referred to as S&S, defined perfect
equilibrium for games with an infinite compact set of actions. They distinguished
two main lines of definitions of perfection. The first line is based on the notion of a
completely mixed strategy, giving rise to the notions of strongly perfect and weakly
perfect equilibrium. This approach can be viewed as a direct generalization of the
original trembling hand definition of perfect equilibrium introduced by Selten [41].
The second line of definitions, in S&S referred to as the finitistic approach, uses the
notion of an ε-perfect equilibrium in finite approximations of the original game. The
resulting notion of perfect equilibrium is called limit-of-finite perfect equilibrium.1

They showed that the first type of perfect equilibrium only admits limit admissible
strategies. Furthermore, they conjectured that the two approaches are incomparable.

In this chapter we investigate the existing relations between the various types of
perfect equilibrium within the framework of strategic form games with compact ac-
tion spaces and continuous payoff functions. The diagram below gives an overview
of those relations between different types of perfect equilibrium that are currently
known. Strongly perfect, weakly perfect, and lof (limit-of-finite) perfect equilib-
rium are introduced by S&S. Strongly glof (global limit-of-finite) and weakly glof
perfect equilibrium are introduced in this chapter. Limit undominated Nash equilib-
rium, a stronger version of limit admissibility from S&S, is also introduced in this
chapter.

1Simon and Stinchcombe also introduce another variation on this type of perfection, called anchored
perfection. We hardly ever consider this variation though.

7
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Strongly glof
perfect NE

Weakly glof
perfect NE

Lof perfect NE

Strongly
perfect NE

Completely
mixed NE

Weakly perfect
NE

Limit
undominated

NE

Limit
admissible NEPure NE by S&S (6) (1)

(3)

X

(2)

(5)

X

X

X X X X

X X
(4)(4)

Boldface arrows indicate valid implications. For example, every strongly glof
perfect equilibrium is a lof perfect equilibrium. Roman face arrows with a “X”
through it indicate implications that do not hold in general. Counterexamples are
provided by previous studies, and examples (1) to (6) in this chapter.

Results This chapter makes two main contributions. The first contribution is
the introduction of global limit-of-finite perfection, from now on referred to as glof
perfection. S&S already introduced lof perfect equilibrium as the limit of ε-perfect
equilibria of large but finite approximations of the original game. Despite its relative
straightforward intuition, lof perfect equilibrium does not always select available
dominant strategies. Strongly glof perfect equilibrium is defined in the same way
as lof perfect equilibrium, but with the added requirement that best responses in
the approximating games are in fact best responses in the original game. Strongly
glof perfect equilibrium is a stronger version of finitistic perfection than lof perfect
equilibrium. Weakly glof perfect equilibrium adds to the definition of lof perfection
the weak requirement that best responses in the approximating games are only close
to best responses in the original game. We show existence of weakly glof perfect
equilibrium. Moreover, we show that weakly (and therefore also strongly) glof per-
fect equilibrium does uniquely select dominant strategy Nash equilibria as soon as
dominant strategies are available to a player.

Second, we provide five illustrative counterexamples. Example 2 features a lof
perfect equilibrium that is not limit admissible. In fact the game in the Example
encompasses Examples 2.1 and 2.4 of S&S with the added feature that the action
spaces are countable instead of the union of an interval and an isolated point. Ex-
ample 3 presents a strongly glof perfect equilibrium that is not limit admissible.
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This result is in line with Example 2.4 of S&S and our Example 2 of a lof perfect
equilibrium that is not limit admissible. Example 4 verifies the conjecture of Simon
and Stinchcombe that strong perfection does not imply finitistic perfection. More
precisely, it is an example of a completely mixed, and therefore strongly perfect,
equilibrium that is neither lof pefect (and therefore also not anchored perfect) nor
weakly (and therefore also not strongly) glof perfect. Example 5 presents a weakly
glof perfect equilibrium that is not lof perfect, and therefore also not strongly glof
perfect.

Example 6 is a comment on the theorem of van Damme that for bimatrix games
a Nash equilibrium is perfect precisely when the equilibrium strategies are undom-
inated. This equivalence no longer holds in the more general context of two-player
games with compact action spaces and continuous payoff functions. Example 6
presents a two-person game, where player 1 has two pure strategies and player 2
has a countably infinite number of pure strategies, with a Nash equilibrium in un-
dominated strategies that is not weakly perfect. An added feature of the example is
that there is another Nash equilibrium in this game that is payoff equivalent to the
first Nash equilibrium, while the second Nash equilibrium is weakly perfect. Thus,
weakly perfect equilibrium is not invariant, in contrast to perfect equilibrium for fi-
nite strategic form games. The example highlights the fact that for infinite compact
action spaces, the topology on the action spaces starts to matter for perfection.

All our examples use countably infinite pure action spaces. We specifically chose
not to use compact intervals as action spaces, in order to highlight the underlying
logic of the constructions. It is nevertheless evident from the constructions that,
with a bit (well, for some examples perhaps a bit more than a bit) of extra work the
examples can also be transformed to counterexamples on the unit interval.

2.2 Strategic form games

A strategic form game (with compact action spaces) is a triplet Γ = (N,A, u) where
N = {1, . . . , n} is the set of the players, A =

∏
i∈N

Ai is the set of profiles of actions,

and u = (u1, . . . , un) is the vector of payoff functions. We assume for every player
i ∈ N that the sets Ai of actions are non-empty and compact metric spaces with the
metric dAi and that the payoff functions ui : A → IR are continuous. Note that a
compact metric space is separable.

The set ∆(Ai) is the set of (mixed) strategies of player i. We identify every
action ai with the Dirac measure δ(ai), the strategy that selects ai with probability
1. A vector σ = (σi)i∈N with σi ∈ ∆(Ai) for all i is called a strategy profile. The
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set of strategy profiles is denoted 2 by ∆(A). For every strategy profile σ ∈ ∆(A)

we define ui(σ) =

∫
uidσ which is continuous in σ with respect to the weak metric

ρw on ∆(A).3

We writeA−i =
∏

j∈N\{i}

Aj . A generic element of ∆(A−i) is denoted by σ−i =

(σj)j 6=i. By (σ−i, τi) or (σ | τi) we denote the strategy profile where every player
j 6= i adheres to strategy σj , while player i uses τi. A strategy τi ∈ ∆(Ai) is called a
best response of player i to the strategy profile σ ∈ ∆(A) if ui(σ | τi) ≥ ui(σ | ρi)
for all ρi ∈ ∆(Ai). A strategy profile σ = (σi)i∈N is a Nash equilibrium if

ui(σ) ≥ ui(σ | τi)

for all i and all τi ∈ ∆(Ai). So, σ is a Nash equilibrium if each σi is a best response
to σ.

For a non-empty compact subset Xi of Ai and strategy profile σ

BRi(σ | Xi) = {ρi ∈ ∆(Xi) | ui(σ | ρi) ≥ ui(σ | τi) for all τi ∈ ∆(Xi)}

is the set of player i’s best strategies against σ given that the pure choices of player
i are restricted to actions in Xi. Moreover, let BRi(σ) = BRi(σ | Ai). An action
ai ∈ Ai is a pure best response of player i to σ if δ(ai) ∈ BRi(σ). By PBRi(σ |
Xi) we denote the set of those actions of player i that belong to BRi(σ | Xi) and
PBRi(σ) = PBRi(σ | Ai). The set PBRi(σ) is non-empty by compactness of Ai
and continuity of ui. Note that σi is a best response to σ if and only if it puts weight
1 on pure best responses, i.e., σi(PBRi(σ)) = 1.

We say that τi ∈ ∆(Ai) dominates σi ∈ ∆(Ai) if

ui(σ | τi) ≥ ui(σ | σi)

for all strategy profiles σ ∈ ∆(A), and the inequality is strict for at least one strategy
profile σ ∈ ∆(A). Note that we use “dominates” rather than “weakly dominates”,
due to the already heavy use of the adjective “weak” in this . The reader should
be aware though that our use of dominance is slightly different from standard game
theoretic use of this notion.

A strategy τi is dominant if ui(σ | τi) ≥ ui(σ | σi) for all σ ∈ ∆(A) and σi ∈
∆(Ai). The set of all dominant strategies for player i is denoted byDi. Equivalently,

2With a slight abuse of notation we implicitly identify each strategy profile σ = (σi)i∈N with its
induced probability distribution in ∆(A). Obviously not every element of ∆(A) can be obtained this
way. We restrict attention to the independent elements of ∆(A) that are induced by strategy profiles.

3Billingsley [6].
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Di is the set of those strategies of player i that are a best response against any strategy
profile. Obviously Di may be empty.

If there is no τi that dominates σi, we say that σi is undominated. We denote the
set of undominated strategies of player i by Ui. We write σi ∈ LUi if there exists a
sequence (σki )k∈IN such that ρw(σki , σi)→ 0 as k →∞, and σki is undominated for
all k.4 For ai ∈ Ai we write ai ∈ PUi, if ai is not dominated by any σi ∈ ∆(Ai).
Following S&S (1995), a strategy σi is limit admissible if σi(PUi) = 1, where PUi
denotes the closure of the set PUi.

Every limit undominated strategy is also limit admissible. The converse does not
hold though, not even for finite strategic form games.

EXAMPLE 1. In the table below the payoff matrix of player 2 is given:

u2 =

[
4 0 3
0 4 3

]
.

The strategy σ2 = ( 1
2 ,

1
2 , 0) is limit admissible for player 2. Nevertheless, σ2 is

dominated by (0, 0, 1).5

2.3 Perfect equilibrium

Selten [41] introduced the notion of perfect equilibrium for non-cooperative exten-
sive form games. The definition of perfect equilibrium is based on the idea that a
satisfactory interpretation of equilibrium points should accommodate possible slight
mistakes. Selten showed that perfect equilibrium exists for finite extensive form
games with perfect recall.

Twenty years later Simon and Stinchcombe [42] provided a general treatment of
perfect equilibria for infinite strategic form games with compact action spaces and
continuous payoffs. S&S discuss two distinct approaches to perfect equilibrium for
infinite normal form games. In the first approach, as in Selten’s original definition,
players may “tremble”, modeled by having players choose completely mixed strate-
gies. Players are then required to play approximate best responses to opponents’
trembling strategies. In the strong version of the first approach, a tremble assigns
high probability to the set of pure best responses itself, while in the weak version
a tremble is only required to assign high probability to a neighborhood of this set.
The second, limit-of-finite, approach applies traditional refinements to sequences of

4In other words, the set LUi is the closure of the set Ui under the weak metric. The letters LU stand
for limit undominated.

5See example 3 for an example of LUi ' Ui. The strategy −∞ is in LUi, but not in Ui.
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successively larger finite approximations of the original infinite game. S&S proved
the existence of these three generalized notions of perfect equilibrium. Moreover,
they showed that the set of strongly perfect equilibria is a closed, non-empty subset
of the set of weakly perfect equilibria, which is a closed subset of the collection of
limit admissible Nash equilibria.

Both the strong and weak versions of the first approach of S&S use a direct
generalization of the notion of completely mixed strategies in the definition of per-
fect equilibrium. Let ε > 0. A completely mixed strategy profile σ = (σi)i∈N

in ∆(A) is a strongly ε-perfect equilibrium if for every player i ∈ N it holds that
ρs(σi, BRi(σ)) < ε. It is a weakly ε-perfect equilibrium if ρw(σi, BRi(σ)) < ε.

Definition 2.3.1 (Simon and Stinchcombe) A strategy profile σ is a strongly (re-
spectively weakly) perfect equilibrium if there is a sequence (σk)∞k=1 of strongly
(weakly) 1

k -perfect equilibria with ρw(σk, σ)→ 0 as k →∞.

In order to guarantee existence of limit points, the above definition only consid-
ers weak limits of ε-perfect equilibria. Finitistic perfection is based on a different
approach where games with infinite action spaces are approximated by games with
large, but still finite, action spaces. Recall that compact metric action spaces are
separable.

Definition 2.3.2 (Simon and Stinchcombe) A strategy profile σ = (σi)i∈N is a
limit-of-finite (lof) perfect equilibrium if for every player i ∈ N there is a sequence
(Bki )∞k=1 of finite subsets of Ai and a sequence (σki )∞k=1 of completely mixed strate-
gies in ∆(Bki ) such that for every i ∈ N

[1] for every ε > 0 there is a K ∈ IN such that for each k > K and for each
ai ∈ Ai there is a bi ∈ Bki with dAi(ai, bi) < ε, 6

[2] ρw(σki , σi)→ 0 as k →∞,

[3]
∑

x∈PBRi(σk|Bki )

σki (x)→ 1 as k →∞ (where σk = (σki )i∈N ).7

This definition has quite some appeal given our basic intuition that infinite games
often serve as a proxy for large finite games, and that therefore strategic behavior
should carry over from the finite setting to infinite games.

Despite this basic intuition, S&S already noted that, even in games where players
have a dominant action, lof perfection may fail to eliminate Nash equilibria that do

6This property can be expressed as “dH(Bki , Ai)→ 0 as k →∞, where dH is Hausdorff distance”.
7It is equivalent to ρs(σki , BRi(σ

k | Bki ))→ 0 as k →∞.
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not use the dominant action (S&S, Example 2.1). The following example illustrates
these features of S&S Examples 2.1 and 2.4 in a more straightforward game.

EXAMPLE 2. The action spaces areA1 = {T,B} andA2 = {0, 1, 2, . . . ,∞},
where all natural numbers are isolated points, whereas∞ is the limit point of the se-
quence 0, 1, 2, 3, . . . The payoffs for the players are given by

u1 =

1 1 1 . . . 1

0 0 0 . . . 0

 and u2 =

0 −1 − 1
2 − 1

3 − 1
4 · · · · · · 0

0 0 1
2

2
3

3
4 · · · · · · 1


Claim. The action pair (a1, a2) = (T, 0) is a lof perfect Nash equilibrium. However,
a2 = 0 is dominated by the (dominant) pure action b2 =∞.

Proof. We show that (a1, a2) = (T, 0) is lof perfect. TakeBk1 = A1 = {T,B}
and Bk2 = {0, 1, . . . , k}. Take a natural number m > k. Take σk1 = (1− 1

m )δ(T ) +
1
mδ(B) and σk2 = (1− 1

k )δ(0) + 1
k2 δ(1) + . . .+ 1

k2 δ(∞). Clearly ρw(σk1 , a1)→ 0

and ρw(σk2 , a2) → 0 as k → ∞. Also [1] of Definition 4.2 is straightforward to
check. We show that σk1 and σk2 satisfy condition [3] of Definition 4.2. It is trivial
for player 1, since T is strictly dominates B for player 1.

We compute the payoff of a pure action ` ∈ Bk2 for player 2 against σk1 . If ` = 0,
the payoff is evidently zero. Suppose ` 6= 0. Then, since ` ≤ k < m, the payoff is

−(1− 1

m
) · 1

`
+

1

m
· (1− 1

`
) = −1

`
+

1

m · `
+

1

m
− 1

m · `
=

1

m
− 1

`
< 0.

Hence, σk2 puts weight 1 − 1
k on the pure best response within the set Bk2 , and

(a1, a2) = (T, 0) is lof perfect indeed.

In order to circumvent this drawback, S&S introduced the notion of anchored
perfect equilibrium. Let F =

∏
i∈N

Fi ⊆ A be finite.

Definition 2.3.3 (Simon and Stinchcombe) A strategy profile σ = (σi)i∈N is said
to be anchored at F if for every player i ∈ N there is a sequence (Bki )∞k=1 of finite
subsets ofAi with Fi ⊆ Bki for every i and k, and a sequence (σki )∞k=1 of completely
mixed strategies in ∆(Bki ) such that for every i ∈ N

[1] for every ε > 0 there is a K ∈ IN such that for each k > K and for each
ai ∈ Ai there is a bi ∈ Bki with dAi(ai, bi) < ε, 8

[2] ρw(σki , σi)→ 0 as k →∞,

[3]
∑

x∈PBRi(σk|Bki )

σki (x)→ 1 as k →∞ (where σk = (σki )i∈N ).9

8This property can be expressed as “dH(Bki , Ai)→ 0 as k →∞, where dH is Hausdorff distance”.
9It is equivalent to ρs(σki , BRi(σ

k | Bki ))→ 0 as k →∞.
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A strategy profile σ = (σi)i∈N is an anchored perfect equilibrium if σ is anchored
at F for every possible finite set F =

∏
i∈N

Fi ⊆ A.

It is clear that the equilibrium (a1, a2) = (T, 0) from Example 1 is not anchored
perfect. So, as S&S already noted, anchored perfection does move the finitistic
approach closer to satisfying admissibility. However, because of the condition that
we need to construct an approximating sequence for every possible finite subset F
of A, anchored perfection is in general quite difficult to verify (or to falsify for that
matter). We propose the following modification of lof perfection.

Definition 2.3.4 A strategy profile σ = (σi)i∈N is a strongly global-limit-of-
finite (strongly glof) perfect equilibrium if in Definition 4.2 condition [3] is replaced
by

[4] ρs(σki , BRi(σ
k))→ 0 as k →∞.

In comparison with condition [3], note that condition [4] is equivalent to∑
x∈Bki ∩PBRi(σk)

σki (x)→ 1 as k →∞.

The strategy profile σ = (σi)i∈N is a weakly glof perfect equilibrium if in Definition
4.2 condition [3] is replaced by

[5] ρw(σki , BRi(σ
k))→ 0 as k →∞.

As we demonstrate in the examples in this chapter, our modification of lof per-
fection is still comparatively straightforward to check, since it only involves con-
struction of a single approximating sequence as in the definition of lof perfection.
Moreover we show that our modification exclusively selects dominant strategies in
case such strategies are available to a player. The main idea of the definition is that
each player i has to choose the probabilities with which he plays the actions in the
finite approximation Bki of his action space Ai in such a way that the resulting prob-
ability distribution on Bki is still close to his true best response in the action space
Ai itself given the strategies chosen by his opponents. This is in contrast to lof per-
fection in which attention is restricted only to the best responses within the finite
approximation Bki of Ai.

S&S introduced the method of anchoring as a–partial–remedy to the failure of lof
perfection to select limit admissible strategies. Nevertheless, anchoring still allows
for the possibility that, no matter which set we selected a priori, best responses are
not in the selected pure actions along the sequence. Our approach is more flexible in
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the sense that the inclusion of best responses is required to be contingent on the ap-
proximating sequence of strategy profiles we consider. Moreover, as already noted,
checking anchored perfection requires us to construct an approximating sequence
for every possible finite set F ⊆ A, while glof perfection only requires construction
of a single approximating sequence.

Simon and Stinchcombe established existence of lof perfect and anchored perfect
equilibrium. We show that weakly glof perfect equilibrium exists, and that every
weakly glof perfect equilibrium is a Nash equilibrium. The rather lengthy proof is
deferred to Appendix A.

Theorem 2.3.5 The set of weakly glof perfect equilibria of every strategic form
game with compact action spaces and continuous payoff functions is a non-empty
subset of the Nash equilibria that is closed with respect to the weak metric.

Since clearly every strongly glof perfect equilibrium is also weakly glof, both
strong and weak glof perfection refines the set of Nash equilibria. Existence of
strongly glof perfect equilibrium remains an open question.

2.4 Admissibility

In this section we analyze the relation between the various notions of perfection and
admissibility. We show that weak perfection exclusively selects limit undominated
strategies. We also show that this statement is a genuine generalization of the classi-
cal result for finite games that perfection implies undominatedness.

For the finitistic approach the connection to admissibility is much weaker. As
said before in Example 2 of this chapter, Example 2.4 of S&S already presents a
lof perfect equilibrium that does not select the unique dominant strategy. We show
that glof perfection performs better: for every game in which a player has domi-
nant strategies, glof perfect equilibrium exclusively selects equilibria in which such
a player plays one of his dominant strategies. However, the analogous result for un-
dominated strategies again fails to hold. Example 3 presents a two-player game with
a strongly glof perfect equilibrium in which both players play dominated strategies
that are not limits of undominated strategies.

Weak perfection and admissibility

S&S already showed that weakly perfect equilibrium is limit admissible. In this sec-
tion we show the somewhat stronger claim that weakly perfect equilibrium strategies
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are limit undominated. We also show that this is the exact analogue of the classical
result for finite games that perfect equilibrium strategies are undominated.

Theorem 2.4.1 Let σ be a weakly perfect equilibrium. Then σi ∈ LUi for each i.

Proof. By Definition 4.1 and Theorem 3.2 of Billingsley [6], there exists a
sequence of completely mixed strategy profiles σk = (σki )i∈N such that for every
i ∈ N we have ρw(σki , σi)→ 0 and ρw(σki , BRi(σ

k))→ 0 as k →∞.

So, for every i ∈ N , there is a sequence τki ∈ BRi(σk) with ρw(σki , τ
k
i ) → 0

as k →∞. Therefore, by the triangle inequality, ρw(τki , σi)→ 0 as k →∞. Since
τki is a best response against the completely mixed profile σk, by Lemma 2.9.2, τki
is undominated. Therefore σi is limit undominated.

At first glance Theorem 2.4.1 seems to be a compromise between the well-known
result for finite normal form games that the strategies in a perfect equilibrium are
undominated, and the transition to infinite compact action spaces. The following
Proposition shows that this compromise is only seemingly, since for finite games
limit undominated strategies are in fact undominated.

Proposition 2.4.2 For strategic form games with finite action spaces, the set Ui is
closed, so that Ui = LUi for such games.

Proof. To prove that the set of undominated strategies is closed, we show that
the set of dominated strategies is open. Suppose σi is dominated by τi. We prove
that there is an open set V 3 σi such that every νi ∈ V is dominated as well. Define
ε = 1

2 min{σi(a) | a ∈ Ai and σi(a) > 0}. Since Ai is a finite set, ε > 0. Define

V = {νi ∈ ∆(Ai) | ‖ νi − σi ‖∞< ε}.

Here, ‖ · ‖∞ denotes the maximum norm. Take νi ∈ V . Write µi = 2νi − σi. We
show that µi ∈ ∆(Ai). Note that if σi(a) = 0 then µi(a) ≥ 0. Now assume that
σi(a) > 0. Since ‖ νi − σi ‖∞< ε, we have

|νi(a)− σi(a)| < ε ≤ 1

2
σi(a).

Consequently, µi(a) = 2νi(a) − σi(a) = 2νi(a) − 2σi(a) + σi(a) > 0. Because∑
a∈Ai

µi(a) = 1 clearly holds, we obtain µi ∈ ∆(Ai).

We show that νi = 1
2σi + 1

2µi is dominated by 1
2τi + 1

2µi. As σi is dominated
by τi, there is a strategy profile ρ−i ∈ ∆(A−i) such that ui(ρ−i, τi) > ui(ρ−i, σi).
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Since ui is linear in each player’s strategy we have

ui(ρ−i,
1

2
τi +

1

2
µi) =

1

2
ui(ρ−i, τi) +

1

2
ui(ρ−i, µi)

>
1

2
ui(ρ−i, σi) +

1

2
ui(ρ−i, µi)

= ui(ρ−i,
1

2
σi +

1

2
µi).

Similarly we conclude for every σ−i ∈ ∆(A−i) that

ui(σ−i,
1

2
τi +

1

2
µi) ≥ ui(σ−i,

1

2
σi +

1

2
µi).

Hence, νi = 1
2σi + 1

2µi is dominated by 1
2τi + 1

2µi.

Finitistic perfection and admissibility

The relation between finitistic perfection and admissibility is much weaker than it
is for weakly perfect equilibrium. Example 2 already shows that, even in games
with dominant actions, lof perfection does not exclusively select equilibria in limit
admissible strategies.

We show that our alternative definition of finitistic perfection, glof perfect equi-
librium, does select only dominant strategies in case such strategies are available to
a player. In an example we show that for games without dominant strategies also
glof perfect equilibrium may use strategies that are not limit admissible.

Write PDi := {ai ∈ Ai | δ(ai) ∈ Di}. In Appendix B we show that Di is
closed with respect to the weak metric in ∆(Ai), that PDi is closed in Ai, and that
Di = ∆(PDi).

Theorem 2.4.3 Let σ ∈ ∆(A) be a weakly glof equilibrium. Suppose that Di is not
empty. Then σi ∈ Di.

Proof. Because σ is a weakly glof equilibrium, for every player i there is a
sequence (σki )∞k=1 such that ρw(σki , σi)→ 0 and ρw(σki , BRi(σ

k))→ 0 as k →∞.
So, for every k we can take τki ∈ BRi(σk) such that ρw(σki , τ

k
i ) → 0 as k → ∞.

Then, by the triangle inequality for ρw, also ρw(σi, τ
k
i )→ 0 as k →∞.

Suppose that Di is not empty. Then, by Proposition 2.9.4, PDi is not empty
either. Let U ⊃ PDi be open. First we show that τki (U) = 1 for sufficiently large k.
When U = Ai, this is evident. Suppose U 6= Ai. Take ai ∈ Ai \ U and bi ∈ PDi.
By Lemma 2.9.1, there is an a−i ∈ A−i such that

ui(bi, a−i) > ui(ai, a−i).
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Since ui is continuous, there are open sets V (ai) 3 ai and W (a−i) 3 a−i such that
for every xi ∈ V (ai) and x−i ∈W (a−i) we have

ui(bi, x−i) > ui(xi, x−i).

Take xi ∈ V (ai). Since bi is a dominant strategy, we have

ui(bi, y−i) ≥ ui(xi, y−i)

for every y−i ∈ A−i. Further, define Bk−i =
∏
j 6=i

Bkj . Then Bk−i ∩W (a−i) 6= ∅ for

large k by Definition 4.3. So, since σk−i is a completely mixed strategy in ∆(Bk−i),
we know that

ui(bi, σ
k
−i) > ui(xi, σ

k
−i)

for large k. Hence, for large k, xi is not a best response to σk. We conclude for
every ai ∈ Ai \ U that

V (ai) ∩ PBRi(σk) = ∅

for large k. Now note that Ai \U is compact, since it is a closed subset of a compact
set. Therefore, there are actions a1

i , . . . , a
p
i in Ai \ U such that Ai \ U is a subset of

p⋃
r=1

V (ari ). Moreover,

PBRi(σ
k) ∩

p⋃
j=1

V (aji ) = ∅

for large k. Consequently PBRi(σk) ⊆ U for large k. But τki ∈ BRi(σk), so that
τki (PBRi(σ

k)) = 1 for all k. Hence, τki (U) = 1 for large k, as claimed.

We show that σi ∈ Di. Take ε > 0. Since ρw(σi, τ
k
i )→ 0 as k →∞,

τki (U)− ε ≤ σi(Uε)

for large k. Because τki (U) = 1 for large k, we get 1−ε ≤ σi(Uε). Since ε > 0 and
U ⊇ PDi were chosen arbitrarily, and since PDi is a closed set, we can conclude
that σi(PDi) = 1. Hence, σi ∈ ∆(PDi) = Di.

Theorem 2.4.3 shows that in games where players have dominant strategies,
weak glof perfection can only select those equilibria in which dominant strategies
are played. However, the next example shows that, in games where players do not
have dominant strategies, even strong glof perfection may fail to exclusively select
equilibria in limit admissible strategies.

EXAMPLE 3. The action spaces are

A1 = A2 = {−∞, . . . ,−3,−2,−1, 1, 2, 3, . . . ,∞},
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in which each integer is an isolated point, whereas −∞ is the limit of the sequence
−1,−2, ... and∞ is the limit of the sequence 1, 2, . . .. The topological structure is
shown in the picture below.

−∞ ∞−1 1−2 2−3 3

The payoff functions u1 and u2 are symmetric and u1 is given in the table below.

u1 −∞ . . . -3 -2 -1 1 2 3 . . . ∞

−∞ 0 . . . 0 0 0 0 0 0 . . . 0

...
...

. . .
...

...
...

...
...

... . . .
...

-3 0 . . . 1
3 0 0 0 0 1

3 . . . 0

-2 0 . . . 0 1
2 0 0 1

2 0 . . . 0

-1 0 . . . 0 0 1 1 0 0 . . . 0

1 0 . . . 0 0 0 1 0 0 . . . 0

2 0 . . . 0 0 0 0 1
2 0 . . . 0

3 0 . . . 0 0 0 0 0 1
3 . . . 0

...
... . . .

...
...

...
...

...
...

. . .
...

∞ 0 . . . 0 0 0 0 0 0 . . . 0

Player 1 is the row player, and player 2 is the column player.

Claim. The action pair (∞,∞) is a strongly glof perfect equilibrium. However,
∞ is not limit admissible for either player.

Proof. For either player,∞ is not limit admissible because∞ is dominated by
every action k ∈ Z, and every action k ∈ IN is dominated by action −k.

Now, we prove that σ = (∞,∞) is a strongly glof perfect equilibrium. For every
player i = 1, 2 and k ∈ N, let Bki = {−k, . . . ,−1, 1, . . . , k + 1} and let σki be the
completely mixed strategy onBki which assigns probability 1

(k+2)2 to every action in
Bki except action k+1 and assigns probability (1− 2k

(k+2)2 ) to action k+1. It is clear
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that (Bki )∞k=1 satisfies the first condition of Definition 4.4. Since ρw(σki , σi) → 0

for i = 1, 2 as k →∞, the second condition also holds. Using the payoff table, one
can verify that strategies (−k − 1) and (k + 1) are the best responses for player 1
against σk2 in A1. Due to symmetry, the same holds for player 2. Thus,

ρs(σki , BRi(σ
k)) = 1− (1− 2k

(k + 2)2
) =

2k

(k + 2)2
,

which tends to zero as k → ∞. Hence, condition [4] of Definition 4.4 is valid as
well, and σ is a strongly glof perfect equilibrium.

2.5 Relations between definitions of perfect equilibrium

Simon and Stinchcombe [42] conjectured (on page 1433) that there are strongly
perfect equilibria that are not anchored perfect. We provide a concrete example of a
completely mixed, and therefore surely strongly perfect, equilibrium that is neither
lof perfect nor glof perfect (and therefore also not anchored perfect). Thus, the
finitistic approach to perfection does not have a straightforward logical relation to
the trembling hand approach.

EXAMPLE 4. The action spaces are A1 = A2 = {1, 2, 3, . . . ,∞,∞ + 1},
where all natural numbers and∞ + 1 are isolated points, whereas∞ is the limit of
the sequence 1, 2, . . . The topology is shown in the picture below:

∞1 2 3 4 ∞ + 1

The payoff functions u1 and u2 are symmetric and u1 is given in the table below.

u1 1 2 3 4 . . . ∞ ∞+ 1

1 4
82

−1
8 0 0 . . . 0 0

2 4
162 0 −1

16 0 . . . 0 0

3 4
322 0 0 −1

32 . . . 0 0

4 4
642 0 0 0 . . . 0 0

...
...

...
...

...
. . .

...
...

∞ 0 0 0 0 . . . 0 0

∞+ 1 0 0 0 0 . . . 0 0
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Define the strategies σ1 and σ2 by

σ1 = σ2 =
1

4
· δ(1) +

1

8
· δ(2) +

1

16
· δ(3) + . . .+

1

4
· δ(∞) +

1

4
· δ(∞+ 1).

Claim. The strategy profile (σ1, σ2) is a completely mixed, and hence strongly
perfect equilibrium. However, it is neither lof perfect nor weakly glof perfect. This
verifies the conjecture of S&S [42].10

Proof. It is clear that (σ1, σ2) is a completely mixed Nash equilibrium. Hence,
it is a strongly perfect equilibrium.

We show that the completely mixed equilibrium is not lof perfect. Suppose by
way of contradiction that (σ1, σ2) is lof perfect. For every player i, take a sequence
(Bki )∞k=1 of finite subsets of Ai and a sequence of strategies (σki )∞k=1 that satisfy the
conditions in Definition 4.2. Let mk and nk be the largest positive integers in the
sets Bk1 and Bk2 , respectively. Since ∞ + 1 is an isolated point of the action sets,
for large k each Bki includes∞ + 1. Moreover, for large k,∞ + 1 must be a best
response for player 1 against σk2 among Bk1 , because σ1 places positive probability
on ∞ + 1. As strategy ∞ + 1 has payoff zero for player 1, for large k player 1
cannot have an action in Bk1 which gives him a positive payoff against σk2 . Since
player 1 would get a positive payoff for every action m ≥ nk, we have mk < nk.
Then also nk < mk by symmetry, which is a contradiction. By similar arguments
the completely mixed equilibrium is not weakly glof either.

We continue with a discussion of the relations between the different approaches
to finitistic perfect equilibrium.

Proposition 2.5.1 Every strongly glof perfect equilibrium is lof perfect.

Proof. Suppose that σ = (σi)i∈N is a strongly glof perfect equilibrium.
Then, for every i ∈ N , there is a sequence (Bki )∞k=1 of finite subsets of Ai and
a sequence of strategies (σki )∞k=1 that satisfy the conditions in Definition 4.4. We
show that they also satisfy condition [3] of Definition 4.2. Since for every i, we
have ρs(σki , BRi(σ

k)) → 0 as k → ∞, there exists a sequence (µki )∞k=1 such that
µki ∈ BRi(σk) for every k ∈ IN and ρs(σki , µ

k
i ) → 0 as k → ∞. As ui is a con-

tinuous function, PBRi(σk) is a closed, hence Borel, subset of the action space Ai.
Moreover, since best responses put weight 1 on pure best responses,

ρs(σki , µ
k
i ) ≥

∣∣∣σki (PBRi(σ
k))− µki (PBRi(σ

k))
∣∣∣ =

∣∣∣σki (PBRi(σ
k))− 1

∣∣∣
10Their conjecture only concerns anchored perfect equilibrium. We show the stronger claim that the

completely mixed equilibrium is even not a lof perfect equilibrium.
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for every i and k. So, σki (PBRi(σ
k)) → 1 as k → ∞. This implies that for

large k, player i has a pure best response to σk which lies in Bki . Consequently,
σki (PBRi(σ

k | Bki ))→ 1 as k →∞, and σ is a lof perfect equilibrium.

Theorem 2.4.3 shows that the lof perfect equilibrium in Example 1 is not weakly
glof perfect (and hence not strongly glof perfect either). Next we present an exam-
ple of a weakly glof perfect equilibrium that is not lof perfect. Consequently, lof
perfection and weak glof perfection are not comparable.

EXAMPLE 5. In this game the action spaces are

A1 = A2 = {−1,−2,−3, . . . , 0, . . . , 3, 2, 1},

where all integers except 0 are isolated points, whereas 0 is the limit point of the
sequences −1,−2, . . . and 1, 2, . . . The topological structure is shown in the picture
below.

0−1 −2 −3 123

The topology can be metrized by the following metric. For every k, l ∈ Ai,

d(k, l) =


0 if k = l = 0

| 1l | if k = 0 and l 6= 0

| 1k | if k 6= 0 and l = 0

| 1k −
1
l | if k 6= 0 and l 6= 0.

The payoff functions u1 and u2 are symmetric and u1 is given in the table below.
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u1 -1 -2 -3 · · · 0 · · · +3 +2 +1

-1 1 1
2

1
3 · · · 0 · · · 0 0 1

-2 0 0 0 · · · 0 · · · 0 1
2 0

-3 0 0 0 · · · 0 · · · 1
3 0 0

...
...

...
...

. . .
... . . .

...
...

...

0 0 0 0 · · · 0 · · · 0 0 0

...
...

...
... . . .

...
. . .

...
...

...

+3 0 0 0 · · · 0 · · · 0 0 0

+2 0 0 0 · · · 0 · · · 0 0 0

+1 0 0 0 · · · 0 · · · 0 0 0

Claim. The Nash equilibrium (σ1, σ2) = (0, 0) is weakly glof perfect. How-
ever, (σ1, σ2) is not lof perfect, and therefore by Proposition 2.5.1 not strongly glof
perfect either.

Proof. We show that (σ1, σ2) is a weakly glof perfect. For every k ∈ IN, define
εk = 1

k(k+3) . Moreover, for k ∈ IN and i = 1, 2, write

Bki = {−1,−2, . . . ,−k}
⋃
{k, . . . , 2, 1}.

Let σki be the completely mixed strategy on Bki that assigns probability εk to every
action inBki except action k, to which it assigns probability 1−(2k−1)εk. Note that
due to the choice of εk, we have 1− (2k− 1)εk > εk > 0. It is clear that conditions
[1] and [2] of Definition 4.4 are satisfied. It remains to verify that condition [5] holds
as well. According to the payoff table, player 1’s pure best response to σk2 is either
−1 or −k. Since for every k ≥ 2 we have

u1(δ(−1), σk2 ) = εk(1 +
1

2
+

1

3
+ . . .+

1

k
+ 1)

≤ εk(k + 1)

< (1− (2k − 1)εk)
1

k

= u1(δ(−k), σk2 ),
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player 1’s unique best response against σk2 is −k. We prove that

ρw(σk1 , BR1(σk)) = ρw(σk1 , δ(−k)) ≤ 2

k
.

Let ε > 2
k = d(−k, k). It is easy to see that (2k − 1)εk ≤ ε. Take an arbitrary set

B ⊆ A1.

A. We show that δ(−k)(B) ≤ σk1 (Bε) + ε. If −k /∈ B. Then

δ(−k)(B) = 0 ≤ σk1 (Bε) + ε.

If −k ∈ B. Then k ∈ Bε. So

δ(−k)(B) = 1 ≤ (1− (2k − 1)εk) + ε = σk1 (k) + ε ≤ σk1 (Bε) + ε.

B. We show that σk1 (B) ≤ δ(−k)(Bε) + ε. If −k ∈ B. Then

σk1 (B) ≤ 1 < 1 + ε = δ(−k)(Bε) + ε

If −k /∈ B and k /∈ B. Then

σk1 (B) ≤ (2k − 1)εk ≤ ε ≤ δ(−k)(Bε) + ε.

If −k /∈ B and k ∈ B. Then −k ∈ Bε. So

σk1 (B) ≤ 1 + ε = δ(−k)(Bε) + ε.

So, by A, B, and the choice of ε, ρw(σk1 , δ(−k)) ≤ 2
k . Since the payoff functions

are symmetric this argument is also valid for the second player. Therefore, condition
[5] of Definition 4.4 holds and σ is a weakly glof perfect equilibrium as claimed 11.

We show that (0, 0) is not lof perfect. Suppose the opposite. Then by Definition
4.2 for each i = 1, 2 there is non-empty finite subset Bi of Ai and a completely
mixed strategy σi in ∆(Bi) such that

σi (PBRi(σ | Bi)) ≥
2

3
,

where σ = (σ1, σ2). Since −1 is an isolated point, w.l.o.g. −1 ∈ Bi for each
i = 1, 2. Furthermore, PBRi(σ | Bi) is a subset of {−1,−2, . . .}. Define

Mi = −min {x | x ∈ PBRi(σ | Bi)} for i = 1, 2.

11Note that strategy σki puts almost all weight on pure action +k, which is in fact a worst pure action
in terms of payoffs.
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Assume w.l.o.g. that M1 ≥ M2. Because −M1 ∈ PBR1(σ | B1) and −1 ∈ B1 we
have

u1(δ(−1), σ2) ≤ u1(δ(−M1), σ2).

Thus, according to the payoff table,

2

3
· 1

M2
≤ u1(δ(−1), σ2) ≤ u1(δ(−M1), σ2) ≤ 1

3
· 1

M1
.

Rewriting yields M2

2 ≥M1. Consequently M2

2 ≥M2. Contradiction.

Finally, notice that in the pure lof perfect equilibrium of Example 1, players 2
plays an action that is not just not limit admissible, it is even dominated by a unique
dominant action. It follows from Theorem 2.4.3 that this equilibrium is not weakly
glof.

2.6 Two players

For finite strategic form games it is well-known that perfection implies undominated-
ness. A similarly well-known theorem of van Damme (see for example van Damme
[43], Theorem 3.2.2) states that for bimatrix games the converse implication also
holds.

Theorem 2.6.1 Let (p, q) be a strategy pair of the bimatrix game (A,B). Equivalent
are

[1] The strategy pair (p, q) is a perfect equilibrium.

[2] The strategy pair (p, q) is a Nash equilibrium and both p and q are undomi-
nated strategies.

Theorem 2.4.1 and Proposition 2.4.2 show that, in the appropriately adjusted
sense, the implication from [1] to [2] is also valid in the setting with infinite compact
action spaces. A natural guess would be that the appropriately adjusted converse
would also be true for two-player infinite games. However, the following example
shows that the converse implication from [2] to [1] no longer holds for games with
infinite action spaces. (In their Example 2 Méndez et al. [27] address the same issue
in a game with interval action spaces.)

EXAMPLE 6. The action spaces areA1 = {T,B} andA2 = {1, 2, 3, 4, . . . ,∞},
where all natural numbers are isolated points, whereas∞ is the limit point of the se-
quence 1, 2, 3, . . . The payoffs for the players are given by
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u1 =

0 0 0 . . . 0

1 1 1 . . . 1

 and u2 =

0 1
2

1
3

1
4 . . . . . . 0

0 − 1
4 − 1

9 − 1
16 . . . . . . 0


Claim. The action pair (B, 1) is a Nash equilibrium in undominated strategies,

yet (B, 1) is not a weakly perfect equilibrium.

Proof. Clearly (B, 1) is a Nash equilibrium and actions B and 1 are undomi-
nated in A1 and A2 respectively.

We prove that the action pair σ = (B, 1) is not a weakly perfect equilibrium.
Take any completely mixed strategy τ1 = (p, 1 − p) of player 1. Take a natural
number k > 1−p

p . Then 1−p
k < p, so that

u2 (τ1, δ(k)) = p · 1

k
− (1− p) · 1

k2

=
1

k
·
[
p− 1− p

k

]
> 0.

Since u2(τ1, δ(1)) = 0, this implies that δ(1) is not a best response for player 2
against any completely mixed strategy of player 1. Hence, σ = (B, 1) is not a
weakly perfect equilibrium.

Note that the above example is in a very strong sense minimal. The action space
A2 is in a very natural way the “smallest” example of a compact set that is not finite.
And alsoA1 is minimal in the sense that it is the smallest example of an action space
in which player 1 actually has a genuine choice to make.

2.7 Invariance

Another remarkable feature of the game in Example 6 is that (B,∞) is a strongly
(and hence also weakly) perfect equilibrium. This is surprising in the sense that∞
is payoff equivalent to 1 for player 2. Thus, both strong and weak perfection violate
invariance in this setting, while perfect equilibrium satisfies invariance in the setting
of finite strategic form games (see for example Mertens [30] and Vermeulen and
Jansen [44]).

The underlying cause of this seeming breakdown of invariance is that in the finite
case the space of actions is, from a topological perspective, a very simple object. All
actions are isolated points, and hence there is a homeomorphism that transforms one
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into the other while the induced transformation on payoffs equals the identity in the
case of payoff equivalence.

However, in the infinite case two actions giving the same payoff might be to-
tally different from a topological perspective. Therefore, only conditional on having
a homeomorphism that preserves payoffs, we can conclude that strong and weak
perfection are invariant too. This result is stated in the following theorem.

Theorem 2.7.1 Both strongly and weakly perfect equilibrium are invariant under
payoff preserving homeomorphic transformations of the action spaces.

Note that, for finite games, invariance with respect to payoff preserving homeo-
morphic transformations is in fact equivalent to invariance. Hence, the above Theo-
rem implies that for finite strategic form games perfect equilibrium is invariant.

2.8 Discussion

We studied the relations between various generalizations of the basic notion of per-
fect equilibrium to the context of strategic form games with compact action spaces
and continuous payoff functions. We showed the existence of weakly glof perfect
equilibrium, and presented several examples of games with compact action spaces
that clarify the relationships between admissibility, trembling hand perfect equilib-
rium, and finitistic perfect equilibrium.

Specifically, we showed in Example 6 that the equivalence between perfection
and undominatedness for bimatrix games no longer holds for general two-person
strategic form games with compact action spaces and continuous payoffs.

We also verified a conjecture of Simon and Stichcombe [42] with an example
of a completely mixed Nash equilibrium that is not perfect in any of the finitistic
definitions. Example 3 shows that finitistic perfection may easily fail to be limit
admissible, a fact that was already observed by Simon and Stinchcombe for lof per-
fection. Example 4 shows that a completely mixed equilibrium need not be perfect
in any of the finitistic approaches.

In Example 4 the completely mixed equilibrium is part of a component of Nash
equilibria, one of which is still finitistically perfect. It remains an open question
whether an isolated completely mixed equilibrium is automatically perfect in the
finitistic approach. Another possible question for future research is the existence of
strongly glof perfect equilibrium.
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Despite its appeal to basic intuition of the finitistic approach, our results (espe-
cially Examples 3 and 4) seem to imply a severe critique of the finitistic approach.
The connection of the finitistic notions of perfection to admissibility and undominat-
edness seems hazy at best, and a cure for this—still somewhat surprising—failure of
finitistic solutions on simple performance criteria such as undominatedness does not
seem to be easily available. Still, as the anonymous referee pointed out, there may
be an alternative interpretation for our results. Flipping our stance towards the fini-
tistic approach–that finite games are “approximations” for the “true” infinite game
we want to study—around, we could also adopt the view that all games people might
ever encounter are finite. Under that view, infinite games function as “approxima-
tions” of large, but still finite, games. Infinite games in this view are only analytic
tools, they are not the true game under consideration. Our results now show that
this view, infinite games function as approximations of large finite games to facili-
tate computation of solutions, can no longer be maintained when we wish to apply
perfect equilibrium as the central solution concept12.

2.9 Appendix

Proof of Theorem 2.3.5

The proof of Theorem 2.3.5 is based on the fixed point Theorem of Kakutani. Since
Ai is compact and metric, we know that it is totally bounded. Fix k ∈ IN. For every
i, construct a finite subset Bki of Ai such that for every a ∈ Ai there is a b ∈ Bki
with dAi(a, b) ≤

1

k
. Write nik = |Bki |, and nk = max{nik}. Take ε ∈ (0, 1

nk
· 1
k ).

W.l.o.g. we can assume that nik ≥ 2. For every i, define

∆k
i (ε) =

{
νi ∈ ∆(Bki ) | νi(b) ≥ ε for every b ∈ Bki

}
and ∆k(ε) =

∏
i∈N

∆k
i (ε). Define the correspondence ABRki : ∆k(ε) � ∆k

i (ε) by

ABRki (σ) =
{
µi ∈ ∆k

i (ε) | ρw(µi, BRi(σ)) ≤ 2
k

}
12Perhaps a bit bold to put this chapter on par with the development of quantum physics, but exactly

this phenomenon occurred when physicists tried to explain Kirchoff’s laws for the solar emission spec-
trum. Classical physics that treated light as a continuous wave could not explain the shape of the solar
spectrum. This forced Planck in 1900 to propose a discretized model of light emission, where light was
only allowed to be emitted in little blocks of fixed size, dubbed “quanta”, which exactly reproduced the
solar spectrum. Planck had made the first step in the development of quantum physics. Apparently, at
least when it concerned light emission spectra, reality was undeniably discrete, no continuous model for
light emission could explain the observations of the solar spectrum. Now, we are definitely aware of the
fact that thus far the theory on infinite games has not come up with its own version of the solar emission
spectrum. Still, as an analogy to clarify the view pointed out by the referee, we believe the story of the
birth of quantum physics is unrivaled.
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for every σ = (σi)i∈N ∈ ∆k(ε).13 Furthermore, for every σ ∈ ∆(A), define the
correspondence ABRk : ∆k(ε) � ∆k(ε) by

ABRk(σ) =
∏
i∈N

ABRki (σ).

We verify the conditions of Theorem 4.6.6.

I. Clearly ∆k(ε) is compact and convex. Further, since ε ≤ 1
nk
≤ 1

nik
, the

set ∆k(ε) is not empty.

II. We verify that ABRk(σ) satisfies the conditions of the Theorem of Kaku-
tani.

II.1. We show for every i ∈ N that ABRki (σ) is non-empty. Take a ∈
PBRi(σ). Then, there is a b ∈ Bki such that dAi(a, b) ≤ 1

k . Hence, ρw(δ(a), δ(b)) ≤
1
k . Now, for x ∈ Bki define

µi(x) =

 ε if x 6= b

1− (nik − 1) · ε if x = b.

Then, µi ∈ ∆k
i (ε). Moreover,

ρw(µi, δ(b)) ≤ ‖µi − δ(b)‖∞ = (nik − 1) · ε ≤ (nik − 1) · 1

nk
· 1

k
≤ 1

k
.

Then, by the triangle inequality we have

ρw(µi, δ(a)) ≤ 1

k
+

1

k
=

2

k
.

Thus, ρw(µi, BRi(σ)) ≤ 2
k , which implies µi ∈ ABRki (σ). Hence, ABRk(σ) is

non-empty.

II.2. Clearly, for every i, ABRki (σ) is closed and therefore ABRk(σ) is
closed as well.

II.3. We prove that ABRki (σ) is convex for every i. Take strategies µ, ν ∈
ABRki (σ). We prove that cµ + (1 − c)ν ∈ ABRki (σ) for every c ∈ [0, 1]. Since
µ, ν ∈ ABRki (σ), we have ρw(µ,BRi(σ)) ≤ 2

k and ρw(ν,BRi(σ)) ≤ 2
k . So there

are strategies µ′, ν′ ∈ BRi(σ) such that

ρw(µ, µ′) ≤ 2

k
and ρw(ν, ν′) ≤ 2

k
.

13ABR stands for approximate best response.



30

Take an arbitrary δ > 2
k . Then, for every non-empty measurable set A ⊆ Ai, we

have
µ(A) ≤ µ′(Aδ) + δ

µ′(A) ≤ µ(Aδ) + δ

and
ν(A) ≤ ν′(Aδ) + δ

ν′(A) ≤ ν(Aδ) + δ.

Then,
cµ(A) + (1− c)ν(A) ≤ cµ′(Aδ) + (1− c)ν′(Aδ) + δ

cµ′(A) + (1− c)ν′(A) ≤ cµ(Aδ) + (1− c)ν(Aδ) + δ.

Hence,
ρw (cµ+ (1− c)ν, cµ′ + (1− c)ν′) ≤ δ,

which by the choice of δ implies

ρw (cµ+ (1− c)ν, cµ′ + (1− c)ν′) ≤ 2

k
.

Since BRi(σ) is a convex set, cµ′ + (1− c)ν′ ∈ BRi(σ). Thus,

ρw(cµ+ (1− c)ν,BRi(σ)) ≤ 2

k
,

which implies cµ+ (1− c)ν ∈ ABRki (σ).

III. We show thatABRk is upper-hemicontinuous. Take sequences (σm)∞m=1

and (τm)∞m=1 in ∆k(ε) such that lim
m→∞

σm = σ and lim
m→∞

τm = τ in Euclidean dis-

tance, and such that τm ∈ ABRk(σm) for every m ∈ IN. We show τi ∈ ABRki (σ)

for every i ∈ N , so that τ ∈ ABRk(σ).

Take m ∈ IN. Since τmi ∈ ABRki (σm), we have ρw(τmi , BRi(σ
m)) ≤ 2

k .
As BRi(σm) is a closed set with respect to the weak metric, there is a strategy
µmi ∈ BRi(σm) such that ρw(τmi , µ

m
i ) ≤ 2

k . Because ∆(Ai) is sequentially com-
pact with respect to the weak metric, the sequence (µmi )∞m=1 has a subsequence
(µm`i )∞`=1 with ρw(µm`i , µi) → 0 as l → ∞ for some µi ∈ ∆(Ai). Then, by con-
tinuity of ui with respect to ρw, we have µi ∈ BRi(σ). Moreover, ρw(τi, µi) ≤ 2

k .
Hence, ρw(τi, BRi(σ)) ≤ 2

k . This shows that ABRk is upper-hemicontinuous. This
concludes III.

By I, II, and III we know that each ABRk satisfies the conditions of Theorem
4.6.6. Hence, for every k, there is a σk ∈ ∆k(ε) such that σk ∈ ABRk(σk), which
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means that σki ∈ ABRki (σk) for every i. Hence, ρw(σki , BRi(σ
k)) ≤ 2

k for every i.
Since ∆(A) is sequentially compact with respect to the weak metric, we can assume
w.l.o.g. that the sequence σk = (σki )i∈N converges to a strategy profile σ = (σi)i∈N

when k →∞. Note that ρw(σki , BRi(σ
k))→ 0 as k →∞. Hence, σ = (σi)i∈N is

a weakly glof perfect equilibrium.

It remains to show that every weakly glof perfect equilibrium is a Nash equilib-
rium. Suppose that σ = (σi)i∈N is a weakly glof perfect equilibrium. Then, by
definition, for every i there is a sequence (σki )∞k=1 such that ρw(σki , σi) → 0 and
ρw(σki , BRi(σ

k)) → 0 as k → ∞. Therefore, for every i there is also a sequence
(µki )∞k=1 such that µki ∈ BRi(σk) for every k ∈ IN and ρw(σki , µ

k
i )→ 0 as k →∞.

By the triangle inequality for ρw, this implies that for every i, ρw(µki , σi) → 0 as
k →∞. Hence, again by continuity of ui, we obtain σi ∈ BRi(σ) for every i ∈ N ,
as desired.

Now, we prove that the set of weakly glof perfect equilibria is closed with re-
spect to the weak metric. Let (σ`)

∞
`=1 be a sequence of weakly glof perfect equi-

libria in which σ` = (σ`,1, . . . , σ`,n) and suppose that for every player i we have
ρw(σ`,i, σi) → 0 as ` → ∞. We show that σ = (σ1, . . . , σn) is weakly glof
perfect. Since for every ` ∈ IN the strategy profile σ` is weakly glof perfect, for
every ` and every player i, there exist (Bk`,i)

∞
k=1 and (σk`,i)

∞
k=1 satisfying the condi-

tions of Definition 4.3. Hence, there is a K1
` such that for every k ≥ K1

` , we have
ρw(σk`,i, σ`,i) <

1
` . Similarly, there is a K2

` such that for every k ≥ K2
` we have

ρw(σk`,i, BRi(σ
k
` )) < 1

` . Let K` = max{K1
` ,K

2
` }. Notice that one can make K`

large enough such that for every ai ∈ Ai there is a bi ∈ BK`i with dAi(ai, bi) <
1
` ,

for every player i. Now, the sequence (BK``,i )∞`=1 of finite subsets ofAi and (σK``,i )∞`=1

of completely mixed strategies in ∆(BK``,i ) satisfy the conditions of Definition 4.3
for the strategy profile σ when `→∞. Namely, for every player i we have

ρw(σK``,i , σi) ≤ ρ
w(σK``,i , σ`,i) + ρw(σ`,i, σi) <

1

`
+ ρw(σ`,i, σi),

and

ρw(σK``,i , BRi(σ
K`
` )) <

1

`
,

both converge to 0 when `→∞.

Proofs for Section 5

Lemma 2.9.1 Suppose that τi dominates σi. Then there is an a−i ∈ A−i such that
ui(a−i, τi) > ui(a−i, σi).
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Proof. Suppose that ui(a−i, τi) = ui(a−i, σi) for every a−i ∈ A−i. Then,
for every σ−i ∈ ∆(A−i) we have ui(σ−i, τi) = ui(σ−i, σi). Contradiction.

Lemma 2.9.2 Suppose that strategy τi ∈ ∆(Ai) dominates σi ∈ ∆(Ai). Then

ui(σ | τi) > ui(σ | σi)

for any completely mixed strategy profile σ ∈ ∆(A). Consequently, any best re-
sponse to a completely mixed strategy profile is undominated.

Proof. This is a direct consequence of Lemma 2.9.1 and the continuity of the
payoff function ui on ∆(A).

The next Theorem is a direct consequence of the continuity of measure on mono-
tonic sequences.

Lemma 2.9.3 Suppose that f is a real function on X which is strictly positive and

µ is a measure on X such that µ(X) > 0. Then,
∫
X

fdµ > 0.

Proposition 2.9.4 The set Di is closed with respect to the weak metric in ∆(Ai)

and PDi is closed in Ai. Moreover, Di = ∆(PDi).

Proof. Assume that Di is non-empty, otherwise the statements are obvious.
Take a ρi ∈ Di. For every σ−i ∈ ∆(A−i) define

Fσ−i = {σi ∈ ∆(Ai) | ui(σ−i, σi) = ui(σ−i, ρi)} .

Since ui is a continuous function on ∆(Ai) with respect to the weak metric, Fσ−i is
a closed set. Moreover, Di =

⋂
σ−i∈∆(A−i)

Fσ−i . Therefore, Di is also a closed set
with respect to the weak metric. With a similar argument we can conclude that PDi

is a closed subset of Ai.

Now we show that Di = ∆(PDi). Since ∆(PDi) ⊆ Di, we only need to prove
that ρi ∈ Di implies ρi ∈ ∆(PDi), or equivalently ρi(PDi) = 1. Suppose by way
of contradiction that ρi(PDi) < 1, implying ρi(Ai \ PDi) > 0. Take a completely
mixed strategy profile τ ∈ ∆(A). Let c = ui(τ | ρi). By Lemma 2.9.2 we have

ui(τ | xi) < ui(τ | ρi) = c
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for every xi ∈ Ai \ PDi, while ui(τ | xi) = ui(τ | ρi) = c for every xi ∈ PDi.
Then, using Lemma 2.9.3 to get the strict inequality, we have

c = ui(τ | ρi) =

∫
Ai

ui(τ | xi) dρi

=

∫
PDi

ui(τ | xi) dρi +

∫
Ai\PDi

ui(τ | xi) dρi

< c ρi(PDi) + c ρi(Ai\PDi) = c

which is a contradiction.





Chapter 3

Behavioral perfect equilibrium in
Bayesian games

3.1 Introduction

As in games with incomplete information, for example in auction models, there is
a need for a selection tool to rule out less intuitive equilibria, we examine possible
extensions of perfect equilibrium to such games, specifically to Bayesian games. In a
Bayesian game, first each player receives a private information, called the type of this
player, which is drawn according to a known probability distribution. Subsequently,
depending on his own type, each player chooses an action, and then receives a payoff
depending on the types and the chosen actions of all players. We assume that the
set of types and the set of actions are both metric spaces, but we generally do not
require that they are compact and also do not require that the payoff functions are
continuous. Our intention is to keep the model as wide as possible, so that it includes
various applications.

We base our investigation on so-called behavioral strategies, which are much
in the spirit of Bayesian games. A behavioral strategy for a player prescribes a
probability measure on his set of actions, depending on the type of this player, and
only satisfies an additional measurability assumption. A central solution concept in
these Bayesian games is the concept of Bayesian Nash Equilibrium (BNE), which is
a direct extension of Nash equilibrium. A BNE is a profile of behavioral strategies,
one for each player, such that each player’s strategy, given any type for this player,
is in expectation a best response to the strategies of his opponents, where in the
expectation all possible types of the opponents have to be taken into account. So, the
best response property is required at the interim stage when the player already knows
his own type. We remark that a similar but weaker concept arises if one calculates

35
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ex-ante probabilities, and only requires the best response property for each player
before he receives his own type. This approach is investigated for example by Reny
[40] and by Milgrom and Weber [33]. From now on, we will work with ex-interim
probabilities, unless mentioned otherwise.

In this chapter, our goal is to define the notion of perfect BNE in Bayesian games,
and analyze its properties. We base our approach on completely mixed behavioral
strategies, i.e. behavioral strategies which prescribe a completely mixed probability
measure for each possible type. As a first step, we define perfection for a behavioral
strategy profile, so not necessarily for a BNE yet. We define three versions of per-
fection, which differ in the kind of convergence over the set of types. The main idea
roughly is that a behavioral strategy profile β is called perfect, if there is a sequence
(βk)∞k=1 of completely mixed behavioral strategy profiles such that, for every player
i, the distance between βki and βi and the distance between βki and player i’s best
responses against βk both converge to 0. Here, by convergence we mean conver-
gence on the set of actions with respect to the weak metric, and convergence on
the set of types in one of the following three senses: uniformly for all types, point-
wisely for each type, and almost everywhere pointwisely. Respectively, we call β
uniform-perfect, pointwise-perfect, or a.e.-pointwise-perfect. In general, such a pro-
file β is not necessarily a BNE. If β is also a BNE, then we call β a uniform-perfect,
pointwise-perfect, or a.e.-pointwise-perfect BNE, respectively.

We analyze each of these three notions of perfection in Bayesian games in detail,
and we discuss the relations between them. We also pay attention to special cases,
mainly when compactness is imposed on the type and action spaces or when the
payoff functions satisfy some kind of continuity property. We also devote a small
section to finite Bayesian games, i.e. when there are only finitely many types and
actions.

In the second part of this chapter, we illustrate that perfection can be a useful
tool to select the more intuitive BNEs in Bayesian games. We do so by examining
a sealed-bid second-price auction with two bidders. In this auction, the valuation
function of each bidder does not only depend on his own type, but also on type of
his opponent. More precisely, for each i = 1, 2, bidder i’s valuation is given by
vi = 5 + ti − αtj , where α ∈ (0, 1) and j 6= i. Jackson et al. [16] and [17]
considered the first price version of this auction with α = 4 and proved that no BNE
exists if each player has a positive probability to win in case of a tie.

This second-price auction admits multiple BNEs, but we find that perfection se-
lects a BNE β that is unique in a certain class of strategies and rules out various
BNEs which are less intuitive. We highlight that the choice of sequence of com-
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pletely mixed behavioral strategy profiles (βk)∞k=1 is a very subtle task, because the
most straightforward candidate for this sequence does not work. We also provide ad-
ditional results, such as that β is not sincere and that neither player has a dominant
strategy in this auction.

This chapter is structured as follows. First, we discuss some preliminary notions
in section 3.2 and present the model of Bayesian games in section 3.3. Then, in
section 3.4 we define the concept of perfect BNE and analyze its properties. In
section 3.5, we apply our results to the above mentioned auction. The chapter ends
with an extensive appendix, which contains the proofs of several technical results
that we use in the earlier part of the chapter.

3.2 The model

A Bayesian game is a tuple Γ = (N, (Ti)i∈N , (Ai)i∈N , (µi)i∈N , (Πi)i∈N ) where:

1. N = {1, 2, .., n} is the set of players.

2. Ti is a nonempty set of player i’s possible types with metric dTi . Let Ti denote
the induced Borel σ-field on Ti, T = ×ni=1Ti, and T = ⊗ni=1Ti.

3. Ai is a nonempty set of player i’s actions with metric dAi . Let Ai denote the
induced Borel σ-field on Ai, A = ×ni=1Ai, and A = ⊗ni=1Ai.

4. µi is a probability measure on (Ti, Ti) for player i. Let µ = ×ni=1µi be the
product measure on (T, T ).

5. Πi : T × A → IR is player i’s payoff function, bounded and measurable with
respect to T ⊗ A. Let Π = (Πi)

n
i=1.

The Bayesian game Γ is played as follows: First, nature draws a type ti ∈ Ti

for each player i according to the probability measure µi. Each player i learns his
own type ti, but not the types of the other players. Then, each player i chooses an
action ai ∈ Ai, simultaneously and independently. Finally, depending on the types
t = (t1, . . . , tn) and the chosen actions a = (a1, . . . , an), each player i receives the
payoff Πi(t, a).

Now, we discuss different classes of strategies for the players. We start with the
simplest ones.

Definition 3.2.1 A pure strategy for player i is a measurable function pi : Ti → Ai.
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Thus, a pure strategy prescribes one specific action depending on the player’s
type. Now we move on to the strategies which use some randomization for the
choice of an action. In the finite version of the model, i.e., when Ti and Ai are finite,
a mixed strategy is a probability measure on the set of pure strategies, whereas a
behavioral strategy prescribes, for each possible type, a probability measure on the
set of available actions. Aumann [4] observed however that, for our infinite model,
the above view of a mixed strategy leads to measure theoretic problems and does
not provide an acceptable definition. Instead, a mixed strategy should be modeled
by a random variable with values in the set of pure strategies, whose domain is
a probability measure space that is used as the randomization device. This is the
underlying idea of the definition of a mixed strategy for player i as a measurable
function αi : Ti × [0, 1] → Ai, where the uniform distribution is imposed on [0, 1].
The interpretation of a mixed strategy αi is that, after observing his own type ti
and drawing a randomization-variable si from [0, 1] according to uniform distribu-
tion, player i plays αi(ti, si). Note that, for every si ∈ [0, 1], the section function
αi(·, si) : Ti → Ai is a pure strategy. Behavioral strategies are defined with similar
considerations:

Definition 3.2.2 (Milgrom and Weber) A behavioral strategy for player i is a func-
tion βi : Ti ×Ai → [0, 1] such that

1. the section function βi(ti, ·) : Ai → [0, 1] is a probability measure for every
ti ∈ Ti,

2. the section function βi(·, B) : Ti → [0, 1] is measurable for every B ∈ Ai.

A behavioral strategy βi prescribes, depending on player i’s type ti, to choose an
action according to the probability measure βi(ti, ·). The second condition in the
definition is included so that the ex-ante probability that player i’s action falls into

a set B ∈ Ai exists and is equal to
∫
Ti

βi(ti, B) µi(dti). We will usually de-

fine a behavioral strategy by specifying the section function βi(ti, ·) for every type
ti ∈ Ti. Behavioral strategies are well suited for our purpose to define perfect equi-
librium. Indeed, the probability measures βi(ti, ·) are sufficient to describe player
i’s behavior. Moreover, as Aumann [4] showed, there is a many-to-one mapping
from mixed to behavioral strategies that preserves the players’ expected payoffs, so
mixed strategies would have no significant added value. For these reasons, we build
our definitions on behavioral strategies. From now on, by a strategy we will always
mean a behavioral strategy, unless mentioned otherwise.
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Definition 3.2.3 A strategy βi for player i is called deterministic if, for every type
ti ∈ Ti, there is an action ai,ti ∈ Ai such that βi(ti, ·) is the Dirac measure on
ai,ti . A strategy βi is called completely mixed if the section function βi(ti, ·) :

Ai → [0, 1] is a completely mixed probability measure for every ti ∈ Ti. The vector
β = (β1, β2, . . . , βn), where βi is a strategy of player i, is called a strategy profile.

Each pure strategy pi naturally induces a deterministic strategy βi, for which
βi(ti, ·) is the Dirac measure on pi(ti) for every type ti ∈ Ti.

For every strategy profile β and every player i ∈ N , we write β−i = (βj)j∈N\{i}

to denote the profile consisting of strategies of the players in N \ {i}. Further, we
use IEτ−i(Πi | ti, βi) to denote player i’s expected payoff, given his type ti and his
strategy βi, against a strategy profile τ−i. Thus,

IEτ−i(Πi | ti, βi) =

∫
T−i

∫
A−i

∫
Ai

Πi(t, a) βi(ti, dai)τ−i(t−i, da−i)µ−i(dt−i).

In the expected payoff above, i.e. IEτ−i(Πi | ti, βi), by integrals with respect
to τ−i(t−i, da−i) and µ−i(dt−i) we mean the iterated integrals with respect to
τj(tj , daj) and µj(dtj) for all j 6= i. Fubini’s Theorem and Theorem 4.6.5 in the
appendix guarantee the existence of the iterated integrals in the expression above,
and also that the order of integration with respect to βi(ti, dai) and τj(tj , daj),
j 6= i, is not relevant. In the special case where player i uses a deterministic strategy
with corresponding pure strategy pi, player i’s expected payoff is denoted simply by
IEτ−i(Πi | ti, pi), and it is equal to

IEτ−i(Πi | ti, pi) =

∫
T−i

∫
A−i

Πi (t, (pi(ti), a−i)) τ−i(t−i, da−i) µ−i(dt−i).

Since in the expected payoffs IEτ−i(Πi | ti, βi) and IEτ−i(Πi | ti, pi) it is irrelevant
how player i chooses his actions for types other than ti, we can naturally define
IEτ−i(Πi | ti, σi) and IEτ−i(Πi | ti, ai) for every probability measure σi on (Ai,Ai)
and respectively for every action ai ∈ Ai.

A probability measure σi on (Ai,Ai) is called a best response of player i for
type ti ∈ Ti against a strategy profile τ−i, if for every probability measure σ′i on
(Ai,Ai) we have

IEτ−i(Πi | ti, σi) ≥ IEτ−i(Πi | ti, σ′i).

The set of such best responses is denoted by BRi(ti, τ−i). For a strategy profile τ ,
we will also use the notation BRi(ti, τ) instead of BRi(ti, τ−i).

A strategy βi is called a best response of player i against a strategy profile τ−i, if
βi(ti, ·) ∈ BRi(ti, τ−i) for every ti ∈ Ti. The set of such best responses is denoted
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by BRi(τ−i). For a strategy profile τ , we will also use the notation BRi(τ) instead
ofBRi(τ−i). Note that all these best response sets can be empty, which is illustrated
by the following simple example.

Example 3.2.4 Consider the following Bayesian game with only one player: T1 =

{t1}, A1 = [0, 1], Π1(t1, x) = x for every x ∈ [0, 1), and Π1(t1, 1) = 0. In this
game, the set of the best responses (that is, optimal strategies) of player 1 is empty.

Now we define a central solution concept of Bayesian games, namely the concept
of Bayesian Nash equilibrium.

Definition 3.2.5 A strategy profile β = (β1, β2, . . . , βn) is called a Bayesian Nash
equilibrium (BNE), if βi is a best response of player i against β, for every player i.

There are Bayesian games which admit no BNE at all, for instance the game
in Example 3.2.4. In many Bayesian games of economic interest, however, there
exist multiple BNEs, and some of them are arguably more intuitive than others. As
mentioned before, our goal is to develop the definition of perfection for BNEs, which
can be a useful tool in such games to distinguish the more intuitive BNEs.

3.3 Behavioral perfect Bayesian Nash equilibrium

In this section we propose a number of possible definitions of perfect BNE for
Bayesian games. We introduce three main definitions. In each of them, a differ-
ent notion of convergence is used on the set of strategies. At the end of the section,
we draw some conclusions in the context of finite games, i.e. when there are only
finitely many types and actions.

Uniform-perfect BNE

Definition 3.3.1 A strategy profile β = (β1, . . . , βn) is called uniform-perfect,
if there exists a sequence of profiles of completely mixed strategies (βk)∞k=1 =

(βk1 , . . . , β
k
n)∞k=1 with the following properties for every player i:

(1) lim
k→∞

sup
ti∈Ti

ρw(βki (ti, ·), βi(ti, ·)) = 0,

(2) lim
k→∞

sup
ti∈Ti

ρw(βki (ti, ·), BRi(ti, βk)) = 0.

A strategy profile β is called a uniform-perfect BNE if β is a BNE and uniform-
perfect.
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Note that conditions (1) and (2) in the above definition require a uniform con-
vergence of the corresponding distances over the set of possible types. In the special
case when the game has complete information, i.e. each Ti is a singleton, our defi-
nition coincides with Simon and Stinchcombe’s weak perfect equilibrium in [42].

A uniform-perfect strategy profile, and therefore a uniform-perfect BNE, does
not always exist, which is for instance the case in Example 3.2.4, because the best
response set in this game is always empty. Furthermore, even if a uniform-perfect
strategy profile exists, it is not necessarily a BNE, which is illustrated by the follow-
ing example.

Example 3.3.2 Consider the following Bayesian game with only one player: T1 =

{t1}, A1 = [0, 1], Π1(t1, x) = 1 for every x ∈ [0, 1), and Π1(t1, 1) = 0. Define
strategies β1 and βk1 , for every k ∈ IN, as follows: β1(t1, ·) = δ1(·) and βk1 (t1, ·) =

(1− 1
k )δ1− 1

k
(·) + 1

kσ(·), for every k ∈ IN, where δx is the Dirac measure on action
x and σ is the uniform distribution on the Borel sets of [0, 1]. Note that the set of the
pure best responses (that is, optimal strategies) of player 1 consists of all actions in
[0, 1). So, the strategy β1 and the sequence of completely mixed strategies (βk1 )∞k=1

satisfy conditions (1) and (2) of Definition 3.3.1. Therefore, β1 is a uniform-perfect
strategy profile, but it is clearly not a BNE.

A uniform-perfect strategy profile may fail to exist, even if the type and action
spaces are compact and the payoff functions are continuous, as is shown in Example
3.3.5. Nevertheless, it follows from Theorem 3.3.4 under fairly weak conditions that
every uniform-perfect strategy profile is a BNE.

Pointwise-perfect BNE

Definition 3.3.3 A strategy profile β = (β1,. . .,βn) is called pointwise-perfect,
if there exists a sequence of profiles of completely mixed strategies (βk)∞k=1 =

(βk1 , . . . , β
k
n)∞k=1 with the following properties for every player i and each type

ti ∈ Ti:

(1) lim
k→∞

ρw(βki (ti, ·), βi(ti, ·)) = 0,

(2) lim
k→∞

ρw(βki (ti, ·), BRi(ti, βk)) = 0.

A strategy profile β is called a pointwise-perfect BNE if β is a BNE and pointwise-
perfect.

Note that conditions (1) and (2) in the above definition require pointwise conver-
gence of the corresponding distances over the set of possible types.
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A pointwise-perfect strategy profile, and therefore a pointwise-perfect BNE,
does not always exist, which is for instance the case in Example 3.2.4, because
the best response set in this game is always empty. Furthermore, it follows from
Example 3.3.2 that a pointwise-perfect strategy profile is not necessarily a BNE.

We do not know if a pointwise-perfect strategy profile always exists under the
condition that the type and action spaces are compact and the payoff functions are
continuous. Nevertheless, we have the following result.

Theorem 3.3.4 In a Bayesian game where the action spaces are separable and
Πi(t, ·) is continuous on A for every player i and every t ∈ T , every pointwise-
perfect strategy profile is a BNE.

Proof. Suppose that β = (β1, . . . , βn) is a pointwise-perfect strategy profile
in such a Bayesian game. For β, take a sequence of strategy profiles (βk)∞k=1 as
in Definition 3.3.3. Fix a player i and a type ti ∈ Ti. Due to condition (2) in
Definition 3.3.3, there exists a Ki(ti) ∈ IN such that BRi(ti, βk) is nonempty for
every k ≥ Ki(ti). Therefore, by condition (2) once more, there exists a sequence
(σki,ti)

∞
k=1 of probability measures on (Ai,Ai) such that σki,ti ∈ BRi(ti, β

k) for
every k ≥ Ki(ti) and ρw(βki (ti, ·), σki,ti) → 0 as k → ∞. By condition (1) and by
the triangle inequality for ρw, this implies that ρw(βi(ti, ·), σki,ti)→ 0 as k →∞.

For every k ≥ Ki(ti) and every probability measure σ′ on (Ai,Ai), we have
due to σki,ti ∈ BRi(ti, β

k) that IEβk−i(Πi | ti, σki ) ≥ IEβk−i(Πi | ti, σ′), which means
that ∫

T−i

∫
A−i

∫
Ai

Πi ((ti, t−i), a) σki,ti(dai) β
k
−i(t−i, da−i) µ−i(dt−i) (3.1)

≥
∫
T−i

∫
A−i

∫
Ai

Πi ((ti, t−i), a) σ′(dai)β
k
−i(t−i, da−i)µ−i(dt−i).

According to Theorem 3.2 in [6], in a separable product space the weak convergence
of the product measure is equivalent to the weak convergence of the marginal mea-
sures. Hence, because A is separable, the weak convergence of σki,ti to βi(ti, ·) and
of βkj (tj , ·) to βj(tj , ·) for every player j 6= i and every type tj ∈ Tj implies that,
for any t−i ∈ T−i, the product measure σki,ti ×

(
×j 6=iβkj (tj , ·)

)
on (A,A) weakly

converges to the product measure βi(ti, ·)× (×j 6=iβj(tj , ·)). Since the payoff func-
tion Πi((ti, t−i), ·) is continuous on A for every t−i ∈ T−i, by Fubini’s theorem we
have for every t−i ∈ T−i

lim
k→∞

∫
A−i

∫
Ai

Πi ((ti, t−i), a) σki,ti(dai) β
k
−i(t−i, da−i)
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=

∫
A−i

∫
Ai

Πi ((ti, t−i), a) βi(ti, dai) β−i(t−i, da−i),

and similarly

lim
k→∞

∫
A−i

∫
Ai

Πi ((ti, t−i), a) σ′(dai) β
k
−i(t−i, da−i)

=

∫
A−i

∫
Ai

Πi ((ti, t−i), a) σ′(dai) β−i(t−i, da−i).

Thus, if we take the limit in inequality (3.1) when k → ∞, by the dominated con-
vergence theorem we obtain∫

T−i

∫
A−i

∫
Ai

Πi (t, a) βi(ti, dai) β−i(t−i, da−i) µ−i(dt−i)

≥
∫
T−i

∫
A−i

∫
Ai

Πi (t, a) σ′(dai) β−i(t−i, da−i) µ−i(dt−i),

which means IEβ−i(Πi | ti, βi(ti, ·))≥ IEβ−i(Πi | ti, σ′). Hence,βi(ti, ·) ∈ BRi(ti, β).
Since player i and type ti were chosen arbitrary, the strategy profile β is a BNE as
claimed.

It is clear that every uniform-perfect BNE is also pointwise-perfect. Now, we
provide a game which demonstrates that the opposite is not always true. This game
has a pointwise-perfect BNE, but it has no uniform-perfect BNE, in fact not even
a uniform-perfect strategy profile, although the type and action spaces are compact
and the payoff functions are continuous.

Example 3.3.5 Consider the following Bayesian game with two players: Player
1 has only one possible type, T1 = {t1}, whereas player 2’s type space is T2 =

{t12, t22,. . . , t∞2 } in which t∞2 is the limit point of the sequence (tm2 )∞m=1. The prob-
ability measure µ2 on (T2, T2) is arbitrary. The action spaces are A1 = {U,D} and
A2 = {L,R}. The payoff matrix when player 1 is the row-player and is given type
t1, and player 2 is the column-player and is given type tm2 , for every m ∈ IN, is the
following:

(t1, t
m
2 ) L R

U 0,− 1
m 0, 0

D 1, 1
m2 1, 0



44

and the payoff matrix when player 1 is given type t1 and player 2 is given type t∞2
is:

(t1, t
∞
2 ) L R

U 0, 0 0, 0

D 1, 0 1, 0

Observe that the type and action spaces in this game are compact, and the payoff
functions are continuous.

Define p1(t1) = D and p2(tm2 ) = L, for every m ∈ IN∪ {∞}. Let β1 and β2 be
the deterministic strategies corresponding to p1 and p2 respectively. We claim that
(β1, β2) is a pointwise-perfect BNE, but the game has no uniform-perfect strategy
profile, so no uniform-perfect BNE either.

The proof that (β1, β2) is a pointwise-perfect BNE: Clearly, (β1, β2) is a
BNE, so it remains to prove that (β1, β2) is pointwise-perfect. For every k ∈ IN, de-
fine two completely mixed strategies βk1 and βk2 by letting βk1 (t1, ·) = (1− 1

k )δD(·)+
1
k δU (·) and βk2 (tm2 , ·) = (1 − 1

k )δL(·) + 1
k δR(·) for every m ∈ IN ∪ {∞}, where

δx denotes the Dirac measure on x. The sequence (βk)∞k=1 = (βk1 , β
k
2 )∞k=1 clearly

satisfies condition (1) of Definition 3.3.3, and it also satisfies condition (2) for player
1 and condition (2) for type t∞2 of player 2. It remains to verify condition (2) for an
arbitrary type tm2 for player 2 where m ∈ IN. Take such a type tm2 . We have

IEβk1 (Π2 | tm2 , L) = (1− 1
k ) · 1

m2 + 1
k · (−

1
m ),

which is strictly positive for large k. Hence,BR2(tm2 , β
k) = {δL} for large k, which

implies that condition (2) of Definition 3.3.3 holds for type tm2 . Thus, (β1, β2) is
pointwise-perfect indeed.

The proof that this game has no uniform-perfect strategy profile: Suppose
by way of contradiction that τ = (τ1, τ2) is a uniform-perfect strategy profile. Then,
there is a sequence of completely mixed strategy profiles (τk)∞k=1 = (τk1 , τ

k
2 )∞k=1

that satisfy conditions (1) and (2) of Definition 3.3.1 for τ . First notice that, by the
triangle inequality for ρw, we have

sup
t2∈T2

ρw(τ2(t2, ·), BR2(t2, τ
k))

≤ sup
t2∈T2

[
ρw(τk2 (t2, ·), τ2(t2, ·)) + ρw(τk2 (t2, ·), BR2(t2, τ

k))
]

≤ sup
t2∈T2

ρw(τk2 (t2, ·), τ2(t2, ·)) + sup
t2∈T2

ρw(τk2 (t2, ·), BR2(t2, τ
k)),

and therefore conditions (1) and (2) imply

lim
k→∞

sup
t2∈T2

ρw(τ2(t2, ·), BR2(t2, τ
k)) = 0. (3.2)
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For every k ∈ IN, the probability measure τk1 (t1, ·) can be written in the form
τk1 (t1, ·) = (1 − εk)δU (·) + εkδD(·) with some εk ∈ (0, 1). Due to condition
(2) for player 1, we must have that εk → 1 as k →∞.

For every k ∈ IN and every type tm2 for player 2, where m ∈ IN, we have

IEτk1 (Π2 | tm2 , L) = εk · 1
m2 + (1− εk) · (− 1

m ),

whereas IEτk1 (Π2 | tm2 , R) = 0. It has two consequences. First, for every tm2 , where
m ∈ IN, we have BR2(tm2 , τ

k) = {δL} for large k, which in view of (3.2) yields
τ2(tm2 , ·) = δL(·) for every tm2 , where m ∈ IN. Second, for every k ∈ IN, we have
BR2(tm2 , τ

k) = {δR} for large m. In conclusion, for every k ∈ IN, if m is large,
then τ2(tm2 , ·) = δL(·) andBR2(tm2 , τ

k) = {δR}. This is in contradiction with (3.2),
so τ is not a uniform-perfect strategy profile.

A.e.-pointwise-perfect BNE

Definition 3.3.6 A strategy profile β = (β1, . . . , βn) is called a.e.-pointwise-perfect
(where a.e. stands for almost everywhere), if for every player i there exists a set
Si ∈ Ti with µi(Si) = 0 and a sequence of profiles of completely mixed strategies
(βk)∞k=1 = (βk1 , . . . , β

k
n)∞k=1 with the following properties for every player i and

every type ti ∈ Ti \ Si:

(1) lim
k→∞

ρw(βki (ti, ·), βi(ti, ·)) = 0,

(2) lim
k→∞

ρw(βki (ti, ·), BRi(ti, βk)) = 0.

A strategy profile β is called an a.e.-pointwise-perfect BNE if β is a BNE and a.e.-
pointwise-perfect.

An a.e.-pointwise-perfect strategy profile, and therefore an a.e.-pointwise-perfect
BNE, does not always exist, which is for instance the case in Example 3.2.4, because
the best response set in this game is always empty. Furthermore, it follows from Ex-
ample 3.3.2 that an a.e.-pointwise-perfect strategy profile is not necessarily a BNE.

It is clear that every pointwise-perfect BNE is also a.e.-pointwise-perfect. The
following example proves that the converse is not always true.

Example 3.3.7 Consider the following Bayesian game with two players: The type
spaces are T1 = {t1} and T2 = {t12, t22}, and µ2 is given by µ2(t12) = 1 and
µ2(t22) = 0. The action spaces are A1 = {U,D} and A2 = {L,R}. The payoff



46

matrix is the following if player 1 is given type t1 whereas player 2 is given type tm2
for m = 1, 2:

(t1, t
m
2 ) L R

U 0, 1 0, 0

D 1, 0 1, 0

Define p1(t1) = D, p2(t12) = L and p2(t22) = R. Let β1 and β2 be the deterministic
strategies corresponding to p1 and p2 respectively. It is clear that (β1, β2) is an a.e.-
pointwise-perfect BNE, by choosing S1 = ∅ and S2 = {t22} in Definition 3.3.6. Yet,
(β1, β2) is not pointwise-perfect, because player 2 chooses R with probability 1 if
he receives type t22.

We remark that a similar example can be made where T2 = [0, 1], µ2 is the
uniform distribution on T2, and where the strategy profile is not pointwise-perfect
only due to a single type, say type t2 = 1.

The following theorem presents conditions under which there is a strong connec-
tion between a.e.-pointwise and pointwise-perfection.

Proposition 3.3.8 Let β be an a.e.-pointwise-perfect BNE in a Bayesian game with
compact action spaces. Let Si, for every player i, and (βk)∞k=1 be as in Definition
3.3.6 for β. Suppose that Si is countable for every player i and BRi(ti, β

k) is
nonempty for every player i, every type ti ∈ Si and every k ∈ IN. Then, there is a
pointwise-perfect BNE β̂ such that β̂i(ti, ·) = βi(ti, ·) holds for every player i and
every type ti ∈ Ti \ Si.

Proof. For such an a.e.-pointwise-perfect BNE β, we can construct a desired
pointwise-perfect BNE β̂ as follows. For every player i ∈ N , every type ti ∈ Si,
and every k ∈ IN, by assumption of the proposition, we can choose a probability
measure σki,ti ∈ BRi(ti, β

k). Now, define a profile of completely mixed strategies
β̂k, for every k ∈ IN, by letting

β̂ki (ti, ·) =

{
βki (ti, ·) if ti ∈ Ti \ Si
(1− 1

k )σki,ti(·) + 1
kβ

k
i (ti, ·) if ti ∈ Si

for every player i ∈ N and type ti ∈ Ti. Note that since for every B ∈ Ai the
maps β̂ki (·, B) and βki (·, B) only differ on a countable subset of Ti, namely the set
Si, β̂ki (·, B) : Ti → [0, 1] is measurable. Therefore, β̂ki is a behavioral strategy.

In the remaining part of the proof, we use several fairly known results from anal-
ysis, which can all be found in [1]. By assumption, Ai is compact in the topology
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induced by the metric dAi , so the set ∆(Ai) of probability measures on (Ai,Ai)
is also compact with respect to the topology induced by the weak metric. Conse-
quently, the product space ×i∈N ×ti∈Si ∆(Ai) is compact in the product topology
by Tychonoff’s theorem, and because Si is countable, this topology is even metriz-
able. Therefore, this topological space is sequentially compact, which assures the
existence of a subsequence (kr)

∞
r=1 so that σkri,ti converges to some σi,ti ∈ ∆(Ai),

for every player i ∈ N and every ti ∈ Ti, with respect to the weak metric. So, define
a strategy for every player i ∈ N by

β̂i(ti, ·) =

{
βi(ti, ·) if ti ∈ Ti \ Si
σi,ti(·) if ti ∈ Si

for every type ti ∈ Ti. With the same argument as for β̂ki , it is clear that β̂i is a
behavioral strategy too. Notice that the profile β̂ = (β̂i)i∈N is a pointwise-perfect
equilibrium. Indeed, for the sequence β̂kr , condition (1) of Definition 3.3.3 is obvi-
ously satisfied, and so is condition (2) because BRi(ti, β̂kr ) = BRi(ti, β

kr ) holds
due to µj(Sj) = 0 for all players j.

The next example shows that the condition that Si is countable is crucial in
Proposition 3.3.8 if there are at least three players. We do not know if this condition
is also crucial for games with only two players.

Example 3.3.9 Consider the following Bayesian game with three players. The type
spaces are T1 = {0, 1}IN, T2 = {t2} and T3 = {t3}. The metric dT1 on T1 is
defined as follows: for t1, t′1 ∈ T1, if t1 = t′1 then let dT1

(t1, t
′
1) = 0, otherwise

if m is the first coordinate in which t1 and t′1 differ, then let dT1
(t1, t

′
1) = 2−m.

Notice that dT1
induces the product topology on T1. Further, let µ1 = δ(1,1,...), i.e.

the Dirac measure on the type (1, 1, . . .). The action spaces are A1 = {U,D}, A2 =

{a1, a2, . . . , a∞}, andA3 = {b1, b2, . . . , b∞}, in which am = bm = 1− 1
m for every

m ∈ IN and a∞ = b∞ = 1. For every type t1 ∈ {0, 1}IN, let fm(t1) be the m-th
coordinate of the sequence t1. When player 1 is given type t1 ∈ {0, 1}IN\{1, 1, . . .},
the payoff of player 1 is independent of the action chosen by player 3, and it is given
by

t1 ∈ {0, 1}IN \ {(1, 1, . . .)} am a∞

U fm(t1) 0

D 1−fm(t1) 0
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whereas if player 1 is given type t1 = (1, 1, . . .):

t1 = (1, 1, . . .) am a∞

U 0 0

D 0 0

The payoffs of players 2 and 3 are independent of the action chosen by player 1, and
are given by:

b1 b2 b3 b4 . . . b∞

a1 0,0 0, 1
2 0, 1

3 0, 1
4 . . . 0,0

a2
1
2 ,0 0,0 0, 1

3 0, 1
4 . . . 0,0

a3
1
3 ,0 1

3 ,0 0,0 0, 1
4 . . . 0,0

a4
1
4 ,0 1

4 ,0 1
4 ,0 0,0 . . . 0,0

...
...

...
...

...
...

...

a∞ 0,0 0,0 0,0 0,0 . . . 0,0

In general, if player 2 chooses action am and player 3 chooses action b`, withm, ` ∈
IN, then player 2’s payoff is 1

m if m > `, and 0 otherwise, and player 3’s payoff is 1
`

if ` > m, and 0 otherwise.

We remark that the type and action spaces in this game are all compact. Since
the payoff functions of players 2 and 3 are continuous, and player 1 has only finitely
many actions, the best reply setBRi(ti, β) is nonempty for every player i, every ti ∈
Ti and every strategy profile β. We claim: (1) there exists an a.e.-pointwise-perfect
equilibrium in this game, but (2) this game admits no pointwise-perfect strategy
profile.

An a.e.-pointwise-perfect BNE: First we construct an a.e.-pointwise-perfect
BNE. Define p1(t1) = U for every t1 ∈ T1, p2(t2) = a∞ and p3(t3) = b∞. Let β̃i
be the deterministic strategy for each player i corresponding to pi. Now we prove
that β̃ = (β̃1, β̃2, β̃3) is an a.e.-pointwise-perfect BNE. Let S1 = T1 \ {(1, 1, . . .)}
and S2 = S3 = ∅. Further, take arbitrary completely mixed probability measures
σ2 and σ3 on (A2,A2) and (A3,A3), respectively. For every k ∈ IN, define the
completely mixed strategies

βk1 (t1, ·) = (1− 1
k ) · δU (·) + 1

k · δD(·) for every t1 ∈ T1
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βk2 (t2, ·) = (1− 1
k2 ) · δak(·) + 1

k2 · σ2(·)

βk3 (t3, ·) = (1− 1
k2 ) · δbk(·) + 1

k2 · σ3(·).

If player 2 plays actions ak+1 against βk3 (t3, ·), then he receives at least (1− 1
k2 ) 1

k+1 ,
whereas he receives at most 1

k+2 by playing an action a` with ` > k+1 and receives
at most 1

2k2 by playing an action a` with ` < k + 1. Thus, for every k ≥ 3, action
ak+1 is player 2’s (unique) best response to βk3 (t3, ·), and for similar reasons, action
bk+1 is player 3’s (unique) best response to βk2 (t2, ·). Based on this observation,
one can check easily that S1, S2, S3 and the sequence βk = (βk1 , β

k
2 , β

k
3 ) satisfy

the conditions of Definition 3.3.6 for β̃. Thus, β̃ is an a.e.-pointwise-perfect BNE
indeed.

No pointwise-perfect strategy profile: Now we claim that there is no pointwise-
perfect strategy profile in this game. (Note that S1 above is uncountable, so Propo-
sition 3.3.8 does not apply.) Suppose by way of contradiction that β = (β1, β2, β3)

is a pointwise-perfect strategy profile, with some sequence (βk)∞k=1 as required in
Definition 3.3.3.

First we prove that β2(t2, ·) and β3(t3, ·) put probability 1 on action a∞ and
b∞, respectively, i.e. β2(t2, {a∞}) = β3(t3, {b∞}) = 1. Suppose by way of
contradiction that β2(t2, {a∞}) < 1; the proof is similar if β3(t3, {b∞}) < 1.
Let m∗ = min{m ∈ IN | β2(t2, {am}) > 0}. Since player 3 can get a positive
payoff against β2(t2, ·), and β3(t3, ·) is a best response to β2(t2, ·), we must have
β3(t3, {b∞}) = 0. So, also player 2 can get a positive payoff against β3(t3, ·). Let
`∗ = min{` ∈ IN|β3(t3, {b`}) > 0}. Now, if m∗ ≤ `∗, then action am∗ gives
payoff zero to player 2, which is a contradiction as β2(t2, {am∗}) > 0. Similarly, if
`∗ ≤ m∗, then action b`∗ gives payoff zero to player 3, which is a contradiction as
β3(t3, {b`∗}) > 0. So, β2(t2, {a∞}) = β3(t3, {b∞}) = 1 must hold indeed.

For every k ∈ IN, let σk be the probability measure on (A2,A2) defined by
σk(a∞) = 0 and

σk(am) =
βk2 (t2, {am})

1− βk2 (t2, {a∞})

for every m ∈ IN. So, σk(am) equals the probability that action am is chosen with
respect to βk2 (t2, ·) conditioned on the event that a∞ is not chosen. We now claim
that for every m ∈ IN

lim
k→∞

σk({a1, . . . , am}) = 0. (3.3)

Suppose by way of contradiction that for some m ∈ IN there exists a Z > 0 and a
subsequence (kr)

∞
r=1 such that σkr ({a1, . . . , am}) ≥ Z for every r ∈ IN. Notice

that, for every r ∈ IN, action bm+1 gives in expectation at least Z
m+1 to player 3
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against σkr , hence at least (1 − βkr2 (t2, {a∞})) · Z
m+1 against βkr . Now consider

any action bw with w > m+1
Z . Since player 3’s highest payoff for action bw is 1

w ,
action bw gives player 3 in expectation strictly less than Z

m+1 against σkr , hence
strictly less than (1− βkr2 (t2, {a∞})) · Z

m+1 against βkr . Therefore, player 3’s best
responses are in {b1, . . . , bbm+1

Z c
} against βkr for any r ∈ IN. Since player 3’s best

responses along this subsequence are not approaching b∞ with respect to the weak
metric, the sequence βk cannot satisfy both conditions (1) and (2) of Definition 3.3.3.
Thus, (3.3) holds as claimed.

Let k1 = 1 and m1 ∈ IN be such that σk1({a1, . . . , am1
}) > 1

2 . Then, by (3.3),
there exists a k2 > k1 and an m2 > m1 such that σk2({am1+1, . . . , am2

}) > 1
2 . By

repeating this argument, we obtain in IN two strictly increasing sequences (mr)
∞
r=1

and (kr)
∞
r=1 such that for every r ∈ IN

σkr ({am |m ∈Wr}) >
1

2
, (3.4)

where Wr = {mr−1 + 1, . . . ,mr} and m0 = 0. Note that the sets Wr, r ∈ IN, form
a partition of IN.

Now let t1 be the type in {0, 1}IN such that fm(t1) = 1 if m ∈ Wr for an odd
r ∈ IN and fm(t1) = 0 if m ∈ Wr for an even r ∈ IN. Take an arbitrary odd r ∈ IN.
Then, fm(t1) = 1 for any m ∈ Wr, and since σkr ({am |m ∈ Wr}) > 1

2 due to
(3.4), player 1’s unique best response to βkr is action U . Similarly, when r ∈ IN
is even, player 1’s unique best response to βkr is action D. So, the sequence βk

cannot satisfy both conditions (1) and (2) of Definition 3.3.3 for type t1, which is
a contradiction. Consequently, there is no pointwise-perfect strategy profile in this
game.

The following corollary follows easily from Proposition 3.3.8.

Corollary 3.3.10 Consider a Bayesian game in which the type spaces are countable,
the action spaces are compact, and the payoff functions are continuous. Then, for
every a.e.-pointwise-perfect BNE β, there exists a pointwise-perfect BNE β̂ such
that, for every player i, we have β̂i(ti, ·) = βi(ti, ·) for µi-a.e. type ti ∈ Ti.

Now, we examine Bayesian games which satisfy the following two measurability
conditions:

• Condition M1: For any player i and any strategies β1
i , β2

i of player i, the map

ti 7→ ρw(β1
i (ti, ·), β2

i (ti, ·))

is measurable.
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• Condition M2: For any player i, any strategy βi of player i, and any strategy
profile τ , the map

ti 7→ ρw(βi(ti, ·), BRi(ti, τ))

is measurable.

Condition M1 is mild, because if the action spaces are σ-compact, then M1 is always
satisfied (cf. Lemma 3.6.2). It is not clear if mild conditions are also sufficient to
guarantee M2.

Now, we present a number of conditions that are all equivalent to a.e.-pointwise-
perfection, under the additional assumptions of M1 and M2.

Proposition 3.3.11 Consider a Bayesian game which satisfies conditions M1 and
M2. Then, for every strategy profile β = (β1, . . . , βn), equivalent are:

i. The strategy profile β is a.e.-pointwise-perfect.

ii. There exists a sequence of profiles of completely mixed strategies (βk)∞k=1 =

(βk1 , . . . , β
k
n)∞k=1 such that for every player i and every ε > 0:

(ii.1) lim
k→∞

µi
{
ti ∈ Ti | ρw(βki (ti, ·), βi(ti, ·)) ≥ ε

}
= 0,

(ii.2) lim
k→∞

µi
{
ti ∈ Ti | ρw(βki (ti, ·), BRi(ti, βk)) ≥ ε

}
= 0.

iii. There exists a sequence of profiles of completely mixed strategies (βk)∞k=1 =

(βk1 , . . . , β
k
n)∞k=1 such that for every player i:

(iii.1) lim
k→∞

∫
Ti

ρw(βki (ti, ·), βi(ti, ·)) µi(dti) = 0,

(iii.2) lim
k→∞

∫
Ti

ρw(βki (ti, ·), BRi(ti, βk)) µi(dti) = 0.

The intuition behind conditions (ii) and (iii) is the following. For every player i
and every k ∈ IN, define a functionXk

i : Ti → IR byXk
i (ti) = ρw

(
βki (ti, ·), βi(ti, ·)

)
,

and a function Y ki : Ti → IR by Y ki (ti) = ρw
(
βki (ti, ·), BRi(ti, βk)

)
. Due to the

assumptions M1 and M2, these functions are measurable, and therefore they are
random variables on the measurable space (Ti, Ti). Conditions (ii.1) and (ii.2) re-
spectively require that both sequences Xk

i and Y ki converge in probability to zero
(i.e. to the random variable that is zero everywhere). So, the probability that Xk

i and
Y ki are far from zero becomes negligible for large k. Conditions (iii.1) and (iii.2)
mean that both sequences Xk

i and Y ki converge in expectation to zero, with respect
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to the distribution µi. This makes intuitive sense because the type of player i is
drawn from Ti according to µi.

Proof. The implication (i)→(ii) follows immediately from the fact that point-
wise convergence almost everywhere implies convergence in probability. The im-
plication (ii)→(iii) is also valid, because the sequences Xk

i and Y ki are uniformly
bounded and hence if they converge in probability to zero, then they also converge
to zero in expectation. So as to prove the implication (iii)→(i), we argue that both
implications (iii)→(ii) and (ii)→(i) are valid. The implication (iii)→(ii) holds be-
cause convergence in expectation implies convergence in probability. Finally, the
implication (ii)→(i) follows from the fact that convergence in probability implies
the existence of a subsequence that pointwisely converges to the same limit almost
everywhere. Hence, if the sequences Xk

i and Y ki converge in probability to zero,
then there are subsequences Xkm

i and Y kmi which satisfy the conditions of Defini-
tion 3.3.6.

The equivalence of the conditions of Proposition 3.3.11 is remarkable in view of
the fact that pointwise convergence almost everywhere, convergence in probability
and convergence in expectation are not equivalent in general.

Perfection in finite Bayesian games

In this subsection, we discuss some direct consequences of our previous results on
Bayesian games in which there are only finitely many types and actions. A behav-
ioral strategy for player i in such games is a function βi : Ti → ∆(Ai), where
∆(Ai) is the set of mixed strategies on Ai. Behavioral strategy βi is called com-
pletely mixed if βi(ti) is a completely mixed strategy for each type ti ∈ Ti. A direct
generalization of Selten’s perfect equilibrium to finite Bayesian games is defined as
follows:

Definition 3.3.12 A (behavioral) strategy profile β = (β1, . . . , βn) is called perfect
if there exists a sequence of profiles of completely mixed (behavioral) strategies
(βk)∞k=1 = (βk1 , . . . , β

k
n)∞k=1 with the following properties for every player i and

each type ti ∈ Ti:

(1) lim
k→∞

dE(βki (ti), βi(ti)) = 0,

(2) lim
k→∞

dE(βki (ti), BRi(ti, β
k)) = 0,

where dE is the Euclidean metric.
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It is clear that the uniform and the pointwise approaches coincide. The a.e.-pointwise
approach can however lead to different results, but only in the - perhaps less inter-
esting - case when certain types occur with probability 0.

Theorem 3.3.13 Every Bayesian game with finitely many types and actions admits
a pointwise-perfect (or equivalently, uniform-perfect) BNE.

Proof. We only provide a sketch of the proof. First, consider the corre-
sponding game G′ with ex-ante probabilities in which each player i has action set
A′i = ×ti∈TiAi and wants to maximize his ex-ante expected payoff, i.e. his expected
payoff before he learns his own type. The game G′ is a game with complete infor-
mation and with finite action spaces, so it has a perfect equilibrium σ in the classical
sense with a corresponding sequence of completely mixed strategies (σk)∞k=1. Let
β be the (unique) strategy in the original game G such that, given any type ti ∈ Ti,
the strategies σ and β induce the same probability on every action ai ∈ Ai, i.e.
β(ti, ai) = σ(A′i[ti, ai]), where A′i[ti, ai] is the set of all members of A′i whose
coordinate at position ti is exactly ai. Define βk for every k ∈ IN in a similar way
with regard to σk. It is not difficult to see that β is an a.e.-pointwise-perfect BNE,
with the sequence (βk)∞k=1 and with Si being for every player i the set of all types
ti ∈ Ti that occur with probability 0. The reason is that if a type ti ∈ Ti occurs
with a positive probability, then this type is also taken into account by the ex-ante
approach. Now, Proposition 3.3.8 completes the proof.

3.4 A second-price auction with interdependent values

We examine perfect equilibrium in a second price auctions with interdependent val-
ues, in which bidders have no dominant strategies. We show that perfect equilibrium
is a useful tool to select the more natural BNEs in this auction.

Consider the following sealed-bid second price auction Γα for a single indivisi-
ble object, where α is a parameter in (0, 1). There are two bidders, whose respective
types t1 and t2 are drawn independently from T1 = T2 = [0, 1] according to the
uniform distribution. The evaluations of the bidders are symmetric and are given by
v1(t1, t2) = 5 + t1 − αt2 and v2(t1, t2) = 5 + t2 − αt1. The set of available bids is
A1 = A2 = [5 − α, 6]. The tie-breaking rule can be arbitrary, and plays no role in
our analysis.

We present different types of BNEs in Γα and show that perfection eliminates
the less natural ones. As the proofs in this section are technical in nature, we only
discuss the main results, and defer the formal proofs to the appendix.
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A symmetric BNE

For each bidder i, define the pure strategy Bi(ti) = 5 + (1− α)ti, and denote by βi
the corresponding deterministic strategy.

Proposition 3.4.1 The symmetric deterministic strategy profile β = (β1, β2) is a
BNE.

It turns out that β is unique within a certain class of strategies. Let F be the class
of deterministic strategies in which the corresponding pure strategies pi : Ti → Ai

for bidders i = 1, 2 satisfy the following conditions:

(i) p1(0) = p2(0) and p1(1) = p2(1),

(ii) pi is differentiable and d
dti
pi(ti) > 0 for every ti ∈ Ti.

Now, we have the following proposition:

Proposition 3.4.2 The BNE β is the only pure BNE in class F.

Proposition 3.4.3 The BNE β is not sincere in the sense that for each bidder i,
Bi(ti) does not equal his expected evaluation of the object given ti, except for ti =
1
2 .

Proposition 3.4.4 Neither bidder has a dominant strategy in the auction Γα in the
following sense: neither bidder i has a strategy βi such that for every type ti, every
strategy σi of bidder i and every strategy β−i of bidder i’s opponents we have

IEβ−i(Πi | ti, βi) ≥ IEβ−i(Πi | ti, σi).

In fact we will prove a stronger statement. Namely, in the above statement we
could replace “every type ti” by “every type ti in a subset of types with a strictly
positive measure”. In view of the previous proposition, dominance is not a useful
criterion to select BNEs in this auction. Nevertheless, as we will show, perfection
can be used with great effect.

Proposition 3.4.5 The BNE β is uniform-perfect.

We will now describe the idea of the proof. Let CM : [0, 1] → [5 − α, 6] be
defined by CM (r) = 5+(1−α)r for all r ∈ [0, 1] and µ be the uniform distribution
on [5 − α, 6]. The first idea would be to look at the sequences of completely mixed
strategies β̂ki given by β̂ki (ti, ·) = (1 − εk)δCM (ti)(·) + εkµ(·) for both players
i = 1, 2 and for every ti, where δ is the Dirac measure and εk is a sequence in (0, 1)
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converging to zero. One can verify that the sequence β̂ki satisfies condition (1) of
Definition 3.3.1, and limk→∞ ρw(β̂ki (ti, ·), BRi(ti, β̂k)) = 0 for every ti ∈ (0, 1).
However, the latter does not hold for ti = 0, 1. More precisely, one can easily check
that BRi(0, β̂k) = {5 − 1

2α} and BRi(1, β̂k) = {6 − 1
2α}, for every k. However,

by defining the completely mixed strategies in a more delicate way, we can prove
that (β1, β2) is uniform-perfect. We introduce two more curves CT , CL : [0, 1] →
[5− α, 6] by CT (r) = 6− αr2, and CL(r) = 5− α+ α(1− r)2. These curves are
depicted in the picture below.

r

CL

CT

CM

5

5− α

6− α

6

0 1

The curves CT and CL will be used to repair the above mentioned problem for
types 0 and 1. For every k ∈ IN, let εk = 1

k+3 and βk1 : T1 × A1 → [0, 1] be the
completely mixed strategy for bidder 1 which is given for every t1 ∈ T1 = [0, 1] by

βk1 (t1, ·) = (1−2εk− ε2
k) δCM (t1)(·) + εk δCT (t1)(·) + εk δCL(t1)(·) + ε2

k µ(·).

The cumulative probability distribution with respect to βk1 (t1, ·) is shown on
A1 = [5− α, 6] in the picture below.

b1

1

5− α CL(t1) CM (t1) CT (t1) 6

Similarly, define a completely mixed strategy βk2 for bidder 2. We will show that
the sequence of strategy profiles (βk)∞k=1 = (βk1 , β

k
2 )∞k=1 satisfies conditions 1 and

2 of Definition 3.3.1.
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Other BNEs

In this subsection, we present other BNEs for the auction. They are arguably less
intuitive and, as we show, perfection eliminates all of them. We start with Wolf and
Sheep BNEs.

Proposition 3.4.6 The deterministic strategy profile σ = (σ1, σ2), given by σ1(t1, ·) =

δ6(·) for every t1 ∈ T1 and σ2(t2, ·) = δ5−α(·) for every t2 ∈ T2, is a BNE. How-
ever, σ is not pointwise-perfect, and hence not uniform-perfect either.

It is worthwhile to note that the BNE introduced in Proposition 3.4.6 is just one
of the many other BNEs of the same type. In all of this type of BNEs, the lowest bid
of Wolf player is strictly larger than the highest bid of Sheep player.

The following proposition considers a deterministic BNE in which the corre-
sponding pure strategies, as functions of the types, are not continuous.

Proposition 3.4.7 The deterministic strategy profile η = (η1, η2) is a BNE, where
η1 and η2 correspond to the pure strategies b1 and b2 given by

b1(t1) =

{
5 if t1 ∈ [0, x(α)]

6 if t1 ∈ (x(α), 1]
and b2(t2) =

{
5− α if t2 ∈ [0, y(α)]

5.1 if t2 ∈ (y(α), 1]
,

with x(α) = 0.4+2α
4−α2 and y(α) = α(0.2+α)

4−α2 .
However, η is not pointwise-perfect, and hence not uniform-perfect either.

3.5 Appendix I: Proofs for the auction in Section 3.4

Throughout the Appendix.2, we will use the notion IEτ1(Π2 | t2, b2) for bidder 2’s
expected profit given his type t2 and bid b2 against a strategy τ1 of bidder 1. If bidder
1 makes a bid b1 > b2, then bidder 2 does not win the object and has zero profit.
Therefore, if bidding b2 against τ1 leads to a tie with zero ex-ante probability, then
we have

IEτ1(Π2 | t2, b2) =

∫ 1

0

∫ b2

5−α
(5 + t2 − αt1 − b1) τ1(t1, db1) dt1. (3.5)

Since the function 5 + t2−αt1− b1 is bounded on [0, 1]× [5−α, 6] and measurable
with respect to T × A, then according to Theorem 4.6.5, IEτ1(Π2 | t2, b2) is well-
defined.

In the special case when τ1 is a deterministic strategy, i.e. when τ1(t1, ·) =

δp1(t1)(·) for a pure strategy p1, we have∫ b2

5−α
(5 + t2 − αt1 − b1) τ1(t1, db1) =
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{
5 + t2 − αt1 − p1(t1) if p1(t1) ∈ [5− α, b2]
0 if p1(t1) ∈ (b2, 6].

Hence, if p1 is increasing and b2 ∈ p1(T1), then we have

IEτ1(Π2 | t2, b2) =

∫ p−1
1 (b2)

0

(5 + t2 − αt1 − p1(t1)) dt1. (3.6)

Proof of Proposition 3.4.1

We prove that the deterministic strategy profile β = (β1, β2) in which βi corre-
sponds to the pure strategy Bi(ti) = 5 + (1− α)ti for each bidder i, is a BNE. For
this purpose, we prove that β2 is a best response against β1. Then, due to symmetry,
β1 is also a best response against β2, and the proof will be complete.

According to (3.6), if b2 ∈ [5, 6− α] then we have

IEβ1(Π2 | t2, b2) =

∫ B−1
1 (b2)

0

(5 + t2 − αt1 −B1(t1)) dt1

=

∫ b2−5
1−α

0

(5 + t2 − αt1 − 5− (1− α)t1) dt1

=

∫ b2−5
1−α

0

(t2 − t1) dt1

= t2

(
b2 − 5

1− α

)
− 1

2

(
b2 − 5

1− α

)2

.

By taking the first derivative with respect to b2

d

db2
IEβ1

(Π2 | t2, b2) =
t2

1− α
− 1

1− α

(
b2 − 5

1− α

)
.

It is clear that

d

db2
IEβ1

(Π2 | t2, 5) ≥ 0 and
d

db2
IEβ1

(Π2 | t2, 6− α) ≤ 0,

which implies that the maximum of IEβ1
(Π2 | t2, b2) over b2 ∈ [5, 6− α] is attained

where d
db2

IEβ1
(Π2 | t2, b2) = 0. This happens exactly when

b2 = 5 + (1− α)t2 = B2(t2).

Notice that, for bidder 2, bidding less than 5 is never better than bidding 5 exactly,
because all bids less than or equal to 5 win against β1 with probability 0. Similarly,
bidding more than 6− α is never better than bidding 6− α exactly, because all bids
larger than or equal to 6 − α win against β1 with probability 1. Therefore, β2 is a
best response to β1 as claimed.
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Proof of Proposition 3.4.2

Consider two pure strategies p1 and p2 that satisfy conditions (i), (ii) of Proposition
3.4.2, and the corresponding deterministic strategies τ1 and τ2. Suppose that (τ1, τ2)

is a BNE. Our goal is to show that p1(t1) = 5+(1−α)t1 and p2(t2) = 5+(1−α)t2.

Notice that p1 : T1 → A1 and p2 : T2 → A2 are continuous and invertible,
and therefore they have a continuous inverse. Thus, because p1(T1) = p2(T2), the
function p̂ = p−1

1 ◦ p2 is well defined and it is a continuous bijection from T2 to T1.

First we argue that p2(0) ≤ 5. Suppose by way of contradiction that p2(0) > 5.
According to (3.6) we have

IEτ1(Π2 | t2, p2(t2)) =

∫ p̂(t2)

0

(5 + t2 − αt1 − p1(t1)) dt1.

Notice that if t2 > 0 then p̂(t2) > 0 due to conditions (i) and (ii), and moreover,
for every type t2 < p2(0)− 5 we have

5 + t2−αt1−p1(t1) ≤ 5 + t2−p1(t1) ≤ 5 + t2−p1(0) = 5 + t2−p2(0) < 0.

Therefore, IEτ1(Π2 | t2, p2(t2)) is strictly negative. However, as p1(0) = p2(0) >

5, bidder 2 can get zero by bidding 5 for instance, which never wins. This is a
contradiction with the assumption that τ2 is a best response to τ1, so p2(0) ≤ 5

holds indeed.

Now we prove that p2(1) ≥ 6 − α. Write c := 6 − α − p2(1) and suppose by
way of contradiction that c > 0. According to (3.6), if we compare bids p2(1) and
p2(t2) for bidder 2 when his type is t2, we obtain

IEτ1(Π2 | t2, p2(1))− IEτ1(Π2 | t2, p2(t2)) =

∫ 1

p̂(t2)

(5 + t2 − αt1 − p1(t1)) dt1.

Notice that if t2 ∈ (1 − c, 1), then p̂(t2) < 1 due to conditions (i) and (ii), and
moreover, for every t1 ∈ [0, 1] we have

5 + t2 − αt1 − p1(t1) ≥ 5 + t2 − α− p1(1)

= 5 + t2 − α− p2(1)

= 5 + t2 − α+ c− 6 + α

= −1 + t2 + c

> 0.

Therefore, for every t2 ∈ (1− c, 1)

IEτ1(Π2 | t2, p2(1))− IEτ1(Π2 | t2, p2(t2)) > 0,
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which is in contradiction with the assumption that τ2 is a best response to τ1. Hence,
p2(1) ≥ 6− α holds indeed.

Now, we calculate bidder 2’s best response bids against τ1, given his type t2. It is
clear that, for any type t2, bidding p2(0) is not worse than any bid in [5− α, p2(0)],
because all these bids win with probability zero against τ1. Similarly, bidding p2(1)

is not worse than any bid in [p2(1), 6], because all these bids win with probability 1
against τ1. It remains to determine the best bids in the interval [p2(0), p2(1)], which
we do by examining the derivative of IEτ1(Π2 | t2, b2) with respect to b2. By (3.6),
we have for every bid b2 ∈ [p2(0), p2(1)] that

IEτ1(Π2 | t2, b2) =

∫ p−1
1 (b2)

0

(5 + t2 − αt1 − p1(t1)) dt1

=
[
(5 + t2)t1 −

α

2
t21

]p−1
1 (b2)

0
−
∫ p−1

1 (b2)

0

p1(t1) dt1

= (5 + t2)p−1
1 (b2)− α

2

(
p−1

1 (b2)
)2 − ∫ p−1

1 (b2)

0

p1(t1) dt1.

Therefore, the first derivative with respect to b2 is

d

db2
IEτ1(Π2 | t2, b2) =

1

p′1
(
p−1

1 (b2)
) · (5 + t2 − αp−1

1 (b2)
)

− 1

p′1
(
p−1

1 (b2)
)p1(p−1

1 (b2))

=
1

p′1
(
p−1

1 (b2)
) · (5 + t2 − αp−1

1 (b2)− b2
)
.

Because p̂(0) = p−1
1 (p2(0)) = p−1

1 (p1(0)) = 0 and p′1
(
p−1

1 (b2)
)
> 0 by conditions

(i) and (ii), and because p2(0) ≤ 5 we have for every t2 > 0 that

d

db2
IEτ1(Π2 | t2, p2(0)) > 0. (3.7)

Similarly, because p̂(1) = p−1
1 (p2(1)) = p−1

1 (p1(1)) = 1 and p′1
(
p−1

1 (b2)
)
> 0 by

conditions (i) and (ii), and because p2(1) ≥ 6− α we have for every t2 < 1 that

d

db2
IEτ1(Π2 | t2, p2(1)) < 0. (3.8)

In view of (3.7) and (3.8), for all t2 ∈ (0, 1), each best response bid b2 in [p2(0), p2(1)]

has to satisfy

d

db2
IEτ1(Π2 | t2, b2) = 0,
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which is equivalent to

b2 = 5 + t2 − αp−1
1 (b2).

Because τ2 is a best response against τ1, we must have for every t2 ∈ (0, 1) that

p2(t2) = 5 + t2 − αp−1
1 (p2(t2)) = 5 + t2 − αp̂(t2).

By continuity of p2 and p̂, we obtain for all t2 ∈ [0, 1] that

p2(t2) = 5 + t2 − αp̂(t2). (3.9)

With a similar argument for bidder 1, we have for all t1 ∈ [0, 1] that

p1(t1) = 5 + t1 − αp̂−1(t1). (3.10)

By equation (3.10) we have for all t2 ∈ [0, 1] that

p1 (p̂(t2)) = 5 + p̂(t2)− αp̂−1(p̂(t2)),

which yields p2(t2) = 5 + p̂(t2)− αt2. Thus, by equation (3.9) we have

5 + p̂(t2)− αt2 = 5 + t2 − αp̂(t2),

which implies p̂(t2) = t2. Hence, from (3.9) we derive that

p2(t2) = 5 + (1− α)t2,

and because of symmetry also that

p1(t1) = 5 + (1− α)t1,

so the proof of Proposition 3.4.2 is complete.

Proof of Proposition 3.4.3

Due to symmetry, it suffices to prove the statement only for bidder 1. Notice that
bidder 1’s expected evaluation of the object given his type t1 is

IE(v1(t1, t2) | t1) = IE(5 + t1 − αt2 | t1) = 5 + t1 −
α

2
,

which differs from B1(t1) = 5 + (1 − α)t1 for every type t1 ∈ [0, 1] \ { 1
2}, as

claimed. It is worthwhile to mention that even if we look at the situation in which
bidder 1 knows that he is winning, still his expected evaluation of the object given
his type t1 is not equal to his bid almost everywhere :

IE(v1(t1, t2) | b1(t1) > b2(t2)) = IE(5 + t1 − αt2 | t1 > t2)

= 5 + t1 − αIE(t2 | t1 > t2) = 5 + t1 −
α

2
t1,

which is strictly larger than B1(t1) = 5 + (1− α)t1 for every type t1 ∈ (0, 1].
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Proof of Proposition 3.4.4

We prove that neither bidder has a dominant strategy. To this end we prove that
every strategy σi of player i = 1, 2 is not dominant. Suppose σ2 is a dominant
strategy for bidder 2. Notice that if bidder 1 chooses strategy β1 and if bidder 2
is given type t2 ∈ (0, 1), then bidding β2 is bidder 2’s unique best response (see
the proof of Proposition 3.4.1). This implies that σ2 = β2. Now we show that the
strategies β2 is not in dominant strategies. To this end we show that β2 is not a best
response against all strategies of bidder 1. Suppose that bidder 1’s strategy is given
by λ1(t1, ·) = δb1(t1)(·) for every t1 ∈ T1, where

b1(t1) =

{ 11
2 if t1 ∈ [0, 1

2 ]

6 if t1 ∈ ( 1
2 , 1].

We prove that if t2 = 1+α
2 , then β2 is not a best response for bidder 2 against λ1.

Notice that bidder 2 gets zero by bidding B2( 1+α
2 ), because it never wins against λ1

due to B2( 1+α
2 ) = 5 + (1− α)( 1+α

2 ) < 11
2 . However, by (3.6), bidder 2’s expected

profit given type t2 = 1+α
2 and b2 ∈ ( 11

2 , 6) is

IEλ1(Π2 |
1 + α

2
, b2) =

∫ 1
2

0

(
5 +

1 + α

2
− αt1 −

11

2

)
dt1 =

α

8
> 0.

This shows that if t2 = 1+α
2 then bidding b2 ∈ ( 11

2 , 6) is strictly better than bidding
B2( 1+α

2 ). Hence, β2 is not in dominant strategies. This proves that bidder 2 does
not have a dominant strategy at all, and by symmetry the same is true for bidder 1.
The proof is complete.

Proof of Proposition 3.4.5

We prove that the BNE β = (β1, β2) is uniform-perfect. For this purpose, define the
curves CM , CT , CL : [0, 1]→ [5− α, 6] by

CM (t1) = 5 + (1− α)t1,

CT (t1) = 6− αt21,

CL(t1) = 5− α+ α(1− t1)2.

Let µ be the uniform distribution onA1 = [5−α, 6]. For every k ∈ IN, let εk = 1
k+3

and βk1 : T1 × A1 → [0, 1] be the completely mixed strategy for bidder 1 which is
given for every t1 ∈ T1 = [0, 1] by

βk1 (t1, ·) = (1− 2εk − ε2
k) δCM (t1)(·) + εk δCT (t1)(·) + εk δCL(t1)(·) + ε2

k µ(·).
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Similarly, define a completely mixed strategy βk2 for bidder 2. We show that the
sequence of strategy profiles (βk)∞k=1 = (βk1 , β

k
2 )∞k=1 satisfies conditions 1 and 2 of

Definition 3.3.1.

It is clear from the definition of βi(ti, ·) and βki (ti, ·), for each bidder i, that

sup
ti∈Ti

ρw(βki (ti, ·), βi(ti, ·)) = 2εk + ε2
k.

Hence, condition 1 of Definition 3.3.1 is satisfied. Condition 2 of Definition 3.3.1
follows from the claim below.

Claim: For every ξ ∈ (0, α), there is a Kξ ∈ IN such that for every k > Kξ we
have:

1. For every t2 ∈ [0, ξ), the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5 − α, 6]

can only be attained within b2 ∈ [5− ξ, 5 + 2ξ(1− α)].

2. For every t2 ∈ [ξ, 1−ξ], the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5−α, 6]

can only be attained within b2 ∈ [CM (t2)− ξ(1− α), CM (t2) + ξ(1− α)].

3. For every t2 ∈ (1−ξ, 1] the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5−α, 6]

can only be attained within b2 ∈ [6− α− 2ξ(1− α), 6− α+ ξ].

The above claim is illustrated in Figure 3.1. According to the claim, the gray
area includes all best response bids for bidder 2 if k > Kξ.

b2

t2

5

5− α

5− ξ

5 + 2ξ(1− α)

6− α

6

6− α + ξ

6− α− 2ξ(1− α)

0 1ξ 1− ξ

CM

Figure 3.1: bidder 2’s best response bids
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Take an arbitrary ξ ∈ (0,min{α, 1
2}). To prove this claim, it is enough to show

that the following claims 1, 2 and 3 are valid. These claims corresponds to three
cases, i.e., 6− α ≤ b2 ≤ 6, 5− α ≤ b2 ≤ 5 and 5 ≤ b2 ≤ 6− α.

Claim 1: for the case 6− α ≤ b2 ≤ 6

There is an M1
ξ ∈ IN such that for every k > M1

ξ we have:

1. For every t2 ∈ [0, 1−ξ], the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [6−α, 6]

is attained at b2 = 6− α.

2. For every t2 ∈ (1−ξ, 1], the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [6−α, 6]

can only be attained within b2 ∈ [6− α, 6− α+ ξ].

Claim 2: for the case 5− α ≤ b2 ≤ 5

There is an M2
ξ ∈ IN such that for every k > M2

ξ we have:

1. For every t2 ∈ [ξ, 1], the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5−α, 5] is
attained at b2 = 5.

2. For every t2 ∈ [0, ξ), the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5 − α, 5]

can only be attained within b2 ∈ [5− ξ, 5].

Claim 3: for case 5 ≤ b2 ≤ 6− α
There is an M3

ξ ∈ IN such that for every k > M3
ξ we have:

1. For every t2 ∈ [ξ, 1−ξ], the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5, 6−α]

can only be attained within b2 ∈ [CM (t2)− ξ(1− α), CM (t2) + ξ(1− α)].

2. For every t2 ∈ [0, ξ), the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5, 6 − α]

can only be attained within b2 ∈ [5, 5 + 2ξ(1− α)].

3. For every t2 ∈ (1−ξ, 1] the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [5, 6−α]

can only be attained within b2 ∈ [6− α− 2ξ(1− α), 6− α].

It is important to note that Part (1) of Claim 1 shows that for every t2 ∈ [0, 1−ξ],
the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈ [6−α, 6] is not more than the maximum
over b2 ∈ [5, 6 − α], which is verified in Claim 3. Similarly, Part (1) of Claim 2
indicates that for every t2 ∈ [ξ, 1], the maximum of IEβk1 (Π2 | t2, b2) over b2 ∈
[5− α, 5] is not more than the maximum over b2 ∈ [5, 6− α].

Proof of Claim 1: We compute IEβk1 (Π2 | t2, b2) for every b2 ∈ [6−α, 6]. Note
that C−1

T (b2) ∈ [0, 1] is the unique type t1 for bidder 1 such that CT (t1) = b2. By



64

the definition of CT , we have C−1
T (b2) =

√
6−b2
α . Therefore, by (3.5)

IEβk1 (Π2 | t2, b2) =

∫ 1

0

∫ b2

5−α
(5 + t2 − αt1 − b1) βk1 (t1, db1) dt1

=

∫ C−1
T (b2)

0

∫ b2

5−α
(5 + t2 − αt1 − b1) βk1 (t1, db1) dt1 I

+

∫ 1

C−1
T (b2)

∫ b2

5−α
(5 + t2 − αt1 − b1) βk1 (t1, db1) dt1. II

From the definition of βk1 (t1, ·) we obtain

I = (1− 2εk − ε2
k)

∫ C−1
T (b2)

0

(5 + t2 − αt1 − CM (t1)) dt1

+ εk

∫ C−1
T (b2)

0

(5 + t2 − αt1 − CL(t1)) dt1

+ ε2
k

∫ C−1
T (b2)

0

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1.

Similarly, we have

II = (1− 2εk − ε2
k)

∫ 1

C−1
T (b2)

(5 + t2 − αt1 − CM (t1)) dt1

+ εk

∫ 1

C−1
T (b2)

(5 + t2 − αt1 − CL(t1)) dt1

+ ε2
k

∫ 1

C−1
T (b2)

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1

+ εk

∫ 1

C−1
T (b2)

(5 + t2 − αt1 − CT (t1)) dt1.

Hence, by the definition of the curves CM , CT , and CL we obtain

IEβk1 (Π2 | t2, b2) = I + II = (1− 2εk − ε2
k)

∫ 1

0

(5 + t2 − αt1 − 5− (1− α)t1) dt1

+ εk

∫ 1

0

(
5 + t2 − αt1 − 5 + α− α(1− t1)2

)
dt1

+ ε2
k

∫ 1

0

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1

+ εk

∫ 1

C−1
T (b2)

(
5 + t2 − αt1 − 6 + αt21

)
dt1.



65

Thus,

IEβk1 (Π2 | t2, b2) = (1− 2εk − ε2
k)(t2 −

1

2
) + εk(t2 +

α

6
)

+
ε2
k

1 + α

∫ b2

5−α
(5 + t2 −

α

2
− b1) db1

+ εk

∫ 1

C−1
T (b2)

(
−1 + t2 − αt1 + αt21

)
dt1.

Note that for every t2 ∈ [0, 1]

IEβk1 (Π2 | t2, 6− α)− IEβk1 (Π2 | t2, 6) = − ε2
k

1 + α

∫ 6

6−α
(5 + t2 −

α

2
− b1) db1

− εk

∫ 1

0

(
−1 + t2 − αt1 + αt21

)
dt1

=

(
α

1 + α

)
ε2
k(1− t2) + εk(1− t2 +

α

6
),

which is strictly positive and also that IEβk1 (Π2 | t2, b2) is continuous on the compact
set (t2, b2) ∈ [0, 1]×[5−α, 6]. Therefore, there is a y > 0 (without loss of generality
we can assume that y ∈ (0, α − ξ), in order to make the analysis easier) such that
for every t2 ∈ [0, 1] and b2 ∈ (6− y, 6]

IEβk1 (Π2 | t2, 6− α) > IEβk1 (Π2 | t2, b2).

This means that for every t2 ∈ [0, 1], bidding 6− α is strictly better than any bid in
the interval (6− y, 6]. Hence, it suffices to prove Claim 1 over b2 ∈ [6− α, 6− y].
We do so by examining the first derivative of IEβk1 (Π2 | t2, b2) with respect to b2,
which equals to

d

db2
IEβk1 (Π2 | t2, b2) = ε2

k · q1(t2, b2) + εk · q2(t2, b2),

where

q1(t2, b2) =
1

1 + α
· (5 + t2 −

α

2
− b2)

q2(t2, b2) =
1

2α · C−1
T (b2)

·
(
−1 + t2 − αC−1

T (b2) + α(C−1
T (b2))2

)
.

Note that q2(t2, b2) is strictly negative for all (t2, b2) ∈ [0, 1] × [6 − α, 6 − y] \
{(1, 6− α)}, and q2(1, 6− α) = 0.

Because q2 is strictly negative on the compact set [0, 1 − ξ] × [6 − α, 6 − y], it
has a strictly negative upper-bound on [0, 1 − ξ] × [6 − α, 6 − y]. Therefore, since
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ε2
k is relatively much smaller than εk for sufficiently large k, then d

db2
IEβk1 (Π2 |

t2, b2) < 0 for all (t2, b2) ∈ [0, 1− ξ]× [6− α, 6− y]. This proves that there exists
an N1

ξ ∈ IN such that for every k > N1
ξ we have d

db2
IEβk1 (Π2 | t2, b2) < 0 for all

(t2, b2) ∈ [0, 1−ξ]× [6−α, 6−y]. Hence, part (1) of Claim 1 holds for all k > N1
ξ .

Because q2 is strictly negative on the compact set [1− ξ, 1]× [6−α+ ξ, 6− y],
we can apply a similar argument and find an L1

ξ ∈ IN such that part (2) of Claim 1
holds for every k > L1

ξ . Therefore, by choosing M1
ξ = max{N1

ξ , L
1
ξ}, Claim 1 is

valid for every k > M1
ξ .

Proof of Claim 2: We compute IEβk1 (Π2 | t2, b2) for every b2 ∈ [5− α, 5]. Note
that type C−1

L (b2) ∈ [0, 1] is the unique type t1 for bidder 1 such that CL(t1) = b2.

By the definition of CL, we have C−1
L (b2) = 1−

√
b2−5
α + 1. Hence, by (3.5)

IEβk1 (Π2 | t2, b2) =

∫ 1

0

∫ b2

5−α
(5 + t2 − αt1 − b1) βk1 (t1, db1) dt1

=

∫ C−1
L (b2)

0

∫ b2

5−α
(5 + t2 − αt1 − b1) βk1 (t1, db1) dt1 III

+

∫ 1

C−1
L (b2)

∫ b2

5−α
(5 + t2 − αt1 − b1) βk1 (t1, db1) dt1. IV

Therefore, we have

III = ε2
k

∫ C−1
L (b2)

0

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1,

IV = εk

∫ 1

C−1
L (b2)

(5 + t2 − αt1 − CL(t1)) dt1

+ ε2
k

∫ 1

C−1
L (b2)

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1.

Hence, by the definition of the curve CL we obtain

IEβk1 (Π2 | t2, b2) = III + IV = ε2
k

∫ 1

0

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1

+ εk

∫ 1

C−1
L (b2)

(
5 + t2 − αt1 − 5 + α− α(1− t1)2

)
dt1

=
ε2
k

1 + α

∫ b2

5−α
(5 + t2 −

α

2
− b1) db1

+ εk

∫ 1

C−1
L (b2)

(t2 + αt1 − αt21) dt1.
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Note that for every t2 ∈ [0, 1]

IEβk1 (Π2 | t2, 5)− IEβk1 (Π2 | t2, 5− α) =
ε2
k

1 + α

∫ 5

5−α
(5 + t2 −

α

2
− b1) db1

+ εk

∫ 1

0

(t2 + αt1 − αt21) dt1

=

(
α

1 + α

)
ε2
kt2 + εk(t2 +

α

6
) > 0,

and also that IEβk1 (Π2 | t2, b2) is continuous on the compact set (t2, b2) ∈ [0, 1] ×
[5 − α, 5]. Therefore, there is a y > 0 (similar to the previous case assume that
y ∈ (0, α− ξ)) such that for every t2 ∈ [0, 1] and b2 ∈ [5− α, 5− α+ y)

IEβk1 (Π2 | t2, 5) > IEβk1 (Π2 | t2, b2).

This means that for every t2 ∈ [0, 1], bidding 5 is strictly better than any bid in the
interval [5 − α, 5 − α + y). Hence, it suffices to prove Claim 2 over the interval
[5 − α + y, 5]. We do so by examining the first derivative of IEβk1 (Π2 | t2, b2) with
respect to b2, which equals to

d

db2
IEβk1 (Π2 | t2, b2) = ε2

kp1(t2, b2) + εkp2(t2, b2),

where

p1(t2, b2) =
1

1 + α
· (5 + t2 −

α

2
− b2),

p2(t2, b2) =
1

2α · (1− C−1
L (b2))

· (t2 + αC−1
L (b2)0− αC−1

L (b2)2).

Note that p2(t2, b2) is strictly positive for all (t2, b2) ∈ [0, 1] × [5 − α + y, 5] \
{(0, 5)}, and p2(0, 5) = 0. With an argument similar to that of the previous case,
we can find an M2

ξ such that for every k > M2
ξ Claim 2 is valid.

Proof of Claim 3: We compute IEβk1 (Π2 | t2, b2) for every b2 ∈ [5, 6−α]. Note
that C−1

M (b2) = b2−5
1−α for every b2 ∈ [5, 6 − α]. With a similar argument as before

we have

IEβk1 (Π2 | t2, b2) = (1− 2εk − ε2
k)

∫ b2−5
1−α

0

(5 + t2 − αt1 − CM (t1)) dt1

+ εk

∫ 1

0

(5 + t2 − αt1 − CL(t1)) dt1

+ ε2
k

∫ 1

0

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1.
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Hence, by the definition of the curves CM and CL we obtain

IEβk1 (Π2 | t2, b2) = (1− 2εk − ε2
k)

∫ b2−5
1−α

0

(5 + t2 − αt1 − 5− (1− α)t1) dt1

+ εk

∫ 1

0

(
5 + t2 − αt1 − 5 + α− α(1− t1)2

)
dt1

+ ε2
k

∫ 1

0

∫ b2

5−α
(5 + t2 − αt1 − b1) µ(db1) dt1.

Thus,

IEβk1 (Π2 | t2, b2) = (1− 2εk − ε2
k)

∫ b2−5
1−α

0

(t2 − t1) dt1

+ εk

∫ 1

0

(
t2 + αt1 − αt21

)
dt1

+
ε2
k

1 + α

∫ b2

5−α
(5 + t2 −

α

2
− b1) db1

= (1− 2εk − ε2
k)

(
t2

(
b2 − 5

1− α

)
− 1

2

(
b2 − 5

1− α

)2
)

+ εk(t2 +
α

6
)

+
ε2
k

2(1 + α)
(b2 − 5 + α)(5 + 2t2 − b2).

So, the first derivative of IEβk1 (Π2 | t2, b2) with respect to b2 is

d

db2
IEβk1 (Π2 | t2, b2)

=
1− 2εk − ε2

k

1− α
·
(
t2 −

b2 − 5

1− α

)
+

ε2
k

1 + α
(5 + t2 −

α

2
− b2). (3.11)

First, we prove that for every t2 ∈ [ξ, 1−ξ] the maximum of IEβk1 (Π2 | t2, b2) cannot
be attained on the boundary of interval [5, 6− α]. Observe that

d

db2
IEβk1 (Π2 | t2, 5) =

1− 2εk − ε2
k

1− α
· t2 +

ε2
k

1 + α
(t2 −

α

2
),

and

d

db2
IEβk1 (Π2 | t2, 6− α) =

1− 2εk − ε2
k

1− α
· (t2 − 1) +

ε2
k

1 + α
(t2 − 1 +

α

2
).

Hence, there is an N3
ξ ∈ IN such that if k > N3

ξ then for every t2 ∈ [ξ, 1 − ξ] we
have

d

db2
IEβk1 (Π2 | t2, 5) > 0



69

and

d

db2
IEβk1 (Π2 | t2, 6− α) < 0.

Therefore, by the continuity of IEβk1 (Π2 | t2, b2), we can conclude for every t2 ∈
[ξ, 1− ξ] that if b2 maximizes IEβk1 (Π2 | t2, b2), then

d

db2
IEβk1 (Π2 | t2, b2) = 0. (3.12)

One can check with the help of (3.11) that the unique solution of (3.12), for every
t2 ∈ [0, 1], is

b2(t2) =
(1− 2εk − ε2

k)(1 + α)

v(εk)
· (5 + (1− α)t2) +

ε2
k(1− α)2

v(εk)
(5 + t2−

α

2
),

where

v(εk) = (1− 2εk − ε2
k)(1 + α) + ε2

k(1− α)2.

One can verify that

|b2(t2)− CM (t2)| = αε2
k(1− α)2

v(εk)

∣∣∣∣t2 − 1

2

∣∣∣∣ ≤ αε2
k(1− α)2

2v(εk)
.

Therefore, there is an L3
ξ ∈ IN such that for every k > L3

ξ and every t2 ∈ [0, 1] we
have

|b2(t2)− CM (t2)| ≤ ξ(1− α).

By choosing M3
ξ = max{N3

ξ , L
3
ξ}, for every k > M3

ξ , part (1) of Claim 3 is valid.

Since at t2 = 0, for every b2 ∈ [5, 6− α] we have

d

db2
IEβk1 (Π2 | 0, b2) =

1− 2εk − ε2
k

1− α
·
(
−b2 − 5

1− α

)
+

ε2
k

1 + α
(5− α

2
− b2) < 0,

the maximum at t2 = 0 is obtained at b2 = 5. Moreover, by part (1) of Claim 3 we
have that if k > max{N3

ξ , L
3
ξ}, then for t2 = ξ the maximum is obtained within

b2 ∈ [5, 5 + 2(1 − α)ξ]. One can verify that in (3.11), the first derivative of unique
solution b2(t2) is strictly positive, then we can conclude that for every t2 ∈ [0, ξ) the
maximum is obtained within b2 ∈ [5, 5 + 2(1− α)ξ], for large k.

With a similar argument, since at t2 = 1 for every b2 ∈ [5, 6− α] we have

d

db2
IEβk1 (Π2 | 1, b2) =

1− 2εk − ε2
k

1− α
·
(

1− b2 − 5

1− α

)
+

ε2
k

1 + α
(6− α

2
−b2) > 0,
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the maximum at t2 = 1 is obtained in b2 = 6− α. Moreover, if k > max{N3
ξ , L

3
ξ},

then for t2 = 1−ξ the maximum is obtained within b2 ∈ [6−α−2(1−α)ξ, 6−α].
Similarly, since b2′(t2) is strictly positive, we conclude that for every t2 ∈ (1− ξ, 1]

the maximum is obtained within b2 ∈ [6 − α − 2(1 − α)ξ, 6 − α] for large k. This
complete the proof of Claim 3, for every k > M3

ξ .

Proofs of Propositions 3.4.6 and 3.4.7

It is easy to check that strategy profiles σ and η are BNEs.

We now prove that the BNE σ = (σ1, σ2), in which σ1(t1, ·) = δ6(·) and
σ2(t2, ·) = δ5−α(·), is not pointwise-perfect, consequently is not uniform-perfect.
Let (σk1 )∞k=1 be a sequence of completely mixed strategies for bidder 1 such that
ρw(σk1 , σ1) −→ 0 as k → ∞. We show that bidder’s 2 best response against σk1
does not converge to σ2 when k →∞.

Suppose that bidder 1 plays σk1 , for some k ∈ IN. We prove that for t2 = 1, the
best response of bidder 2 is far from σ2(t2, ·) = δ5−α(·). Note that bidder 2 gets
always zero by choosing σ2, because he never wins. So, it is enough to show that
his expected profit is strictly positive by bidding 6 − α, when t2 = 1. We compute
bidder 2’s expected profit given type t2 = 1 and bid b2 = 6− α.

IEσk1 (Π2 | 1, 6− α) =

∫ 1

0

∫ 6−α

5−α
(5 + 1− αt1 − b1) σk1 (t1, db1) dt1.

Since σk1 is a completely mixed strategy we have σk1 (t1, (5− α, 6− α)) > 0, there-
fore by using the fact that b1 ∈ (5− α, 6− α) we have

IEσk1 (Π2 | 1, 6− α) >

∫ 1

0

∫ 6−α

5−α
(5 + 1− αt1 − 6 + α) σk1 (t1, db1) dt1

= α

∫ 1

0

∫ 6−α

5−α
(1− t1) σk1 (t1, db1) dt1 ≥ 0.

This implies that IEσk1 (Π2 | 1, 6− α) > 0, hence σ2 is not pointwise-perfect.

With a similar argument, one can prove that the discontinuous BNE η is not
pointwise-perfect, and hence not uniform-perfect either.

3.6 Appendix II: A measurability result for the weak distance

A metric space (X, d) is called σ-compact, if X is a countable union of compact
subsets of X .

A strategy βi for some player i is called simple if there exists a finite set B ⊆ Ai
such that βi(ti, B) = 1 for every ti ∈ Ti.
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Lemma 3.6.1 Assume that the action space Ai is σ-compact for a player i ∈ N .
Then, for every strategy βi for player i, there exists a sequence (τki )∞k=1 of simple
strategies such that

lim
k→∞

ρw(τki (ti, ·), βi(ti, ·)) = 0 (3.13)

for every type ti ∈ Ti.

Proof. First we define the sequence (τki )∞k=1 and then we prove that this
sequence satisfies equality (3.13).

Part 1: The definition of the sequence (τki )∞k=1: Since Ai is σ-compact, Ai =

∪∞j=1Kj for some compact sets Kj ⊆ Ai. Let Aki = ∪kj=1Kj for every k ∈ N.
Note that Aki is compact for every k ∈ N, the sequence (Aki )∞k=1 is increasing and
Ai = ∪∞k=1A

k
i .

Take a k ∈ N. For every a ∈ Aki , let Uk(a) = {a′ ∈ Ai | dAi(a, a′) < 1
k}.

Since Aki is compact, there exist actions ak1 , . . . , a
k
Jk ∈ A

k
i such that

Aki ⊆
Jk⋃
j=1

Uk(akj ).

Define Bk1 = Uk(ak1) ∩ Aki , and Bkj =
[
Uk(akj ) ∩Aki

]
\ ∪j−1

`=1U
k(ak` ) for every

j = 2, . . . , Jk. Without loss of generality we can assume, for every j, that Bkj
is non-empty; otherwise we could leave out akj from the list ak1 , . . . , a

k
Jk . Thus,

{Bk1 , . . . , BkJk} forms a partition of Aki . Moreover, by construction, Bkj ∈ Ai for
every j = 1, . . . , Jk. Take an arbitrary bkj ∈ Bkj for every j = 1, . . . , Jk.

Now define the simple strategy τki for player i by

τki (ti, ·) = βi(ti, B
k
1 ) · δbk1 (·) + . . .+βi(ti, B

k
Jk) · δbk

Jk
(·) + (1−βi(ti, Aki )) · δbk1 (·)

for every ti ∈ Ti, where as usual, δ stands for the Dirac measure. Note that τki
satisfies condition (2) of the definition of behavioral strategies. The last term in the
definition of τki (ti, ·) will not play an important role, but it is needed so that τki (ti, ·)
is a probability measure.

Part 2: The proof that the sequence (τki )∞k=1 satisfies equality (3.13): Fix a
type ti ∈ Ti. Consider a bounded Lipschitz function f : Ai → R. Then, there exist
C1, C2 ≥ 0 such that |f(a)| ≤ C1 and |f(a) − f(a′)| ≤ C2 · dAi(a, a′) for every
a, a′ ∈ Ai. Let

Dk =

∣∣∣∣∫
Ai

f(a) τki (ti, da)−
∫
Ai

f(a) βi(ti, da)

∣∣∣∣ .
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Since

∫
Ai

f(a) τki (ti, da) =

Jk∑
j=1

f(bkj ) · βi(ti, Bkj ) + f(bk1) · (1− βi(ti, Aki ))

and

∫
Ai

f(a) βi(ti, da) =

Jk∑
j=1

∫
Bkj

f(a) βi(ti, da) +

∫
Ai\Aki

f(a) βi(ti, da),

we have

Dk ≤
Jk∑
j=1

∣∣∣∣∣f(bkj ) · βi(ti, Bkj )−
∫
Bkj

f(a) βi(ti, da)

∣∣∣∣∣+ 2C1 · (1− βi(ti, Aki ))

≤
Jk∑
j=1

∣∣∣∣∣
∫
Bkj

[
f(bkj )− f(a)

]
βi(ti, da)

∣∣∣∣∣+ 2C1 · (1− βi(ti, Aki ))

≤
Jk∑
j=1

sup
a∈Bkj

∣∣f(bkj )− f(a)
∣∣ · βi(ti, Bkj ) + 2C1 · (1− βi(ti, Aki )).

Since the diameter of Bkj , for each j = 1, . . . , Jk, is at most 2
k , it follows that

Dk ≤
Jk∑
j=1

2

k
· C2 · βi(ti, Bkj ) + 2C1 · (1− βi(ti, Aki ))

=
2

k
· C2 · βi(ti, Aki ) + 2C1 · (1− βi(ti, Aki )).

By the continuity of the measure, βi(ti, Aki ) converges to βi(ti, Ai) = 1 as k →∞,
and henceDk converges to zero as k →∞. As f was an arbitrary bounded Lipschitz
function from Ai to IR, the proof of (3.13) is complete.

Lemma 3.6.2 Assume that the action space Ai is σ-compact for a player i ∈ N ,
and let β1

i and β2
i be two strategies for player i. Then, the function f : Ti → R

defined by f(ti) = ρw(β1
i (ti, ·), β2

i (ti, ·)) is measurable.

Proof. It suffices to prove that the set {ti ∈ Ti | f(ti) > r} is measurable for every
r ∈ R. So, fix an arbitrary r ∈ IR.

Part 1: when β1
i and β2

i are simple strategies.
First assume that β1

i and β2
i are simple strategies. Then, there are finite setsB1, B2 ⊆
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Ai such that β1
i (ti, B

1) = 1 and β2
i (ti, B

2) = 1 for every ti ∈ Ti. LetB = B1∪B2.
We have

f(ti) = inf{ε > 0 | β1
i (ti, C) ≤ β2

i (ti, C
ε) + ε and

β2
i (ti, C) ≤ β1

i (ti, C
ε) + ε ∀C ∈ Ai}.

Notice that if β1
i (ti, C) ≤ β2

i (ti, C
ε) + ε for some C ⊆ B, then for any C̃ ∈ Ai

satisfying C̃ ∩B = C, we obtain

β1
i (ti, C̃) = β1

i (ti, C) ≤ β2
i (ti, C

ε) + ε ≤ β2
i (ti, C̃

ε) + ε.

Similarly, if β2
i (ti, C) ≤ β1

i (ti, C
ε) + ε then

β2
i (ti, C̃) ≤ β1

i (ti, C̃
ε) + ε.

Hence,

f(ti) = inf{ε > 0 | β1
i (ti, C) ≤ β2

i (ti, C
ε) + ε and

β2
i (ti, C) ≤ β1

i (ti, C
ε) + ε ∀C ⊆ B}.

Notice that f(ti) > r holds if and only if there exists an m ∈ IN and a set
C ⊆ B such that for ε = r + 1

m we have either β1
i (ti, C) > β2

i (ti, C
ε) + ε or

β2
i (ti, C) > β1

i (ti, C
ε) + ε. Indeed, the “only if”-part is immediate, whereas the

“if”-part follows from the fact that β2
i (ti, C

ε) + ε and β1
i (ti, C

ε) + ε are increasing
in ε.

For every m ∈ IN and C ⊆ B, define

U1
m,C =

{
ti ∈ Ti |β1

i (ti, C) > β2
i (ti, C

r+ 1
m ) + r +

1

m

}

U2
m,C =

{
ti ∈ Ti |β2

i (ti, C) > β1
i (ti, C

r+ 1
m ) + r +

1

m

}
.

Since by condition (2) of the definition of behavioral strategies, the section functions
β1
i (·, C) : Ti → R and β2

i (·, Cr+ 1
m ) : Ti → R are measurable, the sets U1

m,C are
measurable. For a similar reason, the sets U2

m,C are measurable too. Now we have

{ti ∈ Ti | f(ti) > r} =

∞⋃
m=1

⋃
C⊆B

[
U1
m,C

⋃
U2
m,C

]
.

Because the right hand side is a countable union of measurable sets, the set {ti ∈
Ti | f(ti) > r} is measurable as well. So, the claim of the lemma holds for simple
strategies.
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Part 2: when β1
i and β2

i are arbitrary strategies.
Now we prove the lemma for arbitrary strategies β1

i and β2
i . By Lemma 3.6.1, there

are two sequences of simple strategies (τk,1i )∞k=1 and (τk,2i )∞k=1 such that

lim
k→∞

ρw(τk,1i (ti, ·), β1
i (ti, ·)) = 0, and lim

k→∞
ρw(τk,2i (ti, ·), β2

i (ti, ·)) = 0

for every type ti ∈ Ti. By the definition of f , we have

{ti ∈ Ti | f(ti) > r} = {ti ∈ Ti | lim
k→∞

ρw(τk,1i (ti, ·), τk,2i (ti, ·)) > r}.

Notice that, for some ti ∈ Ti, the inequality

lim
k→∞

ρw(τk,1i (ti, ·), τk,2i (ti, ·)) > r

holds if and only if there exists an m ∈ N such that ρw(τk,1i (ti, ·), τk,2i (ti, ·)) >
r + 1

m holds for sufficiently large k. Therefore,

{ti ∈ Ti | f(ti) > r} =

∞⋃
m=1

∞⋃
`=1

∞⋂
k=`

{
ti ∈ Ti | ρw(τk,1i (ti, ·), τk,2i (ti, ·)) > r +

1

m

}
.

For each k ∈ N, because the strategies τk,1i and τk,2i are simple, part 1 of the proof
implies that set {

ti ∈ Ti | ρw(τk,1i (ti, ·), τk,2i (ti, ·)) > r +
1

m

}
is measurable. Therefore, the set {ti ∈ Ti | f(ti) > r} is measurable as well.



Chapter 4

Distributional perfect equilibrium in
Bayesian games

4.1 Introduction

In private value second-price auctions each bidder has a dominant strategy in which
he bids his own valuation of the object. However, in second-price auctions with
interdependent values bidders might not have any dominant strategy while there may
exist many equilibria. Therefore, a selection tool is needed in such Bayesian games
to rule out the less intuitive equilibria. In this chapter we develop the concept of
trembling hand perfect equilibrium for Bayesian games with infinite type and action
spaces as a refinement of Bayesian Nash equilibrium.

We consider a Bayesian game with n players, where each player’s type space is
a separable metric space. After receiving the types, players simultaneously choose
an action from a compact metric action space, then each player gets a payoff that
may depend on all the types and all the actions chosen by the players. Following
Milgrom and Weber [33], we assume that the prior probability measure on the prod-
uct of the type spaces is absolutely continuous with respect to the product measure
of its marginal probabilities, also we assume that the payoffs are equicontinuous.
Milgrom and Weber in [33] prove the existence of an equilibrium in distributional
strategies for such Bayesian games.1 As it is not clear how players would play the
game when using their distributional strategies, we define a similar equilibrium con-
cept in behavioral strategies. A behavioral strategy profile is called “distributional
equilibrium” if its induced distributional strategy profile is an equilibrium.

1There are many other studies on the existence of equilibrium in Bayesian games, for example: Athey
[3], Mcadams [25], Reny [40], Jackson et. al. [16],[17], Mertens [31], Meirowitz [26], Mallozzi et. al.
[24], Kim and Yannelis [20], Zandt and Vives [45], Balder [5].
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To extend the concept of trembling hand perfect equilibrium to Bayesian games
with infinite action and type spaces, we define “distributional perfect equilibrium”
as a behavioral strategy profile such that for its induced distributional strategy profile
the conditions of trembling hand perfect equilibrium are satisfied. We prove that in
the Bayesian game described above distributional perfection is a refinement of dis-
tributional equilibrium. Furthermore, we show the existence of distributional perfect
equilibrium and that the set of distributional perfect equilibria is sequentially closed
in the Tychonoff topology when taking the strong topology on the set of probability
measures on action spaces.

Note that in finite games perfect equilibrium assigns no mass to weakly dom-
inated strategies. However, this property is not compatible for infinite games, as
Example 2.1 by Simon and Stinchcombe in [42] presents a game with infinite action
spaces in which the unique equilibrium of the game is in weakly dominated strate-
gies. Instead, the weaker property of limit undominatedness2 is used for strategies
in infinite games which is somewhat stronger than limit admissibility introduced
in Simon and Stinchcombe [42]. We show that a distributional perfect equilibrium
is in limit undominated strategies. We also discuss perfection in finite Bayesian
games, to see that distributional perfection is equivalent to perfect equilibrium in fi-
nite Bayesian games defined in chapter 3 if every player receives each type from his
type space with strictly positive probability.

As we mentioned before, one of the applications of distributional perfection is in
auctions with interdependent values, because such auctions may have many equilib-
ria, even in undominated strategies. We study symmetric second-price auctions with
interdependent values for two bidders where the valuation function of each bidder is
strictly increasing in his own type. We use distributional perfection to get a smaller
set of equilibria and rule out the strange and the less intuitive ones. To explain this
idea consider the following example.

Example 4.1.1 Consider a 2-bidder second-price auction with interdependent val-
ues v1 = t1 + 1

2 t2 and v2 = 1
2 t1 + t2, where the types t1, t2 for bidder 1 and 2

respectively, are drawn independently from [0, 1] according to the uniform distri-
bution. Then, each bidder simultaneously submits a bid from the set [0, 3

2 ]. The
strategy profile (b1, b2) in which bi = 3

2 ti, for every bidder i = 1, 2, is a Bayesian
Nash equilibrium. However, there are many other equilibria in this auction. As an
example consider the following class of equilibria. For every s1, s2 ∈ [0, 1] where
s1 < s2:

2This property was introduced in chapter 2.
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b̂1(t1) =

{
s2 + 1

2 t1 if t1 ∈ [s1, s2]
3
2 t1 otherwise,

b̂2(t2) =

{
s1 + 1

2 t2 if t2 ∈ [s1, s2]
3
2 t2 otherwise.

This class of equilibria is depicted in Figure 4.1. In this strategy profile, in the
case both types are drawn from the set [s1, s2], bidder 1 wins the auction and pays
the amount b̂2(t2) = s1 + 1

2 t2, which is his minimum ex post valuation in this case.
Note that in this case bidder 1 overbids, while bidder 2 underbids. This class of
equilibria leads to an inefficient outcome, hence we would like to be able to rule
them out by the help of some kind of refinement.

In Proposition 4.5.1, we will show that the strategy profile (b1, b2) is distribu-
tional perfect. Moreover, in Proposition 4.5.3 we will see that a large subclass of
strategy profiles (b̂1, b̂2) are not distributional perfect. The reason for this observa-
tion is that in the latter equilibria, bidder 1 might bid even higher than his maximum
valuation and bidder 2 might bid even lower than his minimum valuation. Now, if
each bidder takes making mistakes by his opponent serious, then he knows any bid
from the set [0, 3

2 ] is possible. This prevents bidder 1 from overbidding, since by
overbidding he may get a negative payoff at the end of the day. Similarly, by tak-
ing mistakes into account by bidder 2, he would not underbid anymore, as he can
increase his chance of winning and getting a strictly positive payoff.

t1

b̂1

s2 + 1
2
t1

s1 s2
t2

b̂2

s1 + 1
2
t2

s1 s2

Figure 4.1

By taking a different approach in chapter 3, we define perfect equilibrium for
Bayesian games only based on behavioral strategies and without making use of dis-
tributional strategies so called behavioral perfection. Behavioral perfection is a more
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straightforward way of defining perfect equilibrium in Bayesian games than distri-
butional perfection and it is conceptually preferable. Moreover, it has the advantage
that perfection can be verified for every type of each player. However, in developing
the theory, particularly in proving the existence, distributional strategies are easier to
work with.

The remainder of this chapter is structured as follows. Section 4.2 describes
the model in detail. In section 4.3 distributional perfect equilibrium is introduced
and the results related to this concept are provided, which the most important one
is the existence result in Theorem 4.3.3 Section 4.4 discusses the relation between
distributional perfection and the approach taken in chapter 3. In section 4.5 the
concept of distributional perfection is applied to a class of second-price auctions
with interdependent values.

4.2 The model

Let Γ denote the following Bayesian game: There are n players. The set Ti of player
i’s types is a complete, separable metric space with a metric dTi and the set Ai of
player i’s actions is a compact metric space with a metric dAi . Let Ti and Ai be
the induced Borel σ-fields on Ti and Ai respectively. Moreover, let T = ×ni=1Ti

and A = ×ni=1Ai. Suppose µ is a probability measure on the product σ-field T =

⊗ni=1Ti with marginal probability µi on Ti for every player i. We assume that each
µi is a completely mixed probability measure. Recall that a probability measure is
completely mixed if it assigns strictly positive weight to every nonempty open set.
Player i’s payoff function πi : T ×A→ IR is bounded and jointly measurable.

We impose two more assumptions on Bayesian game Γ, following Milgrom
and Weber [33]. First, the measure µ is absolutely continuous3 with respect to
µ̂ = ×ni=1µi. This property is called Absolutely Continuous Information. Second,
the payoffs are equicontinuous, that is for every player i and every ε > 0, there is a
setE ∈ T such that µ(Ec) < ε and the family {πi(t, ·) | t ∈ E} is equicontinuous.4

Milgrom and Weber in [33] give detailed explanation of these two assumptions. Ab-
solutely continuous information is a rather weak assumption and it is satisfied when
the type spaces are finite or when each player’s type is drawn independently from
his type space. As an example this assumption rules out the case of a uniform distri-
bution on the diagonal of the unit square. Although the equicontinuity of payoffs is

3Let µ and ν be two measures on a σ-field Σ. The measure µ is absolutely continuous with respect
to ν if for every G ∈ Σ, ν(G) = 0 implies µ(G) = 0.

4A family F of real functions on the metric space X is equicontinuous if to every ε > 0 corresponds
a δ > 0 such that for every x, y ∈ X with d(x, y) < ε we have |f(x)− f(y)| < δ, for every f ∈ F.
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truly restrictive, it is needed for the existence of distributional equilibrium. However,
in the case of finite action spaces the equicontinuity of payoffs holds.

Behavioral and distributional strategy

A pure strategy for player i in Γ is a measurable function pi : Ti → Ai and a
behavioral strategy for him is a function βi : Ti × Ai → [0, 1] such that (1) the
section function βi(ti, ·) : Ai → [0, 1] is a probability measure for every ti ∈ Ti,
(2) the section function βi(·, B) : Ti → [0, 1] is measurable for every B ∈ Ai.
When player i plays according to the behavioral strategy βi, for each type ti ∈ Ti,
he chooses his action according to the probability measure βi(ti, ·). A behavioral
strategy βi for player i is called pure if there is a pure strategy pi for player i such
that βi(ti, ·) = Dpi(ti)(·) for every type ti ∈ Ti in which D denotes Dirac measure.
For simplicity, we denote this pure behavioral strategy by pi.

According to Milgrom and Weber [33], a distributional strategy for player i in
a Bayesian game is a probability measure γi on Ti × Ai such that the marginal
distribution of γi on Ti equals the probability measure µi, i.e., γi(U ×Ai) = µi(U)

for every U ∈ Ti. Given a behavioral strategy βi, the induced distributional strategy
γi is uniquely determined by

γi(U ×B) =

∫
U

βi(ti, B) µi(dti)

for every rectangle U × B ∈ Ti ⊗ Ai. Conversely, the behavioral strategies corre-
sponding to a distributional strategy γi are exactly the regular conditional probabil-
ities. Hence, there is a many-to-one mapping from behavioral strategies to distribu-
tional strategies that preserves the players’ ex ante expected payoffs. Notice that in
games with finite action and type spaces, if player i receives each type from his type
space with strictly positive probability, then the mapping from behavioral strategies
to distributional strategies is one to one.

Let ∆i be the set of all distributional strategies for player i and ∆ = ×ni=1∆i.
Also, let Πi : ∆ → IR be the expected payoff of player i playing distributional
strategy γi against a distributional strategy profile γ−i, i.e.

Πi(γi, γ−i) =

∫
πi(t, a) γi(dai | ti)γ−i(da−i | t−i) µ(dt),

where t = (t1, . . . , tn) ∈ T and a = (a1, . . . , an) ∈ A, γi(dai | ti) is a version of
conditional probability on Ai given ti, and by integrals with respect to γ−i(da−i |
t−i) we mean the iterated integrals with respect to γj(daj | tj) for all j 6= i. As the
measure µ is absolutely continuous with respect to µ̂, the Radon-Nikodym theorem
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implies the existence of a measurable function f : T → IR such that for every

measurable set G ∈ T we have µ(G) =

∫
G

fdµ̂. Therefore, the expected payoff Πi

can be expressed in an easier form as

Πi(γi, γ−i) =

∫
πi(t, a)f(t) dγidγ−i.

Let βi be a behavioral strategy corresponding to the distributional strategy γi, for
every player i. Then, by Theorem 10.2.1 in Dudley [11]5 we conclude that

Πi(γi, γ−i) =

∫
πi(t, a)f(t) βi(ti, dai) µi(dti) β−i(t−i, da−i) µ−i(dt−i).

We use Πb
i (βi, β−i | ti) to denote player i’s expected payoff given his behavioral

strategy βi and his type ti against a behavioral strategy profile β−i. Thus,

Πb
i (βi, β−i | ti) =

∫
πi(t, a)f(t) βi(ti, dai) β−i(t−i, da−i) µ−i(dt−i).

One can also define Πb
i (σi, β−i | ti) and Πb

i (ai, β−i | ti) respectively for every
probability measure σi on Ai and every action ai ∈ Ai. Furthermore, notice that

Πi(γ1, . . . , γn) =

∫
Πb
i (βi, β−i | ti) µi(dti).

In the special case where player i chooses a pure behavioral strategy pi, his expected
payoff is

Πb
i (pi, β−i | ti) =

∫
πi (t, (pi(ti), a−i)) f(t) β−i(t−i, da−i) µ−i(dt−i).

BNE and distributional equilibrium

A probability measure σi on Ai is called a best response of player i for type ti ∈ Ti
against a behavioral strategy profile τ−i, if for every probability measure σ′i on Ai
we have

Πb
i (σi, τ−i | ti) ≥ Πb

i (σ
′
i, τ−i | ti).

The set of such best responses is denoted by BRi(ti, τ). A behavioral strategy
βi is called a best response of player i against the behavioral strategy profile τ−i,

5Dudley’s notation and terminology in [11] differs from ours. Part (II) of Theorem 10.2.1. in our
terminology can be expressed as follows: For every measurable function g : Ti ×Ai → IR we have∫

g dγi =

∫ ∫
g(ti, ai) βi(ti, dai) µi(dti).
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if βi(ti, ·) ∈ BRi(ti, τ) for every ti ∈ Ti. A behavioral strategy profile β =

(β1, . . . , βn) is a Bayesian Nash Equilibrium (BNE) if βi is a best response to β−i
for every player i.

Distributional strategy γi of player i is a best response against a distributional
strategy profile η−i, if Πi(γi, η−i) ≥ Πi(γ̃i, η−i), for every distributional strategy
γ̃i of player i. Define the correspondence BRi : ∆ � ∆i to be the best response
correspondence for player i on the set of distributional strategies. Moreover, define
BR : ∆ � ∆, for every γ ∈ ∆, as BR(γ) = ×ni=1BRi(γ).

The equilibrium concept in Bayesian games can be defined in a weaker form
where each player maximizes his payoff in ex ante probabilities, in other words, by
using distributional strategies. This equilibrium concept is used by Milgrom and
Weber in [33] and they prove that the Bayesian game Γ described above, contains
at least one of them. However, it is not clear how players would play the game
if they are given their distributional strategies, while behavioral strategies do not
have this problem. Hence, we define a behavioral strategy profile β = (β1, . . . , βn)

to be a distributional equilibrium, if for the induced distributional strategy profile
γ = (γ1, . . . , γn) we have γi ∈ BRi(γ), for every player i.

Next proposition proves that BNE and distributional equilibrium are equal up to
a µi-measure 1 set of types for every player i.

Proposition 4.2.1 For every distributional equilibrium β, assume that the set of the
best responses of player i against behavioral strategy profile β−i is not empty.6 Then,
there is a BNE β̂ such that for every player i we have βi(ti, ·) = β̂i(ti, ·), for µi-a.e.
ti ∈ Ti.

Proof. Let β = (β1, . . . , βn) be a distributional equilibrium. Then, for the induced
distributional strategy profile γ = (γ1, . . . , γn) we have γi ∈ BRi(γ). Now, by
Lemma 4.6.1 we have βi(ti, ·) ∈ BRi(ti, β) for µi-a.e. ti ∈ Ti. In other words, for
every i there exists a set Si ∈ Ti with µi(Si) = 0 such that for every ti ∈ Ti\Si we
have βi(ti, ·) ∈ BRi(ti, β). Now, define β̂ = (β̂1, . . . , β̂n), for every ti ∈ Ti\Si, by
letting β̂i(ti, ·) = βi(ti, ·) and for every ti ∈ Si selecting any β̂i(ti, ·) ∈ BRi(ti, β).
It is clear that β̂ is a BNE. This completes the proof.

We say a behavioral strategy βi (weakly) dominates β̂i if for their induced dis-
tributional strategies γi and γ̂i respectively, we have

Πi(γi, γ−i) ≥ Πi(γ̂i, γ−i),

6The existence of such behavioral strategy might be derived from measurable selection theorems for
example in [1] and [46].
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for all γ−i ∈ ∆−i, with a strict inequality for some γ−i. The behavioral strategy βi
is called (weakly) dominant if it dominates every other behavioral strategy of player
i. The behavioral strategy βi is undominated if there is no other behavioral strategy
that dominates βi.

4.3 Distributional perfection

We define perfect equilibrium for Bayesian games in behavioral strategies, because
a player given a behavioral strategy knows how to play the game, but this is not clear
if he is given a distributional strategy. Nevertheless, we use distributional strategies
as a tool to verify whether the behavioral strategy profile satisfies the conditions
of trembling hand perfect equilibrium or not. This concept is called distributional
perfect equilibrium. Throughout this chapter the weak metric (also called Prohorov
metric) on a set of probability measures is denoted by ρw.

Definition 4.3.1 A behavioral strategy profile β = (β1, . . . , βn) is called distribu-
tional perfect if for the induced distributional strategy profile γ = (γ1, . . . , γn) there
exists a sequence of completely mixed distributional strategy profiles (γk)∞k=1 =

(γk1 ,. . . ,γ
k
n)∞k=1 such that for every player i:

(i) lim
k→∞

ρw(γki , γi) = 0,

(ii) lim
k→∞

ρw(γki , BRi(γ
k)) = 0.

Distributional perfection in Bayesian game Γ is a refinement of distributional equi-
librium. This is proved in the following theorem.

Theorem 4.3.2 Every distributional perfect strategy profile in Bayesian game Γ, is
a distributional equilibrium.

Proof. Let β = (β1, . . . , βn) be a distributional perfect strategy profile. By Def-
inition 4.3.1, for the induced distributional strategy profile γ = (γ1, . . . , γn) there
exists a sequence of completely mixed distributional strategy profiles (γk)∞k=1 =

(γk1 , . . . , γ
k
n)∞k=1 such that for every player i we have lim

k→∞
ρw(γki , γi) = 0 and

lim
k→∞

ρw(γki , BRi(γ
k)) = 0. Therefore, for every i, there exists a sequence (γ̂ki )∞k=1

such that γ̂ki ∈ BRi(γk) for every k ∈ IN and ρw(γki , γ̂
k
i ) → 0 as k → ∞. By the

triangle inequality for ρw this implies for every i that ρw(γi, γ̂
k
i ) → 0 as k → ∞.

Now, by Lemma 4.6.3 we conclude the upper hemicontinuity of the correspondence
BRi, for every player i. Hence, γi ∈ BRi(γ), which implies that behavioral strategy
β is distributional perfect.



83

As we just proved, distributional perfection is a refinement of distributional equi-
librium, but it may not be a refinement of BNE. In other words, distributional perfec-
tion does not guarantee that player i, for every type ti ∈ Ti, selects a best response
against the opponents’ strategies. However, by Proposition 4.2.1, given the distribu-
tional perfect equilibrium, we can construct a BNE that satisfies conditions (i) and
(ii) of Definition 4.3.1 as follows. Let β be a distributional perfect strategy profile.
Then, if for any type ti of player i, βi(ti, ·) is not a best response against β−i, he
moves to one of his best responses, while this does not change the expected payoffs
of the opponents, since it happens only on a measure zero set.

In addition, we prove the existence of distributional perfect BNE in Bayesian
game Γ and that the set of distributional perfect equilibria is sequentially closed in
the topology ω, where ω is the Tychonoff topology on the set ×ti∈Ti∆(Ai) when
taking the strong topology on each ∆(Ai).

Theorem 4.3.3 In Bayesian game Γ, the set of distributional perfect equilibria is
nonempty and sequentially closed in the topology ω.

Proof. First we prove that the set of distributional strategy profiles satisfying
conditions (i) and (ii) of Definition 4.3.1 is not empty. For every player i, let νi be a
completely mixed distributional strategy. Note that such a νi exists, because Ti×Ai
is separable. Define for every k ∈ IN

∆i(k) = {γi ∈ ∆i | γi(Bi) ≥
1

k
· νi(Bi), ∀Bi ∈ Ti ⊗Ai}.

Moreover, let ∆(k) = ×ni=1∆i(k) and BRki : ∆(k) � ∆i(k) be the best re-
sponse correspondence for player i restricted to ∆i(k)7 and define the correspon-
dence BRk : ∆(k) � ∆(k) to be

BRk(γ) = ×ni=1BR
k
i (γ),

for every γ ∈ ∆(k). We verify the conditions of Theorem 4.6.7 for the correspon-
dence BRk.

Since T is a complete and separable metric space, by Theorem 1.4 in [6] µ is a
tight measure.8 This fact together with the compactness of the set A, implies that ∆i

7Distributional strategy γi of player i is a best response restricted to ∆i(k) against a distributional
strategy profile η−i ∈ ∆−i(k), if Πi(γi, η−i) ≥ Πi(γ̃i, η−i), for every distributional strategy γ̃i ∈
∆i(k) of player i.

8Let X be a metric space with the Borel σ-field Σ. A measure µ on Σ is tight if for every G ∈ Σ,
µ(G) = sup{µ(K) | K ⊂ G, and K compact}. Moreover, Theorem 1.4 in [6] states that if X is
separable and complete, then each probability measure on Σ is tight.
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is a tight set of probability measures.9 Now, by Prohorov’s Theorem we conclude
that ∆i is a compact metric space with respect to the weak metric. It is easy to see
that ∆i(k) is a closed subset of ∆i with respect to the strong metric. Consequently,
by Theorem V.3.13 in [12], it is closed with respect to the weak metric. Hence,
∆i(k) is compact with respect to the weak metric. Also, one can easily check that
∆i(k) is convex. Moreover, upper hemicontinuity of BRk follows by Lemma 4.6.3.
Now, we apply Theorem 4.6.7, which leads us to the existence of an equilibrium
point γk ∈ ∆(k), for every k.

Now, define10

PBRi(γ) = {(ti, ai) ∈ Ti ×Ai | (ti, ai) ∈ supp(γi) and γi ∈ BRi(γ)} .

It is clear that γki
(
PBRi(γ

k)
)
≥ 1 − 1

kνi(Ti × Ai) = 1 − 1
k . This implies that

ρw(γki , BRi(γ
k)) ≤ 1

k . Furthermore, as ∆i is compact with respect to the weak
metric, without loss of generality we can assume that there is a distributional strat-
egy profile γ such that ρw(γk, γ) → 0 when k → ∞. Let β be a behavioral strat-
egy profile corresponding to γ. Obviously, β is a distributional perfect equilibrium.
Hence, the set of distributional perfect equilibria is nonempty.

Now, we prove that the set of distributional perfect equilibria is sequentially
closed in ω. Let (β`)

∞
`=1 be a sequence of distributional perfect equilibria in which

β` = (β`,1, . . . , β`,n) and suppose that for every player i, the behavioral strategy
β`,i converges to βi ∈ ×ti∈Ti∆(Ai) in the topology ω as ` → ∞. Then, for every
B ∈ Ai the function β`,i(·, B) on Ti converges pointwisely to βi(·, B) as ` → ∞.
This implies that βi(·, B) is measurable for every B ∈ Ai, hence βi is a behavior
strategy. Let β = (β1, . . . , βn). We show that β is distributional perfect. Let γ` =

(γ`,1, . . . , γ`,n) and γ = (γ1, . . . , γn) be the induced distributional strategy profiles
by β` and β respectively. It is clear that ρw(γ`,i, γi) → 0 as ` → ∞, for every
i. Since for every ` the strategy profile β` is distributional perfect, there exits a
sequence of completely mixed distributional strategies (γk`,i)

∞
k=1, for every player

i, satisfying the conditions of Definition 4.3.1. Hence, there is a K1
`,i such that for

every k ≥ K1
`,i we have ρw(γk`,i, γ`,i) <

1
` . Similarly, there is a K2

`,i such that for
every k ≥ K2

`,i we have ρw(γk`,i, BRi(γ
k
` )) < 1

` . Let K`,i = max{K1
`,i,K

2
`,i}.

Now, the sequence (γ
K`,i
`,i )∞`=1 of completely mixed distributional strategies satisfies

the conditions of Definition 4.3.1 for the strategy profile γ when ` → ∞. Namely,

9A family of probability measures on a metric space is tight if for every ε > 0 there is a compact set
K satisfying µ(K) > 1− ε, for every µ in the family.

10Recall that supp(µ) = {x ∈ X | for everey open set G if x ∈ G then µ(G) > 0} .
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for every player i we have

ρw(γ
K`,i
`,i , γi) ≤ ρw(γ

K`,i
`,i , γ`,i) + ρw(γ`,i, γi) <

1

`
+ ρw(γ`,i, γi),

and

ρw(γ
K`,i
`,i , BRi(γ

K`,i
` )) <

1

`
.

Clearly, both ρw(γ
K`,i
`,i , γi) and ρw(γ

K`,i
`,i , BRi(γ

K`,i
` )) converge to zero when

`→∞. Hence, β is a distributional perfect equilibrium.

In the theorem above, to define ω we use the strong topology on each ∆(Ai), but
not the weak topology. In the weak topology the limit βi of a sequence of behavioral
strategies (β`,i)

∞
`=1 may not be a behavioral strategy, as we encounter difficulties to

show that βi(·, B) : Ti → [0, 1] is measurable for every B ∈ Ai.

As we explained in the introduction, for finite games perfect equilibrium puts
weight zero on dominated strategies. However, this property is not compatible for
infinite games, since Simon and Stinchcombe [42] in Example 2.1 presents a game
with infinite action spaces in which the unique equilibrium of the game is in weakly
dominated strategies. Hence, a weaker property of limit undominatedness is used
for strategies in infinite games that is defined as follows: Behavioral strategy βi is
limit undominated if for the induced distributional strategy γi, there is a sequence
of undominated11 distributional strategies (γki )∞k=1 such that ρw(γki , γi) → 0 as
k → ∞. The following result shows that a distributional perfect strategy profile
is in limit undominated strategies. The proof is simple and similar to the proof of
Theorem 2.4.1 in chapter 2.

Theorem 4.3.4 Let β be a distributional perfect equilibrium in Bayesian game Γ.
Then, βi is limit undominated, for every player i.

In the remark below we see that distributional perfection is equivalent to trembling
hand perfect equilibrium in games with finite action and type spaces.

Remark. Consider a Bayesian game in which every player’s action space and
type space are finite and every player receives each type from his type space with
strictly positive probability. This game satisfies all the assumptions of the game Γ

described above, so it is an special case of this class of Bayesian games. A behavioral
strategy for player i in finite games is a function βi : Ti → ∆(Ai), where ∆(Ai) is

11 Undominated distributional strategies are defined similarly to undominated strategies for normal
form games, since distributional strategies are simply probability measures on the product space of types
and actions.
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the set of mixed strategies on Ai. Behavioral strategy βi is called completely mixed
if βi(ti) is a completely mixed strategy for each type ti ∈ Ti. A direct generalization
of Selten’s perfect equilibrium to finite Bayesian games in chapter 3 is defined as a
behavioral strategy profile β = (β1, . . . , βn) for which there exists a sequence of
completely mixed behavioral strategy profiles (βk)∞k=1 = (βk1 , . . . , β

k
n)∞k=1 with the

following properties for every player i and each type ti ∈ Ti:

(i) lim
k→∞

dE(βki (ti), βi(ti)) = 0,

(ii) lim
k→∞

dE(βki (ti), BRi(ti, β
k)) = 0,

where dE is the Euclidean metric.

Now, defineA′i = Ti×Ai and ∆(A′i) to be the set of mixed strategies onA′i. Let
∆d(A

′
i) ⊆ ∆(A′i) to be the set of all player i’s distributional strategies. Moreover,

the player i’s payoff is his ex ante expected payoff, i.e. his expected payoff before
he learns his own type. The equivalent definition of distributional perfection in finite
Bayesian games is:

A behavioral strategy profile β = (β1, . . . , βn) is called perfect if for the in-
duced distributional strategy profile σ = (σ1, . . . , σn), there exists a sequence of
completely mixed distributional strategy profiles (σk)∞k=1 = (σk1 , . . . , σ

k
n)∞k=1 such

that for every player i we have:

(i) lim
k→∞

dE(σki , σi) = 0,

(ii) lim
k→∞

dE(σki , BRi(σ
k)) = 0,

In this finite game, for every distributional strategy there is a unique behavioral
strategy and vice versa. Also, for a behavioral strategy profile β = (β1, . . . , βn)

if we have βi(ti) ∈ BRi(ti, β) for every ti ∈ Ti, then obviously for the induced
distributional strategy γ = (γ1, . . . , γn) we have γi ∈ BRi(γ), for every player i.
Conversely, it is easy to see that if γi ∈ BRi(γ), then βi(ti, ·) ∈ BRi(ti, β), for
every ti ∈ Ti and every player i. Therefore, the latter definition is equivalent to the
perfection defined in chapter 3 for finite games.

4.4 A.e. pointwise perfection

In chapter 3 we introduced a definition of perfect equilibrium in Bayesian games
without using distributional strategies. It is called a.e.-pointwise perfection and it has
a close relation with distributional perfection. Recall that a behavioral strategy βi is
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completely mixed if the probability measure βi(ti, ·) : Ai → [0, 1] is completely
mixed, for every ti ∈ Ti. A behavioral strategy profile β = (β1, . . . , βn) is a.e.-
pointwise perfect if for every player i there exists a set Si ∈ Ti of µi-measure 0
and a sequence of profiles of completely mixed behavioral strategies (βk)∞k=1 =

(βk1 , . . . , β
k
n)∞k=1 with the following properties for every player i and every type

ti ∈ Ti\Si:

(i) lim
k→∞

ρw(βki (ti, ·), βi(ti, ·)) = 0,

(ii) lim
k→∞

ρw(βki (ti, ·), BRi(ti, βk)) = 0.

In the next proposition we show that a.e.-pointwise perfection is a stronger con-
cept than distributional perfect equilibrium. The opposite direction remains an open
question.

Proposition 4.4.1 Every a.e.-pointwise perfect strategy profile is distributional per-
fect.

Proof. Let β = (β1, . . . , βn) be an a.e.-pointwise perfect strategy profile. Then,
by the definition, there is a set Si ∈ Ti of µi-measure 0 and a sequence of completely
mixed profiles of behavioral strategies (βk)∞k=1 = (βk1 , . . . , β

k
n)∞k=1 such that for

every player i and every type ti ∈ Ti\Si conditions (i) and (ii) of this definition are
satisfied. For every player i, let γi and γki be the distributional strategies induced
by βi and βki respectively. We prove that conditions (i) and (ii) of Definition 4.3.1
are satisfied. Take a player i. For condition (i), we show that for any bounded and
continuous function h : Ti ×Ai → IR, we have∫

Ti×Ai
h dγki −→

∫
Ti×Ai

h dγi as k →∞.

As h is bounded and continuous on Ti × Ai, the function hti(ai) = h(ti, ai) on Ai
is also bounded and continuous for every ti ∈ Ti. Let

gk(ti) =

∫
Ai

hti β
k
i (ti, dai) , g(ti) =

∫
Ai

hti βi(ti, dai).

By Theorem 10.2.1 in [11], the functions gk and g are measurable. Moreover,
because for every type ti ∈ Ti\Si, lim

k→∞
ρw(βki (ti, ·), βi(ti, ·)) = 0, we have

gk(ti) −→ g(ti) as k → ∞, for µi-a.e. ti ∈ Ti. Therefore, by Dominated Conver-
gence Theorem∫

Ti

gk(ti) µi(dti) −→
∫
Ti

g(ti) µi(dti) as k →∞.
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This implies that∫
Ti×Ai

h dγki −→
∫
Ti×Ai

h dγi as k →∞.

Now, we prove that condition (ii) of Definition 4.3.1 is satisfied. We know that for
every ti ∈ Ti\Si we have ρw(βki (ti, ·), BRi(ti, βk)) → 0 as k → ∞. Hence,
for every ti ∈ Ti\Si, there exists a sequence β̂ki (ti, ·) ∈ BRi(ti, βk) such that
ρw(βki (ti, ·), β̂ki (ti, ·)) → 0 as k → ∞. Define γ̂ki to be the distributional strate-
gies induced by β̂ki for every k ∈ IN. With the same argument as in the previous part,
we conclude that ρw(γki , γ̂

k
i )→ 0 as k →∞. Since

Πi(γi, γ−i) =

∫
Ti

Πb
i (βi, β−i | ti) µi(dti),

one can easily verify that if β̂ki (ti, ·) ∈ BRi(ti, β
k) for every ti ∈ Ti\Si, then

γ̂ki ∈ BRi(γ
k). Hence, we have lim

k→∞
ρw(γki , BRi(γ

k
i )) = 0. So, condition (ii)

holds.

4.5 Second-price auctions with interdependent values

In this section we study symmetric second-price auctions with interdependent values
for two bidders and apply distributional perfection in this context. Let Λ be the
following sealed-bid second-price auction for a single indivisible object. There are
2 bidders. Prior to bidding, each bidder i receives a private signal ti ∈ Ti = [t, t],
which is called the type of bidder i. Signals are drawn independently according to
a distribution µi. Bidder i’s valuation of the object may depend on both types and
is denoted by vi(t1, t2). Each bidder i, after observing his own type, submits a bid
from a set Ai independently of his opponent, where Ai is sufficiently large in the
sense that it contains the range of vi. Given the bids submitted by the bidders, the
highest bid wins the auction for the price equal to the second highest bid.12 Suppose
the following assumptions in this auction:

(1) v1(t1, t2) = v2(t2, t1).
(2) vi is continuously differentiable.
(3) vi is strictly increasing in ti and increasing in tj for j 6= i.

In Λ the set of available bids for bidder i is an interval Ai = [a, a], where
vi(t, t) = a and vi(t, t) = a, for i = 1, 2. In such auctions bidders do not necessar-
ily have any dominant strategy, however it may contain many equilibria. Hence, a

12In the event of a tie for the highest bid, the winner is chosen according to a probability distribution
which may depend on the identity of the highest bidder and his type as well. In our setting, a tie will
only occur with probability 0, even given the type of one bidder, which makes the specification of this
tie-breaking rule irrelevant for the expected profits.
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refinement is needed in order to rule out the less intuitive equilibria and get a smaller
set of solutions. We use distributional perfection for this purpose. In Proposition
4.5.1 we show that a class of BNEs that was discovered by Milgrom in [32] are dis-
tributional perfect and in Proposition 4.5.3 we prove that distributional perfection
rules out another class of equilibria introduced by Krishna in [23].

Proposition 4.5.1 Let φ : [t, t] → [t, t] be an increasing bijection. Consider the
strategy profile (b1, b2) in which b1(t1) = v1(t1, φ(t1)) and b2(t2) = v2(φ−1(t2), t2).
If vi(t, φ(t)) = vi(φ(t), t), for i = 1, 2, then (b1, b2) is a distributional perfect BNE.
Moreover, bi is undominated for every bidder i.

Proof. First we show that (b1, b2) is a BNE. Define w(t) = v1(t, φ(t)) =

v2(φ(t), t) for every t ∈ [t, t]. One can easily see that w : [t, t] → [a, a] is an in-
creasing bijection. Suppose that bidder 1 bids b1(t1) = v1(t1, φ(t1)). The expected
payoff of bidder 2 having type t2 and bidding p2 is:

Πb
2(b1, p2 | t2) =

∫ w−1(p2)

t

(v2(t1, t2)− v1(t1, φ(t1))) µ1(dt1).

As v2 is strictly increasing in the second argument and we know

v2(t1, t2)−v1(t1, φ(t1)) = v2(t1, t2)−v2(φ(t1), t1) = v2(t1, t2)−v2(t1, φ(t1)),

it is clear that if φ(t1) ≤ t2, then v2(t1, t2) − v1(t1, φ(t1)) ≥ 0 and negative oth-
erwise. Hence, the maximum of Πb

i (b1, p2 | t2) is obtained by choosing p2 such
that w−1(p2) = t1 = φ−1(t2) which means p2 = w(φ−1(t2)) = v2(t2, φ

−1(t2)) =

b2(t2). Furthermore, Πb
2(b1, p2 | t2) is maximized over p2 if and only if p2 = b2(t2),

which implies that bidding b2 is the unique best response against b1 for bidder 2.

Next, we prove that the strategy profile (b1, b2) is distributional perfect. Let
γ1 be the distributional strategy induced by b1 and for every k ∈ IN define γk1 =

(1− εk)γ1 + εkη1, where εk ∈ (0, 1), εk → 0 as k →∞, and η1 is the normalized
uniform distributional strategy13 on the product space T1 × A1. Let p2 be a pure
behavioral strategy for bidder 2 and σ2 be the induced distributional strategy by p2.
Then, the expected payoff of bidder 2 choosing σ2 against γk1 is:

Π2(γk1 , σ2) =

∫ ∫
p2>a1

(v2(t1, t2)− a1) dγk1dσ2

=

∫
T2

∫
p2>a1

(v2(t1, t2)− a1) dγk1µ2(dt2)

=

∫
T2

Πb
2(βk1 , p2 | t2) µ2(dt2),

13 That is η1(S1×A1) = µ1(S1) for every S1 ∈ T1 and for a behavioral strategy λ1 corresponding
to η1 we have λ1(t1, ·) is the uniform distribution on A1 for every t1 ∈ T1.
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where βk1 is a behavioral strategy corresponding to γk1 for every k ∈ IN. To maximize
Π2(γk1 , σ2) it is enough to maximize Πb

2(βk1 , p2 | t2) over p2. We have

Πb
2(βk1 , p2 | t2) = (1− εk)

∫
p2>a1

(v2(t1, t2)− a1) dγ1

+ εk

∫
p2>a1

(v2(t1, t2)− a1) dη1

= (1− εk)

∫ w−1(p2)

t

(v2(t1, t2)− v1 (t1, φ(t1))) µ1(dt1)

+ εk

∫
p2>a1

(v2(t1, t2)− a1) dη1

= (1− εk) Πb
2(b1, p2 | t2) + εk

∫
p2>a1

(v2(t1, t2)− a1) dη1.

Suppose that p2 = bk2(t2) maximizes Πb
2(βk1 , p2 | t2) for every k. Also, we know

that p2 = b2 is the unique maximizer of Πb
2(b1, p2 | t2). Then, clearly we have that

bk2 converges to b2 when k → ∞. With a similar argument for bidder 2, we can
conclude that (b1, b2) is distributional perfect.

Finally, the fact that bidding b2 is the unique best response for bidder 2 against
b1, implies that b2 is undominated. A similar argument holds for b1.

Remark that if for the class of strategy profiles (b1, b2) in Proposition 4.5.1 one
can find more than one map φ that satisfies the condition vi(t, φ(t)) = vi(φ(t), t),
for i = 1, 2, then obviously these strategy profiles are not in dominant strategies.
Because, for each φ, bi the unique best response for bidder i against bj where j 6= i.
In the case that this class of equilibria only contains one strategy profile, that would
be the equilibrium in which bi = vi(ti, ti) for every i = 1, 2. In the next proposition
we prove that this strategy profile is not in dominant strategies.

Proposition 4.5.2 Suppose that there is a y ∈ Tj such that ∂vi(t,tj)∂tj
(y) > 0, where

j 6= i. Then, bi = vi(ti, ti) is not a dominant strategy for bidder i = 1, 2.

Proof. We prove that b1 = v1(t1, t1) is not a dominant strategy for bidder 1. First,
we show that there is a set of types I ∈ T1 with µ1(I) > 0, such that for every
t1 ∈ I bidding according b1(t1) = v1(t1, t1) has strictly negative payoff for bidder
1. By assumption we conclude that there is a set B ∈ T2 with µ2(B) > 0 such
that the map v1(t, ·) : T2 → [a, a] is strictly increasing on B. Therefore, for every
t2 ∈ B \ {t} we have

v1(t, t2) < v1(t, t),
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also for every t2 ∈ T2 we know that

v1(t, t2) ≤ v1(t, t).

Therefore,∫
T2

v1(t, t2) µ2(dt2) < v1(t, t) = b1(t).

Let y(t1) =

∫
T2

v1(t1, t2) µ2(dt2). Choose any b̃2 ∈
(
y(t), b1(t)

)
. Note that the

maps y and b1 are strictly increasing, hence invertible. Therefore, b−1
1 (̃b2) < t <

y−1(̃b2). Let I =
(
b−1
1 (̃b2), t

]
, which is a nonempty interval of T1 with µ1(I) > 0.

One can easily verify that for every t1 ∈ I we have y(t1) < b̃2 < b1(t1).

Suppose bidder 2 bids b̃2 for every t2 ∈ T2 and bidder 1 bids according to b1(t1).
If t1 ∈ I , then bidder 1 wins the auction, since b̃2 < b1(t1) and his expected payoff
for every t1 ∈ I is∫

T2

(
v1(t1, t2)− b̃2

)
µ2(dt2) = y(t1)− b̃2 < 0.

In the case that t1 /∈ I , the value of the map y(t1) strictly decreases when compared
to the case t1 ∈ I . Consequently, even if bidder 1 wins the auction y(t1)−b̃2 remains
strictly negative. Hence, we have∫

b1(t1)>b̃2

∫ (
v1(t1, t2)− b̃2

)
µ2(dt2)µ1(dt1) < 0.

Now, let b̃1(t1) = a and b̃2(t2) = b̃2. Moreover, let γ1, γ̃1, and γ̃2 be the induced
distributional strategies respectively by b1, b̃1, and b̃2. Then, we have

Π1(γ1, γ̃2) < Π1(γ̃1, γ̃2),

in which Π1(γ̃1, γ̃2) = 0 as bidder 1 always loses the auction by bidding b̃1(t1) = a.
This shows that b1 = v1(t1, t1) is not a dominant strategy for every bidder 1. The
argument for bidder 2 is similar.

Notice that in the case when φ(t) = t, for every t ∈ [t, t], the distributional
perfect BNE in which each player i bids bi(ti) = vi(ti, ti) is a symmetric BNE.
Moreover, if we assume that

∂vi
∂ti

(t1, t2) >
∂vj
∂ti

(t1, t2),
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for j 6= i, then (b1, b2), in which bi = vi(ti, ti) for every bidder i, is an efficient
equilibrium.14 According to Krishna [23], this condition is called single crossing
condition and ensures that the bidder with higher type has higher ex post valuation.
Another interesting case of Proposition 4.5.1 is when Λ is a common value auction,
i.e. when v1(t1, t2) = v2(t1, t2). In this case, the condition vi(t, φ(t)) = vi(φ(t), t),
for i = 1, 2, holds for every increasing bijection φ. Therefore, in common value
auctions for every increasing bijection φ, the strategy profile (b1, b2) is distributional
perfect.

In private value Vickrey auctions, each bidder has a dominant strategy that forms
a distributional perfect BNE and leads to an efficient outcome. This observation
motivates us to study the relation between distributional perfection and efficiency in
our setting:

Remark. In the auction Λ with single crossing condition, if φ(t) ≥ φ−1(t),
for every t ∈ [t, t], then the strategy profile (b1, b2) is efficient. The argument is
as follows: Suppose that x, y are the actual types that bidders 1 and 2 receive re-
spectively and x > y. Then, the single crossing condition implies that bidder 1’s ex
post valuation is strictly larger than bidder 2’s, that is v1(x, y) > v2(x, y). Now, if
φ(y) ≥ φ−1(y), then we have

b1(x) = v1(x, φ(x)) > v1(y, φ(y)) ≥ v1(y, φ−1(y)) = v2(φ−1(y), y) = b2(y).

This means that bidder 1 who had a higher ex post valuation for the object, wins the
auction and is awarded the object.

Example 8.4 in Krishna [23] introduces the following class of discontinuous
asymmetric strategy profiles for every s1, s2 ∈ [t, t] with s1 < s2

15:

b̂1(t1) =

{
v1(s2, t1) if t1 ∈ [s1, s2]

v1(t1, t1) otherwise,

b̂2(t2) =

{
v2(t2, s1) if t2 ∈ [s1, s2]

v2(t2, t2) otherwise.

He shows that if we assume the single crossing condition for the auction Λ, then
(b̂1, b̂2) is an ex post equilibrium in undominated strategies, moreover this equilib-
rium allocates the object inefficiently. In Proposition 4.5.3 we prove that distribu-
tional perfection at least rules out a subclass of these equilibria.

14 An outcome in any auction is called efficient if the winner is the one with the highest ex post
valuation.

15Krishna presents the bid functions in terms of the opponent’s valuations. We do this for each bidder
in terms of his own valuations.
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Proposition 4.5.3 Suppose the auction Λ satisfies the single crossing condition such
that one of the followings holds:

(1) v2(s2, s1) < v2(t, s2),

(2) v1(s2, s1) > v1(s1, t).

Then, the ex post equilibrium (b̂1, b̂2) is not distributional perfect.

Proof. First we discuss the case v2(s2, s1) < v2(t, s2). Suppose by way
of contradiction that (b̂1, b̂2) is distributional perfect. Let γ̂i be the distributional
strategy induced by b̂i and (γki )∞k=1 be a sequence of completely mixed distributional
strategies for each bidder i = 1, 2 that satisfies condition (i) and (ii) of Definition
4.3.1. Therefore, for bidder 2 and every k, there is a distributional strategy γ̃k2 ∈
BR2(γk) such that ρw(γk2 , γ̃

k
2 ) → 0 as k → ∞. Hence, by triangle inequality

we conclude that ρw(γ̃k2 , γ̂2) → 0 as k → ∞. For every k, let βk1 , βk2 , and β̃k2
be a corresponding behavioral strategy to γk1 , γk2 , and γ̃k2 respectively. Also, let
βk = (βk1 , β

k
2 ). Then, by Lemma 4.6.1 we have β̃k2 (t2, ·) ∈ BR2(t2, β

k) for µ2-
a.e. t2 ∈ T2. By redefining β̃k2 , without loss of generality, we can assume that
β̃k2 (t2, ·) ∈ BR2(t2, β

k) for every t2 ∈ T2.

As v2(s2, s1) < v2(t, s2), then there is a δ > 0 such that for every t2 ∈ (s2 −
δ, s2], we have v2(t2, s1) < v2(t, t2). Let bidder 2’s type be t2 ∈ (s2 − δ, s2]. It
is obvious that bidder 2’s valuation is at least v2(t, t2). Since for every k, γk1 is
completely mixed, for every nonempty open set B ⊆ A1 , there is a type t1 ∈ T1

such that βk1 (t1, B) > 0. Therefore, bidder 1 might bid any bid a1 ∈ A1 according
to βk1 . If a1 < v2(t, t2), then bidding v2(t, t2) is better than bidding p2 < v2(t, t2),
since it increases the chance of winning. If a1 ≥ v2(t, t2), then bidder 2 is indifferent
between bidding any bid p2 ≤ v2(t, t2). Therefore, bidder 2’s best response against
βk1 , for every k, can not be any bid below v2(t, t2). Moreover, for every t2 ∈ (s2 −
δ, s2], we have b̂2(t2) = v2(t2, s1) < v2(t, t2). Hence, if bidder 2 is given a type
t2 ∈ (s2 − δ, s2], then any of his best responses against βk1 , for every k, is far from
b̂2(t2). In particular, as for every t2 ∈ T2 we have β̃k2 (t2, ·) ∈ BR2(t2, β

k), for
every k, then for every t2 ∈ (s2 − δ, s2] we have that ρw(b̂2(t2), β̃k2 (t2, ·)) does not
converge to zero when k → ∞. Notice that b̂2(t2) is interpreted as a behavioral
strategy that assigns probability 1 on b̂2(t2) for every t2 ∈ T2.

Now, we show that there is ε > 0 such that ρw(γ̃k2 , γ̂2) > ε for every k. One can
find ε > 0 and λ > 0 such that if for every t2 ∈ (s2 − δ, s2] we define

Bt2 =
(
b̂2(t2)− λ, b̂2(t2) + λ

)
,

then we have
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1. s2 − δ + ε < s2 − ε,

2. µ2(s2 − δ + ε, s2 − ε) > ε,

3. β̃k2 (t2, (Bt2)ε) = 0.

Now, define B = {(t2, a2) | t2 ∈ (s2 − δ + ε, s2 − ε], a2 ∈ Bt2}. Clearly, B
is measurable. As b̂2(t2)(Bt2) = 1 and β̂k2 (t2, (Bt2)ε = 0, we have

γ̂2(B) =

∫ s2−ε

s2−δ+ε
b̂2(t2)(Bt2)µ2(dt2) = µ2(s2 − δ + ε, s2 − ε),

and

γ̃k2 (Bε) =

∫ s2

s2−δ
β̂k2 (t2, (Bt2)εµ2(dt2) = 0.

Consequently,

γ̂2(B) > γ̃k2 (Bε) + ε,

then ρw(γ̃k2 , γ̂2) > ε for every k. This contradicts with the assumption ρw(γ̃k2 , γ̂2)→
0 as k →∞. Therefore, (b̂1, b̂2) is not distributional perfect.

With an analogous argument for the case v1(s2, s1) > v1(s1, t), the proof of the
proposition is complete.

Conditions (1) and (2) in the above proposition are not very restrictive. For ex-
ample, all auctions in which either s1 = t or s2 = t, satisfy conditions (1) and (2)
respectively. As an extreme case of this type of equilibria, we see that the BNE in
which one bidder always bids a and the other bidder always bids a is not distribu-
tional perfect. This kind of equilibrium is called wolf and sheep equilibrium and is
considered as a less intuitive one.

In the auction Λ, we change the condition (3) to be “vi is strictly increasing at ti
and decreasing at tj for j 6= i” and we call it (3′). Let Λ′ be the auction that satisfies
conditions (1), (2), (3′), and single crossing condition. In this auction v1(t, t) =

v2(t, t) = a and v1(t, t) = v2(t, t) = a. Moreover, the class of BNEs corresponding
to φ in Proposition 4.5.1 reduces to the single equilibrium where φ(t) = t, that
is b1(t1) = v1(t1, t1) and b2(t2) = v2(t2, t2). In the next proposition we show
that this equilibrium is distributional perfect. To prove perfection in the following
proposition we encounter more difficulties as compare to the proposition 4.5.1. The
reason is that the bid functions of the bidders are not surjective which together with
the possibility of making mistakes from the opponent, give the opportunity to the
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bidder to bid strictly higher than bi(1) = vi(1, 1) when he is from high type. The
similar argument is valid if the bidder is from low type, i.e. he can bid strictly less
than bi(0) = vi(0, 0).

Proposition 4.5.4 In the auction Λ′, the strategy profile (b1, b2) in which b1(t1) =

v1(t1, t1) and b2(t2) = v2(t2, t2) is a distributional perfect BNE.

Proof. Let w(t) = v1(t, t) = v2(t, t), then the function w : [t, t] → [a, a] is
strictly increasing but not surjective. It is easy to check that (b1, b2) is a BNE. Now,
we prove that it is distributional perfect. Let γ1 be the distributional strategy induced
by b1(t1) and for every k ∈ IN define γk1 and βk1 as in the proposition 4.5.1. Let p2 be
a pure behavioral strategy for bidder 2 and σ2 be the induced distributional strategy
by p2. Then, the expected payoff of bidder 2 choosing σ2 against γk1 conditioning
on winning is:

Π2(γk1 , σ2) =

∫
T2

Πb
2(βk1 , p2 | t2) µ2(dt2),

To maximize Π2(γk1 , σ2), we maximize Πb
2(βk1 , p2 | t2) in the following three cases:

(1) a ≤ p2 ≤ w(t):

Πb
2(βk1 , p2 | t2) = 0 + εk

∫
p2>a1

(v2(t1, t2)− a1) dη1

(2) w(t) ≤ p2 ≤ w(t):

Πb
2(βk1 , p2 | t2) =

(1− εk)

∫ w−1(p2)

t

(v2(t1, t2)− w(t1))µ1(dt1) + εk

∫
p2>a1

(v2(t1, t2)− a1) dη1

(3) w(t) ≤ p2 ≤ a:

Πb
2(βk1 , p2 | t2) =

(1− εk)

∫ t

t

(v2(t1, t2)− w(t1)) µ1(dt1) + εk

∫
p2>a1

(v2(t1, t2)− a1) dη1

Let pk21, pk22 and pk23 be the bid functions for bidder 2 that maximizes Πb
2(βk1 , p2 | t2)

in the cases 1,2 and 3 respectively for every t2. With a similar argument as in the
proposition 4.5.1, we can see that pk22 converges to b2(t2) = v2(t2, t2) = w(t2), as
k →∞. Moreover, let

Mk
1 = {t2 ∈ T2 | Πb

2(βk1 , p
k
21 | t2) ≥ Πb

2(βk1 , p
k
22 | t2)},
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for every k ∈ IN. It is obvious that µ2(Mk
1 )→ 0 when k →∞. Also, let

Mk
2 = {t2 ∈ T2 | Πb

2(βk1 , p
k
23 | t2) ≥ Πb

2(βk1 , p
k
22 | t2)}.

Notice that v2(t1, t2)−w(t1) ≥ 0 for every t1 ≤ t2 and negative otherwise, also we
know that w−1(pk22)→ t2, as k →∞. Hence, for µ2-a.e. t2 ∈ T2 and enough large
k,

Πb
2(βk1 , p

k
23 | t2) ≤ Πb

2(βk1 , p
k
22 | t2).

This means that µ2(Mk
2 ) → 0 when k → ∞. Therefore, for µ2-a.e. t2 ∈ T2,

Πb
2(βk1 , p2 | t2) is maximized when p2 = b2(t2) = v2(t2, t2) as k → ∞. By a

similar argument for bidder 2 the proof is complete.

In the auction Λ′, there are many equilibria similar to (b̂1, b̂2) in auction Λ that
can be rule out by distributional perfection. The examples of such equilibria can be
found in Proposition 3.4.6 and Proposition 3.4.7 in chapter 3.

4.6 Appendix

Lemma 4.6.1 Let β = (β1, . . . , βn) be a behavioral strategy profile and γ =

(γ1, . . . , γn) be the induced distributional strategy profile. Assume that the set of
the best responses of player i against behavioral strategy profile β−i is not empty.
Then, if γi ∈ BRi(γ), then βi(ti, ·) ∈ BRi(ti, β) for µi-a.e. ti ∈ Ti.

Proof. Suppose for every player i that γi ∈ BRi(γ). Then, we have

Πi(γi, γ−i) ≥ Πi(γ̃i, γ−i),

for every player i’s distributional strategy γ̃i. Therefore, for every player i’s behav-
ioral strategy β̃i we have∫

Ti

Πb
i (βi, β−i | ti) µi(dti) ≥

∫
Ti

Πb
i (β̃i, β−i | ti) µi(dti). (4.1)

Moreover, by assumption, for every player i there is a behavioral strategy ζi such
that ζi(ti, ·) ∈ BRi(ti, β) for every ti ∈ Ti, which means having type ti ∈ Ti

Πb
i (ζi, β−i | ti) ≥ Πb

i (ai, β−i | ti),

for every ai ∈ Ai. To prove that βi(ti, ·) for µi-a.e. ti ∈ Ti is a best response for
every player i against β−i, we show that Πb

i (ζi, β−i | ti) = Πb
i (βi, β−i | ti) for

µi-a.e. ti ∈ Ti. Suppose the opposite. First, let

Si =
{
ti ∈ Ti | Πb

i (ζi, β−i | ti) < Πb
i (βi, β−i | ti)

}
.
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Clearly, Si is µi-measurable. Suppose µi(Si) > 0. Notice that given ti ∈ Ti, for
βi(ti, ·)-a.e. ai ∈ Ai we have

Πb
i (βi, β−i | ti) = Πb

i (ai, β−i | ti).

Then, given ti ∈ Si, for βi(ti, ·)-a.e. ai ∈ Ai we conclude that

Πb
i (ζi, β−i | ti) < Πb

i (ai, β−i | ti),

which is a contradiction with optimality of ζi for every type. Second, let

Si =
{
ti ∈ Ti | Πb

i (ζi, β−i | ti) > Πb
i (βi, β−i | ti)

}
and suppose µi(Si) > 0. Therefore, we have∫

Si

Πb
i (ζi, β−i | ti) µi(dti) >

∫
Si

Πb
i (βi, β−i | ti) µi(dti).

Since ζi(ti, ·) is a best response for every type ti ∈ Ti against β−i, for every ai ∈ Ai
we have

Πb
i (ζi, β−i | ti) ≥ Πb

i (ai, β−i | ti),

thus ∫
Ti\Si

Πb
i (ζi, β−i | ti) µi(dti) ≥

∫
Ti\Si

Πb
i (βi, β−i | ti) µi(dti).

Consequently,∫
Ti

Πb
i (ζi, β−i | ti) µi(dti) >

∫
Ti

Πb
i (βi, β−i | ti) µi(dti).

This is a contradiction with (4.1). Overall, we showed that if there is a subset of Ti
on which the expected payoff of player i, playing according to ζi is different from
playing according to βi, the measure of that subset is zero. In other words, for every
i there exists a set Si ∈ Ti with µi(Si) = 0 such that for every ti ∈ Ti\Si we have
βi(ti, ·) ∈ BRi(ti, β). This completes the proof.

In the lemma 4.6.2, we use the following metrics: Take t, s ∈ T and a, b ∈ A.
Define

dT (t, s) =

(
n∑
i=1

d2
Ti(ti, si)

) 1
2

, dA(a, b) =

(
n∑
i=1

d2
Ai(ai, bi)

) 1
2

.

Moreover, let dT×A ((t, a), (s, b)) =
(
d2
T (t, s) + d2

A(a, b)
) 1

2 .
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Lemma 4.6.2 In Bayesian game Γ, for every player i and every ε > 0, there is a set
K ∈ T with µ(Kc) < ε such that πi is continuous on K ×A for every i.

Proof. Take ε > 0 and a ∈ A. First we prove that there is a set K ∈ T with
µ(Kc) < ε such that the function πi(·, a) : K → IR is continuous. AsA is separable,
it has a countable dense subset, say B. Hence, there exists a sequence (ak)∞k=1 in
B such that ak 6= a, for every k, and dA(ak, a) → 0 as k → ∞. According to
Lusin’s Theorem for the collection of the functions {πi(·, ak) | k = 1, 2, . . .} there
is a compact set E ∈ T with µ(Ec) < ε

2 such that πi(·, ak) is continuous on E for
every k ∈ IN. Moreover, by equicontinuity of payoffs there is a set F ∈ T with
µ(F c) < ε

2 such that the collection of the functions {πi(t, ·) : A → IR | t ∈ F} is
equicontinuous. Let K = E ∩ F . It is clear that µ(Kc) < ε. Moreover, because
πi(t, ·) is continuous in actions for every t ∈ K, the sequence of the functions
(πi(·, ak))

∞
k=1 converges pointwisely to πi(·, a) as k → ∞. It is easy to check that

equicontinuity of payoffs and the fact that dA(ak, a) → 0 as k → ∞, implies that
the sequence of functions (πi(·, ak))

∞
k=1 uniformly converges to πi(·, a) on K as

k →∞. Hence, πi(·, a) : K → IR is continuous too.

Now, we prove that πi is continuous at (t, a) ∈ K ×A. We know that {πi(t, ·) |
t ∈ K} is equicontinuous, then there is a δ1 > 0 such that if dA(a, b) < δ1, we have
|πi(t, a)−πi(t, b)| < ε

2 for every t ∈ K. Also, we know πi(·, a) is continuous at t ∈
K, so there is a δ2 > 0 such that if dT (t, s) < δ2, we have |πi(t, a)− πi(s, a)| < ε

2 .
Let δ = min{δ1, δ2}. Then, for every (s, b) ∈ K ×A with dT×A((t, a), (s, b)) < δ

we have dA(a, b) < δ1 and dT (s, t) < δ2. Consequently, we have

|πi(t, a)−πi(s, b)| < |πi(t, a)−πi(s, a)|+ |πi(s, a)−πi(s, b)| <
ε

2
+
ε

2
= ε.

This proves that πi is continuous on K ×A.

Lemma 4.6.3 In Bayesian game Γ, for every player i the function Πi : ∆ → IR is
continuous with respect to the weak metric on ∆.

Proof. To prove that Πi is continuous at a distributional strategy profile γ, let
(γk)∞k=1 be a sequence of distributional strategy profiles converging to γ with respect
to the weak metric as k →∞. Now, by Lemma 4.6.2 we have the following:

For every i and every δ > 0, there are a continuous and bounded function vδ :

T ×A→ IR and a set K ∈ T such that µ(Kc) < δ, and vδ = πi on K ×A.

As µ(Kc) < δ, we have γk(Kc×A) < δ, for every k. Similarly, γ(Kc×A) < δ.
Moreover, because vδ and πi are bounded, there is an M > 0 such that |πi − vδ| ≤
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M . Hence, for every k we have∫
T×A

|πi − vδ|f(t) dγk =

∫
Kc×A

|πi − vδ|f(t) dγk ≤M · δ.

Similarly,∫
T×A

|πi − vδ|f(t) dγ =

∫
Kc×A

|πi − vδ|f(t) dγ ≤M · δ.

Furthermore, as f is µ̂-integrable, there is a sequence (f`)
∞
`=1 of bounded and con-

tinuous functions such that
∫
T

|f(t)− f`(t)|µ̂(dt)→ 0, as `→∞. Now, we have

|Πi(γ
k)−Πi(γ)| = |

∫
πif(t)dγk −

∫
πif(t)dγ|

≤
∫
|πi − vδ|f(t)dγk +

∫
|f(t)− f`(t)|vδdγk

+ |
∫
vδf`(t)dγ

k −
∫
vδf`(t)dγ|

+

∫
|f(t)− f`(t)|vδdγ +

∫
|πi − vδ|f(t)dγ

≤ Mδ +

∫
|f(t)− f`(t)|vδdγk

+ |
∫
vδf`dγ

k −
∫
vδf`dγ|

+

∫
|f(t)− f`(t)|vδdγ +Mδ.

Hence, |Πi(γ
k)−Πi(γ)| converges to zero when k →∞, `→∞, and δ → 0. This

proves that Πi is continuous at γ.





Mathematical tools

Basic concepts of measure theory

A semi-ring S is a collection of subsets of a set X satisfying

1. ∅ ∈ S,

2. If E,F ∈ S then E ∩ F ∈ S,

3. If E,F ∈ S then there exists a countable collection (Gi)i∈I of pairwise dis-
joint sets in S such that E \ F =

⋃
i∈I

Gi.

A measure on a semi-ring S is a function µ : S → [0,∞) such that

1. µ(∅) = 0,

2. (σ-additivity) For every countable collection (Ai)i∈I of pairwise disjoint sets
in S with

⋃
i∈I

Ai ∈ S we have

µ(
⋃
i∈I

Ai) =
∑
i∈I

µ(Ai).

A σ-field Σ is a collection of subsets of a set X satisfying

1. X ∈ Σ,

2. If E ∈ Σ then X \ E ∈ Σ,

3. If (Ei)i∈I is a countable collection of sets in Σ then
⋃
i∈I Ei ∈ Σ.

The pair (X,Σ) is called a measurable space.

A metric on a nonempty set X is a function d : X ×X → [0,∞) such that for
all x, y, z ∈ X we have
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1. d(x, y) = 0⇔ x = y (identity of indiscernibles)

2. d(x, y) = d(y, x) (symmetry)

3. d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).

The ordered pair (X, d) is called a metric space. For X ⊆ IR we always consider
the standard Euclidean metric given by d(x, y) = |x − y|. The distance d(x,B)

between a point x ∈ X and a nonempty set B ⊆ X is defined as

d(x,B) = inf{d(x, y) | y ∈ B},

and if B = ∅, then d(x,B) = ∞. The ε-neighborhood of B is denoted by Bε =

{x ∈ X| d(x,B) < ε}. A set U ⊆ X is called open if for every x ∈ U there is an
ε > 0 such that

{y ∈ X | d(x, y) < ε} ⊆ U.

A set F ⊆ X is called closed if its complement X \ F is open, and a set C ⊆ X

is called compact if, for every collection {Uα | α ∈ A} of open sets such that
C ⊆ ∪α∈AUα, it holds that A has a finite subset A′ such that C ⊆ ∪α∈A′Uα. Every
compact set in a metric space is closed as well. The topology onX induced by metric
d is the collection of all open sets, and the Borel σ-field Σ on X is the smallest σ-
field that contains all open sets. A measure on (X,Σ) is a function µ : Σ→ [0,∞)

such that µ(∅) = 0 and µ is σ-additive. A measure µ is called a probability measure
if µ(X) = 1. A probability measure is called completely mixed if it assigns strictly
positive weight to every nonempty open set. For a metric space (X, d), the set of
probability measures on the Borel σ-field on X is denoted by ∆(X). A probability
measure µ ∈ ∆(X) is completely mixed if µ(U) > 0 for every nonempty open
subset U of X . Moreover, define

supp(µ) = {x ∈ X | for everey open set G if x ∈ G then µ(G) > 0} .

Therefore, for every completely mixed probability measure, we have supp(µ) = X .

The weak (Prokhorov) metric ρw on ∆(X) is defined for every µ, ν ∈ ∆(X) by

ρw(µ, ν) = inf{ε > 0 | ∀B ∈ Σ : µ(B) ≤ ν(Bε) + ε and ν(B) ≤ µ(Bε) + ε}

and the strong metric by

ρs(µ, ν) = sup{|µ(B)− ν(B)| | B ∈ Σ}.

Note that for every µ and ν, ρw(µ, ν) ≤ ρs(µ, ν). This easily follows from the
observation that for everyB ∈ Σ, both µ(B)−ν(Bε) and ν(B)−µ(Bε) are smaller
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than or equal to |µ(B) − ν(B)| and therefore smaller than or equal to ρs(µ, ν) as
well.

The weak (strong) topology on ∆(X) is the topology induced by the weak
(strong) metric. The inequality ρw(µ, ν) ≤ ρs(µ, ν) implies that the weak topol-
ogy is included in the strong topology. If X is compact, then so is ∆(X) with
respect to ρw (cf. Prokhorov [39] and Parthasarathy [38]). Further, compactness and
sequential compactness are equivalent for metric spaces.16

Let µn ∈ ∆(X) for every n ∈ N and let µ ∈ ∆(X). It is known that if the
sequence µn converges to µ with respect to ρw, then

∫
X
f(x)µn(dx) converges to∫

X
f(x)µ(dx) for every bounded and continuous function f : X → R. Conversely,

ifX is separable and
∫
X
f(x)µn(dx) converges to

∫
X
f(x)µ(dx) for every bounded

and Lipschitz function f : X → R, then µn converges to µ with respect to ρw.

Let (X1,Σ1), (X2,Σ2), . . . , (Xn,Σn) be measurable spaces. The product σ-
field ⊗ni=1Σi on ×ni=1Xi is defined to be the smallest σ-field that contains all the
sets in ×ni=1Σi. Let µi be a measure on (Xi,Σi), for every 1 ≤ i ≤ n, and µ be a
measure on the semi-ring ×ni=1Σi defined by

µ(A1 × . . .×An) =

n∏
i=1

µi(Ai),

for every Ai ∈ Σi, 1 ≤ i ≤ n. The product measure µ∗ is the extension of the
measure µ to the measurable space (×ni=1Xi,⊗ni=1Σi) via the formula

µ∗(E) = inf

{ ∞∑
k=1

µ(×ni=1A
k
i ) | E ⊆

∞⋃
k=1

(×ni=1A
k
i ), Aki ∈ Σi, 1 ≤ i ≤ n, ∀k ∈ IN

}
(4.2)

According to Carathéodory’s theorem, this extension is unique.

Let (X,Σ1), (Y,Σ2) be two measurable spaces. A function f : X −→ Y is
called measurable if f−1(B) ∈ Σ1 for every B ∈ Σ2.

Semi-product measures

Definition 4.6.4 Let (X,Σ1) and (Y,Σ2) be two measurable spaces, µ be a measure
on (X,Σ1) and τ : X × Σ2 → [0,∞) be a bounded function with the following
properties :

16Throughout the dissertation we use several results from real analysis without further mention. All
of the results we use are well-known. A good reference for the relevant theory is Aliprantis and Border
[1].
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1. the section function τ(x, ·) : Σ2 → [0,∞) is a measure on (Y,Σ2) for every
x ∈ X ,

2. the section function τ(·, B) : X → [0,∞) is a measurable function for every
B ∈ Σ2.

Let λ be a measure on the semi-ring Σ1 × Σ2 defined by

λ(A×B) =

∫
A

τ(x,B) µ(dx),

for every A×B ∈ Σ1 ×Σ2. The unique extension of the measure λ by the formula
(4.2) to the product σ-field Σ1 ⊗Σ2 is denoted by λ∗ and is called the semi-product
measure corresponding to τ and µ.

Note that λ is well-defined, because the section function τ(·, B) is bounded and
measurable for every B ∈ Σ2. The following theorem states the integral respect to
λ∗ as iterated integrals respect to τ and µ. Dudley states a sketch of the proof in
[11].

Theorem 4.6.5 Let (X,Σ1) and (Y,Σ2) be two measurable spaces and let λ∗ be
the semi-product measure corresponding to τ and µ. Then, for every function f :

X × Y → IR bounded and measurable with respect to the σ-field Σ1 ⊗ Σ2 we have∫
X×Y

f dλ∗ =

∫
X

∫
Y

f τ(x, dy)µ(dx).

In particular, λ∗(E) =

∫
X

τ(x,Ex)µ(dx) for every E ∈ Σ1 ⊗ Σ2 where Ex =

{y ∈ Y | (x, y) ∈ E}.

Proof. Let E ∈ Σ1 ⊗ Σ2. We first show that λ∗(E) =

∫
X

τ(x,Ex)µ(dx). Let N
be the collection of all sets E ∈ Σ1 ⊗ Σ2 such that

(i). x 7→ τ(x,Ex) is a measurable function, and

(ii). λ∗(E) =

∫
X

τ(x,Ex)µ(dx).

We prove that N is a σ-field.

1. It is clear that X × Y ∈ N . Indeed, x 7→ τ(x, Y ) is measurable according to

condition (2) of Definition 4.6.4, and λ∗(X×Y ) = λ(X×Y ) =

∫
X

τ(x, Y )µ(dx).

2. We show that if E ∈ N , then Ec ∈ N .

(i). Since x 7→ τ(x,Ex) is measurable and τ(x, Y )− τ(x,Ex) = τ(x,Ecx), the
map x 7→ τ(x,Ecx) is also measurable.
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(ii). λ∗(Ec) = λ∗(X × Y )− λ∗(E) =

∫
X

τ(x, Y ) µ(dx)−
∫
X

τ(x,Ex)µ(dx)

=

∫
X

(τ(x, Y )− τ(x,Ex))µ(dx)

=

∫
X

τ(x, Y \Ex)µ(dx)

=

∫
X

τ(x,Ecx)µ(dx).

3. We show that if (Ei)∞i=1 is a countable collection of sets inN , then
∞⋃
i=1

Ei ∈ N :

Without loss of generality we assume that E1, E2, . . . are pairwise disjoint, be-
cause otherwise we can consider the pairwise disjoint sets E1, E2\E1, E3\(E1 ∪
E2), . . ..

(i). Since x 7→ τ(x,Eix) is measurable for every i ∈ IN, by the Monotone Con-

vergence Theorem the map that assigns to x the real number lim
n→∞

n∑
i=1

τ(x,Eix) =

∞∑
i=1

τ(x,Eix) = τ(x,

∞⋃
i=1

Eix) is also measurable.

(ii). According to the Monotone Convergence Theorem we have

λ∗(

∞⋃
i=1

Ei) =

∞∑
i=1

λ∗(Ei) = lim
n→∞

n∑
i=1

λ∗(Ei)

= lim
n→∞

n∑
i=1

∫
X

τ(x,Eix) µ(dx)

=

∫
X

lim
n→∞

n∑
i=1

τ(x,Eix) µ(dx)

=

∫
X

τ(x,

∞⋃
i=1

Eix) µ(dx)

=

∫
X

τ(x, (

∞⋃
i=1

Ei)x) µ(dx).

Hence, N is a σ-field. Furthermore, it is clear that for every A ∈ Σ1 and B ∈ Σ2,
A×B ∈ N . Since the product σ-field Σ1 ⊗ Σ2 is the smallest σ-field that contains

Σ1×Σ2, we have Σ1⊗Σ2 = N . Therefore, λ∗(E) =

∫
X

τ(x,Ex) µ(dx) for every

set E ∈ Σ1 ⊗ Σ2.
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Now, we complete the proof of the theorem. We just proved that for every set
E ∈ Σ1 ⊗ Σ2 we have∫

X×Y
1E dλ∗ = λ∗(E) =

∫
X

τ(x,Ex) µ(dx) =

∫
X

∫
Y

1Ex τ(x, dy) µ(dx).

Hence, it is clear that for any bounded and measurable step function φ on X ×Y we
have ∫

X×Y
φ dλ∗ =

∫
X

∫
Y

φx τ(x, dy)µ(dx) =

∫
X

∫
Y

φ τ(x, dy)µ(dx),

where φx(y) = φ(x, y). Let f : X × Y → IR be a bounded and measurable
function with respect to the σ-field Σ1 ⊗ Σ2. Then, there is a sequence of bounded
and measurable step functions {φn}∞n=1 such that φn ↑ f pointwisely. Thus, by the
Monotone Convergence Theorem we have∫

X×Y
f dλ∗ =

∫
X×Y

lim
n→∞

φn dλ∗

= lim
n→∞

∫
X×Y

φn dλ∗

= lim
n→∞

∫
X

∫
Y

φn τ(x, dy)µ(dx)

=

∫
X

∫
Y

lim
n→∞

φn τ(x, dy)µ(dx)

=

∫
X

∫
Y

f τ(x, dy)µ(dx).

Fixed point theorems

Let X and Y be two metric spaces. A correspondence between X and Y is a map
from the elements ofX to the collection of all subsets of Y . So, for every x ∈ X , we
have F (x) ⊆ Y . A correspondence F between X and Y is upper-hemicontinuous
if for every x ∈ X and every sequence (xn)∞n=1 in X converging to x and every
sequence (yn)∞n=1 in Y converging to y with yn ∈ F (xn) it holds that y ∈ F (x).
A point x ∈ X is called a fixed point for a correspondence F : X � X when
x ∈ F (x). We use the next theorem, Kakutani fixed point theorem, to prove the
existence of weakly glof perfect equilibrium in chapter 2.

Theorem 4.6.6 (Kakutani’s fixed point theorem) Let X be a non-empty, compact
and convex subset of an Euclidean space. LetF : X � X be an upper-hemicontinuous
correspondence such that F (x) is non-empty, closed and convex for all x ∈ X . Then
F has a fixed point.
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The following fixed point theorem is used to prove the existence of distributional
perfect equilibrium in chapter 4. This theorem is derived from Glicksberg [13].

Theorem 4.6.7 Let S be a nonempty compact and convex subset of a locally convex
Hausdorff space. Let F : S � S be an upper hemicontinuous correspondence with
nonempty and convex values. Then, F has a fixed point.
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Nederlandse Samenvatting

Simon en Stinchcombe hebben in 1995 het begrip perfect evenwicht gedefinieerd
voor spelen met oneindige compacte verzamelingen van acties. Zij onderscheid-
den twee hoofdlijnen voor de mogelijke definities van perfect evenwicht. De eerste
lijn is gebaseerd op het begrip compleet gemengd evenwicht, waarmee het sterke
en zwakke perfecte evenwicht zijn gedefinieerd. Deze aanpak kan worden opgevat
als een rechtstreekse generalisatie van de oorspronkelijke “trembling hand” defini-
tie van perfect evenwicht door Selten in 1975. De tweede lijn van definities, vaak
aangeduid met de term “finitistic approach”, maakt gebruik van de notie van het ε-
perfecte evenwicht in eindige benaderingen van het oorspronkelijke oneindige spel.
Het resulterende begrip wordt aangeduid met “limiet-van-eindig” perfect evenwicht.
Simon en Stinchcombe bewezen dat de eerste lijn van definities alleen gebruik maakt
van zogeheten limiet toelaatbare strategieën. Verder spraken ze het vermoeden uit
dat de twee benaderingen niet vergelijkbaar waren.

In hoofdstuk 2 onderzoeken we de relaties tussen de verschillende soorten van
perfecte evenwichten binnen het kader van spelen in strategische vorm met compacte
actieruimten en continue uitbetalingsfuncties. Verder introduceren we een verbe-
terde versie van de “finitistic approach”, aangeduid met ” globaal-limiet-van-eindig”
perfect evenwicht, en bewijzen het bestaan van zulke evenwichten. Ondanks het feit
dat de finitistic approach zeer intuı̈tief aandoet, lijken onze resultaten—met name
voorbeelden [3] en [4]—een serieuze kritiek op deze aanpak te impliceren. In het
eerste voorbeeld selecteert elke variant van de finitistic approach een Nash evenwicht
dat niet limiet toelaatbaar is. Het tweede voorbeeld beschrijft een compleet gemengd
(dus automatisch trembling hand perfect) Nash evenwicht dat niet finitistisch perfect
is. Verdere voorbeelden dienen ter illustratie van de relaties tussen de twee verschil-
lende benaderingen van het perfecte evenwicht, en de relatie tot toelaatbaarheid en
ongedomineerdheid van strategieën.

In zogeheten second price veilingen met particuliere waarderingen voor de bieders
heeft iedere bieder een dominante strategie waarin hij zijn persoonlijke waardering
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voor het object biedt. Echter, in een second price veiling met incomplete infor-
matie en onderling afhankelijke waarderingen hebben bieders niet altijd een domi-
nante strategie, terwijl er veel evenwichten kunnen zijn in een dergelijke veiling. Dit
creëert de noodzaak om een instrument te ontwerpen om in zulke zogeheten Bayesi-
aanse spelen de minder intuı̈tieve evenwichten uit te sluiten. Met dit doel voor ogen
ontwikkelen we in hoofdstukken 3 en 4 het begrip trembling hand perfect evenwicht
voor Bayesiaanse spelen met oneindige type en actie ruimten, ter verfijning van de
verzameling Bayesiaanse Nash evenwichten.

In hoofdstuk 3 baseren we ons onderzoek op zogeheten gedrag strategiën. Een
centraal oplossingsconcept is het begrip Bayesiaans Nash evenwicht (BNE), een di-
recte generalisatie van het Nash evenwicht. Een BNE is een profiel van gedrag
strategieën, een voor elke speler, zó, dat de strategie van een speler, gegeven zijn
type, in verwachte waarde een beste antwoord is op de strategieën van de tegen-
spelers, waarbij in de verwachte waarde alle mogelijke typen van de tegenspelers in
beschouwing moeten worden genomen. Anders gezegd, de beste-antwoord eigen-
schap van het evenwicht wordt op interim niveau geëist, als een speler al weet wat
zijn type is. Ons doel in dit hoodfstuk is om een formele definitie te geven van per-
fect BNE in Bayesiaanse spelen, en de eigenschappen daarvan in kaart te brengen.
Als eerste stap definiëren we perfectie voor een gedrag strategie, dus niet noodzake-
lijk voor een BNE. We beschouwen drie varianten van perfectie, die verschillen in
het convergentiebegrip dat gehanteerd wordt over de type ruimten. Kort gezegd is
het centrale idee om een gedrag strategie β perfect te noemen als er een rij (βk)∞k=1

compeet gemengde strategieën bestaat zó, dat voor elke speler i de afstand tussen
βki en βi en de afstand tussen βki en de beste antwoorden tegen βk beide naar nul
convergeren. Met convergentie bedoelen we hier convergentie in de actie ruimte met
betrekking tot de zwakke metriek, en convergentie in de type ruimten in één van
de volgende drie betekenissen: uniform voor alle typen, puntsgewijs voor elk type,
en puntsgewijs voor bijna elk type. In het algemeen is een dergelijk profiel β niet
per sé een BNE. Als β ook nog een BNE is, dan noemen we β uniform-perfect,
puntsgewijs-perfect, of b.o.-puntsgewijs perfect. We geven een gedetailleerde anal-
yse van elk van deze drie versies van perfect BNE, en bespreken de relaties tussen
deze begrippen. We beschouwen ook enkele speciale gevallen, zoals compactheid
van type en actie ruimten, en continuiteit van de uitbetalingsfuncties.

In hoofdstuk 4 beschouwen we Bayesiaanse spelen met n spelers waar de type
ruimte van elke speler een separabele metrische ruimte is. Zodra spelers hun type
kennen, dienen ze gelijktijdig een actie uit een compacte metrische ruimte te kiezen,
waarna elke speler een uitbetaling ontvangt die af kan hangen van zowel de typen van
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de spelers als de acties die ze hebben gekozen. Zoals in Milgrom en Weber (1985)
veronderstellen we dat de a priori kansverdeling op het product van de type ruimten
absoluut continu is in relatie tot het product van de resulterende marginale kansen.
We nemen ook aan dat de uitbetalingen equicontinu zijn. Milgrom en Weber (1985)
bewijzen dat er in dit geval minstens een evenwicht in distributie strategieën bestaat.
Aangezien het niet duidelijk is hoe spelers een distributie strategie dienen te spe-
len, definiëren we een analoog begrip voor gedrag strategieën. Een gedrag strategie
wordt een distributie evenwicht genoemd als de resulterende distributie strategieën
een evenwicht vormen.

Om het begrip trembling hand perfect evenwicht te generaliseren naar Bayesi-
aanse spelen, definiëren we in dit hoofdstuk het distributie perfect evenwicht als een
gedrag strategie profiel wiens resulterende distributie strategie profiel voldoet aan
de voorwaarden voor het trembling hand perfect evenwicht. We bewijzen dat voor
bovenstaande klasse van Bayesiaanse spelen distributie perfectie een verfijning is
van het distributie evenwicht. Ook bewijzen we dat een distributie perfect even-
wicht bestaat, en dat de verzameling distributie perfecte evenwichten rijgesloten is
in Tychnoff topologie, indien we de verzameling van kansmaten op de actie ruimten
topologiseren met de sterke topologie.

We benadrukken dat de aanpak in hoofdstuk 3 om perfecte evenwichten te definiëren
natuurlijker is dan de methode die we hanteren in hoofdstuk 4. Echter, om de theorie
van perfectie te ontwikkelen, en met name om existentie van perfecte evenwichten
te bewijzen, is het eenvoudiger om de tweede aanpak in hoofdstuk 4 te gebruiken
dan de eerste in hoofdstuk 3.

Verder, in beide hoofdstukken, gebruiken de deze methoden in de context van
symmetrische sealed-bid second-price veilingen met onderling afhankelijke waarderin-
gen, en laten zien dat perfectie een specifiek type evenwicht selecteert, en de min-
der natuurlijke evenwichten uitsluit. Verder merken we op dat in deze veilingen de
bieders geen dominante strategieën hebben, en dat er een groot aantal evenwichten
in ongedomineerde strategieën bestaat.

Preciezer gezegd, in hoofdstuk 3 beschouwen we een second price veiling waarin
voor elke i = 1, 2 de waardering voor bieder i wordt gegeven door vi = 5+ti−αtj ,
met α ∈ (0, 1) en j 6= i. Er zijn veel BNEs in deze veiling, maar we laten zien dat
perfectie een BNE β selecteert die uniek is binnen een klasse van strategieën, en de
minder natuurlijke evenwichten uitsluit. We benadrukken dat de keuze van de rij
gedrag strategie profielen (βk)∞k=1 een subtiele zaak is, aangezien de meest voor de
hand liggende kandidaat niet het gewenste resultaat geeft.
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In hoofdstuk 4 beschouwen we een symmetrische second price veiling met twee
bieders waar de waardering van bieder i voor het object af kan hangen van beide
typen. Deze waardering wordt aangeduid met vi(t1, t2) en heeft de volgende eigen-
schappen:

(1) v1(t1, t2) = v2(t2, t1).
(2) vi is continu differentieerbaar.
(3) vi is strikt stijgend in ti and stijgend in tj voor j 6= i.

We gebruiken distibutie perfectie in deze veiling om een kleinere verzameling
evenwichten te verkrijgen, en de contra-intuı̈tieve evenwichten uit te sluiten.
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