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TIED LINKS IN VARIOUS TOPOLOGICAL SETTINGS

IOANNIS DIAMANTIS

Abstract. Tied links in S3 were introduced by Aicardi and Juyumaya as standard links in S3

equipped with some non-embedded arcs, called ties, joining some components of the link. Tied
links in the Solid Torus were then naturally generalized by Flores. In this paper we study this
new class of links in other topological settings. More precisely, we study tied links in the lens
spaces L(p, 1), in handlebodies of genus g, and in the complement of the g-component unlink.
We introduce the tied braid monoids TMg,n by combining the algebraic mixed braid groups
defined by Lambropoulou and the tied braid monoid, and we formulate and prove analogues of
the Alexander and the Markov theorems for tied links in the 3-manifolds mentioned above. We
also present an L-move braid equivalence for tied braids and we discuss further research related
to tied links in knot complements and c.c.o. 3-manifolds. The theory of tied links has potential
use in some aspects of molecular biology.

0. Introduction

Tied links were introduced in [1] as a generalization of links in S3 forming a new class of
knotted objects. They are classical links equipped with ties, i.e. non-embedded arcs joining
some components of the link. Tied links are obtained by considering the closure of tied braids,
which appear from a diagrammatic interpretation of the defining generators of the algebra of
braids and ties introduced and studied in [21, 2]. These algebras are related to Coxeter groups
of type A. In [18], the author generalizes the concept of tied links in the Solid Torus in the
context of Coxeter groups of type B. In this paper we generalize the concept of tied links in
handlebodies of genus g, Hg, and in other 3-manifolds, such as the lens spaces L(p, 1) and the
complement of the g-component unlink and we present the analogues of the Alexander and the
Markov theorems for tied links in these 3-manifolds. It is worth mentioning that tied links have
potential applications to molecular biology and in particular to the topology of proteins, where
ties represent the chemical bonds in a molecule, in an analogous way as bonded knotoids (see
[19]).

We consider Hg to be S3\{open tubular neighborhood of Ig}, where Ig denotes the point-
wise fixed identity braid on g indefinitely extended strands meeting at the point at infinity.
Thus, Hg may be represented in S3 by the braid Ig (for an illustration see Figure 1). Similarly,

Îg, the standard closure of the identity braid on g-strands, represents the complement of the

g-component unlink in S3, denoted by S3\Îg.
As explained in [25, 26, 22, 27, 13], an oriented link L in Hg can be represented by an oriented

mixed link in S3, that is, a link in S3 consisting of the fixed part Ig and the moving part L that
links with Ig (see Figure 2a for an example of a mixed link in H3). A mixed link diagram is a

diagram Ig ∪ L̃ of Ig ∪L on the plane of Ig, where this plane is equipped with the top-to-bottom
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Figure 1. A handlebody of genus 3.

direction of Ig. Similarly, a link in S3\Îg can be seen as a mixed link in S3 as illustrated in

Figure 2b for the case of S3\Î3.

(a) A mixed link in H3. (b) A mixed link in S3\Î3.

For the lens spaces L(p, 1), it is a well known result that these spaces can be obtained from S3

by surgery on the unknot with surgery coefficient p. Surgery along the unknot can be realized by
considering first the complementary solid torus and then attaching to it a solid torus according
to some homeomorphism on the boundary. Thus, a link in L(p, 1) can be visualized as a mixed

link in S3, where the fixed part of the mixed link is just Î1, the unknot, that represents the
complementary solid torus in S3.

In this paper we study isotopy of tied (oriented) links in the above mentioned 3-manifolds,
M , as well as tied braid equivalence via the concept of tied mixed links, tied mixed braids and
tied mixed braid monoids. The paper is organized as follows: In § 1 we recall the knot theory of
M , emphasizing on the analogue of the Alexander and the (geometric) Markov theorems. We
also recall the algebraic mixed braids Bg,n in order to present the algebraic version for braid
equivalence in M . In § 2 we present some basic results on tied links in S3 ([1]) and ST ([18])
that are necessary for the rest of the paper. In particular, we present the tied braid monoid
of type A and of type B, we recall some properties and relations that ties satisfy, which lead
to the analogue of the Alexander and the Markov theorems for tied links in S3 (Theorems 4 &
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5) and ST (Theorems 7 & 8). Moreover, with the use of the L-moves, that we introduce for
tied braids, we present L-move braid equivalences for tied braids in S3 and in ST. In § 3 we
introduce the concept of tied links in the lens spaces L(p, 1), we define tie isotopy by introducing
braid band moves on tied links, called tied braid band moves, and we translate tie isotopy on
the level of tied mixed braids (Theorem 11). Then, in § 4 we study tied links in Hg and S3\Îg
by introducing the tied algebraic mixed braid monoids TMg,n (Definition 13), the generalized
fixed ties (see Figure 22) and the properties they satisfy. Finally, in § 5 we discuss the concept
of tied links in knot complements by taking into consideration the technique of combing and
how ties are affected by this technique (Figure 27). The study of tied links in knot complements
is the first step toward the study of tied links in c.c.o. 3-manifolds obtained from S3 by surgery
along a knot and that is the subject of a sequel paper.

1. Knot theory in Hg & S3\Îg

1.1. Mixed links and isotopy in Hg and S3\Îg. From now on, we will represent the han-
dlebody Hg in S3 by the identity braid Ig and a link L in Hg as a mixed link Ig

⋃
L in S3.

Similarly, the complement of the g-component unlink will be represented by Îg, the (standard)

closure of the identity braid Ig, and a link L′ in S3\Îg by a mixed link Îg
⋃

L′ in S3.

Definition 1. Two oriented links in Hg or in S3\Îg are isotopic if and only if any two corre-
sponding mixed link diagrams of theirs in S3 differ by a finite sequence of planar ∆-moves, the
three Reidemeister moves and the extended Reidemeister moves, that involve the moving and
the fixed part of the mixed link (see Figure 3).

Figure 3. Extended Reidemeister moves.

1.2. Mixed braids and equivalence in Hg and S3\Îg. Let M denote Hg or S3\Îg. In order
to translate isotopy for links in M into braid equivalence, we first need to introduce the notion
of geometric mixed braids.

Definition 2. A geometric mixed braid related to M and to a link L in M is an element of
the group Bg+n, where g strands form the fixed braid Ig representing M and n strands form
the moving subbraid β representing the link L in M . For an illustration see the middle part of
Figure 5. Moreover, a diagram of a geometric mixed braid is a braid diagram projected on the
plane of Ig.

The main difference between a geometric mixed braid in Hg and a geometric mixed braid in

S3\Îg is the closing operation that is used to obtain mixed links from geometric mixed braids.

In the case of S3\Îg, the closing operation is defined in the usual sense (as in the case of classical
braids in S3), while in the case of Hg the strands of the fixed part Ig do not participate in the
closure operation. In particular, the closure operation in Hg is defined as follows:
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Definition 3. The closure C(Ig ∪ B) of a geometric mixed braid Ig ∪ B in Hg is realized by
joining each pair of corresponding endpoints of the moving part by a vertical segment, either
over or under the rest of the braid and according to the label attached to these endpoints (see
Figure 4).

Figure 4. A geometric mixed braid in Hg and its closure.

Remark 1. It is crucial to note that different labels on the endpoints of a geometric mixed
braid will yield non isotopic links in Hg in general. For more details the reader is referred to
[27].

1.3. The analogue of the Alexander Theorem for knots in M . Before we proceed with
the analogue of the Alexander theorem for knots in M , we first need to introduce the notion of
L-moves:

Definition 4. An L-move on a geometric mixed braid Ig
⋃

β, consists in cutting an arc of the
moving subbraid β open and pulling the upper cutpoint downward and the lower upward, so as
to create a new pair of braid strands with corresponding endpoints (on the vertical line of the
cutpoint), and such that both strands cross entirely over or under with the rest of the braid.
Stretching the new strands over will give rise to an Lo-move and under to an Lu-move as shown
in Figure 5. Note that an L-move does not touch the fixed subbraid Ig.

Figure 5. A geometric mixed braid and the two types of L-moves.

We now recall the braiding algorithm from [25], the main idea of which is to keep the arcs
of the oriented link diagram that go downwards with respect to the height function unaffected
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and replace arcs that go upwards with braid strands. These arcs are called opposite arcs and
obviously these arcs do not belong to the fixed subbraid Ig.

We first review the braiding process for mixed links in Hg, which can be summarized as
follows:

• We chose a base-point and we run along the diagram of the mixed link according to its
orientation.

• When/If we run along an opposite arc, we subdivide it into smaller arcs, each containing
crossings of one type only as shown in Figure 6. These arcs are called up-arcs.

Figure 6. Up-arcs.

• We now label every up-arc with an “o”or a “u”, according to the crossings it contains.
If it contains no crossings, then the choice is arbitrary.

• We perform an Lo-move on all up-arcs which were labeled with an “o” and an Lu-move
on all up-arcs which were labeled with an “u” (see Figure 24 by ignoring the red springs).

• The result is a geometric mixed braid whose closure is isotopic to the initial mixed link.

Note that the braiding process does not involve the fixed part of the mixed link.

For mixed links in S3\Îg the idea is the same but before applying the braiding algorithm, one
has to guarantee that Ig will remain fixed during the process. In particular, consider a mixed

link Îg
⋃

L. Îg in S3 represents the closure of the identity braid Ig, and thus, it can be viewed
as the union of Ig with an arc at infinity, that resembles the closure of Ig. By general position
arguments, the link L can be isotoped to the complement of a tubular neighborhood of this arc
in S3, say W , which contains Ig. The braiding algorithm on W will not affect Ig and it will
braid L.

Using the braiding algorithm, the following theorem is proved in [25] (see also [27] for a
detailed proof for the case of Hg):

Theorem 1 (The analogue of the Alexander theorem for M). An oriented mixed link
Ig ∪ L in M may be braided to a geometric mixed braid Ig ∪ B, the closure of which is isotopic
to Ig ∪ L.

1.4. Braid equivalence for knots in M . In [25] it is shown that braid equivalence in S3

as well as mixed braid equivalence in M are generated only by the L-moves. So we have the
following:

Theorem 2 (Geometric braid equivalence for M , Theorem 3 [27] & Theorem 4.2 [25]).
Two oriented links in M are isotopic if and only if any two corresponding geometric mixed braids
in S3 differ by L-moves that do not touch the fixed part Ig of the mixed braid.
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In order now to construct invariants for knots in M using the braid approach, we need to
move toward an algebraic statement of Theorem 2. Toward that end, we introduce the notion
of algebraic mixed braids.

Definition 5. An algebraic mixed braid is a mixed braid on g + n strands such that the first g
strands are fixed and form the identity braid on g strands and the next n strands are moving
strands and represent a link in the manifold M .

Clearly, an algebraic mixed braid is a special case of a geometric mixed braid. Moreover,
geometric mixed braids can be turned to algebraic mixed braids (see [27] Lemma 1) using the
technique of parting. Parting a geometric mixed braid Ig

⋃
β on g+n strands means to separate

its endpoints into two different sets, the first g belonging to the subbraid Ig and the last n to
β, and so that the resulting braids have isotopic closures. This can be realized by pulling each
pair of corresponding moving strands to the right and over or under each strand of Ig that lies
on their right according to its label. We start from the rightmost pair respecting the position of
the endpoints (for an abstract illustration see Figure 25). The result of parting is an algebraic
mixed braid.

The set of all algebraic mixed braids on g+n strands forms a subgroup of Bg+n, denoted Bg,n,
called the mixed braid group. The mixed braid group Bg,n has been introduced and studied in
[22] and it is shown that it has the following presentation:

(1) Bg,n =

〈
a1, . . . , ag,

σ1, . . . , σn−1

∣∣∣∣∣∣∣∣∣∣

σkσj = σjσk, |k − j| > 1
σkσk+1σk = σk+1σkσk+1, 1 ≤ k ≤ n− 1
aiσk = σkai, k ≥ 2, 1 ≤ i ≤ g

aiσ1aiσ1 = σ1aiσ1ai, 1 ≤ i ≤ g

ai(σ1arσ
−1
1 ) = (σ1arσ

−1
1 )ai, r < i

〉
,

where the loop generators ai and the braiding generators σj are as illustrated in Figure 7.

Figure 7. The loop generators ai, a−1
i and the braiding generators σj of Bg,n.

The group Bg,n embeds naturally into the group Bg,n+1. We shall denote Bg,∞ :=
∞⋃
n=1

Bg,n,

the disjoint union of all braid groups Bg,n. We now state the algebraic version of Theorem 2.

Theorem 3 (Algebraic mixed braid equivalence for M , Theorem 5 [26]). Two oriented
links in M are isotopic if and only if any two corresponding algebraic mixed braid representatives
in Bg,∞ differ by a finite sequence of the following moves:

1. Markov move : β1β2 ∼ β1σ
±1
n β2, for β1, β2 ∈ Bg,n,

2. Markov conjugation : β ∼ σ±1
j βσ∓1

j , for β, σj ∈ Bg,n,

3. Loop conjugation only for S3\Îg: β ∼ a∓1
i βa±1

i , for β, ai ∈ Bg,n.
6



Remark 2. Relations (1) and (2) in Theorem 3 may be replaced by algebraic L-moves, that is,
geometric L-moves between elements in Bg,∞ that preserve the group structure of the algebraic
mixed braids. Note also that some loop conjugations in Hg are allowed and that in § 5 [27] it is
shown how these conjugations can be translated in terms of relations (1) and (2) of Theorem 3.

Following [20], Theorem 3 is the first step toward the construction of link invariants in M .
This method has been successfully applied in the case of HOMFLYPT type invariants for knots
in the Solid Torus in [23, 24, 14] and work toward the construction of such invariants for knots
in lens spaces L(p, 1) has been done in [15, 16, 17, 8]. For the case of Kauffman bracket type
invariants via braids the reader is referred to [6] for knots in the Solid Torus, and to [7] for knots
in the genus 2 handlebody.

2. Tied Links in S3 & ST

In this section we introduce the concepts of tied links and their diagrams following [1] for
the case of S3 and [18] for the case of the Solid Torus ST. We also present an L-move braid
equivalence for tied braids in S3 and for tied braids in ST.

2.1. Tied Links in S3. As explained in [1], a tied link is a link whose set of components is
subdivided into classes. More precisely:

Definition 6. A tied (oriented) link L(P ) on n components is a set L of n disjoint smooth
(oriented) closed curves embedded in S3, and a set P of ties, i.e., unordered pairs of points
(pr, ps) of such curves between which there is an arc called a tie. If P = ∅, then L is a classical
link in S3.

Note that ties are depicted as red springs or line segments connecting pairs of points lying on
the curves and that ties are not embedded arcs, i.e. arcs can cross through ties. It is also worth
mentioning that the set of ties on a tied link defines a partition of the set of components of the
links. This leads to the following definition:

Definition 7. A tie is called essential if we obtain a different partition in the set of components
by removing it.

Moreover, a tied link diagram is defined as a diagram of a link provided with ties which are
depicted as springs connecting pairs of points lying on the curves.

We introduce now the notion of isotopy between tied links, called tie isotopy. It is natural to
define tie isotopy between tied links as ambient isotopy between links (ignoring the ties), and
also impose that the set of ties in those links define the same partition of the set of components
of the links. More precisely:

Definition 8. Two oriented tied links L(P ) and L′(P ′) are tie isotopic if:

• the links L and L′ in S3 are ambient isotopic and

• the sets P and P ′ define the same partition of the set of components of L and L′.

Our aim now is to study tied links via tied braids, that is, usual braids in S3 equipped with ties.
We first need to relate tied links to tied braids (by the analogue of the Alexander theorem) and
then understand how tie isotopy can be translated on the level of tied braids (by the analogue
of the Markov theorem). Toward that end, we introduce the monoid of tied braids which plays
the role of the braid group for tied links.

7



Definition 9. The tied braid monoid TMn is the monoid generated by σ1, . . . , σn−1, the usual
braid generators of Bn, and the generators η1, . . . , ηn−1, called ties (see Figure 8), satisfying the
braid relations of Bn together with the following relations:

ηiηj = ηjηi, for all i, j

ηiσi = σiηi, for all i

ηiσj = σjηi, for all |i− j| > 1

ηiσjσ
ǫ
i = σjσ

ǫ
iηj , for |i− j| = 1 and where ǫ = ±1

ηiηjσi = ηjσiηj = σiηiηj , for |i− j| = 1

η2i = ηi, for all i

Figure 8. Generators of TMn.

Definition 10. The generalized tie ηi,j, joining the ith with the jth strand is defined as:

(2) ηi,j := σi . . . σj−2 ηj−1 σ
−1
j−2 . . . , σ−1

i

Set ηi,i := 1 and define also the length of a generalized tie ηi,j as l(ηi,j) = |i − j| and define
l(ηi) = 1.

Generalized ties ηi,j are transparent with respect to all strands between the ith and jth strands,
that is, they can be drawn no matter if in front or behind these strands. Moreover, the gener-
alized ties are provided with elasticity, i.e. each generalized tie can be transformed by a second
Reidemeister move in which the tie is stretched and represented as a spring. The generalized
ties satisfy the following relations ([1]):

(3)

(i) σi ηi,j = ηi+1 σi, (ii) σj ηi,j = ηi,j+1 σi,

(iii) σi−1 ηi,j = ηi−1,j σi−1, (iv) σj−1 ηi,j = ηi,j−1 σj−1,

(v) ηi,k ηk,m = ηi,k ηi,m = ηk,m ηi,m, 1 ≤ i, k,m ≤ n

Using these properties and Equations 3, in [1] it is shown that:

Proposition 1. i. Mobility property: In any tied braid all ties can be moved to the bottom
(or to the top), that is, α ∼ β γ, where α ∈ TMn, β ∈ Bn and γ the set of generalized
ties.

8



ii. Any set of generalized ties in TMn defines an equivalence relation on the set of n strands.

iii. Let α1 = β1 γ1, α2 = β2 γ2 be two tied braids in TMn. Then, α1 ∼ α2, if and only if
β1 ∼ β2 in Bn and γ1, γ2 define the same partition of the set of the strands.

By considering now TMn ⊂ TMn+1, we can consider the inductive limit TM∞. Using the
generalized ties and the fact that ties can be transferred freely, in [1] it is shown that Lam-
bropoulou’s braiding algorithm can also be applied for tied links. In particular we have the
following results:

Theorem 4 (The analogue of the Alexander theorem for tied links in S3). Every
oriented tied link can be obtained by closing a tied braid.

Theorem 5 (The analogue of the Markov theorem for tied links). Two tied braids have
tie isotopic closures if and only if one can obtained from the other by a finite sequence of the
following moves:

1′. Markov Conjugation : αβ ∼ β α, for all α, β ∈ TMn,

2′. Markov Stabilization : α ∼ ασ±1
n , for all α ∈ TMn,

3′. Ties : α ∼ α ηi,j, for all α ∈ TBn such that

sα(i) = j, where sα denotes the permutation associated to the braid obtained from α by forget-
ting its ties.

Remark 3. It is worth mentioning that in [1, 3, 4] the authors define Jones type invari-
ants for tied links in S3, by showing first that the bt-algebra (the algebraic counterpart
of the braid group for tied links) supports a Markov trace.

Moreover, the theory of tied pseudo links, i.e. tied links with some missing crossing
information, is introduced and studied in [9]. In particular, the author formulates and
proves the analogues of the Alexander and Markov theorems for tied pseudo links in S3.
For the case of pseudo links in Hg without ties, the reader is referred to [12].

L-moves and tied links in S3. We now introduce the notion of L-moves for tied links in
S3 and our intention is to present an L-move braid equivalence theorem for tied braids (recall
Theorem 3 and Remark 2). An L-move on a tied braid in S3 is defined as in Definition 4
for geometric mixed braids, by ignoring the fixed parts of the geometric mixed braids and by
observing that due to the transparency property of the ties, the new pair of braid strands that
appear after the performance of an L-move may cross above or below all ties of the tied braid
(for an illustration of the performance of an Lo-move on a tied braid see Figure 9).

Figure 9. An Lo-move on a tied braid.
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Moreover, the new braid strands that appear after the performance of an L-move will not
affect the partition induced on the tied link by the set of ties (see Figure 9). Finally, as shown in
[25], the L-moves can realize conjugation, while stabilization moves are special cases of L-moves.
Thus, relations 1′ and 2′ of Theorem 5 may be replaced by L-moves. This leads to the following
theorem:

Theorem 6 (L-move equivalence for tied braids). Two tied braids have isotopic closures
if and only if one can obtained from the other by a finite sequence of the following moves:

L−moves

Ties : α ∼ α ηi,j, for all α ∈ TMn such that

2.2. Tied Links in ST. We now generalize the concept of tied links in S3 to tied links in the
Solid Torus ST following [18]. We consider ST to be the complement of a solid torus in S3. As
explained in § 1.1, an oriented link L in ST can be represented by an oriented mixed link in

S3, that is a link in S3 consisting of the unknotted fixed part Î representing the complementary

solid torus in S3 and the moving part L that links with Î. Similarly to Definition 6, a tied
(oriented) link in ST is a mixed link equipped with ties that may also involve the fixed part of
the link. We will call such links tied mixed links. For an illustration see Figure 10.

Figure 10. A tied mixed link in S3.

As in the case of tied links in S3, the set of ties induces a partition on the set of the components
of the link L, where two components of L belong to the same class if they are connected by a
tie. Moreover, isotopy for tied links in ST is translated to mixed link isotopy, i.e. the classical
Reidemeister moves for the moving part of the tied mixed link, the extended Reidemeister moves
that involve both the fixed and the moving part of the link, and also P and P ′ define the same
set of partition on the components of the mixed link, as in the case of tied links in S3 (see
Definition 8).

We now present the monoid of tied braids of type B which plays the role of the braid group
for tied mixed links in ST.

Definition 11. The tied braid monoid of type B, TM1,n is the monoid generated by σ1, . . . , σn−1

and a1, the usual braid generators of the mixed braid group B1,n, the generators η1, . . . , ηn−1,
called ties and illustrated in Figure 8 and φ1, called fixed tie (see Figure 11), satisfying the braid
relations of B1,n together with relations in Definition 9, and also:

10



φ2
1 = φ1,

a1ηi = ηia1, for all i

a1φ1 = φ1a1,

φ1η1 = ηiφ1, for all i

φ1σ1 = σiφ1, for all 2 ≤ i ≤ n− 1

σi−1 . . . σ1φ1σ
−1
1 . . . σ−1

i−1 = σ−1
i−1 . . . σ

−1
1 φ1σ1 . . . σi−1, for all 2 ≤ i ≤ n

φ1η1 = φ1σ1φ1σ
−1
1 = σ1φ1σ

−1
1 φ1

Figure 11. The fixed tie φ1.

Remark 4. Comparing Definitions 9 and 11, we have that TMn ⊂ TMB
n and moreover, TMB

n ⊂
TMB

n+1, which allows us to define the inductive limit TMB
∞.

Definition 12. The generalized fixed tie fj, joining the fixed strand with the jth strand, is
defined as follows:

fj := σj . . . σ1 φ1 σ
−1
1 . . . , σ−1

j

The generalized ties and the generalized fixed ties satisfy the following relations (Eq. 20–22
[18]):

(4)

(i) fj ηi = ηi fj , for all 1 ≤ i ≤ n− 1 & 1 ≤ j ≤ n,

(ii) fj σi = σi fsi(j), where si is the transposition (i i+ 1),

(iii) ηi,j fi = fj fi = fj ηi,j for all 1 ≤ i 6= j ≤ n.

Using Eq. 3 and 4 in [18], Proposition 1 is generalized to tied braids in ST. In particular:

Proposition 2. i. Mobility property: In any tied braid in ST, all ties can be moved to
the bottom (or to the top), that is, α ∼ β γ, where α ∈ TM1,n, β ∈ B1,n and γ the set
of generalized and generalized fixed ties.

11



ii. Any set of generalized ties in TM1,n defines an equivalence relation on the set of 1 + n

strands.

We are now in position to state the analogues of the Alexander and the Markov Theorems
for tied links in ST.

Theorem 7 (The analogue of the Alexander theorem for tied links in ST). Every
oriented tied link can be obtained by closing a tied braid.

An alternative proof of Theorem 7 is based on the fact that the steps of the braiding algorithm
mentioned in § 1.3, involve moves that resemble the L-moves and the fact that by Definition 4,
the performance of L-moves on a tied mixed braid will leave the partition on the set of the
components of the link unchanged.

We now proceed by stating the analogue of the Markov theorem for tied links in ST.

Theorem 8 (The analogue of the Markov Theorem for tied links in ST). Two tied
braids in ST have tie isotopic closures if and only if one can obtained from the other by a finite
sequence of the following moves:

1′′. Markov Conjugation : αβ ∼ β α, for all α, β ∈ TMn,

2′′. Markov Stabilization : α ∼ ασ±1
n , for all α ∈ TMn,

3′′. Ties : α ∼ α ηi,j, for all α ∈ TMn : sα(i) = j,

4′′. Fixed Ties : α ∼ fj α, whenever sα(i) = j & α contains a fi.

L-moves and tied links in ST. L-moves on tied braids in ST are defined as in the classical
case for mixed braids in H1 := ST, due to the transparency of the ties (for an illustration see
Figure 12).

Figure 12. An L-move on a tied braid in ST.

As noted before, the L-moves may replace conjugation and stabilization moves for mixed
braids (recall Theorem 3 and Remark 2). Moreover, the performance of an L-move can not
affect the partition induced on the tied mixed braids by the ties. We have the following:

Theorem 9 (L-move equivalence for tied braids in ST). Two tied braids in ST have
isotopic closures if and only if any two mixed tied braids representatives of their differ by a finite
sequence of the following moves:
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L−moves

Ties : α ∼ α ηi,j, for all α ∈ TM1,n : sα(i) = j,

Fixed Ties : α ∼ fj α, whenever sα(i) = j & α contains a fi.

3. Tied Links in L(p, 1)

As mentioned in § 0, we consider the lens spaces L(p, 1) as a result of surgery in S3 along the
unknot with surgery coefficient p. As explained in [25, 26, 13, 17, 15, 8], isotopy in L(p, 1) can
be viewed as isotopy in ST together with the two types of band moves in S3, which reflect the
surgery description of the manifold (see Figure 13).

Figure 13. The two types of band moves.

Moreover, since the endpoints of the ties can freely move along the arcs of the mixed link, the
performance of band moves will not affect the partition on the components of the link by the
ties (see Figure 14).

Figure 14. A band move on a tied link.

Thus, tie isotopy in L(p, 1) can be viewed as tie isotopy in ST together with the band moves
in S3. In [14] it is also shown that one type of band moves can be obtained from the other type
of band moves together with isotopy in ST. We will consider only the type a band moves as
illustrated in Figure 13 and thus, tie isotopy between oriented tied links in L(p, 1) is reflected
in S3 by means of the following theorem:

Theorem 10 (Reidemeister’s Theorem for tied links in L(p, 1)). Two oriented tied links
in L(p, 1) are isotopic if and only if two corresponding mixed tied link diagrams of theirs differ
by tie isotopy in ST together with a finite sequence of the type a band moves.

In order now to translate tie isotopy for links in L(p, 1) into braid equivalence, we first use
Theorem 7 to braid the tied links in ST. Then, we define a tied braid band move, abbreviated as
t-bbm, to be a move between tied mixed braids, which is a band move between their closures. It
starts with a little band oriented downward, which, before sliding along a surgery strand, gets
one twist positive or negative (see Figure 15).
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Figure 15. The two types of braid band moves.

Lemma 1. The braid band moves may always be considered to take place on the last moving
strand and at the bottom of the tied mixed braid.

Proof. We first observe that the bbm’s can be performed on a any moving strand of the tied
mixed braid, but using conjugation (i.e. tie isotopy in ST), we can always consider the bbm to
take place on the last moving strand of the tied mixed braid (see Lemma 1 [17] and consider
the fact that the endpoints of the ties may move freely).

In order to prove now that a bbm can always be assumed to take place at the bottom of a tied
mixed braid, we follow the proof of Lemma 5 in [26]. Consider a little band of a mixed braid
I
⋃

β1 approaching the fixed part I. Using tie isotopy in ST, we can pull this little band along
I in order to bring it to the bottom of the mixed braid. The result is not a mixed braid, so we
braid it in order to obtain a mixed braid again, say I

⋃
β2. Obviously, I

⋃
β1 is tie isotopic to

I
⋃

β2, since the shifting of the band to the bottom of the mixed braid can be realized by isotopy
in ST and the partition of the set of components is unchanged. Perform now a bbm on I

⋃
β1

and I
⋃

β2 and call the resulting tied mixed braids I
⋃

b1 and I
⋃

b2. Obviously, I
⋃

b1 ∼ I
⋃
b2

by the same tie isotopies as I
⋃

β1 ∼ I
⋃

β2.

Moreover, as shown in [13], the braid band moves will have the following algebraic expression:

(5) β ∼ β′a′n
p
σ±1
n

where a′n = σn . . . σ1a1σ
−1
1 . . . σ−1

n and β′ is the word β with the substitutions:

a±1
1 ←→ (σ−1

1 . . . σ−1
n−1 · σ

2
n · σn−1 . . . σ1a1)

±1

Moreover, the performance of a t-bbm does not affect the partition of the components of the
tied mixed braid since by simple calculations we have:

fi a
′
n
p
σ±1
n ∼ a′n

p
σ±1
n fi, for 1 ≤ i ≤ n− 2

fn a
′
n
p
σ±1
n ∼ a′n

p
σ±1
n fn+1,

ηi a
′
n
p
σ±1
n ∼ a′n

p
σ±1
n ηi, for 1 ≤ i ≤ n− 2

ηn−1 a
′
n
p
σ±1
n ∼ a′n

p
σ±1
n ηn−1,n+1.

The proof is now concluded. �

From Lemma 1 and the discussion above it follows that tie isotopy in L(p, 1) is translated on
the level of tied mixed braids by means of the following theorem:

Theorem 11 (The analogue of the Markov Theorem in L(p, 1)). Let L1, L2 be two oriented
tied links in L(p, 1) and let I ∪ β1, I ∪ β2 be two corresponding tied mixed braids in S3. Then
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L1 is isotopic to L2 in L(p, 1) if and only if I ∪ β1 is equivalent to I ∪ β2 in
∞
∪

n=1
TM1,n by the

following moves:

1′′′. Markov Conjugation : αβ ∼ β α, for all α, β ∈ TM1,n,

2′′′. Markov Stabilization : α ∼ ασ±1
n , for all α ∈ TM1,n,

3′′′. Ties : α ∼ αηi,j, for all α ∈ TM1,n : sα(i) = j,

4′′′. Fixed Ties : α ∼ fj α, whenever sα(i) = j & α contains a fi.

5′′′. t− bbm′s : α ∼ α′a′n
p
σ±1
n , α′ ∈ TM1,n+1 (Eq. 5).

The properties that ties satisfy and Theorem 9, suggest that moves 1′′′ and 2′′′ of Theorem 11
may be replaced by the L-moves (see also [13, 25]) leading to an L-move equivalence for tied
braids in L(p, 1):

Theorem 12 (L-move equivalence for tied braids in L(p, 1)). Two tied braids in L(p, 1)
have isotopic closures if and only if any two mixed tied braids representatives of their differ by
a finite sequence of the following moves:

L−moves

Ties : α ∼ αηi,j, for all α ∈ TM1,n : sα(i) = j,

Fixed Ties : α ∼ fj α, whenever sα(i) = j & α contains a fi.

t− bbm′s : α ∼ α′a′n
p
σ±1
n , α′ ∈ TM1,n+1 (Eq. 5).

4. Tied Links in M

In this section we introduce the concept of tied links in M = Hg or S
3\Îg and their diagrams.

Tied links in M naturally generalize classical links in M and tied links in S3 and ST. The
difference between tied links in M and tied links in ST lies in the fixed part Ig of the tied mixed
link and also that in the set P , the set of ties, various fixed ties are allowed. For an illustration
of a tied link in H3, the handlebody of genus 3, see Figure 16a, while for an illustration of a tied
link in S3\Î3, the complement of the 3-component unlink see Figure 16b. A diagram of L(P ), is
a mixed link diagram of L in S3 projected on the plane of Ig (equipped with the top-to-bottom
direction), equipped with ties connecting pairs of points in the set of ties P .

Similarly to S3 and ST, two oriented tied links L(P ), L′(P ′) in M , are tie isotopic, denoted
by L(P ) ∼ L′(P ′), if:

• L ∼ L′ in M and

• P and P ′ define the same partition in the set of components of L and L′ respectively.

4.1. The tied braid monoids TMg,n. We now introduce the tied mixed braid monoids TMg,n

in order to obtain the analogues of the Alexander and the Markov theorems for tied links in M .
Denote the fixed tie joining the jth fixed strand with the 1st moving strand by φj (see Figure 17).

Definition 13. We define the tied mixed braid monoid TMg,n, as the monoid generated by
α1, . . . , αg, σ1, . . . , σn−1, the usual braid generators of Bg,n, the generators φ1, . . . , φg, called
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(a) A tied link in H3. (b) A tied knot in S3\Î3.

Figure 17. The fixed tie φj .

fixed ties and the generators η1, . . . , ηn−1, called ties, satisfying the relations (1) of Bg,n and
relations from Definition 11, together with the following relations:

αi ηj = ηj αi, for all i, j

αi φj = φj αi, for all i, j

ηi φj = φj ηi, for all j and i > 1,

φi η1 = φi σ1 φi σ
−1
1 = σ1 φi σ

−1
1 η1

φi φj = φj φi, for all i, j

φ2
j = φj , for all j

φj σi = σi φj, for all i, j

σi . . . σ1 φj σ
−1
1 . . . σ−1

i = σ−1
i . . . σ−1

1 φj σ1 . . . σi, for all i, j

Note that TMg,n ⊂ TMg,n+1, and thus, TMg,∞ := ∪n≥1 TMg,n, the inductive limit, is well
defined.
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Figure 18. The relations η2i = ηi and φ2
j = φj .

Figure 19. Relations in TMg,n.

Figure 20. The relations σi ηj = ηj σi.

Figure 21. The relations ηi ηj = ηj ηi.

4.2. Generalized Ties. Following the same ideas as in [1, 18], we first need to get the analogue
of Propositions 1, 2 for tied links in M .

17



Definition 14. Define the generalized fixed tie, φi,j, joining the ith fixed strand with the jth

moving strand of the tied mixed braid as follows:

φi,j := σj−1 . . . σ1 φi σ
−1
1 . . . , σ−1

j−1, for 2 ≤ j ≤ n.

Figure 22. The generalized ties ηi,j & the generalized fixed ties φi,j .

Figure 23. Relations between generalized fixed ties.

Similarly to Equations 3 and 4, and as a consequence of straightforward calculations using
the relations in Definition 13, we obtain the following:

Lemma 2. The generalized fixed ties and the generalized ties satisfy the following relations:

(i′) ηk φi,j = φi,j ηk, for all i, j, k

(ii′) φi,j σk = σk φi,sk(j), for all i, j, k

(iii′) ηi,j φk,i = φk,i φk,j = φk,j ηi,j , 1 ≤ i 6= j ≤ n, ∀k.

Denote by TM∼
g,n the subset of TMg,n generated by the elements ηi,j and φk,m, 1 ≤ i, j ≤ n−1

and 1 ≤ k ≤ g, 1 ≤ m ≤ n. An immediate consequence of Lemma 2 and Relations 3 is the
following result, which is the analogue of Propositions 1(i) & 2(i):

Proposition 3 (Mobility property). Let α be a tied braid in TMg,n. Then, α can be written
as α = γ β (or α = β γ), where γ ∈ Bg,n and β ∈ TM∼

g,n.

4.3. The analogues of the Alexander & the Markov Theorems for Hg & S3\Îg. We
now state and prove the analogues of the Alexander and the Markov Theorems for tied links in
M .

Theorem 13 (The analogue of the Alexander theorem for tied links in M). Every
oriented tied link can be obtained by closing a tied mixed braid.

Proof. The proof is analogous to that of [25, 27], where we have to take care of the ties that are
present. More precisely:
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Hg: We start from a tied mixed link in Hg and before applying the braiding process described
in § 1.3, we move the endpoints of the ties along strands and rearrange them by placing
them on arcs that go downwards. Recall that the braiding process in Hg does not involve
the fixed part Ig. Thus, using the transparency property of the ties and the fact that
the moves involved in the braiding algorithm (that resemble the L-moves; see Figure 24)
do not change the partition on the set of the components of the mixed link, we can
guarantee that the braiding algorithm will not affect the partition defined by the ties.
The result follows.

Figure 24. Moves involved in the braiding algorithm.

S3\Îg: For tied links in S3\Îg the idea is the same, but before applying the braiding process
mentioned above, we first need to move the tied link in the complement of an arc at
infinity that realizes the closure of Ig in the same way we did for the case of mixed links

in S3\Îg.

�

We now proceed in stating and proving the analogue of the Markov theorem for tied links in
M . For that we need the following definition:

Definition 15. Two tied braids in TMg,n are ∼H -equivalent if one can be obtained from the
other by applying a finite sequence of the following moves:

a. Markov Conjugation : α ∼ σ±1 ασ∓1, for all α ∈ TMg,n,

b. Markov Stabilization : α ∼ ασ±1
n , for all α ∈ TMg,n,

c. Ties : α ∼ α ηi,j, for all α ∈ TMg,n : sα(i) = j,

d. Fixed Ties : α ∼ φi,j α, whenever sα(i) = j & α contains a φk,i.

If moreover two tied braids in TMg,n differ by a finite sequence of the moves (a, b, c, d) together
with

e. Loop Conjugation : α ∼ a±1
i αa∓1

i , for all α ∈ TMg,n,

then the tied braids are called ∼U -equivalent.

Theorem 14 (The analogue of the Markov Theorem in Hg &S3\Îg). Let α1, α2 be tied
braids in TMg,n. Then, the links L1 = α̂1 and L2 = α̂2 are tie isotopic:

i. in Hg if and only if α1 ∼H α2 and

ii. in S3\Îg if and only if α1 ∼U α2.
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Proof. Let L1, L2 be two tie isotopic links in Hg (cor. S3\Îg) and let B1, B2 the corresponding
tied mixed braids. We prove that B1 ∼H B2 (cor. B1 ∼U B2). By Proposition 3 we have that
B1 = β1 γ1 and B2 = β2 γ2, where β1, β2 ∈ Bg,n and γ1, γ2 ∈ TM∼

g,n.

Since the links L1, L2 are tie isotopic, we have that they are isotopic by ignoring the ties.
Thus, we have that B1 is equivalent to B2 (by ignoring the ties again) and we can obtain B1

from B2 via a sequence of Definition 15 (a, b)-moves for Hg and Definition 15 (a, b, e)-moves

for S3\Îg. Thus, B2 can be written as β1 γ. We now deal with ties. By definition, the ties of
B1 and B2, define the same partition of the corresponding mixed link components C. Thus, it
suffices to prove that γ1 is related to γ via a sequence of Definition 15 (c, d)-moves. We consider
generalized ties and fixed generalized ties separately:

ηi,j: For the generalized ties, as shown in [1] Theorem 3.7, we have that γ1 λ = γ λ, where
λ =

∏
sβ1(i)

ηi,j. Thus, by Definition 15 (c)-moves, we have that γ1 ∼H γ and γ1 ∼U γ.

φk,m: Similarly to [18] Theorem 5, for generalized fixed ties, if γ1 contains φi,j, since γ1 and γ

define the same partition in the set of components of B1, γ should contain either φi,j or
φi,k, for some k in the cycle of sβ1

that contains j, say cj. For a cycle cm let

ωcm :=
∏

j∈cm

φi,j and ω =
∏

φi,j∈γ1

ωcj .

We have that ω λγ1 = ω λγ, and thus, by Definition 15 (c, d)-moves, we have that
γ1 ∼H γ and γ1 ∼U γ.

�

Remark 5. i. Note that from the discussion on L-moves, it follows that moves (a) and (b)
of Definition 15, i.e. conjugation and stabilization moves, may be replaced by L-moves
for tied mixed braids (recall Remark 2, Theorems 6, 9), leading to an L-move braid
equivalence for tied links in M .

ii. In § 6 [5], the authors present a mechanism for constructing tied algebras from tied braid
monoids, which may lead to Jones type invariants for tied links in 3-manifolds. This is
the subject of a sequel paper.

5. On tied links in knot complements

Tied links can be naturally generalized to knot complements and other c.c.o. 3-manifolds. In
order to obtain the algebraic analogue of the Markov theorem for tied links in knot complements
M , we start from tied mixed links in S3 and using the braiding method that we described for
S3\Îg Theorem 13, we obtain a tied geometric mixed braid. Note now that the fixed part of
the geometric mixed braid does not necessarily consist of the identity braid Ig. Let B denote

the fixed part. Then, as in the case of S3\Îg, we apply the technique of parting in order to
separate the strands of the mixed braid into two sets: the fixed part B and the moving part, say
L. We call the result a parted mixed braid. Then, using the technique of combing, we separate
the braiding of the fixed subbraid B from the braiding of the moving strands using mixed braid
isotopy (see Figure 25 for an example of parting and combing a geometric mixed braid).

Let now Σk denote the crossing between the kth and the (k+1)st strand of the fixed subbraid.
Then, for all j = 1, . . . , n − 1 and k = 1, . . . ,m − 1 we have: Σkσj = σjΣk. Thus, the only
generating elements of the moving part that are affected by the combing are the loops ai as
illustrated in Figure 26.
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Figure 25. Parting and combing a geometric mixed braid.

=

=

=

=

Figure 26. Combing.

In order now to obtain tie braid equivalence for tied links in M , we need to take into consid-
eration the following relations (see Figure 27):

(6) Σi φi,m = φi+1,mΣi, Σi φi+1,m = φi,mΣi

and this is the subject of a sequel paper, i.e. tied links in knot complements, which is the first
step toward studying tied links in 3-manifolds obtained from S3 by (rational) surgery along a
knot.
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