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Parallel, AA/BB, AB/BA and Balaam’s design:
efficient and maximin choices when testing
the treatment effect in a mixed effects
linear regression†

Math J. J. M. Candel*

When examining the effect of treatment A versus B, there may be a choice between a parallel group design, an AA/BB design,
an AB/BA cross-over and Balaam’s design. In case of a linear mixed effects regression, it is examined, starting from a flexible
function of the costs involved and allowing for subject dropout, which design is most efficient in estimating this effect. For
no carry-over, the AB/BA cross-over design is most efficient as long as the dropout rate at the second measurement does not
exceed 2�=.1C�/, � being the intraclass correlation. For steady-state carry-over, depending on the costs involved, the dropout
rate and �, either a parallel design or an AA/BB design is most efficient. For types of carry-over that allow for self carry-over,
interest is in the direct treatment effect plus the self carry-over effect, with either an AA/BB or Balaam’s design being most
efficient. In case of insufficient knowledge on the dropout rate or �, a maximin strategy is devised: choose the design that
minimizes the maximum variance of the treatment estimator. Such maximin designs are derived for each type of carry-over.
Copyright © 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The standard design of a randomized clinical trial is the parallel
group design: subjects are randomly assigned to one of two treat-
ments, say A or B. An alternative, well-known design is the AB/BA
cross-over trial in which subjects receive both treatments, A and
B, but the sequencing of the treatments differs between two ran-
domly allocated groups [1, 2]. Such a design is considered most
suited when examining treatments for chronic or ongoing dis-
eases, such as asthma, rheumatism, migraine or (frequent) heart-
burn. In these cases, there is no real possibility that the disease
gets cured, but the aim is to moderate the effects of the dis-
ease [2]. If there is no differential carry-over and the sample sizes
are equal, an AB/BA design yields more efficient estimates of the
treatment effect than a parallel design and, consequently, has
more power to test this effect. However, if differential carry-over
is possible, accounting for such an effect in the analysis reduces
power, because the treatment effect can only be estimated for
data obtained at the first measurement [2]. A third design, not
used as often as the first two, is Balaam’s design. Here, subjects
are randomly allocated to one of four treatment sequences: AA,
BB, AB and BA. This design allows for simultaneously estimating
differential carry-over and treatment effects also making use of
data at the second measurement [3]. A fourth design that we will
consider is a special case of Balaam’s design, only involving the
treatment sequences AA and BB. This design extends the parallel
design across two treatment periods.

If the outcome variable is continuous and (approximately) nor-
mally distributed, the data obtained in previous designs can be

analyzed by mixed effects linear regression [3]. Of primary interest
is testing the treatment effect of, for instance, a new medication
for heartburn. A relevant issue is which design is most efficient
in estimating the treatment effect, thereby yielding maximum
power for testing this effect. Such optimality has already been
examined by Senn [2] when comparing cross-over and parallel
designs, and by Berger and Wong [4] when comparing all four
designs introduced before. The present study extends these stud-
ies in the sense that, compared with Berger and Wong [4], we will
use a more flexible cost function, and compared with Senn [2],
we will also consider Balaam’s design and the AA/BB design. Both
studies are extended in that we will allow for dropout of subjects
and additionally derive maximin designs [5]. Robustness of cross-
over designs to dropout has been examined for four-treatment
four-period cross-over designs [6]. In this study, we will systemat-
ically examine the effect of dropout on the efficiencies of designs
involving only two treatments and at most two periods.

The paper is structured as follows. Section 2 will discuss impor-
tant features of the designs considered and will motivate the
delimitations of the present study. Section 3 will present linear
mixed model formulations for analyzing data from each of these
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designs. Next, section 4 will introduce the relative efficiency
criterion for comparing the four designs and will provide asymp-
totic expressions for this criterion in case of maximum likelihood
estimation of the treatment effect, also allowing for dropout.
Section 5 will extend the relative efficiencies, starting from a
fixed budget and a flexible cost function. Because the efficiency
ordering of designs depends on the intraclass correlation and
dropout rate, in Section 6, we will derive, employing a maximin
strategy, optimal designs in case knowledge concerning these
issues is insufficient. Section 7 will give an empirical application
of the results and the paper will close with some issues for further
research.

2. DELIMITATIONS OF THE STUDY

In designs where treatments are successively given to the same
group of subjects, carry-over may occur. For an AB/BA cross-over
trial, it may be that in the AB sequence A still has an effect on
the outcome, once B has been given and the second measure-
ment is carried out. When in the BA sequence, the effect of B is
still present once A has been administered, and this effect differs
from the carry-over effect for the AB sequence, differential carry-
over occurs. In a cross-over trial differential carry-over may lead
to biased estimates of the treatment effect [2]. For this reason, a
two-stage approach has been proposed [7]: first perform a test on
differential carry-over, and then choose, depending on the out-
come of this test, the appropriate test for the treatment effect. If
the test for differential carry-over is significant, only the data for
the first measurement are used to obtain an unbiased estimate
of the treatment effect, otherwise the data from both measure-
ments are used. However, if it has been concluded incorrectly that
there is differential carry-over, this two-stage procedure can be
shown to seriously inflate the type I error for the test of the treat-
ment effect [8]. Furthermore, once it has been concluded that
differential carry-over occurs, only the data for the first period are
examined. If sample sizes are chosen to guarantee a certain power
level, having to omit the data from the second period will lead to
an underpowered study.

Carry-over preferably should be avoided in designing studies.
However, in some cases it is not known how long a washout
period should be to be effective, in other cases sufficiently long
washout periods are not possible because of time constraints,
an increased probability of dropout of subjects or other practical
constraints (cf. [9]). Also, although the present paper focuses on
carry-over in a pharmacological context, it is possible that a wash-
out period that is effective in a pharmacological sense, might
not prevent carry-over because of lingering psychological
effects [10].

We will assume that a priori, a decision is made as to whether
and what type of carry-over is expected to occur. If carry-over is
possible and sizeable, this effect should be taken cared of in mod-
eling the data and in sample size calculation. If carry-over can
be safely excluded or is negligible, this effect does not need to
be estimated in analyzing the data. Such a strategy prevents the
problems attached to the two-stage analysis procedure.

In the literature, different kinds of carry-over have been identi-
fied and defined. In simple carry-over, the carry-over only depends
on the engendering treatment, the treatment immediately pre-
ceding a treatment in the treatment sequence [2, 11, 12]. This
type of carry-over has been studied extensively but can be con-
sidered rather unrealistic in a pharmacological setting [2, 12] and
will, therefore, not be examined in what follows. Carry-over may

also depend on the perturbed treatment, the treatment following
a treatment [13]. An example is steady-state carry-over in which
there is carry-over in case treatments are switched, but no carry-
over in case the same treatment is continued [11, 12, 14]. This
might occur in multiple dose studies aimed at treating a chronic
disease. A treatment regime consisting of multiple doses will lead
to some steady state for the patient, and when followed by the
same treatment regime, the same steady state will be reached
within the second treatment period. This need not be true when
the treatment regimes are switched. In this case, there might be
uncertainty concerning the rates at which drugs are eliminated
from the body or, because of practical constraints, the washout
period might be too short.

A special case of steady-state carry-over applies when one of
the treatments is a placebo. When a placebo is the engendering
treatment, from a pharmacological point of view there can be no
effect and thus also no carry-over effect. The carry-over effects
with placebo as engendering treatment can then be set to zero
[2, 11]. We will denote this as no placebo carry-over, in which case
neither placebo carry-over nor self carry-over occurs.

If carry-over cannot be excluded and not one specific form of
carry-over applies, it is advisable to take the saturated carry-over
model [12]. This model also involves carry-over of a treatment into
itself, which implies that the observation period is too short to
reach a steady state [13,14]. In such a case, one might not be inter-
ested in the direct effect, but rather in the total effect of treatment
A versus B, that is, the direct effect plus self carry-over effect [2].
Again, if one of the treatments is a placebo, a special case arises
where one of the treatments has no effect and thus also no carry-
over effect. We will denote this as no placebo carry-over with self
carry-over. Here, also self carry-over is involved, implying that also
for this type of carry-over interest will be in the total effect, that is,
the direct effect plus self carry-over effect, of the treatment versus
the placebo.

In case of self carry-over, none of the designs, as examined in
the present study, is suitable for estimating a treatment by period
interaction, because interest is then in the total treatment effect
in the second period. In case of no placebo carry-over and steady
state carry-over, both Balaam’s design and an extended parallel
design allow for the estimation of a treatment by period inter-
action, whereas for no carry-over, all three two-period designs
are suitable. Although estimating and testing for a treatment by
period interaction might be worthwhile, in the present study we
will assume that there is no such interaction that limits the design
choice.

In a mixed effects analysis, subjects are conceived of as a ran-
dom factor, whereas in a fixed effects analysis, subjects are con-
sidered a fixed factor. The fixed effects approach is known to yield
unbiased estimates of the standard error of the treatment effect,
whereas the mixed effects approach can yield biased estimates,
the bias being non-negligible for small samples [3]. The mixed
effects approach, however, is in line with aiming at generalizing
one’s results to a population of subjects. Furthermore, a mixed
effects analysis is expected to result in a higher efficiency of the
treatment estimate in case extra treatment information can be
recovered from the subject totals. This will occur, irrespective of
the type of two-period design, when subjects have missing obser-
vations [3]. As illustrated for an AB/BA cross-over trial [3, p.274], the
efficiency of the mixed effects approach versus the fixed effects
approach increases with an increasing number of missing val-
ues and with a decreasing between-subject variance of the out-
come variable as compared to the within-subject variance. These9
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features motivate employing a mixed effects analysis. The next
section specifies the different models.

3. LINEAR MIXED EFFECTS MODELS

In case of a parallel design, an extended parallel design and a
cross-over design, the subjects are randomly and evenly allocated
to one of two arms: in a parallel design to treatment A or treat-
ment B, in an extended parallel design to treatment sequence
AA or BB, and in a cross-over trial to treatment sequence AB
or BA. In Balaam’s design, there are four arms corresponding to
four treatment sequences, AA, BB, AB, and BA, respectively, with
the subjects being evenly and randomly distributed across these
four arms.

The dependent variable is a quantitative outcome, denoted as
yij for person j.j D 1, : : :, N/ at measurement occasion i. If yij is
(approximately) normally distributed, for a parallel design simple
linear regression may be an adequate tool for data analysis:

yij D ˇ0C ˇ1treatij C ıij . (1)

Here, treat is coded 0 for persons having treatment A and coded
1 for persons having treatment B. The random term ıij is assumed
to be normally distributed, with mean 0 and variance �2

ı
. The ran-

dom term can be thought of as consisting of a random person
(between-subject) effect, u0j , and a random error (within-subject)
effect, �ij . In formula: ıij D u0j C �ij . These two sources of random
variation can not be separated in a parallel trial.

For a cross-over AB/BA design and an extended parallel AA/BB
design however, the variances of u0j and �ij can be identified. For
these designs, we can extend the linear regression model with a
random intercept, yielding the following mixed effects model:

yij D ˇ0C ˇ1treatij C ˇ2timeij C ˇ3carryij C uoj C �ij . (2)

The random terms u0j and �ij are independently normally dis-
tributed, with mean 0 and variances �2

0 and �2
" , respectively. Their

relation with the variance in Equation (1) is �2
ı
D �2

0 C �
2
" . In

Equation (2), time is coded 0 for observations at the first measure-
ment and coded 1 for observations at the second measurement.
Carry represents the difference in carry-over between the two
treatment sequences, the differential carry-over effect. When B is
the first treatment, carry is coded 1 at the second measurement,
and coded 0 otherwise. Note that the carry-over effect for the
AB sequence (for a cross-over trial) and for the AA sequence (for
an extended parallel design), is indistinguishable from the time
effect captured byˇ2. With these codings,ˇ1 represents the treat-
ment effect, ˇ2 represents the time effect (including carry-over in

the AB or AA sequence) and ˇ3represents the differential carry-
over effect of the BA or BB sequence. In an AB/BA cross-over trial
for each type of carry-over as distinguished in Section 2, we have
ˇ3 ¤ 0. In an AA/BB parallel trial, however, ˇ3 ¤ 0 only if there is
self carry-over. Remember that in this case (i.e., for saturated carry-
over and no placebo carry-over with self-carry-over) the effect of
interest is not ˇ1, but the total effect of the treatments at the
second measurement, corresponding to ˇt D ˇ1Cˇ3. This total
effect can not be estimated in a parallel or in an AB/BA design.

In Balaam’s design, three differential carry-over effects can be
modelled:

yij D ˇ0C ˇ1treatij C ˇ2timeij C ˇABcarryABij C ˇBBcarryBBij

C ˇBAcarryBAij C uoj C �ij . (3)

Here, ˇ1 represents the treatment effect, ˇ2 represents the
period effect and, when present, the carry-over effect for the AA
sequence. The variable carryAB is coded 0 except for the second
measurement in the AB sequence, where the coding is 1. Simi-
larly, carryBB is coded 0 except for the second measurement in
the BB sequence, where the coding is 1, and carryBA is coded 0
except for the second measurement in the BA sequence, where
the coding is 1. carryAB, carryBB and carryBA allow the carry-over
effect for each corresponding treatment sequence to differ from
the carry-over effect in the AA sequence. If ˇAB, ˇBB and ˇBA in
Equation (3) are nonzero, we have a saturated carry-over model in
which no treatment by period interaction can be identified. No
differential carry-over corresponds to ˇAB D ˇBB D ˇBA D 0
in Equation (3). Steady-state carry-over corresponds to ˇBB D 0,
implying that carry-over only occurs when there is a switch of
treatments. No placebo carry-over, with A being the placebo, cor-
responds to ˇAB D 0 and ˇBB D 0. The case of no carry-over for
placebo A with self carry-over corresponds toˇAB D 0, thus allow-
ing for carry-over effects only in the BA and BB sequences, the
sequences that start with the active treatment. Table I summa-
rizes the values of the regression coefficients. Again, for saturated
carry-over or no placebo carry-over with self carry-over, the effect
of interest is not ˇ1, but the total effect of treatment A versus B at
the second measurement, that is, ˇt D ˇ1C ˇBB.

The parameters in Equations (1)–(3) can be estimated through
maximum likelihood (ML). For instance, for the model in
Equation (3), eight parameters have to be estimated: six fixed
regression weights,ˇ0, ˇ1, ˇ2, ˇAB, ˇBB, and ˇBA, and two variance
components, �2

0 and �2
" . A relevant concept is the intraclass cor-

relation, which is the correlation between the two measurements
obtained for the same person. For the models in Equations (2) and
(3), this can be expressed as � D �2

0

ı
.�2

0 C �
2
" /. The larger the

Table I. Constraints on the carry-over parameters for different types of carry-over in case
of Balaam’s design.

Carry-over Saturated No placebo carry-over No placebo Steady-state No
Parameters1 carry-over & self carry-over2 carry-over2 carry-over carry-over

“AB no 0 0 no 0
“BB no no 0 0 0
“BA no no no no 0

1. The parameters correspond to the regression coefficients in Equation (3), where “XY rep-
resents the differential carry-over effect of the first treatment X on the second treatment Y ,
when compared with the carry-over effect in the AA sequence.
2. For this type of carry-over, treatment A corresponds to the placebo.

Pharmaceut. Statist. 2012, 11 97–106 Copyright © 2012 John Wiley & Sons, Ltd.
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person (between-subject) variance as compared with the error
(within-subject) variance, the larger the intraclass correlation.

4. RELATIVE EFFICIENCIES UNDER DIFFERENT
SCENARIOS OF CARRY-OVER

To compare the efficiencies of the designs when testing the treat-
ment effect, we will consider the relative efficiency of two designs.
Let Var. O�j�/ denote the variance of the estimator of the treat-
ment effect � given a design � . Let �1 and �2 denote two dif-
ferent designs, say a parallel design and an AB/BA cross-over
design, respectively. The relative efficiency of �1 versus �2 for the
estimator of the treatment effect � is defined as RE1 vs 2 . O�/ D

Var . O� j�2/ =Var . O� j�1/ . Because no closed-form expressions are
available for the variances of the ML estimator of the treatment
effect, in what follows, we will derive asymptotic variances of the
ML estimator, and the resulting relative efficiencies are therefore
asymptotic relative efficiencies.

4.1. Steady-state carry-over

First, we introduce some additional notation. Let n�p , n�ep, n�c and
n�B denote the numbers of subjects that are recruited for a par-
allel design, an extended parallel design, a cross-over design
and Balaam’s design, respectively. Let p denote the dropout rate
before the first measurement. After this dropout n�p .1 � p/ D
np, n�ep.1 � p/ D nep, n�c .1 � p/ D nc and n�B .1 � p/ D nB, sub-
jects remain that have at least one observation and thus can be
included in the analysis. As will be seen in what follows, because
dropout before the first measurement affects all designs to the
same extent, the dropout rate p does not enter into the relative
efficiencies. Dropout may also occur after the first but before the
second measurement. Such dropout does not occur in a parallel
design, and its rate q, therefore, only affects the efficiencies of the
two-period designs.

For steady-state carry-over there only is carry-over in treatment
sequences where there is a switch of treatments. The correspond-
ing asymptotic variances of the ML estimator of the treatment
effect are derived in appendix A (available online as support-
ing information) and displayed in Table II. From these variances,

the following expressions for the asymptotic relative efficiencies
result :

REp vsc

�
Ǒ1

�
D

np

nc
, REp vs B

�
Ǒ1

�
D

np

nB
�

2 .1C �/

.3� q/C � .1C q/
and

REB vs ep

�
Ǒ1

�
D

nB

nep
�
.3� q/C � .1C q/

2 .2� q.1� �//
. (4)

With equal numbers of subjects recruited for each design (i.e.,
n�p D n�ep D n�c D n�B and thus also np D nep D nc D nB/,

we have REp vs c. Ǒ1/ = 1. For differential carry-over, only the data
from the first period of a cross-over trial can be used in estimat-
ing the treatment effect (e.g., [2]), and thus for identical sample
sizes this design will be as efficient as a parallel trial. Furthermore,

REp vs B

�
Ǒ1

�
� 1 and REB vs ep

�
Ǒ1

�
� 1: a parallel design and a

cross-over trial are both less efficient than Balaam’s design, and
Balaam’s design, in turn, is less efficient than an extended parallel
design. The AA/BB design thus is most efficient (see Table III).

The degree to which the extended parallel design is more effi-
cient than Balaam’s design depends on the intraclass correlation �
and the dropout rate q after the first measurement. The extended
parallel design can be shown to be at most 1.33 times more effi-
cient than Balaam’s design, the efficiency gain becoming less the
larger q and � become.

4.2. No placebo carry-over

If there is no carry-over in case the first treatment is a placebo

and also no self carry-over, then REp vs c

�
Ǒ1

�
is also given by

Equation (4). Other relative efficiencies are (see Table II):

REp vs B

�
Ǒ1

�
D

np

nB
�

3
�
1� �2

�
.5� 2q/� 2 .1� q/ �� .2qC 1/�2

and

REp vs ep

�
Ǒ1

�
D

np

nep
�

1C �

2� q.1� �/
. (5)

With equal sample sizes (i.e., np D nep D nc D nB/, we have

REp vs c

�
Ǒ1

�
D 1 (see Equation (4)) and REp vs B

�
Ǒ1

�
� 1 and

REp vs ep

�
Ǒ1

�
� 1 (see Equation (5)). So, similar to steady-state

Table II. Asymptotic variance of the ML estimator of the treatment effect for different designs and types of carry-over.

Parallel Extended parallel Cross-over Balaam’s
design design design design

Saturated not
4.�2

0C�
2
"/

nep
�

1�q�2

1�q not
4.�2

0C�
2
"/

nB
�

2�.qC1/�2

1�q

carry-over 1 suitable suitable

No placebo carry-over not
4.�2

0C�
2
"/

nep
�

1�q�2

1�q not
4.�2

0C�
2
"/

nB
�

5�2qC2.1�q/��6�2�2.1�q/�3C.2qC1/�4

.1�q/.3�q/�2.1�q/�2

& self carry-over 1 suitable suitable

No placebo carry-over
4.�2

0C�
2
"/

np

4.�2
0C�

2
"/

nep
� .1C�/

2�q.1��/
4.�2

0C�
2
"/

nc

4.�2
0C�

2
"/

nB
�

3.1��2/
5�2q�2.1�q/��.2qC1/�2

Steady- state
4.�2

0C�
2
"/

np

4.�2
0C�

2
"/

nep
� .1C�/

2�q.1��/
4.�2

0C�
2
"/

nc

4.�2
0C�

2
"/

nB
� 2.1C�/
.3�q/C�.1Cq/

carry-over

No carry-over
4.�2

0C�
2
"/

np

4.�2
0C�

2
"/

nep
� .1C�/

2�q.1��/
4.�2

0C�
2
"/

nc
� .1��/

2�q.1C�/
4.�2

0C�
2
"/

nB
�

.1��2/
2�q.1C�2/

1.For these types of carry-over interest is in the total effect of A versus B, that is, the direct effect plus carry-over effect onto a treatment
itself.1

0
0
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Table III. Designs yielding the most efficient maximum likelihood estimator of the treatment effect 1.

1. PA, Parallel design; EP, Extended parallel design; BA, Balaam’s design; CO, AB/BA cross-over design.
2. For these types of carry-over, interest is in the total effect of A versus B (i.e., direct effect + carry-over effect onto a treatment itself ).
If qD 1, then the total treatment effect cannot be estimated in either of the designs.
3.qk D

�
2�3C 3�2 � 2�� 1� .1� �2/

p
8�2C 4�C 1

�
=2�2; ql D

�
5�2 � 2�� 1

�
=�

2
�
�2 � �C 1

��
.

4. It is assumed that the research costs in Equations (11)–(13) satisfy csp � csep D csc D csB � 2csp and cts D 0.

carry-over, a parallel design and a cross-over trial are equally effi-
cient, and are less efficient than Balaam’s design and an extended
parallel design. We, furthermore, have:

REep vs B

�
Ǒ1

�
D

nep

nB
�

3 .1� �/ .2� q.1� �//

.5� 2q/� 2 .1� q/ �� .2qC 1/�2
. (6)

If � � 2�
p

3 .D 0.268/, we have REep vs B. Ǒ1/ � 1. If qD 0 and
� D 0, the extended parallel design maximally improves the effi-
ciency of Balaam’s design, its efficiency being 1.2 times as large.
If � > 2 �

p
3, then Balaam’s design improves the extended par-

allel design. Examining several cross-over trials, in most cases �
easily exceeds 0.30 (e.g., [1, p.17-20, p.69], [2, p. 268], [3, p.275,
p.277], [15], [16, p.5]) and thus in many cases, Balaam’s design will
be most efficient for this type of carry-over. The gain in efficiency
increases with a decreasing dropout rate q and an increasing �.
Table III summarizes these results.

4.3. No differential carry-over

In case there is no differential carry-over, from the variances in
Table II, it follows that

REp vs ep

�
Ǒ1

�
D

np

nep
�

.1C �/

2� q .1� �/
and

REep vs B

�
Ǒ1

�
D

nep

nB
�
.2� q.1� �// .1� �/

2� q
�
1C �2

� . (7)

In case of equal sample sizes, we have REp vs ep

�
Ǒ1

�
� 1 and

REep vs B

�
Ǒ1

�
� 1. An extended parallel trial is at least as efficient

as a parallel trial, and Balaam’s design in turn is at least as efficient
as an extended parallel trial. To examine whether a cross-over trial
is more efficient than Balaam’s design, we consider

REc vs B. Ǒ1/D
nc

nB
�
.2� q .1C �// .1C �/

2� q
�
1C �2

� , (8)

which, for equal sample sizes, exceeds 1. The latter result was also
established by Lasserre [17, p.913], however, assuming there was
no dropout.

4.4. Saturated carry-over

For saturated carry-over, also self carry-over is involved, imply-
ing, as we argued before, that the total effect of A versus B,ˇt ,
is of interest. This only can be estimated in designs having the AA
and BB treatment sequences, so that a single asymptotic relative
efficiency needs to be considered (see Table II):

REep vs B. Ǒt/D
nep

nB
�

2� .1C q/�2

1� q�2
. (9)

For nep D nB, an extended parallel design is at least as efficient as
Balaam’s design. The extended parallel design is at most twice as
efficient as Balaam’s design (when qD 1 or �D 0).

Pharmaceut. Statist. 2012, 11 97–106 Copyright © 2012 John Wiley & Sons, Ltd.

1
0

1



M. J. J. M. Candel

4.5. No placebo carry-over with self carry-over

Because also for this type of carry-over, self carry-over is involved,
we are interested in the total effect of A versus B. The AA/BB
and Balaam’s design being the only candidates for estimating
this effect, a single relative efficiency needs to be considered
(see Table II):

REep vs B. Ǒt/D
nep

nB

�
5�2qC2.1�q/�� 6�2� 2.1� q/�3C .2qC1/�4�

3� q� 2�2
� �

1� q�2
� .

(10)

As long as the dropout rate q exceeds
�
2�3C 3�2 � 2�� 1�

.1� �2/
p

8�2C 4�C1
�ı

2�2 , we have REep vs B

�
Ǒt

�
� 1. Because�

2�3C 3�2 � 2��1� .1� �2/
p

8�2C 4�C 1
�ı

2�2 is negative

for � � 0.865, this implies that for � � 0.865 the extended parallel
design is most efficient. If � > 0.865, then also Balaam’s design
can be most efficient.

When the budget is fixed, the number of subjects involved with
each of the designs will not be the same. For a given budget the
number of persons in the two-period designs will be smaller than
the number of subjects in a parallel design, because of the costs of
repeated measurements, prolonged participation of the subjects
and possibly longer recruitment times [2]. Hence, the efficiency
ordering of the designs will possibly be different when, instead of
the number of subjects, the budgets are identical. This extension
will be considered in the next section.

5. RELATIVE EFFICIENCIES GIVEN A
FIXED BUDGET

First, we will specify a cost function. Let the costs involved with
each subject in the parallel design be csp euros and the costs
involved with each subject in an extended parallel design, a cross-
over design and Balaam’s design be csep, csc and csB euros, respec-
tively. These costs may represent the financial rewards given to
subjects participating in a trial, but also the costs of recruiting a
single subject. For treatment A and B there are costs cA and cB,
respectively, and each measurement may involve cT euros. Finally,
attached to each treatment sequence there may be administra-
tion costs cts.

Commonly, the number of subjects is calculated such that a
particular power in testing the intervention effect is guaranteed.
To be sure of a certain power level, this number may be based
on some pessimistic estimate of dropout, not necessarily equal to
the actual dropout rates. On the other hand, we assume that the
budget that is required to realize this power, is calculated assum-
ing that none of the recruited subjects dropout during the study.
Speculating on possible dropout, which would allow for lowering
the budget given a particular sample size at the start of the trial,
may bear the risk of exceeding the budget.

In case of equal allocation ratios for treatment A and B in a par-
allel design, having initially n�p subjects, the following budget C is
then required:

C D 2ctsC n�p c
sp
C

n�p
2

cAC
n�p
2

cBCn�p cT D 2ctsCn�p

�
cspC

c�

2

�
,

(11)

where c� D cA C cB C 2cT . For the designs that we consider, this
budget function can be reparameterized such that it is the same
as the cost function given by Yuan and Zhou [18], thereby gener-
alizing the cost function proposed by Brown [19], also discussed
by Berger and Wong [4].

For an AB/BA cross-over design, involving n�c recruited sub-
jects and equal allocation ratios for each treatment sequence,
noting that each subject receives both treatment A and B and is
measured twice, the following budget is required:

C D 2ctsCn�c csc C n�c cAC n�c cBC 2n�c cT D 2ctsC n�c .csc C c�/ .
(12)

In the case of equal allocation ratios, the required budgets for an
AA/BB design and Balaam’s design, involving n�ep and n�B recruited
subjects, respectively, are

C D 2ctsC n�epcsepC n�epcA C n�epcBC 2n�epcT

D 2ctsC n�ep

�
csepC c�

�
, and

C D 4ctsC n�B csBC n�B cAC n�B cBC 2n�B cT D 4ctsC n�B .csBC c�/ .
(13)

Note that for the functions in Equations (11)–(13), the budget
may simply be the total number of observations involved in a
study by setting cT = 1 and setting the other costs to 0. It could
also represent the total number of subjects involved, by setting
cts = c� D 0 and csp D csep D csc D csB D1.

In what follows, we will assume that the subject-specific costs
of the two-period designs are identical, that is, csep D csc D csB.
Because subjects in these designs receive two treatments and a
washout period may be involved, these costs very likely will be
larger than those of a parallel design csep � csp, csc � csp and
csB � csp. It is also assumed that the subject specific costs for
the two-period designs will never exceed two times the subject
specific costs for the parallel designs csep, csc , csB � 2csp. Finally,
administration costs per treatment sequence are assumed to be
negligible compared with the other costs, so that cts D 0.

5.1. Steady-state carry-over

Assuming equal budgets, identical subject specific costs for the
two-period designs, that is, csep D csc D csB, and cts D 0, it
follows from Equations (11)–(13) that the sample sizes for these
designs are the same. Consequently, the efficiency ordering of
these designs equals the ordering established in section 4.1: An
AA/BB design is more efficient than Balaam’s design, and Balaam’s
design is more efficient than a cross-over design.

For equal budgets, the asymptotic relative efficiency of a par-
allel design versus a cross-over trial as given in Equation (4),
becomes

REp vs c

�
Ǒ1

�
D

c� C csc

1=2c� C csp
. (14)

Because very likely csc � csp, REp vs c

�
Ǒ1

�
� 1 and thus a paral-

lel design is more efficient than a cross-over design. Rewriting the
second expression in Equation (4) in terms of costs, gives

REp vs B

�
Ǒ1

�
D

 
c� C csB

c�
2 C csp

!
�

2 .1C �/

.3� q/C � .1C q/
. (15)

From Equation (15) it follows that Balaam’s design is more efficient
than a parallel trial whenever

q�
.�C 3/� 2.�C 1/.c� C csB/=

�
c�=2C csp

�
.1� �/

. (16)1
0

2
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A reasonable upper bound for the subject-specific costs in Bal-
aam’s design may be twice the subject-specific costs in a parallel
trial: csB D 2csp. Since the upper bound for the dropout rate in
Equation (16) decreases in csB, csB D 2csp yields the lowest upper
bound q � �.1C 3�/=.1 � �/, which, because 0 < � < 1, is
never true. So no lowest upper bound for q can be defined. To
determine when a parallel design is more efficient than Balaam’s
design, we set csB D csp to obtain as an upper lower bound for
the dropout rate: q � 1� ..1C �/c�/=

�
.1� �/.0.5c�C csp/

�
. So,

no upper lower bound for the dropout rate can be specified that
only depends on the intraclass correlation, such that a parallel trial
is more efficient than Balaam’s design. It is, however, evident that
for complete dropout after the first measurement (i.e., q D 1), a
parallel design is at least as efficient as Balaam’s design.

For the relative efficiency of a parallel design versus its
extended version (see Table II)

REp vs ep

�
Ǒ1

�
D

csepC c�
cspC c�=2

�
1C �

2� q.1� �/
, (17)

we can show that also here there is no lower or upper bound
for q, only depending on the intraclass correlation, such that one
design is more efficient than the other. Table III summarizes these
results.

5.2. No placebo carry-over

Assuming equal budgets, cts D 0 and identical subject specific
costs for the two-period designs, the efficiency ordering of these
designs equals the ordering in section 4.2. The extended paral-
lel design and Balaam’s design are more efficient than the AB/BA
cross-over trial. If � � 2 �

p
3, then the extended parallel design

is more efficient than Balaam’s design, and if � > 2 �
p

3, then
Balaam’s design is most efficient.

For no placebo carry-over, REp vs c

�
Ǒ1

�
is also given by

Equation (14), implying that a parallel design is more efficient

than a cross-over design. The expression REp vs ep

�
Ǒ1

�
is given

by Equation (17), implying that no boundaries on q can be
derived, depending only on the intraclass correlation, such that
one design is more efficient than the other. We also obtain (see
Equation (5))

REp vs B

�
Ǒ1

�
D

csBC c�
cspC c�=2

�
3
�
1� �2

�
.5� 2q/� 2 .1� q/ �� .2qC 1/�2

,

(18)
implying that Balaam’s design is more efficient than a parallel
design whenever

q�

�
��2 � 2�C 5

�
� 3

�
1� �2

� �
.csBC c�/

ı
.cspC c�=2/

�
2
�
�2 � �C 1

� .

(19)
The upper bound for the dropout rate is decreasing in csB, and
taking csB D 2csp yields as the smallest upper bound, q ��
5�2 � 2�� 1

� ı�
2
�
�2 � �C 1

��
, which is positive when � > 1=5�

1C
p

6
�
.D 0.690/. Hence, when � > 1=5

�
1C
p

6
�

Balaam’s

design is more efficient than a parallel design provided q ��
5�2 � 2�� 1

� ı�
2
�
�2 � �C 1

��
. To examine when a parallel trial

is more efficient than Balaam’s design, we take csB D csp to obtain
an upper lower bound for the dropout rate. This upper lower
bound still depends on the costs but is 1 at most. So if qD 1, a par-
allel design is at least as efficient as Balaam’s design. The results for
no placebo carry-over are summarized in Table III.

5.3. No differential carry-over

The sample sizes for the two-period designs are identical in case
of equal budgets. Hence, the results of section 4.3 also apply: a
cross-over trial is more efficient than Balaam’s design, and Bal-
aam’s design is more efficient than an AA/BB design. The relative
efficiency of a parallel design versus an extended parallel design
is given by (see Equation (7))

REp vs ep

�
Ǒ1

�
D

csepC c�
cspC c�=2

�
.1C �/

2� q .1� �/
, (20)

implying that a parallel design is more efficient than an extended
parallel design whenever

q�
2� .1C �/ .csepC c�/

ı
.cspC c�=2/

.1� �/
. (21)

Because this function decreases in csep, an upper lower bound for
q is obtained if csep D csp. This upper lower bound still depends
on the costs, but is 1 at most; for qD 1, a parallel design is at least
as efficient as an extended parallel design. A lower upper bound
for q is obtained if csep D 2csp, yielding q � �2�=.1� �/, which
is never true. Hence, no boundary on q can be given such that an
extended parallel design is more efficient than a parallel design.

The relative efficiency of a parallel versus Balaam’s design is
given by (see Table II)

REp vs B

�
Ǒ1

�
D

�
c�C csB

0.5c�C csp

�
�

�
1� �2

�
2� q

�
1C �2

� . (22)

From Equation (22), Balaam’s design is more efficient than a
parallel design whenever

q�
2�.1� �2/.c�C csB/

ı�
c�=2C csp

�
�
1C �2

� . (23)

Because this function decreases in csB, the upper bound for q
is lowest for csB D 2csp yielding q � 2�2=.1C �2/. When the
dropout rate is smaller than this boundary, Balaam’s design is
more efficient than a parallel trial. Taking the lowest value for
csB in Equation (23), csB D csp, yields the largest lower bound
for the dropout rate such that a parallel design is more efficient
than Balaam’s design. This largest lower bound still depends on
the research costs, but is 1 at most.

For a parallel design versus a cross-over trial, we have (see
Table II)

REp vs c

�
Ǒ1

�
D

�
c� C csc

1=2c� C csp

�
�

.1� �/

2� q .1C �/
. (24)

This extends a result in Brown [19, p.73], where it is assumed that

qD0 and cscDcsp. It can be shown that REp vs c

�
Ǒ1

�
� 1 whenever

q�
2�.1� �/.c�C csc/

ı�
c�=2C csp

�
.1C �/

. (25)

The boundary for the dropout rate q decreases as csc increases.
Assuming that csc � 2csp, a lower upper bound for the dropout
rate would then be q � 2�=.1C �/. No simple guideline can be
given as to when a parallel trial is more efficient than a cross-over
trial. From Equation (25) and csc D csp, the dropout rate has to be
q�

�
c��=.1C �/C csp

� ı�
0.5c� C csp

�
. So if qD 1, a parallel trial

is more efficient than a cross-over trial.
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5.4. Saturated carry-over

For saturated carry-over, also self carry-over is involved, imply-
ing that we are interested in the total effect of A versus B in the
second period. The single relative efficiency that we need to con-
sider is that of an extended parallel design versus Balaam’s design
(see Equation (9)). For equal budgets, equal subject specific costs
(csep D csB/ and cts D 0, both designs have the same sample size,
implying that an extended parallel design is at least as efficient as
Balaam’s design (see section 4.4).

5.5. No placebo carry-over with self carry-over

Because self carry-over is involved, interest is in the total
treatment effect and only the relative efficiency of an AA/BB
design versus Balaam’s design needs to be considered (see
Equation (10)). Assuming identical subject specific costs and
cts D 0, the sample sizes are equal and the results of section
4.5 apply. As long as � � 0.865, the AA/BB design is most effi-
cient, but if � > 0.865 this only is true as long as the dropout rate

q exceeds
�

2�3C 3�2 � 2�� 1� .1� �2/
p

8�2C 4�C 1
�ı

2�2 ,

otherwise Balaam’s design is most efficient.

6. MAXIMIN DESIGNS

Choosing the most efficient design requires knowledge on the
intraclass correlation � and the dropout rate q. In many cases,
this a priori knowledge may be rather vague. Taking a Bayesian
approach, one might choose the design that maximizes the
power of the treatment test (cf. [20]) by integrating over prior dis-
tributions for the intraclass correlation and dropout rate. In this
approach, the expected power of the treatment test is maximized.

Another solution is the maximin strategy [5], consisting of 2
steps: (1) for each design determine the minimum efficiency of
the treatment effect estimator across the range of values for the
intraclass correlation and the dropout rate, and (2) choose that
design, which maximizes this minimum efficiency. Such a design
optimizes a worst case scenario and is called a maximin design.
The maximin strategy implies choosing the design that minimizes
the maximum variance of the estimator of the treatment effect. In
determining sample sizes, choosing values for the intraclass cor-
relation and the dropout rate for which the variance is maximum,
will guarantee the desired power level also for all other values of
the intraclass correlation and the dropout rate. Choosing the max-
imin design implies the desired power level being guaranteed at
the lowest costs.

From the asymptotic variances in Table II, one can derive that
the maximum variance for each type of carry-over occurs at the
highest dropout rates p and q, but not always at the highest intra-
class correlation �. From an empirical overview of cross-over trials,
it appears that � > 0.12, and in the majority of cases � easily
exceeds 0.30 (e.g., [1, p.17-20, p.69], [2, p. 268], [3, p.275, p.277],
[15], [16, p.5]). To be on the safe side, we assume � is between
0.10 and 1.0. Furthermore, the dropout rate q can vary to a large
extent, but is at most 0.5 in a scenario with modest dropout and at
most 0.9 in a scenario with large dropout. No set of values needs
to be specified for the dropout rate p, because the maximum vari-
ance for each design is attained at the same (maximum) value for
p and the relative efficiencies of designs do not depend on this
common value for p (see Table II). Like before, we assume that

csp � csB D csc D csep, but we do not restrict cts D 0 and csB,
csc , csep � 2csp.

Table IV shows which design minimizes the maximum (asymp-
totic) variance of the ML estimator of the treatment effect. The
proofs are given in Appendix B (available online as supporting
information). In case of equal sample sizes and no carry-over, a
cross-over trial is maximin, whereas in case of steady-state carry-
over, each of the four designs are maximin. For equal sample
sizes and no placebo carry-over, only Balaam’s design is maximin.
For both saturated carry-over and no placebo carry-over with
self carry-over, where interest is in the total treatment effect in
the second period, the extended parallel design is the maximin
choice.

In case of equal budgets and no carry-over, a cross-over trial
is maximin if the sample ratio np=nc � 1.61 (for q � 0.5) or
np=nc � 1.12 (for q� 0.9). Otherwise, a parallel design is maximin.
For equal budgets and steady-state carry-over a parallel design is
the maximin choice. For no placebo carry-over, a parallel design
is maximin if the sample ratio np=nB � 1.29 (for q � 0.5) or
np=nB � 1.06 (for q � 0.9), otherwise Balaam’s design is maximin.
Finally, for both carry-over types that include self carry-over the
AA/BB design turns out to be maximin.

7. APPLICATION IN PLANNING A TRIAL

Suppose one would like to perform a randomized trial on the
effectiveness of two drugs, say omeprazole and lansoprazole,
among subjects suffering from heartburn, similar to Miner et al.
[21]. After 4 days of treatment, one plans to evaluate the effect on
24-h gastric acid suppression (e.g., the percentage of time that the
intragastric pH level exceeds 4). Similar to Miner et al. [21], one is
not sure whether carry-over can be prevented, but is rather con-
fident that steady-state will be reached within four days of treat-
ment. Because this excludes self-carry over, this would mean that
steady-state carry-over could occur. For such a scenario, Table III
shows that, depending on the exact research costs, either a par-
allel or an extended parallel design is most efficient. The costs
of the study are unknown, but suppose that csep D 1.5csp and
1.5c� D csep, then it can be derived from Equation (17) that a
parallel trial is most efficient if q > 1=3.1� 5�/=.1� �/, which
is always true if � � 0.2. Regardless of the research costs, for
complete dropout at the second measurement, a parallel design
is most efficient. If there is not enough information on � or q,
then the maximin design could be chosen. For both a maximum
dropout q of 0.5 and 0.9, the parallel design would be maximin
(see Table IV).

If one would not be convinced that 4 days of treatment is
enough to reach steady-state, self carry-over may occur. In such a
scenario of saturated carry-over, interest is in the total treatment
effect of omeprazole versus lansoprazole at the second measure-
ment, implying that the extended parallel design would be the
most efficient choice (see Table III).

8. CONCLUSION AND DISCUSSION

We examined the asymptotic efficiency of the ML estimator of
the treatment effect for four two-treatment designs—a parallel,
an extended parallel, a cross-over and Balaam’s design. Assuming
equal allocation ratios and equal dropout rates for the treatment
sequences, and employing a flexible cost function, for different
types of carry-over the most efficient designs were derived. If1

0
4
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Table IV. Maximin designs for the maximum likelihood estimator of the treatment effect1,2.

Saturated No placebo No placebo Steady-state No
carry-over 3 & self carry-over carry-over carry-over

carry-over 3

q� 0.5
Equal sample sizes EP EP BA PA/CO CO

EP/BA
Equal budgets: 4 EP EP PA�

np
nx

�
� 1.29 BA CO

1.29<
�

np
nx

�
� 1.61 PA CO

1.61<
�

np
nx

�
PA PA

q� 0.9
Equal sample sizes EP EP BA PA/CO CO

EP/BA
Equal budgets:4 EP EP PA�

np
nx

�
� 1.06 BA CO

1.06<
�

np
nx

�
� 1.12 PA CO

1.12<
�

np
nx

�
PA PA

1. PA, Parallel design; EP, Extended parallel design; BA, Balaam’s design; CO, AB/BA cross-over design.
2. It is assumed that the research costs in Equations (11)–(13) satisfy csB D csc D csep � csp.
3. For these types of carry-over, the estimator of the total treatment effect (direct + carry-over effect onto treatment itself ) is
examined.
4. nx represents nc for no carry-over, and nB for no placebo carry-over.

carry-over can be excluded or is negligible, a cross-over design
is most efficient as long as the dropout rate at the second mea-
surement does not exceed 2�=.1C �/. For larger dropout rates,
either a cross-over trial or a parallel design is most efficient, this
depending on the research costs involved. For steady-state carry-
over either a parallel or an extended parallel design is most effi-
cient, this depending on the dropout rate, intraclass correlation
and research costs. For no placebo carry-over, the pattern is more
complicated, in that either a parallel design, an extended parallel
design or Balaam’s design can be most efficient (see Table III for
details). For all these types of carry-over, a parallel design is most
efficient if there is complete dropout at the second measurement.

For saturated carry-over, all forms of carry-over are occurring,
including self carry-over, which shifts the interest to the total
treatment effect of A versus B (direct effect plus carry-over effect
onto a treatment itself ). This can only be tested in Balaam’s design
and an extended parallel design, the latter being most efficient. In
case of no placebo carry-over combined with self carry-over, the
extended parallel design is most efficient if the intraclass correla-
tion is smaller than 0.865. For higher intraclass correlations, this
depends on the dropout rate (see Table III).

If knowledge concerning the dropout rate or the intraclass cor-
relation is too vague, a maximin design can be chosen. Maximin
designs start from a worst case scenario, the maximum variance
of the treatment estimator, and minimize this maximum vari-
ance. Assuming two different maxima for the dropout rates and
a realistic range of intraclass correlations, it was shown that for
steady-state carry-over a parallel design is maximin, whereas for
no placebo carry-over, either Balaam’s design or a parallel design
is maximin, this depending on the research costs involved. If there
is no carry-over either a cross-over design or a parallel design

is maximin, this, again, depending on the research costs. For
saturated carry-over and no placebo carry-over with self carry-
over, the extended parallel design is the maximin choice.

The variance of the maximum likelihood estimator of the treat-
ment effect was derived, assuming the variance components are
known. Asymptotically, these are also the variances in case of
unknown variance components. For realistic sample sizes the vari-
ances of the fixed effect estimators may have a downward bias
[3, p.49]. There are no firm rules, but simulation studies indicate
that the bias can exceed 5% if the number of random effect
categories relating to the random intercept variance is less than
10 and the intraclass correlation is less than 0.5 [3, p.75]. Hence,
one should be cautious in applying these results to small sample
studies.

The analysis models studied have no auto-correlation across
time between the residual error terms. Adding such a parameter
would make the analysis model unidentifiable for the two-period
designs considered. However, to model the dependencies across
time, instead of including a random intercept as in Equations (2)
and (3), one could also let the errors be (auto)correlated. The
resulting expressions for the variances of the treatment effect esti-
mators are similar to those in Table II, the total variance being
replaced by the residual error variance and the intraclass cor-
relation being replaced by the autocorrelation. Provided that
the autocorrelation is positive, the results of the present study
immediately translate also to these auto-correlated error models.

If pre-randomization measurements of the outcome variable
are available, these could be included as covariates in the anal-
ysis [1, 22]. This will lead to a reduction of the intercept variance
and thus of the intraclass correlation [3]. Provided that the costs
of pre-randomization measurements are the same for all designs
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and there are no missing values on this variable, the results of
the present study also apply. If there are missing values on pre-
randomization covariates, this will lead to omitting all data of a
person from the analysis (cf. [16]). With increasing rates of missing
values it would then become more efficient to switch to an anal-
ysis, where pre-randomization measurements are considered as
one of the outcome measurements (which does not lead to omit-
ting complete cases). Deriving efficient designs then also involves
considering the most efficient analysis model.

The present analysis model could be extended by allowing
the outcome variances to differ across treatment conditions. This
would occur if people react more differently to one treatment as
opposed to the other. Further, as shown by Yuan and Zhou [18],
given budget constraints Balaam’s design is less efficient com-
pared with designs involving three or four periods. Yuan and Zhou
[18], however, did not take care of dropout, which will be larger
the longer the trial lasts. To the extent that designs involving three
or more periods are practically feasible, it would therefore be use-
ful to compare these with the two-period designs of the present
study, also allowing for dropout.
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