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Article

Sample size calculation for
treatment effects in randomized
trials with fixed cluster sizes and
heterogeneous intraclass
correlations and variances

Math JJM Candel1 and Gerard JP van Breukelen1

Abstract

When comparing two different kinds of group therapy or two individual treatments where patients within

each arm are nested within care providers, clustering of observations may occur in both arms. The arms

may differ in terms of (a) the intraclass correlation, (b) the outcome variance, (c) the cluster size, and

(d) the number of clusters, and there may be some ideal group size or ideal caseload in case of care

providers, fixing the cluster size. For this case, optimal cluster numbers are derived for a linear mixed

model analysis of the treatment effect under cost constraints as well as under power constraints. To

account for uncertain prior knowledge on relevant model parameters, also maximin sample sizes are

given. Formulas for sample size calculation are derived, based on the standard normal as the asymptotic

distribution of the test statistic. For small sample sizes, an extensive numerical evaluation shows that in a

two-tailed test employing restricted maximum likelihood estimation, a safe correction for both 80% and

90% power, is to add three clusters to each arm for a 5% type I error rate and four clusters to each arm

for a 1% type I error rate.

Keywords

Individually randomized group treatment, maximin design, optimal design, sample size, therapist effects

1 Introduction

Many study designs evaluating the effect of an intervention are characterized by observations being
correlated within clusters. This may arise in group or cluster randomized trials,1 where groups are
the units of assignment. In such trials, groups are assigned to one of several treatment conditions
and all sampled members of the same group are given the same treatment. For example, school
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classes with all of its pupils are assigned to a smoking prevention program, or general practices with
all of its sampled patients are assigned to one of several medication regimens. However, when
individuals, instead of groups, are the units of assignment, clustering of observations may also
occur. This is the case when the treatment itself induces clustering, such as when treatments are
given to groups of individuals.2,3 In such individually randomized group treatment trials,
interactions between persons within a group may lead to the observations on the outcome
variable being correlated.4 The clustering may occur in only one of the treatment arms, such as
when group therapy is compared to a treatment condition involving only medication,5,6 but also in
both treatment arms, when, for instance, two different types of group therapy are compared.7,8

Clustering effects due to treatment may also occur if the treatment is not given to a group as a
whole but on an individual basis. If several patients are treated by the same therapist or, more
generally, the same care provider, then patients of one therapist will be treated in a more similar way
than patients treated by different therapists. Such therapist effects may also lead to correlated
observations within clusters.3,4,9

The present paper will address sample size calculation for trials comparing group administered
interventions or trials where clustering effects are due to therapists, assuming a quantitative outcome
variable and estimation of the treatment effect by maximum likelihood (ML) in a linear mixed model
analysis. For the case of homogeneity between the treatment arms with respect to outcome variance,
intraclass correlation, cluster size, and number of clusters, formulas for sample size calculation have
been derived by Raudenbush1, Moerbeek et al.,10 and Liu.11 The present study generalizes these
results by considering treatment arms that differ in outcome variance, intraclass correlation, cluster
size, and number of clusters, for a scenario where the cluster sizes are more or less fixed. This would
apply when therapy groups have some ideal group size that is rather fixed, or when therapists have
some ideal caseload.

The paper is structured as follows. Section 2 presents the linear mixed effects model for
trials comparing two arms, allowing for a difference between both arms with respect to the
intraclass correlation, the outcome variance, the number of clusters, and the cluster size.
Section 3 gives an explicit expression for the asymptotic variance of the treatment effect estimator
and presents the optimal number of clusters for each treatment arm, optimal meaning that
these numbers minimize the variance of the treatment effect estimator and thus maximize the
test power under cost constraints. Section 4 gives formulas to calculate the optimal number
of clusters needed for a given effect size (ES) and power level (as opposed to a given budget)
and presents some analytical results for these optimal sample sizes. To handle uncertainty about
those model parameters on which the optimal sample size depends, section 5 presents the maximin
design as a robust alternative to the optimal design. Section 6 is a numerical evaluation of
corrections in sample size calculation for finite samples when starting from the normal
distribution as the asymptotic distribution of the test statistic. Section 7 illustrates how to apply
the results in sample size calculation and section 8 summarizes the present study’s implications for
planning trials.

2 Specification of the linear mixed effects model

In the treatment and control condition, we have respectively Kt and Kc clusters (such as Kt and Kc

therapy groups). In each cluster j (j¼ 1,. . ., Kt) of the treatment condition, there are m persons and in
each cluster j (j¼Ktþ 1,. . ., KtþKc) of the control condition, there are n persons, the total number
of persons thus amounting to N¼KtmþKcn. The dependent variable is a quantitative outcome,
denoted as yij for person i in cluster j (j¼ 1,. . ., KtþKc). If in each condition, yij is
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(approximately) normally distributed, the following linear mixed effects model is an adequate tool
for data analysis3,9

yij ¼ �0þð�1þ ujþ �ijÞIntij þ ðvjþ "ijÞð1� IntijÞ ð1Þ

where Intij denotes the treatment condition for person i in cluster j, which is coded as 1 for persons in
the treatment condition and coded 0 for persons in the control condition. With this coding scheme,
�0 represents the mean outcome of the control condition and �1 represents the treatment effect, such
as the mean outcome difference between cognitive behavioral therapy and psychodynamic
interpersonal psychotherapy.8 Commonly, �1 is the parameter of primary interest. The terms uj
and vj represent the random cluster effect in the treatment and control condition, respectively,
whereas �ij and "ij represent a random person effect in these conditions. The effects uj, vj, �ij, and
"ij are assumed to be independently normally distributed with respective variances �2u , �

2
v , �

2
� , and �

2
" .

The total outcome variances for the treatment and control arm are thus �2yt ¼ �2uþ �
2
� and

�2yc ¼ �2v þ �
2
" .

In what follows the intraclass correlation, which measures the dependency among observations
for members within the same cluster, is relevant. For the model in equation (1), the intraclass
correlations are �t ¼ �

2
u=ð�

2
u þ �

2
� Þ ¼ �

2
u=�

2
yt

for the treatment arm and �c ¼ �
2
v=ð�

2
v þ �

2
" Þ ¼ �

2
v=�

2
yc

for the control arm. The correlation between two randomly drawn persons from two different
clusters, possibly from two different treatment arms, is zero.

3 Optimal number of clusters for the treatment effect under a cost
constraint

Let x¼ (m,n,Kt,Kc) denote the design of a randomized trial with clustering in both arms, and let
varð�̂1 j�Þ be the asymptotic variance of the estimator of treatment effect �1, given this design x. As
can be derived from equation (14) in Appendix A, the asymptotic variance of the maximum
likelihood estimator (and of the restricted maximum likelihood (REML) estimator, see
Demidenko12) of the treatment effect, �̂1, is given by

varð�̂1 j�Þ ¼ ðm� 1Þ �tþ1ð Þ
�2yt
mKt

 !
þ ðn� 1Þ �cþ1ð Þ

�2yc
nKc

 !
ð2Þ

This variance increases as a function of the intraclass correlations �t and �c and the variances
within the treatment arms �2yt and �

2
yc
, and decreases as a function of the cluster sizes m and n and the

number of clusters Kt and Kc. Note that the variance of the treatment effect estimator in equation (2)
is equal to the sum of the variances of the outcome mean estimator in the treatment condition and of
the outcome mean estimator in the control condition. Furthermore, the factors ðm� 1Þ �tþ1 and
ðn� 1Þ �cþ1 are design effects reflecting how much larger these variances are compared to variances
for data where there is no clustering.

We derive a design, that is, x¼ (m,n,Kt,Kc), that minimizes the variance of the treatment estimator
in equation (2) and thus maximizes test power for a fixed budget. We call this the optimal design.
Finding optimal designs requires a cost function specifying the relation between the total budget
required and the costs per subject/person/patient/individual and per cluster/group in a trial. Let C0

be the overhead costs of the trial, that is, all costs which do not depend on the sample size. Let ct and
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st be the costs per cluster and per subject in the treatment arm respectively, and let cc and sc be the
cost per cluster and per subject in the control arm. The total study cost C then equals

C ¼ C0þKtðct þm stÞ þ Kcðcc þ nscÞ ð3Þ

This cost function can be used as constraint on the total study cost when maximizing the power
and precision for the treatment effect, or to minimize the total study cost while keeping power and
precision constant. As a special case of the latter aim, if one is interested in minimizing the total
number of subjects sampled, that is, KtmþKcn, let st¼ sc¼ 1 and ct¼ cc¼ 0. Further, for
individually randomized group treatment trials, there often is an ideal group size, or, for cluster
randomized trials, there may be practical limitations leading to a fixed group size for each of the
treatments (e.g. a school class with all of its pupils participating in a prevention trial). In such cases,
we may consider m and n fixed and can rewrite equation (3) as

C ¼ C0þKt c�t þKc c�c ð4Þ

where c�t ¼ ct þm st and c�c ¼ cc þ n sc are the total costs of a treatment and control cluster. Starting
from a fixed budget and fixed cluster/group size for each of the treatment arms, it can be proven (see
Appendix A) that the following cluster numbers minimize the variance of the treatment estimator in
equation (2)

K
opt
t ¼

ðC� C0Þ

ffiffiffiffiffiffiffiffiffi
c�c c
�
t

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2yc
�2yt

 !
m

n

� � ðn� 1Þ �cþ1

ðm� 1Þ�tþ1

� �vuut
0
@

1
Aþ c�t

, and

K
opt
c ¼

ðC� C0Þ

ffiffiffiffiffiffiffiffiffiffi
c�c c
�
t

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2yt
�2yc

 !
n

m

� �
ðm� 1Þ �tþ1

ðn� 1Þ �cþ1

� �vuut
0
@

1
Aþ c�c

ð5Þ

from which it follows, after some rewriting, that the ratio of optimal cluster numbers is equal to

K
opt
t

K
opt
c

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2yt
�2yc

 !
n

m

� �
ðm� 1Þ �tþ1

ðn� 1Þ�cþ1

� �vuut ffiffiffiffiffi
c�c
c�t

s
ð6Þ

This formula extends the allocation ratio derived by Walwyn and Roberts,9 which minimizes the
variance for a given total sample size (that is, st¼ sc¼ 1 and ct¼ cc¼ 0 in equation (3)). As can be
seen, the number of treatment clusters compared to the number of control clusters increases as a
function of the total variance and the intraclass correlation of the treatment condition, and decreases
as a function of the cluster size and the cost per cluster in the treatment condition.

For practical purposes, it is useful to transform the optimal numbers of clusters in equation (5)
into expressions for numbers of clusters that yield sufficient power for an intervention effect of a
particular size. This will be addressed in the next section.

4 Optimal number of clusters for a given power and effect size

The test statistic for the effectiveness of the treatment is �̂1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vârð�̂1 j�Þ

q
. In case of REML estimation

(without truncation of negative estimates of the variance components), the test statistic
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�̂1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vârð�̂1 j�Þ

q
can be shown to be identical to a t-test for two independent samples on the

cluster means (see supplementary materials for a proof). As a result, when the arms are
homogeneous in their intraclass correlation, outcome variance, and cluster size, the test statistic
follows Student’s t-distribution with KtþKc – 2 degrees of freedom. With heterogeneous variances,
intraclass correlations or cluster sizes, the cluster means are very likely to have heterogeneous
variances, in which case the test statistic can be approximated by a t-distribution, the degrees of
freedom being calculated according to Satterthwaite’s method.13 For sufficiently large numbers of
clusters (the small K case is covered in section 6), the standard normal is an appropriate reference
distribution for this statistic.14 The relation between the variance of the treatment estimator and the
power level 1 – � to detect a treatment effect in a two-tailed test with type I error rate a, is then
approximated by

varð�̂1 j �Þ ¼
�1

z1��=2þ z1��

� �2

ð7Þ

where z1–a/2 and z1–g are the 100(1 – a/2) and 100(1 – g) percentiles of the standard normal
distribution. Let  be the ratio of the variance in the treatment arm versus the variance in the

control arm,  ¼ �2yt=�
2
yc
. Furthermore, let ES¼ �1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:5 �2yt þ �

2
yc

� �r
be the effect size based on

the variances in the treatment and control arm (cf. Cohen15). From equations (2) and (7), the
optimal number of clusters for the treatment arm that realizes a certain power level 1–g can then
be derived (see Appendix A)

K
opt
t ¼

1

ES2
ðz1��=2þ z1��Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm� 1Þ �tþ1

m

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm� 1Þ �tþ1

m

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 1Þ �cþ1

 n
�

c�c
c�t

s !
2 

 þ 1

� �
ð8Þ

Substituting this expression into equation (6), yields the optimal number of clusters in the control
arm, Kopt

c , for a power level of 1–g

K
opt
c ¼

1

ES2
ðz1��=2þ z1��Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 1Þ �cþ1

n

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 1Þ �cþ1

n

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm� 1Þ �tþ1

m
�  �

c�t
c�c

s !
2

 þ 1

� �

ð9Þ

Equations (8) and (9) show that both K
opt
t and Kopt

c increase with �t and �c, whereas K
opt
t decreases

and Kopt
c increases with c�t =c

�
c . It should be noted that these effects of the intraclass correlation hold

for a given power and ES, since increasing either of the intraclass correlations increases the variance
of the treatment effect estimator (see equation (2)). Under a budget constraint on the other hand,
increasing one intraclass correlation increases the number of clusters for the corresponding arm at
the expense of the number of clusters of the other arm, see equation (6). How the optimal numbers
of clusters change when m and n change, with c�t =c

�
c in equations (8) and (9) changing

correspondingly, is somewhat more complicated. Taking the derivative of equation (8) with
respect to m and n shows that K

opt
t always decreases as a function of m, but, as a function of n, is

minimum at n¼ ((cc/sc)(1– �c)/�c)
1/2. In a similar way, it can be shown that Kopt

c always decreases as
a function of n, but, as a function of m, takes a minimum at m¼ ((ct/st)(1– �t)/ �t)

1/2.
For a fixed treatment effect, �1, and a fixed outcome variance summed across both arms, that is,

�2yt þ �
2
yc
, it can further be shown that K

opt
t and Kopt

c have a maximum as a function of  , with the
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maximum for K
opt
t occurring for values  � 1 and the maximum for Kopt

c occurring for values  � 1.
More precisely, the maximizer for K

opt
t as a function of  is

 max ¼
ðm� 1Þ �tþ1

ðn� 1Þ �cþ1

� �
�

n

m
�

c�t
c�c
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ðn� 1Þ �cþ1

ðm� 1Þ�tþ1

� �
�

m

n
�

c�c
c�t

s
þ 1

 !2

ð10Þ

and the maximizer for Kopt
c is

 max ¼
ðn� 1Þ �cþ1

ðm� 1Þ �tþ1

� �
�

m

n
�

c�c
c�t
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ðm� 1Þ�tþ1

ðn� 1Þ �cþ1

� �
�

n

m
�

c�t
c�c

s
� 1

 !2

ð11Þ

Figure 1 illustrates the effect of increasing  , for a scenario where ES¼ 0.5 (i.e. a medium sized
effect according to Cohen15). For the range of values shown for  , increasing  leads to a decrease of

Kopt
c , but first leads to an increase and then to a decrease of K

opt
t . Again these trends apply under the

constraint of a fixed ES and power. When fixing the budget, increasing  always leads to an increase
of Kt and a decrease of Kc (see equation (6)). Furthermore, in line with equations (8) and (9), for
both arms the optimal number of clusters increases as �c increases from 0.01 to 0.30 (�t in both cases
being fixed at 0.01 in Figure 1).

Table 1 presents, for several cost ratios, examples of the optimal numbers of clusters for various
values of the variance ratios, cluster sizes m and n, and intraclass correlations (i.e. �t¼ �c¼ 0.01 and
�t¼ �c¼ 0.30). Following Raudenbush1 and Van Breukelen and Candel,16 we consider the cost
ratios ct/st and cc/sc to vary between 2 and 50, and, in line with Liu,11 st/sc varies between 1/10
and 10. Employing the standard normal distribution as the reference distribution for the test
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Figure 1. Optimal number of clusters for the treatment and control arm for m¼ 10, n¼ 4, �t¼ 0.01, ct/st¼ cc/sc¼ 5,

st/sc¼ 0.1, effect size (ES)¼ 0.5, power¼ 0.80, and type I error rate¼ 0.05, as a function of the variance ratio  and

intraclass correlation in the control arm (�c¼ 0.01 versus �c¼ 0.30).
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statistic, optimal cluster numbers are given for 80% power for a medium ES, that is, ES¼ 0.5. As
can be seen, the variation in optimal cluster numbers is rather large and depends on the different
parameters in the way as delineated above. For example, the optimal numbers of clusters are always
larger for larger intraclass correlations. Also, increasing m and n, respectively, leads to decrease in

K
opt
t and Kopt

c . It can also be seen that the optimal allocation ratio of treatment and control clusters
may clearly deviate from one, contrasting with common practice.7,17–19

Table 1 furthermore illustrates that the optimal number of clusters for one of the arms may
become larger than feasible. In these cases, the number of clusters in this arm could be reduced to the
largest number that is feasible, and the number of clusters in the other arm then needs to be

Table 1. Optimal cluster numbers for different cost ratios, variance ratios, cluster sizes m

and n, and different intraclass correlations, for an effect size ES¼ 0.50, assuming a power of

80% and a two-tailed test with type I error rate a¼ 0.05.

�t¼ 0.01; �c¼ 0.01 �t¼ 0.30; �c¼ 0.30

ct/st cc/sc st/sc ct/cc  m n K
opt
t Kopt

c K
opt
t Kopt

c

2 2 0.1 0.1 0.25 4 4 24 15 44 28

2 2 0.1 0.1 0.25 4 16 22 5 62 20

2 2 0.1 0.1 0.25 16 4 8 15 23 30

2 2 0.1 0.1 0.25 16 16 7 5 34 20

2 2 0.1 0.1 4 4 4 34 6 62 10

2 2 0.1 0.1 4 4 16 32 2 80 7

2 2 0.1 0.1 4 16 4 10 6 36 12

2 2 0.1 0.1 4 16 16 10 2 45 8

50 2 0.1 2.5 0.25 4 4 11 20 19 36

50 2 0.1 2.5 0.25 16 4 5 17 14 35

50 2 0.1 2.5 0.25 4 16 10 6 25 23

50 2 0.1 2.5 0.25 16 16 4 5 19 23

50 2 0.1 2.5 4 4 4 20 10 37 18

50 2 0.1 2.5 4 16 4 7 7 27 17

50 2 0.1 2.5 4 4 16 20 3 43 10

50 2 0.1 2.5 4 16 16 7 2 32 10

50 2 2 50 0.25 4 4 5 41 9 75

50 2 2 50 0.25 16 4 2 29 7 72

50 2 2 50 0.25 4 16 5 12 11 43

50 2 2 50 0.25 16 16 2 9 8 41

50 2 2 50 4 4 4 15 31 27 57

50 2 2 50 4 16 4 5 20 20 54

50 2 2 50 4 4 16 15 10 28 30

50 2 2 50 4 16 16 5 6 21 28

50 50 0.1 0.1 0.25 4 4 24 15 44 28

50 50 0.1 0.1 0.25 16 4 11 15 34 28

50 50 0.1 0.1 0.25 4 16 16 5 42 21

50 50 0.1 0.1 0.25 16 16 7 5 32 20

50 50 0.1 0.1 4 4 4 34 6 62 10

50 50 0.1 0.1 4 16 4 14 5 47 10

50 50 0.1 0.1 4 4 16 25 2 60 8

50 50 0.1 0.1 4 16 16 10 2 45 8
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increased such that the power level is maintained according to equations (2) and (7). This would then
be the most cost-efficient feasible design.

Calculation of optimal designs yielding sufficient power requires knowledge of relevant model
parameters such as the intraclass correlations �t and �c and the variance ratio  . Since there will
rarely be precise knowledge on these parameters, in the next section, we will discuss the maximin
design as a possible solution.

5 Uncertainty on model parameters: Maximin designs

To calculate the optimal cluster numbers by equations (8) and (9), we need to specify the values of the
intraclass correlations �t and �c and the value of , on which wemay have no precise prior knowledge.
A rather straightforward solution is the maximin strategy.20 The maximin strategy consists of the
following two steps: (1) for each design determine the minimum efficiency of the treatment effect
estimator across the range of plausible values for the intraclass correlations and variance ratio  , and
(2) choose that design, which, given the budget, maximizes this minimum efficiency. This design
optimizes a worst case scenario and is known as the maximin design. Since efficiency is the inverse
of the variance of the treatment estimator, the maximin strategy implies choosing that design which
minimizes the maximum variance of the treatment effect estimator. This is practically useful because,
in sample size calculation, choosing values for the intraclass correlations and the variance ratio which
maximize the variance of the treatment estimator, will guarantee a desired power level also for all
other values of these parameters within their plausible ranges. The maximin design is obtained by
filling in these worst case intraclass correlations and variance ratio in equations (8) and (9), and
thereby guarantees the power level under the worst case scenario at the lowest costs.

Taking the derivative of equation (2) with respect to �t and �c shows that the variance of the
treatment effect estimator increases as a function of both �t and �c. The maximin design therefore
should be based on the upper boundaries of the plausible ranges for these parameters. Keeping the
total outcome variance, that is �2yt þ �

2
yc
, constant, we furthermore show in Appendix B that the

variance of the treatment estimator in the maximin design is maximized by the following value of  

 max ¼
ðm� 1Þ �tþ1

m

� �
n

ðn� 1Þ �cþ1

� �
c�t
c�c

ð12Þ

If the range of plausible values for  comprises equation (12), then this value should be chosen, if
the range is below the value in equation (12), then the upper boundary of the range should be
chosen, and if the range is above the value in equation (12), then the lower boundary of the range
should be chosen. These choices give the maximum variance of the treatment estimator in
equation (2), and therefore yield safe sample sizes by equations (8) and (9).

Note that equations (8) and (9) are based on the standard normal as a reference distribution for
the test statistic. Hence, when small numbers of clusters result, corrections may be needed of these
cluster numbers to obtain the desired power level. This issue will be addressed in the next section.

6 Corrections for the numbers of clusters as based on the normal
approximation

The sample size calculations in equations (8) and (9) are based on the standard normal
approximation of the test statistic. In case the treatment arms have equal outcome variances,
equal intracluster correlations and equal cluster sizes, so that the variance of cluster outcome
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means is homogeneous between arms, numerical evaluations for 80% and 90% power show that, for
Kt¼Kc varying from five to 50, adding one cluster to Kt and Kc each, is a sufficient correction for
two-tailed tests with a 5% type I error rate. Adding two clusters to Kt and Kc each turns out to be a
sufficient correction for a 1% type I error rate.16

In case the outcome variances, intracluster correlations or cluster sizes are not the same across
both treatment arms, an adequate approximation of the distribution of the test statistic, provided
each treatment arm contains at least four clusters,13,21 is the t-distribution with degrees of freedom
given by the Satterthwaite approximation. Employing an exact expression for the power of this
Satterthwaite approximation,22 a numerical evaluation for heterogeneous treatment arms was done
to determine appropriate corrections of the number of clusters. Since the numerical evaluation has
to be based on realistic ranges for each of the parameters in equations (8) and (9), these parameter
ranges will be addressed first.

6.1 Choice of ranges for relevant model parameters

6.1.1 Intraclass correlations

The intraclass correlations, �t and �c, range from 0.01 to 0.30, since this represents the range
commonly encountered in trials comparing group administered interventions2,3,8 or trials where
clustering effects are due to therapists.3,23

6.1.2 Ratio of outcome variances

Since there is not much empirical evidence on  , with one study indicating that it varies between 0.5
and 2,7 we will examine a somewhat broader range:  runs from 0.25 to 4.

6.1.3 Cluster sizes

In individually randomized group treatments as well as in case of individual treatments with
clustering due to shared therapist effects, the cluster sizes are often rather small. The smallest
average group size encountered in group therapy is about four,8,19,24 whereas 10 seems to be an
upper limit.7,18,25 These cluster sizes also encompass the average numbers of patients commonly
treated within the same period by one therapist,23,26,27 although the maximum seems to be somewhat
larger.28,29 A cluster size of 16 will therefore be considered as an upper limit.

6.1.4 Effect sizes

The ES varies between 0.1 and 0.9, thus encompassing the ESs commonly classified as small (i.e.
0.2), medium (i.e. 0.5), and large (i.e. 0.80).15

6.1.5 Cost ratios

The empirical evidence on the costs ct, cc, st, and sc is rather scarce, an exception being for instance
Moerbeek et al.30 (where ct/st¼ cc/sc¼ 26). To obtain general results, we therefore did not constrain
the number of clusters through the cost function in equation (4). Instead Kt and Kc were varied from
two to 140, such that they yielded 80% or 90% power in a two-tailed test with a 5% or 1% type I
error rate.

6.2 Numerical investigation

First, all different combinations of �t, �c,  , m, n, ES, and Kc were generated within the ranges of
these parameters as described in section 6.1. To obtain Kt that, given the values of the other
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parameters, yields a power level 1 – � in a two-tailed test with type I error rate a, equations (2) and
(7) are combined to obtain the following expression for Kt

Kt ¼
ðz1��=2þ z1��Þ

2 ðm�1Þ �t þ1
m

� �
 Kc

0:5� ES2  þ 1ð ÞKc�ðz1��=2þ z1��Þ
2 ðn�1Þ �c þ1

n

� � ð13Þ

Second, it was checked whether adding a certain number of clusters to the treatment arms is
sufficient for yielding a required power level, as evaluated by an exact expression for the power.22

For this check a program in R was written.31 For some values of the parameters, the integral
function in R did not yield a finite value, in which case 200.000 Monte Carlo simulations were
done to evaluate the power level.

A simple correction was determined in which an equal number of clusters was added to both
treatment arms. More precisely, the smallest number of clusters was determined that, when added to
both treatment arms, was sufficient for all possible combinations of �t, �c,  , m, n, ES, Kc, and Kt.
Let us denote this smallest number by k. Next, refinements of this correction were determined. As a
first step, the smallest Kt and smallest Kc were sought for, for which the (same) number of clusters
added to each arm could be reduced to k – 1. Denote this smallest Kt and Kc by K1. The result of this
process is visualized in Figure 2. To find K1, a binary search algorithm was used.32 If K1 had been
found, then a second binary search was done to find the smallest Kt and smallest Kc for which the
number of clusters added could be reduced to k–2 for both arms. Denote this smallest Kt and Kc by
K2 (where K2>K1). These binary searches where repeated until either a smallest Kt and smallest Kc

was found for which no correction to equation (13) was necessary anymore, or no correction turned
out to be sufficient for the required power level even for a Kt and Kc of 140.

In a second step, these corrections were further refined as a function of the maximum of Kt and
Kc. More precisely, consider the area in Figure 2 for which adding k–1 clusters (but not k–2 clusters)
to each arm was sufficient, that is, Kt in [K1,K2–1] and Kc in [K1,140] or Kc in [K1,K2–1] and Kt in
[K1,140]. For this area, it was examined through a binary search, at which smallest value of the
largest of Kt and Kc, the number of clusters added to the largest of Kt and Kc could be one less
(that is, k–2 instead of k–1). If this smallest value was found, say K3, next for the area where Kt in
[K1,K2–1] but Kc in [K3,140] or Kc in [K1,K2–1] but Kt in [K3,140] (see Figure 2), a binary search was
done to determine the smallest maximum of Kt and Kc for which the number of clusters added to the
largest arm could be further reduced by one (that is, k–3). This refinement was carried out for each
correction area as established before (the areas defined by K1 and K2 in Figure 2).

6.3 Results from the numerical evaluation

For Kt and Kc varying from two to 140, it appears that adding three clusters to Kt and Kc each, is a
sufficient correction in case of two-tailed test at a 5% type I error rate. For a two-tailed test at a 1%
type I error rate, adding four clusters to Kt and Kc each turns out to be sufficient. These corrections
can be relaxed somewhat in case of larger cluster numbers. Table 2(a) and (b) shows sufficient
corrections of the cluster numbers as a function of the minimum of Kt and Kc on one hand and
the maximum of Kt and Kc on the other. These refinements in corrections guarantee a power level up
to 0.5%, that is, at least 79.5% and 89.5% for the power levels 80% and 90%, respectively. As an
example, for 80% power and a 5% type I error rate adding two clusters to each arm are sufficient
corrections when the minimum of Kt and Kc according to equations (8) and (9) exceeds seven (see
Table 2(a)). Furthermore, if one of Kt and Kc exceeds 68, then for this arm it suffices to add only one
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cluster. For the same power level but a 1% type I error rate, it suffices to add three clusters to each
arm if the minimum of Kt and Kc exceeds 25 (see Table 2(b)). If also one of Kt and Kc exceeds 89,
then for this arm only two clusters need to be added.

Below we will illustrate how optimal and maximin sample sizes can be calculated for a specific
study, and will also illustrate the benefits of using a maximin design as compared to a design with
equal numbers of clusters in each arm.

7 Application in planning a trial

We illustrate how to use the results of the present study when planning a trial with heterogeneous
clustering in the treatment arms. Baldwin et al.7 studied the effects of two group-administered
interventions (dissonance intervention versus a healthy weight management program),
administered to high school and university students expressing body image concerns. In this
study, a central outcome was the score on the Revised Ideal Body Stereotype Scale, a self-report

k,k

k,k

k,k k,k

k,k

Kc

2 K1    K2 140
2 

K1

Kt

K2

140 

k-1,k-1 k-1,k-1

k-2,k-2k-1,k-1

Figure 2. Graphical display of sufficient corrections in terms of adding the same number of clusters to Kt and Kc as a

function of the minimum of Kt and Kc. The ranges for Kt and Kc run from two to 140. If both Kt and Kc are K1 or larger

at most k–1 clusters have to be added to Kt and to Kc (k–1,k–1). If both Kt and Kc are K2 or larger at most k–2 clusters

have to be added to Kt and to Kc (k–2,k–2).
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measure of internalization of the thin beauty ideal. Equations (8) and (9) can be used to calculate the
numbers of clusters when replicating this study. We set st¼ sc¼ 1 and ct¼ cc¼ 0 in equation (3) so
that the total sample size is minimized and we take the parameter estimates from Baldwin et al.,7

that is,  ̂¼ 0.78, �̂t¼ 0.04, and �̂c¼ 0.25, as best guesses as to the true parameter values. If we want
to detect a medium sized effect of the intervention, that is, ES¼ 0.5 (cf. Cohen15), with 80% power at

Table 2(b). The extra number of clusters to be added to each treatment arm (to the minimum

and to the maximum number of clusters), both printed bold within parentheses, when calculating

the cluster numbers according to the standard normal approximation in equations (8) and (9) and

when employing REML estimation in the linear mixed model analysis.

Type I error rate¼ 1%

Power¼ 0.80 Power¼ 0.90

Minimum of

Kt and Kc

Maximum of

Kt and Kc

Minimum of

Kt and Kc

Maximum of

Kt and Kc

2–17 2–17 (þ 4, þ 4) 2–14 2–14 (þ 4, þ 4)

2–25 18–47 (þ 4, þ 3) 2–21 15–35 (þ 4, þ 3)

2–25 48–64 (þ 4, þ 2) 2–21 36– 57 (þ 4, þ 2)

2–25 65–93 (þ 4, þ 1) 2–21 58–81 (þ 4, þ 1)

2–25 94–140 (þ 4, þ 0) 2–21 82–140 (þ 4, þ 0)

26–89 26–89 (þ 3, þ 3) 22–70 22–70 (þ 3, þ 3)

26– 94 90–139 (þ 3, þ 2) 22–73 71–131 (þ 3, þ 2)

26– 94 140–140 (þ 3, þ 1) 22–73 132–140 (þ 3, þ 1)

95–140 95–140 (þ 2, þ 2) 74–132 74–139 (þ 2, þ 2)

74–132 140–140 (þ 2, þ 1)

133–140 133–140 (þ 1, þ 1)

Table 2(a). The extra number of clusters to be added to each treatment arm (to the minimum

and to the maximum number of clusters), both printed bold within parentheses, when calculating

the cluster numbers according to the standard normal approximation in equations (8) and (9) and

when employing REML estimation in the linear mixed model analysis.

Type I error rate¼ 5%

Power¼ 0.80 Power¼ 0.90

Minimum of

Kt and Kc

Maximum of

Kt and Kc

Minimum of

Kt and Kc

Maximum of

Kt and Kc

2–4 2–4 (þ 3, þ 3) 2–3 2–3 (þ 3, þ 3)

2–7 5–18 (þ 3, þ 2) 2–6 4–17 (þ 3, þ 2)

2–7 19–28 (þ 3, þ 1) 2–6 18– 26 (þ 3, þ 1)

2–7 29–140 (þ 3, þ 0) 2–6 27–140 (þ 3, þ 0)

8–68 8–68 (þ 2, þ 2) 7–53 7–140 (þ 2, þ 2)

8–74 69–138 (þ 2, þ 1) 54–104 54–119 (þ 1, þ 1)

8–74 139–140 (þ 2, þ 0) 54–104 120–140 (þ 1, þ 0)

75–140 75–140 (þ 1, þ 1) 105–140 105–140 (þ 0, þ 0)
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a 5% type I error rate in a two-tailed test, and m¼ n¼ 6 are ideal group sizes for both arms (cf.
Baldwin et al.7), then Kt¼ 15 groups are needed for the treatment arm (by equation (8)) and Kc¼ 22
groups for the other arm (by equation (9)). To repair the power loss due to using the standard
normal instead of the t-distribution in calculating Kt and Kc, these numbers should be increased to
Kt¼ 15þ 2¼ 17 and Kc¼ 22þ 2¼ 24 groups, respectively (see Table 2(a)).

If one wants to be on the safe side, the maximin strategy can be used, and 0.10 and 0.30 could be
chosen as upper boundaries for �t and �c, respectively. Substituting these into equation (12) shows
that the variance of the treatment estimator is maximum at  ¼ 0.6. If this value is within the
plausible range of values for  , then, by using equations (8) and (9), the maximin sample sizes
can be calculated as: Kt¼ 16 and Kc¼ 27. Accounting again for the power loss due to using the
standard normal distribution for the test statistic, this should be increased to Kt¼ 16þ 2¼ 18 and
Kc¼ 27þ 2¼ 29 groups, respectively (see Table 2(a)). Calculations of the number of clusters
according to an optimal design or a maximin design, also including the corrections as displayed
in Table 2(a) and (b), are possible via a small menu-driven program written in R
(CLUSCALCRT),31 which, upon request, is available from the first author.

Finally, if one wants to replicate the study of Baldwin et al.,7 one could start from a maximin
strategy with �t¼ 0.10, �c¼ 0.30 and  ¼ 0.6, and compare the maximin design to a design where
Kt¼Kc, as typical for many studies7,17–19. Since we do not have information on the research costs,
different cost ratios are considered. Columns 5 and 6 of Table 3 show the relative gains in budget
when considering a maximin design as compared to a design with Kt¼Kc in case both designs have
80% or 90% power at ES¼ 0.50 in a two-tailed test with a 5% type I error rate. The budget gains
can become as large as 50%, illustrating that there may be clear monetary benefits for a maximin
design. Further, columns 7 and 8 of Table 3 show the gains in power under identical budgets when

Table 3. Budget and power of the maximin design versus an equal allocation design

(Kt¼ Kc) for different cost ratios and power levels.

Relative budget gain

under equal power levels

Power for equal allocation

and maximin design

Absolute power gain

under equal budgets

Power for equal

allocation design

ct/st cc/sc st/sc ct/cc 80% 90% 80% 90%

2 2 0.1 0.1 2% 3% 2% 6%

2 2 1 1 4% 4% 2% 6%

2 2 10 10 40% 41% 16% 10%

2 20 0.1 0.01 11% 10% 4% 7%

2 20 1 0.1 –2% –2% –1% 5%

2 20 10 1 19% 21% 9% 8%

20 2 0.1 1 –1% –1% –1% 5%

20 2 1 10 20% 23% 9% 9%

20 2 10 100 50% 53% 19% 10%

20 20 0.1 0.1 2% 3% 2% 6%

20 20 1 1 4% 4% 2% 6%

20 20 10 10 40% 41% 16% 10%

The cluster sizes are m¼ n¼ 6, the variance ratio is  ¼ 0.6, the intraclass correlations are �t¼ 0.10

and �c¼ 0.30, the effect size is ES¼ 0.50 and the type I error rate is a¼ 0.05 for a two-tailed test.

Shown are the relative budget gains and absolute power gains of the maximin design.
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considering a maximin design as compared to a design with Kt¼Kc which has either 80% or 90%
power at ES¼ 0.50 in a two-tailed test with a 5% type I error rate. The power gains may be up to
nearly 20% for an 80% power level and up to 10% for a 90% power level of the equal allocation
design. This implies that for some cost ratios the power levels for the maximin design are close to
100% for the same budget as the equal allocation design. Note furthermore that there also may be
some small budget and power losses for the maximin design. This is due to rounding of the cluster
numbers and due to the corrections as displayed in Table 2(a) and (b) being sufficient but not
necessary.

8 Conclusions and discussion

Clustering may occur when comparing group administered treatments, such as group wise
psychotherapy where group members influence each other, or when comparing individual
treatments where individuals are nested within care providers, such as psychotherapists, and
provider effects occur. Starting from a priori fixed and constant cluster sizes and employing a
flexible cost function, we derived the numbers of clusters that minimize the variance of the
treatment effect estimator. This generalizes previous studies in that allowance is made for
between-arm differences in the intraclass correlation, outcome variance, cluster size, number of
clusters, and costs. The optimal number of clusters for a treatment arm may vary to a large
extent (from two to more than 70) and the optimal allocation of clusters to the treatment arms
may clearly deviate from a 50-50 allocation. Calculating optimal sample sizes requires prior
knowledge on the intraclass correlations in both arms and on the between-arm ratio of outcome
variances, which often may not be very precise. To accommodate this, a maximin strategy for
calculating sample sizes was presented. Maximin sample sizes guarantee a desired power level at
the lowest costs for all parameter values in their plausible ranges. Since the power of any design,
including an optimal or a maximin design, also depends on the ES of interest, expressions were
furthermore given for calculating the number of clusters needed for a certain power level and ES. As
these equations were based on the normal approximation of the test statistic, a numerical study was
done which showed that for both 80% and 90% power, increasing the number of clusters in each
arm by either three or four clusters was sufficient to obtain the required power level for type I error
rates of 5% and 1%, respectively.

For some care providers, such as nurse practitioners or general practitioners, the intervention
often involves a single or a few meetings of limited duration, implying that the average number of
patients per care provider may be much larger than considered in the present numerical study (see
e.g. Roberts and Roberts,3 Roth et al.33). Additional numerical evaluations with larger average
cluster sizes could be done to examine whether similar corrections result in this case.

The methodology of the present paper could also be applied to designs where the number of
clusters are fixed. That is, it is also possible to derive the optimal cluster sizes, for fixed numbers of
clusters in the treatment and control arm, by minimizing the variance of the treatment effect
estimator for a given budget. However, it may not be possible to find optimal cluster sizes needed
for achieving a certain power level, as the variance of the treatment effect estimator does not become
arbitrarily small as m and n approach infinity, except if both intraclass correlations are zero (see
equation 2). Stated otherwise, given fixed numbers of clusters in the treatment and control arm,
there may be no optimal m and n realizing a desired power level for a particular ES.

Since the sample size formulas assume constant cluster sizes, whereas varying cluster sizes, due to
dropout or naturally varying group sizes, is the more common case, one relevant extension of the
paper is examining the effect of varying cluster sizes on the design efficiency and deriving a
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correction for the potential efficiency loss in a cost-efficient way when planning sample sizes. Van
Breukelen et al.34 have shown that in many cases adding about 10% of the clusters to both arms
compensates the efficiency loss due to varying cluster sizes, but this result applies to arms that are
homogeneous in their intraclass correlation, outcome variance, number of clusters and average
cluster size. Formulating correction guidelines for the efficiency loss for designs where there is
between-arms heterogeneity in these features requires deriving the efficiency loss for the
asymptotic case and evaluating the adequacy of this asymptotic result for finite samples through
an extensive Monte Carlo simulation study. This extension will be addressed in an upcoming paper.
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Appendix A: Optimal cluster numbers for fixed cluster sizes in case
of ML estimation of the treatment effect

Let K be the total number of clusters, and let p be the proportion of clusters allocated to the
treatment arm (and thus 1–p the proportion allocated to the control arm). The asymptotic
variance of �̂1 can, along lines similar to Candel and Van Breukelen,35 shown to be

Var �̂1

� �
¼

1

Kt wt

þ
1

Kc wc

ð14Þ

where wt ¼
m

m �2u þ �
2
�

and wc ¼
n

n �2v þ �
2
"
, which are the inverse variances of a single cluster outcome

mean in the treated and control arm respectively. Equation (14) can be rewritten into equation (2) of
the main text. From the cost function in equation (4) it follows that K ¼ C� C0ð Þ= pc�t þð1� pÞ c�c

� �
and equation (14) can then be rewritten as:

Varð�̂1Þ ¼
pKwtþ ð1� pÞKwc

pKð1� pÞKwt wc

¼
pwtþ ð1� pÞwc

pð1� pÞwt wc

� �
pc�t þð1� pÞ c�c

C� C0ð Þ

� �
ð15Þ

Taking the derivative with respect to p and setting the expression to 0, yields:

popt
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� �
, or
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s
: ð16Þ

Since the second derivative of equation (15) is positive, this popt minimizes the variance of the
treatment effect estimator. Rewriting the cost function in equation (4), noting that 1� popt

� �
=popt ¼

Kopt
c =K

opt
t , we obtain:

C� C0 ¼ K
opt
t c�t þK

opt
t

1� popt

popt

� �
c�c , or

K
opt
t ¼

C�C0

c�t þ
1�popt
popt

� �
c�c

¼
C�C0

c�t þ
ffiffiffiffiffiffiffiffiffi
c�t c
�
c

p ffiffiffiffi
wt

wc

q :
ð17Þ
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It can be shown that

wt

wc

¼
�2yc
�2yt

 !
m

n

� �
ðn� 1Þ �cþ1

ðm� 1Þ �tþ1

� �
, ð18Þ

which, when substituted into equation (17), yields K
opt
t in equation (5). A derivation along similar

lines can be given for Kopt
c in equation (5).

Starting from equations (2) and (7) the expression in equation (8) can now be derived:

�21 K
opt
t

z1��=2 þ z1��
� �2 ¼ ðm� 1Þ �tþ1ð Þ �2yt

m
þ
ðn� 1Þ �cþ1ð Þ �2yc

n
�

K
opt
t

K
opt
c

( )
, or ð19Þ

K
opt
t ¼

z1��=2 þ z1��
� �2

�21
�
ðm� 1Þ �tþ1ð Þ �2yt

m
þ
ðn� 1Þ �cþ1ð Þ �2yc

n
�

popt

1� popt

( )
, ð20Þ

so that, making use of the results in equations (16) and (18)

K
opt
t ¼

z1��=2 þ z1��
� �2

�21

�
ðm� 1Þ �tþ1ð Þ �2yt

m
þ
ðn� 1Þ �cþ1ð Þ �2yc

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

m

� � c�c
c�t

� �
ðm� 1Þ �tþ1

ðn� 1Þ �cþ1

� �
�2yt
�2yc

 !vuut
8<
:

9=
;:

ð21Þ

Further elaboration yields:

K
opt
t ¼

�2yt z1��=2 þ z1��
� �2

�21

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm� 1Þ �tþ1ð Þ

m

r

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm� 1Þ �tþ1ð Þ

m

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 1Þ �cþ1ð Þ

n

c�c
c�t

� �s
�yc
�yt

 !( )
,

ð22Þ

which, after substituting ES¼ �1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:5 �2yt þ �

2
yc

� �r
and  ¼ �2yt=�

2
yc
, yields equation (8) of the

main text.

Appendix B: Value of t which maximizes the variance of the treatment
effect estimator for maximin designs

The variance of the treatment effect estimator in equation (2) can be rewritten as:

varð�̂1 j�Þ ¼ ðm� 1Þ �tþ1ð Þ
�2yt þ�

2
yc

mKt

 !
 

 þ 1

� �
þ ðn� 1Þ �cþ1ð Þ

�2yt þ�
2
yc

nKc

 !
1

 þ 1

� �
:

Taking the derivative with respect to  shows that varð�̂1 j�Þ increases as a function of  whenever
ðm�1Þ �t þ1
ðn�1Þ �c þ1

� �
n
m

� �
� Kt

Kc

� �
, and decreases as a function of  , otherwise. Since the maximin design is an

optimal design for a certain value of  , Kt=Kc will satisfy equation (6) and we can derive that

varð�̂1 j�Þ increases as a function of  if ðm�1Þ �t þ1
ðn�1Þ �c þ1

� �
n
m

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 ðm�1Þ �t þ1
ðn�1Þ �c þ1

� �
n
m

� � c�c
c�t

� �r
and decreases

otherwise. The maximum variance of the maximin design is therefore achieved at
 ¼ ðm�1Þ �t þ1

ðn�1Þ �c þ1

� �
n
m

� � c�t
c�c

� �
.
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