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1
Introduction

Whenever we make a conscious decision as human beings, we aim
for a preferred outcome to take place. Often, the occurrence of such an
outcome does not solely depend on our own actions. In many decision-
problems that we face in our social world, the presence and actions of
others influence the final outcome as well. These other actors may be
other people, firms or even nations. We refer to them as players. Each
of these players may have preferences and motivations of their own. If
we are rational human beings, then we have to take such factors into
account before making our decision. To decide on our best course of
action, we have to form expectations of what other players decide to
do and simultaneously be aware that these other players employ simi-
lar kinds of thinking processes. That is, we have to engage in strategic
reasoning. Game theory is the mathematical framework in which we
can model such scenarios of strategic interaction. Each particular sce-
nario we model in the framework, we refer to as a game.

The classical approach to non-cooperative game theory is concerned
with making predictions about the final outcome of a game in terms
of the choices (or behaviour) of players. Ever since the introduction by
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Chapter 1. Introduction

Nash (1950, 1951), equilibrium analysis has been the focal point in this.
Epistemic game theory on the other hand focuses specifically on the
underlying strategic reasoning of players in games and the individual
behaviour that results from this. The reasoning processes of players are
described by so-called belief hierarchies: in a game, you face uncertainty
about the choice of the other player. To make a reasonable choice, you
need to form a belief about the other player’s choice, since the outcome
of the game is dependent on her choice as well. However, the other
player faces a similar uncertainty about your choice. Whatever choice
you believe she makes, must also be motivated by a belief of her own
about your choice. This gives rise to a new space of uncertainty for
you to take into account and thus to form a belief about. Adding on
top of the complexity, whatever choice you believe the other player
believes you will choose in turn must be believed to be motivated by
some belief of yours about the other player’s choice. This adds yet
another layer of uncertainty we can form beliefs about. Continuing in
this manner, we get an infinite chain of beliefs. This chain of beliefs is
called a belief hierarchy. A belief hierarchy thus formally captures a
line of reasoning steps you as a player in a game can take.

We can impose assumptions on belief hierarchies that we deem in-
tuitively plausible for a rational reasoner to follow and subsequently
predict behaviour resulting from such reasoning. This approach is at
the very heart of epistemic game theory, as is discussed thoroughly in
Perea (2012). Some restrictions bring us back to classical solution con-
cepts such as equilibria and others lead us to entirely novel predictions
for games. In a world of strategic uncertainty, belief hierarchies are
therefore important objects to consider when analyzing a game. Be-
yond the strategic uncertainty, belief hierarchies contain information
that can be essential for shaping preferences of players in and of itself.
This will be clarified next.

Traditional game theory has focused on interactive scenarios where
individuals care about material payoffs only. One may think of price-
setting by competing firms with the goal to optimize profits or costly
effort decisions by individuals a in group project where efforts collec-

2



tively determine the quality of the final result. However, in many real-
life scenarios individuals do not only have preferences that are rooted
exclusively in the material outcomes of the game. Rather, they are also
often motivated by the beliefs and intentions of themselves and oth-
ers. These beliefs and intentions follow from the reasoning process of
a player. Consider the following example.

Example 1.1 (The dinner session). You and your friend Ben have plans to
cook and then have dinner together this evening. Ben is an excellent chef in his
own right and therefore usually takes care of main dishes, whereas you usually
prepare side-dishes. Ben is however having a heavy day of teaching, so the
roles are reversed this time. Your two options are a low-effort pasta dish and
a high-effort Milanese dish of osso bucco and risotto that will require much
more attention. Ben’s options are to prepare bruschetta or crostini directly
when he gets back home. Taste-wise all four possible compositions give you
an equal amount of hedonic utility. Ben however is of the strong opinion that
the osso buco and bruschetta are by far the best combination, whereas the osso
buco and crostini are the worst possible combination.

There is no way to contact Ben during his teaching. And when he is done
teaching you will be riding your bike to his place. Ben’s teaching day is de-
manding, but he will pull through, in part because he is looking forward to
having a nice dinner at the end of his day. If his expectations are not met, he
will be disappointed. Knowing the intense day he will have had, you would
feel guilty for such disappointment.

It would not be a too outlandish assumption to make that if you and
Ben are good friends, you will feel guilty if Ben’s dinner expectations
are not met. You would be motivated to avoid this guilt. Your guilt is
dependent on what you believe Ben’s expectations are of your choice.
If Ben all day expected you to prepare a low-effort pasta dish, you
might as well do so as this meets his expectations for the evening. If
you believe Ben believes you would prepare the osso buco and that
would have been the reason he prepared bruschetta, you believe Ben
is expecting an exceptional dinner. To avoid guilt, you will have to
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Chapter 1. Introduction

spend more effort and prepare the Milanese osso buco dish. The effort
would obviously be like a physical cost for you to bear, but the guilt
you experience otherwise would be a psychological cost to you.

The motivation in Example 1.1 is called guilt-aversion and is an ex-
ample of emotions determining behaviour. The idea that emotions
and other-regarding preferences influence decision-making is not new
and has been taken up long ago by fields such as psychology. Despite
Adam Smith ([1759] 2000) himself acknowledging that emotions in-
fluence decision-making in crucial ways, modern economics has been
silent on this notion for a long time (Elster, 1998). In large part, this
was due to a lack of proper machinery to tackle such issues.

Traditional game theory is ill-equipped for dealing with motivations
that are belief-dependent, such as guilt-aversion. Namely, it only fo-
cuses on motivations defined over the material, observable outcomes
of a game, which excludes belief-dependent motivations. As a re-
sponse, the more general framework of psychological game theory
was introduced by Geanakoplos et al. (1989) and further developed
and refined by Battigalli and Dufwenberg (2009). This framework has
allowed for the modelling and experimental testing of a wide range
of emotions and other belief-dependent motivations. This includes
the aforementioned guilt-aversion (Dufwenberg, 2002; Charness and
Dufwenberg, 2006; Battigalli and Dufwenberg, 2007; Attanasi et al.,
2013; Attanasi et al., 2016), but also phenomena such as: intention-
based reciprocity (Rabin, 1993; Dufwenberg and Kirchsteiger, 2004;
Falk and Fischbacher, 2006; Sebald, 2010), frustration and anger in
games (Battigalli et al., 2015), deception and lying behaviour (Batti-
galli et al., 2013; M. Dufwenberg and Dufwenberg, 2018; Gneezy et
al., 2018), social norm conformity (Li, 2008; Charness et al., 2019), and
also surprise (Khalmetski et al., 2015), which will have a central role to
play in CHAPTER 4 of this thesis. The above-mentioned developments
have been put to use to explain amongst other the following economic
problems: optimal incentive schemes in contract theory by means of
reciprocity-concerns (Livio and de Chiara, 2019), individual effort pro-
vision in public good settings by means of guilt-averse individuals (Pa-
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tel and Smith, 2019) and the level of corruption by public administra-
tors by taking into account guilt-aversion (Balafoutas, 2011).

Psychological game theory can explain both traditional game-theoretic
motivations and belief-dependent motivations. In that sense, psycho-
logical game theory is indeed a more general framework. This under-
standing brings about a couple of new challenges. Namely, a more
general framework means more cases to consider and therefore possi-
bly more issues that can be encountered. First, game theory is inher-
ently a mathematical framework. More complex problems may require
us to enrich mathematics of the framework in order to describe said
problems. When moving to the more general framework of psycho-
logical game theory, at times we therefore may need to diverge from
mathematical tools that are conventionally used. Second is the selec-
tion of appropriate solution concepts to analyse games. For instance,
the epistemic approach to game theory already puts the use of equi-
librium concepts in traditional games under scrutiny. This is because
of the correct beliefs assumption that underlies such concepts. Intu-
itively, this notion means that the belief hierarchy each player has is
correctly inferred by all other players, and that this particular event
is commonly believed by all players. If the same game is repeated
many times among the same players, the reasoning processes of play-
ers can be learned in traditional games. But otherwise, there is a lack
of an epistemic foundation for correctness of beliefs to occur. In psy-
chological game theory, belief hierarchies are even more prominent in
the games via the preferences of players. The question is what further
problems can arise from applying particular solution concepts, from an
epistemic point of view. Third, being a more general framework im-
plies that results established in traditional game theory do not simply
carry over to each psychological game as well. The cases where results
fail to carry over can hide meaningful intuitions about the complexities
that players are facing in psychological games.

Each of these challenges takes centre-stage in one of the chapters in
this thesis.
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Chapter 1. Introduction

CHAPTER 2 functions as a preliminary chapter. Here we establish the
notation used throughout the thesis and formalize the concepts that
are fundamental to all subsequent chapters. We show how to construct
belief hierarchies and how to conveniently represent them using types
in epistemic models. Moreover, a formal definition of a psychological
game is provided and elaborated on. We also discuss the basic rational
reasoning concept of common belief in rationality. This concept is the
backbone of epistemic game theory.

CHAPTER 3 discusses cautious reasoning in psychological games. Cau-
tious reasoning captures the idea that no choice, even if it is irrational,
is ever disregarded as a possibility. In traditional games, rational rea-
soning processes capturing this notion are modelled using so-called
lexicographic belief systems. Such systems include sequences of be-
lief, where each next belief in the sequence is deemed infinitely less
important than the previous one. This would usually be sufficient for
tie-breaking between two choices. In psychological games however,
lexicographic belief systems contain insufficient information to deter-
mine tie-breaking under expected utility maximization. Namely, we
have to be able to quantify the relation of ‘being deemed infinitely less
important’. We have to enrich our mathematical framework in order
to express such sentences. By employing non-standard belief systems,
the issues are essentially resolved.

CHAPTER 4 offsets the notion of common belief in rationality to that
of a psychological Nash equilibrium. The contrast between the two
notions shows that imposing additional restrictions on reasoning pro-
cesses of players can be unwanted from a conceptual point of view
when we move to the analysis of a psychological game instead of a tra-
ditional game. This point is illustrated via the Surprise Exam Paradox.
In this relatively old philosophical problem, it appears that rational
reasoning leads to unpredictability of an event, even after the event
has been announced. In the paradox, the event is a surprising exam
announced by a teacher to his student. A resolution to the paradox is
provided by modelling it as a psychological game. The few previous
game-theoretic approaches applied equilibrium analyses to the prob-
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lem. In this chapter we motivate that the restraint to use an equilibrium
concept is in fact essential in providing a satisfactory resolution. The
goal of the teacher is to instill surprise into the student by his actions.
Surprise is an epistemic state: it is a mismatch between a choice made
and a belief one formed before that choice is observed. The belief can
be derived from the belief hierarchy. At the same time, solution con-
cepts in game theory impose restrictions on the belief hierarchies of
players and therefore their possible epistemic states as well. For equi-
librium concepts this is the restriction that the belief hierarchy is char-
acterized by correct beliefs. In the case of the Surprise Exam Paradox,
we have a game where it is not just the case that there is no epistemic
foundation for imposing a correct beliefs assumption. Rather, we show
that we have a case where a very strong (epistemic) argument can be
made that players should not commonly believe in correct beliefs. By
relying on the notions of common belief in rationality and common
belief in future rationality instead, we can resolve the paradox in an
intuitive way.

CHAPTER 5 deals with the last of the challenges we mentioned. In
the seminal work by Geanakoplos et al. (1989) and later on in Jagau
and Perea (2017) it was made clear that results that hold in traditional
game theory do not always carry over to psychological games. In
particular, both papers showed how existence of common belief in
rationality need not be guaranteed in a psychological game, though
with differing sufficient conditions. Also shown by the latter refer-
ence by way of example is that if common belief in rationality as an
event can exist in a psychological game, rational choices under this
concept are no longer guaranteed to be characterized by iterative pro-
cedures as they normally would have. That is, in traditional games
we are able to characterize solutions of games by iteratively eliminat-
ing choices or strategies. These elimination procedures are intuitive
in use and could be perceived as reasoning steps taken by the players
themselves (Cubitt and Sugden, 2011; Perea, 2015). Rational choices
under common belief in rationality are usually characterized by iter-
ative elimination of strictly dominated choices. In Chapter 5 we find
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Chapter 1. Introduction

the families of two-player (expectation-based) psychological games in
which this elimination does always work. The games in these fam-
ilies could be viewed as equally easy to reason about as traditional
games. We characterize these games based on which orders of beliefs
are directly utility-relevant for a player. By introducing the notion of
causality diagrams which captures those orders of beliefs that are (in-
directly) utility-relevant, we can distinguish between three different
cases of families of psychological games. Psychological games that fall
outside these three cases bear additional complexities. More specifi-
cally, the complexity I found that belief-dependent motivations intro-
duce is that the reasoning processes about two different rationality-
events can overlap and interfere with each other. When this happens,
iterated elimination of choices will no longer characterize the choices
that are possible under common belief in rationality. In such situations
decision-makers need to engage in more complex elimination proce-
dures to reason in line with common belief in rationality.

This all challenges the commonly held view that when dealing with
emotions, many of which are belief-dependent, irrationality is the norm.
In many cases this is not true: to take into consideration motivations
such as your own guilt and anger or that of others may in fact require
much more complex reasoning. In addition, players need to be extra
careful in making assumptions about how the other player reasons.
Restrictions on the reasoning process also imply restrictions on the
possible epistemic states. When aware of the belief-dependent moti-
vations of others, these motivations and restrictions combined can be
illogical in some games. Surprise and correct beliefs are one such ex-
ample.

8



2
Basic Definitions and Concepts
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Each of the chapters in the main body of this thesis tries to challenge
different problems. However, they all find root in the same founda-
tions. We look at all problems with the same fundamental framework
of psychological game theory in mind and consider rational reason-
ing of players that can always be traced back to belief hierarchies that
express the basic principle of common belief in rationality. A formal
discussion of all these elements is therefore in place.

2.1 Belief hierarchies

In a traditional setting, a player’s experienced, ex-post utility depends
only on her own choice and her opponents’ choices. The player’s ex-
pected utility of making a particular choice then depends only on her
first-order belief of what she expects her opponents to choose. As op-
posed to this, a player’s utility in a psychological game can explicitly,
and non-linearly, depend on any order of belief or even the entire belief
hierarchy. For instance, in Example 1.1, your utility depends on what
you believe Ben expects you to prepare. In order to formally discuss
the framework of a psychological game, we should therefore clarify
what a belief hierarchy formally is. A belief hierarchy bi for a player
i represents an infinite chain of beliefs. The first element in this chain
represents the first-order belief about the opponents’ choices. In Exam-
ple 1.1 this would correspond to what you believe Ben is going to pre-
pare. The second element represents the second-order belief about the
opponents’ choices combined with the opponents’ beliefs about their
opponents’ choices. In our example, this would for instance be a be-
lief you have about what Ben prepares and a belief about what Ben
expects you to prepare. The third element represents the third-order
belief about the combination of opponents’ choices, opponents’ first-
order beliefs and the opponents’ second-order beliefs. And so on.

Following Brandenburger and Dekel (1993), we formally define beliefs
over spaces of uncertainty. These spaces have to be measurable, for
each additional layer of uncertainty we add. Consider any Polish space
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Chapter 2. Basic Definitions and Concepts

S. Let ∆(S) be the set of probability measures on the Borel σ-field over
the space of uncertainty S. Finally, endow ∆(S) with the topology of
weak convergence. Then ∆(S) is a Polish space as well. The primi-
tive space of uncertainty for player i is the set of opponents’ choices
Ś

j 6=i
Cj = C−i. We can recursively define

X1
i := C−i

X2
i := X1

i ×
ą

j 6=i
∆(X1

j )

...

Xn
i := Xn−1

i ×
ą

j 6=i
∆(Xn−1

j )

...

Then by B̃i :=
Ś∞

n=1 ∆(Xn
i ) we denote the set of all possible belief

hierarchies for player i. Each belief hierarchy bi is a vector of (higher-
order) beliefs (b1i , b

2
i , ...), where the n-th order belief of player i is a

probability distribution bni ∈ ∆(Xn
i ). In the current set-up a belief hi-

erarchy bi ∈ B̃i may be incoherent in the sense that an n-th order belief
may contradict what is stated by the (n − 1)-th order belief. When
defining psychological games, we assume a player’s belief hierarchy
cannot show such incoherences. More formally, we define coherency
as follows.

Definition 2.1. A belief hierarchy bi = (b1i , b
2
i , ...) expresses coherency if

for every n > 1 we have

margXn−1
i

bni = bn−1
i .

Let player i’s set of coherent beliefs be denoted by B̃i(1) ⊆ B̃i.
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We can make use here of Brandenburger and Dekel (1993)’s Proposi-
tion 1. From this proposition we know there exists a homeomorphism
fi : B̃i(1) → ∆(C−i × B̃−i). Thus a coherent belief hierarchy can be
identified with a probability distribution over the possible combina-
tions of opponents’ choices and belief hierarchies. Next to expressing
coherency, a player can also believe her opponents express coherency,
believe that her opponents believe their opponents express coherency,
and so on. This restricts the set of belief hierarchies we will consider
further. We can recursively define such sets of belief hierarchies:

B̃i(k) = {bi ∈ B̃i(k − 1)|fi(bi)(C−i × B̃−i(k − 1)) = 1}, k ≥ 2.

Consider the set Bi =
⋂
k≥0

B̃i(k). We say a belief hierarchy bi expresses

coherency and common belief in coherency if bi ∈ Bi. Throughout this the-
sis, whenever we refer to a belief hierarchy bi, we assume it to be a
belief hierarchy in Bi, even if it is not directly stated as such.1 More-
over, note that bi ∈ Bi can be identified by a probability distribution
over C−i × B−i through the homeomorphism fi as was used in defin-
ing B̃i(k) for any k ≥ 1. We will make use of this fact several times
throughout the thesis.

2.2 Psychological games
With these elements in place, we can now give a formal definition of
a psychological game. All chapters in this thesis concern static psy-
chological games, without updating of beliefs. Only in Section 4.4 of
CHAPTER 4 we also deal with dynamic psychological games. The nec-
essary tools to analyze such dynamic scenarios we discuss only in that
particular chapter. For defining static psychological games we follow
the approach taken by Jagau and Perea (2017).

1This is the traditional take on belief hierarchies in epistemic game theory. A more
recent approach takes coherency and common belief in coherency as a condition
on the belief hierarchy that is derived from rational reasoning. See Battigalli et al.
(2020).
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Definition 2.2. A psychological game is a tuple G = (Ci, Bi, ui)i∈I ,
where I is the of players, Ci is the finite set of choices for player i2, Bi de-
notes the set of belief hierarchies expressing coherency and common belief in
coherency and

ui : Ci ×Bi → R

is player i’s (measurable) utility function.

By this definition, we capture the idea that player i’s utility depends
explicitly on her full belief hierarchy. Formally speaking a psycholog-
ical game is a generalisation of a traditional game, since the utility
function in a traditional game exclusively depends on first-order be-
liefs. Moreover, utilities in a traditional game always depend linearly
on first-order beliefs. This is not true for psychological games in gen-
eral, where utilities can depend non-linearly on the full belief hierar-
chy. Definition 2.2 differs from definitions used in the seminal work by
Geanakoplos et al. (1989) and Battigalli and Dufwenberg (2009). Under
these two definitions, utility also still explicitly depends on the oppo-
nent’s choices. In case of the latter approach, utility moreover explic-
itly depends on the opponents’ belief hierarchies as well. These two
elements are helpful in visually distinguishing between preferences
over outcomes and belief-dependent motivations. However, as Jagau
and Perea (2017) point out, all these approaches are essentially equiva-
lent. This can be seen by noting that a belief hierarchy can be identified
by a probability distribution over the combinations of the opponents’
choices and their belief hierarchies C−i×B−i. Hence, a belief hierarchy
already includes a conjecture about the opponent’s choices and oppo-
nent’s belief hierarchies. In terms of utility that is deemed relevant
at the moment of making a decision, all approaches are thus equiva-
lent in an expected utility framework. The approach we take here will
be particularly helpful in the notation of CHAPTER 5, where in the con-
structive proofs we want to directly couple (rational) choice with belief
hierarchies.

2Ci may well be a singleton set, indicating a situation where player i does not have
any choices to make but where his beliefs matter for the utilities of other players.
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Table 2.1: Example 1.1: Dinner session, traditional game
Ben

BR CR

You High 1, 5 1, 0

Low 3, 2 3, 3

Table 2.2: Example 1.1: Dinner session, psychological game
Your extreme second-order expectations

(BR,High) (BR,Low) (CR,High) (CR,Low)

High 1 1 1 −2

Low 0 3 3 3

Your utilities

Ben’s extreme first-order beliefs
High Low

BR 5 2

CR 0 3

Ben’s utilities

We can represent psychological games in a similar way as we represent
traditional games. All games we consider are so-called belief-finite,
expectation-based games. Most games in applications of psychological
games belong to this class, and they allow for a matrix-representation
of the game (Jagau and Perea, 2018). For an in-depth discussion of this,
we refer the reader to CHAPTER 5.

Let us again consider Example 1.1 where you and Ben have a dinner
session. If we do not consider the belief-dependent motivations, we
can represent the game in matrix form, as is the usual practice for fi-
nite static games. This can be seen in Table 2.1. Here, you have the
choices High (high-effort osso buco with risotto) and Low (low-effort
pasta). Ben can choose to prepare bruschetta (BR) or crostini (CR). As
explained in the story, you do not care too much for gastronomy: your
choice High always leads to a utility of 1 because of higher effort and
your choice Low always leads to a utility of 3 because of lower effort,
regardless of what Ben prepares. Ben on the other hand slightly prefers

15



Chapter 2. Basic Definitions and Concepts

to prepare CR over BR, but only if you do not prepare the high-effort
dish. In the latter case, Ben definitely prefers to prepare BR.

Now let us assume you display guilt-averse motivations. We have two
different decision-problems: one for you and one for Ben. Together
they constitute the psychological game. This psychological game can
be seen in Table 2.2. Ben’s utilities are as in a traditional game and
can be seen in the lower matrix with utilities. Your utilities change
now however, and are dependent on the second-order beliefs. You
experience guilt proportional to the utility Ben loses compared to his
expectations. This can be seen in the upper matrix of the table. The
columns here represent extreme second-order expectations. These are
probability-one second-order beliefs. The first column (BR,High) in-
dicates the probability-one second-order belief of you that Ben will
prepare BR while he believes you prepare the high-effort dish. If you
indeed play High under such a probability-one second-order belief,
you believe you will meet Ben’s expectations and hence receive a util-
ity of 1, as was the case in the traditional game. If you however play
Low, you believe you will fail to meet Ben’s expectations for the evening.
You believe Ben will fall short 3 units of utility compared to what he
expected. For this you will feel guilt, incurred as a psychological cost
of 3. Hence, instead of a utility of 3, you will have a utility of 0 when
playing Low under this second-order belief. The other columns can be
interpreted in exactly the same way (assuming that you are not moti-
vated by ‘negative’ guilt). Note that in the traditional game the high-
effort dish is strictly dominated for you, but in the psychological game
it is not.

2.3 Common belief in rationality in psychological
games

There are many different ways in which players of a game can come
to a decision. A choice may have been made after a very intricate rea-
soning process, or a choice may be made by a player who is biased in
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some way or is limited in her cognitive abilities. It is therefore help-
ful to have a benchmark to compare all different cases of (limited or
biased) reasoning to. This benchmark is that of a rational reasoner. A
basic reasoning concept we would expect a perfectly rational reasoner
to adhere to is called common belief in rationality.

Intuitively, common belief in rationality captures the following idea.
A rational reasoner of course wants to make a choice that would yield
her the highest utility. However, a player faces uncertainty in a game.
So she would decide on the choice that would yield her the highest ex-
pected utility given her beliefs about her opponent’s choice (in case of
a two-player game) and, if belief-dependent motivations are involved,
given her belief about her opponent’s beliefs, et cetera. However, if
all players are assumed to be rational reasoners, she must believe her
opponent is trying to do the same thing. So in her belief about her op-
ponent’s choice, she must believe that her opponent is trying to max-
imize his expected utility given his reasoning process. But then along
the same argument, she must also believe that her opponent believes
she is a rational reasoner. Therefore, she must believe that her oppo-
nent believes that the choices of her he assigns positive probability to
must maximize expected utility given some line of reasoning. We can
continue this reasoning process up to infinity. A belief hierarchy that
is in line with such a reasoning process expresses common belief in ra-
tionality. Thus, common belief in rationality is an event that a line of
reasoning can lead to.

In short, common belief in rationality conveys the idea that nowhere
in one’s belief hierarchy the rationality of any player is questioned. It
has been defined and studied extensively in traditional games. The no-
tion can at least be accredited to Spohn (1982), Bernheim (1984), Pearce
(1984) and Tan and Werlang (1988). Common belief in rationality in
psychological games captures exactly the same idea as in traditional
games. It was first presented in Battigalli and Dufwenberg (2009) by
their discussion of common strong belief in rationality in dynamic psy-
chological games (the equivalent of this concept in static games is com-
mon belief in rationality). Later it was the focal point in Jagau and
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Perea (2017). Our definition of the concept follows that of the latter
paper.

Common belief in rationality in a psychological game can be defined
recursively. First we consider an optimal choice given any belief.

Definition 2.3. Consider a psychological gameG. A choice ci is optimal for
a belief hierarchy bi ∈ Bi if for all c′i ∈ Ci : ui(ci, bi) ≥ ui(c′i, bi).

Let RBi := {(ci, bi) ∈ Ci ×Bi|ci optimal given bi} be the set of com-
binations of choices and belief hierarchies where the choice is optimal
(or: rational) for the linked belief hierarchy. Then we can define what
it means to believe in an opponent’s rationality. To this end, recall that
every belief hierarchy bi ∈ Bi is homeomorphic to a probability distri-
bution in ∆(

Ś

j 6=i
(Cj ×Bj)).

Definition 2.4. Consider a belief hierarchy bi ∈ Bi for some player i in
G. Player i is said to believe in the opponent’s rationality with belief
hierarchy bi if bi(RB−i) = 1.

In line with Spohn (1982), Bernheim (1984), Pearce (1984) and Tan and
Werlang (1988) for standard games, we can iterate this argument to
get the notion of common belief in rationality in a psychological game
(Jagau and Perea, 2017).

Definition 2.5. Consider a belief hierarchy bi ∈ Bi for some player i. Define
Bi(1) = {bi ∈ Bi|bi(RB−i) = 1}. If bi ∈ Bi(1), we say bi expresses 1-fold
belief in rationality.
Define Bi(k) = {bi ∈ Bi(k − 1)|bi ∈ ∆(

Ś

j 6=i
(Cj ×Bj(k − 1)))}, for every

k ≥ 1. We say bi expresses up to k-fold belief in rationality if bi ∈ Bi(k).
If for every k ≥ 1, bi expresses up to k-fold belief in rationality, we say bi
expresses common belief in rationality.
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We assume here that the events of expressing k-fold belief in rational-
ity are measurable. Finally, let a rational choice under k-fold belief in
rationality and common belief in rationality respectively be denoted as
follows.

Definition 2.6. Consider a choice ci ∈ Ci. We say ci is rational under
k-fold belief in rationality if it is optimal for some belief hierarchy bi ∈ Bi
that expresses up to k − fold belief in rationality. We say ci is rational
under common belief in rationality if it is optimal for some belief hierarchy
bi ∈ Bi that expresses common belief in rationality.

This definition of common belief in rationality and rational choice un-
der a belief hierarchy that expresses common belief in rationality is
applicable to any class of psychological games. The concept of ratio-
nalizability as developed by Bernheim (1984) and Pearce (1984) is very
similar to common belief in rationality. Common belief in rationality
is a more general concept, allowing for beliefs to be correlated. Ratio-
nalizability requires marginal beliefs about opponents’ choices to be
independent from each other. For two-player games this distinction is
irrelevant, as there are no different sets of choices to marginalize over.
For two-player games, the two concepts are therefore equivalent (Tan
and Werlang, 1988).

We now turn to how belief hierarchies, psychological games and com-
mon belief in rationality come together in Example 1.1 of the dinner
session. Say you have the specific first-order belief b1y = BR. In words
this means that with probability-one you believe Ben will prepare br-
uschetta. A specific second-order belief you can have at the same time
is b2y = (BR, 0.8High + 0.2Low). This means that with probability
one you believe that Ben will prepare bruschetta while he believes
with probability 0.8 that you will prepare the high-effort dish and with
probability 0.2 that you will prepare the low-effort dish. A third-order
belief you could have is b3y = (BR, 0.8(High,BR) + 0.2(Low,CR)).
This means that you believe with probability-one that Ben will pre-
pare bruschetta and believe that (i) with probability 0.8 Ben believes
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you prepare the high-effort dish and that you believe with probabil-
ity one that Ben will prepare bruschetta, and (ii) with probability 0.2
Ben believes you prepare the low-effort dish and that you believe with
probability one that Ben will prepare crostini. As we move to even
higher orders of belief, the objects become even larger and therefore
more difficult to express. To determine whether a belief hierarchy ex-
presses common belief in rationality, we would have to continue this
process of expressing higher-order beliefs indefinitely, as belief hierar-
chies involve infinite chains of higher-order beliefs.

Such a process of expressing belief hierarchies can be a very cumber-
some endeavour. This is unfortunate, as common belief in rationality
is the main building block for all the solution concepts we will em-
ploy in the coming chapters. Fortunately, there are methods for mod-
eling belief hierarchies conveniently. The method employed here en-
tails capturing infinite belief hierarchies in an epistemic model. Such
an epistemic model relies on assigning types to players, a concept first
put forward by Harsanyi (1967-1968). Every type ti ∈ Ti holds a be-
lief about the opponents’ choice-type combinations. As such, one can
derive an infinite chain of beliefs for every type.

Definition 2.7 (Epistemic model in a static psychological game).
Consider a psychological game G. An epistemic model M = (Ti, bi)i∈I for
G specifies for every player i a finite set Ti of possible types. Moreover, for
every player i and every type ti ∈ Ti the epistemic model M specifies a prob-
ability distribution bi[ti] over the set of opponents’ choice-type combinations
C−i×T−i. The probability distribution bi[ti] represents the belief player i has
about the choice-type combinations of her opponents.

The idea is as follows. Consider the epistemic model in Table 2.3. Take
type tHighy for you. If you are of this type, you believe that Ben will play
BR and is of type tBRb . This corresponds with your first-order belief b1y
we expressed before in words. Type tBRb of Ben believes with probabil-
ity 0.8 that you play High while being of type tHighy and with probabil-
ity 0.2 that you play Low while being of type tLowy . Putting tHighy and
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tBRb in a chain, we then retrieve the second-order belief b2y for you that
we expressed earlier. Continuing in this fashion, as mentioned before,
type tHighy induces the belief that Ben will play BR. Type tLowy induces
the belief that Ben will play CR. Starting at type tHighy : you believe Ben
is of type tBRb and consequently believe Ben believes (i) with probabil-
ity 0.8 you are of type tHighy and thus believe Ben will play BR and
(ii) with probability 0.2 you are of type tLowy and thus believe Ben will
playCR. Putting together with the first-order and second-order beliefs
we found, this is exactly the third-order belief b3y we described earlier.
Continuing in this fashion, we can retrieve the entire belief hierarchy
that the type tHighy represents, and we can do this for every type in the
epistemic model.

The model also allows us to check whether a player expresses k-fold
belief in rationality for some k by following these chains of types. Let
us start with checking if type tHighy expresses 1-fold belief in rationality.
Take type tHighy for you. Then you believe Ben is of type tBRb . Given
the belief that type tBRb induces, we can conclude that indeed BR is
an optimal choice for that belief: playing BR gives an expected util-
ity of 0.8 · 5 + 0.2 · 2 = 4.4, whereas playing CR would only give an
expected utility of 0.8 · 0 + 0.2 · 3 = 0.6. So type tHighy for you, by
believing Ben plays BR while being of type tBRb , believes in Ben’s ra-
tionality and thus express 1-fold belief in rationality. Next we check if

Table 2.3: Epistemic model Example 1.1: dinner session

Ty = {tHighy , tLowy }
Types T2 = {tBRb , tCRb }

Beliefs for You
by[t

High
y ] = (BR, tBRb )

by[t
Low
y ] = (CR, tCRb )

Beliefs for Ben
bb[t

BR
b ] = 0.8(High, tHighy ) + 0.2(Low, tLowy )

bb[t
CR
b ] = (Low, tLowy )
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type tHighy for you expresses 2-fold belief in rationality. Following the
chain of types from type tHighy we next get to type tBRb . Type tBRb of Ben
induces the belief 0.8(High, tHighy ) + 0.2(Low, tLowy ). If you are of type
tHighy , then you believe Ben plays BR while he believes you play with
probability 0.8 High and with probability 0.2 Low. Given this second-
order belief, we derive your expected utility from Table 2.2 to be 1 if
you play High and 0.8 · 0 + 0.2 · 3 = 0.6 if you play Low. So given
type tHighy , High is an optimal choice. Similarly, if you are of type tLowy ,
then you believe Ben plays CR while he believes you play Low. Given
type tLowy , Low is therefore an optimal choice. Then if Ben is of type
tBRb , he believes you make an optimal choice given the belief hierarchy
represented by your type. In other words, Ben believes in your ratio-
nality and thus expresses 1-fold belief in rationality. Since type tHighy

believes with probability one that Ben is of type tBRb and this type ex-
presses 1-fold belief in rationality, type tHighy expresses 2-fold belief in
rationality. And so on. In fact, type tHighy expresses common belief in
rationality.

With respect to the event of common belief in rationality, we can make
an important analytical remark that we will make use of frequently in
the coming chapters.

Remark 2.1. Consider an epistemic model M = (Ti, bi)i∈I for some psycho-
logical game G. If each type in M expresses 1-fold belief in rationality, then
each type in M also expresses common belief in rationality.

This remark follows directly from the definitions of belief in the oppo-
nent’s rationality and common belief in rationality: common belief in
rationality entails that at no point in the belief hierarchy a player’s ra-
tionality is questioned. If we can only construct belief hierarchies from
a set of types that all express 1-fold belief in rationality, then we cannot
construct belief hierarchies that at some point question the rational-
ity of any of the players. In the epistemic model in Table 2.3 it is the
case that each type expresses 1-fold belief in rationality. We already
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concluded this for the types tHighy and tBRb . We leave it to the reader
to verify this for the remaining two types. The resulting conclusion by
applying Remark 2.1 is that each type in the epistemic model expresses
common belief in rationality.

A second and final remark with respect to epistemic models is about
notation. By means of an epistemic model as defined earlier we can
write the utility function as ui(ci, ti), as ti itself represents a belief hier-
archy.

Remark 2.2. Consider an epistemic model M = (Ti, bi)i∈I for some psycho-
logical game G. We can represent the utility function ui(ci, bi) given some
combination of a choice and belief hierarchy (ci, bi) by ui(ci, ti), where ti rep-
resents the belief hierarchy bi.

In CHAPTER 3 and CHAPTER 4 we will use this notation, as the use of
epistemic models in these chapters are directly relevant. In CHAPTER 5
we write utility functions as ui(ci, bi). In this chapter epistemic models
are only introduced late for the construction of the proof of the main
theorem.
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3
Cautious Reasoning in Psychological

Games

This chapter is adapted from: “Cautious reasoning in psychological
games” (Mourmans, 2018).
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Chapter 3. Cautious Reasoning in Psychological Games

3.1 Introduction

Cautious reasoning is an essential component of various concepts of
traditional game theory. It encapsulates the idea that a decision-maker
has beliefs that do not disregard any of his opponents’ options and
explains the epistemics behind solution concepts such as elimination
of weakly dominated strategies (Luce and Raiffa, 1957; Blume et al.,
1991a; Brandenburger et al., 2008), perfect equilibrium (Selten, 1975;
Blume et al., 1991b), proper equilibrium (Myerson, 1978; Blume et al.,
1991b) and permissibility (Brandenburger, 1992; Börgers, 1994). To
give meaning to rational decision-making in scenarios with caution,
cautious beliefs are typically modelled using lexicographic probability
systems.

A lexicographic belief is a finite sequence of beliefs (or “theories”) in
which the first belief in the sequence is deemed infinitely more impor-
tant than the second, the second belief infinitely more important than
the third, and so on. A player can derive preferences over choices for
every belief in the sequence, where preferences based on earlier beliefs
in the sequence take precedence over preferences based on beliefs later
in the sequence. Under such an interpretation, for a choice to be con-
sidered optimal under a lexicographic belief in a traditional game, it
must be optimal given the first belief in the sequence. In case of a tie,
the choice must then, among those choices with which there was a tie
at the previous level, also be considered optimal given the second be-
lief in the sequence. And so on, until the tie is resolved or the sequence
ends. Belief in the opponent’s rationality can also still be defined in a
traditional game with lexicographic beliefs. For instance, we may say a
player with lexicographic beliefs believes in his opponent’s rationality
if in his first belief in the sequence he only considers rational alterna-
tives for his opponents. Then the decision-maker is left free to consider
irrational alternatives in beliefs that are ‘further’ in the sequence.

For similar reasons as in traditional games, one may want to model
cautious beliefs for decision-makers in psychological games. Psycho-
logical games differ from traditional games in the sense that they are
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Table 3.1: Game of King and Queen: Gift

Beliefs Queen
Games Land

Games 0 1

Land 1 0

able to model belief-dependent motivations as well. That is, utilities
in psychological games may depend explicitly on the full belief hier-
archy instead of just what a player believes his opponents will choose
(Geanakoplos et al., 1989; Battigalli and Dufwenberg, 2009).

To illustrate this idea of cautious reasoning in psychological games,
consider the game of a King and a Queen in Table 3.1. Being fellow
monarchs of neighboring lands, the King finds it a good idea to im-
prove his personal relationship with the Queen by surprising her with
a gift during her next visit to the Kingdom. He is thinking of either or-
ganizing gladiator games in her honor, lasting for half a year, or trans-
ferring a large portion of the coastal lands of his Kingdom that are
littered with beaches. The Queen is aware the King has the intention
of surprising her with either of these two options. If the King orga-
nizes the Games while the Queen expected the transfer of the coastal
lands, the King receives a utility of 1. If the King transfers the Land
while the Queen expected the Games, the King also receives a utility
of 1 by surprising her. All other extreme scenarios result in a utility
of 0. If with some probability p he expects the Queen to be incorrect
in her prediction of what he will do and with probability 1 − p to be
correct in her belief, then the King receives a utility of p.

Let us assume that the King knows the Queen is a cautious reasoner
and will not disregard either of the two options the King has. Also
let us assume that the King with probability 1

2 thinks that the Queen
considers it infinitely more likely that the King will transfer the coastal
lands compared to organizing Games and with probability 1

2 that the
Queen considers it infinitely more likely that the King will organize
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Games instead of transfer the lands. These orderings can be repre-
sented by the King’s second-order lexicographic beliefs.

In traditional games, in case of a tie in terms of preferences over choices
given a previous belief in a sequence, a player would move further
down in his lexicographic belief until the end of the sequence or until
the tie is resolved. The case here is that the King’s preferences de-
pend on his second-order beliefs, i.e. in particular his beliefs about the
Queen’s lexicographic beliefs about his choice. In fact, the King deems
possible two different first-order lexicographic beliefs for the Queen.
Each of these lexicographic beliefs specify the relative importance of
her theories within each lexicographic belief. However, we cannot
make comparisons between theories from different lexicographic be-
liefs without imposing extra assumptions [Section 3.2]. For instance, it
is well possible that deeming something ‘infinitely more likely’ means
something different probabilistically in the two possible lexicographic
beliefs for the Queen that the King considers. In this regard, we can ask
ourselves the following question: does the King expect the Queen to
be more likely to believe the King will choose Games or Land? At face
value, the answer to this is not obvious, yet is relevant for determining
the King’s preferences.

Preferably, to compare theories from two different sequences of beliefs,
one wants to be able to quantify what it means for one theory to be
‘infinitely more important’ than another. This would involve assigning
infinitely small numbers to events that are deemed infinitely less likely
to happen than others. This is a feature that non-standard analysis
accomplishes by constructing infinitesimals (Robinson, 1973) [Section
3.3].

In the remainder of this chapter we will elaborate further on the short-
comings of lexicographic beliefs in modeling cautious reasoning in
psychological games. Moreover, the expressive power of non-standard
analysis will be contrasted to this. In Section 2, the problem of lexico-
graphic beliefs in psychological games will be discussed. Section 3
illustrates the necessary expressive power of non-standard beliefs in
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psychological games and shows how these beliefs can be used to de-
fine the cautious reasoning concept of permissibility for such games.
Section 4 provides a short conclusion.

3.2 The problem with lexicographic beliefs

Following Blume et al. (1991a), we can define a lexicographic belief as
follows.

Definition 3.1. A lexicographic belief bi for player i on a finite set X is a
finite sequence of beliefs (b1i , ..., b

n
i ), where each element specifies a probability

distribution on X . We call b1i the primary theory, b2i the secondary theory,
and so on.

Thus, a lexicographic belief captures an ordering of beliefs, where the
(l − 1)th belief is deemed infinitely more important than the lth be-
lief. We could impose natural conditions on these sequences of beliefs,
such as that bli 6= bmi for every m 6= l. This ensures no inconsisten-
cies in the ordering occur. That is, we cannot have a scenario where
e.g. bli = bl+2

i is deemed infinitely more important than bl+1
i and vice

versa. However, as this section will show, regardless of whether lexico-
graphic beliefs meet such conditions, problems may occur in analysing
psychological games.

Since we are explicitly dealing with higher-order beliefs or even full
belief hierarchies, it is helpful to simplify notation by usage of types
(Harsanyi, 1967-1968). To every belief hierarchy of player i, we can
assign a type ti ∈ Ti. Doing this for every player in a psychological
gameG, and assuming all players can only consider as possible finitely
many belief hierarchies, one can construct a finite epistemic model.

Definition 3.2. Consider a psychological game G with a finite set of choice
Ci for each player i ∈ I where I is a finite set of players. An epistemic
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Table 3.2: Epistemic model with lexicographic beliefs, Gift game

Type King T1 = {t1}
Types Queen T2 = {t2, t′2}
King’s beliefs b1[t1] = 1

2 t2 + 1
2 t
′
2

Queen’s beliefs
b2[t2] = ((Lands, t1); (Games, t1))

b2[t′2] = ((Games, t1); (Lands, t1))

model with lexicographic beliefs M = (Ti, bi)i∈I for G specifies for ev-
ery player i a finite set Ti of possible types. Moreover, for every player i
and every type ti ∈ Ti the epistemic model specifies a lexicographic belief
bi[ti] = (b1i [ti]; b

2
i [ti]; ...; b

n
i [ti]) over the set C−i × T−i of opponents’ choice-

type combinations.

Thus every type specifies a lexicographic belief about the opponents’
choice-type pairs, whose types specify a lexicographic belief about their
opponents’ choice-type pairs. Continuing this process, we can retrieve
for each type a hierarchy of lexicographic beliefs.

For now we stay intentionally verbal in what we formally define a
psychological game G to be when players have lexicographic beliefs.
This is due to measurability issues that may arise as a result of dealing
with hierarchies of lexicographic beliefs specifically. For the discussion
now, we will assume that a player i makes his decisions in line with
subjective expected utility maximization, for some measurable utility
function that captures the decision-makers preferences. In a traditional
game such a function would be

ui : Ci × C−i → R.

Now, denote by ui(ci, b
1
i [ti]) the expected utility for player i when

choosing ci and holding the belief b1i [ti], with b1i [ti] being the first the-
ory in the lexicographic belief bi[ti]. In a traditional game (where util-
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ities only depend on first-order beliefs) with lexicographic beliefs this
implies that, given a type ti for player i, a choice ci is weakly preferred
over another alternative c′i ∈ Ci if:

ui(ci, b
1
i [ti]) > ui(c

′
i, b

1
i [ti]), or

ui(ci, b
1
i [ti]) = ui(c

′
i, b

1
i [ti]) and ui(ci, b2i [ti]) > ui(c

′
i, b

2
i [ti]), or

...

ui(ci, b
1
i [ti]) = ui(c

′
i, b

1
i [ti]) and ui(ci, b2i [ti]) = ui(c

′
i, b

2
i [ti]) and ... and

ui(ci, b
n
i [ti]) ≥ ui(c′i, bni [ti]).

We say the choice ci is optimal for bi[ti] if the decision maker does not
prefer any choice to ci.

Extending the above intuition of optimality of a choice to psychological
games is problematic however. To understand why, let us return to the
example of the Queen and the King in Table 3.1. The beliefs of the King
and Queen are presented in Table 3.2.

One interpretation of these beliefs could be that organising Games
is deemed infinitely more likely to a higher degree than Lands for the
Queen’s belief induced by t′2, than Lands is deemed infinitely more
likely than Games for the Queen’s belief induced by t2. Then it is clear
that choosing Land is optimal for the King. However, the opposite is
possible as well, under which Games is the only optimal choice for the
King.

Now, suppose the King had decided to organize the gladiator games
for the Queen. However, the spendings during the half-year of the
games were so exorbitantly high that the people started a rebellion
against the King. The King does not have the required number of
faithful soldiers to protect his position. The Queen knows that send-
ing a large force of soldiers of her own to protect her colleague will
easily quell the rebellion, whereas a small force will also subdue the
rebels, though at the larger cost of losing more King’s soldiers. This
game is presented in Table 3.3. The Queen has two separate motiva-
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Table 3.3: Game of King and Queen: Aid.

Beliefs King
Large force No aid Small force

Large force −2 3 −2

No aid −2 0 −2

Small force −1 4 −6

tions here: to lose as few soldiers as possible and to be respected by
her fellow ruler the King. Sending a large force will cost her 2 units of
utility, whereas a small force will cost her 1 unit of utility. The respect
the Queen cares for can come in three forms: if she sends no aid at all
whereas the King believes her to send some soldiers to beat the rebel-
lion, she loses 2 units of utility due to an expected loss in respect with
the King. More important to her is however to see the King be elated
with her helping presence. As such, she believes she will be perceived
as the ‘unexpected savior’ by the King. Thus, sending a force (large or
small) to subdue the rebels, while she expected the King to believe she
would not send any help, will give the Queen a utility of 5. However,
sending a small force specifically may also have an exactly opposite
effect for the Queen. That is, she certainly does not wish to reinforce
any existing reservations the King may have about her sending troops
solely to be perceived as the unexpected savior instead of also caring
for his safety and mental well-being. This would occur if the King be-
lieves the Queen to only send a small force instead of a large force to
quickly quell the rebellion, while the Queen in fact indeed sends such
a small force. Such a circumstance would cause her to lose 5 units of
utility on top of the 1 unit lost by sending a small force. Overall, the
Queen’s motivations depend on her second-order beliefs. More specif-
ically, the columns in Table 3.3 refer to the King’s probability-one first-
order beliefs. The Queen’s utility then depends on the combination of
her choice and her belief over such probability-one beliefs of the King.
These latter objects we call second-order expectations (See CHAPTER 5).

Let us make the assumption that the Queen believes the King is a
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Table 3.4: Epistemic model with lexicographic beliefs, V1

Type Queen T1 = {t1}
Types King T2 = {t2, t′2}
Queen’s beliefs b1[t1] = 4

5 t2 + 1
5 t
′
2

King’s beliefs
b2[t2] = ((LF, t1); 4

10(SF, t1) + 6
10(NA, t1))

b2[t′2] = ((SF, t1); 4
10(LF, t1) + 6

10(NA, t1))

cautious reasoner. We can model the King’s cautious beliefs by lexi-
cographic probabilities over the set of the Queen’s choices.1 Caution
implies here that for each type of the Queen considered by the King,
positive probability is assigned to each possible choice for the Queen
somewhere in the lexicographic belief. The Queen by definition satis-
fies caution, as there are no choices by the King to be cautious about.

To illustrate the problems regarding lexicographic beliefs in psycho-
logical games, a simple epistemic model will suffice. A leading exam-
ple is presented in Table 3.4. The Queen considers two types of the
King, each representing one of the King’s possible lexicographic be-
liefs. The King considers a single type for the Queen which induces a
non-lexicographic belief. The Queen believes here with probability 4

5
that the King deems it infinitely more likely that the Queen will send
out a large force of soldiers (LF) than a small force (SF) or no aid (NA)
at all. Yet, the latter two choices are still considered by the King in the
secondary theory of his lexicographic belief with probability 4

10 and 6
10

respectively. In a similar manner, the Queen believes with probability
1
5 that the King deems it infinitely more likely than either a large force
or no force at all that a small force will be sent to aid him. However,
the Queen also believes with probability 1

5 that the King still deems a
large force or no aid possible in his secondary theory with probability

1Caution can also be defined over the strategy-type space, instead of just over the
strategy-space (as adopted in this paper). However, this distinction is irrelevant
for the problem discussed here.

33



Chapter 3. Cautious Reasoning in Psychological Games

4
10 and 6

10 respectively.

Were the Queen only to consider the primary theories of each of the
King’s two possible lexicographic beliefs, then it is clear that the Queen
is indifferent between all her options. Namely, we would have that
uQ(LF ) = uQ(NA) = uQ(SF ) = −2. Similarly, were the Queen only
to look at the secondary theories in the King’s lexicographic beliefs,
then it is clear that only LF is an optimal choice for her. That is, we
would have

uQ(LF ) =
4

5
(

6

10
·3+

4

10
· (−2))+

1

5
(

6

10
·3+

4

10
· (−2)) =

4

5
·1+

1

5
·1 = 1

for her choice LF,

uQ(NA) =
4

5
(

6

10
· 0 +

4

10
· (−2)) +

1

5
(

6

10
· 0 +

4

10
· (−2)) = −4

5

for her choice NA, and for her choice SF

uQ(SF ) =
4

5
(

6

10
·4+

4

10
·(−6))+

1

5
(

6

10
·4+

4

10
·(−1)) =

4

5
·0+

1

5
·2 =

2

5
.

We cannot make the statement however that this makes the choice to
send a large force LF optimal for the Queen by the observations above.
By Definition 3.2, we know that b2[t2] and b2[t′2] are both sequences
of beliefs on C1 × T1 where the beliefs are decreasing in importance.
However, we need something even more expressive than this. That
is to say, at face value we cannot recover from a lexicographic belief
whether ‘deeming a choice infinitely less likely’ means probabilisti-
cally the same thing in b2[t2] as in b2[t′2]. It could well be that the sec-
ondary theory in b2[t2] receives infinitely less weight compared to the
secondary theory in b2[t′2] (or vice versa) with the information we have
now. Such information is however relevant for the Queen, since her
utility depends on her second-order expectations.

To see this, first consider the secondary theory in b2[t2] to be deemed
infinitely less likely to occur by the Queen in her second-order belief
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Table 3.5: Epistemic model with lexicographic beliefs, V2

Type Queen T1 = {t1}
Types King T2 = {t2, t′2}
Queen’s beliefs b1[t1] = (4

5 t2 + 1
5 t
′
2; t2)

King’s beliefs
b2[t2] = ((LF, t1); 4

10(SF, t1) + 6
10(NA, t1))

b2[t′2] = ((SF, t1); 4
10(LF, t1) + 6

10(NA, t1))

than the secondary theory in b2[t′2]. Say the Queen would fully focus
on what she believes would be the King’s secondary theories to de-
termine her preferences. This would have as a consequence that the
Queen expects the King to believe her choosing SF is infinitely less
likely to occur than LF. As a result, the Queen has little concern that
the King believes she will only send a small force, leading SF to be
the only optimal choice. However, if we reverse the relation between
b2[t2] and b2[t′2], it would mean that, as far as secondary theories go,
the Queen expects the King to deem SF to be infinitely more likely to
occur than LF. In such a scenario, sending a large force would be the
Queen’s only optimal choice. In more general words, lexicographic be-
liefs carry insufficient information to consistently determine a player’s
preference over his own choices in a psychological game.

An assumption that one could impose is that ‘deeming a belief in-
finitely more important’ means the same thing across lexicographic
beliefs of a particular player. However, such a resolution may also
not suffice. Consider the scenario in which the Queen also has a lex-
icographic belief by simply extending her belief b1[t1] in Table 3.4 to
one as portrayed in Table 3.5. Now, in the Queen’s secondary theory
she believes with probability-one that the King is of type t2. Given this
theory, she then believes that the King deems it infinitely more likely
than anything else that the Queen will choose LF. Under such beliefs,
SF would be the only optimal choice for the Queen. It is clear that
the Queen’s preferences over her choices shaped by her primary the-
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ory about the King’s primary theories have precedence over the pref-
erences shaped by second-order beliefs relating to all other combina-
tions of theories. It is also obvious that the preferences shaped by the
Queen’s secondary theory about the King’s secondary theories ought
to be assigned the least importance. However, with the information
provided as of yet it is unclear whether the preferences shaped by the
Queen’s primary theory about the King’s secondary theories should
take precedence over those shaped by the Queen’s secondary theory
about the King’s primary theory. This does however matter for deter-
mining the Queen’s optimal choice: in the former case LF is the optimal
choice, but in the latter SF.

This would leave us with two options to go forward from here. First,
we could take an axiomatic approach and define an additional choice
rule. For instance, we could define the ordering of the preferences such
that the preferences shaped by the Queen’s secondary (and if she had
any: her tertiary, quaternary etc.) theory about the King’s primary the-
ory (or theories) are deemed infinitely more important than the ones
shaped by the Queen’s beliefs about non-primary theories of the King.
This ordering is however rather random in the sense that we might as
well propose a different ordering rule that may be equally intuitive.
Instead, we can also look at the primitives of the model of expected
utility maximization. We may represent cautious beliefs such that it
still allows for deriving optimal choices in psychological games in a
non-ambiguous manner and without the need to specify extra choice
rules. This implies we need to be able to give a clear description of
one event being ‘deemed infinitely more likely’ than another, a matter
elaborated on in the following section.

3.3 Non-standard beliefs as a solution

As the previous discussion has shown, psychological games with cau-
tious beliefs including infinitely small weights on choices will require
one to quantify what it means for a player to deem one event ‘infinitely
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more or less likely’ than another. Such a quantification can be provided
by using non-standard analysis (going back to at least Robinson (1973)).
The main idea of this form of analysis is that one extends the line of
reals R to a non-Archimedean field of hyperreals R∗, which includes
infinitesimals yet retains the first-order structure of the line of reals. A
strictly positive number ε ∈ R∗ is called an infinitesimal if ε · r < 1
for every r ∈ R.2 There is one important property of infinitesimals in
a non-Archimedean field that will be highlighted for the purposes of
this chapter.

Definition 3.3. Take two numbers r, s ∈ R∗ with r and s strictly positive
such that sr is an infinitesimal. That is, sr is in R∗, but not in R. Then we can
say that s is infinitely smaller than r.

Non-standard analysis allows us to capture the intuition of lexicographic
beliefs in the sense that we can still define what it means for one event
to be deemed infinitely less likely than another. At the same time, it
also allows us to quantify this relation.

The extended field R∗ we will consider is as in Hammond (1994). This
is an elementary extension of the line of reals R by means of any, single
infinitesimal number ε, which thus does not satisfy the Archimedean
property. Using a polynomial construction, we can obtain the ordered
field R∗. This works as follows. We want the set R∗ that we are con-
structing to be a field; it needs to be closed under addition and multi-
plication. This means that all its members need to be ‘rational’ num-
bers in the sense that they can be expressed as a ratio of two, finite
polynomial functions. So each member s ∈ R∗ can be expressed as

s =
a0 + a1ε+ a2ε

2 + ...+ anε
n

b0 + b1ε+ b2ε2 + ...+ bnεn
,

2An infinitesimal may be constructed from a fixed sequence that converges to 0 us-
ing ultrafilters or using a polynomial construction as in Robinson (1973). For an
in-depth discussion about non-standard analysis in (traditional) game theory, see
Hammond (1994) and Halpern (2010).
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where ε is the single infinitesimal number we started with, ak, bk ∈ R
for all k ∈ {1, ..., n}, bk 6= 0 for some k ∈ {1, ..., n}, and either a0 6= 0 or
b0 6= 0.

Using non-standard probabilities, we can transform the beliefs in the
epistemic model of Table 3.4. Let a non-standard probability distri-
bution p on X assign probabilities p(x) ∈ R∗, where p(x) ≥ 0, such
that

∑
x∈X p(x) = 1. We can derive belief hierarchies of non-standard

beliefs as we do for standard beliefs, as Rajan (1998) shows. To do
so, we need to assume the primitive space of uncertainty is Hausdorff
and use the Transfer Principle of non-standard analysis that, roughly
speaking, states that any statement that holds about standard objects
in a standard space should also hold about non-standard objects in a
non-standard space.

Definition 3.4. A static psychological game with nonstandard beliefs is
a tuple G = (Ci, B

∗
i , ui)i∈I with I denoting the finite set of players, Ci rep-

resenting the finite set of choices for player i,3 B∗i the set of non-standard
belief hierarchies that express coherency and common belief in coherency, and
ui : Ci ×B∗i → R∗ representing player i’s measurable utility function.

This definition follows that of Jagau and Perea (2017), but now for psy-
chological games with non-standard beliefs. The belief hierarchies as
constructed in Rajan (1998) can be captured in an epistemic model. We
construct such an epistemic model as we would do for standard beliefs
or did for lexicographic beliefs in Section 3.2 following Brandenburger
and Dekel (1993). In Section 3.2 we have shown that in a type space
related to some psychological game persisting with lexicographic be-
liefs can already cause problems. We will show in this section that
non-standard beliefs provide a solution in such matters.

A finite epistemic model with non-standard beliefs is defined as fol-
lows.

3Ci may well be a singleton set, indicating a situation where player i does not have
any choices to make but where her beliefs matter for the utilities of other players
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Definition 3.5. Consider a psychological game G with non-standard beliefs.
An epistemic model M = (Ti, bi)i∈I with non-standard beliefs for G
specifies for every player i a finite set Ti of possible types. Moreover, for every
player i and every type ti ∈ Ti the epistemic model specifies a non-standard
probability distribution bi[ti] on the set C−i × T−i of opponents’ choice-type
combinations.

As long as we assume finite epistemic models, the choice for lexico-
graphic beliefs or non-standard beliefs does not change the nature of
underlying game. This means that if we can unambiguously define
preferences over choices using hierarchies of lexicographic beliefs in
a psychological game, then re-defining such hierarchies using non-
standard beliefs must result in the same preferences over choices. That
is, from Halpern (2010) we know that a lexicographic belief function
b̄i[ti] and a non-standard belief function b̃i[ti] are equivalent in finite
cases. The negative result with regard to lexicographic belief hierar-
chies for psychological game can thus purely be attributed to the ex-
pressive power of such objects and not to any other trade-off.

The result of adapting Table 3.4 to a non-standard beliefs instead of
lexicographic beliefs is found in Table 3.6, where ε > 0 is an infinitesi-
mal. For both his types the King is cautious, as in both cases he deems
possible every choice, be it with a positive real number or a positive in-
finitesimal number. Note that in this particular example we modelled
the King’s cautious beliefs such that deeming one event infinitely more
likely than another means the same thing for both his types t2 and t′2,
as in both this relation is defined using the same infinitesimal ε.

A crucial point here is that non-standard probability measures are de-
fined on a non-Archimedean, ordered field. Higher-order, non-standard
beliefs then are defined, in a sense, over the set of such probability mea-
sures. The resulting probability measure is then still defined on an or-
dered field. As a result, operations such as multiplication are as usual.
This is in contrast to e.g. a second-order lexicographic belief, which
is defined over a set of sequences of standard probability measures. It
is e.g. not clear how to multiply such sequences a priori. This causes

39



Chapter 3. Cautious Reasoning in Psychological Games

Table 3.6: Epistemic model with non-standard beliefs, V1

Type Queen T1 = {t1}
Types King T2 = {t2, t′2}
Queen’s beliefs b1[t1] = 4

5 t2 + 1
5 t
′
2

King’s beliefs

b2[t2] = (1− ε)(LF, t1)
+ ε( 4

10(SF, t1) + 6
10(NA, t1))

b2[t′2] = (1− ε)(SF, t1)
+ ε( 4

10(LF, t1) + 6
10(NA, t1))

Table 3.7: Epistemic model with non-standard beliefs, V2

Type Queen T1 = {t1}
Types King T2 = {t2, t′2}
Queen’s beliefs b1[t1] = 4

5 t2 + 1
5 t
′
2

King’s beliefs

b2[t2] = (1− ε2)(LF, t1)
+ ε2( 4

10(SF, t1) + 6
10(NA, t1))

b2[t′2] = (1− ε)(SF, t1)
+ ε( 4

10(LF, t1) + 6
10(NA, t1))

difficulties in deriving a unique joint lexicographic probability distri-
bution from two or more separate marginal ones Hammond (1994).
This was essentially the root of the problem discussed in Section 3.2 by
means of Table 3.4.

The way in which higher-order, non-standard beliefs are constructed,
allows us to define the expected utility for a player in a similar manner
as how one would define expected utility with standard beliefs. Taking
into account an epistemic model, utilities can be defined as a function
of choices and types: ui(ci, ti). This utility itself may also involve in-
finitesimal numbers. An optimal choice for a type with non-standard
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beliefs can subsequently be defined as follows.

Definition 3.6. Consider an epistemic model M = (Ti, bi)i∈I with non-
standard beliefs for G and a type ti for player i in such a model. A choice
ci is optimal for type ti of player i if ∀c′i ∈ Ci : ui(ci, ti) ≥ ui(c′i, ti).

With these tools in hand, we can show that using non-standard be-
liefs the issue of determining an optimal choice specifically can be re-
solved. Returning to the game in Table 3.3, we already established the
expected utilities for the Queen given the primary theory and given the
secondary theory in the previous section. If we take the weighted sum
of these, where (1 − ε) is assigned to the primary theory and ε in the
secondary for both b2[t2] and b2[t′2], we have uQ(LF ) = (1−ε) · (−2)+ε
for her choice LF, uQ(NA) = (1 − ε) · (−2) + ε · (−4

5) for her choice
NA, and uQ(SF ) = (1 − ε) · (−2) + ε · ( 4

10) for her choice SF. Thus,
we have unambiguously derived that under this specific second-order
belief sending a large force is optimal for the Queen.

In a similar manner, we can transform the epistemic model in Table
3.4 into another epistemic model with non-standard beliefs that in-
duces the same lexicographic beliefs, but in which sending a small
force would be the only optimal choice. This is depicted in Table 3.7.
Note however that now the relation of one event being infinitely more
likely than another in b2[t2] is denoted by ε2 (that of b2[t′2] is still given
by ε), where ε2 is infinitely smaller than ε. Since the two non-standard
beliefs of the King are characterized by two different infinitesimals,
we need to take the weighted sum of the utilities given each combi-
nation of theories and types to derive expected utilities for the Queen.
We then acquire uQ(LF ) = 4

5(−2(1 − ε2) + ε2) + 1
5(−2(1 − ε) + ε) =

−8
5 + 8

5ε
2 + 4

5ε
2 − 2

5 + 2
5ε + 1

5ε = −2 + 3
5ε + 12

5 ε
2. In a similar way,

we can get for her choice NA that uQ(NA) = −2 − 6
25ε + 24

25ε
2 and

uQ(SF ) = −2 + 11
5 ε + 4

5ε
2 for her choice SF. Clearly then, sending a

small force would be optimal. This in part because the ‘primary the-
ory’ in b2[t2] is deemed infinitely more important than its secondary
theory to a slightly higher degree than that the primary theory in b2[t′2]
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is deemed infinitely more important than its secondary theory. Hence,
the Queen expects the King to believe in his primary theories that the
Queen is slightly more likely to choose LF than SF. Also important is
however that the secondary theory of b2[t2] is assigned an infinitely
smaller probability than the secondary theory of b2[t′2]. It follows that
the Queen expects the King to believe in his secondary theories that LF
and NA are infinitely more likely to be chosen than SF. This explains
why SF is the only optimal choice.

Once utility (and thus optimality) is defined, we can extend solution
concepts from traditional games to psychological games. For notions
where caution is an integral part, such as permissibility (Börgers, 1994;
Brandenburger, 1992) and common full belief in caution and primary
belief in rationality (Perea, 2012), we can use non-standard beliefs to
do so.

Definition 3.7. Consider an epistemic model M = (Ti, bi)i∈I with non-
standard beliefs and a type ti for player i. Player i has a cautious type if,
whenever he deems possible an opponent’s type tj for some player j, then for
every cj ∈ Cj it assigns positive probability in R∗ to (cj , tj). This probability
may be real or an infinitesimal.

A type is deemed possible if it is assigned positive probability in R∗
in the belief. Assuming a player to have a full-support belief and be-
lieving in the opponent’s rationality may be incompatible. However,
we can impose the following condition for a choice to be considered
rational.

Definition 3.8. Consider an epistemic model M = (Ti, bi)i∈I with non-
standard beliefs and a type ti for player i. Type ti primarily believes
in the opponent’s rationality if for every opponent j 6= i we have that
bi[ti](cj , tj) ∈ R+ only if cj is optimal for tj , where R+ is the set of all posi-
tive real numbers.
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We can iterate the arguments of believing an opponent is cautious and
primarily believing in an opponent’s rationality.

Definition 3.9. Consider an epistemic model M = (Ti, bi)i∈I with non-
standard beliefs and a type ti for player i. Type ti expresses 1-fold full belief in
caution if it only deems possible opponents’ types that are cautious. For every
k > 1, every player i, and every type ti ∈ Ti, we say that type ti expresses
k-fold full belief in caution if ti only deems possible opponents’ types that
express (k − 1)-fold full belief in caution.
Type ti expresses common full belief in caution if ti expresses k-fold full
belief in caution for every k.

Definition 3.10. Consider an epistemic model M = (Ti, bi)i∈I with non-
standard beliefs and a type ti for player i. Type ti expresses 1-fold full belief in
primary belief in rationality if ti primarily believes in the opponent’s rational-
ity. For every k > 1, every player i, and every type ti ∈ Ti, we say that type
ti expresses k-fold full belief in primary belief in rationality if ti only deems
possible opponents’ types that express (k− 1)-fold full belief in primary belief
in rationality.
Type ti expresses common full belief in primary belief in rationality if ti
expresses k-fold full belief in primary belief in rationality for every k.

Then, a rational choice under common full belief in caution and pri-
mary belief in rationality entails that the choice is optimal for a type
ti that expresses common full belief in caution and primary belief in
rationality. Note that the notion of common full belief in caution and
primary belief in rationality epistemically justifies the concept of per-
missibility (in traditional games).

It is clear that there is no type in either the epistemic model of Table
3.6 or the epistemic model of Table 3.7 that expresses common full be-
lief in caution and primary belief in rationality. Namely, the Queen
only has a single type, that considers type t2 and t′2 for the King. Type
t2 primarily believes the Queen will choose LF and type t′2 primarily
believes the Queen will choose SF. We already established that in the
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Table 3.8: Epistemic model with non-standard beliefs, V3

Type Queen T1 = {t1, t′1}
Types King T2 = {t2, t′2}

Queen’s beliefs

b1[t1] = t2
b1[t′1] = t′2

King’s beliefs

b2[t2] = (1− ε− ε2)(LF, t′1)
+ ε(SF, t′1) + ε2(NA, t′1)

b2[t′2] = (1− ε− ε2)(SF, t1)
+ ε(NA, t1) + ε2(LF, t1))

situation of Table 3.6 LF is the only optimal course of action and in the
situation of Table 3.7 SF is the only optimal choice. The Queen expects
the King however to believe with some positive probability in R+ that
she will choose LF and with some positive probability in R+ that the
she will choose SF. However, by the previous argument LF and SF can-
not be optimal choices at the same time in these two situations. Hence,
the Queen does not believe the King always primarily believes in her
rationality. This does not mean there is no epistemic model in which
common full belief in caution and primary belief in rationality is sat-
isfied. One possibility is a scenario in which the Queen believes the
King to (partially) believe she is of a different type than she actually
is. Namely, one of the motivations of the Queen is to gain respect from
the King by surprisingly coming to his aid. Table 3.8 provides an epis-
temic model in which SF is optimal for type t1 and LF is optimal for
type t′1, where both types express common full belief in caution and
primary belief in rationality. The analysis is left to the reader. Note fi-
nally that if caution is assumed, NA cannot be optimal, as it is weakly
dominated.
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3.4 Conclusion
The distinctive feature of a belief modelled by non-standard probabil-
ities compared to a lexicographic belief, is that in case of the latter we
know that it is derived from some sequence of beliefs, whereas in case
of the former we have more information about which specific sequence
of beliefs it would correspond to. That is, for each lexicographic be-
lief we can find an equivalent non-standard belief that quantifies the
probabilistic structure behind one state being ‘infinitely more likely’
than another. In some cases this extra information evidently is crucial
in unambiguously deriving preferences over choices. However, it also
stresses that in psychological games, depending on the types of beliefs
held by all players, more sorts of information have to be accounted
for. If cautious reasoning is involved, the decision-maker needs to be
aware of what ‘infinitely more likely’ means in one considered belief
hierarchy of the opponent compared to another.
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4
The Surprise Exam Paradox as a

Psychological Game

This chapter is adapted from: “Reasoning about the surprise exam
paradox: An application of psychological game theory” (Mourmans,
2017).
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4.1 Introduction

In psychological games, we model particular belief-dependent motiva-
tions by letting preferences of players explicitly depend on the belief
hierarchies. From an epistemic point of view, solution concepts used
to analyze games are characterized by imposing restrictions on such
belief hierarchies. A point of friction is then to what extent meaningful
restrictions can be imposed on the belief hierarchies while still retain-
ing the essence of the belief-dependent motivation we are trying to
model.

In this chapter I will elaborate on this point by means of analyzing the
Surprise Exam Paradox (SEP). This is a well-studied problem, in logic
and philosophy alike. The story of the paradox is as follows.

A teacher (male) announces to his student (female) that during the next week
she will be given an exam. However, the teacher does not announce on which
day of the week the exam will take place. Instead, he announces to the student
that, when the exam arrives, the day on which it occurs will have come as a
surprise to her. Then, the story goes, the student reasons that the teacher can-
not give the exam on Friday. Namely, if Friday has come about and the exam
has not been given at that point, the student knows the exam has to be given
on Friday and therefore no surprise will be possible. Once Friday is ruled out
by the student, only Monday to Thursday are left as viable options for the
teacher according to the student. But then by the same reasoning the student
cannot think the teacher can choose Thursday any longer: once Thursday has
arrived and the exam has not yet been given, the student knows that the exam
will be given on Thursday. Following the same line of reasoning, the stu-
dent will believe that the exam cannot be given on Wednesday, Tuesday or on
Monday and thus will conclude that the teacher cannot give a surprise exam.
Once Wednesday comes about, the student finds an exam lying on her desk.
The student is fully surprised.

Though a seemingly simple problem, the sheer size of the literature on
the paradox shows much value has been found in analyzing it, mainly
for logicians and philosophers (see Chow (2011) for a comprehensive
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overview of the literature on the topic). In particular, logicians have
mainly focused on the nature of the teacher’s announcement. Surpris-
ing the student can be logically defined by the announcement that: (1)
the exam will take place next week and that (2) the exact day on which
it will take place is not deducible in the day in advance for the student
by the preceding statement. This announcement in itself is found to
be self-contradictory (Fitch, 1964; Smullyan, 1987). Take for instance
the scenario in which the exam has not happened by Thursday. As
Smullyan (1987) argues, if statement (1) is known to be true, then the
student knows on Thursday evening the exam has to be given, mak-
ing statement (2) false. If statement (1) were doubted, then the student
may not expect an exam at all the next day. In that case statement (2)
becomes true. The truth of statement (2) relies on statement (1) being
false. This resolution has left some confusion. The argument relies on
the premise that the student at all times accepts (or knows) she will
receive a surprise exam. But this is not a premise one can logically
deduce from the announcement.

Epistemological studies of the problem try to resolve this issue by for-
mulating the problem in such a manner that the student can accept the
announcement of the teacher to be either true or false. This is essen-
tially the approach of Quine (1953).1 Quine argues as follows. When
deriving a contradiction in the teacher’s announcement, the student
can no longer accept his announcement as true. But then the student
should have considered this as a possibility from the start. The student
can actually discern between four possibilities on Thursday evening.
First, (a) an exam will happen tomorrow and the student accepts that
as true now, (b) an exam will not happen tomorrow and the student
accepts that as true now, (c) an exam will not happen tomorrow but
the student does not accept that as true now and (d) an exam will
happen tomorrow but the student does not accept that as true now.
Possibilities (c) and (d) are deduced after deriving a contradiction, of

1Quine (1953), amongst others, technically looked at a different version of the para-
dox, called the Unexpected Hanging Paradox. However, it represents exactly the
same problem.
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which possibility (d) actually allows for surprise on Friday. It has been
shown that the student cannot accept the announcement as true by the
time the last day has occurred. This epistemic state is known as an
epistemic blindspot (Sorensen, 1988).

If one wanted to deal with the question of whether the student can
know the announcement at all times, the resolution offered by Quine
(1953) is sufficient. However, if the student were to completely disre-
gard any information disclosed by the announcement, then anything is
possible. The student would not know what the teacher’s intentions are
with the exam, or not even know an exam will be given. Rather, in a sat-
isfactory solution of the paradox, we at least want the student to learn
something from the announcement. Moreover, we want our solution
to show why the teacher believes he can vindicate his announcement.
This would explain why the teacher made the announcement in the
first place. In order to explain why the teacher thinks he can surprise
the student, we need to model the teacher’s rational reasoning process
in the paradox. At the same time, we want our model to explain the
student’s reasoning process: where she went wrong in her reasoning
in the story and whether she could have rationally reasoned to other
conclusions instead. Therefore it is useful to address the paradox as a
game-theoretic problem.

Surprise is a mental state. It is a mismatch between an observable out-
come and a (prior) doxastic or epistemic state of a person. In this par-
ticular case the outcome refers to when the teacher chooses to give the
exam and the doxastic state refers to the student’s prior belief about
this choice of the teacher. The goal of the teacher is to surprise the stu-
dent. Clearly then, the teacher’s decision is driven by his belief about
the student’s belief about his own decision, i.e. his second-order be-
lief. Therefore, the teacher’s preferences are not simply defined over
material outcomes of the game played. Instead, the teacher has belief-
dependent motivations. As such, the SEP presents itself as a psycho-
logical game. By modelling the problem as a psychological game we
follow the route taken by Geanakoplos (1996) and therefore do not
opt to model it as a traditional game, the route taken by the scarce,
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remaining game-theoretic literature on the SEP (Sober, 1998; Ferreira
and Bonilla, 2008).2 However, instead of looking at fixed points as in
Geanakoplos, we will formalize and apply the more basic type of iter-
ative reasoning which is used by the student in the story. We will do so
by applying notions found in epistemic game theory to this problem.

The only, minimal assumption we wish to impose beforehand in this
paradox is that both the teacher and the student are reasoners in line
with common belief in rationality. If we include more than two days,
we include dynamics to the paradox. Since in the paradox the student
appears to employ backward induction reasoning, we will focus on the
epistemic game-theoretic analogue of such reasoning for the dynamic
setting: common belief in future rationality (Perea, 2014).

In this chapter we provide a game-theoretic resolution of the paradox
which also allows us to be specific about the reasoning employed by
both the student and the teacher. To this end, we need to be formal
about the lines of reasoning used by the players of the game. We con-
sider the concepts of common belief in rationality and common belief
in future rationality as basic modes of reasoning. Looking at the para-
dox from a more fundamental viewpoint in a game-theoretic setting by
iteratively defining rational reasoning steps gives us a new perspective
on the problem. We will describe scenarios in which it makes sense
for the teacher to announce a surprise exam by the concept of common
belief in rationality.

Common belief in rationality in psychological games is essentially the
same as common belief in rationality in traditional games, in the sense
that at no point in a belief hierarchy a player’s rationality is questioned.
There is an important difference to be found in the definition of opti-
mality however, as in psychological games now also belief-dependent

2Sober (1998) and Ferreira and Bonilla (2008) model the game as a matching-pennies
game. This requires modelling a preference relation for the student as well. It
appears hard to plausibly extend the paradox story in such a way that it would
lead to clear preferences and choices for the student.
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motivations come into play. In the dynamic setting, a comparable dis-
tinction is found for common belief in future rationality. Under this
concept, at no point in a decision-maker’s conditional belief hierarchy
future rationality is put into doubt.

We consider two versions of the paradox: one where surprise by giving
and not giving the exam are meaningful for the teacher and one where
only surprise from giving the exam is meaningful to the teacher. We
find that in both cases, full surprise is possible under a belief hierarchy
that expresses common belief in rationality. By full surprise, as opposed
to partial surprise, we mean that the teacher gives the exam on a day of
which the student did not believe it would occur on with any positive
probability. A crucial element in the version where the teacher only
cares for surprise resulting from giving the exam is that the student
should deem it possible that the teacher will give the exam on the last
day, in order for the teacher to be able to surprise her. This implies that
the teacher must believe the student deems it possible the teacher will
choose an unsurprising day. This is a belief that seems to go against
the announcement he made. The position of the teacher is improved
as we include more days, in the sense that he will have more days that
can possibly lead to full surprise. Moreover, accepting the announce-
ment as true becomes less problematic. Analyses using psychological
Nash equilibrium contrast these results, as the imposed correct beliefs
assumption significantly limits the teacher’s opportunities to surprise
the student.

The remainder of the chapter is organized as follows. In Section 4.2
we define the SEP as a static psychological game. Moreover, we will
introduce the concepts of common belief in rationality and psycholog-
ical Nash equilibrium in relation to the SEP. This will all be applied
in Section 4.3, where we analyse several versions of the paradox in a
static setting and link the results to previous literature. In Section 4.4
we extend the SEP to a dynamic setting, and discuss the backward in-
duction reasoning concept of common belief in future rationality. This
framework is then applied to the two versions of the SEP in a dynamic
setting. Finally, we close off with a short conclusion in Section 4.5.
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4.2 Preliminaries
We start this section by providing a formal set-up for the analysis of the
paradox in a static version. By this we mean we will look at a two-day
version where the teacher can only choose to give the exam on Thurs-
day or Friday. We will first introduce the notion of surprise we will be
looking at. Subsequently, we define the paradox in the framework of
psychological game theory. Finally, common belief in rationality and
psychological Nash equilibrium in the paradox will be discussed.

4.2.1 The static SEP as a psychological game

Let us consider the two-day version of the surprise exam paradox (SEP).
A teacher makes an announcement to his student that consists of the
following two statements: (i) there will be an exam next week on ei-
ther Thursday or Friday, and (ii) on the evening before the exam will
occur, the student will not expect it comes next day. It has already
been shown in the logic literature that the student cannot know this an-
nouncement (Quine, 1953; Kripke, 2011). What we can certainly say is
that the teacher’s goal is to surprise his student.

Surprise is an epistemic state of a player. It is the mismatch between
an observable outcome that a player expected a priori and the actual
outcome. The teacher’s goal is to surprise the student. The utility from
his decision depends on whether he believes he surprised the student
with his decision. Therefore, the teacher’s utility depends on what
he believes the student believes he will do: his second-order belief. This
makes the teacher’s utility belief-dependent. Therefore, we are dealing
with a psychological game.

What kind of psychological game does the announcement made by
the teacher in the beginning induce? What is clear is that the teacher
intends to surprise the student in some way. We define surprise as
the event that the teacher makes a choice that does not correspond
(completely) with the first-order belief of the student. We distinguish
between full surprise and partial surprise. Full surprise occurs if the
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teacher makes a choice that the student in her first-order belief did
not assign positive probability to. Partial surprise occurs if the teacher
makes a choice which the student in her first-order belief did not as-
sign probability-one to.

The student herself knows it is the teacher’s intention to surprise her.
She herself takes a passive role in the game, yet her beliefs matter for
the utility of the teacher. Namely, the teacher derives surprise utility
if he gives the exam on a day of which he believes the student did not
expect the exam to occur. The utility of the teacher, given a choice, thus
depends on his second-order beliefs b21. More specifically, we assume
it depends linearly on what the teacher expects the student to believe
he will do. Overall, from the announcement one can learn at least the
following: statement (i) leads to the interpretation that an exam will
inevitably happen.3 This is also what allows us to model the two-day
setting as a static game. Namely, on Friday there is only one choice
possible and therefore only one belief over such choice. We decide
to capture all the information of what happens on Friday in terms of
choices and beliefs in the decision-problem of Thursday. Statement (ii)
acts as a revelation of the teacher’s preferences as well as a prediction
about the state of surprise the student will be in.

This does leave us with the question of what to do with the fact that
the student cannot know the literal announcement. This issue most
prominently appears on the last day in the SEP. Namely by Friday, if
the exam must be given and this is common knowledge, the student
would fully anticipate any exam on that day. Therefore there would
be no surprise. We will deal with this issue by analyzing two versions
of the SEP. In the first version, the teacher may also try to surprise
the student by not giving an exam at all at a day. So if the student
expected an exam on Thursday, but the teacher on Thursday does not
give an exam and instead on Friday, he causes meaningful surprise. In
the second version we assume the teacher only cares for surprise by

3Some work on the SEP do not make this assumption. E.g., Holliday (2015) distin-
guishes between the Inevitable and Promised Event.
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Table 4.1: Surprise by giving or not
giving exam

Beliefs Student
Thursday Friday

Teacher
Thursday 0 1

Friday η 0

Table 4.2: Only meaningful surprise
from giving exam

Beliefs Student
Thursday Friday

Teacher
Thursday 0 1

Friday 0 0

actually giving an exam. We still model Friday as a possibility, but an
exam given on that day will never lead to a meaningful surprise.

Definition 4.1. A static surprise exam paradox (SEP) is a static psycho-
logical game with one active player (teacher [1]) and one passive player (stu-
dent [2]) with the set of choices for the teacher beingC1 = {Thursday, Friday}.
We distinguish two versions of the paradox by the preferences of the teacher:

• Surprise utility is derived from the probability of a mismatch between
any of the teacher’s choice and what he expects the student believes he
will choose (Table 4.1);

• Surprise utility is only derived from the probability between the choice
Thursday and what he expects the student believes he will choose (Table
4.2).

The game in Table 4.1 depicts the version that not only giving the exam
on Thursday can come as a surprise to the student and thus give the
teacher some utility, but also not giving the exam on Thursday can
cause a type of surprise that matters for the teacher’s utility. This is
equivalent to the game considered in Geanakoplos (1996). The rows
correspond to the teacher’s possible choices, whereas the columns cap-
ture the teacher’s extreme second-order expectations. The teacher will get
a utility of 1 when he gives the exam on Thursday while the student
believed he would give it on Friday (the ultimate day). The teacher
will receive a utility of 0 < η ≤ 1 in case he decides not to give the
exam on Thursday (and instead on Friday), while the student believed
he would give it on Thursday. Any other combination of a choice and
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extreme second-order expectation would lead to a utility of 0. We as-
sume the teacher’s utility is linear in the second-order beliefs that de-
scribe these expectations. For instance, say the teacher believes the stu-
dent believes with probability 0.5 that the teacher will give the exam
on Friday and with probability 0.5 the teacher will give the exam on
Thursday. Then choosing Thursday will lead to an expected utility of
0.5 · 1 + 0.5 · 0 = 0.5. Similarly, if the teacher believes with probability
0.5 that the student thinks he will give the exam on Friday and with
probability 0.5 believes the student thinks he will give the exam on
Thursday, then choosing Thursday will lead also to an expected utility
of 0.5 · 1 + 0.5 · 0 = 0.5. Namely, both describe the same (second-
order) expectation for the teacher: with probability 0.5 it is expected
the student believes the teacher will give the exam on Friday and with
probability 0.5 it is expected the student believes the teacher will give
the exam on Thursday. As such, the extremes of the distribution of the
teacher’s expectations of what the student believes about his choice are
sufficient to represent the teacher’s utility in matrix-form. See CHAP-
TER 5 for a formal discussion on higher-order expectations.

The game in Table 4.2 depicts the second version of the SEP. Here, the
teacher only gets utility from surprising the student by giving an exam.
It can be argued that this interpretation is closer to the actual crux of
the paradox. In the story, the student is trying to figure out when the
exam will happen, not when it will not happen.4 The game should
be read in a similar way as in Table 4.1: the rows correspond to the
teacher’s possible choices, whereas the columns capture the teacher’s
extreme second-order expectations.

4.2.2 Common belief in rationality

In the SEP, we assume that both players are rational players. To anal-
yse the paradox in the static version, we will therefore apply the rea-
soning concept of common belief in rationality. We will look at the

4For a interesting discussion on this matter, we can refer to Kim and Vadusevan
(2017).
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concept as defined for psychological games by Jagau and Perea (2017),
as explained in CHAPTER 2. The notion of common belief in rational-
ity in psychological games is similar to that of traditional games. Also
in psychological games, common belief in rationality for a two-player
game entails that a player believes in her opponent’s rationality, be-
lieves that her opponent believes in the player’s rationality, and so on
and so forth. The crucial difference, however, can be found in defining
optimal choices. The optimality of a choice now depends on (higher)-
order beliefs as well or the entire belief hierarchy, instead of just the
expectation of the opponent’s choice. In the SEP, we define optimality
of a choice as follows.

Definition 4.2 (Optimal choice in the SEP).
Consider an epistemic model M = (Ti, bi)i∈{1,2}, where 1 = teacher and
2 = student, and a type t1 for the teacher in such a model. A choice
c1 ∈ {Thursday, Friday} is optimal for type t1 of the teacher if for all
c′1 ∈ {Thursday, Friday} : u1(c1, t1) ≥ ui(c′1, t1).

In our notation here we make use of Remark 2.2: we represent a utility
fucnction ui(ci, bi) by ui(ci, ti), where type ti captures the belief hierar-
chy bi in the relevant epistemic model.

Building on this notion optimality, we can define what it means for a
type to express common belief in rationality in the SEP. First we define
what it means for a type to believe in an opponent’s rationality.

Definition 4.3 (Belief in the opponents’ rationality in the SEP).
Consider an epistemic model M = (Ti, bi)i∈{1,2}, where 1 = teacher and 2 =
student, with a type t2 ∈ T2 for the student in that model. Type t2 of the stu-
dent believes in the teacher’s rationality if type t2 only assigns positive
probability to choice-type combinations (c1, t1) ∈ {Thursday, Friday} × T1

of the teacher where the choice c1 is optimal for the type t1. Every type t1 of
the teacher believes in the student’s rationality by default.
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We say the teacher by default believes in the student’s rationality as
the student makes no choice at all. We can iterate this idea in order to
define common belief in rationality in the SEP.

Definition 4.4 (Common belief in rationality in the SEP).
Consider an epistemic model M = (Ti, bi)i∈{1,2}, where 1 = teacher and
2 = student, For every player i, and every type ti ∈ Ti, we say that type ti
expresses 1-fold belief in rationality if ti believes in the opponent’s rationality.
For every k > 1, every player i, and every type ti ∈ Ti, we say that type ti
expresses k-fold belief in rationality if ti only assigns positive probability to
opponents’ types that express (k-1)-fold belief in rationality.
Type ti expresses common belief in rationality if it expresses k-fold belief
in rationality for every k.

Finally, we can define a choice that can be rationally made under com-
mon belief in rationality as follows.

Definition 4.5 (Rational choice under common belief in rationality in
the SEP).
We say that choice c1 is a rational choice for the teacher under common
belief in rationality if there is an epistemic model M = (Ti, bi)i∈{1,2} and
a type t1 ∈ T1 such that t1 expresses common belief in rationality, and c1 is
optimal for t1.

A rational choice under common belief in rationality only makes sense
for the teacher, as the student is inactive in the game.

4.2.3 Psychological Nash Equilibrium

Previous game-theoretic approaches to the SEP employed the concept
Nash equilibrium (Sober, 1998; Ferreira and Bonilla, 2008). A Nash
equilibrium can be defined as a tuple of first-order beliefs about ev-
ery player’s choices such that they only assign positive probability to
choices that are optimal, given the first-order beliefs about the choices
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of the other players. There is an equivalent concept for psychological
games in psychological Nash equilibrium (Geanakoplos et al., 1989). A
psychological Nash equilibrium, however, corresponds to a full belief
hierarchy. In line with the notion of a traditional Nash equilibrium,
a psychological Nash equilibrium too requires each player to believe
that the view of reality is commonly held by all players in the psycho-
logical game. That is, if a player i has a certain belief about the choice
of opponent j, then i must believe that every other opponent shares
that belief. Additionally, if player i has a certain belief about player
j’s choice, then player i believes that each opponent must believe that
player i in fact has this belief. As such, also in a psychological Nash
equilibrium, the equilibrium is fully characterized by a player’s first-
order and second-order beliefs.

These ideas are conceptualized by the notion of a simple belief hier-
archy (Perea, 2012). In two-player settings such as the SEP, such a
simple belief hierarchy is generated by a pair of probabilistic beliefs
σ = (σi)i∈{1,2} that are independent of each other. In the SEP we have
that σ1 ∈ ∆({Thursday ,Friday}). The belief σ1 is thus a probability
measure over the teacher’s choice set. In the SEP, the student’s choice
set is a singleton, therefore σ2 is too.

The simple belief hierarchy βi(σ) that is generated by the combination
of beliefs σ states that (i) player i has first-order belief σj about her op-
ponents’ choices. In addition, it states that (ii) player i believes that
opponent j has belief σi about player i’s choice, (iii) that player i be-
lieves that opponent j believes that player i holds belief σj about her
opponent’s choices, (iv) et cetera. We are now in a position to define a
psychological Nash equilibrium in the SEP.

Definition 4.6 (Psychological Nash equilibrium in the SEP).
The pair of first-order beliefs (σ1, σ2) constitutes a psychological Nash equi-
librium if

σ1(c1) > 0⇒ ∀c′1 ∈ {Thursday, Friday} : u1(c1, β1(σ)) ≥ u1(c′1, β1(σ)).
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A psychological Nash equilibrium has a natural link to the concept of
common belief in rationality. A simple belief hierarchy βi(σ) generated
by a combination of beliefs σ expresses common belief in rationality, if
and only if, σ constitutes a psychological Nash equilibrium. Note that
since a Nash equilibrium induces a simple belief hierarchy, it induces a
fixed point in reasoning. The same first-order and second-order beliefs
are continuously revisited in the belief hierarchy.

4.3 Surprise Exam Paradox (SEP): static version
With these tools at hand, let us turn to analyzing the SEP-game. We
shall consider two different versions of the game in order to point out
that, irrespective of the scenario at hand, the Surprise Exam Paradox
might not be as paradoxical as its name may suggest. We will show
that the teacher in both scenarios can believe he can fully surprise the
student in a way that gives him utility and can thus vindicate his an-
nouncement. We will show that in order for full surprise to be possi-
ble, the student has to doubt the validity of the announcement made
by the teacher. In this sense it fits well in the literature that follows the
resolution by Quine (1953). We return to this point in Section 4.3.3.

4.3.1 Static SEP with “surprise from giving and not giving
exam”

In Definition 4.1 we described two different games that could be in-
duced by the teacher’s announcement. The first version of the SEP is
depicted in Table 4.1. This game captures the idea that both giving the
exam and not giving the exam can cause a type of surprising event that
the teacher cares about.

The main question is whether there is a belief hierarchy for the teacher
that satisfies common belief in rationality and such that he can ratio-
nally choose to give the exam on Thursday or Friday and surprise the
student. Only in such a scenario the teacher can actually believe he can
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justify making the announcement in the first place. To this end, con-
sider the belief diagram in Figure 4.1, which visualizes the epistemic
model from Table 4.3 and which applies to the scenario of Table 4.1.
The types here represent the belief hierarchies of both teacher and stu-
dent. For instance, type t1 of the teacher has the belief that the student
is of type t2 and type t2 holds the belief that the teacher will choose Fri-
day while being of type t′1. One can easily confirm for the game in Ta-
ble 4.1 that the belief hierarchy induced by t1 expresses common belief
in rationality: The student with type t2 believes in the teacher’s ratio-
nality, as Friday is indeed an optimal choice for a teacher with type t′1.
Namely, type t′1 holds the belief that the student believes the teacher
will choose Thursday. Under such a second-order belief, choosing Fri-
day will result in a higher utility than Thursday. Similarly, one can
check that type t′2 expresses 1-fold belief in rationality.

Both types t1 and t′1 automatically express 1-fold belief in rationality.
Namely, the student is passive in this game and thus his choice set
is a singleton, which then by definition is optimal. As every type in
this model expresses 1-fold belief in rationality, every type should also
express common belief in rationality, including type t1. Under type t1,
the teacher expects the student to believe he will choose Friday. Hence
when giving the exam on Thursday the teacher would indeed expect
to fully surprise the surprise. By this we mean that the teacher gives
the exam on a day that the student puts no positive probability on at

Table 4.3: Epistemic model static game

T1 = {t1, t′1}
Types T2 = {t2, t′2}

Beliefs for Teacher
b1[t1] = t2
b1[t′1] = t′2

Beliefs for Student
b2[t2] = (Fr, t′1)
b2[t′2] = (Th, t1)
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Teacher

Thursday, t1

Friday, t′1

Student

t2

t′2

Teacher

Thursday, t1

Friday, t′1

Figure 4.1: Beliefs diagram visualizing epistemic model

all. If in reality the student indeed has the belief hierarchy the teacher
believes she has, the student will in fact be fully surprised. Type t′1 too
expresses common belief in rationality, yet only allows the teacher to
catch the student off guard with a surprise worth η by choosing Friday,
which gives a utility less or equal to what a full surprise on Thursday
would give.

Giving the exam on Thursday or on Friday are both reasonable in
terms of common belief in rationality, and both under such reasoning
can lead to (full) surprise. The former we might have concluded as well
by simply applying an iterative elimination procedure, after which
both Thursday and Friday would have survived. Indeed, the SEP be-
longs to a class of games in which iterative elimination of strictly dom-
inated choices does always characterize exactly all reasonable choices
under common belief in rationality.5 This is because the teacher’s util-
ity only depends on his second-order beliefs. In light of this, we can
make note here of the fact that Thursday and Friday are both not strictly
dominated for the teacher, and hence survive this procedure. We build
the epistemic models here for the purpose of being more precise about
the belief hierarchies themselves.

The belief hierarchy induced by type t1 is just one example of a belief
hierarchy that satisfies common belief in rationality and under which

5See CHAPTER 5.
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the teacher can believe to fully surprise the student. All of such belief
hierarchies have in common that they induce a second-order expecta-
tion that puts probability one on Friday. There are also uncountably
many belief hierarchies under which some partial surprise is possible.
Only one of such belief hierarchies is induced by the psychological
Nash equilibrium (Geanakoplos, 1996), where the teacher correctly be-
lieves the student has a full-support belief over his options. The equi-
librium is given by the belief σ1 where σ1(Th) = 1

η+1 . To see this,
first suppose that σ1(Th) > 1

η+1 . Then we have if the teacher chooses
Thursday

u1(Th, σ1(Th)) = σ1(Th) · 0 + (1− σ1(Th)) · 1 = 1− σ1(Th)

< 1− 1

η + 1
=

η

η + 1
.

If the teacher chooses Friday, he receives utility

u1(Fr, σ1(Th)) = σ1(Th) · η + (1− σ1(Th)) · 0 = σ1(Th) · η > η

η + 1
.

It follows that it would be only optimal for the teacher to choose Friday
and σ1(Th) = 0, a contradiction. Now suppose that σ1(Th) < 1

η+1 .
Then the teacher’s utility from choosing Thursday will be

u1(Th, σ1(Th)) = 1− σ1(Th) >
η

η + 1

and the utility from choosing Friday will be

u1(Fr, σ1(Th)) = σ1(Th) · η < η

η + 1
.

It follows that it would be only optimal for the teacher to choose Thurs-
day and σ1(Th) = 1, a contradiction. Thus σ1(Th) = 1

η+1 characterizes
the unique psychological Nash equilibrium.

In this way, the teacher would never believe to be able to fully surprise
the student, as opposed to the example we gave before. The reason
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for this discrepancy lies in what it means for the teacher or the stu-
dent to have a simple belief hierarchy. In the psychological Nash equi-
librium of this psychological game we have a combination of beliefs
σ = (σ1, σ2) where σ1 is the belief about the teacher’s choice and σ2 is
the belief about the student’s choice (which is a singleton by definition
of the psychological game and thus can be ignored). Let us consider
a belief hierarchy β1(σ1), generated by σ1. Then the teacher must not
only believe that the student has belief σ1 about his own choices, but,
because β1(σ1) is a simple belief hierarchy, the teacher must also be-
lieve that the student must believe he indeed believes that the student
has belief σ1 about the teacher’s choice. And so on. In other words,
the teacher must believe the student holds correct beliefs throughout.
As a result, a simple belief hierarchy, by assuming correct beliefs, takes
away much of the power to surprise the student.

4.3.2 Static SEP with “surprise only from giving exam”

Such a fixed-point solution is particularly problematic for exactly the
same reason if the teacher exclusively cares for surprise caused by giv-
ing an exam. Surprise that the teacher actually cares about can then
only derive from one particular type of action, instead of two. This
would be the case of Table 4.2. In the game in Table 4.2, the teacher
only gets utility from surprising the student by giving an exam. Again,
there is only one possible psychological Nash equilibrium here. This
equilibrium occurs when the student believes the teacher will choose
Thursday, the teacher correctly believes she believes the teacher will
choose Thursday and the student correctly believes the teacher indeed
holds this second-order belief. Namely, consider a scenario in which
σ1(Th) 6= 1. This implies that the teacher would think the student be-
lieves he will choose Friday with positive probability. It is then only
optimal for the teacher to choose Thursday and surprise the student at
least a little. However, the student would anticipate this as she is cor-
rect about the teacher’s second-order beliefs. Consequently, she fully
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believes the teacher will choose Thursday. Hence, σ1(Th) = 1, a con-
tradiction.

Thus, in the psychological Nash equilibrium there is no room for sur-
prise. This is a very intuitive result as well. Namely, if the teacher
believes the student is correct about his second-order beliefs, then the
student can easily deduce the teacher’s rational choice. Since there
is only one way in which the teacher could surprise her, the student
deduces the teacher would have to choose Thursday to do so. Any in-
bound surprise will thus be predicted. However, this defeats the entire
notion of surprise.

In contrast, let us now look at the scenario where satisfying common
belief in rationality is the minimal requirement. If we again consider
the belief diagram in Figure 4.1, one may verify that all belief hier-
archies in that model still express common belief in rationality. The
reason for this is that it is well possible here for the student to ratio-
nally believe the teacher will give the exam on Friday. If the teacher
believes the student believes the exam will be given on Thursday, then
the teacher expects to receive a utility of 0 in any case. Thus he would
be completely indifferent between Thursday and Friday. This is what
the student believes if she is of type t2. Thursday is always an opti-
mal choice. This is what type t′2 of the student believes. Type t1 and
t′1 again by definition express belief in the student’s rationality. Hence,
it is rational for the student to believe the teacher will give an exam
on Friday, only if he expects that the student believes he will give the
exam on Thursday. In such a scenario the student believes the teacher
must have given up on surprising the student. He is then completely
indifferent between Thursday and Friday. If the teacher believes the
student has such a mindset, full surprise is still deemed possible.

Thus, there is a mode of thinking possible for the teacher such that he
can believe he is able to give the exam on Thursday and fully surprise
the student in the process. And if the student in reality has the reason-
able belief hierarchy the teacher assigns to her, she will in fact be fully
surprised. In the scenario presented in the introduction, the student
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makes a valid observation about the teacher’s potential reasoning that
on Friday he cannot possibly surprise the student. However, it would
not logically follow from this that the teacher must therefore believe
the student believes the teacher will never give the exam on Friday.
Namely, we have given a formal set-up where such reasoning is not
the case. By believing the teacher will give the exam on Friday, the stu-
dent already acknowledges that the announcement made should not
be taken so literally. Namely, on Friday surprise will never be possible.
Exactly this possibility of doubting the validity of the announcement
in a reasonable way is what gives the teacher room to believe he can
surprise the student and vindicate his announcement in the first place.
This coincides with the argument first made by Quine (1953).

If the student is believed to be a cautious reasoner, there is little the
teacher can do to surprise her under a state equivalent to common
belief in rationality. To see this, consider some epistemic model with
non-standard beliefs M = (Ti, bi)i∈I as in Definition 3.5 of CHAPTER 3.
Take a cautious type t∗2 for the student. Suppose the student with type
t∗2, with some real, positive probability b2[t∗2](Fr) ∈ R, b2[t∗2](Fr) > 0
believes that the teacher will choose Friday and with a positive non-
standard or real probability b2[t∗2](Th) ∈ R∗, b2[t∗2](Th) > 0 believes
that the teacher will choose Thursday. Let us assume here reasoning
in line with common full belief in caution and primary belief in ratio-
nality for the teacher (See Definitions 3.8 and 3.9 in CHAPTER 3). Type
t∗2 will only be able to primarily believe in the teacher’s rationality, if
Friday can indeed be an optimal choice for some teacher’s type t∗1. We
should then have u1(Fr, t∗1) ≥ u1(Th, t∗1) for the belief hierarchy that t∗1
induces. We have

u1(Fr, t∗1) = 0

and
u1(Th, t∗1) =

∑
t2∈T2

b1[t∗1](t2) · b2[t2](Fr),

where b1[t∗1](t2) is the probability that t∗1 assigns to the student being
of type t2 and b2[t2](Fr) the probability that the teacher believes the
student’s type t2 assigns to the teacher choosing Friday. Then we have
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u1(Fr, t∗1) ≥ u1(Th, t∗1) only if∑
t2∈T2

b1[t∗1](t2) · b2[t2](Fr) = 0.

Or equivalently, the teacher’s type t∗1 must only believe that the stu-
dent thinks he will give the exam on Thursday. However, then t∗1 does
not believe in the student’s caution. But then any arbitrary t∗2 that be-
lieves with some real, positive probability that the teacher will give
the exam on Friday and primarily believes in the teacher’s rationality,
does not express 2-fold full belief in caution. Consequently, any type
for the teacher that induces a belief hierarchy under which he believes
he can surprise the student with some real, positive probability and
believes in the student’s caution, does not express up to 3-fold full be-
lief in caution and primary belief in rationality. Therefore, he cannot
reasonably believe to surprise the student under common full belief
in caution and primary belief in rationality. In other words, when the
teacher believes the student is cautious, the only choice that is ratio-
nal under common full in caution and primary belief in rationality is
Thursday. Both the student and teacher believe this is the case, making
surprise nearly impossible.

4.3.3 Discussion

The analysis of the paradox here differs from logical approaches to the
paradox in the sense that we model the paradox interactively. As a re-
sult our definition of surprise is different. We define a surprising event
as a combination of an outcome (choice) and a first-order belief of the
student which entails that she did not expect the outcome. In epis-
temic logic the student is surprised if she could not know the exam was
coming. The epistemological approach to the paradox is best charac-
terized by the resolution of Quine (1953). Quine identifies a case which
can lead to a surprise exam: the student cannot accept the announce-
ment to be true and believes it will come on the unsurprising day of
Friday. Then Thursday will be a surprise. This conclusion was derived
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by identifying a fallacy in the reasoning of the student in the story.
This fallacy relates knowing the announcement or accepting it as true.
Namely, to derive the contradiction that the student does in the story,
the student must accept the announcement as true throughout the en-
tire week. The contradiction should have made the student realize that
she cannot simply do this.6

If our analysis is to be adequate, we should be able to link our results to
previous intuitions or add to them. In relation to this epistemological
approach for the two-day example we can directly confirm one intu-
ition and add further to it. Indirectly we can also model an additional
intuition from the epistemological approach.

(1) Corner Case - The analyses in Sections 4.3.1 and 4.3.2 illustrate that
the resolution offered by Quine (1953) is a corner-case. By explicitly
modelling the teacher’s motivations in the paradox, we can allow for
the possibility that the teacher also cares for surprising the student
by not giving the exam. This corresponds to the game in Table 4.1.
We showed that the model in Table 4.3 models belief hierarchies un-
der which the teacher believes he can fully surprise the student. But
we also established that many more belief hierarchies that allow for at
least partial surprise are possible as well. One of these is the belief hi-
erarchy that is induced by the unique psychological Nash equilibrium
if η > 0.

(2) Quine’s solution - The corner case of η = 0, as in Table 4.2, is indeed
the spirit of Quine (1953). In this version, the teacher only cares for sur-
prise from giving an exam. We find here that the teacher can think to
surprise in a meaningful way only if he thinks the student believes he
will choose Friday. Friday is a choice that can never lead to a surpris-
ing exam. Hence, by believing Friday, the student would not accept
the announcement made by the teacher as true in a literal sense. This

6Other examples that make a similar argument for resolution of the two-day paradox
are Kripke (2011), Kim and Vadusevan (2017) and the Inevitable Event in Holliday
(2015).
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is exactly the case that Quine identifies as the case that would lead to
surprise.

(3) Correct beliefs - In our interactive analysis we can recreate the con-
ditions for the student’s fallacy as identified by Quine (1953). We do so
using the correct beliefs assumption in the game of Table 4.2. Accept-
ing the announcement as true implies that whatever the student de-
duces from this announcement, any other rational person that heard
and accepts that announcement as true should be able to deduce as
well. This includes the teacher. From the announcement, the student
deduces on the evening of any given day, if the exam has not arrived
yet, that it should come the next day. The student accepts the teacher
should be able to make these deductions as well. In a game-theoretic
setting, it means that if the student concludes something about the
surprise-potential of a particular choice, she should believe the teacher
concludes the same. This is what the correct beliefs assumption, in
conjunction with common belief in rationality, achieves.

To see this, consider the following. Say the student accepts the an-
nouncement by the teacher as true and believes the teacher accepts
his own announcement as true as well. Let this be commonly be-
lieved. The evening before Thursday she logically deduces from the
announcement the first-order belief that the exam has to be given on
Thursday if the teacher ever intends to surprise the student. Then be-
cause she believes the teacher also accepts his announcement as true,
she must believe the teacher makes the same deduction for her. So she
must believe the teacher believes she indeed believes the exam will be
given on Thursday. Because the acceptance of the announcement by
both must be commonly believed, it must be commonly believed that
the student derives her first-order belief to be such that the teacher
will give the exam on Thursday. That is to say, the student believes
the teacher is correct about her own beliefs, and this is commonly be-
lieved. This is exactly the correct beliefs assumption. In our game-
theoretic setting, the student under this assumption derives the same
conclusion. Under correct beliefs, common belief in rationality leads
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her to conclude that the teacher must give the exam on Thursday and
that this is commonly believed.

We can say that accepting the announcement as true is an argument for
assuming correct beliefs in the game-theoretic description of the para-
dox. Our equilibrium analysis shows then that an exam on Thursday
will be expected by the student, rendering surprise impossible under
the assumptions. This is also the conclusion the student draws, leading
eventually to the contradiction with the announcement. According to
the resolution of Quine (1953), the student should then no longer have
to accept the announcement as true. And in line with this, she should
no longer have to believe the teacher himself accepts it as true. But
then she has no reason to insist on correct beliefs in the first place.

We concluded from our analyses that, in order for surprise to be deemed
possible, in the game of Table 4.2 the student must be able to doubt the
validity of the announcement. We can however say something even
stronger. The student should be able to believe the teacher cannot sur-
prise her at all. This is what follows from the analysis where it is as-
sumed the student has cautious beliefs : each possible choice for the
teacher receives some positive probability in the student’s belief. If
it is commonly believed that the student is a cautious reasoner, then
the teacher can always believe to cause partial surprise, where this
partial surprise may be infinitesimally small. We showed that when
we add however primary belief in rationality on top of common full
belief in caution, Thursday would be the only rational choice for the
teacher. Hence, if common full belief in caution and primary belief in
rationality is assumed, the student would have to believe with almost
probability-one that the teacher will give the exam on Thursday. Then
Thursday will be hardly a surprising choice.

Assuming full-support beliefs, while retaining some form of common
belief in rationality, thus eliminates almost all possibility of surprise
for the teacher if he only cares about surprise from giving an exam.
The traditional game-theoretic literature on the SEP has put forward
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the idea that the teacher may outsmart the student by making it com-
monly believed that he is considering a full-support distribution over
both Thursday and Friday. The student then would have too guess
this distribution (Sober, 1998; Ferreira and Bonilla, 2008). The teacher
would then at most expect partial surprise to be possible. We have ar-
gued that in a psychological game-setting such an approach will not
result in any relevant surprise. Instead, this seems more to be the arte-
fact of artificially including motivations for the student in the game,
that are conflicting with the teacher’s.

4.4 Dynamic Surprise Exam Paradox
It was found that for both games in Tables 4.1 and 4.2 the teacher can
believe he can fully surprise the student. For the game in Table 4.2
this would however require the student to believe the teacher will rea-
sonably choose the always unsurprising day of Friday. Only then the
teacher can deem it possible that he can fully surprise the student. This
may seem like an unsatisfactory explanation to the problem: vindicat-
ing the announcement directly depends on the student questioning it.7

We will show that by adding more days to the paradox-problem, this
concern for the version of the SEP in Table 4.2 is alleviated quite a bit.
For both versions of the SEP we will show that by extending the SEP
further, more opportunities for full surprise can be deemed possible by
the teacher. First, however, we will define the formal, dynamic envi-
ronment in which the SEP takes place.

4.4.1 Description of dynamic SEP

In a dynamic psychological game the utilities also depend on belief-
dependent motivations. In a dynamic setting these beliefs are condi-
tional beliefs. Namely, as the dynamic game progresses, a player might
find out that his opponents are employing strategies he first did not

7This is exactly the critique of Kripke (2011) on the resolution by Quine (1953).
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Wednesday Not Wednesday

Wednesday 0 1

Not Wednesday

Beliefs Student

Teacher ∅

(W;Th) (W;Fr) (Th;Th) (Fr;Fr)
Thursday η η + 1 0 1

Friday 2η η η 0
Teacher h1

Figure 4.2: Dynamic situation with surprise by giving or not giving exam

expect. The conditioning takes place when a certain information set
h ∈ H , where player i ∈ I makes a choice, is reached in the game.
For the set of players in the dynamic surprise exam paradox we have
I = {Teacher ,Student}. Moreover, the information sets in a three-
day setting correspond to Wednesday (denoted by ∅) and Thursday
(denoted by h1). See for instance Figure 4.2. Note that in the three-
day setting we can distinguish between three pure strategies for the
teacher: W (Wednesday), (NW,Th) (not Wednesday but Thursday)
and (NW,Fr) (not Wednesday but Friday). We choose to henceforth
abbreviate the latter two strategies to Th and Fr respectively.

Like in the static form of the surprise exam game, we will look at two
versions of the game, both in which the teacher’s utility depends lin-
early on his conditional second-order expectations. The first version
is depicted in Figure 4.2. Here the teacher gets a utility of 1 if he sur-
prises the student by giving the exam, whereas the teacher receives a
utility of 0 < η ≤ 1 at the end of the game for each time that he creates a
small surprise event for the student by not giving the exam. The cells
in Figure 4.2 illustrate every combination of a choice and an extreme
second-order expectation that is relevant for the teacher’s utility. In
this scenario this means that, when the teacher decides not to give the
exam on Wednesday, the subsequent subgame consists of the teacher’s
possible strategies and vectors of extreme conditional second-order ex-
pectations. For instance, (W ;Th) indicates that the teacher expects the
student to believe at ∅ that the teacher will be giving the exam on
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Wednesday and at h1, if the exam was not given on Wednesday, be-
lieves he will give the exam on Thursday instead. In other words, the
teacher’s utility at h1 not only depends on what he believes the student
believes at h1, but also on what he believes the student believed at ∅.
The depicted utilities in Figure 4.2 can then be explained as follows: if
the teacher gives the exam on Wednesday while the student believed
he would give the exam on a later day, then the teacher gets a utility
of 1. If the teacher decides to give the exam not on Wednesday, then
the game moves on to the subsequent subgame. However, in the pro-
cess of moving to the next subgame, the teacher may carry with him
a utility of η. This occurs when the teacher expects at h1 that he has
managed to surprise the student at ∅ by not giving the exam while the
student believed he would give one. As a result, if the teacher manages
to surprise the student at h1, the teacher could receive a utility up to
η + 1 in the end. However, if the teacher at h1 expects not to have sur-
prised the student at ∅, then we have at h1 essentially the same game
as depicted in Table 4.1 in Section 4.2.1.

It should be mentioned here that according to our description of a dy-
namic psychological game the extreme conditional second-order be-
liefs (Th;Fr) and (Fr;Th) should have been included in Figure 4.2 as
well. However, there is no particular reason for the student to update
his beliefs at h1 if he already expected the teacher not to give the exam
on Wednesday. Because the student is passive in the game, there is
no student’s action observable for the teacher such that he may recon-
sider what the student is thinking about him. The beliefs (Th;Fr) and
(Fr;Th) do not make sense in that regard. In other words, we assume
Bayesian updating here.

Similarly, we can extend the psychological game in which the teacher
only cares about surprise caused by giving the exam (see Table 4.2) to
include Wednesday as well. The resulting game is depicted in Figure
4.3. In this psychological game, the teacher receives a utility of 1 if he
manages to surprise the student by giving the exam. Since on Friday
the teacher knows the student knows the exam has to be given if the
exam has not been given by that time, choosing Friday as a strategy
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Wednesday Not Wednesday

Wednesday 0 1

Not Wednesday

Beliefs Student

Teacher ∅

(W;Th) (W;Fr) (Th;Th) (Fr;Fr)
Thursday 0 1 0 1

Friday 0 0 0 0
Teacher h1

Figure 4.3: Dynamic situation with meaningful surprise only by giving exam

will regardless of the conditional belief hierarchy result in a utility of
0. Here we only defined a dynamic psychological game for the SEP
in particular. For a more general definition of dynamic psychological
games, the reader is referred to Battigalli and Dufwenberg (2009).

Also in a dynamic setting we can use types to capture belief hierarchies
in the SEP. These types form beliefs about the strategy-type combina-
tions of their opponents. This is done for both information sets ∅ and
h1, resulting in an epistemic model for the three-day dynamic surprise
exam game.

Definition 4.7 (Dynamic epistemic model for the Surprise Exam Para-
dox).
Consider a dynamic surprise exam game D. A dynamic epistemic model
M = (Ti, bi)i∈I for D specifies for both the teacher and the student a finite
set of possible types denoted by T1 and T2 respectively. For every type t1 ∈ T1

for the teacher, we specify at every information set h ∈ H = {∅, h1} a prob-
ability distribution b1[t1, h] over the set of the student’s types T2. For every
type t2 ∈ T2, we specify at every information set h ∈ H with H = {∅, h1}
a probability distribution b2[t2, h] over the set of the teacher’s strategy-type
combinations S1(h)×T1 where S1(h) is the set of the teacher’s strategies that
lead to h. Hence, S1(∅) = {W,Th, Fr} and S1(h1) = {Th, Fr}.
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4.4.2 Common belief in future rationality

We can extend the notion of common belief in rationality to a dy-
namic setting as well. As the Surprise Exam Paradox is a problem
of backward induction, we will focus on common belief in future ra-
tionality (Perea, 2014).8 Similarly to optimality in a static setting, we
say a strategy s1 ∈ {Wednesday, Thursday, Friday} is optimal for
a type t1 ∈ T1 at an information set h ∈ {∅, h1} if ∀s′1 ∈ S1(h):
u1(s1, β1[t1, h]) ≥ u1(s′1, β1[t1, h]), with β1[t1, h] being the conditional
belief hierarchy represented by type t1 at information set h. So, in case
of the Surprise Exam Paradox, this e.g means that choosing Wednes-
day for the teacher is only an optimal choice if the expected utility at ∅
derived from said choice given a conditional belief hierarchy β1[t1,∅]
is higher than what the teacher expects to get from choosing either
Thursday or Friday given the same belief hierarchy. Then, belief in the
teacher’s future rationality can be defined as follows.

Definition 4.8 (Belief in the teacher’s future rationality).
Consider a dynamic epistemic model M = (Ti, bi)i∈I in the Surprise Exam
Paradox with a type t2 ∈ T2 for the student within that dynamic epistemic
model. Moreover, consider an information set h ∈ {∅, h1} and an informa-
tion set h′ ∈ {∅, h1} that weakly follows h. Type t2 believes at h the teacher
will choose rationally at h′ whenever t2’s conditional belief b2[t2, h] only as-
signs positive probability to strategy-type pairs (s1, t1) where s1 is optimal
for t1 at h′ whenever s1 leads to h′.
Type t2 believes in the teacher’s future rationality at h if t2 believes that
the teacher will choose rationally at every h′ that weakly follows h.
We say type t2 believes in the teacher’s future rationality if t2 believes at
both ∅ and h1 in the teacher’s future rationality.

8Dekel et al. (1999) and Asheim and Perea (2005) formally model backward induc-
tion reasoning by the notion of sequential rationalizability. Baltag et al. (2009) as
well as Penta (2015) propose different concepts as to capture backward induction
reasoning, which subtly differ in the restrictions the concepts impose, yet capture
the same basic idea. We will however be looking at a direct dynamic counterpart
of common belief in rationality: common belief in future rationality (Perea, 2014).
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So for the student to believe at ∅ in the teacher’s future rationality, she
must believe that the teacher will make an optimal choice at ∅ and at
h1. Similarly, the student believes in the teacher’s future rationality at
h1 if she believes at h1 that the teacher will choose optimally at h1. If
the student believes in the teacher’s future rationality at both ∅ and
h1 we say she believes in the teacher’s future rationality throughout.
The teacher always believes in the student’s future rationality, as the
student has no choices to make. Common belief in future rationality
can now be defined as follows for the SEP.

Definition 4.9 (Common belief in future rationality in the Surprise
Exam Paradox).
Consider an epistemic model M = (Ti, bi)i∈I in the dynamic Surprise Exam
Paradox. Moreover, let a player i either represent the teacher or the student.
For every player i and every type ti ∈ Ti, we say that type ti expresses 1-fold
belief in future rationality if ti believes in the opponent’s future rationality.
For every k > 1, every player i, and every type ti ∈ Ti, we say that type ti
expresses k-fold belief in future rationality if ti only assigns positive probabil-
ity at every information set h to the opponent’s types that express (k-1)-fold
belief in future rationality.

Type ti expresses common belief in future rationality if it expresses k-fold
belief in future rationality for every k.

A rational choice under common belief in future rationality is then a choice
that is optimal given a conditional belief hierarchy that expresses com-
mon belief in future rationality.

4.4.3 Psychological subgame perfect equilibrium

The equilibrium concept that is applicable to the dynamic SEPs we
are considering is the equivalent of sequential psychological equilib-
rium with observed past choices by Geanakoplos et al. (1989): psy-
chological subgame perfection. Just like in a psychological Nash equi-
librium, reasoning from a psychological subgame perfect equilibrium
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stems from simple belief hierarchies. This implies that in a dynamic
SEP at both information sets ∅ and h1, the conditional belief hierar-
chies are generated by a first-order belief σ1 about the teacher’s strat-
egy. The difference now however is that we have σ1 = (σ1(h))h∈{∅,h1}
with σ1(∅) ∈ ∆(S1(∅)) and σ1(h1) ∈ ∆(S1(h1)). Thus σ1 specifies for
both information sets a first-order belief about the available choices at
that information set for the teacher. The conditional belief hierarchy
β1(σ1) that is generated by σ1 in the SEP implies that (i) the teacher
believes at every h ∈ {∅, h1} that the student has belief σ1(h′) at every
h′ ∈ {∅, h1}, that (ii) the teacher believes at every h ∈ {∅, h1} that the
student believes at every h′ ∈ {∅, h1} that the teacher believes at every
h′′ ∈ {∅, h1} that the student has belief σ1(h′′′) at every h′′′ ∈ {∅, h1},
and so on. Note that also in the dynamic setting, by construction σ1

implies correctness of beliefs.

We can nove give the following definition for psychological subgame
perfection in the SEP.

Definition 4.10 (Psychological subgame perfect equilibrium).
Consider a dynamic surprise exam game portrayed in either Figure 4.2 or
in Figure 4.3. Let σ1 be a first-order belief about the teacher’s choice. Let
additionally β1(σ1) be the conditional belief hierarchy for the teacher that is
generated by σ1. Then σ1 constitutes a psychological subgame perfect
equilibrium if

∀h ∈ {∅, h1} : σ1(h)(s1) > 0⇒
∀s′1 ∈ S1(h) : u1(s1, β1(σ1, h)) ≥ u1(s′1, β1(σ1, h)).

A psychological subgame perfect equilibrium β1(σ1) is thus such that
it assigns in its second-order belief positive probability only to a partic-
ular strategy such that this strategy maximizes expected utility given
the full conditional belief hierarchy that is generated by σ1. It should
be noted that a psychological subgame perfect equilibrium is not gen-
erally equivalent to having a psychological Nash equilibrium at every
subgame. Namely, the history of choices made in the past does not
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capture all the necessary information for a player to determine his op-
timal choice, which may also depend on what an opponent believed in
the past or what an opponent might have believed given a non-realised
history of choices. This is a situation present in the game of Figure 4.2,
but not in the game of Figure 4.3.

4.4.4 Dynamic SEP: surprise by giving and not giving the exam

We are now in a position to analyse the nature of the paradox in a
dynamic setting. First let us take the dynamic surprise exam game
from Figure 4.2. In what ways can the teacher surprise the student in
this dynamic setting under common belief in future rationality?

To answer this, let us consider the epistemic model portrayed in Table
4.4. We can confirm that all types for the teacher express common be-
lief in future rationality here by showing that both types of the student
believe in the teacher’s future rationality. To show this, let us start at
type t2 of the student. The student then believes the teacher is of type

Table 4.4: Dynamic epistemic model for the game in Figure 4.2

T1 = {t1, t′1}
Types T2 = {t2, t′2}

Beliefs for Teacher
b1[t1,∅] = t2
b1[t1, h1] = t2

b1[t′1,∅] = t′2
b1[t′1, h1] = t′2

Beliefs for Student
b2[t2,∅] = (Fr, t′1)
b2[t2, h1] = (Fr, t′1)

b2[t′2,∅] = (W, t1)
b2[t′2, h1] = (Th, t1)
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t′1 at both ∅ and h1. If the teacher is of type t′1, he believes that the
student believes on Wednesday that he will choose to give the exam
on Wednesday and that the student believes on Thursday that he will
in fact choose to give the exam on Thursday. Then, on Wednesday it
is optimal for the teacher to give the exam at least not on Wednesday,
because the student would otherwise anticipate his choice. Since the
teacher believes on Wednesday that the student believes on Thursday
that the teacher will give the exam on Thursday, the teacher can sub-
sequently only believe to surprise the student by choosing to give the
exam on Friday. Hence following the strategy to not give the exam on
Wednesday but rather on Friday is optimal for the teacher on Wednes-
day (∅) and Thursday (h1) if he is of type t′1. Since these are exactly
the beliefs that the student’s type t2 holds while only considering the
teacher’s type t′1, type t2 expresses 1-fold belief in future rationality. In
case the student is of type t′2, she believes the teacher is of type t1 at
both ∅ and h1. The teacher’s type t1 believes the student believes, at
both Wednesday and Thursday, that the teacher will give the exam on
Friday. Hence, if the teacher is of type t1, choosing Wednesday is op-
timal at ∅ and not choosing Wednesday but Thursday is optimal at h1

for the teacher. These are exactly the beliefs the student holds if she is
of type t′2 on both Wednesday and Thursday. Namely, type t′2 believes
at ∅ that the teacher chooses Wednesday and at h1 that the teacher will
choose Thursday. Hence the student’s type t′2 expresses 1-fold belief in
future rationality.

As the student is passive, we automatically have that both types of
the teacher believe in the student’s future rationality at both ∅ and
h1. Hence all types express common belief in future rationality. Con-
sequently, under common belief in future rationality the teacher can
rationally choose to give the exam on Wednesday, Thursday or Friday,
since Wednesday and Thursday are optimal for t1 and Friday is an op-
timal choice for t′1.

This epistemic model is a special case in the sense that if the teacher has
the belief hierarchy induced by t1, then he believes he is able to fully
surprise the student at every single information set by giving the exam
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on Wednesday or Thursday. Namely, at ∅ he can rationally choose
Wednesday while believing that the student fully believes the teacher
will not give the exam on Wednesday. If for some reason the teacher
chooses not to give the exam on Wednesday while being of type t1,
then still the teacher can fully surprise the student by giving the exam
on Thursday, as he believes the student at h1 believes that the teacher
will give the exam on Friday. Additionally, if the teacher has the be-
lief hierarchy induced by t′1, he might expect an even higher expected
utility, if η > 1

2 . That is, the teacher believes the student believes on
Wednesday he will give the exam on Wednesday. By not giving it on
Wednesday, the teacher can carry over some utility already from sur-
prising the student by not giving the exam. Overall, the teacher’s op-
tions for surprising the student have increased, since he has now more
days available to surprise the student on.

This result contrasts with the possible strategies and beliefs under the
concept of a psychological subgame perfect equilibrium. We know
from our discussion at Section 4.3.1 that we must have σ1(h1)(Th) =

1
η+1 . Then, it must be the case that σ1(∅)(W ) = 1

(η+1)2
. To see why, con-

sider the contrary. Say σ1(∅)(W ) > 1
(η+1)2

. Then it would be always
optimal to not choose Wednesday. Namely, we have:

u1((W,σ1),∅) = 1− σ1(∅)(W ) < 1− 1

(η + 1)2
.

By not choosing Wednesday (NW ), the expected utility at ∅ if the
teacher expects the student to believe he will give the exam on Wednes-
day, thus conditional on σ1(∅)(W ) = 1, is

u1((NW,σ1),∅|σ1(∅)(W ) = 1) =
η

η + 1
+ η = 1− 1

η + 1
+ η.

Namely, in equilibrium the teacher receives η
η+1 at h1, and he receives

an additional η from surprising the student at ∅ by not giving the
exam. Similarly, we have for not choosing Wednesday while the stu-
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dent believes the teacher does not choose Wednesday:

u1((NW,σ1),∅|σ1(∅)(W ) = 0) =
η

η + 1
= 1− 1

η + 1
.

In this case, the student expects the teacher to not choose Wednesday,
and hence the teacher does not receive this extra η. As we assumed
utility is linear in the second-order expectations, we have an expected
utility at ∅ of

u1((NW,σ1),∅) = σ1(∅)(W )(1− 1

η + 1
+ η) + (1− σ1(∅)(W ))(1− 1

η + 1
)

= 1 + σ1(∅)(W )η − η + 1

(η + 1)2

> 1 +
1

(η + 1)2
η − η + 1

(η + 1)2
= 1− 1

(η + 1)2
.

Hence, it is optimal for the teacher to not choose Wednesday. However,
the student would anticipate that not choosing Wednesday is optimal
for teacher and will thus expect him not to choose Wednesday. But
then we have σ1(∅)(W ) = 0 < 1

(η+1)2
, a contradiction.

Now let us consider the opposite. Let σ1(∅)(W ) < 1
(η+1)2

. From the
relations above we can infer that u1((W,σ1),∅) > u1((NW,σ1),∅).
Again, however, the student would be able to anticipate that the teacher
would choose to give the exam on Wednesday. This would give us
σ1(∅)(W ) = 1 > 1

(η+1)2
, a contradiction.

In equilibrium, the expected utility for the teacher at Wednesday from
choosing Wednesday is u1((W,σ1),∅) = 1 − 1

(η+1)2
and the utility

from not choosing Wednesday but either Thursday or Friday is also
u1((NW,σ1),∅) = 1 − 1

(η+1)2
. Similarly, it can also be confirmed that

u1((Th, σ1), h1) = u1((Fr, σ1), h1) = 1 − 1
(η+1)2

. Note that this equi-
librium utility is strictly larger than the utility the teacher expects to
get in equilibrium in the static game, which was 1 − 1

(η+1) . In fact, if
we extend the psychological game even further to allow for more days
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Figure 4.4: Expected utilities in equilibrium for game in Figure 4.2

to potentially give an exam on, the expected utility will increase even
further. The intuition behind this is simple: as the number of days be-
tween the announcement and the last possible day to give the exam
increases, there are more options for the teacher to potentially surprise
the student. It thus becomes less likely for the student to anticipate
the day of the exam. On the other hand, being able to divert the exam
on more occasions, the teacher can accumulate utility from surprising
the student by not giving the exam. The effect of this relation on the
teacher’s expected utility is portrayed in Figure 4.4. For another angle
on this result, we can refer the reader to Geanakoplos (1996).

Extending the surprise exam game to more than three days will not
have an effect on the possibility of the teacher being able to fully sur-
prise the student under common belief in future rationality or not.
That is, we already established that in a two-day example this is al-
ready well possible. However, adding more days to the problem will
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expand the set of rational strategies under common belief in future ra-
tionality. And with that, also the amount of days on which the teacher
can reasonably believe he can surprise the student. By slightly modi-
fying the epistemic model in Table 4.4 this can be accommodated for.
For instance, in case of a four day example we could simply extend the
epistemic model in Table 4.4 such that type t2 of the student believes
at Tuesday the teacher will choose Friday and type t′2 of the student
believes on Tuesday the teacher will choose to give the exam on Tues-
day. In such a model, the teacher is able to surprise the student under
common belief in future rationality on Tuesday, Wednesday, Thursday
and Friday, if he is of type t2.

Thus, much like in the static setting with common belief in rationality,
there are in this version of the dynamic surprise exam potentially many
belief hierarchies possible that express common belief in future ratio-
nality and where the teacher can (partially) surprise the student. These
belief hierarchies include at least one where the teacher believes he can
fully surprise the student at every information set. In fact, by extend-
ing the game by one day compared to the static setting the teacher has
gained extra options to fully surprise the student. Under a psycho-
logical subgame perfect equilibrium, the options for surprise in this
version are limited. Again, the main reason for that observation is the
requirement of correct beliefs. Actual full surprise is still not possible
under this concept. However, if η is large enough, the partial surprise
that is possible in equilibrium gets close to full surprise rather quickly
by adding more days to the problem.

4.4.5 Dynamic surprise exam: surprise only by giving the exam

Instead of having 0 < η ≤ 1, we could also consider η = 0. This is
the dynamic version of the game discussed in Section 4.3.2, in which
the teacher only cares about surprising the student by in fact giving
the exam. This is the version of the surprise exam paradox that is most
often referred to and best captures the crux of the paradox. The result-
ing psychological game is presented in Figure 4.3. For the purpose of
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analysing this game, we can utilise the epistemic model presented in
Section 4.4.4, now repeated in Table 4.5. In a similar fashion as before,
it can be verified that all types express common belief in future ratio-
nality. Since Wednesday and Thursday are optimal for the teacher’s
type t1, and Friday is optimal for his type t′1, the teacher can rationally
choose Wednesday, Thursday or Friday under common belief in future
rationality.

Type t1 represents only one example of a conditional belief hierarchy
that expresses common belief in future rationality and under which
full surprise is possible. That is, we might as well have considered a
belief hierarchy encoded by a type t∗1 for the teacher which is similar
to his type t1 except that, at ∅ and/or h1, he believes the student also
assigns some positive probability to the teacher choosing Thursday in-
stead of only Friday. Then full surprise on Wednesday by choosing
Wednesday would still have been possible under common belief in fu-
ture rationality. Thus, not only the set of rational strategies has become
larger when adding an extra day to the problem. Also the set of con-

Table 4.5: Dynamic epistemic model for the game in Figure 4.3, Version A

T1 = {t1, t′1}
Types T2 = {t2, t′2}

Beliefs for Teacher
b1[t1,∅] = t2
b1[t1, h1] = t2

b1[t′1,∅] = t′2
b1[t′1, h1] = t′2

Beliefs for Student
b2[t2,∅] = (Fr, t′1)
b2[t2, h1] = (Fr, t′1)

b2[t′2,∅] = (W, t1)
b2[t′2, h1] = (Th, t1)

84



ditional belief hierarchies that allow for full surprise has expanded, as
the amount of first-order beliefs of the student under which the teacher
can expect to fully surprise the student has increased.

Extending the SEP by including more days has another intuitive ap-
peal in explaining the SEP. In the static version, we showed that full
surprise on Thursday is only deemed possible if the student believes
the teacher thinks he cannot surprise the student and thus chooses to
give the exam on Friday. This might be considered an unsatisfactory
explanation for the paradox, as the teacher announced clearly that the
student will be surprised. In the dynamic version however, the teacher
can believe he is able fully surprise the student whilst believing the stu-
dent believes he can do so. Consider for instance the belief hierarchy
that is induced by type t1 in the model of Table 4.6, a belief hierarchy
that expresses common belief in future rationality. For the belief hierar-
chy induced by t1, Wednesday is still expected to cause a full surprise.
However, this time the teacher believes the student believes at both
∅ and h1 the teacher will give the exam on Thursday. Concentrating

Table 4.6: Dynamic epistemic model for game in Figure 4.3, Version B

T1 = {t1, t′1}
Types T2 = {t2, t′2}

Beliefs for Teacher
b1[t1,∅] = t2
b1[t1, h1] = t2

b1[t′1,∅] = t′2
b1[t′1, h1] = t′2

Beliefs for Student
b2[t2,∅] = (Th, t′1)
b2[t2, h1] = (Th, t′1)

b2[t′2,∅] = (W, t1)
b2[t′2, h1] = (Fr, t1)
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on the belief of the student at h1, this is a reasonable belief to hold.
Namely, the student believes the teacher expects a full surprise on this
day, as the student believes the teacher expects she believes he will
choose Friday. Friday will always lead to an unsurprising exam. So
only in the fourth-order conditional belief, belief in an unsurprising exam
takes place. Thus, when being of type t1 in Table 4.6, the teacher can
expect to fully surprise the student whilst believing the student also
believes he expects to be able to do so. This is because the teacher now
has more than one strategy that are reasonable under common belief
in (future) rationality and that can possibly lead to surprise: Wednesday
and Thursday. A priori, under common belief in future rationality, the
student does not have any reason to find one more reasonable than the
other.

Also in a dynamic setting, psychological subgame perfect equilibrium
again faces the same pitfall as traditional game theory does. In Section
4.3.1 we already established that σ1(h1)(Th) = 1 needs to be the case.
This belief would give the teacher always a utility of 0 at h1. However,
then we know that it must be the case that σ1(∅)(W ) = 1 too. Namely,
if σ1(∅)(W ) < 1, then the teacher would always be better off by choos-
ing Wednesday. The student would be able to anticipate this and hence
believe that σ1(∅)(W ) = 1, a contradiction.

The discussion above explains where equilibrium concepts tend to go
wrong in analyzing the Surprise Exam Paradox. The fact that Thurs-
day is always an optimal choice at h1 does not mean that Friday is
ruled out as a possible choice for the teacher. The teacher only wishes
to surprise the student, yet the exam eventually has to be given. If
Friday still happens to be ruled out, then surprise on Thursday is no
longer possible. However, this again does not mean that it is impossi-
ble for the student to consider any day after Wednesday as a choice for
the teacher at ∅. As long as there is a belief hierarchy that expresses
common belief in future rationality such that the teacher believes the
student believes at any given day that the exam will be given in the fu-
ture, the teacher can believe surprising the student is possible. In this
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particular version of the game this means there is at least another pos-
sible belief hierarchy that believes the student believes the teacher will
give the exam on the present day. The reasonable doubt of the student
in the announcementis what allows the teacher to back up his state-
ments about surprising the student. Much like psychological Nash
equilibrium, a psychological subgame perfect equilibrium imposes an
additional requirement of correctness in beliefs however, which im-
plies the teacher has a simple belief hierarchy. Whereas extending the
Surprise Exam Paradox allowed more possibilities for surprise under
common belief in future rationality, under psychological subgame per-
fection there is still a unique combination of beliefs, which allows for
no surprise. As such, the correct beliefs assumption underlying a psy-
chological subgame perfect equilibrium, like in its static counterpart,
significantly reduces the teacher’s ability to surprise the student.

4.4.6 Discussion

In a broader discussion, our analyses of the dynamic SEP in Sections
4.4.4 and 4.4.5 establish two things. Both relate to how the approach to
the dynamic paradox taken in this section helps in relaxing the conclu-
sion of the epistemological approach, going back to Quine (1953).

(1) Corner Case - Section 4.4.4 proposes a resolution in defining the
teacher’s preferences in such a way that he also cares for surprise re-
sulting from unexpectedly not giving an exam. Just as we established
in Section 4.3.3, the resolution of Quine (1953) for the dynamic scenario
is essentially a corner case. First, the part about “a surprise” in the
teacher’s announcement can always be believed whilst surprise still
being possible. This is apparent in the epistemic model of Table 4.5.
There the teacher can surprise the student on Wednesday or Thursday,
while he believes the student believes he will succeed in surprising
her by not giving the exam on Wednesday or Thursday but on Friday.
And this can be commonly believed under common belief in future ra-
tionality. Second, under this resolution the student does not have to
completely disregard the announcement as true, as opposed to what is
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argued by Quine (1953). The subgame-perfect equilibrium induces a
completely probabilistic conditional belief hierarchy. This implies that
at each day the student expect to be partially surprised. As the num-
ber of days to the last possible day increases, this partial surprise even
approaches full surprise.

(2) Two days against more days - There is a difference between the
two-day paradox and the paradox that includes more than two days.
This difference occurs in relation to being able to accept the announce-
ment as true. To see this, take the epistemic model of Table 4.6 for the
paradox where the teacher only cares for surprise from actually giving
the exam. In the static version we established that the teacher has to
believe the student does not accept his announcement as true in order
to be able to (fully) surprise her under common belief in future ratio-
nality. When adding a day to the paradox, we see this is no longer a
necessary condition. The teacher can think to surprise the student by
choosing Wednesday if it is believed she believed the exam will come
on Thursday. As the analysis showed, the student can believe this op-
tion Thursday can be expected by the teacher to be surprising as well.
The doubt in the validity of the announcement is only required later in
the teacher’s conditional belief hierarchy, in his fourth-order belief.

When one would extend the paradox with even more days, the same
necessary condition will appear: doubt in the validity of the announce-
ment is only required by the fourth-order belief of the teacher in or-
der for surprise to be considered possible. The reason is that in each
higher-order belief, also a conjecture needs to be formed conditional
on when the game continues until the last Thursday. There we only
have two possibilities that the student can believe in: (a) a surprising
Thursday because of a teacher’s second-order belief that places prob-
ability on an unsurprising Friday, or (b) an unsurprising Thursday or
Friday.

Letting the paradox run for more than two days allows us to get around
the rather unsatisfactory resolution that the teacher can only believe to
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surprise the student if he believes the student will not believe his an-
nouncement is true. We showed that distinguishing between n = 2
days against n > 2 days helps in this regard. This conclusion departs
from what is mostly argued in literature. Previous resolutions in logic,
epistemic logic and game theory argue the paradox can be fully ex-
plained by a one-day case (Quine, 1953) or two-day case (Sorensen,
1988; Sober, 1998; Gerbrandy, 2007) only. Notable exceptions include
Kripke (2011) and Holliday (2015), who both argue that if the student
accepts something as true at the start of the exam week, it does not
necessarily follow the student knows her future selves will do this as
well. In the n = 2 days case, there is no future self.

4.5 Conclusion

The Surprise Exam Paradox has slowly garnered some interest from
the field of game theory in recent times. On a surface level, it appears
to highlight some potential red flags for backward induction reasoning
in games. Common belief in future rationality formally captures where
the student’s backward induction reasoning goes wrong if he reaches a
conclusion that the teacher cannot possibly surprise her. Namely, even
though in the actual crux of the paradox the teacher cannot surprise
the student on the last day, it does not follow from this that the student
cannot believe he will give the exam on the last day.

Common belief in future rationality in a setting of psychological games
shows there exists a valid reason for the student to doubt the validity
of the teacher’s announcement of surprising her by giving the exam,
even on the last day. If the student believes all the teacher’s routes to
surprising the student have been cut off, it can be reasonable for the
student to believe the teacher is thinking about giving the exam on the
last day. Equilibrium concepts in psychological game theory are inher-
ently incapable of capturing such doubts because of their assumptions
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on correctness of beliefs. We argued that imposing such a correct be-
liefs assumption is strongly linked to the epistemological problem of
actually knowing the announcement.

In a broader sense, the paradox teaches us to be more careful with the
type of assumptions we impose on reasoning of players when deal-
ing with psychological games. In these games, preferences depend not
only on outcomes, but also on information captured in belief hierar-
chies. This includes doxastic states of players at particular points in
time, such as first-order beliefs. What the paradox illustrates is that
there exist preferences that rely on the absence of equilibrium reason-
ing. Surprise-seeking is one of them.
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5
When is Iterated Elimination of

Choices Enough?

This chapter is adapted from: “Reasoning in psychological games:
when is iterated elimination of choices enough?” (Mourmans, 2019).
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5.1 Introduction

From traditional game theory we have become familiar with reason-
ing about interactive scenarios where individuals care about material
payoffs. However, in many real-life scenarios individuals do not only
have preferences that are rooted exclusively in the outcomes of the
game. Rather, they are also often motivated by the beliefs and inten-
tions of themselves and others. These types of belief-dependent mo-
tivations are captured by the framework of psychological game the-
ory (Geanakoplos et al., 1989; Battigalli and Dufwenberg, 2009). While
psychological games can introduce very interesting phenomena, they
can also be noticeably hard to analyse, certainly compared to tradi-
tional games.

A well-established notion that is used to predict behaviour in tradi-
tional game theory is the basic concept of common belief in rational-
ity. In traditional games, common belief in rationality is appealing for
two reasons. Conceptually, it allows for a one-person perspective on a
game, as opposed to Nash equilibrium. This means that when making
a choice, a player forms beliefs in her mind about what her opponent
will choose. She also forms beliefs about what her opponent believes
she will choose. And so on. Based on such individual reasoning, the
player reaches her decision. Practically, common belief in rationality
is also an intuitive notion to use and straightforward to compute in
traditional games due to its characterization in terms of iterated elimi-
nation of strictly dominated choices (IESDC). It thus becomes a natural
and important question to ask to what extent the IESDC-procedure is
able to characterize rational choices under common belief in rational-
ity.

In this chapter, we will explicitly focus on this question. We will con-
sider the question for a particular class of psychological games. As
argued in Jagau and Perea (2018), most applications of psychological
game theory are expectation-based psychological games. In such games,
players in a game care only about higher-order expectations. These
are sequences of probability distributions that summarize some, but
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not all, aspects of a belief hierarchy. One nice property that carries over
from traditional games to such expectation-based psychological games
is the finite matrix representation of a psychological game. Because of
this, such games behave very much like traditional games. Moreover,
a finite matrix representation is essential in defining procedures such
as IESDC.1

Despite the resemblance to traditional games, there are examples of
expectation-based psychological games where the IESDC-procedure
fails to characterize rational choices under common belief in rationality
(see for instance Jagau and Perea (2018)). Here we will shed light on
the matter of why the IESDC-procedure may fail to characterize com-
mon belief in rationality in certain scenarios and why it actually does
give an exact characterization in others. We do so by exactly identi-
fying those families of expectation-based psychological games where
the IESDC-procedure does give a characterization of rational choices
under common belief in rationality. By doing so, we not only iden-
tify those families of psychological games that are on a similar level of
complexity in terms of reasoning as traditional games. We also point
out what can make the other families of psychological games so diffi-
cult to reason about, both from the point of view of the player as well
as that of the analyst. Our analysis in this chapter focuses on two-
player expectation-based psychological games in a static environment
without updating of beliefs.

In Theorem 5.1 we show that all rational choices under common be-
lief in rationality must necessarily survive the IESDC-procedure. The
other direction however does not need to hold. To briefly illustrate
how the IESDC-procedure can fail to characterize rational choices un-
der common belief in rationality, consider the introductory example of
an expectation-based psychological game in Table 5.1. Here we have

1There are exceptions in psychological game theory that are not expectation-based
psychological games. These include modelling preferences regarding anxiety
(Caplin and Leahy, 2004) and suspense (Caplin and Leahy, 2001; Ely et al., 2015).
To model such preferences, we need more information than just the higher-order
expectations.
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Table 5.1: Introductory example
Player 1’s extreme second-order expectations

(c, a) (c, b) (d, a) (d, b)

a 0 0 0 0

b 1 0 1 1

Player 1’s utilities

Player 2’s extreme first-order expectations
a b

c 0 0

d 0 1

Player 2’s utilities

two players: player 1 and player 2. Player 1 has alternatives a and b
to choose from, whereas player 2 can choose between options c and d.
Player 2’s decision problem is as in a traditional game: she cares only
about what player 1 will do. This is represented by the lower matrix.
Player 1’s utility however depends on her full second-order expecta-
tion. That is, her expectation about what player 2 is going to do is rel-
evant for her decision, which is her first-order expectation. Addition-
ally however, she cares about what player 2 expects player 1 (herself)
to do. These two expectations, one of which is a higher-order expecta-
tion, form player 1’s second-order expectation. If player 1 chooses a,
she always receives a utility of 0. If on the other hand she chooses b,
she receives a utility of 0 in case she expects player 2 to choose c while
expecting player 2 to believe player 1 will choose b. In all remaining ex-
treme cases of second-order expectations player 1 receives a utility of 1
when choosing b. Player 1’s decision problem is depicted by the upper
matrix. It is clear here that no choice for player 1 or player 2 is strictly
dominated in the relevant decision problem. The IESDC-procedure
would therefore not eliminate any choice for any player. However,
choice a for player 1 can never be optimal under a belief hierarchy ex-
pressing common belief in rationality. Choice a is only optimal under
the extreme second-order expectation (c, b), but choice c is never opti-
mal for player 2 given that she expects player 1 to choose b.
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The game in Table 5.1 is part of a particular family of games. Namely
one in which one player’s utility directly depends on her first-order be-
liefs and the utility of the other depends on her first-order and second-
order beliefs. We identify the different families of expectation-based
psychological games based on the orders of beliefs that are directly
relevant in shaping the belief-dependent motivations of a decision-
maker. We call these utility-relevant orders of beliefs or orders of belief
in which the utility is variable. For instance, when modelling simple
guilt, whatever a player believes about her opponent’s choice, her first-
order belief, is irrelevant. However, what the player believes about her
opponent’s first-order beliefs, which is part of her second-order belief,
is important. The utility-relevant order of belief for modelling guilt
would be the second order of belief. As another example, the game in
Table 5.1 then belongs to the family of games where player 1’s utility
depends on her first and second orders of belief and player 2’s utility
is variable only in her first order of belief.

In this chapter we characterize those families of expectation-based psy-
chological games where the IESDC-procedure always characterizes ex-
actly the choices that can rationally be made under common belief in
rationality. Take the perspective of player 1. The main theorem in
the chapter (Theorem 5.2) establishes that the IESDC-procedure always
characterizes rational choices under common belief in rationality for
player 1 if and only if at least one of the following three conditions
holds: (i) the utility of player 1 is variable in a single, even order; (ii)
the utility of player 1 is variable in a single order of belief and the utility
of player 2 is variable in a single order of belief as well; (iii) player 1’s
utility is only variable in odd orders and player 2’s utility is variable in
a single, even order of belief z, such that there is no pair x, y of utility-
relevant orders for player 1 and no integer n with x + n · z = y. The
game in Table 5.1 does not belong to any family of games described
here. An important observation can be made from this result. That
is, if players care about material payoffs, cases (i) − (iii) boil down to
traditional games where expected utility only depends on first-order
beliefs. In all other cases that involve material payoffs one has to go
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beyond the IESDC-procedure to exactly characterize rational choices
under common belief in rationality.

In order for a particular choice to be rational, restrictions then need to
apply to the orders of beliefs that are utility-relevant. Under strategic
reasoning, it makes sense to assume that the players to which these
utility-relevant orders pertain play rationally as well. Similarly, these
players as well may have belief-dependent motivations, which are rooted
in their higher-order beliefs. Then, in order for the decision-maker to
believe in the players’ rationality at her utility-relevant orders, further
restrictions need to be imposed on even higher orders of beliefs. And
so on. In the end, we obtain a sequence of orders of beliefs that satisfy
all aforementioned restrictions. For player 1 in the introductory exam-
ple of Table 5.1 we can illustrate this via a diagram, as depicted in Fig-
ure 5.1. Player 1’s utility is variable in her first-order and second-order
expectations. These can be directly derived from her first-order and
second-order beliefs respectively. For a particular choice C of player 1
to be optimal, restrictions thus need to be imposed on the first-order
and second-order beliefs. This is why we have arrows fromC to orders
1 and 2 in Figure 5.1. Player 2’s utility is variable only in her first-order
expectation. In order for player 1 to believe in player 2’s rationality
at her already restricted first-order belief, further restrictions need to
be imposed on the second-order belief. This is why we have an arrow
from order 1, which refers to a belief about player 2’s choices, to order
2 in Figure 5.1. Order 2 refers to a belief about player 1’s choices again.
For player 1 not to question her own rationality at the second order
of belief given the restrictions that have already been imposed on that
order of belief, further restrictions are required on the third and fourth
orders of belief. Hence the arrows from order 2 to orders 3 and 4. We
can continue establishing such arrows indefinitely. Connected arrows
together constitute a path in this diagram.

We refer to a diagram like in Figure 5.1 as a decision-maker’s causal-
ity diagram. Under common belief in rationality, the causality diagram
then captures those steps of reasoning of a decision-maker that are di-
rectly or indirectly relevant for rationalizing a particular choice. As is
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Choice

C

Order

1 2 3 4 5 ...

Figure 5.1: Causality diagram of player 1 in Table 5.1

for instance the case with order 2 in Figure 5.1, in a causality diagram
the same order of belief may be reached by multiple paths. In the dia-
gram there, order 2 is reached via the path (0, 2, ..), but also via the path
(0, 1, 2, ...). If the same order of belief is reached by multiple paths, it
implies that in order to rationalize a particular choice under common
belief in rationality, not questioning rationality at different orders of
beliefs will require different restrictions on the same higher-order be-
lief. If these restrictions are contradictory, then the choice in question
cannot be rational under a belief hierarchy expressing common belief
in rationality. Exactly this friction is what the IESDC-procedure cannot
pick up on. As a result, the IESDC-procedure may allow for choices
that are not rational under common belief in rationality.

If the same order of belief is reached by multiple paths in a causality
diagram of a player, we say that two paths in the diagram overlap. If
a causality diagram is completely free of any overlapping paths, then
also no contradictory restrictions on the same order of belief can oc-
cur. The main theorem of this chapter describes exactly these cases by
means of families of expectation-based psychological games. Two of
the three cases are trivial in the sense that the causality diagram only
has a single path. Moreover, none of the cases include scenarios where
both players care about materialized outcomes and at least one player
has some belief-dependent motivation.

The remainder of this chapter is structured as follows. Section 5.2
discusses the concept of higher-order expectations, expectation-based
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psychological games and families of expectation-based psychological
games based on utility-variant orders. Section 5.3 discusses the IESDC-
procedure and its problems in psychological games. Moreover, we
state here the main result of the chapter: Theorem 5.2. In Section 5.4
we introduce the notion of causality diagram to visualize reasoning in
expectation-based psychological games. Section 5.5 is fully dedicated
to the proof of Theorem 5.2. Some parts of the proof are moved to the
Appendix that accompanies this chapter. However, Section 5.5 illus-
trates these parts of the proof by means of examples. Finally, we end
this chapter with some concluding remarks in Section 5.6.

5.2 Higher-order expectations

In CHAPTER 2 we defined static psychological games very generally. In
the current chapter we will be looking at a particular broad subclass of
psychological games: expectation-based psychological games. In this
section we will define such games and provide a general discussion.
Furthermore, we will discuss how we will distinguish between differ-
ent families of psychological games. These families will be defined by
the orders of belief that are directly relevant for players’ utilities in a
given expectation-based psychological game.

5.2.1 Expectation-based psychological games

When modelling emotions or other-regarding preferences, we typi-
cally do not use all information contained in higher-order beliefs in
the utility functions (Jagau and Perea, 2018). Instead, we use expecta-
tions about beliefs, which can be derived from (higher-order) beliefs.
For instance, in modelling surprise-related preferences we only care
about a player’s expectation about her co-players’ first-order beliefs in
determining her psychological payoff. To illustrate this, consider the
following example.
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Example 5.1 (Surprising student by means of exam). You are Ann’s high
school teacher in economics. You noticed that Ann’s focus during classes has
been lacking. Therefore, you wish to give her a wake-up call by surprising
her (and the rest of the small class in the process). To this end, at the end of
a given school week you vaguely announce to the class that next Monday an
exam might be given. You can surprise Ann in two ways. You either give
the exam on Monday while Ann does not expect one or you do not give the
exam on Monday while she did expect you to give one. Surprising Ann gives
you a feeling of psychological satisfaction. Either form of surprise is equally
satisfactory to you. Even though you wish to surprise Ann, you also do not
want her to fail.

How do we model your utility as a teacher in the above example? Let
us have I = {y, a}, with y = you and a = Ann . For the choice-problem
presented to us before Monday we moreover haveCy = {exam,no exam}
for your choice-set as the teacher and Ca = {study ,not study} as the
choice set for Ann.

The utility you receive from your decision before Monday depends on
two factors: the probability with which you believe Ann will study
for the possible exam and the probability with which you expect Ann
to believe you will actually give the exam. Let us say that any form
of surprise gives you as a teacher one extra unit of utility, Ann failing
the exam makes you lose a unit of utility and Ann succeeding makes
you gain a unit of utility. If we assume your utility to be additive in
these two different components, we can describe your expected utility
of giving an exam on Monday by the following relation

uy(exam, by) = (1−
∫
Ca×Ba

b1a(exam)dby) + (2 · b1y(study)− 1).

The expected utility function above depends on a summary statistic
of the second-order belief induced by your belief hierarchy by. The
second component in the expected utility function corresponds to your
first-order belief that Ann will study. The integral measure on the other
hand represents your expectation of Ann’s first-order belief about your
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Table 5.2: Surprise exam game
Extreme Second-order expectations

(study , exam) (study ,no exam) (not study , exam) (not study ,no exam)

Exam 1 2 −1 0

No exam 1 0 1 0

choice, induced by your belief hierarchy by. This summary statistic
is called your second-order expectation in this setting. For instance, we
can define Ann’s first-order expectation that you will give an exam as
e1
a[ba](exam) := b1a(exam). Then your second-order expectation that

Ann will study and that she believes you will give an exam is given
by

e2
y[by](study , exam) :=

∫
{study}×Ba

e1
a[ba](exam)dby

=

∫
{study}×Ba

∫
{exam}×By

dbadby.

Notice that the above expectation is a joint probability measure. In
fact, every second-order expectation for you as a teacher is a joint
probability measure e2

y ∈ ∆(Ca × Cy). We can directly represent your
(expected) utility of choosing to give an exam as a function of your
second-order expectation that is induced by your belief hierarchy by:
uy(exam, e

2
y[by]). Similarly, the expected utility of not giving an exam

can be represented by uy(no exam, e2
y[by]) =

∫
Ca×Ba

e1
a[ba](exam)dby (if

you do not give an exam, you will not see Ann succeed or fail). Since
both Ca and Cy are finite sets of choices, we have that Ca × Cy is fi-
nite as well. The set of second-order expectations then has finitely
many extreme points. Consequently, the resulting utility for you as a
teacher for all possible extreme second-order expectations can be rep-
resented in finite-matrix form as in Table 5.2. Following Jagau and
Perea (2018), we can define any higher-order expectation recursively. To
define any particular class of psychological games where utilities de-
pend on higher-order expectations, this is a useful tool.
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In a general psychological gameG, let us start with the first-order expec-
tation e1

i [bi] for a player i. This is simply the first-order belief of player
i:

e1
i [bi] := b1i ∈ ∆(Cj).

The second-order expectation of player i that player j will choose cj while
believing that player i will choose ci is subsequently defined as fol-
lows:

e2
i [bi](cj , ci) :=

∫
{cj}×Bj

e1
j [bj ](ci)dbi =

∫
{cj}×Bj

∫
{ci}×Bi

dbjdbi.

As noted in our surprise exam example (Example 5.1), a second-order
expectation is a joint probability measure e2

i [bi] ∈ ∆(Cj × Ci). We
can recursively define any higher-order expectation following this con-
struction. Note however that second-order expectations are defined
over the Cartesian product of two choice sets. As the orders of higher-
order expectations increase, this Cartesian product will contain more
and more elements as well. For the sake of clarity in our notation, we
will therefore define the following sets recursively:

W 1
i = Cj and W k

i =


Cj × Ci × ...× Ci︸ ︷︷ ︸

k times

, k is even

Cj × Ci × ...× Cj︸ ︷︷ ︸
k times

, k is odd
for all k > 1.

Each wki ∈ W k
i thus has k components and represents a combination

of your opponent’s and your own choices. Throughout this chapter,
we will utilise the following identification of wki ∈W k

i at times as well:
wki = (cj , w

k−1
j ). A k-th order expectation is then defined as a proba-

bility measure over W k
i .

Definition 5.1 (Jagau and Perea (2018)). Consider a two-player psycho-
logical game G with a player i and a player j and let bi be the belief hierarchy
for player i. Let e1

i [bi] := b1i be the first-order expectation for player i given
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bi. For k ≥ 2, the k-th order expectation eki [bi] ∈ ∆(W k
i ) of player i given

belief hierarchy bi is defined as

eki [bi](w
k
i ) :=

∫
{cj}×Bj

ek−1
j [bj ](w

k−1
j )dbi, where wki = (cj , w

k−1
j ).

In the integral bi serves as a probability measure over Cj ×Bj , similar
to how it was used in Section 2.1.

We capture all possible k-th order expectations in the setEki := ∆(W k
i ).

This allows us to define utilities that depend explicitly on k-th or-
der expectations by ui : Ci × Eki → R. Notice here that eki [bi] for
any k > 1 given a belief hierarchy bi also contains the lower-order
expectations induced by said belief hierarchy. That is, we have that
margWk−1

i
eki [bi] = ek−1

i [bi]. Much like beliefs, we thus obtain a hierarchy
of expectations ei[bi] := (e1

i [bi], e
2
i [bi], ...) induced by a belief hierarchy bi.

Two points are worthwhile to elaborate on here leading to the upcom-
ing Definition 5.2. First, the mapping from the set of belief hierarchies
to the setEki is surjective but non-injective. For every k-th order expec-
tation, there is a belief hierarchy that induces it. However, a given k-th

Table 5.3: Illustration of belief hierarchies and second-order expectations, Example
5.1

Your second-order beliefs b2y = (study , b1a)

b2y
′ = 1

2(study , b1a
′
) + 1

2(study , b̂1a)

Ann’s first-order beliefs b1a = 1
2(exam) + 1

2(no exam)

b1a
′ = exam

b̂1a = no exam

Your second-order expectations e2
i [by] = 1

2(study , exam) + 1
2(study ,no exam)

e2
i [by

′] = 1
2(study , exam) + 1

2(study ,no exam)
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order expectation may be induced by multiple belief hierarchies. This
is illustrated in Table 5.3, where we depict the second-order beliefs of
two possible belief hierarchies for you as the teacher. The second-order
expectations induced by the two belief hierarchies are equal, whereas
the second-order beliefs are not. Indeed, in b2y you are certain about
Ann’s belief and believe that Ann is uncertain about your choices. In
b2y
′ you are uncertain about Ann’s belief but believe that Ann is certain

about your choice.

Second, recall again from Section 2.1 that any belief hierarchy bi can be
represented by a probability distribution in ∆(Cj ×Bj). Take any two
belief hierarchies bi, b′i ∈ Bi. The convex combination λbi + (1 − λ)b′i
for any λ ∈ [0, 1] is then the belief hierarchy that puts probability
λfi(bi)(E)+(1−λ)fi(b

′
i)(E) to every measurableE ⊆ Cj×Bj . With the

previous two points in mind, we are now in a position to formally de-
fine a psychological game where expectations instead of beliefs matter
explicitly for utilities.

Definition 5.2 (Jagau and Perea, 2018). We call a two-player psychological
game G = (Ci, Bi, ui)i∈I an expectation-based psychological game if,
for both players i and all choices ci ∈ Ci,

(i) ei[bi] = ei[b
′
i] implies ui(ci, bi) = ui(ci, b

′
i)

(ii) utility is linear in the beliefs hierarchies: ui(ci, λbi + (1 − λ)b′i) =
λui(ci, bi) + (1− λ)ui(ci, b

′
i), for all λ ∈ [0, 1].

The second condition is that of belief linearity. This condition states
that the expected utility given ci and the convex combination of two
belief hierarchies bi and b′i has to be equal to the convex combination
of the two expected utilities induced by the choice ci ∈ Ci and by the
belief hierarchies bi and b′i. Finally, we can impose a last, natural con-
dition.

Definition 5.3. A psychological game G = (Ci, Bi, ui)i∈I is belief-finite if
there is some n ≥ 1 such that for every choice ci ∈ Ci, and every two belief
hierarchies bi,b̂i ∈ Bi with bni = b̂ni we have that ui(ci, bi) = ui(ci, b̂i).
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Table 5.4: Surprise exam game with a mean teacher
Your extreme second-order expectations

(study , exam) (study ,no exam) (not study , exam) (not study ,no exam)

Exam 0 0 0 1

No exam 1 0 0 0

Teacher’s utilities

In words, belief-finiteness means that utility depends only on finite
orders of beliefs. Belief-finiteness allows us to have a finite representa-
tion of an expectation-based psychological game in matrix form. This
is because there are finitely many extreme higher-order expectations
under belief-finiteness for a player i to consider. These extreme higher-
order expectations are represented in the columns of the matrix (see
for instance Table 5.2). The choices, as traditionally is the case, are
found in the rows. For the remainder of the chapter, we assume ev-
ery expectation-based psychological game we will be dealing with is
belief-finite.

Finally, note that the example in Table 5.2 assumes that your utility as
a teacher by giving the exam is additively separable in wanting to sur-
prise Ann and wanting her to pass the exam. However, by definition
of an expectation-based, belief-finite psychological game, utility does
not always have to be additive in the different higher-order expecta-
tions. To this end, reconsider Example 5.1, but now assume you are a
mean teacher. That is, you wish to surprise Ann by giving the exam
if she does not study, and you wish to surprise Ann by not giving an
exam if she does study. Any other scenario does not interest you. This
non-additively separable psychological game is illustrated in Table 5.4.

5.2.2 Order-variable families of psychological games

The problem that a player in any belief-finite, expectation-based psy-
chological game faces can be thought of as a decision problem. Gener-
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ally, a decision problem can be defined by a triple D = (C,X, v). In this
triple, C refers to a finite set of choices, X is a finite set of states and
v : C × X → R is a Bernoulli utility function. A choice c ∈ C is then
optimal in D if there is a belief b ∈ ∆(X) such that∑

x∈X
b(x) · v(c, x) ≥

∑
x∈X

b(x) · v(c′, x), ∀c′ ∈ C.

In a belief-finite, expectation-based psychological game where utilities
only depend up to order k the set of states X would then refer to W k

i

for k ≥ 1. The utility vi(ci, w
k
i ) then refers to the utility experienced

from choosing ci while being in state wki .

We can define families of expectation-based psychological games de-
pending on which orders of beliefs are of direct relevance to a player’s
preferences.

Definition 5.4. Let i ∈ {1, 2}. Take a belief finite, expectation-based psy-
chological game G, where player i’s utility function can be summarized by
vi : Ci ×Wn

i → R. If vi(ci, wni ) 6= vi(ci, ŵ
n
i ) for some ci ∈ Ci and some wni

and ŵni that only differ in the m-th order, we say vi is variable in the m-th
order.
By G(N1, N2) we denote the family of psychological games in which player
1’s and player 2’s utility-variable orders are specified by N1 and N2 respec-
tively, with N1, N2 ⊆ N.

When we refer to ‘(directly) utility-relevant’ orders of belief for a player
i in the remainder of the chapter, we always mean the orders of belief
in which player i’s utility is variable.

5.3 Iterated elimination of strictly dominated choices
In this section we will discuss the procedure of iterated elimination
of strictly dominated choices in psychological games. Unlike tradi-
tional games, this procedure does not always characterize the rational
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choices a player can make under common belief in rationality. How-
ever, there are some families of games for which this relationship does
hold. This leads us to state the main result of this chapter, captured
in Theorem 5.2. In the second part of this section we provide intuition
on why the elimination procedure may fail in its characterization of
rational choices under common belief in rationality.

5.3.1 Iterated elimination of strictly dominated choices in
psychological games

In traditional games, choices that are rational under some belief hierar-
chy expressing common belief in rationality are characterized by iter-
atively eliminating strictly dominated choices. We say a choice c ∈ C
is strictly dominated in a decision problem D = (C,X, v) if there is a
randomized choice r ∈ ∆(C) such that

v(c, x) <
∑
c′∈C

r(c′) · v(c′, x), ∀x ∈ X.

Under the set-up presented above, iterative elimination of strictly dom-
inated choices then means that each round of eliminating choices in-
duces a new decision problem for a decision-maker. In each round,
those choices are eliminated that are never optimal in the given deci-
sion problem. We can use a result by Pearce (1984) for this.

Lemma 5.1 (Pearce’s Lemma). Consider a decision problemD = (C,X, v).
Then, c ∈ C is optimal in D if and only if c is not strictly dominated in D.

Pearce’s original lemma defines the set of states X as the set of choices
Cj of the opponent j of a player in a traditional, two-player game. But
his proof technique can be used to prove Lemma 5.1 as well. In a belief-
finite, expectation-based psychological game where utilities only de-
pend up to order n the set of states X would refer to Wn

i for n ≥ 1.
The utility vi(ci, w

n
i ) refers to the utility experienced from choosing
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ci while being in state wni . The procedure of iterative elimination of
strictly dominated choices (IESDC) is then defined as follows.

Procedure 5.1 (Iterated elimination of strictly dominated choices (IESDC)).

Consider a two-player, psychological game G = (Ci, Bi, ui)i∈I which is
expectation-based and belief-finite, and in which utilities depend up to the
n-th order expectation. For every player i, consider the full decision problem
(C0

i ,W
n,0
i , vi), where C0

i := Ci, W
n,0
i := Wn

i and vi : Ci × Wn
i → R

summarizes the utility function ui.

Step 1
For each player i, define: C1

i = {ci ∈ Ci| ci is not strictly dominated in
(C0

i ,W
n,0
i , vi) }.

For each player i, define: Wn,1
i =

{
C1
j × C1

i × ...× C1
j if n is odd.

C1
j × C1

i × ...× C1
i if n is even.

Step k ≥ 2
For each player i, define: Cki = {ci ∈ Ck−1

i | ci is not strictly dominated in
(Ck−1

i ,Wn,k−1
i , vi) }.

For each player i, define: Wn,k
i =

{
Ckj × Cki × ...× Ckj if n is odd.
Ckj × Cki × ...× Cki if n is even.

For each player i, define C∞i =
⋂
k≥1

Cki .

Some explanation is due here. In this procedure we assume that player
i only cares for higher-order expectations up to order n (this may or
may not include order n). In Step 1, both players i eliminate those
choices that are strictly dominated in their respective decision prob-
lems. Subsequently we define the resulting sets of combination of
choicesWn,1

i for each iwhich are constructed from those sets of choices

107



Chapter 5. When is Iterated Elimination of Choices Enough?

that are not strictly dominated in the original decision problems. Using
C1
i andWn,1

i , we then construct a reduced decision problem (C1
i ,W

n,1
i , vi),

where vi : C1
i ×W

n,1
i → R. Note that for the identification of the util-

ity function vi we technically abuse notation in this elimination step.
Formally we have vi : Ci ×Wn

i → R, but we identify it with a restric-
tion on C1

i ×W
n,1
i . After constructing the reduced decision problem,

we repeat the process. The procedure ends when no choices can be
eliminated any longer for any of the two players.

This procedure leads us to consider the following theorem for this sec-
tion.

Theorem 5.1 (Rational choice under common belief in rationality re-
quires surviving the procedure). Consider any belief-finite, expectation-
based psychological game G, with two players where utilities depend on up
to n-th order expectations. Then every choice that is rational under common
belief in rationality must necessarily survive IESDC.

Proof. Define byR∞i the set of rational choices player i can make under
common belief in rationality. We will prove that R∞i ⊆ C∞i . We will
do this by showing that R∞i ⊆ Cki for every k ≥ 1. This will be done
by induction on k. We will start with the case of k = 1.

Induction start Take an arbitrary choice ci ∈ R∞i . This means that ci
is optimal for some belief hierarchy bi ∈ Bi that expresses common
belief in rationality. By Pearce’s Lemma this implies ci ∈ C1

i as well, as
ci being optimal for some belief hierarchy bi ∈ Bi among all choices in
Ci is exactly the same as ci not being strictly dominated in the decision
problem (C0

i ,W
n,0
i , vi).

Induction step Assume thatR∞i ⊆ C
k−1
i for some k ≥ 2 for each player

i. Now take some ci ∈ R∞i . Then we have that ci is optimal for some
belief hierarchy bi ∈ ∆(Cj ×Bj) that expresses common belief in ratio-
nality, among all choices in Ci. Common belief in rationality implies
that player i believes that her opponent player j makes an optimal
choice according to a belief hierarchy that expresses common belief in
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rationality. Hence each (cj , bj) ∈ supp(bi) is such that cj is optimal for
bj which expresses common belief in rationality. Thus, cj ∈ R∞j by
definition and by our induction assumption therefore cj ∈ Ck−1

j .

However, if bj ∈ ∆(Ci ×Bi) expresses common belief in rationality,
this implies that player i believes that player j believes player i ex-
presses common belief in rationality and makes an optimal choice ac-
cordingly. Hence, each (c′i, b

′
i) ∈ supp(bj) is such that c′i is optimal

for b′i which expresses common belief in rationality. Therefore, c′i ∈
R∞i and by the induction assumption, c′i ∈ Ck−1

i . As a result, the
choice ci we started with must be optimal for a belief hierarchy bi ∈
∆(Ck−1

j ×∆(Ck−1
i ×Bi)).

If we continue this line of reasoning that each player i believes ra-
tionality is commonly believed, we get that the choice ci ∈ R∞i we
started with in this induction step must be optimal for a belief hierar-
chy bi ∈ ∆(Ck−1

j ×∆(Ck−1
i ×∆(Ck−1

j × ...))). If we take the n-th order
expectation induced by this belief hierarchy, we get

eni [bi] ∈ ∆(Ck−1
j × Ck−1

i × ...× Ck−1
j︸ ︷︷ ︸

n times

)

if n is odd and

eni [bi] ∈ ∆(Ck−1
j × Ck−1

i × ...× Ck−1
i︸ ︷︷ ︸

n times

)

if n is even. Thus choice ci is optimal for some n-th order expectation
eni [bi] ∈ ∆(Wn,k−1

i ) induced by belief hierarchy bi. By Pearce’s Lemma
then ci is not strictly dominated in the decision problem (Ci,W

n,k−1
i , vi).

It follows that ci is then also not strictly dominated in the decision
problem (Ck−1

i ,Wn,k−1
i , vi). Hence, ci ∈ Cki and since we took an arbi-

trary ci ∈ R∞i , we also have that R∞i ⊆ Cki .

By induction on k, we have that R∞i ⊆ Cki for every k ≥ 1, which
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completes the proof.

We have thus shown that if a choice is rational under common be-
lief in rationality it must survive the IESDC-procedure. This result
holds given a game G ∈ G(N1, N2) for any family of games G(N1, N2),
N1, N2 ⊆ N. The reverse statement does not always hold. It is not
true that those choices that survive the IESDC-procedure are always
rational under common belief in rationality (Jagau and Perea, 2018).
The example of Table 5.1 illustrates this. There are however specific
families of games where, for all games in such a family, the IESDC-
procedure does exactly characterize rational choices under common
belief in rationality.

Theorem 5.2. Consider any family G(N1, N2) of belief-finite, expectation-
based psychological games with two players. For every game in G(N1, N2),
each choice for player 1 that survives the IESDC-procedure is also a rational
choice under common belief in rationality, if and only if, one of the following
conditions is true:

(i) Player 1’s utility and player 2’s utility are both variable in a single order
of belief;

(ii) Player 1’s utility is variable in a single even order of belief;

(iii) Player 1’s utility is variable only in odd orders of belief and player 2’s
utility is variable in a single even order of belief z which is such that
there is no pair x, y of player 1’s utility-variant orders and no n ∈ N
with x+ n · z = y.

An important observation we can make here is that if both players
care (among others) about material payoffs, the conditions listed in
the theorem above reduce to those that specify a traditional game.

In the remainder of this chapter, Theorem 5.2 will take center-stage.
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5.3.2 Illustrating the problem of the IESDC-procedure

Recall the example in Table 5.1 from the Introduction of this chapter.
There is an underlying reason why in this example in Table 5.1 the
IESDC procedure does not give us exactly the choices one can ratio-
nally make under common belief in rationality. In short terms, there is
an overlap between the orders in which one’s utility is variable on the
one hand and the orders of beliefs one needs to consider for expressing
1-fold belief in rationality on the other hand. This is also illustrated in
the causality diagram for player 1 in Figure 5.1. We will formalize such
diagrams in Section 5.4. In words, we can say the following however.
In the diagram in Figure 5.1, the arrow from player 1’s choice C to or-
der “1” indicates that the optimality of player 1’s choice depends on
her first-order expectation. The same applies for the arrow from her
choice to order “2”: the optimality of player 1’s choice also depends on
her second-order expectation. Player 2’s utility only depends on her
first-order expectation. This is represented by the arrow from order
“1” to order “2”. And so on. Clearly then, the rationality of player 1’s
own choice and believing that player 2 makes a rational choice both
directly depend on player 1’s second-order expectation. Thus for c to
be optimal and for player 1 to believe in player 2’s rationality, differ-
ent restrictions need to be imposed on the second-order expectation.
In this example these restrictions happen to be in conflict as also ex-
plained in the Introduction: in order for choice a to be optimal player 1
in her first-order expectation has to believe that player 2 will choose c
while expecting in her second-order expectation that player 2 expects
her to choose b. However, in order for choice c to be optimal for player
2, she must expect player 1 to choose a.

Believing in an opponent’s rationality is believing in the event that
your opponent makes an optimal choice given her belief. Belief in the
opponent’s rationality thus restricts the combinations of choices and
belief hierarchies (cj , bj) you can consider for the opponent where cj is
optimal specifically for bj . The first step of the IESDC-procedure how-
ever only eliminates choices for your opponent which are never op-
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Choice

C1

Order

1 2 3 4 5 ...

Figure 5.2: Causality diagram of player 1 in game in G({1, 2}, {2, 4})

timal, given any belief hierarchy. The second step subsequently only
eliminates choices that are never optimal given beliefs that only assign
positive probability to choices that are not eliminated in Step 1.

This kind of procedure does not sufficiently restrict the second-order
expectations one can consider under belief in the opponent’s rational-
ity. One may assign positive probability to an extreme second-order
expectation whose two components entail choices for an opponent and
oneself that did survive Step 1 of the procedure. However, as illus-
trated via the example in Table 5.1, we then allow for scenarios in
which the player 2’s choice in the first component can never be optimal
given the conditional probability assigned to player 1’s choice that fea-
tures in the second component. In a traditional game there is no such
issue at all, as player 1’s utility would only depend on her first-order
belief. The rationality of her first-order belief would only depend on
her second-order belief. And so on. In this case each step k of elimi-
nating strictly dominated choices corresponds exactly to the reasoning
step of expressing up to (k − 1)-fold belief in rationality. This corre-
sponds also with the observation that traditional games are a special
sub-case of case (i).

In the game in Table 5.1 we have that the utility for player 1 is depen-
dent on her first order and second order of belief, which overlap with
the orders of belief that matter for expressing 1-fold belief in rational-
ity. That is, 1-fold belief in rationality is determined by a first-order
belief of player 1, rationalized by her second-order belief. In general,
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this kind of overlap may also occur because of overlap between deeper
levels of reasoning. Consider for instance a causality diagram as in Fig-
ure 5.2 for player 1. Here player 1’s utility depends on her first-order
and second-order expectations, whereas player 2’s utility depends on
her second-order and fourth-order expectations. Here we see that ex-
pressing 1-fold belief in rationality and expressing 2-fold belief in ra-
tionality both require restrictions on player 1’s third-order expectation,
which may be in conflict.

First, there is the event of expressing 1-fold belief in rationality, as the
first-order expectation is a conjecture about player 2’s choice, which is
motivated by player 2’s second-order and fourth-order expectations.
Hence, a rational first-order belief is explained by player 1’s third-
order expectation and fifth-order expectation2. Second, there is the
event of expressing 2-fold belief in rationality, which next to the fourth-
order expectation, also depends on the third-order expectation. Namely,
the second-order belief is a conjecture about player 1’s own choice. The
utility of player 1 depends on her first-order and second-order expec-
tation. So in order to rationalize the choices in her second-order expec-
tation, player 1 should also consult her third-order and fourth-order
beliefs. Hence, there is an overlap in the causality diagram at order 3:
one-fold belief in rationality and two-fold belief in rationality both im-
pose restrictions on the third-order belief, and these restrictions may
be in conflict.

Memory is a keyword here. The memory of the IESDC-procedure at a
particular step only consists of rational choices that survived the pro-
cedure up until that step, but not the (higher-order) beliefs used to get
there. The perspective of the IESDC-procedure as a reasoning proce-
dure, as put forward by for instance Cubitt and Sugden (2011) and
Perea (2015), can be of use here. Take a traditional game. In Step 1 of

2We slightly abuse the use of “k-th order expectation” here. Technically, a third-
order expectation can be derived from the fifth-order expectation by taking the
relevant marginal distribution. With third-order expectation in this context we
specifically refer to margC2

e31 ∈ ∆(C2) where e31 ∈ ∆(W 2
1 × C2) and by the fifth-

order expectation we mean margC2
e51 ∈ ∆(C2) where e51 ∈ ∆(W 4

1 × C2).
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the procedure you as a player want to check if a choice can be rational-
ized by a first-order belief. If this is the case, it means it is not strictly
dominated. Next, you acknowledge that your opponent has the same
thought process. In Step 2 you therefore check if you can rationalize a
choice by a first-order belief that takes into account that the opponent
also has tried to rationalize her choices. Combining Step 2 for you
and Step 1 for the opponent would then lead to a second-order belief,
and you expressing 1-fold belief in rationality given a belief hierarchy
with such a second-order belief. And so on. Once the procedure stops,
you can implicitly form for each surviving choice a belief hierarchy ex-
pressing common belief in rationality that rationalizes this choice. In
each step of the procedure, we did not need to remember the beliefs
used to support a choice in determining whether that choice could be
rationalized in the previous step. A similar logic applies to all scenar-
ios covered by Theorem 5.2. In scenarios that are not part of the cases
listed in Theorem 5.2, this does not apply. Reasoning about different
rationality events, such as 1-fold belief in rationality and 2-fold belief
in rationality as in Figure 5.2, can overlap with each other. Concretely
for a game associated with a diagram as in Figure 5.2 we have the fol-
lowing: you should recall the higher-order belief you used to support
the rationality of the opponent’s choice in your first-order belief when
reasoning about 2-fold belief in rationality. Note that this is equiva-
lent to saying that you should recall the higher-order belief used to
determine whether your opponent’s choice in your first-order belief
is strictly dominated or not in her full decision-problem. Only by re-
calling this higher-order belief can you then determine if a particular
choice of yours can be rationalized by a belief hierarchy expressing 1-
fold and 2-fold belief in rationality at the same time. So when overlap
in reasoning occurs, we need an elimination procedure that at any step
recalls the higher-order beliefs used in previous steps. See Jagau and
Perea (2017) for such a procedure.

Theorem 5.2 indicates the cases that describe in which families expectation-
based psychological that IESDC-procedure gives an exact characteri-
zation of the rational choices one can make under common belief in
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rationality. We will formally show this in Section 5.5. We will do so by
making use of causality diagrams.

5.4 Causality diagrams

Causality diagrams prove to be a useful analytical tool to think about
the problem of overlap in reasoning which appears in psychological
games. In order to formally capture the notion of a causality diagram,
a discussion on elementary graph theory is in place. A graph Σ is a
nonempty set of vertices V and a (possibly empty) set of edges E. In
Figure 5.2 the vertices correspond to the choice and the orders of belief,
whereas the edges are the arrows between the vertices which indicate
in which orders a particular utility is variable. In a directed graph, the
direction of the edge, also known as an arc in a directed graph, mat-
ters. In that case we speak of outgoing arcs if an arc leaves a vertex
and ingoing arcs if an arc goes into a vertex. The amount of outgoing
arcs is known as the outdegree, whereas the number of ingoing arcs
is the indegree. All the vertices that some vertex x is joined with di-
rectly by an outgoing arc is known as the out-neighborhood, whereas
all adjacent vertices that x is joined with via ingoing arcs is known as
the in-neighborhood. Finally, there is the concept of a path. A path in
a directed graph is a sequence of vertices that starts at the root, where
the k-th element is joined with the (k−1)-th element by an ingoing arc.
A vertex r is called a root if (a) that vertex has only outgoing arcs and
(b) for all vertices in the graph that have ingoing arcs, there is a path
from r to that vertex. Whenever we refer to a path in the remainder of
this chapter, we specifically mean a path that starts at the root. More-
over, we say we have a divergence point between two paths p1 and p2

in a rooted graph if p1 = (p, a, b, ...) and p2 = (p, a, c, ...) with p being
a subpath of both p1 and p2 and b 6= c. The divergence point is then
located at vertex a. The root itself can also function as the divergence
point.

We can now formally define the concept of a causality diagram.
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Choice

C

Order

1 2 3 4 ...

Figure 5.3: Causality diagram of a player in a traditional game

Definition 5.5. Consider a game G ∈ G(N1, N2). The causality diagram
D1(N1, N2) for player 1 in the gameG is a rooted, directed graph (N∪{0}, E)
with the root being 0. The set of arcs E is as follows:

• For the root r = 0, establish an arc (0, a1) for every a1 ∈ N1;

• Inductively for every k ≥ 2 do the following:

– For every even ak−1, establish an arc (ak−1, ak) with ak = ak−1+
b for every b ∈ N1;

– For every odd ak−1, establish an arc (ak−1, ak) with ak = ak−1+
c for every c ∈ N2.

It is important to note that each player in a game has her own causality
diagram, as players utilities may be variable in different orders. The
paths in a causality diagram have a natural interpretation. Each path
represents a chain of restrictions. For instance, in Figure 5.2 in order
to ensure that some choice c1 is optimal, the first-order and second-
order expectation need to be restricted. If in addition player 1 wants
to express 1-fold belief in rationality, restrictions on expectations of an
even higher order are necessary. That is, given what player 1 expects
player 2 to do, each choice in that conjecture can only be made op-
timal given its own appropriate restrictions on player 1’s third-order
and fifth-order expectations. And so on. In a traditional game, the
causality diagram would look as in Figure 5.3. It is clear that in a
traditional game there is only a single path on the causality diagram
for each player. Compare this to the causality diagram in Figure 5.2.
There, up to three orders, we can already distinguish between four
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different paths: (0, 1, 3, ...), (0, 1, 5, ...), (0, 2, 3, ...) and (0, 2, 4, ...). The
paths (0, 1, 3, ...) and (0, 2, 3, ...) also clearly display a common vertex
after having diverged: vertex order 3. It is this overlap that can cause
problems for the characterization of rational choices under common
belief in rationality by IESDC.

We say that two paths in a directed graph are pairwise vertex-disjoint
starting at a particular vertex a if they do not have any vertices in com-
mon after this vertex a. This leads us to define the following concept.

Definition 5.6. A causality diagram is overlap-free if all pairs of paths are
pairwise vertex-disjoint after the respective divergence point.

If we take the interpretation that a path represents a chain of utility-
relevant restrictions, then if two paths have a vertex b in common after
a divergence point, it follows that two paths lead to two different re-
strictions on the same set of higher-order beliefs. Of course, these re-
strictions may clash. If paths are vertex-disjoint however, then the set
of higher-order expectations for a particular order is never restricted
from multiple angles.

The combinations of variable ordersN1 andN2 that induce an overlap-
free causality diagram are actually identifiable. These correspond to
the three cases listed in Theorem 5.2.

Lemma 5.2. The causality diagram D1(N1, N2) for player 1 in a game G ∈
G(N1, N2) is overlap-free if and only if one of the following is the case:

(i) N1 = {x} and N2 = {y};

(ii) N1 = {x} with x even;

(iii) N1 only consists of odd orders and N2 = {z} with z even such that
there is no pair x, y ∈ N1 and no n ∈ N where x+ n · z = y.
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Proof. We start off by proving the “if”-direction. We do so for each of
the three cases separately. Canonical causality diagrams that represent
each of the cases are depicted in Figure 5.4.
⇐:
(i) IfN1 = {x} andN2 = {y}, then the cardinality of both sets of orders
is one. This implies that in the resulting causality diagram every vertex
has an outdegree of at most one. Then it follows there is also a unique
path in the causality diagram. By definition the causality diagram is
then overlap-free, as there is no second path present to have overlap
with.

(ii) Clearly, there is a unique path in player 1’s causality diagram, con-
taining only even numbers. Hence vertex-disjointness is guaranteed
in this case and therefore the causality diagram is overlap-free. This is
illustrated in Figure 5.4b.

(iii) The root may be at the start of multiple paths, as |N1|≥ 1. As
the out-neighborhood of the root is determined by N1, the root is only
connected to x ∈ N1, each of which is odd. Each odd vertex’s out-
neighborhood is determined by N2 = {z}. Thus each odd vertex
is connected to a different odd vertex, as z is even. Then take two
paths in player 1’s causality diagram: (0, x, x + z, ..., x + g · z, ...) and
(0, x′, x′+z, ..., x′+h ·z, ...) with x, x′ ∈ N1 and x 6= x′. These two paths
must be vertex-disjoint. First, note that the divergence point of the two
paths is the root. Now assume they do have a vertex in common: let
x+ g · z = x′ + h · z. Then x− x′ = (h− g) · z. Assume without loss of
generality that h > g. However, this violates the condition that there is
no pair x, x′ ∈ N1 such that x′+n · z = x with n = h− g. Hence it must
be the case that all paths in player 1’s causality diagram are pairwise
vertex-disjoint and therefore the causality diagram is overlap-free.

For the“only-if” direction, we show that if conditions (i), (ii) and (iii)
do not hold, then the causality diagram of player 1 has an overlap. In
total there are six scenarios under which none of the three cases listed
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Choice

C

Order

... x ... (x+ y) ... (x+ y + x) ...

(a) (i)
Choice

C

Order

... x ... 2x ... 3x ...

(b) (ii)
Choice

C

Order

... x ... x+ z ... y ... x+ 2z ... y + z ...

(c) (iii)

Figure 5.4: Canonical causality diagram for cases (i), (ii) and (iii) in Lemma 5.2

in Lemma 5.2 apply: (i) N1 contains two even orders; (ii) N1 contains
an even and an odd order, whereas N2 contains an even order; (iii) N1

contains an even and an odd order, whereas N2 contains an odd order;
(iv)N1 contains an odd x and an odd y andN2 contains an even z such
that x = y + n · z for some n ∈ N; (v) N1 contains two odd orders and
N2 contains also an odd order; and (vi) N1 contains an odd order and
N2 contains two arbitrary orders. We go by all these cases one-by-one.

⇒:
(i) Consider {x, y} ⊆ N1 with both x and y even. Then there exist the
following two paths in the causality diagram D1(N1, N2): (0, x, 2x, ...)
and (0, y, 2y, ...). These paths share a common vertex in x ·y. Hence the
two paths are not vertex-disjoint after their divergence-point and thus
the causality diagram D1(N1, N2) for player 1 is not overlap-free.
(ii) Consider {x, y} ⊆ N1 with x even and y odd and an even z ∈ N2.
We have a path (0, y, y + z, y + 2 · z, ..., y + x · z, ...). There is also the
path (0, x, 2x, ..., z ·x, z ·x+y, ...). These two paths have vertex z ·x+y
in common after the point of divergence, being the root. Hence the
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causality diagram is not overlap-free.
(iii) Consider {x, y} ⊆ N1 with x even and y odd and an odd z ∈ N2.
We have a path (0, y, y+ z, y+ (y+ z), (y+ z) + (y+ z), ..., x(y+ z), ...).
There exists also the path (0, x, 2x, ..., (y + z)x, ...). These two paths
share a vertex in x(y + z) after the divergence point, being the root.
Hence the causality diagram is not overlap free.
(iv) Consider {x, y} ⊆ N1 with both x and y odd and an even z ∈ N2

such that x = y + n · z for some n ∈ N. There is a path (0, y, y + z, y +
2 · z..., y + n · z, ...). We assumed that x = y + n · z. We then have two
paths: (0, x, ...) and (0, y, y+z, y+2 ·z, ..., y+n ·z, ...). These two paths
share a vertex in y + n · z = x. Hence the causality-diagram for player
1 is not overlap-free.
(v) Consider {x, y} ⊆ N1 with both x and y odd and an odd z ∈ N2.
Then the paths (0, x, x+z, x+z+y, ...) and (0, y, y+z, y+z+x, ...) share
a vertex after the point of divergence in x + z + y. Hence the result-
ing causality diagram for player 1 contains paths that are not vertex-
disjoint after the divergence point and thus is not overlap-free.
(vi) Consider {x} ⊆ N1 with x odd and consider two orders {y, z} ⊆
N2. The root of the causality diagram of player 1 is then joined to the
odd vertex x. This vertex x can be considered as the root of its own
subgraph Dx

2 . Then, if N2 contains two even orders, the scenario (i)
applies to subgraph Dx

2 . Hence, under such a scenario, Dx
2 would not

be overlap-free. If N2 contains an even and an odd order, the scenario
of (iii) applies to Dx

2 . Then also now, Dx
2 is not overlap-free. If N2

contains two odd orders, then the scenario of (v) applies. Also then,
Dx

2 is not overlap-free. Since the root of player 1’s causality diagram is
connected to vertex x, the paths that are not pairwise vertex-disjoint in
Dx

2 are subpaths in player 1’s causality diagram. Hence there also exist
paths in player 1’s causality diagram that are not vertex-disjoint after a
point of divergence. Therefore, player 1’s causality diagram is also not
overlap-free.

Hence, we have shown that if none of the three cases listed in Lemma
5.2 apply, the causality diagram cannot be overlap-free. This ends the
proof for Lemma 5.2.
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In the following section, we will provide and discuss the proof for The-
orem 5.2.

5.5 Proof of Theorem 5.2
In order to prove Theorem 5.2, we will split it up into two separate
lemmas: Lemmas 5.3 and 5.4. We will prove each of these in turn. For
Lemma 5.4 we provide sketches of the proof in this section. The full
proof can be found in the Appendix 5.A accompanying this chapter.

Lemma 5.3. Consider a family of games G(N1, N2). If for every game in
G(N1, N2), each choice that survives the IESDC-procedure for player 1 is
also a rational choice under common belief in rationality, then the causality
diagram of player 1 is overlap-free.

Proof. Suppose that the causality diagramD1(N1, N2) of player 1 is not
overlap-free. We will construct a game G∗ in G(N1, N2) such that not
every choice for player 1 that survives the IESDC-procedure is rational
under common belief in rationality.

We will do this in the following way. First, assume (N1, N2) induces a
causality diagram for player 1 where the root is already a divergence
point for two paths that overlap. Take two of such overlapping paths:
a path (0, a1, a2, ..., an−1, an = s, ...) and a path (0, z1, z2, ..., zm−1, zm =
s, ...). Subsequently we construct a game G∗ that has some particular
properties. First, we construct G∗ such that each choice in C1 and each
choice in C2 survives the IESDC-procedure. So each choice is optimal
for some belief hierarchy. Then we construct the game G∗ further such
that c̄1 ∈ C1 is only optimal for a belief hierarchy whose a1-th order
expectation assigns probability one to choice c[a1] (in C∞1 if a1 is even
and inC∞2 if a1 is odd) and whose z1-th order expectation assigns prob-
ability one to choice d[z1] (also in C∞1 if z1 is even and in C∞2 if a1 is
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Orders

Choices c̄1

... a1

c[a1]

... z1

d[z1]

... a2

c[a2]

... s

c[an]

d[zm]

Figure 5.5: Example Proof Lemma 5.3, (part of) beliefs diagram

odd). Choice c[a1] in turn is only optimal for a (a2−a1)-th order expec-
tation assigning probability one to choice c[a2]. And so on, up until we
arrive at choice c[an] for the s-th order expectation. We can do the same
for the second subpath (0, z1, z2, ..., zm = s), which then ends up with
a choice d[zm] for the s-th order expectation. We construct G∗ such
that c[an] 6= d[zm], and hence c̄1 cannot be optimal while expressing
common belief in rationality.

Now, let
C1 := {c[ak] : ak is even and k ∈ {1, ..., n}}∪{d[zk] : zk is even and k ∈
{1, ..., n}} ∪ {c̄1} ∪ {x}, and
C2 := {c[ak] : ak is odd and k ∈ {1, ..., n}} ∪ {d[zk] : zk is odd and k ∈
{1, ..., n}} ∪ {y}. We assume here that all these choices are different.
Note that for order zm = an = s, there are two different choices: c[an]
and d[zm]. Let the choices have the following properties.

1. Choice x always yields a utility of 1 for player 1, under any belief
hierarchy b1;

2. Choice y always yields a utility of 1 for player 2, under any belief
hierarchy b2;

3. Choice c̄1 is only optimal for a higher-order expectation which
assigns in the a1-th component probability one to c[a1] and in the
z1-th component probability one to d[z1]. Only in that case choice
c̄1 leads to a utility of 1. In all other cases, utility is 0;
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4. Each c[ak−1] ∈ C1 for k ∈ {2, ..., n} is such that u1(c[ak−1], b1) = 1
for any b1 ∈ B1 where the (ak−ak−1)-th order expectation assigns
probability one to c[ak]. If b1 ∈ B1 is such that the (ak − ak−1)-th
order expectation assigns probability one to any choice c 6= c[ak],
then the utility will be 0. Each d[zk−1] ∈ C1 for k ∈ {2, ..., n} is
such that u1(d[zk−1], b1) = 1 for any b1 ∈ B1 where the (zk−zk−1)-
th order expectation assigns probability one to d[zk]. If b1 ∈ B1 is
such that the (zk − zk−1)-th order expectation assigns probability
one to any choice d 6= d[zk], then the utility will be 0. We do
exactly the same for each c[ak−1], d[zk−1] ∈ C2 for k ∈ {2, ..., n}.

5. For simplicity assume c[an] and d[zm] always lead to a utility of 1.

Note that each choice in C1 and C2 leads to a utility of 1 under some ex-
treme higher-order expectation. As a result, no choice is strictly domi-
nated and hence each choice survives the IESDC-procedure.

We will now show that choice c̄1 in the game G∗ as constructed before
cannot be optimal under a belief hierarchy expressing common belief
in rationality, even though it survives the IESDC-procedure. We will
do so by arguing that c̄1 cannot be optimal for a belief hierarchy that
simultaneously expresses up to an−1-fold and up zm−1-fold belief in
rationality. That is, the latter two events will require conflicting restric-
tions on the s-th order expectation. Figure 5.5 helps in illustrating this
point by depicting (part of) a beliefs diagram of some game G∗.

In game G∗, choice c̄1 is optimal only if the a1-th order expectation of
player 1 assigns probability one to choice c[a1]. Namely, only then the
utility for player 1 is equal to 1. For any k ∈ {2, ..., n}, choice c[ak−1] is
only optimal if the (ak − ak−1)-th order expectation (of player 1 if ak−1

is even, otherwise of player 2) assigns probability one to choice c[ak].
Thus we obtain a chain of restrictions. In the example of Figure 5.5 this
would correspond to the upper path (0, a1, a2, s). In order for player
1 to be able to rationally choose c̄1 under a belief hierarchy expressing
up to an−1-fold belief in rationality, the s-th order expectation should
thus assign probability one to choice c[s].
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Another requirement for choice c̄1 in game G∗ to be optimal is that the
z1-th order expectation of player 1 assigns probability one to choice
d[z1]. Namely, only under such a condition can the utility of player 1
be equal to 1. For any k ∈ {2, ..., n}, choice d[zk−1] is only optimal if the
(zk − zk−1)-th order expectation (of player 1 if zk−1 is even, otherwise
of player 2) assigns probability one to choice d[zk]. In Figure 5.5 this
chain of restrictions would for instance correspond to the lower path
(0, z1, s). In order for player 1 to be able to rationally choose c̄1 under
a belief hierarchy expressing up to zm−1-fold belief in rationality, the
s-th order expectation should assign probability one to choice d[s].

We constructed G∗ such that c[s] 6= d[s]. But then, c̄1 cannot be optimal
for a belief hierarchy that expresses both up to an−1-fold belief in ratio-
nality and up to zm−1-fold belief in rationality. Then c̄1 also cannot be
optimal for a belief hierarchy expressing common belief in rationality.

Now, we initially assumed that the point of divergence for our two
paths was at the root. Not for every causality diagram with over-
lap this is possible. However, it should certainly be possible to occur
within one arc-distance of the root.

Claim 5.1. Consider a causality diagram D1(N1, N2) for player 1 that is not
overlap-free. Then there exist two paths with overlap that either (a) have a
point of divergence at the root, or (b) that have a point of divergence at an odd
order a ∈ N1.

Proof of claim. To prove this, we can point to our proof construction
for the “only if”-part of the proof for Lemma 5.2. In this proof, we
provided an exhaustive list of six scenarios. In the first five scenarios
listed for that proof we were able to construct two paths with overlap
that had a divergence point at the root of the causality diagram. So for
these scenarios case (a) of the claim is satisfied. For the final scenario
we noted that the root had an outgoing arc to an odd vertex a ∈ N1.
This odd vertex was the root of its own subgraph, which always could
be categorized under scenario (i), (iii) or (v). As such, in this subgraph
there also existed overlapping paths that had their point of divergence
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at the root. Hence, for this scenario case (b) is satisfied. This completes
the proof of this claim.

So let us now consider the case that the first point of divergence in the
causality diagram occurs at the odd order a ∈ N1. Let us have two
paths (0, a, a1, a2, ..., an−1, an = s, ...) and (0, a, z1, z2, zm−1, zm = s, ...).
Then we can simply construct the game G∗ as follows. Let
C1 := {c[ak] : ak is even and k ∈ {1, ..., n}}∪{d[zk] : zk is even and k ∈
{1, ..., n}} ∪ {c̄1} ∪ {x}, and
C2 := {c[ak] : ak is odd and k ∈ {1, ..., n}} ∪ {d[zk] : zk is odd and k ∈
{1, ..., n}} ∪ {c̄2} ∪ {y}. Again, we assume here that all these choices
are different. Let the choices have the following properties.

1. Choice x always yields a utility of 1 for player 1, under any belief
hierarchy b1;

2. Choice y always yields a utility of 1 for player 2, under any belief
hierarchy b2;

3. Choice c̄2 is only optimal for a higher-order expectation which
assigns in the (a1 − a)-th component probability one to c[a1] and
in the (z1−a)-th component probability one to d[z1]. Only in that
case choice c̄1 leads to a utility of 1. In all extreme other cases,
utility is 0;

4. Each c[ak−1] ∈ C1 for k ∈ {2, ..., n} is such that u1(c[ak−1], b1) = 1
for any b1 ∈ B1 where the (ak−ak−1)-th order expectation assigns
probability one to c[ak]. If b1 ∈ B1 is such that the (ak − ak−1)-th
order expectation assigns probability one to any choice c 6= c[ak],
then the utility will be 0. Each d[zk−1] ∈ C1 for k ∈ {2, ..., n} is
such that u1(d[zk−1], b1) = 1 for any b1 ∈ B1 where the (zk−zk−1)-
th order expectation assigns probability one to d[zk]. If b1 ∈ B1 is
such that the (zk − zk−1)-th order expectation assigns probability
one to any choice d 6= d[zk], then the utility will be 0. We do
exactly the same for each c[ak−1], d[zk−1] ∈ C2 for k ∈ {2, ..., n}.

5. For simplicity assume c[an] and d[zm] always lead to a utility of 1;
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6. Choice c̄1 is only optimal for a higher-order expectation which
assigns in the a-th component probability one to c̄2. Only in that
case choice c̄1 leads to a utility of 1. In all extreme other cases,
utility is 0.

Note that game G∗ from the perspective of player 2 is exactly as it was
before from the perspective of player 1. It follows then that choice
c̄2 cannot be optimal for player 2 under a belief hierarchy expressing
common belief in rationality. In the new version of G∗ we added an
extra choice for player 1: choice c̄1 is only optimal under an a-th order
expectation that assigns probability one to choice c̄2 for player 2. Then
it follows that choice c̄1 is also never optimal given a belief hierarchy
expressing common belief in rationality.

Since we took an arbitrary combinations (N1, N2) that leads to a causal-
ity diagram for player 1 with overlap, it follows that for each family of
games G(N1, N2) we can construct a game G∗ as we did here.

From Lemma 5.3 we can conclude that if the causality diagram is not
overlap-free, there always exist accompanying psychological games in
which the IESDC-procedure does not characterize those choices that
are rational under common belief in rationality. Next we will show that
if the causality diagram is overlap-free, then this exact characterization
does always occur.

Lemma 5.4. Consider a family of games G(N1, N2). If the causality diagram
of player 1 is overlap-free, then for every game in G(N1, N2), each choice
that survives the IESDC-procedure for player 1 is also a rational choice under
common belief in rationality.

The actual proof can be found in the appendix. Here we provide an
overview of the proof and an explanation by means of examples.
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The outline of this proof is as follows. We consider three different sce-
narios, which together exactly cover all three cases from Theorem 5.2.
Scenario (i) corresponds to the scenario that N1 contains a single even
order, scenario (ii) correspond to the case that N1 and N2 both con-
sists of a single odd order, and scenario (iii) corresponds to case (iii)
of Theorem 5.2. Note here that scenario (iii) covers the subcase (i) of
Theorem 5.2 where N1 contains a single odd order and N2 contains a
single even order.

The proof is constructive. For each of the scenarios listed above, we
will take some arbitrary choice c1 ∈ C∞1 that survives the IESDC-
procedure. The goal is to construct a belief hierarchy that expresses
common belief in rationality and is such that it optimizes choice c1. We
do so by making use of finite epistemic models where types represent
belief hierarchies. These models we introduced in CHAPTER 2. Recall
that each type represents a probability distribution over the opponent’s
choice-type combination. Each types thus already induces a probabil-
ity distribution over the opponent’s choices. Hence we can retrieve
first-order beliefs from types in an epistemic model. Since a type also
represents a probability distribution over the opponent’s types, we can
also retrieve a probability distribution over the opponent’s first-order
beliefs. As such, types also capture second-order beliefs. In a similar
fashion we can retrieve from a type in an epistemic model third-order
beliefs, fourth-order beliefs, and so on.

The proof of Lemma 5.4 consists of two steps. In Step 1, we first fix
an arbitrary choice c1 ∈ C∞1 for player 1 that survives the IESDC-
procedure. For each of the three scenarios, we construct a finite epis-
temic model with a type tc11 that optimizes choice c1. Moreover, we
construct this epistemic model such that for each order of belief k that
is on a path in player 1’s causality diagram, the type tc11 expresses k-
fold belief in rationality. We call this on-path belief in rationality.

Definition 5.7. Consider a game in G(N1, N2) and the causality diagram
D1(N1, N2) for player 1. Consider a belief hierarchy b1 for player 1. We
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say b1 expresses on-path belief in rationality if it expresses k-fold belief in
rationality for every k ≥ 1 that is on some path in the causality diagram.

Then, in Step 2, we transform the epistemic model created in Step 1.
We ensure that for all the remaining orders of belief l, type tc11 ex-
presses also l-fold belief in rationality. Then type tc11 will also express
common belief in rationality. A formal proof can be found in the ap-
pendix. Here, we sketch the proof by means of examples for the three
scenarios.

Example Scenario (i): First consider scenario (i). This corresponds
to case (ii) in Theorem 5.2. Let C1 = {A,B,C}, C2 = {D,E}, N1 = {4}
and let N2 = {1, 2}. Consider the game in Table 5.5. Each choice for
player 1 and player 2 in this game is not strictly dominated, and hence
C∞1 = {A,B,C}, C∞2 = {D,E}.

First, for A, B and C we will fix fourth-order expectations that will
optimize each of these choices in turn. For A, we can take bA1 ∈ ∆(C∞1 )
with bA1 = 0.5A + 0.5B. For B, we can take bB1 = C and for C we can
take bC1 = B.

Table 5.5: Illustration of Proof scenario (i)

Player 1’s extreme fourth-order expectations
A B C

A 2 2 0

B 3 0 2

C 0 3 1

Player 1’s utilities

Player 2’s combinations of extreme first-order and second-order expectations
(A,D) (A,E) (B,D) (B,E) (C,D) (C,E)

D 0 3 0 1 2 0

E 1 1 1 0 1 2

Player 2’s utilities
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Next, for each choice in c1 ∈ C∞1 , we will construct a type tc11 for player
1. Each such type assigns probability one to a type tc1,12 for player 2,
which on its turn assigns probability one to a type tc1,21 for player 1.
Type tc1,21 on its turn assigns probability one to type tc1,32 for player 2.
Type tA,32 is such that b2[tA,32 ] = 0.5(A, tA1 ) + 0.5(B, tB1 ); type tB,32 is such
that b2[tB,32 ] = (C, tC1 ); type tC,32 is such that b2[tC,32 ] = (B, tB1 ). The
probability distributions over choices in the induced beliefs here are
thus equal to the fourth-order expectations we fixed before to optimize
each choice. We couple the choices assigned positive probability to in
these induced beliefs with the respective types we started with. The
resulting partial epistemic model is illustrated via the beliefs diagram
in Figure 5.6a. We explictely mention that it is partial, since some types
induce beliefs that do not yet specify beliefs over choices.

Next, we continue with Step 2 of the proof for this scenario. This in-
volves filling in all blank spaces in our beliefs diagram. We do so in an
iterative way. First, fill in random choices in each blank space. This is
illustrated in a beliefs diagram in Figure 5.6b, by taking all components
that have a superscript 0.

Next, take each right-most matrix. For instance, take the upper-right
matrix in the diagram of Figure 5.6b. In this order of belief player 2 ex-
pects with probability 0.5 player 1 to choose A while expecting player
1 to believe that player 2 plays E0. With the remaining probability of
0.5 player 2 expects player 1 to choose B while expecting player 1 to
believe that player 2 plays D0. For such a second-order belief, choice
D is optimal. Hence we fill in D1 in the upper-right matrix. Then, take
the upper-middle matrix. Here player 1 in her fourth-order expecta-
tion assigns 0.5 to choice C0 and probability 0.5 to choice B0. Then
choice C is optimal. Hence we fill in C1 in the upper-middle matrix.
Lastly, take the left-upper matrix. Here now player 2 expects player
1 to choose C1 while expecting player 1 believes player 2 will choose
D1. Thus we get a second-order expectation of (C,D). Given (C,D),
choiceD is optimal for player 2. Hence, in the left-upper matrix we list
choiceD1. We do this for every sequence of matrices in the diagram.
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Next, in Iteration 2, we do a similar thing, leading to the choices with
superscript 2 in the various matrices.

After a while we see a pattern emerge. We see that iterations 2 and
3 correspond to iterations 4 and 5 respectively. So the pattern repeats
itself always after two iterations. Also, we have from iteration 1 on-
wards that each type expresses belief in the opponent’s rationality by
construction. Taken together, two recurring iterations from iteration
1 onwards are therefore sufficient to characterize a finite, epistemic
model in which each type expresses common belief in rationality. In
this case these are Iterations 2 and 3. We loop these iterations indefi-
nitely. In this way, we construct the epistemic modelM∗ as is depicted
in Figure 5.6c. All beliefs in the second column of the table in this fig-
ure correspond to beliefs generated by Iteration 3 of Step 2. All beliefs
in the last column of the table correspond to beliefs generated by Iter-
ation 2 of Step 2.

One may verify that inM∗ each type expresses common belief in ra-
tionality. This includes types tA1 , tB1 and tC1 . By construction of Step 1
these types optimize choices A, B and C respectively. Hence, for each
choice that survives the IESDC-procedure we have managed to con-
struct a type expressing common belief in rationality, such that that
choice is also still optimal.
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tA1

tB1

tC1

(·, tA,12 )

(·, tB,12 )

(·, tC,12 )

(·, tA,21 )

(·, tB,21 )

(·, tC,21 )

(·, tA,32 )

(·, tB,32 )

(·, tC,32 )

(A, tA1 )

(B, tB1 )

(C, tC1 )

0.5

0.5

(a) Step 1 scenario (i)

A

B

C

E0 E3 D6

D1 D4 E7

D2 E5 D8

D0 E3 D6

E1 D4 E7

D2 E5 D8

D0 E3 D6

E1 D4 E7

D2 E5 D8

C0 C3 C6

C1 C4 C7

C2 C5 C9

B0 B3 B6

B1 B4 B7

B2 B5 B8

A0 C3 C6

C1 C4 C7

C2 C5 C8

D0 E3 D6

D1 D4 E7

D2 E5 D8

E0 D3 E6

D1 E4 D7

E2 D5 E8

D0 E3 D6

E1 D4 E7

D2 E5 D8

A

B

C

0.5

0.5

(b) Beliefs diagram Step 2

Figure 5.6: Illustration proof Scenario (i)
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Types player 1 T1 = {tA1 , tB1 , tC1 , t
A,2
1 , tB,21 , tC,21 , tA1

′, tB1
′, tC1

′, tA,21
′, tB,21

′, tC,21
′}

Types player 2 T2 = {tA,12 , tB,12 , tC,12 , tA,32 , tB,32 , tC,32 , tA,12
′, tB,12

′, tC,12
′, tA,32

′, tB,32
′, tC,32

′}
Player 1’s beliefs b1[tA1 ] = (E, tA,12 ) b1[tA1

′] = (D, tA,12
′)

b1[tB1 ] = (E, tB,12 ) b1[tB1
′] = (D, tB,12

′)

b1[tC1 ] = (E, tC,12 ) b1[tC1
′] = (D, tC,12

′)

b1[tA,21 ] = (E, tA,32 ) b1[tA,21
′] = (D, tA,32

′)

b1[tB,21 ] = (D, tB,32 ) b1[tB,21
′] = (E, tB,32

′)

b1[tC,21 ] = (E, tC,32 ) b1[tC,21
′] = (D, tC,32

′)

Player 2’s beliefs b2[tA,12 ] = (C, tA,21 ) b2[tA,12
′] = (C, tA,21

′)

b2[tB,12 ] = (B, tB,21 ) b2[tB,12
′] = (B, tB,21

′)

b2[tC,12 ] = (C, tC,21 ) b2[tC,12
′] = (C, tC,21

′)

b2[tA,32 ] = 0.5(A, tA1
′) + 0.5(B, tB1

′) b2[tA,32
′] = 0.5(A, tA1 ) + 0.5(B, tB1 )

b2[tB,32 ] = (C, tC1
′) b2[tB,32

′] = (C, tC1 )

b2[tC,32 ] = (B, tB1
′) b2[tC,32

′] = (B, tB1 )

(c) Epistemic model scenario (i)

Figure 5.6: Illustration proof Scenario (i)
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Example Scenario (ii): Consider scenario (ii). This corresponds to
case (i) in Theorem 5.2 where for both players the orders are odd. Let,
C1 = {A,B,C}, C2 = {D,E}, N1 = {3} and let N2 = {1}. Consider
the game in Table 5.6. Note that each choice for player 1 is not strictly
dominated. Similarly, for player 2, both choicesD andE are not strictly
dominated.

First, for A, B and C we will fix third-order expectations that we will
optimize each of these choices in turn. For A, we can take bA1 ∈ ∆(C∞1 )
with bA1 = 0.5D + 0.5E. For B, we can take bB1 = E and for C we
can take bC1 = D. Similary, for choice D of player 2 we can take bD2 =
0.6A+ 0.4B and for choice E we can take bE2 = C.

Next, for each choice c ∈ C∞1 , we can construct a type tc1. Similarly, for
each choice c ∈ C∞2 , we can construct a type tc2. Each type tc1 assigns
probability one to a type tc,12 , which on its turn induces a belief that
assigns probability one to a type tc,21 . Type tA,21 is such that b1[tA,21 ] =

0.5(D, tD2 )+0.5(E, tE2 ); type tB,21 is such that b1[tB,21 ] = (E, tE2 ); type tC,21

is such that b1[tC,21 ] = (D, tD2 ). Similarly, we can let type tD2 be such that
b2[tD2 ] = 0.6(A, tA1 )+0.4(B, tB1 ) and type tE2 be such that b2[tE2 ] = (C, tC1 )
The resulting partial epistemic model is illustrated via the beliefs dia-

Table 5.6: Illustration of Proof scenario (ii)

Player 1’s extreme third-order expectations
D E

A 2 2

B 0 3

C 3 0

Player 1’s utilities

Player 2’s extreme first-order expectations
A B C

D 6 6 6

E 8 0 8

Player 2’s utilities
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gram in Figure 5.7a.

We then use exactly the same construction method as we did for sit-
uation (i) for Step 2. First, for the blank spaces we fill in random
choices. These choices have superscript 0 and can be seen in Fig-
ure 5.7b. Next, for each sequence of matrices, we will select opti-
mal choices in a backward fashion. For instance, take the right-upper
matrix. This order of belief relates to choices of player 1. We know
that player 1’s utility is variable in order 3. According to the dia-
gram, player 1’s third-order expectation reasoned from this matrix is
0.5·0.6(D,A,E0)+0.5·0.4(D,B,D0)+0.5(E,C,D0). Summarized, this
yields 0.3 ·E0 + 0.7 ·D0 as a third-order expectation. Given this third-
order expectation, we have that choice C is optimal. Hence we list
choice C1 next in this matrix. Similarly, take the left-upper matrix. We
know player 2’s utility is variable in order 1. According to the diagram,
player 2’s first-order expectation reasoned from this point is one that
assigns probability one to choiceC1. Given this first-order expectation,
choice E is optimal. Hence we list E1. We do this same backward con-
struction for the lower sequence of matrices in the beliefs diagram as
well. Now, for the next iteration of Step 2, we do something similar,
leading to the choices with superscript 2 in the various matrices.

Just like in scenario (i), we continue this process iteratively. We can
note that iterations 4 and 5 yield the same choices as iterations 2 and
3. From Iteration 1 onwards we have that each type constructed ex-
presses belief in the opponent’s rationality. Hence, by looping Iter-
ation 2 and 3 we can construct a finite, epistemic model where each
type expresses common belief in rationality. Moreover, this would
also include types that optimize each choice that survives the IESDC-
procedure for player 1 for the same reason as in scenario (i). The re-
sulting epistemic modelM∗ is found in Figure 5.7c. All beliefs in the
second column of the table in this figure correspond to beliefs gener-
ated by Iteration 3 of Step 2. All beliefs in the last column of the table
correspond to beliefs generated by Iteration 2 of Step 2.
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tA1

tB1

tC1

(·, tA,12 )

(·, tB,12 )

(·, tC,12 )

(·, tA,21 )

(·, tB,21 )

(·, tC,21 )

(D, tD2 )

(E, tE2 )

(A, tA1 )

(B, tB1 )

(C, tC1 )

0.5

0.5

0.6

0.4

(a) Step 1 scenario (ii)

A

B

C

E0 E3 D6

E1 D4 E7

D2 E5 D8

D0 E3 D6

E1 D4 E7

D2 E5 D8

D0 E3 D6

E1 D4 E7

D2 E5 D8

A0 C3 B6

C1 B4 C7

B2 C5 B8

A0 C3 B6

C1 B4 C7

B2 C5 B8

A0 C3 B6

A1 B4 C7

B2 C5 B8

D

E

A

B

C

0.5

0.5

0.6

0.4

(b) Beliefs diagram iteration Step 2

Figure 5.7: Illustration proof Scenario (ii)

135



Chapter 5. When is Iterated Elimination of Choices Enough?

Types player 1 T1 = {tA1 , tB1 , tC1 , t
A,2
1 , tB,21 , tC,21 , tA1

′, tB1
′, tC1

′, tA,21
′, tB,21

′, tC,21
′}

Types player 2 T2 = {tA,12 , tB,12 , tC,12 , tD2 , t
E
2 , t

A,1
2
′, tB,12

′, tC,12
′, tD2

′, tE2
′}

Player 1’s beliefs b1[tA1 ] = (E, tA,12 ) b1[tA1
′] = (D, tA,12

′)

b1[tB1 ] = (E, tB,12 ) b1[tB1
′] = (D, tB,12

′)

b1[tC1 ] = (E, tC,12 ) b1[tC1
′] = (D, tC,12

′)

b1[tA,21 ] = 0.5(D, tD2 ) + 0.5(E, tE2 ) b1[tA,21
′] = 0.5(D, tD2

′) + 0.5(E, tE2
′)

b1[tB,21 ] = (E, tE2 ) b1[tB,21
′] = (E, tE2

′)

b1[tC,21 ] = (D, tD2 ) b1[tC,21
′] = (D, tD2

′)

Player 2’s beliefs b2[tA,12 ] = (C, tA,21 ) b2[tA,12
′] = (B, tA,21

′)

b2[tB,12 ] = (C, tB,21 ) b2[tB,12
′] = (B, tB,21

′)

b2[tC,12 ] = (C, tC,21 ) b2[tC,12
′] = (B, tC,21

′)

b2[tD2 ] = 0.6(A, tA1
′) + 0.4(B, tB1

′) b2[tD2
′] = 0.6(A, tA1 ) + 0.4(B, tB1 )

b2[tE2 ] = (C, tC1
′) b2[tE2

′] = (C, tC1 )

(c) Epistemic model scenario (ii)

Figure 5.7: Illustration proof Scenario (ii)
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Scenario (iii)
Consider scenario (iii). This corresponds to case (iii) in Theorem 5.2.
TakeN1 = {1, 7} andN2 = {4}. Now, consider the game as depicted in
Table 5.7, with C1 = {a, b} and C2 = {c, d, e, f}. Note that no choice for
player 2 is strictly dominated. No choice for player 1 is strictly domi-
nated either. Thus C1 = C∞1 and C2 = C∞2 . Also note that choice a for
player 1 is only optimal for the belief ba1 = (c1, d7). The superscripts
here in the belief indicate the order of belief the choice corresponds
to.

We will focus in this scenario on making choice a optimal for a belief
hierarchy expressing k-fold belief in rationality for every order of belief
k on a path of player 1’s causality diagram. To this end, first fix a type
ta1 for player 1.

Scenario (iii) differs from the previous ones in that we have multiple
paths on the causality diagram of player 1. As a result, we cannot use
the construction with sequences of probability one beliefs in exactly
the same way as we did for scenarios (i) and (ii). To compare more
specifically with the previous two scenarios, consider the following
example. First, define type ta1 to be such that it assigns probability one
to the choice-type combination (c, ta,12 ) for player 2. Let type ta,12 on its

Table 5.7: Illustrating game for proof scenario (iii)
Player 1’s combinations of extreme first-order and seventh-order expectations

(c, c) (c, d) (c, e) (c, f) (d, c) (d, d) ...
a 0 1 0 0 0 0 0
b 1 1 1 1 1 1 1

Player 1’s utilities
Player 2’s extreme fourth-order expectations

c d e f
c 2 2 0 0
d 0 2 2 0
e 3 0 3 3
f 0 3 0 2

Player 2’s utilities
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turn assigns probability one to the choice-type combination (·, ta,21 ). Let
type ta,21 assign probability one to (·, ta,32 ); let type ta,32 assign probabil-
ity one to (·, ta,41 ); let type ta,41 assign probability one to (·, ta,52 ); let type
(·, ta,52 ) assign probability one to (·, ta,61 ); and let type ta,61 assign prob-
ability one to the choice-type combination (d, td2). Then clearly choice
a is optimal given type ta1. However, player 1 would not express 1-
fold belief in rationality and thus also not on-path belief in rationality.
Namely, choice c is only optimal for a probabilistic fourth-order expec-
tation. We have that ta1 assigns probability one to the choice-type com-
bination (c, ta,12 ), from which there follows a sequence of three more
probability one beliefs until type ta,41 , which induces a belief that as-
signs probability one to (·, ta,52 ). Whatever choice we fill in to complete
the belief b[ta,41 ], choice c assigned probability one to in b[ta1] will then
never be optimal, as by construction the fourth-order expectation in-
duced by ta,12 will be non-probabilistic. Another route we could take
is to make the belief b[ta,41 ] probabilistic, in such a way that choice c in
the support of b1[ta1] becomes optimal. However, then we are not tak-
ing into account that the seventh-order expectation induced by type ta1
should be non-probabilistic. That is, choice a is only optimal for the
non-probabilistic belief (or seventh-order expectation) ba1 = (c1, d7). So
we cannot fix just any type ta,41 such that choice c is optimal given type
ta,11 .

When constructing types for a partial epistemic model where type ta1
expresses k-fold belief in rationality for every order k on the causal-
ity diagram, we therefore should at all times look at combinations of
choices. As an (incomplete) illustration of such a partial epistemic
model, consider Figure 5.8. In this figure, we have type ta1 for player
1. All the remaining types have combinations of two choices in their
superscripts. The reason for this is that the sequences of types we will
construct in this step will be such that they optimize a combination of
two choices. These choices appear in different orders of belief. For in-
stance, we define type ta1 now such that b1[ta1](c, tcf2 ) = 1. The idea is to
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ta1

...

(c, tcc2 )

(c, tcd2 )

(c, tce2 )

(c, tcf2 )

(d, tdc2 )

(d, tdd2 )

(d, tde2 )

(d, tdf2 )

...

(f, tff2 )

(·, tcc,21 )

(·, tcd,11 )

(·, tce,21 )

(·, tcf,11 )

(·, tdc,11 )

(·, tdd,11 )

(·, tde,11 )

(·, tdf,11 )

(·, tff,11 )

(c, tcc,22 )

(d, tcd,22 )

(e, tce,22 )

(f, tcf,22 )

(c, tdc,22 )

(d, tdd,22 )

(e, tde,22 )

(f, tdf,22 )

(f, tff,22 )

(·, tcc,31 )

(·, tcd,31 )

(·, tce,31 )

(·, tcf,31 )

(·, tdc,31 )

(·, tdd,31 )

(·, tde,31 )

(·, tdf,31 )

(·, tff,32 )

(c, tcd2 )

(c, tce2 )

(d, tdd2 )

(d, tde2 )

0.2

0.3

0.2

0.3

0.5

0.5

Figure 5.8: Step 1 scenario (iii)
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Figure 5.9: Step 1 scenario (iii)

construct tcf2 such that choice c for player 2 is optimal given this type.
Then type ta1 would express 1-fold belief in rationality. We do so by first
constructing a sequence of types (tcf2 , t

cf,1
1 , tcf,22 , tcf,31 ). In this sequence,

we have b2[tcf2 ](·, tcf,11 ) = 1, b1[tcf,11 ](f, tcf,22 ) = 1 and b2[tcf,22 ](·, tcf,31 ) =

1. Finally, we have b1[tcf,31 ] = 0.5(c, tcd2 ) + 0.5(d, tdd2 ). The fourth-order
expectation that type tcf2 induces is then bc2 = 0.5c+0.5d. Looking at the
utilities for player 2 in Table 5.7, this indeed makes choice c for player
2 optimal.

The second choice listed in the superscript of type tcf2 is the choice f .
When player 1 is of type ta1, her third-order expectation corresponds
to a belief that assigns probability one to choice f . That is, we have
that b1[tcf,11 ](f, tcf,22 ) = 1. The reason why we look specifically at the
third-order expectation here is illustrated in Figure 5.9. We know that
choice a is only optimal given a seventh-order expectation that places
probability one on d7. Directly specifying the seventh-order expecta-
tion is problematic since the fifth-order expectation necessarily needs
to be probabilistic. Therefore, what we do is the following. For each
order of belief in N1 beyond order 1 + 4 = 5, we first reason back-
wards, up until we get in the range of beliefs between orders 1 and
5. In this case, this means we first reason backwards one optimality-
relevant step from order 7 to order 7 − 4 = 3. We fix one choice for
player 2 that is optimal given a fourth-order expectation that places
probability one on choice d7. In this game the only optimal choice for
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such a fourth-order expectation is f3. Hence we fix choice f . Note that
if we had order 11 instead of 7, we would have to reason two steps
backwards first: first from order 11 to order 11 − 4 = 7 and then from
order 7 to order 7− 4 = 3.

As we can conclude from Figure 5.8, choice f is optimal for type tcf,22 .
That is, we have that b2[tcf,22 ](·, tcf,31 ) = 1 and that b1[tcf,31 ] = 0.5(c, tcd2 )+
0.5(d, tdd2 ). In this model, we defined tcd2 such that it induces a second-
order expectation that places probability one on choice d. The same
applies to type tdd2 . Hence, the fourth-order expectation induced by
type tcf,22 is bf2 = 0.5d+ 0.5d = d.

We can construct such types like tcf2 for each combination of choices in
C∞2 × C∞2 . To take another example of a combination of choices, con-
sider (c1, d3). Here we define the type tcd2 and the types in the sequence
(tcd,11 , tcd,22 , tcd,31 ) in a similar way as before. This is again illustrated in
Figure 5.8. We have that choice c is optimal given a fourth-order ex-
pectation bc2 = 0.5c + 0.5d. We have that choice d is optimal given a
fourth-order expectation bd2 = 0.4d + 0.6e. The resulting joint proba-
bility distribution is bcd2 = 0.5 · 0.4 · (c, d) + 0.5 · 0.6 · (c, e) + 0.5 · 0.4 ·
(d, d) + 0.5 · 0.6 · (d, e) = 0.2(c, d) + 0.3(c, e) + 0.2(d, d) + 0.3(d, e). Thus
we define type tcd,31 to be such that b1[tcd,31 ] = 0.2(c, tcd2 ) + 0.3(c, tce2 ) +

0.2(d, td,d2 )+0.3(d, td,e2 ). By construction, type tcd2 then induces a fourth-
order expectation bc2 and type tcd,22 induces a fourth-order expectation
bd2. Therefore choice c1 is optimal given the type tcd2 and choice d3 is
optimal given the type tcd,22 .

For each combination of two choices (c1
2, c

3
2) ∈ C∞2 × C∞2 , we now do

the following. Take any such combination. Create a type for this com-

bination: tc
1
2c

3
2

2 . Define this type to be such that b2[t
c12c

3
2

2 ] assigns prob-

ability one to type tc
1
2c

3
2,1

1 . Define type tc
1
2c

3
2,1

1 to be such that the belief

b1[t
c12c

3
2,1

1 ] assigns probability one to (c3
2, t

c12c
3
2,2

2 ). Define type tc
1
2c

3
2,2

2 such

that b2[t
c12c

3
2,2

2 ] assigns probability one to tc
1
2c

3
2,3

1 . Finally, for type tc
1
2c

3
2,3

1

we need to do the following. For every c2 ∈ C2, let bc22 ∈ ∆(C∞2 ) be a
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fourth-order expectation that makes c2 optimal. Let bc
1
2c

3
2

2 ∈ ∆(C∞2 × C∞2 )

be the product of bc
1
2

2 and bc
3
2

2 . Now, we define b1[t
c12c

3
2

1 (3)] in the follow-
ing manner:

b1[t
c12c

3
2,3

1 ](c1
2
′, t

c12
′c32
′

2 ) = b
c12c

3
2

2 (c1
2
′, c3

2
′), (5.1)

for each combination of choices (c1
2
′, c3

2
′) ∈ C∞2 × C∞2 .

Construct such sequences of types for every possible combination of
player 2’s choices in the product-space C∞2 ×C∞2 . This results in a par-
tial epistemic model as is partially illustrated in Figure 5.8. First, each

type tc
1
2c

3
2

2 in this model is such that that choice c1
2 is optimal given this

type. Namely, the fourth-order expectation of type tc
1
2c

3
2

2 is bc
1
2

2 by equa-

tion (5.1). Also, choice c3
2 is optimal for type tc

1
2c

3
2,2

2 , because the fourth-

order expectation of type tc
1
2c

3
2,2

2 is bc
3
2

2 by equation (5.1). Second, each

type tc
1
2c

3
2

2 in this model expresses 4-fold belief in rationality. Namely,

the final type in the sequence of types tc
1
2c

3
2,3

1 is such that it only assigns

positive probability to choice-type combinations (c1
2
′, t

c12
′c32
′

2 ). By con-
struction, we have in such choice-type combinations that the choice c1

2
′

is optimal given the type tc
1
2
′c32
′

2 . Similarly, we also have by construc-

tion that each type tc
1
2c

3
2,2

2 expresses 4-fold belief in rationality: from
each such type, “following” four arrows in Figure 5.8 always brings us

to choice-type combinations (c3
2
′, t

c12
′c32
′,2

2 ). As shown before, we have
in such choice-type combination that the choice c3

2
′ is optimal given

the type tc
1
2
′c32
′,2

2 . Because the types tc
1
2c

3
2

2 and t
c12c

3
2,2

2 for each combina-
tion of choices (c1

2, c
3
2) expresses 4-fold belief in rationality and because

N2 = {4}, we have in fact that each such type for player 2 also ex-
presses k-fold belief in rationality for every k on a path in player 2’s
causality diagram.

Now, recall that N1 = {1, 7}. Looking at Figure 5.8, one arrow away
from type ta1 we have the choice-type combination (c, tcf2 ) and seven ar-
rows away from type ta1 we have the choice-type combinations (d, tcd,22 )
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and (d, tdd,22 ). Hence, the first-order and seventh-order expectation in-
duced by type ta1 are (c1, d7), which means that a is optimal for ta1. Also,
type ta1 expresses 1-fold and 7-fold belief in rationality and believes that
player 2 expresses k-fold belief in rationality for every k on a path in
her causality diagram. It then follows that also player 1 expresses k-
fold belief in rationality for every order k on a path in her causality
diagram if she is of type ta1.

The model illustrated in Figure 5.8 is not completed. We only com-
pleted the sequences of types for the following combinations of choices:
(c, d), (c, f) and (f, f). We leave the remainder of the illustration of
Step 1 to the reader. The backward construction of Step 2 is almost
completely analogous to Step 2 for scenarios (i) and (ii). For more
details the reader is referred to Appendix 5A.

From Lemma 5.4 we conclude that if the causality diagram of player
1 is overlap-free, then each choice that survives the IESDC-procedure
for player 1 is also a rational choice under common belief in rationality.
From Lemma 5.3 we concluded the reverse. Together then, Lemma
5.3 and Lemma 5.4 prove Theorem 5.2: the IESDC-procedure exactly
characterizes the rational choices under common belief in rationality
for player 1 if and only if the player 1’s causality diagram is overlap-
free. We know the causality diagram is overlap-free if and only if at
least one of the cases as is listed in Theorem 5.2 is true.

5.6 Conclusion
Since its introduction by Geanakoplos et al. (1989), psychological game
theory has proven to be a competent framework to model many belief-
dependent motivations in games. Much of the work in this frame-
work illustrates that, compared to traditional games, reasoning about
and in situations with belief-dependent motivations can be rather com-
plex. Some properties of traditional games that add intuition to reason-
ing in such games do not always carry over to psychological games.
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In this chapter we focused on one of such failures: the exact charac-
terization of common belief in rationality by the iterated elimination
of strictly dominated choices (IESDC) procedure. The IESDC proce-
dure has proven to be a very useful algorithm to analyse traditional
games as it is straightforward to use and an intuitive notion because of
its characterization of common belief in rationality. This sparked the
question in what kind of psychological games the IESDC-procedure
always characterizes rational choices under common belief in rational-
ity. By exactly identifying these cases, we also wished to give intuition
as to why the IESDC-procedure may fail in other cases.

The IESDC-procedure takes into account that players may have belief-
dependent motivations. The manner in which decision problems are
defined clearly lets utilities depend on higher-order expectations. In
each elimination round, for those choices that survive the round we
can always find some belief hierarchy in the (reduced) decision prob-
lem such that the relevant choice is optimal. We do this for each (re-
duced) decision problem independently. The complexity psychologi-
cal games introduce is that reasoning steps may overlap, as we illus-
trated via causality diagrams. In order for a belief hierarchy to express
k-fold belief in rationality, restrictions need to be imposed on partic-
ular higher-order beliefs. Expressing k’-fold belief in rationality may
require restrictions on the same higher-order belief. These restrictions
can be in conflict. Thus even though a choice (1) may be rational un-
der a belief hierarchy expressing k-fold belief in rationality and (2) that
same choice may be rational under a belief hierarchy expressing k’-fold
belief in rationality, this choice may not be rational under any belief hi-
erarchy that expresses both k-fold and k’-fold belief in rationality. The
IESDC-procedure cannot take into account this friction. To the extent
the IESDC-procedure characterizes particular reasoning steps of an in-
dividual, it does so for each such reasoning step independently. This
completely disregards any overlap in reasoning steps.

When a causality diagram for a player is overlap-free, contradicting
restrictions on the same order of belief in order to express common be-
lief in rationality cannot occur. The main result that we have shown in
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this chapter is that in precisely such cases IESDC always characterizes
the rational choices under common belief in rationality.

In total we identified three cases in which causality diagrams are overlap-
free. These include two relatively trivial cases in the sense that the
causality diagram has a single path, and one non-trivial case. Though
interesting kinds of psychological games can be captured by these three,
it can be argued that many types of psychological games that are promi-
nent in practice cannot. Namely, we have that if both players in an
expectation-based psychological game care for the material outcome
of the game and at least one player has some belief-dependent motiva-
tion, already then the IESDC-procedure is not guaranteed to character-
ize the rational choices under common belief in rationality. In particu-
lar in experimental settings this will very often be the case, as subjects
need to be incentivized by material pay-offs.

A couple of natural extensions of the questions asked in this chap-
ter arise. First, to keep matters tractable we focused on two-player
expectation-based psychological games. We did not venture into the
topic of expectation-based psychological games with many players.
One interesting additional complexity such settings bring along is the
question of whether correlation between the beliefs of opponents mat-
ters in the formation of higher-order expectations.

A second natural extension of this research would be to consider simi-
lar questions as asked in this chapter for dynamic psychological games.
Many instances of belief-dependent motivations arise when players
have the opportunity to learn about the beliefs and intentions of their
opponents by observing their past behaviour. Such instances can also
arise in one-stage games, where the updated belief after play can be
utility-relevant as well (Battigalli and Dufwenberg, 2009). In tradi-
tional settings, prominent reasoning concepts for dynamic games are
for instance common belief in future rationality (which can capture
backward induction reasoning) as in Perea (2014) and common strong
belief in rationality (which captures forward induction reasoning) as
in Battigalli and Siniscalchi (2002). Both concepts are characterized by
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procedures that, amongst other things, rely on iteratively eliminating
strictly dominated strategies. The natural question then arises to what
extent such elimination procedures also succeed in characterizing rele-
vant reasoning concepts in expectation-based psychological games.

Throughout this chapter we assumed common knowledge of players’
motivations, including belief-dependent motivations. It is a strong as-
sumption to make that psychological entities such as belief-dependent
motivations are completely transparant among all players in a game
(Attanasi et al., 2016). Elimination procedures have already been de-
veloped for traditional games with incomplete information (see for in-
stance Bach and Perea (2016)). A final extension one therefore could
consider is how well such elimination procedures fare in characteriz-
ing the relevant rationality concepts in expectation-based psychologi-
cal games with incomplete information.
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5.A Proof of Lemma 5.4

We recall here Lemma 5.4.

Lemma 5.4. Consider a family of games G(N1, N2). If the causality diagram
of player 1 is overlap-free, then for every game in G(N1, N2), each choice
that survives the IESDC-procedure for player 1 is also a rational choice under
common belief in rationality.

Proof. We will now prove this lemma for the three scenarios described
in Section 5.5. We will do so in two steps. We will take some choice
c1 ∈ C∞1 that survives the IESDC-procedure. Then in Step 1 we will
create a partial epistemic model with a type that makes choice c1 op-
timal. Moreover, we construct this type such that for each order k on
a path in player 1’s causality diagram, this type expresses k-fold belief
in rationality. Afterwards, in Step 2, we will show that from any partial
epistemic model including a type as created in Step 1, we can create
a full epistemic model with a type that makes choice c1 optimal and
that expresses common belief rationality. We do so by making use of
a backward, recursive procedure that in each iteration simultaneously
constructs types and choices which are optimal given those types.

Scenario (i)
Step 1
First consider scenario (i) with N1 = {a} and a even. In this Step 1, we
will construct a partial epistemic model. By partial we mean that we
only completely specify the beliefs induced for some particular types.

For each choice c1 ∈ C∞1 , fix an a-th order expectation bc11 ∈ ∆(C∞1 )
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for which c1 is optimal.3 The reason we can do so is as follows. From
Lemma 5.1 we know that for each choice that is not strictly dominated
in a decision problem, we can find a belief in that decision problem
such that the relevant choice is optimal. The final reduced decision
problem resulting from the IESDC-procedure leaves the choices in C∞1
for player 1 in the decision problem. That is, because order a is even
we have as a reduced decision problem after following through with
the IESDC-procedure: (C∞1 , C∞1 , v1). By Lemma 5.1, we should then
have that each choice in C∞1 is optimal for some belief in ∆(C∞1 ).

Subsequently, for each c1 ∈ C∞1 , construct a type tc11 [c1]. Take for
each tc11 [c1] a sequence of types (tc11 [c1], tc1,12 [c1], ..., tc1,a−1

2 [c1]). Then,
for each c1 ∈ C∞1 let us have in each such sequence that type tc11 [c1]

assigns probability one to type tc1,12 [c1], and that type tc1,ni [c1] with
i ∈ {1, 2} assigns probability one to type tc1,n+1

j with j 6= i, for each
n ∈ {1, ..., a− 2}.

Next, for each c1 ∈ C∞1 construct for each c′1 ∈ C∞1 a type tc1,a1 [c′1]. Then
define tc1,a−1

2 [c1] to be such that

b2[tc1,a−1
2 [c1]](c′1, t

c1,a
1 [c′′1]) :=

{
bc11 (c′1), if c′1 = c′′1
0, otherwise.

Now, we do a similar thing k∗ − 2 times, where k∗ = max(N1 ∪ N2).
For each p ∈ {1, ..., k∗ − 2}, do the following: For each c1, c

′
1 ∈ C∞1 take

a sequence of types (tc1,pa1 [c′1], tc1,pa+1
2 [c′1], ..., t

c1,(p+1)a−1
2 [c′1]). Then, let

us have in each such sequence that type tc1,pa1 [c′1] assigns probability
one to type tc1,pa+1

2 [c′1], and that type tc1,pa+n
i [c′1] with i ∈ {1, 2} as-

signs probability one to type tc1,pa+n+1
j [c′1] with j 6= i, for each n ∈

{1, ..., a− 2}.

3With a-th order expectation in this context we specifically refer to margC1
ea1 ∈

∆(C1) where ea1 ∈ ∆(W a−1
1 × C1).
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Then, for each c1, c
′
1 ∈ C∞1 construct a type tc1,(p+1)a

1 [c′1]. Then define
t
c1,(p+1)a−1
2 [c′1] to be such that

b2[t
c1,(p+1)a−1
2 [c′1]](c̄1, t

c1,(p+1)a
1 [c′′1]) :=

{
b
c′1
1 (c̄1), if c̄1 = c′′1

0, otherwise.

Finally, consider the case p = k∗− 1. For each combination c1, c
′
1 ∈ C∞1

take a sequence of types (t
c1,(k∗−1)a
1 [c′1], t

c1,(k∗−1)a+1
2 [c′1], ..., tc1,k

∗a−1
2 [c′1]).

Then, let us have in each such sequence that type tc1,(k
∗−1)a

1 [c′1] assigns
probability one to type tc1,(k

∗−1)a+1
2 [c′1], and that type tc1,(k

∗−1)a+n
i [c′1]

with i ∈ {1, 2} assigns probability one to type tc1,(k
∗−1)a+n+1

j [c′1] with
j 6= i, for each n ∈ {1, ..., a− 2}.

Finally define tc1,k
∗a−1

2 [c′1] to be such that

b2[tc1,k
∗a−1

2 [c′1]](c̄1, t
c′′1
1 [c′′1]) :=

{
b
c′1
1 (c̄1), if c̄1 = c′′1

0, otherwise.

So we have that the distribution over choices induced by type tc1,a−1
2 [c1]

is equal to the distribution over choices represented by the a-th order
expectation bc11 . From type tc11 [c1] there follows a sequence of probabil-
ity one beliefs up to type tc1,a−1

2 [c1]. The a-th order expectation induced
by type tc11 [c1] is thus equal to bc11 . Taken together, then choice c1 is op-
timal given type tc11 .

A similar line of reasoning holds for each choice c′1 in combination with
the type tc1,pa1 [c′1], for each c1 ∈ C∞1 and each p ∈ {1, ..., k∗ − 1}. The
distribution over choices induced by type tc1,(p+1)a−1

2 [c′1] is equal to the
distribution over choices represented by the a-th order expectation bc

′
1

1 .
From type tc1,pa1 [c′1] there follows a sequence of probability one beliefs
up to type tc1,(p+1)a−1

2 [c′1]. The a-th order expectation induced by type

149



Chapter 5. When is Iterated Elimination of Choices Enough?

tc1,pa1 [c′1] is thus equal to bc
′
1

1 . Taken together, then choice c′1 is optimal
given type tc1,pa1 [c′1].

We do the above for each c1 ∈ C∞1 . Call the resulting partial epis-
temic model M. By construction, we have for each c1 ∈ C∞1 that c1

is optimal given tc11 [c1]. Moreover, each tc11 [c1] also expresses on-path
belief in rationality. This is because for each order of belief pa for p ∈
{1, ..., k∗ − 1} the type tc1,pa−1

2 [c′1] (with tc1,a−1
2 [c1] for p = 1 specifically)

only assigns positive probability to choice-type pairs (c′′1, t
c1,(p+1)a
1 [c′′1]).

In these pairs the choice is optimal for the type by construction. Ad-
ditionally, for order k∗a, type tc1,k

∗a−1
2 [c′1] only assigns positive proba-

bility to choice type pairs (c′′1, t
c′′1
1 [c′′1]). Also in these pairs the choice is

optimal for the type by construction.

Step 2
In Step 1 we have shown that for every choice c1 ∈ C∞1 we can always
construct a partial epistemic model with a type tc11 [c1] for which c1 is
optimal and that expresses on-path belief in rationality. In Step 2 we
will now do the following. We will show that if there exists a belief
hierarchy expressing on-path belief in rationality for which c1 is opti-
mal, then there is also a belief hierarchy expressing common belief in
rationality for which c1 is optimal.

Consider a partial epistemic modelM = (Ti, bi[ti])i∈{1,2} as constructed
in Step 1 with a type tc11 [c1] that expresses on-path belief in rational-
ity and for which c1 is optimal. By means of a backward, recursive
procedure we transform this epistemic model such that we get to a
new, complete epistemic model that includes a type tm1 [c1, c1, 0] that ex-
presses common belief in rationality and induces the same a-th order
expectation as type tc11 [c1] does. The recursive procedure here defines
choices and types at the same time in each iteration.

The recursive procedure is as follows.
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Iteration 0: For each choice c1 ∈ C∞1 , define

d0[c1, c1, 0] := c1.

Moreover, for each choice c1 ∈ C∞1 and each k ∈ {1, 2, ..., a− 1}, define
d0[c1, c1, k] randomly. So

d0[c1, c1, k] := c′, for some c′ ∈ C∞1 if k is even or some c′ ∈ C∞2 if k is odd.

For each p ∈ {1, ..., k∗ − 1} let us have in a similar fashion that

d0[c1, c
′
1, pa] := c′1,

and for every k ∈ {1, 2, ..., a− 1} that

d0[c1, c
′
1, pa+ k] := c′, for some c′ ∈ C∞1 if k is even or

some c′ ∈ C∞2 if k is odd.

Take a sequence of types (t01[c1, c1, 0], t02[c1, c1, 1], ..., t02[c1, c1, a − 1]) for
every choice c1 ∈ C∞1 . Similarly, for each p ∈ {1, ..., k∗ − 1} and each
pair of choices c1, c

′
1 ∈ C∞1 , take a sequence of types

(t01[c1, c
′
1, pa], t02[c1, c

′
1, pa+ 1], ..., t02[c1, c

′
1, (p+ 1)a− 1]).

Now, for each c1 ∈ C∞1 , define type t01[c1, c1, 0] such that

b1[t01[c1, c1, 0]] := (d0[c1, c1, 1], t02[c1, c1, 1]).

Then, define for each k ∈ {1, 2, ..., a− 2} type t0i [c1, c1, k] with i ∈ {1, 2}
to be such that

bi[t
0
i [c1, c1, k]] := (d0[c1, c1, k + 1], t0j [c1, c1, k + 1]).

Finally, we define for each choice c1 ∈ C∞1 type t02[c1, c1, a − 1] to be
such that

b2[t02[c1, c1, a− 1]](c′1, t
0
1[c1, c

′
1, 0]) := bc11 (c′1),∀c′1 ∈ C∞1 .
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Similarly, for each c1, c
′
1 ∈ C∞1 and each p ∈ {1, ..., k∗ − 1} define

t01[c1, c
′
1, pa] to be such that

b1[t01[c1, c
′
1, pa]] := (d0[c1, c

′
1, pa+ 1], t02[c1, c

′
1, pa+ 1]).

And define for each k ∈ {1, 2, ..., a− 2} type t0i [c1, c
′
1, pa+ k] to be such

that

bi[t
0
i [c1, c

′
1, pa+ k]] := (d0[c1, c

′
1, pa+ k + 1], t0j [c1, c

′
1, pa+ k + 1]).

Finally, we define type t02[c1, c
′
1, (p+ 1)a− 1] for p ∈ {1, ..., k∗ − 2} to be

such that

b2[t02[c1, c
′
1, (p+ 1)a− 1]](c′′1, t

0
1[c1, c

′′
1, (p+ 1)a]) := b

c′1
1 (c′′1), ∀c′′1 ∈ C∞1 .

If p = k∗ − 1, define type t02[c1, c
′
1, k
∗a− 1] to be such that

b2[t02[c1, c
′
1, k
∗a− 1]](c′′1, t

0
1[c′′1, c

′′
1, 0]) := b

c′1
1 (c′′1), ∀c′′1 ∈ C∞1 .

Note that by construction of Step 1, we have for each p ∈ {1, ..., k∗}
that bc

′
1

1 (c′′1) = b2[t02[c1, c
′
1, pa − 1]](c′′1, t

0
1[c1, c

′′
1, pa]) for each c′′1 ∈ C∞1 .

Moreover, all other types induce a probability one belief. This implies
that type t01[c1, c1, 0] induces exactly the same a-th order expectation as
type tc11 [c1] did in Step 1. Similarly, each type t01[c1, c

′
1, pa] induces the

same a-th order expectation as type tc1,pa1 [c′1] did. So for Iteration 0 we
essentially take a copy of the epistemic model created in Step 1, but fill
in the beliefs that were still incomplete from this step.

Iteration n ≥ 1 : For each choice c1 ∈ C∞1 and each choice c′1 ∈ C∞1
define type tn2 [c1, c

′
1, k
∗a− 1] to be such that

b2[tn2 [c1, c
′
1, k
∗a− 1]](c′′1, t

n−1
1 [c′′1, c

′′
1, 0]) := b

c′1
1 (c′′1),∀c′′1 ∈ C∞1 .
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For each c1, c
′
1 ∈ C∞1 , we then also define

dn[c1, c
′
1, k
∗a−1] := c′2, with c′2 optimal given the type tn2 [c1, c

′
1, k
∗a−1].

Now, for each pair of choices c1, c
′
1 ∈ C∞1 , define recursively for each

even k ∈ {2, ..., a− 2} starting at k = a− 2, type tn1 [c1, c
′
1, (k

∗ − 1)a+ k]
to be such that

b1[tn1 [c1, c
′
1, (k

∗−1)a+k]] := (dn[c1, c
′
1, (k

∗−1)a+k+1], tn2 [c1, c
′
1, (k

∗−1)a+k+1]).

Second, also define

dn[c1, c
′
1, (k

∗ − 1)a+ k] := c̄1, with c̄1 optimal given the type
tn1 [c1, c

′
1, (k

∗ − 1)a+ k].

Third, define type tn2 [c1, c
′
1, (k

∗ − 1)a+ k − 1] to be such that

b2[tn2 [c1, c
′
1, (k

∗−1)a+k−1]] := (dn[c1, c
′
1, (k

∗−1)a+k], tn1 [c1, c
′
1, (k

∗−1)a+k]).

Fourth, also define

dn[c1, c
′
1, (k

∗ − 1)a+ k − 1] := c′2, with c′2 optimal given the type
tn2 [c1, c

′
1, (k

∗ − 1)a+ k − 1].

Finally, for each c1, c
′
1 ∈ C∞1 define type tn1 [c1, c

′
1, (k

∗ − 1)a] to be such
that

b1[tn1 [c1, c
′
1, (k

∗−1)a]] := (dn[c1, c
′
1, (k

∗−1)a+1], tn2 [c1, c
′
1, (k

∗−1)a+1]),

and define
dn[c1, c

′
1, (k

∗ − 1)a], (k∗ − 1)a] := c′1.

Next, for each p ∈ {0, ..., k∗ − 2}, do the following iteratively, going
backwards starting at p = k∗ − 2: for each choice c1 ∈ C∞1 and each

153



Chapter 5. When is Iterated Elimination of Choices Enough?

choice c′1 ∈ C∞1 define type tn2 [c1, c
′
1, (p+ 1)a− 1] to be such that

b2[tn2 [c1, c
′
1, (p+ 1)a− 1]](c′′1, t

n
1 [c1, c

′′
1, (p+ 1)a]) := b

c′1
1 (c′′1), ∀c′′1 ∈ C∞1 .

For each c1, c
′
1 ∈ C∞1 , we then also define

dn[c1, c
′
1, (p+ 1)a− 1] := c′2, with c′2 optimal given the type

tn2 [c1, c
′
1, (p+ 1)a− 1].

Now, for each pair of choices c1, c
′
1 ∈ C∞1 , define recursively for each

even k ∈ {2, ..., a− 2} starting at k = a − 2, type tn1 [c1, c
′
1, pa + k] to be

such that

b1[tn1 [c1, c
′
1, pa+ k]] := (dn[c1, c

′
1, pa+ k + 1], tn2 [c1, c

′
1, pa+ k + 1]).

Second, also define

dn[c1, c
′
1, pa+ k] := c̄1, with c̄1 optimal given the type

tn1 [c1, c
′
1, pa+ k].

Third, define type tn2 [c1, c
′
1, pa+ k − 1] to be such that

b2[tn2 [c1, c
′
1, pa+ k − 1]] := (dn[c1, c

′
1, pa+ k], tn1 [c1, c

′
1, pa+ k]).

Fourth, also define

dn[c1, c
′
1, pa+ k − 1] := c′2, with c′2 optimal given the type

tn2 [c1, c
′
1, pa+ k − 1].

Finally, for each c1, c
′
1 ∈ C∞1 define type tn1 [c1, c

′
1, pa] to be such that

b1[tn1 [c1, c
′
1, pa]] := (dn[c1, c

′
1, pa+ 1], tn2 [c1, c

′
1, pa+ 1]),

and define
dn[c1, c

′
1, pa] := c′1.

We do this iteratively for each p ∈ {0, ..., k∗ − 2}, starting at p = k∗− 2.
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We have that C∞1 and C∞2 are finite sets. Moreover, a and k∗ are finite
orders of belief, and therefore k∗a is as well. Hence, there are iterations
m,n with m > n such that:

dm[c1, c1, k] = dn[c1, c1, k], ∀c1 ∈ C∞1 , k ∈ {0, 1, ..., a− 1},

and

dm[c1, c
′
1, pa+ k] = dn[c1, c

′
1, pa+ k], ∀c1, c

′
1 ∈ C∞1 , k ∈ {0, 1, ..., a− 1},

p ∈ {1, ..., k∗ − 1}.

When we find such iterations m and n, we stop the recursive proce-
dure.

Now we create the epistemic modelM∗ from the types we have con-
structed in our recursive procedure. Define T1(l) := {tl1[c1, c1, k] : c1 ∈
C∞1 , k ∈ {0, ..., a− 2} even} ∪ {tl1[c1, c

′
1, pa + k] : c1, c

′
1 ∈ C∞1 , p ∈

{1, ..., k∗ − 1}, k ∈ {0, ..., a− 2} even} and T2(l) := {tl2[c1, c1, k] : c1 ∈
C∞1 , k ∈ {1, ..., a− 1} odd} ∪ {tl2[c1, c

′
1, pa + k] : c1, c

′
1 ∈ C∞1 , p ∈

{1, ..., k∗ − 1}, k ∈ {1, ..., a− 1} odd}. Then, let T (l) := T1(l) ∪ T2(l).
Do this for every l ∈ {n, ...,m}.

In T (n + 1) specifically, we re-define for each c1, c
′
1 ∈ C∞1 the type

tn+1
2 [c1, c

′
1, k
∗a− 1] to be such that

b2[tn+1
2 [c1, c

′
1, k
∗a− 1]](c′′1, t

m
1 [c′′1, c

′′
1, 0]) := b

c′1
1 (c′′1),∀c′′1 ∈ C∞1 .

So instead of assigning positive probability to types in T (n), each type
tn+1
2 [c1, c

′
1, k
∗a − 1] now assigns positive probability to types in T (m).

Then define

M∗ := (
⋃

l∈{n+1,...,m}
Ti(l), b[ti])i∈{1,2}.
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We will show that each type inM∗ expresses common belief in ratio-
nality. We will do so in steps.

First, we can note that for each c1 ∈ C∞1 and each l ∈ {n+ 1, ...,m} in
M∗, choice c1 is optimal for type tl1[c1, c1, 0], and that for each c1, c

′
1 ∈

C∞1 , each l ∈ {n+ 1, ...,m} and each p ∈ {1, ..., k∗ − 1} choice c′1 is
optimal for type tl1[c1, c

′
1, pa].

Namely, from type tl1[c1, c1, 0] there follows a sequence of probability
one beliefs, induced by the sequence of types
(tl1[c1, c1, 0], tl2[c1, c1, 1], ..., tl1[c1, c1, a−2]). This sequence of probability
one beliefs ends at type tl2[c1, c1, a− 1]. By construction, we have that

margC∞1 b2[tl2[c1, c1, a− 1]] = bc11 .

It follows then that type tl1[c1, c1, 0] induces an a-th order expectation
that is equal to bc11 . We constructed bc11 such that c1 is optimal given
bc11 . Hence c1 is optimal given type tl1[c1, c1, 0]. This goes for every
l ∈ {n+ 1, ...,m}.

Similarly for each p ∈ {1, ..., k∗ − 1}, from type tl1[c1, c
′
1, pa] there fol-

lows a sequence of probability one beliefs, induced by the sequence of
types (tl1[c1, c

′
1, pa], tl2[c1, c

′
1, pa + 1], ..., tl1[c1, c

′
1, (p + 1)a − 2]). This se-

quence of probability one beliefs ends at type tl2[c1, c
′
1, (p+ 1)a− 1]. By

construction, we have that

margC∞1 b2[tl2[c1, c
′
1, (p+ 1)a− 1]] = b

c′1
1 .

It follows then that type tl1[c1, c
′
1, pa] induces an a-th order expectation

that is equal to b
c′1
1 . We constructed b

c′1
1 such that c′1 is optimal given

b
c′1
1 . Hence c′1 is optimal given type tl1[c1, c

′
1, pa]. This goes for every

l ∈ {n+ 1, ...,m}.

Second, we can also show the following is true.
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Claim 5.2. Consider the epistemic modelM∗. For each l ∈ {n+ 1, ...,m},
each k ∈ {1, 2, ..., a− 1} and each c1 ∈ C∞1 , choice dl[c1, c1, k] is opti-
mal given the type tli[c1, c1, k] with i ∈ {1, 2}. Moreover, for each p ∈
{1, ..., k∗ − 1}, each l ∈ {n+ 1, ...,m}, each k ∈ {1, 2, ..., a− 1} and each
c1, c

′
1 ∈ C∞1 , choice dl[c1, c

′
1, pa+k] is optimal given the type tli[c1, c

′
1, pa+k]

with i ∈ {1, 2}.

Proof of claim. We start off with the epistemic model we created when
ending the recursive procedure, but beforeM∗ was created.

For each k ∈ {0, 1, ..., a− 2} and each c′1 ∈ C∞1 we have by construction
that

bi[t
n
i [c′1, c

′
1, k]](dn[c′1, c

′
1, k + 1], tnj [c′1, c

′
1, k + 1]) = 1 =

bi[t
m
i [c′1, c

′
1, k]](dm[c′1, c

′
1, k + 1], tmj [c′1, c

′
1, k + 1]),

with dn[c′1, c
′
1, k+1] = dm[c′1, c

′
1, k+1]. Note that these were the n andm

that determined when to stop our recursive procedure. Moreover, for
each k ∈ {0, 1, ..., a− 2}, each c′1, c̄1 ∈ C∞1 and each p ∈ {1, ..., k∗ − 1}
we also have by construction

bi[t
n
i [c′1, c̄1, pa+ k]](dn[c′1, c̄1, pa+ k + 1], tnj [c′1, c̄1, pa+ k + 1]) = 1 =

bi[t
m
i [c′1, c̄1, pa+ k]](dm[c′1, c̄1, pa+ k + 1], tmj [c′1, c̄1, pa+ k + 1]),

with dn[c′1, c̄1, pa+k+ 1] = dm[c′1, c̄1, pa+k+ 1]. Additionally, we have
by construction that

b2[tn2 [c′1, c
′
1, a− 1]](dn[c′1, c

′′
1, a], tn1 [c′1, c

′′
1, a]) = b

c′1
1 [c′′1] =

b2[tm2 [c′1, c
′
1, a− 1]](dm[c′1, c

′′
1, a], tm1 [c′1, c

′′
1, a]),

for each c′′1 ∈ C∞1 . For each p ∈ {1, ..., k∗ − 2}we also have that

b2[tn2 [c′1, c̄1, pa− 1]](dn[c′1, c
′′
1, pa], tn1 [c′1, c

′′
1, pa]) = bc̄11 [c′′1] =

b2[tm2 [c′1, c̄1, pa− 1]](dm[c′1, c
′′
1, pa], tm1 [c′1, c

′′
1, pa]),
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for each c′′1 ∈ C∞1 . Finally, we have that

b2[tn2 [c′1, c̄1, k
∗a− 1]](dn−1[c′′1, c

′′
1, 0], tn−1

1 [c′′1, c
′′
1, 0]) = bc̄11 (c′′1) =

b2[tm2 [c′1, c̄1, k
∗a− 1]](dm−1[c′′1, c

′′
1, 0], tm−1

1 [c′′1, c
′′
1, 0]),

for each c′′1 ∈ C∞1 .

Then, for each c′1 ∈ C∞1 , the pair of types tm1 [c′1, c
′
1, 0] and tn1 [c′1, c

′
1, 0]

induce the same k∗a-th order belief. To see why this is the case, we can
employ a recursive argument, for each p ∈ {1, ..., k∗ − 1} starting at
p = k∗ − 1.

We can first note that the pair of types
tm1 [c′1, c̄1, (k

∗ − 1)a] and tn1 [c′1, c̄1, (k
∗ − 1)a] for each c′1, c̄1 ∈ C∞1 in-

duce the same a-th order belief. Namely, from the beginning of the
proof of this claim we know that types tmi [c′1, c̄1, (k

∗ − 1)a + k] and
tni [c′1, c̄1, (k

∗ − 1)a+ k] with i ∈ {1, 2} for each k ∈ {1, ..., a− 2} induce
a probability one belief. Moreover, the first-order belief induced by
type tmi [c′1, c̄1, (k

∗ − 1)a + k] for each k ∈ {1, ..., a− 1} is equal to the
first-order belief induced by type tni [c′1, c̄1, (k

∗ − 1)a + k]. As a result,
types tm1 [c′1, c̄1, (k

∗ − 1)a] and tn1 [c′1, c̄1, (k
∗ − 1)a] induce the same a-th

order belief.

Now recall, for each c′1, c̄1 ∈ C∞1 , we have that

b2[tn2 [c′1, c̄1, (k
∗ − 1)a− 1]](dn[c′1, c

′′
1, (k

∗ − 1)a], tn1 [c′1, c
′′
1, (k

∗ − 1)a]) =

bc̄11 (c′′1) =

b2[tm2 [c′1, c̄1, (k
∗ − 1)a− 1]](dm[c′1, c

′′
1, (k

∗ − 1)a], tm1 [c′1, c
′′
1, (k

∗ − 1)a])

Both types tm2 [c′1, c̄1, (k
∗−1)a−1] and tn2 [c′1, c̄1, (k

∗−1)a−1] thus assign
exactly the same probability to choice-type combinations where the
choice is equal and the type induces the same a-th order belief. Hence,
both types induce the same (a+ 1)-th order belief.

Now we can employ our recursive argument, starting at p = k∗ − 2.
For p ∈ {1, ..., k∗ − 2}, assume that types tm2 [c′1, c̄1, (p + 1)a − 1] and
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tn2 [c′1, c̄1, (p+1)a−1] induce the same ((k∗−p−1)a+1)-th order belief.
Then types tm1 [c′1, c̄1, pa] and tn1 [c′1, c̄1, pa] induce the same (k∗ − p)a-th
order belief. Namely, from the beginning of the proof of this claim we
have that types tmi [c′1, c̄1, pa + k] and tni [c′1, c̄1, pa + k] with i ∈ {1, 2}
for each k ∈ {1, ..., a− 2} induce a probability one belief and moreover
induce the same first-order belief. Therefore, types tm1 [c′1, c̄1, pa] and
tn1 [c′1, c̄1, pa] induce the same (a−1)-th order belief. Additionally, types
tm1 [c′1, c̄1, (p+1)a−2] and tn1 [c′1, c̄1, (p+1)a−2] assign probability one to
types that by assumption induce the same ((k∗ − p− 1)a+ 1)-th order
belief. It follows then that types tm1 [c′1, c̄1, pa] and tn1 [c′1, c̄1, pa] induce
the same (k∗ − p)a-th order belief.

Now recall that for each c′1, c̄1 ∈ C∞1 , we have that

b2[tn2 [c′1, c̄1, pa− 1]](dn[c′1, c
′′
1, pa], tn1 [c′1, c

′′
1, pa]) = bc̄11 (c′′1) =

b2[tm2 [c′1, c̄1, pa− 1]](dm[c′1, c
′′
1, pa], tm1 [c′1, c

′′
1, pa])

Both types tm2 [c′1, c̄1, pa− 1] and tn2 [c′1, c̄1, pa− 1] thus assign exactly the
same probability to choice-type combinations where the choice is equal
and the type induces the same (k∗ − p)a-th order belief. Hence, both
types induce the same ((k∗ − p)a+ 1)-th order belief.

Following the same argument, we can establish that types tm1 [c′1, c
′
1, 0]

and tn1 [c′1, c
′
1, 0] induce the same k∗a-th order belief. From the above

we know that types tm2 [c′1, c
′
1, a−1] and tn2 [c′1, c

′
1, a−1] induce the same

((k∗ − 1)a+ 1)-th order belief. From the beginning of the proof of this
claim we have that types tmi [c′1, c

′
1, k] and tni [c′1, c

′
1, k] with i ∈ {1, 2}

for each k ∈ {1, ..., a− 2} induce a probability one belief and moreover
induce the same first-order belief. Therefore, they induce the same (a−
1)-th order belief. Additionally, types tm1 [c′1, c

′
1, a−2] and tn1 [c′1, c

′
1, a−2]

assign probability one to types that by the above recursive argument
induce the same ((k∗ − 1)a+ 1) order belief. It follows then that types
tm1 [c′1, c

′
1, 0] and tn1 [c′1, c

′
1, 0] induce the same k∗a-th order belief. This

goes for each c′1 ∈ C∞1 .

Denote type tn+1
2 [c1, c̄1, k

∗a − 1] that results from our recursive back-
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wards procedure but before constructingM∗ by t̄n+1
2 [c1, c̄1, k

∗a− 1]. In
contrast, let the same type that does result from constructingM∗ still
be denoted as tn+1

2 [c1, c̄1, k
∗a− 1]. Now, we have for each c1, c̄1 ∈ C∞1

b2[t̄n+1
2 [c1, c̄1, k

∗a− 1]](c′1, t
n
2 [c′1, c

′
1, 0]) =

b2[tn+1
2 [c1, c̄1, k

∗a− 1]](c′1, t
m
2 [c′1, c

′
1, 0]),∀c′1 ∈ C∞1 .

It thus follows that each such type tn+1
2 [c1, c̄1, k

∗a−1] induces the same
(k∗a+1)-th order belief inM∗ as it did beforeM∗ was constructed. All
the remaining types in

⋃
l∈{n+1,...,m} T (l) remained unchanged when

M∗ was constructed: they induce exactly the same belief over choice-
type combinations as before. As a result, all types in

⋃
l∈{n+1,...,m} T (l)

induce at least the same (k∗a + 1)-th order belief inM∗ as beforeM∗
was constructed.

In our backward construction procedure of types and choices, before
creatingM∗, we constructed each dl[c1, c

′
1, k] for each l ∈ {n+ 1, ...,m},

k ∈ {1, ..., k∗a− 1} and c1, c
′
1 ∈ C∞1 such that it is optimal given type

tli[c1, c
′
1, k]. Now, we have that the maximum directly utility-relevant

order of belief for any player is k∗ and that each type tli[c1, c
′
1, k] at least

induces exactly the same (k∗a + 1)-th order belief inM∗ as it did be-
fore constructing M∗. Hence, we also have in M∗ that dl[c1, c

′
1, k] is

optimal given tli[c1, c
′
1, k]. This completes the proof of this claim.

Since each type inM∗ only assigns positive probability to choice-type
combinations (dl[c1, c

′
1, k], tli[c1, c

′
1, k]]) for k ∈ {0, 1, ..., k∗a− 1}, each

type only assigns positive probability to choice-type combinations where
the choice is optimal given the type. Hence each type inM∗ expresses
1-fold belief in rationality. Therefore also each type in M∗ expresses
common belief in rationality.

By our backward, recursive construction, we moreover have that type
tm1 [c1, c1, 0] induces an a-th order expectation bc11 . By construction of
Step 1, choice c1 is optimal given such a higher-order expectation. Hence
we have constructed an epistemic model with a type that expresses
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common belief in rationality and is such that c1 is optimal given that
type.

In Step 1 we have shown that for every choice c1 ∈ C∞1 we can con-
struct a partial epistemic model with a type that expresses on-path be-
lief in rationality and that is such that choice c1 is optimal. In Step 2
we showed that we are then also able to construct a finite, epistemic
model with a type that expresses common belief in rationality and that
is such that choice c1 is optimal. This concludes the proof for Scenario
(i).

Scenario (ii)
Step 1
Next consider scenario (ii) with N1 = {a} and N2 = {z}, a, z odd. In
this Step 1, we will construct a partial epistemic model.

For each choice c1 ∈ C∞1 , fix an a-th order expectation bc11 ∈ ∆(C∞2 )
for which c1 is optimal.4 The reason we can do so is as follows. From
Lemma 5.1 we know that for each choice that is not strictly dominated
in a decision problem, we can find a belief in that decision problem
such that the relevant choice is optimal. The final reduced decision
problem resulting from the IESDC-procedure leaves the choices in C∞1
for player 1 in the decision problem and the choices in C∞2 for player 2.
That is, we have as a reduced decision problem after following through
with the IESDC-procedure: (C∞1 , C∞2 , vi). By Lemma 5.1, we should
then have that each choice in C∞1 is optimal for some a-th order ex-
pectation in ∆(C∞2 ). Then, for each c1 ∈ C∞1 , construct a type tc11 .
Similarly, also for each choice c2 ∈ C∞2 , fix a z-th order expectation
bc22 ∈ ∆(C∞1 ) for which c2 is optimal. Again, we can do so for the rea-
sons explained above, but then from player 2’s perspective. Then, for
each c2 ∈ C∞2 , construct a type tc22 .

4With a-th order expectation in this context we specifically refer to margC2
ea1 ∈

∆(C2) where ea1 ∈ ∆(W a−1
1 × C2).
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Take for each tc11 a sequence of types (tc11 , t
c1,1
2 , ..., tc1,a−1

1 ). Then, let
us have in each such sequence that type tc11 assigns probability one to
type tc1,12 if a > 1, and type tc1,ni probability one to type tc1,n+1

j for
each n ∈ {1, 2, ..., a− 2} and with i ∈ {1, 2} and j 6= i. Note that
if a = 1, we treat type tc11 such that tc11 = tc1,a−1

1 . Similarly, take for
each tc22 a sequence of types (tc22 , t

c2,1
1 , ..., tc2,z−1

2 ). Then, for each c2, let
us have in each such sequence that type tc22 assigns probability one to
type tc2,11 if z > 1, and type tc2,ni probability one to type tc2,n+1

j for
each n ∈ {1, 2, ..., z − 2}. Again, if z = 1, we treat type tc22 such that
tc22 = tc2,z−1

2 .

Finally, for each c1 ∈ C∞1 define type tc1,a−1
1 to be such that, for each

c′2 ∈ C∞2 ,

b1[tc1,a−1
1 ](c′2, t

c′′2
2 ) :=

{
bc11 (c′2), if c′2 = c′′2
0, otherwise.

So we have that the distribution over choices induced by type tc1,a−1
1

is equal to the distribution over choices represented by the expectation
bc11 . From type tc11 there follows a sequence of probability one beliefs
up to type tc1,a−1

1 . The a-th order expectation induced by type tc11 is
thus equal to bc11 . Hence, choice c1 is optimal given type tc11 .

Similarly, for each c2 ∈ C∞2 define type tc2,z−1
2 to be such that, for each

c′1 ∈ C∞1

b2[tc2,z−1
2 ](c′1, t

c′′1
1 ) :=

{
bc22 (c′1), if c′1 = c′′1
0, otherwise.

So we have that the distribution over choices induced by type tc2,z−1
2

is equal to the distribution over choices represented by the expectation
bc22 . From type tc22 there follows a sequence of probability one beliefs
up to type tc2,z−1

2 . Similarly as before, then type tc22 then induces a z-th
order expectation that is equal to bc22 . Then choice c2 is optimal given
type tc22 .

Call the resulting partial epistemic modelM. By construction, we have
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for each c1 ∈ C∞1 that c1 is optimal given tc11 , and we have for each
c2 ∈ C∞2 that c2 is optimal for tc22 . Moreover, each tc11 also expresses
on-path belief in rationality. This is because the type tc1,a−1

1 only as-
signs positive probability to choice type pairs (c′2, t

c′2
2 ). In these pairs

the choice is optimal for the type by construction. For similar reasons,
each type tc22 also expresses on-path belief in rationality.

Step 2
In Step 1 we have shown that for each choice c1 ∈ C∞1 we can always
construct a partial epistemic model with a type tc11 for which c1 is opti-
mal and that expresses on-path belief in rationality. In Step 2 we will
now do the following. We will show that if there exists a belief hier-
archy expressing on-path belief in rationality for which c1 is optimal,
then there is also a belief hierarchy expressing common belief in ratio-
nality for which c1 is optimal.

Consider a partial epistemic model M as constructed in Step 1 with
a type tc11 that expresses on-path belief in rationality and for which c1

is optimal. By means of a backward, recursive procedure we trans-
form this partial epistemic model such that we get to a new, complete
epistemic model that now includes a completed type tm1 [c1, 0] that ex-
presses common belief in rationality and induces the same a-th order
expectation as type tc11 does. The recursive procedure in each iteration
defines combinations of choices and types at the same time.

The recursive procedure is as follows.

Iteration 0: For each choice c1 ∈ C∞1 , define

d0[c1, 0] := c1.

Moreover, for each choice c1 ∈ C∞1 and each k ∈ {1, 2, ..., a− 1}, define
d0[c1, k] randomly. So

d0[c1, k] := c′, for some c′ ∈ C∞1 if k is even or some c′ ∈ C∞2 if k is odd.
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Now, take a sequence of types (t01[c1, 0], t02[c1, 1], ..., t01[c1, a− 1]) for ev-
ery choice c1 ∈ C∞1 . Define type t01[c1, 0] to be such that

b1[t01[c1, 0]] := (d0[c1, 1], t02[c1, 1]).

Then, define for each k ∈ {1, 2, ..., a− 2} type t0i [c1, k] with i ∈ {1, 2} to
be such that

bi[t
0
i [c1, k]] := (d0[c1, k + 1], t0j [c1, k + 1]).

Finally, we define for each choice c1 ∈ C∞1 type t01[c1, a − 1] to be such
that

b1[t01[c1, a− 1]](c′2, t
0
2[c′2, 0]) := bc11 (c′2), ∀c′2 ∈ C∞2 .

This implies that type t01[c1, 0] induces exactly the same a-th order ex-
pectation as type tc11 did in Step 1. So for Iteration 0 we essentially take
a copy of the epistemic model created in Step 1, but fill in the beliefs
that were still incomplete from this step.

We do a similar thing for each choice c2. For each choice c2 ∈ C∞2 ,
define

d0[c2, 0] := c2.

Moreover, for each choice c2 ∈ C∞2 and each k ∈ {1, 2, ..., z − 1}, define
d0[c2, k] randomly. So

d0[c2, k] := c′, for some c′ ∈ C∞2 if k is even or some c′ ∈ C∞1 if k is odd.

Now, take a sequence of types (t02[c2, 0], t01[c2, 1], ..., t02[c2, z − 1]) for ev-
ery choice c2 ∈ C∞2 . Define type t02[c2, 0] to be such that

b2[t02[c2, 0]] := (d0[c2, 1], t01[c2, 1]).

Then, define for each k ∈ {1, 2, ..., z − 2} type t0i [c2, k] with i ∈ {1, 2} to
be such that

bi[t
0
i [c2, k]] := (d0[c2, k + 1], t0j [c2, k + 1]).
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Finally, we define for each choice c2 ∈ C∞2 type t02[c2, z − 1] to be such
that

b2[t02[c2, z − 1]](c′1, t
0
1[c′1, 0]) := bc22 (c′1),∀c′1 ∈ C∞1 .

Iteration n≥ 1 : We define for each choice c2 ∈ C∞2 type tn2 [c2, z − 1] to
be such that

b2[tn2 [c2, z − 1]](c′1, t
n−1
1 [c′1, 0]) := bc22 (c′1),∀c′1 ∈ C∞1 .

We also define

dn[c2, z − 1] := c′2, with c′2 optimal given the type tn2 [c2, z − 1].

Define recursively for each odd k ∈ {1, 2, ..., z − 2} starting at k = z−2,
type tn1 [c2, k] that is such that

b1[tn1 [c2, k]] := (dn[c2, k + 1], tn2 [c2, k + 1]).

Second, also define

dn[c2, k] := c′1, with c′1 optimal given the a-th order expectation
induced by tn1 [c2, k].

Third, define type tn2 [c2, k − 1] to be such that

b2[tn2 [c2, k − 1]] := (dn[c2, k], tn1 [c2, k]).

Fourth, also define

dn[c2, k − 1] := c′′2, with c′′2 optimal given the type tn2 [c2, k − 1].

Finally, for each choice c2 ∈ C∞2 define type tn2 [c2, 0] to be such that

b2[tn2 [c2, 0]] := (dn[c2, 1], tn1 [c2, 1]),

and define
dn[c2, 0] := c2.
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Next, we do exactly the same thing for choices c1. We define for each
choice c1 ∈ C∞1 type tn1 [c1, a− 1] to be such that

b1[tn1 [c1, a− 1]](c′2, t
n
2 [c′2, 0]) := bc11 (c′2),∀c′2 ∈ C∞2 .

For each choice c1 ∈ C∞1 , we then also define

dn[c1, a− 1] := c′1, with c′1 optimal given the type tn1 [c1, a− 1].

Now, for each choice c1 ∈ C∞1 , define recursively for each odd k ∈
{1, 2, ..., a− 2} starting at k = a− 2, type tn2 [c1, k] that is such that

b2[tn2 [c1, k]] := (dn[c1, k + 1], tn1 [c1, k + 1]).

Second, also define

dn[c1, k] := c′2, with c′2 optimal given the a-th order expectation
induced by tn2 [c1, k].

Third, define type tn1 [c1, k − 1] to be such that

b1[tn1 [c1, k − 1]] := (dn[c1, k], tn2 [c1, k]).

Fourth, also define

dn[c1, k − 1] := c′′1, with c′′1 optimal given the type tn1 [c1, k − 1].

Finally, for each choice c1 ∈ C∞1 define type tn1 [c1, 0] to be such that

b1[tn1 [c1, 0]] := (dn[c1, 1], tn2 [c1, 1]),

and define
dn[c1, 0] := c1.

We have that C∞1 and C∞2 are finite sets. Moreover, a and z are both
finite orders of belief. Hence, there are iterations m and n with m > n
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such that

dm[c1, k] = dn[c1, k] and dm[c2, l] = dn[c2, l],

for each c1 ∈ C∞1 and k ∈ {0, 1, ..., a− 1}, and c2 ∈ C∞1 and l ∈
{0, 1, ..., z − 1} respectively. When we find such iterations m and n,
we stop the procedure.

Next, we create the epistemic modelM∗ from the types we have con-
structed in our recursive procedure. Define T1(l) := {tl1[c1, k] : c1 ∈
C∞1 , k ∈ {2, ..., a− 1} even}∪{tl1[c2, k] : c2 ∈ C∞2 , k ∈ {1, ..., z − 2} odd}
and T2(l) := {tl2[c2, k] : c2 ∈ C∞2 , k ∈ {2, ..., z − 1} even} ∪ {tl2[c1, k] :
c1 ∈ C∞1 , k ∈ {1, ..., a− 2} odd}. Then, let T (l) := T1(l)∪T2(l). Do this
for every l ∈ {n, ...,m}.

In T (n+1) specifically, we re-define for each c2 ∈ C∞2 the type tn+1
2 [c2, z−

1]. Re-define each such type tn+1
2 [c2, z − 1] to be such that

b2[tn+1
2 [c2, z − 1]](c′1, t

m
1 [c′1, 0]) := bc22 (c′1), ∀c′1 ∈ C∞1 .

So instead of assigning positive probability to types in T (n), each type
tn+1
2 [c2, z − 1] now assigns positive probability to types in T (m). Then

define
M∗ := (

⋃
l∈{n+1,...,m}

Ti(l), b[ti])i∈{1,2}.

We will show that each type inM∗ expresses common belief in ratio-
nality. We will do so in steps.

First we note that choice c1 is optimal for type tl1[c1, 0], for each c1 ∈ C∞1
and each l ∈ {n+ 1, ...,m} in M∗. Namely, from type tl1[c1, 0] there
follows a sequence of probability one beliefs, induced by the sequence
of types (tl1[c1, 0], tl2[c1, 1], ..., tl2[c1, a− 2]). This sequence of probability
one beliefs ends at type tl1[c1, a− 1]. Note that if a = 1 we treat tl1[c1, 0]
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as if tl1[c1, 0] = tl1[c1, a− 1]. By definition, we have that

margC∞2 b1[tl1[c1, a− 1]] = bc11 .

The a-th order expectation induced by type tl1[c1, 0] is thus equal to bc11 .
We constructed bc11 such that c1 is optimal given bc11 . Hence c1 is optimal
given type tl1[c1, 0]. This goes for every l ∈ {n+ 1, ...,m}. For similar
reasons, we have that for each l ∈ {n+ 1, ...,m} and each c2 ∈ C∞2 that
tl2[c2, 0] induces the same z-th order expectation as bc22 does. Hence, c2

is optimal given type tl2[c2, 0].

Second, we can also show the following is true.

Claim 5.3. Consider the epistemic modelM∗. For each l ∈ {n+ 1, ...,m},
each c1 ∈ C∞1 and each k ∈ {1, 2, ..., a− 1}, each choice dl[c1, k] is optimal
given the type tli[c1, k]. Moreover, for each l ∈ {n+ 1, ...,m}, each c2 ∈ C∞2
and each k ∈ {1, 2, ..., z − 1}, each choice dl[c2, k] is optimal given the type
tli[c2, k].

Proof of claim. For each k ∈ {0, 2, ..., a− 2} and each c′1 ∈ C∞1 we have
by construction that

bi[t
n
i [c′1, k]](dn[c′1, k + 1], tnj [c′1, k + 1]) = 1 =

bi[t
m
i [c′1, k]](dm[c′1, k + 1], tmj [c′1, k + 1])

with dm[c′1, k + 1] = dn[c′1, k + 1]. We similarly have for each k ∈
{0, 2, ..., z − 2} and each c′2 ∈ C∞2 that

bi[t
n
i [c′2, k]](dn[c′2, k + 1], tnj [c′2, k + 1]) = 1 =

bi[t
m
i [c′2, k]](dm[c′2, k + 1], tmj [c′2, k + 1])

with dm[c′2, k + 1] = dn[c′2, k + 1]. Additionally, we have that

b1[tn1 [c′1, a− 1]](c′′2, t
n−1
2 [c′′2, 0]) = b

c′1
1 (c′′1) = b1[tm1 [c′1, a− 1](c′′2, t

m−1
2 [c′′2, 0]),
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for each c′′2 ∈ C∞1 . And we have that

b2[tn2 [c′2, z − 1]](c′′1, t
n−1
1 [c′′1, 0]) = b

c′2
2 (c′′1) = b2[tm2 [c′2, z − 1](c′′1, t

m−1
1 [c′′1, 0]),

for each c′′1 ∈ C∞1 .

Then for each c′1 ∈ C∞1 the pair of types tn1 [c′1, 0] and tm1 [c′1, 0] induce
the same (z + a)-th order belief. To see this, we can first note that for
each c′′2 ∈ C∞2 the pair of types tn2 [c′′2, 0] and tm2 [c′′2, 0] induce the same
z-th order belief. Namely, from the beginning of the proof of this claim
we have that types tmi [c′′2, k] and tni [c′′2, k] for each k ∈ {0, 1, ..., z − 2} in-
duce a probability one belief. Moreover, the first-order belief induced
by type tmi [c′′2, k] for each k ∈ {0, 1, ..., z − 1} is equal to the first-order
belief induced by tni [c′′2, k]. As a result, types tm2 [c′′2, 0] and tn2 [c′′2, 0] in
fact induce the same z-th order belief.

Recall that for each c′1 ∈ C∞1 we have that

b1[tn1 [c′1, a− 1]](c′′2, t
n−1
2 [c′′2, 0]) = b

c′1
1 (c′′1) = b1[tm1 [c′1, a− 1](c′′2, t

m−1
2 [c′′2, 0]),

for each c′′2 ∈ C∞1 . Both types tm1 [c′1, a − 1] and tn1 [c′1, a − 1] thus as-
sign exactly the same probability to choice-type combinations where
the choice is equal and the type induces the same z-th order belief as
established before. It follows that for each c′1 ∈ C∞1 types tn1 [c′1, a − 1]
and tm1 [c′1, a− 1] induce the same (z + 1)-th order belief.

From the beginning of the proof of this claim we have that types tmi [c′1, k]
and tni [c′1, k] for each k ∈ {0, 1, ..., a− 2} induce a probability one be-
lief.. These probability one beliefs end at types tm1 [c′1, a−1] and tn1 [c′1, a−
1] respectively. We know these types induce the same (z + 1)-th order
expectation. Moreover, the first-order belief induced by type tmi [c′1, k]
for each k ∈ {0, 1, ..., a− 2} is equal to the first-order belief induced by
tni [c′1, k]. Taken together, types tm1 [c′1, 0] and tn1 [c′1, 0] in fact induce the
same (z + a)-th order belief.

Denote type tn+1
2 [c2, z − 1] that results from our recursive, backward

procedure but before constructingM∗ by t̄n+1
2 [c2, z − 1]. Now, we have

169



Chapter 5. When is Iterated Elimination of Choices Enough?

that for each c2 ∈ C∞2

b2[t̄n+1
2 [c2, z−1]](c′1, t

n
1 [c′1, 0]) = b2[tn+1

2 [c2, z−1]](c′1, t
m
1 [c′1, 0]), ∀c′1 ∈ C∞1 .

It follows that each such type tn+1
2 [c2, z − 1] induces the same (z +

a + 1)-th order belief inM∗ as it did beforeM∗ was constructed. All
the remaining types in

⋃
l∈{n+1,...,m} T (l) remained unchanged when

M∗ was constructed: they induce exactly the same belief over choice-
type combinations as before. As a result, all types in

⋃
l∈{n+1,...,m} T (l)

induce at least the same (z+ a+ 1)-th order belief inM∗ as beforeM∗
was constructed.

In our backward construction procedure of types and choices, before
constructing M∗, we constructed dl[c1, k] for each l ∈ {n+ 1, ...,m},
k ∈ {1, 2, ..., a− 1} and c1 ∈ C∞1 such that it is optimal given type
tli[c1, k]. Similarly, we constructed dl[c1, k] for each l ∈ {n+ 1, ...,m},
k ∈ {1, 2, ..., z − 1} and c2 ∈ C∞2 such that it is optimal given type
tli[c2, k]. Now, we have that the maximum order of belief in which
either of the players’ utility is variable ismax(N1∪N2), which is either
a or z. We also have that types tli[c1, k] and tli[c2, k] induce exactly the
same (z + a + 1)-th order belief inM∗ as beforeM∗ was constructed.
Hence, we also have in M∗ that dl[c1, k] is optimal given tli[c1, k] and
that dl[c2, k] is optimal given tli[c2, k]. This completes the proof of this
claim.

Because each type in the epistemic model M∗ only assigns positive
probability to choice-type combinations (dl[c1, k], tli[c1, k]) for
k ∈ {0, 1, ..., a− 1} or (dl[c2, k], tli[c2, k]) for k ∈ {0, 1, ..., z − 1}, each
type only assigns positive probability to choice-type combinations where
the choice is optimal given the type. Hence each type inM∗ expresses
1-fold belief in rationality. Therefore also each type in M∗ expresses
common belief in rationality.

By our backward, recursive construction, we also have that type tm1 [c1, 0]
induces an a-th order expectation bc11 . By construction of Step 1, choice
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c1 is optimal given such a higher-order expectation. Hence we have
constructed an epistemic model with a type that expresses common
belief in rationality and is such that c1 is optimal given that type.

In Step 1 we have shown that for every choice c1 ∈ C∞1 we can con-
struct a partial epistemic model with a type that expresses on-path be-
lief in rationality and that is such that choice c1 is optimal. In Step 2
we showed that we are then also able to construct a finite, epistemic
model with a type that expresses common belief in rationality and that
is such that choice c1 is optimal. This concludes the proof for Scenario
(ii).

Scenario (iii)
Step 1:
Finally, consider scenario (iii). This corresponds to case (iii) of The-
orem 5.2. Here we have that N1 = {a, b, ..., x} consists of (possibly
multiple) odd orders and that N2 is of a single, even order such that in
the resulting causality diagram for player 1 there are no overlapping
paths. In this Step 1, we will construct a partial epistemic model. By
partial we mean we only completely specify the beliefs for some partic-
ular types.

For each choice c1 ∈ C∞1 , fix an expectation bc11 which is a probability
distribution over the product-space Ca,∞2 × Cb,∞2 × ... × Cx,∞2 and for
which c1 is optimal. The reason we can do so is as follows. From
Lemma 5.1 we know that for each choice that is not strictly domi-
nated in a decision problem, we can find a belief in that decision prob-
lem such that the relevant choice is optimal. The final reduced prob-
lem decision resulting from the IESDC-procedure leaves the choices in
C∞2 for player 2 in the decision problem. By Lemma 5.1, we should
then have that each choice in C∞1 is optimal for some belief in the set
∆(Ca,∞2 × Cb,∞2 × ... × Cx,∞2 ). Each letter in the superscripts of the
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product space Ca,∞2 × Cb,∞2 × ... × Cx,∞2 refers to an order of belief in
N1.

Then, fix a type tc11 [c1] for choice c1.

The lowest order in N1 is order a. Let N2 = {z} and take a + z. For
each remaining order p ∈ N1, subtract a multiple n ∈ N of z from order
p such that p − n · z ∈ {a, ..., a+ z}. Call this order ap. Note here that,
by how case (iii) in Theorem 5.2 is defined, for any orders b, c ∈ N1

with b, c 6= a, we have that b− n · z 6= c−m · z, for any combination of
n,m. Hence, ab 6= ac for any two different orders b, c ∈ N1.

Take some combination of choices for player 2 (ca, cb, ..., cx) ∈ supp(bc11 ).
For each order p ∈ N1 we do the following: take choice cp in Cp,∞2 . Let

bc
p−z

2 := cp

be the z-th order expectation for player 2 that puts probability one
on cp.5 Then there is a choice cp−z in Cp−z,∞2 such that cp−z is op-
timal given bc

p−z

2 . This follows from the construction of the IESDC-
procedure. Namely, every choice c2 ∈ C2 that is optimal for some
belief b2 ∈ ∆(C∞2 ) is in C∞2 .

Next, for each n ≥ 1, up until we have p− n · z ∈ {a, ..., a+ z}, we can
do the same as we did for choice cp. Take choice cp−(n−1)z . Let

bc
p−nz

2 := cp−(n−1)z,

be the z-th order expectation for player 2 that puts probability one on
cp−(n−1)z . Then following the same argument as before there is a choice
cp−nz inCp−nz,∞2 such that cp−nz is optimal given bc

p−nz

2 . We can do this
for any p > a+z with p ∈ N1, up until we have the choice ca

p
in Ca

p,∞
2 .

Each choice cp−nz , given any p and any n, is a choice in C∞2 . For these

5With z-th order expectation in this context we specifically refer to margC2
ez2 ∈

∆(C2) where ez2 ∈ ∆(W z−1
2 × C2).
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choices, we fix the z-th order expectation bc
p−nz

2 we just constructed be-
fore. For all the remaining choices c2 in C∞2 , we fix some z-th order
expectation bc2 such that c2 is optimal given bc22 . Again, we can do so
by Lemma 5.1.

The next step is to move on to the construction of types. For each combi-
nation of choices c̄ = (ca, ca

b
, ..., ca

x
) that results from the construction

above, create a type tc̄2[c̄]. We specifically say ‘each’, as the support of
bc11 may include multiple combinations of choices (ca, cb, ..., cx).

For each combination of choices c̄, take a sequence of types
(tc̄2[c̄], tc̄,11 [c̄], ..., tc̄,z−1

1 [c̄]). Then in each such sequence let us have that
type tc̄2[c̄] assigns probability one to type tc̄,11 [c̄]. Also in each such se-
quence, let us have, for each n ∈ {1, 2, ..., z − 1} that type tc̄,ni [c̄] with
i ∈ {i, j} assigns probability one to type tc̄,n+1

j [c̄] with j 6= i. Addition-
ally, for each k = ap − a− 1, define type tc̄,k1 [c̄] such that

b1[tc̄,k1 [c̄]] := (ca
p
, tc̄,k2 [c̄]).

Finally we specify the belief that type tc̄,z−1
1 [c̄] in the sequence induces.

First construct for each c̄ ∈ Ca,∞2 × ...× Ca
x,∞

2 and each
c̄′ ∈ Ca,∞2 × ...× Ca

x,∞
2 a type tc̄,z2 [c̄′]. Then, consider the joint proba-

bility distribution bc̄ ∈ ∆(Ca,∞2 × Ca
b,∞

2 × ...× Cax2 ). That is,

bc̄(c̄′) := bc
a

2 (ca′) · bca
b

2 (ca
b ′) · ... · bca

x

2 (ca
x ′),

∀c̄′ = (ca′, ca
b ′, ..., ca

x ′) ∈ Ca,∞2 × Ca
b,∞

2 × ...× Cax2 .

Then, define type tc̄,z−1
1 [c̄] to be such that, for each combination of

choices c̄′ = (ca′, ca
b ′, ..., ca

x ′) ∈ Ca,∞2 × Ca
b,∞

2 × ...× Cax2

b1[tc̄,z−1
1 [c̄]](ca′, tc̄,z2 [c̄′′]) :=

{
bc̄(c̄′), if c̄′ = c̄′′

0, otherwise.
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We create such sequences of types for each combination of choices c̄ =

(ca, ca
b
, ..., ca

x
).

We follow the same construction another k∗ − 2 times, where k∗ =
max(N1 ∪ N2). For each y ∈ {1, ..., k∗ − 2}, do the following: for each
c̄, c̄′ ∈ Ca,∞2 × Ca

b,∞
2 × ...× Cax2 take a sequence of types

(tc̄,yz2 [c̄′], ..., t
c̄,(y+1)z−1
1 [c̄′]). Then, let us have in each such sequence that

type tc̄,yz2 [c̄′] assigns probability one to type tc̄,yz+1
1 [c̄′], and that type

tc̄,yz+ni [c̄′] with i ∈ {1, 2} assigns probability one to type tc̄,yz+n+1
j [c̄′]

with j 6= i, for each n ∈ {1, ..., z − 2}. Additionally, for each k =

ap − a− 1, define type tc̄,yz+k1 [c̄′] to be such that

b1[tc̄,yz+k1 [c̄′]] := (ca
p ′, tc̄,yz+k+1

2 [c̄′]),

with c̄′ = (ca′, ..., ca
x ′). Then, for each c̄, c̄∗ ∈ Ca,∞2 × Ca

b,∞
2 × ...× Cax2

construct a type tc̄,(y+1)z
2 [c̄∗]. Then define type tc̄,(y+1)z−1

1 [c̄′] to be such
that for each c̄∗ = (ca

∗
, ca

b∗, ..., ca
x∗) ∈ Ca,∞2 × Ca

b,∞
2 × ...× Cax2

b1[t
c̄,(y+1)z−1
1 [c̄′]](ca∗, t

c̄,(y+1)z
2 [c̄′′]) :=

{
bc̄
′
(c̄∗), if c̄∗ = c̄′′

0, otherwise.

We do this for every y ∈ {1, ..., k∗ − 2}.

Finally consider the case y = k∗−1. For each c̄, c̄′ ∈ Ca,∞2 × Ca
b,∞

2 × ...× Cax2

take a sequence of types (t
c̄,(k∗−1)z
2 [c̄′], ..., tc̄,k

∗z−1
1 [c̄′]). Then, let us have

in each such sequence that type tc̄,(k
∗−1)z

2 [c̄′] assigns probability one
to type tc̄,(k

∗−1)z+1
1 [c̄′], and that type tc̄,(k

∗−1)z+n
i [c̄′] with i ∈ {1, 2} as-

signs probability one to type t
c̄,(k∗−1)z+n+1
j [c̄′] with j 6= i, for each

n ∈ {1, ..., z − 2}. Additionally, for each k = ap − a − 1, define type
t
c̄,(k∗−1)z+k
1 [c̄′] to be such that

b1[t
c̄,(k∗−1)z+k
1 [c̄′]] := (ca

p ′, t
c̄,(k∗−1)z+k+1
2 [c̄′]),
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with c̄′ = (ca′, ..., ca
x ′). Then define type tc̄,k

∗z−1
1 [c̄′] to be such that for

each c̄∗ = (ca
∗
, ca

b∗, ..., ca
x∗) ∈ Ca,∞2 × Ca

b,∞
2 × ...× Cax2

b1[tc̄,k
∗z−1

1 [c̄′]](ca∗, tc̄
′′

2 [c̄′′]) :=

{
bc̄
′
(c̄∗), if c̄∗ = c̄′′

0, otherwise.

We create such k∗ sequences of z types for each combination of choices
c̄ = (ca, ..., ca

x
) ∈ Ca,∞2 × Ca

b,∞
2 × ...× Cax2 . All these types together

form a partial epistemic model. Call this partial epistemic model M̄.

Extend this partial epistemic model in the following way. Let type
tc11 [c1] we fixed at the beginning be at the start of the following se-
quence of types: (tc11 [c1], tc1,12 [c1], ..., tc1,a−1

1 [c1]). Let type tc11 [c1] be such
that it assigns probability one to type tc1,12 [c1] and let type tc1,ni [c1] be
such that it assigns probability one to type tc1,n+1

j [c1], for each n ∈
{1, 2, ..., a− 2}.

Now, we have that from each combination of choices (ca, cb, ..., cx) we
derive a single combination of choices c̄ = (ca, ca

b
, ..., ca

x
). Then, for

each combination of choices (ca, cb, ..., cx) and the combination of choices
c̄ that is derived from it, define type tc1,a−1

1 [c1] to be such that

b1[tc1,a−1
1 [c1]](ca, tc̄

′
2 [c̄′]) :=

{
bc11 (ca, cb, ..., cx), if c̄′ = c̄,

0, otherwise.

As will be explained below, then type tc11 [c1] expresses on-path belief in
rationality in this partial epistemic model. We do so by first showing
that each type tc̄2[c̄] expresses z-fold belief in rationality, 2z-fold belief in
rationality, and so on. Additionally, we show that this type expresses
(ap − a)-fold belief in rationality, z + (ap − a)-fold belief in rationality
and so on, for every order ap.

First, it is clear that type tc̄2[c̄] for any c̄ ∈ Ca,∞2 × Ca
b,∞

2 × ...× Cax2

expresses z-fold belief in rationality by construction. Namely, for any
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c̄′ = (ca′, ..., ca
x ′), type tc̄,2z−1

1 [c̄′] is such that its distribution over choices
in C∞2 in the belief it induces is exactly equal to bc̄

′
, which makes

choice ca′ optimal by construction. Since from type tc̄,z1 [c̄′] a sequence
of z−1 probability one beliefs is induced that ends up at type tc̄,2z−1

1 [c̄′],
it follows that choice ca′ is optimal given type tc̄,z2 [c̄′]. We have in
the sequence (tc̄2[c̄], ..., tc̄,z−1

1 [c̄]) that type tc̄,z−1
1 [c̄] is constructed such

that it only assigns positive probability to choice-type combinations
(ca′, tc̄,z2 [c̄′] where the choice is optimal given such type. Hence type
tc̄2[c̄] expresses z-fold belief in rationality.

Similarly, type tc̄2[c̄] expresses (ap− a)-fold belief in rationality for each
order ap. To see this, first note that from type tc̄,a

p−a
2 [c̄] there follows

a sequence of probability one beliefs up to type tc̄,z−1
1 [c̄]. Second, type

tc̄,z−1
1 [c̄] induces a belief whose distribution over types is such that it is

equal to the distribution that bc̄ has over Ca,∞2 × ...×Ca
x,∞

2 . In different
terms, the belief b1[tc̄,z−1

1 [c̄]] assigns a probability to type tc̄,z2 [c̄′] that is
equal to the probability that bc̄ = bc

a

2 × ... × bc
ap

2 × ... × bca
x

2 assigns to
c̄′ = (ca′, ..., ca

p ′, ..., ca
x ′). Third, by construction, from type tc̄,z2 [c̄′] there

follows a sequence of (ap − a) probability one beliefs. The (ap − a)-th
type in this sequence assigns probability one to specifically the choice-
type combination (ca

p ′, tc̄,a
p−a

2 [c̄′]). Taken together then, type tc̄,a
p−a

2 [c̄]

induces a z-th order expectation that is equal to bc
ap

2 . By construction
choice ca

p
is optimal given ba

p

2 . Hence choice ca
p

is optimal given type
tc̄,a

p−a
2 [c̄]. Since from type tc̄2[c̄] there follows a sequence of probability

one beliefs up to type tc̄,a
p−a−1

1 [c̄] and b1[tc̄,a
p−a−1

1 [c̄]](ca
p
, tc̄,a

p−a
2 [c̄]) = 1,

we have that type tc̄2[c̄] expresses (ap − a)-fold belief in rationality.

Following exactly the same argument, we have that type tc̄,yz2 [c̄′] for
each c̄, c̄′ and each y ∈ {1, ..., k∗ − 1} expresses both z-fold belief in
rationality as well (ap − a)-fold belief in rationality for every order ap.

Each type tc̄2[c̄] and each type tc̄,yz2 [c̄′] in their z-th order beliefs only as-
sign positive probability to choice-type combinations where the types
are characterized as before. Hence, each type tc̄2[c̄] and each type tc̄,yz2 [c̄′]
only assign positive probability in their z-th order beliefs to type that
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express both z-fold belief in rationality and (ap−a)-fold belief in ratio-
nality for every order ap. It then follows that each type tc̄2[c̄] and each
type tc̄,yz2 [c̄′] then also expresses (ap − a + z)-fold belief in rationality
for every order ap, 2z-fold belief in rationality, (ap − a+ 2z)-fold belief
in rationality for every order ap 3z-fold belief in rationality, and so on.

We started off with type tc11 [c1]. In the a-th order belief, the belief hier-
archy induced by tc11 [c1] exclusively assigns positive probability to the
choice-type combinations (ca, tc̄2[c̄]) where c̄ starts with ca. By construc-
tion choice ca is optimal given type tc̄2[c̄], hence type tc11 [c1] expresses
a-fold belief in rationality. Moreover, each such type tc̄2[c̄] expresses
(ap − a + z)-fold belief in rationality for every order ap, 2z-fold belief
in rationality, (ap − a + 2z)-fold belief in rationality for every order
ap 3z-fold belief in rationality, and so on. It follows that type tc11 [c1]
then also expresses (ap + z)-fold belief in rationality for every order
ap, a+ z-fold belief in rationality, (ap + 2z)-fold belief in rationality for
every order ap, a + 2z-fold belief in rationality, and so on. Then, type
tc11 [c1] expresses on-path belief in rationality. Additionally, tc11 [c1] was
constructed such that c1 was optimal given the type.

Hence, we have constructed an epistemic model in which c1 is optimal
given a type that expresses on-path belief in rationality.

Step 2
We will now develop a similar recursive, backward construction for
scenario (iii) as we did earlier for scenarios (i) and (ii).

In Step 1 we have shown that for choice c1 ∈ C∞1 we can always con-
struct a partial epistemic model with a type tc11 [c1] for which c1 is opti-
mal and that expresses on-path belief in rationality. In Step 2 we will
now do the following. We will show that if there exists a belief hier-
archy expressing on-path belief in rationality for which c1 is optimal,
then there is also a belief hierarchy expressing common belief in ratio-
nality for which c1 is optimal.
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Consider a partial epistemic model M̄ = (Ti, bi[ti])i∈{1,2} as constructed
in Step 1. We had here for each combination of choices c̄ = (ca, ca

b
, ..., ca

x
)

a type tc̄2[c̄] that expressed (ap − a + yz)-fold belief in rationality and
(y + 1)z-fold belief in rationality for any y ∈ N. By means of a back-
ward, recursive procedure we transform this epistemic model such
that we get to a new, complete epistemic model that includes a type
tm2 [c̄, c̄, 0] that expresses common belief in rationality and induces the
same yz-th order expectation and (ap−a+yz)-th order expectation for
every y ∈ N as type tc̄2[c̄] does. The recursive procedure here defines
choices and types at the same time in each iteration.

The recursive procedure is as follows.

Iteration 0:
For each combination of choices
c̄ = (ca, ca

b
, ..., ca

x
) ∈ Ca,∞2 × Ca

b,∞
2 × ...× Ca

x,∞
2 , define

d0[c̄, c̄, 0] := ca.

Also define for each order ap

d0[c̄, c̄, ap − a] := ca
p
.

Moreover, for each k ∈ {1, 2, ..., z − 1} with k 6= ap − a for any order
ap, define d0[c̄, c̄, k] randomly:

d0[c̄, c̄, k] := c′, for some c′ ∈ C∞2 if k is even or some c′ ∈ C∞1 if k is odd.

For each y ∈ {1, ..., k∗ − 1}, define for each c̄, c̄′ ∈ Ca,∞2 × Ca
b,∞

2 × ...× Ca
x,∞

2

with c̄′ = (ca′, ..., ca
x ′)

d0[c̄, c̄′, yz] := ca′,

and for each order ap

d0[c̄, c̄′, ap − a+ yz] := ca
p ′,
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and finally for each k ∈ {1, 2, ..., z − 1} with k 6= ap − a for any order
ap

d0[c̄, c̄′, yz + k] := c′, for some c′ ∈ C∞2 if k is even or
some c′ ∈ C∞1 if k is odd.

Take a sequence of types (t02[c̄, c̄, 0], ..., t01[c̄, c̄, z− 1]) for every combina-
tion of choices c̄. Similarly, for each y ∈ {1, ..., k∗ − 1} and each pair
c̄, c̄′ ∈ Ca,∞2 × ...× Ca

x,∞
2 take a sequence of types

(t02[c̄, c̄′, yz], ..., t01[c̄, c̄′, (y + 1)z − 1]).

Now, for each combination of choices c̄, define type t02[c̄, c̄, 0] such that

b2[t02[c̄, c̄, 0]] := (d0[c̄, c̄, 1], t01[c̄, c̄, 1]).

Then, define for each k ∈ {1, 2, ..., z − 2} type t0i [c̄, c̄, k] with i ∈ {1, 2}
to be such that

bi[t
0
i [c̄, c̄, k]] := (d0[c̄, c̄, k + 1], t0j [c̄, c̄, k + 1]),

where j 6= i. Finally, we define type t01[c̄, c̄, z − 1] to be such that

b1[t01[c̄, c̄, z − 1]](ca′, t02[c̄, c̄′, z]) := bc̄(c̄′),

∀c̄′ = (ca′, ca
b ′, ..., ca

x ′) ∈ Ca,∞2 × Ca
b,∞

2 × ...× Ca
x,∞

2 .

In a similar manner, for each pair c̄, c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2 and each
y ∈ {1, ..., k∗ − 1}, define type t02[c̄, c̄′, yz] to be such that

b2[t02[c̄, c̄′, yz]] := (d0[c̄, c̄′, yz + 1], t01[c̄, c̄′, yz + 1]).

And define for each k ∈ {1, 2, ..., z − 2} type t0i [c̄, c̄
′, yz + k] with i ∈

{1, 2} to be such that

bi[t
0
i [c̄, c̄

′, yz + k]] := (d0[c̄, c̄′, yz + k + 1], t0j [c̄, c̄
′, yz + k + 1]),
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where j 6= i. Finally, we define type t01[c̄, c̄′, (y + 1)z − 1] for y ∈
{1, ..., k∗ − 1} to be such that

b1[t01[c̄, c̄′, (y + 1)z − 1]](ca′′, t02[c̄, c̄′′, (y + 1)z]) := bc̄
′
(c̄′′),

∀c̄′′ = (ca′′, ..., ca
x ′′) ∈ Ca,∞2 × Ca

b,∞
2 × ...× Ca

x,∞
2 .

If y = k∗ − 1, define type t01[c̄, c̄′, k∗z − 1] to be such that

b1[t01[c̄, c̄′, k∗z − 1]](ca′′, t02[c̄′′, c̄′′, 0]) := bc̄
′
(c̄′′),

∀c̄′′ = (ca′′, ..., ca
x ′′) ∈ Ca,∞2 × Ca

b,∞
2 × ...× Ca

x,∞
2 .

Note that by construction of Step 1, we have for each y ∈ 1, ..., k∗ that
bc̄
′
(c̄′′) = b1[t01[c̄, c̄′, yz − 1]](c̄′′, t02[c̄, c̄′, yz]) for each c̄′′. And for each

order ap we have that b1[t01[c̄, c̄′, ap − a− 1 + (y − 1)z]] = (d0[c̄, c̄′, ap −
a+ (y− 1)z], t02[c̄, c̄′ap−a+ (y− 1)z]). Moreover, all other types induce
probability one beliefs. So for Iteration 0 we essentially take a copy
of the epistemic model M̄ created in Step 1, but fill in the beliefs that
were still incomplete from this step.

Iteration n ≥ 1 :
For each pair of combinations of choices c̄, c̄′ ∈ Ca,∞2 × ...× Ca

x,∞
2 , take

a sequence of types (tn2 [c̄, c̄′, (k∗−1)z], ..., tn1 [c̄, c̄′, k∗z−1]). Then, define
type tn1 [c̄, c̄′, k∗z − 1] to be such that

b1[tn1 [c̄, c̄′, k∗z − 1]](ca′′, tn−1
2 [c̄′′, c̄′′, 0]) := bc̄

′
(c̄′′),

∀c̄′′ = (ca′′, ..., ca
x ′′) ∈ Ca,∞2 × ...× Ca

x,∞
2 .

We then also define

dn[c̄, c̄′, k∗z − 1] := c′1, with c′1 optimal given the type tn1 [c̄, c̄′, k∗z − 1].

We also define for each order ap

dn[c̄, c̄′, (k∗ − 1)z + (ap − a)] := ca
p ′.
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Now, for each pair c̄, c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2 , define recursively for
each even k ∈ {2, ..., z − 2} starting at k = z−2, type tn2 [c̄, c̄′, (k∗−1)z+k]
to be such that

b2[tn2 [c̄, c̄′, (k∗−1)z+k]] := (dn[c̄, c̄′, (k∗−1)z+k+1], tn1 [c̄, c̄′, (k∗−1)z+k+1]).

Second, if k 6= ap − a also define

dn[c̄, c̄′, (k∗ − 1)z + k] := c∗2, with c∗2 optimal given the type
tn2 [c̄, c̄′, (k∗ − 1)z + k].

Third, define type tn1 [c̄, c̄′, (k∗ − 1)z + k − 1] to be such that

b1[tn1 [c̄, c̄′, (k∗−1)z+k−1]] := (dn[c̄, c̄′, (k∗−1)z+k], tn1 [c̄, c̄′, (k∗−1)z+k−1].

Fourth, also define

dn[c̄, c̄′, (k∗ − 1)z + k − 1] := c∗1, with c∗1 optimal given the type
tn1 [c̄, c̄′, (k∗ − 1)z + k − 1]].

Finally, define type tn2 [c̄, c̄′, (k∗ − 1)z] to be such that

b2[tn2 [c̄, c̄′, (k∗ − 1)z]] := (dn[c̄, c̄′, (k∗ − 1)z + 1], tn1 [c̄, c̄′, (k∗ − 1)z + 1]),

and define
dn[c̄, c̄′, (k∗ − 1)z]] := ca′.

Next, for each y ∈ {1, ..., k∗ − 2}, do the following iteratively, going
backwards starting at y = k∗−2: For each pair c̄, c̄′ ∈ Ca,∞2 × ...× Ca

x,∞
2 ,

take a sequence of types (tn2 [c̄, c̄′, yz], ..., tn1 [c̄, c̄′, (y+ 1)z−1]). Then, de-
fine type tn1 [c̄, c̄′, (y + 1)z − 1] to be such that

b1[tn1 [c̄, c̄′, (y + 1)z − 1]](ca′′, tn2 [c̄, c̄′′, (y + 1)z]) := bc̄
′
(c̄′′),

∀c̄′′ = (ca′′, ..., ca
x ′′) ∈ Ca,∞2 × ...× Ca

x,∞
2 .
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We then also define

dn[c̄, c̄′, (y + 1)z − 1] := c′1, with c′1 optimal given the type
tn1 [c̄, c̄′, (y + 1)z − 1].

We also define for each order ap

dn[c̄, c̄′, yz + (ap − a)] := ca
p ′.

Now, for each pair c̄, c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2 , define recursively for
each even k ∈ {2, ..., z − 2} starting at k = z − 2, type tn2 [c̄, c̄′, yz + k] to
be such that

b2[tn2 [c̄, c̄′, yz + k]] := (dn[c̄, c̄′, yz + k + 1], tn1 [c̄, c̄′, yz + k + 1]).

Second, if k 6= ap − a also define

dn[c̄, c̄′, yz + k] := c∗2, with c∗2 optimal given the type
tn2 [c̄, c̄′, yz + k].

Third, define type tn1 [c̄, c̄′, yz + k − 1] to be such that

b1[tn1 [c̄, c̄′, yz + k − 1]] := (dn[c̄, c̄′, yz + k], tn1 [c̄, c̄′, yz + k − 1].

Fourth, also define

dn[c̄, c̄′, yz + k − 1] := c∗1, with c∗1 optimal given the type
tn1 [c̄, c̄′, yz + k − 1]].

Finally, define type tn2 [c̄, c̄′, yz] to be such that

b2[tn2 [c̄, c̄′, yz]] := (dn[c̄, c̄′, yz + 1], tn1 [c̄, c̄′, yz + 1]),

and define
dn[c̄, c̄′, yz]] := ca′.

We do this iteratively for each y ∈ {1, ..., k∗ − 2}, starting at y = k∗− 2.
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Finally, for y = 1, we again do the following: For each pair c̄, c̄′ ∈
Ca,∞2 × ...× Ca

x,∞
2 , take a sequence of types (tn2 [c̄, c̄, 0], ..., tn1 [c̄, c̄′, z −

1]). Then, define type tn1 [c̄, c̄, z − 1] to be such that

b1[tn1 [c̄, c̄, z − 1]](ca′′, tn2 [c̄, c̄′′, z]) := bc̄(c̄′′),

∀c̄′′ = (ca′′, ..., ca
x ′′) ∈ Ca,∞2 × ...× Ca

x,∞
2 .

We then also define

dn[c̄, c̄, z − 1] := c′1, with c′1 optimal given the type tn1 [c̄, c̄′, z − 1].

We also define for each order ap

dn[c̄, c̄, (ap − a)] := ca
p
.

Now, for each c̄ ∈ Ca,∞2 × ...× Ca
x,∞

2 , define recursively for each even
k ∈ {2, ..., z − 2} starting at k = z − 2, type tn2 [c̄, c̄, k] to be such that

b2[tn2 [c̄, c̄, k]] := (dn[c̄, c̄, k + 1], tn1 [c̄, c̄, k + 1]).

Second, if k 6= ap − a also define

dn[c̄, c̄, k] := c∗2, with c∗2 optimal given the type tn2 [c̄, c̄, k].

Third, define type tn1 [c̄, c̄, k − 1] to be such that

b1[tn1 [c̄, c̄, k − 1]] := (dn[c̄, c̄, k], tn1 [c̄, c̄, k − 1].

Fourth, also define

dn[c̄, c̄, k − 1] := c∗1, with c∗1 optimal given the type tn1 [c̄, c̄, k − 1]].

Finally, define type tn2 [c̄, c̄, 0] to be such that

b2[tn2 [c̄, c̄, 0]] := (dn[c̄, c̄, 1], tn1 [c̄, c̄, 1]),
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and define
dn[c̄, c̄, 0]] := ca.

We have that C∞1 and C∞2 are finite sets. Additionally, z and k∗ are
finite orders of belief and thus k∗z is a finite order of belief as well.
Finally, we have that Ca,∞2 × ...×Ca

x,∞
2 is a finite set as well. Together,

we then have that there are iterations m,n with m > n such that:

dm[c̄, c̄, k] = dn[c̄, c̄, k], ∀c̄ ∈ Ca,∞2 × ...× Ca
x,∞

2 , k ∈ {0, 1, ..., z − 1},

and

dm[c̄, c̄′, yz + k] = dn[c̄, c̄′, yz + k], ∀c̄, c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2 ,

y ∈ {1, ..., k∗ − 1}.

When we find such iterations m and n, we stop the recursive proce-
dure.

Now we create the epistemic modelM∗ from the types we have con-
structed in our recursive procedure. Define

T2(l) :={tl2[c̄, c̄, k] : c̄ ∈ Ca,∞2 × ...× Ca
x,∞

2 , k ∈ {0, ..., z − 2} even}∪

{tl1[c̄, c̄′, yz + k] : c̄, c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2 , y ∈ {1, ..., k∗ − 1},
k ∈ {0, ..., z − 2} even}

and

T1(l) :={tl1[c̄, c̄, k] : c̄ ∈ Ca,∞2 × ...× Ca
x,∞

2 , k ∈ {0, 1, ..., z − 1} odd}∪

{tl1[c̄, c̄′, yz + k] : c̄, c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2 , y ∈ {1, ..., k∗ − 1},
k ∈ {0, ..., z − 1} odd.}

Then, let T (l) := T1(l) ∪ T2(l). Do this for every l ∈ {n, ...,m}.

In T (n+ 1) specifically, we re-define for each c̄, c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2
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the type tn+1
1 [c̄, c̄′, k∗z − 1] to be such that

b1[tn+1
1 [c̄, c̄′, k∗z − 1]](ca′′, tm2 [c̄′′, c̄′′, 0]) := bc̄

′
(c̄′′),

∀c̄′′ = (ca′′, ..., ca
x ′′) ∈ Ca,∞2 × ...× Ca

x,∞
2 .

So instead of assigning positive probability to types in T (n), each type
tn+1
1 [c̄, c̄′, k∗z − 1] now assigns positive probability to types in T (m).

Then define

M∗ := (
⋃

l∈{n+1,...,m}
Ti(l), b[ti])i∈{1,2}.

We will show that each type inM∗ expresses common belief in ratio-
nality. We will do so in steps.

First, for the epistemic model M∗, we can note that for each com-
bination of choices c̄ = (ca, ca

b
, ..., ca

x
) and each l ∈ {n+ 1, ...,m},

choice ca is optimal for type tl2[c̄, c̄, 0]. We can also say that for each
c̄ = (ca, ca

b
, ..., ca

x
), c̄′ = (ca′, ca

b ′, ..., ca
x ′), each l ∈ {n+ 1, ...,m} and

each y ∈ {1, ..., k∗ − 1} that choice ca′ is optimal for type tl2[c̄, c̄′, yz].

Namely, from type tl2[c̄, c̄, 0] there follows a sequence of probability one
beliefs, induced by the sequence of types (tl2[c̄, c̄, 0], ..., tl2[c̄, c̄, z − 2]).
This sequence of probability one beliefs ends at type tl1[c̄, c̄, z − 1]. By
our recursive backwards construction and the way we defined bc̄ in
Step 1, we have that

margC∞2 b1[tl1[c̄, c̄, z − 1]] = bc
a

2 .

It follows then that type tl2[c̄, c̄, 0] induces a z-th order expectation that
is equal to bc

a

2 . And we constructed bc
a

2 such that ca is optimal given
bc

a

2 . Hence ca is optimal given type tl2[c̄, c̄, 0]. This goes for every l ∈
{n+ 1, ...,m}.

Similarly, for each y ∈ {1, ..., k∗ − 1}, from type tl2[c̄, c̄′, yz] there fol-
lows a sequence of probability one beliefs, induced by the sequence of

185



Chapter 5. When is Iterated Elimination of Choices Enough?

types (tl2[c̄, c̄′, yz], ..., tl2[c̄, c̄′, (y + 1)z − 2]). This sequence ends at type
tl1[c̄, c̄′, (y + 1)z − 1]. By construction, we have that

margC∞2 b1[tl1[c̄, c̄′, (y + 1)z − 1]] = bc
a′

2 .

It follows then that type tl2[c̄, c̄′, yz] induces a z-th order expectation
that is equal to bc

a′
2 . We constructed bc

a′
2 such that ca′ is optimal given

bc
a′

2 . Hence ca′ is optimal given type tl2[c̄, c̄′, yz]. This goes for every
l ∈ {n+ 1, ...,m}.

Second, we can also note that for each combination of choices c̄, each
order ap and each l ∈ {n+ 1, ...,m} we have that choice ca

p
is optimal

for type tl2[c̄, c̄, ap− a]. Moreover, for each pair c̄, c̄′, each order ap, each
l ∈ {n+ 1, ...,m} and each y ∈ {1, ..., k∗ − 1} we have that choice ca

p ′

is optimal for the type tl2[c̄, c̄′, ap − a+ yz].

Namely, from type tl2[c̄, c̄, 0] there follows a sequence of probability one
beliefs, induced by the sequence of types (tl2[c̄, c̄, 0], ..., tl2[c̄, c̄, z − 2]).
This sequence of probability one beliefs ends at type tl1[c̄, c̄, z − 1]. By
our recursive backwards construction, we have that

b1[tl1[c̄, c̄, z − 1](dl[c̄, c̄′, z], tl−1
2 [c̄, c̄′, z]) = bc̄(c̄′),

∀c̄′ = (ca′, ca
b ′, ..., ca

x ′)′ ∈ Ca,∞2 × Ca
b,∞

2 × ...× Ca
x,∞

2 .

By Step 1 we defined bc̄ as the joint probability distribution of the
z-th order expectations bc

ap

2 for all orders ap. Now, from each type
tl−1
2 [c̄, c̄′, 0] there again follows a sequence of probability one beliefs up

to at least type tl−1
2 [c̄, c̄′, ap−a−1+z]. And type tl−1

2 [c̄, c̄′, ap−a−1+z]
assigns by construction of our recursive procedure probability one to
choice ca

p ′. Taken together, it follows that type tl2[c̄, c̄, ap − a] induces a
z-th order expectation that is equal to bc

ap

2 . By construction of Step 1,
we have that choice ca

p
is optimal given bc

ap

2 . Hence, choice ca
p

is also
optimal given type tl2[c̄, c̄, ap − a].

Similarly, for each y ∈ {1, ..., k∗ − 1}, from type tl2[c̄, c̄′, yz] there follows
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a sequence of probability one beliefs, induced by the sequence of types
(tl2[c̄, c̄′, yz], ..., tl2[c̄, c̄′, (y + 1)z − 2]). This sequence of probability one
beliefs ends at type tl1[c̄, c̄′, (y + 1)z − 1]. By our recursive backwards
construction, we have that

b1[tl1[c̄, c̄′, (y + 1)z − 1](dl[c̄, c̄′′, (y + 1)z], tl−1
2 [c̄, c̄′′, (y + 1)z]) = bc̄

′
(c̄′′),

∀c̄′′ = (ca′′, ca
b ′′, ..., ca

x ′′)′ ∈ Ca,∞2 × Ca
b,∞

2 × ...× Ca
x,∞

2 .

By Step 1 we defined bc̄
′

as the joint probability distribution of the
z-th order expectations bc

ap ′
2 for all orders ap. Now, from each type

tl−1
2 [c̄, c̄′′, (y + 1)z] there again follows a sequence of probability one

beliefs up to at least type tl−1
2 [c̄, c̄′′, ap − a − 1 + (y + 1)z]. And type

tl−1
2 [c̄, c̄′′, ap − a − 1 + (y + 1)z] assigns by construction of our recur-

sive procedure probability one to choice ca
p ′′. Taken together, it fol-

lows that type tl2[c̄, c̄′, ap− a+ yz] induces a z-th order expectation that
is equal to bc

ap ′
2 . By construction of Step 1, we have that choice ca

p ′

is optimal given bc
ap ′

2 . Hence, choice ca
p ′ is also optimal given type

tl2[c̄, c̄′, ap − a+ yz].

Third, we can also show the following is true.

Claim 5.4. Consider the epistemic modelM∗. For each l ∈ {n+ 1, ...,m},
each k ∈ {1, 2, ..., z − 1} for k 6= ap − a for any order ap and each com-
bination of choices c̄ ∈ Ca,∞2 × Ca

b,∞
2 × ...× Ca

x,∞
2 , each choice dl[c̄, c̄, k]

is optimal given the type tli[c̄, c̄, k] with i ∈ {1, 2}. Moreover, for each y ∈
{1, ..., k∗ − 1}, for each l ∈ {n+ 1, ...,m}, each k ∈ {1, 2, ..., z − 1} for k 6=
ap − a for any order ap and each pair c̄, c̄′ ∈ Ca,∞2 × Ca

b,∞
2 × ...× Ca

x,∞
2 ,

each choice dl[c̄, c̄′, yz + k] is optimal given the type tli[c̄, c̄
′, yz + k] with

i ∈ {1, 2}.

Proof of claim. We start of with the epistemic model we created when
ending the recursive procedure, but beforeM∗ was created.
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For each k ∈ {0, 1, ..., z − 2} and each c̄′ we have by construction that

bi[t
n
i [c̄′, c̄′, k](dn[c̄′, c̄′, k + 1], tnj [c̄′, c̄′, k + 1]) = 1 =

bi[t
m
i [c̄′, c̄′, k](dm[c̄′, c̄′, k + 1], tmj [c̄′, c̄′, k + 1]),

with dn[c̄′, c̄′, k + 1] = dm[c̄′, c̄′, k + 1]. Note that these were the n and
m that determined when to stop our recursive procedure. Moreover,
for each k ∈ {0, 1, ..., a− 2}, each c̄′, c̄∗ ∈ Ca,∞2 × ...× Ca

x,∞
2 and each

y ∈ {1, ..., k∗ − 1}we also have by construction

bi[t
n
i [c̄′, c̄∗, yz + k](dn[c̄′, c̄∗, yz + k + 1], tnj [c̄′, c̄∗, yz + k + 1]) = 1 =

bi[t
m
i [c̄′, c̄∗, yz + k](dm[c̄′, c̄∗, yz + k + 1], tmj [c̄′, c̄∗, yz + k + 1]),

with dn[c̄′, c̄∗, yz+ k+ 1] = dm[c̄′, c̄∗, yz+ k+ 1]. Additionally, we have
by construction that

b1[tn1 [c̄′, c̄′, z − 1](dn[c̄′, c̄′′, z], tn2 [c̄′, c̄′′, z]) = bc̄
′
(c̄′′) =

b1[tm1 [c̄′, c̄′, z − 1](dm[c̄′, c̄′′, z], tm2 [c̄′, c̄′′, z]),

for each c̄′′ ∈ Ca,∞2 × ...× Ca
x,∞

2 . For each y ∈ {1, ..., k∗ − 2} we also
have that

b1[tn1 [c̄′, c̄∗, yz − 1](dn[c̄′, c̄′′, yz], tn2 [c̄′, c̄′′, yz]) = bc̄
∗
(c̄′′) =

b1[tm1 [c̄′, c̄∗, yz − 1](dm[c̄′, c̄′′, yz], tm2 [c̄′, c̄′′, yz]),

for each c̄′′ ∈ Ca,∞2 × ...× Ca
x,∞

2 . Finally, we have that

b1[tn1 [c̄′, c̄∗, k∗z − 1](dn−1[c̄′′, c′′1, 0], tn−1
2 [c̄′′, c̄′′, 0]) = bc̄

∗
(c̄′′) =

b1[tm1 [c̄′, c̄∗, k∗z − 1](dm−1[c̄′′, c̄′′, 0], tm−1
2 [c̄′′, c̄′′, 0]),

for each c̄′′ ∈ Ca,∞2 × ...× Ca
x,∞

2 .

Then, for each c̄′ ∈ Ca,∞2 × ...× Ca
x,∞

2 , the pair of types tm2 [c̄′, c̄′, 0] and
tn2 [c̄′, c̄′, 0] induce the same k∗z-th order belief. To see why this is the
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case, we can employ a recursive argument, for each y ∈ {1, ..., k∗ − 1}
starting at y = k∗ − 1.

We can first note that the pair of types tm2 [c̄′, c̄∗, (k∗−1)z] and tn2 [c̄′, c̄∗, (k∗−
1)z] for each c̄′, c̄∗ induce the same z-th order belief. Namely, from the
beginning of the proof of this claim we know that types tmi [c̄′, c̄∗, (k∗ −
1)z+k] and tni [c̄′, c̄∗, (k∗−1)z+k] with i ∈ {1, 2} for each k ∈ {1, ..., z − 2}
induce a probability one belief. Moreover, the first-order belief in-
duced by type tmi [c̄′, c̄∗, (k∗− 1)z+k] for each k ∈ {1, ..., z − 1} is equal
to the first-order belief induced by type tni [c̄′, c̄∗, (k∗ − 1)z + k]. As a
result, types tmi [c̄′, c̄∗, (k∗ − 1)z + k] and tni [c̄′, c̄∗, (k∗ − 1)z + k] induce
the same z-th order belief.

Now recall, for each c̄′, c̄∗ ∈ Ca,∞2 × ...× Ca
x,∞

2 , we have that

b1[tn1 [c̄′, c̄∗, (k∗ − 1)z − 1](dn[c̄′, c̄′′, (k∗ − 1)z], tn2 [c̄′, c̄′′, (k∗ − 1)z]) = bc̄
∗

1 (c̄′′) =

b1[tm1 [c̄′, c̄∗, (k∗ − 1)z − 1](dm[c̄′, c̄′′, (k∗ − 1)z], tm2 [c̄′, c̄′′, (k∗ − 1)z]).

Both types tm1 [c̄′, c̄∗, (k∗−1)z−1] and tn1 [c̄′, c̄∗, (k∗−1)z−1] thus assign
exactly the same probability to choice-type combinations where the
choice is equal and the type induces the same z-th order belief. Hence,
both types induce the same (z + 1)-th order belief.
Now we can employ our recursive argument, starting at y = k∗ − 2.
For y ∈ {1, ..., k∗ − 2}, assume that types tm1 [c̄′, c̄∗, (y + 1)z − 1] and
tn1 [c̄′, c̄∗, (y+ 1)z−1] induce the same ((k∗−y−1)z+ 1)-th order belief.
Then types tm2 [c̄′, c̄∗, yz] and tn2 [c̄′, c̄∗, yz] induce the same (k∗ − p)z-th
order belief. Namely, from the beginning of the proof of this claim we
have that types tmi [c̄′, c̄∗, yz + k] and tni [c̄′, c̄∗, yz + k] with i ∈ {1, 2} for
each k ∈ {1, ..., z − 2} induce a probability one belief and moreover
induce the same first-order belief. Therefore, they induce the same
(z − 1)-th order belief. Additionally, types tm2 [c̄′, c̄∗, (y + 1)z − 2] and
tn2 [c̄′, c̄∗, (y+1)z−2] assign probability one to types that by assumption
induce the same ((k∗−y)z+1)-th order belief. It follows then that types
tm2 [c̄′, c̄∗, yz] and tn2 [c̄′, c̄∗, yz] induce the same (k∗ − y)z-th order belief.
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Now recall that for each c̄′, c̄∗ ∈ Ca,∞2 × ...× Ca
x,∞

2 , we have that

b1[tn1 [c̄′, c̄∗, yz − 1]](dn[c̄′, c̄′′, yz], tn2 [c̄′, c̄′′, yz]) = bc̄11 (c′′1) =

b1[tm1 [c̄′, c̄∗, yz − 1]](dm[c̄′, c̄′′, yz], tm2 [c̄′, c̄′′, yz])

Both types tm1 [c̄′, c̄∗, yz − 1] and tn1 [c̄′, c̄∗, yz − 1] thus assign exactly the
same probability to choice-type combinations where the choice is equal
and the type induces the same (k∗ − y)z-th order belief. Hence, both
types induce the same ((k∗ − y)z + 1)-th order belief.

Following the same argument, we can establish that types tm2 [c̄′, c̄′, 0]
and tn2 [c̄′, c̄′, 0] induce the same k∗z-th order belief. From the above we
know that types tm1 [c̄′, c̄′, z−1] and tn1 [c̄′, c̄′, z−1] induce the same ((k∗−
1)y + 1)-th order belief. From the beginning of the proof of this claim
we have that types tmi [c̄′, c̄′, k] and tni [c̄′, c̄′, k] with i ∈ {1, 2} for each
k ∈ {1, ..., z − 2} induce a probability one belief and moreover induce
the same first-order belief. Therefore, they induce the same (z − 1)-
th order belief. Additionally, types tm2 [c̄′, c̄′, z − 2] and tn2 [c̄′, c̄′, z − 2]
assign probability one to types that by the above recursive argument
induce the same ((k∗ − 1)z + 1) order belief. It follows then that types
tm2 [c̄′, c̄′, 0] and tn2 [c̄′, c̄′, 0] induce the same k∗z-th order belief. This goes
for each c̄′ ∈ Ca,∞2 × ...× Ca

x,∞
2 .

Denote type tn+1
1 [c̄, c̄∗, k∗z − 1] that results from our recursive back-

wards procedure but before constructingM∗ by t̄n+1
1 [c̄, c̄∗, k∗z − 1]. In

contrast, let the same type that does result from constructingM∗ still
be denoted as tn+1

1 [c̄, c̄∗, k∗z − 1]. Now, we have for each combination
of choices c̄ ∈ Ca,∞2 × ...× Ca

x,∞
2

b1[t̄n+1
1 [c̄, c̄∗, k∗z − 1]](ca′, tn2 [c̄′, c̄′, 0]) = b1[tn+1

1 [c̄, c̄∗, k∗z − 1]](ca′, tm1 [c̄′, c̄′, 0]),

∀c̄′ = (ca′, ..., cx′) ∈ Ca,∞2 × ...× Ca
x,∞

2 .
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It thus follows that each such type tn+1
1 [c̄, c̄∗, k∗z − 1] induces the same

(k∗z+1)-th order belief inM∗ as it did beforeM∗ was constructed. All
the remaining types in

⋃
l∈{n+1,...,m} T (l) remained unchanged when

M∗ was constructed: they induce exactly the same belief over choice-
type combinations as before. As a result, all types in

⋃
l∈{n+1,...,m} T (l)

induce at least the same (k∗z + 1)-th order belief inM∗ as beforeM∗
was constructed.

In our backward construction procedure of types and choices, before
creatingM∗, we constructed each dl[c̄, c̄′, k] for each l ∈ {n+ 1, ...,m},
k ∈ {1, ..., k∗z − 1} and c̄, c̄′ ∈ Ca,∞2 × ...× Ca

x,∞
2 such that it is optimal

given type tli[c̄, c̄
′, k]. Now, we have that the maximum directly utility-

relevant order of belief for any player is k∗ and that each type tli[c̄, c̄
′, k]

at least induces exactly the same (k∗z + 1)-th order belief inM∗ as it
did before constructingM∗. Hence, we also have inM∗ that dl[c̄, c̄′, k]
is optimal given tli[c̄, c̄

′, k]. This completes the proof of this claim.

Since each type inM∗ only assigns positive probability to choice-type
combinations of the likes of (dl[c̄, c̄′, k], tli[c̄, c̄

′, k]]) for k ∈ {0, 1, ..., k∗a− 1},
each type only assigns positive probability to choice-type combina-
tions where the choice is optimal given the type. Hence each type in
M∗ expresses 1-fold belief in rationality. Therefore also each type in
M∗ expresses common belief in rationality.

We have now the following result. For each combination of choices
c̄ = (ca, ca

b
, ..., ca

x
), we have for choice ca constructed type tm2 [c̄, c̄, 0]

such that ca is optimal given that type. This type also expresses com-
mon belief in rationality in M∗ Additionally, for each pair c̄, c̄′ with
c̄′ = (ca′, ca

b ′, ..., ca
x ′), the type tm1 [c̄, c̄′, ap − a − 1 + yz] always assigns

probability one to choice ca
p ′.
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As a final step, we extend this finite epistemic model in the follow-
ing way. Consider again the type tc11 [c1] we fixed in Step 1 of this
proof. Choice c1 is optimal given some higher-order expectation bc11 ∈
∆(Ca,∞2 × Cb,∞2 × ...× Cx,∞2 ).

We have from Step 1 that tc11 [c1] is at the start of the following sequence
of types: (tc11 [c1], ..., tc1,a−1

1 [c1]). Type tc11 [c1] is such that it assigns prob-
ability one to type tc1,12 [c1] and for each n ∈ {1, 2, ..., a− 2}we have that
type tc1,ni [c1] is such that it assigns probability one to type tc1,n+1

j [c1].

Second, recall that each combination of choices c̄ = (ca, ca
b
, ..., ca

x
) was

derived from a different combination of choices in Ca,∞2 ×Cb,∞2 × ...×
Cx,∞2 . Then, by construction of Step 1 we had for each (ca, cb, ..., cx)
and each combination of choices c̄ that is derived from it, that type
tc1,a−1
1 [c1] is such that

b1[tc1,a−1
1 [c1]](ca, tm2 [c̄′, c̄′, 0]) :=

{
bc11 (ca, cb, ..., cx), if c̄′ = c̄,

0, otherwise,

where type tm2 [c̄′, c̄′, 0] now replaces type tc̄2[c̄′] from Step 1. Taken to-
gether, we have that type tc1,a−1

1 [c1] is constructed such that choice c1 is
optimal given type tc11 [c1]. Moreover, type tc1,a−1

1 [c1], by construction
of M∗ only assigns positive probability to choice-type combinations
where the choice is optimal given the type and the type expresses com-
mon belief in rationality.

Finally, for each n ∈ {1, 2, ..., a− 2}, do the following in a stepwise
manner, starting at n = a − 2. Take type tc1,ni [c1]. Let bi[t

c1,n
i [c1]] :=

(c′, tc1,n+1
j [c1]), with c′ being optimal given type tc1,n+1

i [c1]. Likewise,
let b1[tc11 [c1]] := (c′, tc1,12 [c1]), with c′ such that it is optimal given tc1,12 [c1].
Then, type tc1,ni [c1] for each n and type tc11 [c1] express belief in the op-
ponent’s rationality. As such, we have iteratively connected type tc11 [c1]
exclusively to types that express common belief in rationality. Hence,
type tc11 [c1] expresses common belief in rationality. Call the resulting
epistemic modelM∗∗.
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Thus, we constructed a finite epistemic model with a type that ex-
presses common belief in rationality for which choice c1 is optimal.

In Step 1 we have shown that for every choice c1 ∈ C∞1 we can con-
struct a partial epistemic model with a type that expresses on-path be-
lief in rationality and that is such that choice c1 is optimal. In Step 2
we showed that we are then also able to construct a finite, epistemic
model with a type that expresses common belief in rationality and that
is such that choice c1 is optimal. This concludes the proof for Scenario
(iii). This also concludes the proof for Lemma 5.4 as a whole.
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6
Conclusion

This chapter provides a general conclusion from an academic perspec-
tive. More detailed comments can be found separately in the previous
chapters. The focus of this thesis has been on the intersection between
psychological game theory and epistemic game theory. Both of these
fields developed in order to provide a better understanding of particu-
lar aspects of strategic decision-making processes. Psychological game
theory provides a framework that allows for the modeling and study
of belief-dependent motivations. These motivations include very real
and regularly visible phenomena such as guilt, reciprocity, and the
leading example in this thesis: surprise. The aim of epistemic game
theory has been to model the reasoning processes that are implicitly
assumed when applying traditional game-theoretic solution concepts.
The machinery that developed from these endeavours moreover has
been used to describe novel reasoning concepts. However, the lessons
learned in the past from epistemic game theory regarding traditional
games do not directly translate to the more general class of psycholog-
ical games. With this in mind, I identified three challenges at the start
of thesis. Each of them has been tackled in a separate chapter.
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Chapter 6. Conclusion

CHAPTER 3 considered issues in mathematical modeling that can arise
when turning to psychological games. To model cautious reasoning,
lexicographic probability systems are conventionally used. In psycho-
logical games, capturing belief hierarchies in such probability systems
can cause essential information to go lost. We are in fact in need of a
way to quantify an ‘infinitely less important than’-relationship. Belief
hierarchies modeled using non-standard belief accomplish this.

In CHAPTER 4 the Surprise Exam Paradox (SEP) was considered from a
game-theoretic perspective and a resolution was provided. In a broader
sense, the SEP points to a new argument to be critical on the use of
equilibria as solution concepts to psychological games. In psycholog-
ical games, the common rationale of learning equilibria by repeated
interaction is already difficult to apply, as beliefs are not necessarily
ex-post observable. The SEP however points out that there can ex-
ist belief-dependent motivations, such as surprise, that can be con-
ceptually incompatible with the correct beliefs assumption underlying
prominent equilibrium concepts.

CHAPTER 5 focused on the procedure of iterated elimination of strictly
dominated choices (IESDC). In traditional games this procedure ex-
actly characterizes rational choices under belief hierarchies expressing
common belief in rationality. This is a nice result, as IESDC is sim-
ple in its use and intuitively appealing. In psychological games the
result does not hold in general. We classified psychological games
based on the orders of belief matter for the utility of players. If none of
three specific conditions is satisfied by the family a particular game is
part of, then this can spell trouble for the characterizing power of the
IESDC-procedure. I found that an additional complexity that belief-
dependent motivations introduce is that the reasoning about two dif-
ferent rationality-events can overlap and interfere with each other. When
this happens, iterated elimination of choices breaks down in its charac-
terization. In such situations decision-makers need to engage in more
complex elimination procedures to reason in line with common belief
in rationality.
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In a broader view, this thesis provides some cautionary lessons for do-
ing analysis in strategic settings with belief-dependent motivations.
Most belief-dependent motivations of interest are emotions. Many
emotions are known to inhibit rational processes and responses in some
way or another. At the same time, psychological games tend to be
rather complex. For a player in a psychological game to thus behave
rationally in line with even the basic notion of common belief in ra-
tionality, will require significant cognitive effort, as CHAPTER 5 elabo-
rated on. One thus needs to be cautious in drawing conclusions about
the cognitive abilities of emotional types in strategic settings. In case
interactions between non-emotional types behave more in line with a
certain solution concept, it may well be that including a player with
belief-dependent motivations makes the rational reasoning more diffi-
cult than without such a player. Additionally, it is possible that some
types of belief-dependent motivations are conceptually incompatible
with with certain solution concepts, depending on the context. Sur-
prise and equilibrium concepts with the underlying correct beliefs as-
sumption can be seen as one such pair. On the other side of the spec-
trum, there may be belief-dependent motivations that could pair up
more naturally with reasoning assumptions such as the correct beliefs
assumption. For now however, I remain speculative about this. Future
experimental research in the lab can provide much clearer insight on
these matters.
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Valorisation

”Many that live deserve death. And some that die deserve life.
Can you give it to them? Then do not be so eager to deal out
death in judgement. For even the wise cannot see all ends....My
heart tells me he [Gollum] has some part to play yet, for good or
ill, before the end; and when that comes the pity of Bilbo may rule
the fate of many - yours not least.”

- Tolkien (1954, p.78)

In the above passage from J.R.R. Tolkien’s The Lord of the Rings, Gandalf
lectures Frodo Baggins about the value of life. More in particular about
the value of Gollum’s life, a wicked creature that poses a direct threat
to Frodo and the fate of Middle-Earth, as Frodo holds possession of the
powerful One Ring. With Gandalf’s words in mind, Frodo chooses to
show pity and mercy to Gollum in future encounters with the creature.
This choice of kindness sets up the eventual eucatastrophe that saves
Frodo and the entirety of Middle-Earth from evil, by having Gollum
be alive at the right place and right time to fall with the One Ring into
the fiery depths of Mount Doom.

There is an important lesson about value in this passage. To be very
clear: I am certainly not that humble that I would compare this thesis
to the abhorrent creature that is Gollum. Nor am I conceited enough
to be saying that the fruits of my still young academic career will ever
save Earth at a certain point in time. In fact, assuming such levels of
certainty and finality with regard to creating and diffusing value is of-
ten unfounded. Frodo’s decision to show kindness is one made when
faced with heavy uncertainty and a very long path ahead. He supports
his own decision however by his acquired understanding that any life
has the potential to add some material value over time, if given the
opportunity.
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Also when attributing societal value to fundamental research, uncer-
tainty and a long time horizon are inherent challenges. In fundamen-
tal research one seeks to create knowledge for the sake of knowledge
itself. However, by providing a large and well-structured knowledge
base to support on, it serves applied researchers in conducting their
research. It is applied research that can provide direct societal impact.
For economics, one can think here of policy recommendations, market
design and patents.

The process of translating academic knowledge to practice and attribut-
ing societal value to it is called valorisation. This thesis looks at fun-
damental aspects of psychological game theory and therefore certainly
falls into the category of fundamental research. As such, the process of
valorisation for this thesis is not straightforward. Covering fundamen-
tal research, we must assume that the future societal value that can be
attributed to the knowledge created in this thesis will accrue in indi-
rect ways and over an extended period of time. The main avenue for
this value creation for practical matters will be experimental research,
as will be discussed in what follows.

Both psychological game theory as well as epistemic game theory are
grounded in a practical view. The field of psychological game theory
is motivated by the observation that in real life many people do not
only have self-regarding preferences in the way that traditional game
theory models them. Instead, people also exhibit belief-dependent mo-
tivations in economic situations, such as guilt-aversion or reciprocity-
concerns. Epistemic game theory is motivated by explicitly modeling
the reasoning processes of players in a game, instead of using com-
mon solution concepts as a black box. An important point of note
here is that these black boxes, such as the classical Nash equilibrium,
work well in traditional settings that are repeated often, such as in
auctions or competition between businesses in markets. The repeti-
tion in such traditional game-theoretic settings allows for the learn-
ing of beliefs and thus also for eventually achieving correct beliefs, the
reasoning assumption behind equilibrium concepts. However, many
economic settings are not that often repeated or are even one-shot in-
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teractions between multiple players. Equilibrium concepts are known
to not perform well in describing decisions made by people under
such conditions, because learning cannot take place. Examples include
higher than expected effort provision in contests or more specifically
overbidding in auctions. With psychological games these problems
are amplified, as the variable of interest are the beliefs themselves,
which may never be observed or deduced. Then there is not even a
relevant basis to learn from. Additionally, as this thesis shows, the
assumptions placed on reasoning processes by equilibrium concepts
may be incompatible with belief-dependent motivations in certain set-
tings. And even if all necessary assumptions for an equilibrium are
met, a common issue in psychological games is that there are often
multiple equilibria possible. A priori it is then still not unambiguously
clear how players in fact will behave.

All of the previous points stress the necessity for a permissive view on
how players in a game can reason towards particular decisions. Epis-
temic game theory provides the appropriate machinery to formalize
testable hypotheses for experimental researchers regarding such rea-
soning processes. The results and discussion in each of the chapters in
this thesis can help experimental researchers in doing so for psycholog-
ical game theory in particular. The range of topics addressed in exper-
imental research that have direct relevance for society is very diverse.
Examples include understanding charitable giving when players can
experience guilt or shame and tax morale with concerns for reciprocity
or again aversion to guilt.

Understanding and describing real-life behaviour is important. How-
ever, the ultimate goal of game theory is to be able to provide well-
founded predictions for economic scenarios. The accuracy of these
predictions depend on many factors, but an important one is the com-
plexity of the decision-problem at hand. Cognitive abilities are limited
and so is time available for reasoning in many decision-problems. This
is called bounded rationality. The more complex a decision-problem is
to reason about, the less accurate the predictions may be. In this the-
sis we have argued that psychological games can be noticeably hard to
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reason about. In CHAPTER 5 in particular we have argued that the sim-
plicity of a psychological game can be partially assessed by whether it
is solvable by an iterative elimination procedure that only eliminates
(finitely many) choices. We provided conditions for when this is al-
ways possible and showed that if it is not solvable by such a proce-
dure it is because of conflict in the underlying reasoning processes that
can occur. Certainly more research is needed to investigate whether
this intuition of the problem also extends to dynamic games. It will
be the task for experimental research to find out whether in practice
decision-makers on average do act more in line with predictions in
such “simpler” settings than in other settings.

There is a lot of practical relevance to be found in such questions about
bounded rationality. Namely, in many economic settings the game
is designed with an intention. For instance, we can think of a man-
ager designing for a group of workers with belief-dependent motiva-
tions incentive schemes that specifies per output level a certain reward.
The manager may for instance have to choose between joint incentives
and individual incentives for the workers, or between a scheme where
workers have to simultaneously commit to a certain output level and
a scheme where they do so sequentially. Given the predictions, the
manager can set up an optimal incentive scheme that maximizes her
organisation’s output. But if the game is hard to reason about, predic-
tions based on a particular solution concept may get inaccurate and
potentially lead to a waste of resources. To the extent these resources
are government-funded or to the extent the organisation has a strong
societal merit, this of course can trickle down to society. The previous
is an example in the labour market, but one can also think of relevant
examples in public choice settings with local (government) representa-
tives that have belief-dependent motivations or tax audit designs that
foster tax morale.

Finally, a few words on possible direct value for practitioners. It would
be too much of a stretch to say that knowing how to surprise a student
with an announced exam has much direct societal merit. However,
the classroom is perhaps the one place where results of the type of
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knowledge created in this thesis can create some direct societal im-
pact. Many undergraduate and graduate degrees offer game theory
courses. And although the exact results discussed in this thesis are not
directly applicable to them, the intuitions may be of use to alumni in
the future when they set up or manage their own organisations. For
psychological game theory in particular, the intuitions will mostly be
of use in small-scale organisation where one can distinguish on an in-
dividual basis in some way. Namely, business, corporations or other
organisations cannot have psychological motivations. The individual
human beings who make up these organisations however can have
such motivations. Taking lessons from psychological game theory and
acknowledging people may exhibit a wide array of motivations will
create better people’s managers, which is practically relevant.

In sum, the discussions and results in this thesis are mostly useful
to experimental researchers. In general it helps in better formalizing
testable hypotheses in strategic settings with belief-dependent moti-
vations. More specifically there may be lessons found with regard to
bounded rationality and accuracy of predictions. For the latter point
more research is needed, also on a fundamental level. The fruits of
such research can be relevant for e.g. labour markets and public choice
settings.
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Dit proefschrift onderzoekt fundamentele aspecten van psychologis-
che spelen. Met een spel bedoelen we een beslissingsituatie waarin
een individu (speler) moet redeneren over de keuze en redenatie voor
die keuze van een ander individu om zelf tot een rationele keuze te
komen. Hierbij kunt u denken aan de hoogte van een bod tijdens een
blinde veiling of de te leveren inspanning voor een groepsproject op de
werkvloer. Vooraf weet u niet hoe hoog de anderen gaan bieden, of ho-
eveel inspanning uw collega’s gaan leveren. Derhalve zult u daarover
moeten redeneren en verwachtigen over maken. Gebaseerd op deze
verwachtingen probeert u dan een uitkomst van voorkeur te bewerk-
stelligen met uw eigen keuze. spelen waarbij de uiteindelijke rele-
vante uitkomst objectief waarneembaar is, oftewel materialiseert, kun-
nen als traditionele spelen bestempeld worden. De relevante uitkomst
kan gewaardeerd worden in geldseenheden, hoeveelheden van een
bepaald object, maar ook hedonisch nut zoals geluk. We noemen dit
ook wel het ’nut’ van een uitkomst. Als standaardaannames hebben
we dat (1) een speler een rationele keuze maakt en (2) een speler een
rationeel redenatie-proces heeft begaan om tot haar keuze te komen.
Een rationele keuze in een traditioneel spel is een keuze waarvan u
verwacht dat het leidt tot het hoogste nut, gegeven uw verwachting
over wat de andere speler gaat kiezen. Een dergelijke verwachting of
geloof noemen we een belief. In een rationeel redenatie-proces moet
u als speler de verwachting hebben dat de tegenstander ook een ra-
tionele keuze maakt. Maar tegelijkertijd moet u ook de verwachting
hebben dat de andere speler een rationele keuze maakt gestoeld op
de verwachting dat u een rationele keuze maakt, enzovoorts. Een
oneindige hiërarchie van verwachting (beliefs) noemen we een belief
hierarchy. En als een belief hierarchy voldoet aan het type restricties
hierboven uitgelegd zeggen we dat de belief hierarchy voldoet aan het
redenatie-concept van common belief in rationality.
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Een psychologische spel onderscheidt zich van een traditioneel spel
in die zin dat het nut van een speler nu ook direct kan afhangen van
de verwachtingen. Of het nut kan direct afhangen van hogere-orde
verwachtingen. Een voorbeeld hiervan is uw verwachting van ander-
mans verwachting van uw keuze. De motivaties van mensen voor hun
keuzes in het dagelijks leven zijn vaak te herleiden tot zulke hogere-
orde verwachtingen. Hierbij kunt u denken aan het ontwijken van
schuldgevoel: u voelt zich schuldig wanneer u verwacht dat u an-
dermans verwachtingen niet zult hebt kunnen waarmaken, waar die
verwachtigen weer afhangen van de verwachting van die andere speler
van wat u gaat kiezen. Een ander voorbeeld, en leidraad in dit proef-
schrift, is het concept van verrassing: u probeert een ander persoon te
verrassen wanneer u een keuze maakt waarvan u verwacht dat het ex-
act de tegenovergestelde keuze is van wat die andere persoon verwacht
zal hebben dat u gaat kiezen. Derhalve hangt het verwachte nut van de
keuze af van u gelooft dat de andere speler verwacht van uw keuze.

Door de motivaties af te laten hangen van een extra, nieuwe dimensie,
neemt de complexiteit van de te analyseren spelen toe. Speltheoretis-
che intuı̈ties die golden voor traditionele spelen zijn niet direct over
te brengen naar de meer generieke klasse van psychologische spelen.
Bovendien is het niet op voorhand duidelijk welke nuttige (theoretis-
che) resultaten uit de traditionele speltheorie één voor één toepasselijk
zijn voor psychologische speltheorie. In dit proefschrift werpen we
een epistemische blik op psychologische spelen om enkele van deze
aspecten te verklaren.

Hoofdstuk 2 geeft een algemene introductie tot de meest basale con-
cepten en definities die regelmatig terugkeren in het proefschrift. We
geven een constructie van belief hierarchies, definiëren het concept van
common belief in rationality en geven een definitie voor een (statisch)
psychologisch spel.

Hoofdstuk 3 werpt een blik op het modeleren van redenatie-processen
in psychologische spelen. In het bijzonder kijken we naar zogenoemd
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‘voorzichtig redeneren’, waar iedere mogelijke keuze van de tegen-
stander een positieve kans toegekend moet krijgen in de verwachting
van een speler. Een belief hierarchy met uitsluitend zulke verwachting
kan niet als normaal gemodeleerd worden. Voor traditionele spelen is
de meest gangbare optie om lexicografische kanssystemen te gebruik
voor de representatie van zulke belief hierarchies met voorzichtige
verwachtingen. We tonen in dit hoofdstuk aan dat bij een keuze voor
lexicografische kanssystemen er echter relevante informatie verloren
kan gaan in psychologische spelen. Verwachtingen gepresenteerd door
middel van zogeheten ‘non-standard beliefs’ bieden een oplossing hier.

In hoofdstuk 4 weerleggen we het redenatie-concept van common be-
lief in rationality in psychologische spelen met dat van een psycholo-
gisch Nash evenwicht. In het hoofdstuk wordt beargumenteert waarom
de extra restricties die een psychologisch Nash evenwicht introduceert
ten opzichte van common belief in rationality in het bijzonder voor
psychologische spelen problematisch kunnen zijn. We doen dit aan de
hand van een beschouwing van een paradox uit de logica: de paradox
van het verrassende examen (SEP). Een oplossing voor deze paradox
wordt gegeven door het probleem te modeleren als een psychologisch
spel. Door common belief in rationality toe te passen kan een logis-
che oplossing voor de paradox gegeven worden. Een toepassing van
een psychologisch Nash evenwicht leidt echter niet tot een gewenst
resultaat. Dit is vanwege de aanname van juiste verwachtingen die
impliciet wordt opgelegd op de belief hierarchies bij het concept van
een psychologisch Nash evenwicht. Problematisch hier is dat de moti-
vatie van verrassing direct afhangt van de belief hierarchy. In een tra-
ditioneel spel is dit niet aan de orde. De beperkingen opgelegd aan de
mogelijke belief hierarchies door de aanname van juiste verwachtin-
gen staan haaks op het concept van verrassing in de paradox.

Hoofdstuk 5 beschouwt de procedure van iteratieve eliminatie van
strikt gedomineerde keuzes (IESDC). In traditionele spelen is er het
resultaat dat stelt dat alle rationele keuze die gemaakt kunnen wor-
den onder common belief in rationality exact gekarakterizeerd wor-
den door IESDC. Dit is een zeer nuttig resultaat, daar IESDC vrij een-

213



Nederlandse Samenvatting

voudig is in gebruik. Bovendien is het een intuı̈tieve procedure, waar
iedere stap in de procedure zelfs gezien kan worden als een redenatie-
stap in een redenatie-proces. Dit resultaat is echter niet direct toepas-
baar op psychologische spelen. In dit hoofdstuk tonen we aan dat
verwachtings-afhankelijke motivaties ervoor kunnen zorgen dat er con-
flicten in een redenatie-proces kunnen optreden. Het kan bijvoorbeeld
zo zijn dat om een bepaalde keuze van u te rationaliseren, er restricties
nodig zijn op zowel de verwachting van de keuze van uw tegenstander
alsmede de verwachting van de verwachting die de tegenstander zal
hebben gehad van uw keuze, de tweede-orde verwachting. Onder
common belief in rationality moet u tegelijkertijd verwachten dat uw
tegenstander een rationiële keuze maakt, waar die keuze gestoeld kan
zijn op de tegenstander’s verwachting van uw keuze. Om een keuze
te rationaliseren onder common belief in rationality kan het dus in een
psychologische spel zo zijn dat er tegelijkertijd verschillende restric-
ties geplaatst moeten worden op uw tweede-orde verwachting. Of
op zelfs hogere ordes van verwachtingen. Deze restricties kunnen in
conflict met elkaar zijn. Dit soort overlap in restricties kan echter niet
worden opgepakt door de IESDC-procedure. We kunnen psychologis-
che spelen karakteriseren door middel van welke ordes van verwacht-
ing nutsbepalend zijn. We bewijzen op een constructieve manier de
voorwaarden onder welke overlap in restricties in het redenatie-proces
nooit kunnen voorkomen. In dergelijke psychologische spelen werkt
de IESDC-procedure altijd ‘naar behoren’.

De hoop is dat dit proefschrift toekomstig onderzoek verder op weg
kan helpen. Voornamelijk is er de hoop dat er voor toegepast on-
derzoek praktische lessen te vinden zijn met betrekking tot keuzes
voor uitkomst concepten en met betrekking tot inzicht in mogelijke
redenatie-processen van individuën in situaties met emoties of andere
verwachtings-afhankelijke motivaties.
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