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Chapter 1





Introduction

Coalition formation theory is the collection of disciplines and mathematical tools which
deals with the analysis of coalition formation processes. A coalition formation process is a
process by which agents get together to coordinate their actions in order to achieve shared
goals. Coalition formation is an important and recurrent pattern in human behavior and
many social phenomena can be studied in terms of coalition formation processes. Exam-
ples are: cartel formation, environmental agreements, political party formation and the
provision of a local public good.

Coalition formation theory incorporates two different approaches: a no-binding agree-
ments approach, focused on the procedural aspects that are involved in the dynamic of the
process; a blocking approach, focused on the stability of the possible agreements. Certainly,
the two approaches differ in how they formalize the interdependence among the agents.
The no-binding agreement approach is in the realm of non-cooperative game theory. In
this domain, a game is a detailed model of all the moves available to the agents. By con-
trast, the blocking approach subsumes to cooperative game theory which abstracts away
from this level of detail, and describes only the outcomes that result when the agents get
together.

As Brandenburger (2007) remarks, the terms non-cooperative and cooperative are per-
haps unfortunate. They might suggest that there is no place for cooperation in the former
and no place for conflict and competition in the latter. In fact, neither is the case. One part
of non-cooperative game theory (the theory of repeated games for example) studies the
possibility of cooperation in ongoing relationships. And cooperative game theory embod-
ies not just cooperation among players, but also competition in a particularly strong, unfet-
tered form. Following Brandenburger (2007), I believe that non-cooperative game theory
might be better termed procedural game theory and cooperative game theory combina-
torial game theory. This would indicate the real distinction between the two branches of
the subject, namely that the first specifies various actions and protocols that are available
to the agents while the second describes the outcomes that result when the agents come
together in different combinations.

The non-cooperative approach to coalition formation theory provides a rich language
and develops useful tools to analyze coalition formation processes. One clear advantage
of the approach is that it is able tomodel how specific details of the interactionmay impact
the final outcome. Furthermore, Nash (1951) argued that non-cooperative games aremore
fundamental than cooperative games and any cooperative analysis can and should be sub-
sumed under the non-cooperative approach by making communication and bargaining
formal moves in a non-cooperative extensive form game. However, one limitation, is that
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its predictions may be highly sensitive to details specified by the non-cooperative forms.
For this reason it is worth also analyzing more abstract approaches that attempt to obtain
conclusions that are independent of such details. The cooperative approach to coalitional
games is one such attempt.

Aumann (1989) expresses the idea behind cooperative game theory in the following
terms:

"Cooperative theory starts with a formalization of games that abstracts away
altogether from procedures and [...] concentrates, instead, on the possibili-
ties for agreement [...]. There are several reasons that explain why cooperative
games came to be treated separately. One is that when one does build negotia-
tion and enforcement procedures explicitly into themodel, then the results of a
non-cooperative analysis depend very strongly on the precise form of the pro-
cedures, on the order of making offers and counter-offers and so on. This may
be appropriate in voting situations in which precise rules of parliamentary or-
der prevail, where a good strategist can indeed carry the day. But problems of
negotiation are usually more amorphous; it is difficult to pin down just what
the procedures are. More fundamentally, there is a feeling that procedures
are not really all that relevant; that it is the possibilities for coalition forming,
promising and threatening that are decisive, rather than whose turn it is to
speak [...]. Detail distracts attention from essentials. Some things are seen bet-
ter from a distance; the Roman camps aroundMetzada are indiscernible when
one is in them, but easily visible from the top of the mountain."

This thesis is a contribution to the blocking approach.

During my PhD at Maastricht University, I developed a firm interest in this field. I
was triggered when I realized that literature studies coalition formation process not only
modeling different applications using different specific settings, but also using different
tools (solution concepts) to make predictions and these tools are rarely connected to each
other.

Within this regard, Ray and Vohra (2015b), two main scholars in this field, stated that

“yet as one surveys the landscape of this area of research, the first feature that
attracts attention is the fragmented nature of the literature.”

I do not fully agree with this statement. On the contrary, I believe that it is possible to
argue that the literature is only apparently “fragmented”: from one side, different solu-
tion concepts share very close ideas and they exhibit similar features; from the other side,
it is possible to show that many specific settings can be represented by a more general
framework.

This is part of the motivation of my first chapter that is the second chapter of the thesis.
In the chapter, we develop a new solution concept (the myopic stable set) that provides
a common structure and thereby connects and generalizes different solution concepts in
different specific settings.

The myopic stable set is defined for a very general class of social environments (Chwe,
1994). A social environment is a framework to model strategic interaction among individ-
uals and groups and it consists in four ingredients: a finite set of agents, a set of social
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states, a collection of preferences profiles and an effectivity correspondence that models
the feasible transitions from one social state to another. We only require that the set of
social states is a non-empty and compact metric space. Indeed, a social state can encode a
lot of different information such as a network structure, an outcome or a matching. More-
over, by specifying the structure of the effectivity correspondence is possible to keep track
of the behaviour of all agents involved in the coalition formation process. The general-
ity of the framework allow us to connect the myopic stable set to other existing solution
concepts in different specific settings.

Themyopic stable set is defined as the smallest closed set of social states satisfying two
conditions: for every social state in the set there are no profitable deviations to a social
state outside the set; for every social state outside the set there is a sequence of coalitional
deviations which approaches the set.

We show that the myopic stable set exists and is non-empty. Under minor continu-
ity conditions, we also demonstrate uniqueness. Furthermore, the myopic stable set is a
super-set of the core and of the set of pure strategy Nash equilibria in non-cooperative
games. Additionally, the myopic stable set generalizes and unifies various results from
more specific environments. In particular, the myopic stable set coincides with the coali-
tion structure core in coalition function form games if the coalition structure core is non-
empty; with the set of stable matchings in the standard one-to-one matching model; with
the set of pairwise stable networks and closed cycles in models of network formation; and
with the set of pure strategyNash equilibria in finite super-modular games, finite potential
games, and aggregative games.

One of the most interesting features of the myopic stable set is that it provides pre-
dictions even when the other solution concepts fail. For example, the set of pure strategy
Nash equilibria can be empty, the Core can be empty and the von Neumann Morgenstern
stable set can fail to exist.

The third chapter of this thesis is an application of the myopic stable set to a game
in which the set of pure strategy Nash equilibria is empty. In particular, we examine a
Bertrand duopoly with asymmetric marginal costs and a continuous strategy space. Due
to the discontinuity of the profit functions, it is not possible to characterize the best reply
of the two firms. In fact, the profit of a firm is increasing as long as its price approaches
the opponent’s price from below. However, when it reaches that price then they will split
the market and it experiences a sizable decrease in profit.

In order to provide a pure strategy equilibrium, many microeconomics and industrial
organization textbooks contain different arguments based on different ad hoc assumptions,
such as discretizing the strategy space, or relying on a particular rationing rule that favors
the most efficient firm.

In this chapter we prove existence and uniqueness of the Myopic Stable Set for asym-
metric Bertrand competition. In particular we consider two versions of the model: one
without restriction and one in which predatory prices are not allowed. The uniqueness
conditions provided in Chapter 2 do not apply here. Thus, the uniqueness result here is
case dependent.

In the last chapter of the thesis we exploit the flexibility of the social environment to
study coalition formation processes among heterogeneous agents with rank-dependent
preferences. In particularwe assume that agents not only care about their absolutewealth,
but also about their relative position in the society. This induces a phenomenon of positional
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externalities. In particular, a positional externality occurs when in this setting a coalitional
deviation alters the context within which the social rank is evaluated.

We study two types of societies, competitive societies inwhich the surplus of a coalition
is split according to productivity and egalitarian societies in which coalitions split their
surplus equally. We provide a comparative analysis of societies in terms of stability and
segregation. A common expectation is that in competitive societies the most advantaged
individuals are the most productive and, the other way round, in egalitarian societies the
most advantaged individuals are the least productive. However, our prevision is the op-
posite. Indeed, in a competitive societies, the individuals with the lowest productivity
are very attractive as coalition members, since they yield a higher relative payoff to other
members of the coalition. Moreover, in egalitarian societies there is no envy among indi-
viduals. Thus, individuals prefer to stay with highly productive individuals in order to
increase their material payoff.

In particular we prove that for competitive societies, there is always a core stable allo-
cation based on bottom-up segregation, i.e., individuals with adjacent productivities form
coalitions and if some individuals are not part of a productive coalition, then these are the
most productive individuals. For egalitarian societies, we obtain top-down segregation as
the unique core stable prediction. Finally, by proving that for both societies the Core co-
incides with the myopic stable set, we show that for every non segregated allocation there
exists a sequence of coalitionally better replies that leads to a segregated allocation. Thus,
not only all the stable allocations are the segregated ones but, also if a society implements
a non segregated allocation, there exists a coalition formation process which restores a
segregated allocation.
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The Myopic Stable Set for
Social Environments

2.1 Introduction

Models of coalition formation study a widespread and important pattern of human in-
teraction: agents tend to form groups of equally interested individuals, but behave in a
non-cooperative way towards outsiders. For example, individuals in a community join
forces to provide a local public good, voters create parties to attain their political goals,
and firms set up lobby groups to influence policy-makers.

The literature studies coalition formation inmanydistinct settings, like networks, coali-
tion function form games, and matching models. In this chapter, we focus on a general
class of social environments that covers all of these settings and many more. More pre-
cisely, we define a social environment on the basis of four components (Chwe, 1994): a
finite collection of agents, a set of states, for every agent preferences over the set of states,
and an effectivity correspondence that models the feasible transitions from one state to
another. We only require that the set of states is a non-empty, compact metric space. As
such, in contrast to most settings in the literature, we allow the state space to be infinite.

For such social environments, we define a new solution concept called the myopic sta-
ble set, abbreviated as MSS. The MSS extends the idea of level-1 farsighted stability by
Herings, Mauleon, and Vannetelbosch (2009, 2018) from finite networks to the general
class of social environments. The MSS is defined by three conditions, deterrence of external
deviations, asymptotic external stability, andminimality. Deterrence of external deviations re-
quires that no coalition benefits by deviating from a state inside the MSS to a state outside
the MSS. Asymptotic external stability makes sure that from any state outside the MSS it
is possible to get arbitrarily close to a state inside by a sequence of coalitional deviations.
Finally, minimality requires that the MSS is minimal with respect to set inclusion.

Our notion of dominance is myopic as agents or coalitions do not predict how their de-
cision to change the current state will lead to further changes by other agents or coalitions.
Such a notion is natural in complex social environments where the number of possible
states is large and agents have little information about the possible actions other agents
may take or the incentives of other agents.

The myopic stable set is closely related to other myopic concepts as the core and the
Nash equilibrium. It differs from the ones in the literature that focus on farsightedness
(see among others, Chwe, 1994; Herings, Mauleon, and Vannetelbosch, 2009, 2018; Page,
Wooders, and Kamat, 2005; Page andWooders, 2009; Ray and Vohra, 2015), notions which
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strengthen farsightedness by using state-dependent expectations (Greenberg, 1990; Xue,
1998; Dutta and Vohra, 2017), and approaches to farsightedness that are inspired by non-
cooperative game theory (Herings,Mauleon, andVannetelbosch, 2004; Dutta, Ghosal, and
Ray, 2005). In particular, Greenberg’s (1990) optimistic and conservative standards of be-
havior are popular farsighted notions that, as our MSS, cover a large set of applications.

Our first main result (Theorem 6) shows that every social environment contains at
least one non-empty MSS. Moreover, under minor continuity assumptions, we establish
uniqueness of the MSS (Theorem 9). The existence and uniqueness results differ from
many other popular solution concepts in the literature. For instance, the core and the
coalition structure core for coalition function form games can be empty (Bondareva, 1963;
Scarf, 1967; Shapley, 1967); the von Neumann-Morgenstern stable set may fail to exist or
to be unique (Lucas, 1968, 1992), optimistic and conservative standards of behavior might
fail to exist (Greenberg, 1990), and the set of pure strategy Nash equilibria may be empty.

We provide several additional results that provide more insights about the structure
of an MSS. For finite state spaces, we fully characterize the MSS as the union of all closed
cycles (Theorem 14), i.e., subsets which are closed under coalitional better replies. This
result also provides a connection to stochastic processes of coalition and network forma-
tion as in Jackson and Watts (2002) and Sawa (2014). For infinite spaces, the union of all
closed cycles is found to be a subset of the MSS. This result is helpful in applications and
in the comparison to other solution concepts. For instance, any state in the core is a closed
cycle and is therefore included in the MSS. As a special case of this result, it follows that
theMSS contains the set of pure strategy Nash equilibria in a normal-form game. Next we
define a generalization of the weak improvement property (Friedman andMezzetti, 2001)
to social environments and we show that, under weak continuity conditions, the weak
improvement property characterizes the collection of social environments for which the
MSS coincides with the core. We also show that if the von Neumann-Morgenstern stable
set exists, it has a non-empty intersection with any MSS.

We demonstrate the versatility of our results by analyzing the relationship between the
MSS and other solution concepts in specific social environments. In particular, we show
that the MSS coincides with the coalition structure core for coalition function form games
(Kóczy and Lauwers, 2004) whenever the coalition structure core is non-empty; with the
set of stable matchings in the one-to-one matching model by Gale and Shapley (1962);
with the set of pairwise stable networks and closed cycles in models of network formation
(Jackson and Watts, 2002); and with the set of pure strategy Nash equilibria in pseudo-
potential games (Dubey, Haimanko, and Zapechelnyuk, 2006) and finite supermodular
games (Topkis, 1979 and Milgrom and Roberts, 1990). We fully characterize the MSS for
the class of proper simple games.

The structure of the chapter is as follows. Section 2.2 provides the primitives of our
general framework of social environments and introduces and motivates the MSS. Sec-
tion 2.3 establishes existence, non-emptiness, and uniqueness results. Section 2.4 analyzes
our solution concept for various settings and relates it to other stability concepts from the
literature. Section 2.5 is a conclusion. All proofs can be found in the appendix. Additional
material is covered in the online supplement.
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Chapter 2

2.2 The Myopic Stable Set

In this section, we first introduce the concept of a social environment. Next, we introduce
the notions of dominance and asymptotic dominance which we then use to define our
solution concept, the myopic stable set.

Let N be a non-empty finite set of individuals. A coalition S is a subset of N . The set
of non-empty subsets ofN is denoted byN . Let pX, dq be a metric space, whereX denotes
our non-empty state space and d is a metric on X .1 Let some state x P X be given and let
ε P R``. We define Bεpxq “ ty P X|dpx, yq ă εu as the open ball around x with radius ε.
The set Bεpxq contains all states in X that are in an ε-neighborhood of x. For a sequence
pxkqkP inX , we write xk Ñ x if for all ε ą 0, there is a number N P such that for all k ě N ,
xk P Bεpxq, i.e., the sequence pxkqkP converges to x.

An effectivity correspondence E associates with each pair of states px, yq P X ˆ X a,
possibly empty, collection of coalitions Epx, yq Ď N . If S P Epx, yq, we say that coalition S
can move from state x to state y. If Epx, yq “ H, then no coalition can move from x to y.

Each individual i P N has a complete and transitive preference relation ľi over the
state space X . The profile pľiqiPN then lists the preferences of all individuals in N . We
denote the asymmetric part of ľi by ąi, i.e., x ąi y if and only if x ľi y and not y ľi x. A
social environment is now defined as follows.

Definition 1 (Social Environment). A social environment is a tuple

Γ “ pN, pX, dq, E, pľiqiPNq

consisting of a non-empty, finite set of agentsN , a non-empty, compact metric space pX, dq
of states, an effectivity correspondenceE onX , and a profile of preference relations pľiqiPN

over X .

In Section 2.4, we specify different social environments which correspond to applica-
tions such as coalition function form games, one-to-onematching, network formation, and
non-cooperative normal-form games.

For a given social environment Γ “ pN, pX, dq, E, pľiqiPNq, we say that a state y P X
dominates another state x P X if there is a coalition such that (i) it can move from x to y
and (ii) each of its members strictly prefers y over x.

Definition 2 (Dominance). A state y P X dominates a state x P X under E if there exists a
coalition S P Epx, yq such that for every i P S it holds that y ąi x.

An alternative notion is the one of weak dominance. A state y P X weakly dominates a
state x P X if there exists a coalition S P Epx, yq such that for all i P S, y ľi x and there is
at least one j P S such that y ąj x. Whenwe restrict ourselves to settings with a finite state
spaceX , all theoretical results from this section remain valid whenwe replace dominance
by weak dominance. For settings where X is infinite, most results remain valid with the
exception of Theorem 12 below which provides sufficient conditions for uniqueness.

1A metric is a function d : X ˆX Ñ R` such that (i) for every x, y P X : dpx, yq “ 0 if and only if x “ y,
(ii) for every x, y P X : dpx, yq “ dpy, xq, and (iii) for every x, y, z P X , dpx, yq ď dpx, zq ` dpz, yq.

9
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Let some state x P X be given. The subset ofX consisting of all states that dominate x
together with the state x itself is denoted by fpxq, so

fpxq “ txu Y ty P X|y dominates x under Eu.

We refer to f as the dominance correspondence. We define the two-fold composition of f
by f 2pxq “ tz P X|Dy P X : y P fpxq and z P fpyqu. By induction, we can define the
k-fold iteration fkpxq as the subset ofX that contains all states obtained by a composition
of dominance correspondences of length k P N, i.e., y P fkpxq if there is a z P X such that
y P fpzq and z P fk´1pxq. Since by definition x P fpxq, it holds that, for all k, ` P N, if k ď `,
then fkpxq Ď f `pxq. We define the set of all states that can be reached from x by a finite
number of dominations by fNpxq, so

fN
pxq “

Ť

kPNf
k
pxq.

A state y is said to asymptotically dominate the state x if starting from x it is possible to
get arbitrarily close to y in a finite number of dominations.

Definition 3 (Asymptotic Dominance). A state y P X asymptotically dominates a state x P X
under E if for all ε ą 0 there exists k P N and a state z P fkpxq such that z P Bεpyq.

We denote by f8pxq the set of all states inX that asymptotically dominate x. Formally,
we have

f8pxq “ ty P X|@ε ą 0, Dk P N, Dz P fkpxq such that z P Bεpyqu.

It is easy to see that the set f8pxq coincides with the closure of the set fNpxq.
We are now ready to define our solution concept, the myopic stable set, abbreviated as

MSS.

Definition 4 (Myopic Stable Set). Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environment.
The setM Ď X is a myopic stable set if it is closed and satisfies the following three condi-
tions:

1. Deterrence of external deviations: For all x PM , fpxq ĎM .

2. Asymptotic external stability: For all x RM, f8pxq XM ‰ H.

3. Minimality: There is no closed setM 1 ĹM that satisfies Conditions 1 and 2.

The solution concept that results when we replace dominance by weak dominance is
called weak dominance MSS.

LetM be anMSS.Deterrence of external deviations requires that no coalition ofmyopic
agents can profitably deviate to a state outside M . Next, asymptotic external stability
requires that from any state outsideM it is possible to get arbitrarily close to a state inM
by a finite number of myopic deviations. Observe that the empty set would necessarily
violate asymptotic external stability, so any MSS is non-empty.

Although the property of asymptotic external stability resembles a notion of farsight-
edness, there is an important distinction. In models with farsighted behavior, coalitions
deviate from the current state because they expect to profit from a move in some future

10
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period, i.e., after possible subsequent moves by other coalitions. Our definition of asymp-
totic external stability, however, is myopic in the sense that coalitions deviate only because
they see an immediate gain, without anticipating potential future deviations. The condi-
tion of deterrence of external deviations also reflects myopic behavior. Myopic agents will
not leave the set as this would not result in an immediate gain for all players in a deviating
coalition. In contrast, farsighted agents might do so in the hope of gains after subsequent
deviations.

Finally, minimality imposes that there is no smaller closed set of states that satisfies de-
terrence of external deviations and asymptotic external stability. As discussed inMyerson
and Weibull (2015), minimality can be interpreted as a requirement of internal stability.

For finite state spaces, the restriction imposed by asymptotic external stability remains
unchanged if f8 is replaced by f . We refer to the property that for all states x R M,
fN XM ‰ H as iterated external stability. For infinite state spaces, the two concepts differ.
If one uses iterated external stability instead of asymptotic external stability, we show in
the online supplement that an MSS might fail to exist.

An MSS is a minimal set satisfying deterrence of external deviations and asymptotic
external stability. Dropping the minimality requirement leads to the concept of a quasi
myopic stable set (QMSS) which is useful in the proofs.

Definition 5 (Quasi Myopic Stable Set). Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environ-
ment. The set M Ď X is a quasi myopic stable set if it is closed and satisfies deterrence of
external deviations and asymptotic external stability.

2.3 General Properties

This section establishes existence of themyopic stable set in general and, underweak addi-
tional assumptions, its uniqueness. We also derive some additional structural properties
of myopic stable sets that are used in the next section. We provide a brief discussion of
the relationship between the MSS and the von Neumann-Morgenstern stable set. Finally,
we relate our approach to dynamic models that rely on stochastic processes.

2.3.1 Existence and Uniqueness
The first main result is about existence of the myopic stable set.

Theorem 6 (Existence). Let Γ be a social environment. Then an MSS exists.

Note that the set of all states is a QMSS and the collection of all sets of states that
are a QMSS is partially ordered by inclusion. In the proof of Theorem 6, we verify that
the partially ordered collection satisfies the conditions for Zorn’s lemma and apply it to
conclude that there is a minimal QMSS, i.e., an MSS.

Having established existence of an MSS, we now turn to the cardinality of such sets.
The following lemma shows that two myopic stable sets cannot be disjoint.

Lemma 7. Let Γ be a social environment and letM1 andM2 be two myopic stable sets of
Γ. ThenM1 XM2 ‰ H.

11



Essays on Coalition Formation Theory

Suppose the intersectionM1XM2 satisfies deterrence of external deviations and asymp-
totic external stability, i.e., it is a QMSS. Then, by minimality of M1 and M2, the MSS is
unique. In the online supplement, we show that for infinite social environments, the in-
tersectionM1 XM2 might not satisfy asymptotic external stability without any additional
assumptions. Thus, we impose the following weak continuity assumption.

Definition 8 (Lower Hemi-continuity of f ). The dominance correspondence f : X Ñ X
is lower hemi-continuous if for every sequence pxkqkPN in X such that xk Ñ x and for every
y P fpxq there is a sequence pykqkPN in X such that for all k, yk P fpxkq and yk Ñ y.

This continuity assumption allows us to state the following uniqueness result.

Theorem 9. Let Γ be a social environment such that the corresponding dominance corre-
spondence f is lower hemi-continuous. Then Γ has a unique MSS.

The continuity condition of Theorem 9 is trivially satisfied when the state space X is
finite. As such, for all applications with a finite state space, we have uniqueness of the
MSS.

The dominance correspondence f is defined in terms of the individual preference rela-
tions pľiqiPN and the effectivity correspondence E. To ease the verification of lower hemi-
continuity of f , we provide sufficient conditions on the primitives of a social environment.

As a first condition, we impose lower hemi-continuity of the effectivity correspondence
E. Towards this end, consider, for every S P N , the correspondence GS : X Ñ X defined
by

GSpxq “ txu Y ty P X | S P Epx, yqu, x P X,

which associates to every state x P X the union of txu and the set of states coalition S can
move to from x.

Definition 10 (Lower Hemi-continuity of E). The effectivity correspondence E is lower
hemi-continuous if for every coalition S P N the correspondence GS : X Ñ X is lower
hemi-continuous, i.e., for every sequence pxkqkPN in X such that xk Ñ x and for every
y P GSpxq there is a sequence pykqkPN such that yk P GSpx

kq and yk Ñ y.

Our second condition is continuity of the preferences.

Definition 11 (Continuity of Preferences). The preference relation ľi of individual i P N
is continuous if for any two sequences pxkqkPN and pykqkPN in X with xk Ñ x and yk Ñ y
and, for every k P N, xk ľi y

k, it holds that x ľi y.

The two conditions turn out to be sufficient for lower hemi-continuity of the dominance
correspondence, thus by Theorem 9 for uniqueness of the MSS.

Theorem 12. Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environment such that the effectiv-
ity correspondence E is lower hemi-continuous and the preferences pľiqiPN are continu-
ous. Then the dominance correspondence f is lower hemi-continuous and Γ has a unique
MSS.

In the online supplement, we construct a social environment which satisfies the con-
ditions of Theorem 12, but has more than one weak dominance MSS.

12
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2.3.2 Closed Cycles and the Core
In this subsection, we give two general results about the structure of an MSS. The first
result relates the MSS to the union of all closed cycles. The second result characterizes the
social environments for which the MSS is equal to the core.

Definition 13 (Closed Cycle). A closed cycle of a social environment Γ is a set C Ď X such
that for every x P C it holds that f8pxq “ C.

Thus, a closed cycle is a subset of X which is closed under the asymptotic dominance
correspondence f8. We denote the union of all closed cycles by CC, so CC contains all
states that are part of some closed cycle. The following result characterizes the MSS for
social environments with a finite state space as the union of all closed cycles and shows
that this union is a subset of the MSS for social environments with an infinite state space.

Theorem 14. Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environment and letM be an MSS
of Γ. It holds that CC ĎM . If the state space X is finite, we have CC “M .

A sink is a closed cycle which consists of only one state, i.e., fpxq “ txu. The union of
all sinks is called the core.

Definition 15 (Core). Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environment. The core CO
of Γ is given by

CO “ tx P X | fpxq “ txuu.

It is well-known that the core may be empty for some social environments. However,
if it is not empty, then it is always contained in the MSS by the observation that a sink is a
closed cycle which consists of one state and by virtue of Theorem 14.

Corollary 16. Let Γ be a social environment and let M be an MSS of Γ. Then we have
CO ĎM .

The next definition is inspired by the finite analogue for normal-form games as pre-
sented in Friedman and Mezzetti (2001).

Definition 17 (Weak (Finite) Improvement Property). A social environment Γ satisfies the
weak finite improvement property if for each state x P X , fNpxq contains a sink and the weak
improvement property if for each state x P X , f8pxq contains a sink.

The following theorem provides a characterization for the MSS in social environments
with the weak improvement property.

Theorem 18. Let Γ be a social environment with a lower hemi-continuous dominance
correspondence f. An MSS of Γ is equal to the core if and only if Γ satisfies the weak
improvement property.

It follows easily from the proof of Theorem 18 that the requirement of lower hemi-
continuity of f in Theorem 18 can be weakened to the requirement that CO is closed.
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2.3.3 The von Neumann-Morgenstern Stable Set
The von Neumann-Morgenstern (vNM) stable set provides a solution concept for an envi-
ronment consisting of a set of statesX and a dominance relation on this set (vonNeumann
and Morgenstern, 1944).

Definition 19 (vNM Stable Set). Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environment.
The set V Ď X is a vNM stable set if it satisfies the following two conditions:

1. Internal stability: For all x, y P V such that x ‰ y it holds that y R fpxq.

2. External stability: For all x R V, fpxq X V ‰ H.

Internal stability requires that no state in the set is dominated by another state in the
set. External stability requires that every state outside the set should be dominated by a
state in the set.

Our notion of asymptotic external stability has a similar flavor as the vNM notion of
external stability. However, the vNM stable set looks at one-step dominations while our
notion of asymptotic external stability uses asymptotic dominance, which can be seen
as an infinite iteration of one-step dominations. In fact, extending the definition of the
vNM stable set by allowing for a finite iteration of one-step dominations, i.e., replacing f
by fN in Definition 19, has also been advocated by several authors, see Harsanyi (1974),
van Deemen (1991), Page andWooders (2009), and Herings, Mauleon, and Vannetelbosch
(2017).

On the other hand, our notion of deterrence of external deviations is quite different
from the vNM notion of internal stability. While we allow that a state in the MSS is dom-
inated by another state in the MSS, this is prohibited in the vNM stable set. Moreover,
unlike our concept, in the vNM stable set it is allowed that a state in the set is dominated
by a state outside the set.

In terms of predictions, first note that an MSS always exists and is unique under weak
continuity assumptions, whereas the vNM stable set may not exist and if it exists may fail
to be unique. If the vNM stable set exists, there are a few connections between the MSS
and the vNM stable set. First of all, both sets contain the core. Second, the intersection
between the vNM stable set and the MSS is non-empty as is stated in the next result.

Theorem 20. Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environment for which a vNM
stable set V exists. IfM is an MSS of Γ, thenM X V ‰ H.

By Theorem 14, the MSS contains the union of all closed cycles. If the vNM stable set
exists, one can show that it contains at least one state from every closed cycle.

It is easily verified that Theorem 20 remains true if the dominance correspondences fN

or f8 are used in Definition 19.

2.3.4 Dynamic Stochastic Processes
Stochastic approaches have been frequently used in non-cooperative settings like normal-
form games. Sawa (2014) presents a general framework which extends such a stochastic
analysis to cooperative settings. In each period, one of the coalitions that can make a
move is randomly selected and chooses one of its moves at random. The move is carried
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out with probability 1 if all members of the coalition are strictly better off. If no member
is worse off, but at least one agent is indifferent, the move is carried out with a probability
strictly between 0 and 1. Otherwise, the move is not carried out. The resulting dynamic
process can be thought of as a weak better-response dynamic. To establish a connection
to the MSS, we consider a variation of the process in Sawa (2014) in which a coalition only
moves with positive probability if all coalition members are strictly better off.

Consider a social environment Γ “ pN, pX, dq, E, pľiqiPNq such that X is finite. For
states x, y P X , let Qpx, yq denote the transition probability from state x to state y and let
Q be the matrix of transition probabilities. We say that Q is consistent with f if for every
y P fpxqztxu it holds that Qpx, yq ą 0 and for every y R fpxq it holds that Qpx, yq “ 0. In
particular, the state x need not change even if the set fpxqztxu is non-empty.

The next result presents an equivalence between theMSS and the set of recurrent states
of the Markov chain pX,Qq.

Theorem 21. Let Γ “ pN, pX, dq, E, pľiqiPNq be a social environment with finite state space
X , let f be the corresponding dominance correspondence, and let pX,Qq be a Markov
chain such that Q is consistent with f . Then the MSS of Γ is equal to the set of recurrent
states of pX,Qq.

For social environments with a finite number of states, Theorem 21 gives an equiva-
lence between the set of recurrent states of a dynamic process that selects all better re-
sponses with positive probability and the MSS. Suppose we replace our dominance cor-
respondence used in the definition of the MSS by requiring that y indifference dominates x
if there exists a coalition S P Epx, yq such that for all i P S, y ľi x. Then the predictions of
the alternative version of MSS are equivalent to the set of recurrent states in Sawa (2014)
for the case of a finite state space.

The above results do not readily extend to settings where X is infinite, as the set of
recurrent states might be empty. In the online supplement, we discuss a stochastic ap-
proach to infinite environments based on irreducibility of the Markov chain and show
that its predictions differ drastically from those of the MSS.

2.4 Applications
In this section, we illustrate the generality of our setting and the useful common struc-
ture of our results by means of four specific models that have been studied extensively
in the literature: coalition function form games, one-to-one matching models, models of
network formation, and normal-form games. For each of these settings, we first specify
the social environment, i.e., the set of individuals N , the state space pX, dq, the effectivity
correspondence E, and the preferences pľiqiPN . Subsequently, we discuss how the results
from the previous section can be applied.

2.4.1 Coalition Function Form Games
A coalition function form game is defined by a tuple pN, vq, where N is the set of players
and v : 2N Ñ R is a characteristic function that assigns to each coalition S Ď N a number
vpSq P R, called the coalitional value of S, with the usual convention that vpHq “ 0. A
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coalition structure is a partition π of N . It describes how the grand coalition is divided
into various sub-coalitions. The collection of all coalition structures, i.e., the collection of
partitions of N , is denoted by Π.

For coalition function form games, we define X as the set of coalition structures Π
together with all individually rational payoff vectors that can be obtained by allocating
the coalitional values among the members of the respective coalitions:

X “
 

pπ, uq P Πˆ RN
ˇ

ˇ@i P N : ui ě vptiuq and @S P π :
ř

iPS ui “ vpSq
(

.

Given a state x P X , we denote by πpxq the projection to its first component, i.e., the coali-
tion structure, and by upxq the projection to its second component, i.e., the payoff vector, so
we can write x “ pπpxq, upxqq. The restriction of the payoff vector upxq to the members in
coalition S is denoted by uSpxq. The set X is non-empty since it always contains the state
where N is partitioned into singletons and each player i P N receives the payoff vptiuq.

For x, y P X , we define dpx, yq “ 1tπpxq‰πpyqu ` }upxq ´ upyq}8, where 1 is the indicator
function and }.}8 is the infinity norm. It is easily seen that pX, dq is compact. We define
preferences ľi over the state space X by setting x ľi y if and only if uipxq ě uipyq.

For each ordered pair of states px, yq, the effectivity correspondence Epx, yq specifies
which coalitions can change state x into state y. As an example that imposes some reason-
able structure on the effectivity correspondence, we provide a brief outline of the notion
of coalitional sovereignty (Konishi and Ray, 2003; Kóczy and Lauwers, 2004; Ray and Vohra,
2014, 2015; Herings, Mauleon, and Vannetelbosch, 2017).

When a coalition of players S—called the leaving players—decides to leave their old
coalitions to create a new group, the state changes to a new state y characterized by a new
coalition structure πpyq and a new payoff vector upyq. The collection of coalitions of πpxq
that are unaffected by this change is denoted by Upx, Sq and the set of all players in this
group by Upx, Sq. Formally, we have Upx, Sq “ tT P πpxq|S X T “ Hu and Upx, Sq “
YTPUpx,SqT.

This notation helps us in defining coalitional sovereignty.

Definition 22 (Coalitional sovereignty). An effectivity correspondence E satisfies coali-
tional sovereignty if the following two conditions hold:

(1) Non-interference: For every x, y P X , if S P Epx, yq and T P Upx, Sq, then S P πpyq,
T P πpyq, and uT pxq “ uT pyq.

(2) Full support: For every x P X , for every S P N , and for every u P RS such that for all
i P S : ui ě vptiuq and

ř

iPS ui “ vpSq, there is a state y P X such that S P Epx, yq and
uSpyq “ u.

Intuitively, non-interference requires that if a coalition S induces a change from a state
x to a state y, then the unaffected coalitions in Upx, Sq are still part of the new coalition
structure πpyq and every unaffected player i P Upx, Sq keeps his old payoff, i.e., uipxq “
uipyq. Full support requires that every coalition S has the opportunity to move to a new
state where it has the freedom to redistribute its worth vpSq at will.

Coalitional sovereignty does not fully specify the effectivity correspondenceE. In par-
ticular, it does not specify the payoffs and coalition structure of players that are neither
part of the leaving coalition S nor part of the unaffected players Upx, Sq, i.e., players in
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the set NzpS Y Upx, Sqq. We call these players residual players. Indeed, one of the more
controversial issues is to what extent the leaving players have the power to influence the
coalition structure and payoffs of these residual players; see Shubik (1962), Hart and Kurz
(1983), Konishi and Ray (2003), and Ray and Vohra (2014) for related discussions and al-
ternative viewpoints. One frequently used specification is the γ-model (Hart and Kurz,
1983). The γ-model prescribes that the residual players are divided into singletons. This
assumption is justified by the viewpoint that a coalition is onlymaintained if there is unan-
imous agreement among its members. In our setting, the γ-model imposes the following
restriction on the effectivity correspondence.

Definition 23 (γ-model). The effectivity correspondence E is induced by the γ-model if it
satisfies coalitional sovereignty and

(3) For every x, y P X, for every S P Epx, yq, if i P NzpS Y Upx, Sqq, then tiu P πpyq.

The γ-model associates a unique social environment to each coalition function form
game.

One of the most prominent set-valued solution concepts for coalition function form
games is the coalition structure core.

Definition 24 (Coalition Structure Core). Let pN, vq be a coalition function form game and
Γ “ pN, pX, dq, E, pľiqiPNq be the social environment induced by the γ-model. The coalition
structure core of pN, vq is the set of states x P X such that, for every coalition S P N ,
ř

iPS uipxq ě vpSq.

In words, the coalition structure core gives to themembers of each coalition at least the
payoff they can obtain by forming that coalition.

Kóczy and Lauwers (2004) define the coalition structure core to be accessible if from
any initial state there is a finite sequence of states ending with an element of the coalition
structure core and each element in that sequence outsider independently dominates the
previous element. Accessibility of the coalition structure core thus corresponds to iter-
ated external stability of the coalition structure core with respect to outsider independent
domination. The notion of outsider independent domination differs from our notion of a
myopic improvement in the γ-model in two ways. First, it gives complete freedom to the
treatment of residual players after a move has taken place. Second, improvements for the
members of the coalition that moves are not necessarily strict improvements. In the on-
line supplement, we give an examplewhere under the requirement of strict improvements
of all members involved in a move, as in our dominance correspondence f , the coalition
structure core does not satisfy iterated external stability. However, the definition of an
MSS uses asymptotic external stability rather than iterated external stability.

By Theorem 6, there exists at least one MSS. Theorem 25 shows the MSS to be unique
and to coincide with the coalition structure core whenever the coalition structure core is
non-empty.

Theorem 25. Let pN, vq be a coalition function form game and Γ the social environment
induced by the γ-model. Then Γ has a unique MSS. If the coalition structure core Y of
pN, vq is non-empty, then the MSS of Γ is equal to Y .
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Theorem 25 covers coalition function form gameswith a non-empty coalition structure
core. We now study the predictions of MSS when the coalition structure core is empty.
To do so, we analyze the class of proper simple games which play an important role in
the analysis of political institutions. These are coalition function form games such that
vpNq “ 1, for every S Ď N it holds that vpSq P t0, 1u, and vpSq “ 1 implies vpNzSq “ 0.
Moreover, for S, T Ď N such that S Ď T, vpSq “ 1 implies vpT q “ 1. The collection of
winning coalitions is denoted byW “ tS Ď N | vpSq “ 1u. A veto player is a player that
belongs to every winning coalition and the set of veto players is given by S˚ “ XSPWS.

It is well-known that the coalition structure core of a proper simple game is non-empty
if and only if there are veto players, so S˚ ‰ H. In that case the coalition structure core,
and by Theorem 25 the MSS, is given by the states x P X such that πpxq has an element
containing S˚ and

ř

iPS˚ uipxq “ 1.
Let us now consider proper simple games with an empty core. Define the subset F pXq

of X as the set of states such that its partition contains a winning coalition different from
the grand coalition and all other elements of the partition are singletons:

F pXq “ tx P X | πpxq X pWztNuq ‰ H and @S P πpxqzW , |S| “ 1u.

If x P F pXq, then the payoff vector upxq distributes one unit of surplus to the players, each
player has a non-negative payoff, and at least one player has a payoff of zero. The payoff
vector therefore belongs to a facet of the unit simplex.

Theorem 26. Let pN, vq be a coalition function form game such that v is a proper simple
game with an empty core and let Γ “ pN, pX, dq, E, pľiqiPNq be the social environment
induced by the γ-model. Then the MSS of Γ is unique and equal to F pXq.

Each state in the MSS of the γ-model for simple games with an empty core contains a
winning coalition that is a proper subset of the grand coalition. All other coalitions fall
apart into singletons. In the online supplement, we consider the δ-model as suggested
by Hart and Kurz (1983) where residual players remain together. In payoff terms, the
predictions of the γ-model and the δ-model are shown to coincide, though in the δ-model
the non-winning coalitions need not be singletons. In the online supplement, we also
compare the predictions of theMSSwith the vNM stable set for three-player simple games
with either one, two, or threewinning two-player coalitions. In the first case, both concepts
coincide. In the second case, there are two vNMstable sets eachwith a continuumof states
and containing the finite MSS as a proper subset. In the third case, there are four vNM
stable sets and their union contains the MSS as a proper subset.

2.4.2 Matching
As a second application, we consider the one-to-one matching model of Gale and Shapley
(1962) and the one-to-one matching model of Knuth (1976). In the online supplement, we
also discuss the housing matching model of Shapley and Scarf (1974).

Gale and Shapley (1962) introduced a one-to-one matching model for a finite set N
of individuals, partitioned in the two exhaustive subgroups, menM and womenW . The
model can be described by a tuple pM,W, pPmqmPM , pPwqwPW q of individuals and their pref-
erence relations. A matching is a function µ : M YW Ñ M YW satisfying the following
properties:
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1. For every manm PM , µpmq P W Y tmu.

2. For every women w P W , µpwq PM Y twu.

3. For all menm PM and women w P W , µpmq “ w if and only if µpwq “ m.

In this setting, our state space X consists of all possible matchings µ. SinceX is finite, we
can endow it with the discrete metric dpµ, µ1q “ 1tµ‰µ1u. Each man m P M has a complete
and transitive strict preference relation Pm over the set W Y tmu and each woman w P

W has a complete and transitive strict preference relation Pw over the set M Y twu. The
preferences of the individuals pľiqiPMYW over the set X are induced by their preferences
over their match, i.e., for all m P M it holds that µ ąm µ1 if and only if µpmqPmµ1pmq and
for all w P W it holds that µ ąw µ

1 if and only if µpwqPwµ1pwq.
The formulation of the effectivity correspondence allows us to study the consequences

of different hypothesis on the matching process. We introduce two common assumptions
from the literature on matching. First, every man or woman is allowed to break the link
with the current partner, in which case thisman orwoman and the former partner become
single:

(1) For all i P N and µ P X with µpiq ‰ i, we have tiu P Epµ, µ1q where µ1 P X is such
that

(i) µ1piq “ i,
(ii) µ1pµpiqq “ µpiq,
(iii) for every j P Nzti, µpiqu, µ1pjq “ µpjq.

The second assumption is that anyman andwoman that are currently notmatched to each
other can deviate by creating a link and thereby leaving their former partners single:

(2) For allm1 P M , w1 P W , and µ P X with µpm1q ‰ w1, we have that tm1, w1u P Epµ, µ1q,
where µ1 P X is such that

(i) µ1pm1q “ w1,
(ii) µpm1q P W implies µ1pµpm1qq “ µpm1q,
(iii) µpw1q PM implies µ1pµpw1qq “ µpw1q,
(iv) for every j P Nztm1, w1, µpm1q, µpw1qu, µ1pjq “ µpjq.

Observe that these two conditions are in line with the γ-model of coalitional sovereignty.
This completes the description of the effectivity correspondence and thereby of the social
environment of the model by Gale and Shapley (1962).

Let pM,W, pPmqmPM , pPwqwPW q be amatching problem. Amatching µ is said to be stable
if for every i P M YW it does not hold that iPiµpiq and if for every pair pm,wq P M ˆW
it does not hold that wPmµpmq and mPwµpwq. It can easily be shown that a matching is
stable if and only if it is in the core of the social environment Γ.

In their seminal contribution, Gale and Shapley (1962) showed the existence of a stable
matching. The following result of Roth and Vande Vate (1990) is helpful in determining
the relation between the set of stable matchings and the MSS.
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Theorem 27. (Roth and Vande Vate, 1990) For every matching µ P X there is a stable
matching µ1 such that µ1 P f pµq.

Since the set of states is finite in this application, it holds that fNpµq “ f8pµq. Re-
calling Definition 17, the result of Roth and Vande Vate (1990) means that Γ satisfies the
weak improvement property. For finite settings, f is always lower hemi-continuous. Thus,
by Theorem 18, the MSS of the social environment induced by the one-to-one matching
model coincides with the set of stable matchings, which is the statement of the following
corollary.

Corollary 28. Let pM,W, pPmqmPM , pPwqwPW q be a matching problem and let Γ be the in-
duced social environment. TheMSS of Γ is unique and equal to the set of stablematchings.

An alternative one-to-one matching model is due to Knuth (1976). This model differs
from the model of Gale and Shapley (1962) in that no individual is allowed to be single.
Therefore, it requires the number ofmen to be equal to the number ofwomen. If a blocking
pair forms, the deserted partners are matched together. The primitives of the matching
model are given by a tuple pM,W, pPmqmPM , pPwqwPW q with |M | “ |W |. A matching is a
function µ : M YW ÑM YW satisfying the following properties:

1. For every manm PM , µpmq P W .

2. For every women w P W , µpwq PM .

3. For all menm PM and women w P W , µpmq “ w if and only if µpwq “ m.

The state space X consists of all matchings µ satisfying the above three properties and
is endowed with the discrete metric dpµ, µ1q “ 1tµ‰µ1u. The preferences of the individuals
pľiqiPMYW over the set X are induced by their preferences over their match, i.e., for all
m P M it holds that µ ąm µ1 if and only if µpmqPmµ1pmq and for all w P W it holds
that µ ąw µ1 if and only if µpwqPwµ1pwq. If a man and woman create a new link, the
effectivity correspondence also requires a link between their deserted partners. Formally,
for allm1 PM , w1 P W , and µ P X with µpm1q ‰ w1, we have that tm1, w1u P Epµ, µ1q, where
µ1 P X is such that

1. µ1pm1q “ w1,

2. µ1pµpw1qq “ µpm1q,

3. for every j P Nztm1, w1, µpm1q, µpw1qu, µ1pjq “ µpjq.

This completes the definition of the effectivity correspondence and thereby of the social
environment.

The core of the social environment induced by the Knuth (1976) model is non-empty.
Moreover, as shown by Tamura (1993), when there are at least four women, there are pref-
erences and a matching µ P X such that f8pµq does not contain a stable matching. In
these cases, the MSS contains matchings outside the core and can thus be rather large. We
present such an example in the online supplement and also compare the MSS to the vNM
stable set for that example.
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To obtain an intuition which states outside the core are part of an MSS, recall that, by
Theorem 14, the MSS coincides with the union of all closed cycles. Thus, if the MSS con-
tains states outside the core, these states are part of a closed cycle with more than one
element. In such a cycle, agents myopically form new matches and eventually come back
to the initial match. These additional states are included in the MSS due to two restric-
tions on the agents. First, agents are myopic and thus only consider deviations which
result in an immediate gain. Second, agents are additionally restricted by the effectivity
correspondence which only allows for pairwise deviations.

2.4.3 Network Formation
As a third application, we look at the model of network formation by Jackson and Wolin-
sky (1996). A network is given by a tuple g “ pN, Eq, where the nodes N are the players
of the network and E is the set of undirected edges of the network. An undirected edge
is represented as a set of two distinct players. Two players i, j P N are linked in g if and
only if ti, ju P E . We abuse notation and write ij P g if i and j are linked in the network g.
The set of all networks with node set N is denoted by G. A value function for player i is a
function vi : G Ñ R that associates payoffs for player i for each network in G. A network
problem is thus given by pN,G, pviqiPNq.

We identify X with the set G of all possible networks on N and endow it with the
discrete metric dpg, g1q “ 1tg‰g1u. Every player i P N has a preference relation ľi over the
set X of all possible networks defined by g ľi g

1 if and only if vipgq ě vipg
1q. Let g ` ij

be the network obtained from network g by adding the link ij to g and let g ´ ij be the
network obtained by deleting link ij from g.

We follow Jackson andWolinsky (1996) by considering deviations by coalitions of size
one or two and by assuming link deletion to be one-sided and link addition to be two-
sided. One-sided link deletion allows every player to delete one of his links:
(1) For all players i P N , all networks g P X, and all links ij P g, tiu P Epg, g ´ ijq.

Two-sided link addition allows any two players that are currently not linked to change the
network by forming a link between themselves:
(2) For all players i, j P N , all networks g P X with ij R g, we have ti, ju P Epg, g ` ijq.

This completes the description of our social environment for the network formationmodel.
It is straightforward to adjust the effectivity correspondence to incorporate models of net-
work formation where more than one link at a time can be changed by coalitions of arbi-
trary size (Dutta andMutuswami, 1997; Jackson and van den Nouweland, 2005) or where
link formation is one-sided (Bala and Goyal, 2000) into our framework. We refer to Page
andWooders (2009) for a more extensive discussion of alternative rules of network forma-
tion.

A network g is said to be pairwise stable (Jackson and Wolinsky, 1996) if for every
ij P g it holds that vipg ´ ijq ď vipgq and vjpg ´ ijq ď vjpgq and for every ij R g it holds
that vipg ` ijq ą vipgq implies vjpg ` ijq ď vjpgq.2 It is not hard to show that a network

2Pairwise stability as defined in Section 2 of Jackson andWolinsky (1996) is somewhat stronger and also
requires that there is no ij R g such that vipg ` ijq ą vipgq and vjpg ` ijq “ vjpgq. The weaker notion used
here is discussed as an alternative in Section 5 of Jackson andWolinsky (1996) and is also widely used in the
literature. For generic network problems, there are no indifferences, so the two definitions are equivalent.
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is pairwise stable if and only if it is in the core of the social environment Γ as defined in
Definition 15.

Corollary 16 shows that any pairwise stable network is in the myopic stable set. How-
ever, it is not necessarily the case that the MSS only contains the pairwise stable networks.

Consider the binary relation R on X defined by gRg1 if g P f pg1q, i.e., g can be reached
from g1 by a finite number of dominations. Let I be the symmetric part of R, i.e., gIg1 if
and only if gRg1 and g1Rg. Consider the set of equivalence classes E induced by I . Denote
the equivalence class of network g by rgs, i.e., g1 P rgs if and only if g1Ig. For two distinct
equivalence classes rgs and rg1s write rgsP rg1s if gRg1. It is easy to see that rgsP rg1s if and
only if gRg1 and not gRg1.

Let V be the collection of maximal elements of pE, P q, i.e., rgs P V if there is no rg1s P E
such that rg1sP rgs. Since an element of V simply represents a closed cycle as defined in
Definition 13, the following result follows from Theorem 14.

Corollary 29. Let pN,G, pviqiPNq be a network problem and let Γ be the induced social
environment. A network g belongs to the uniqueMSSM of Γ if and only if the equivalence
class rgs belongs to V , i.e.,M “ tg P X|rgs P V u.

Herings,Mauleon, andVannetelbosch (2009) define the pairwisemyopically stable sets
for network problemsusing pairwise stability as defined in Section 2 of Jackson andWolin-
sky (1996). It is not hard to see that the MSS for social environments Γ coincides with the
pairwise myopically stable set for generic network problems. For such network problems,
Corollary 29 is therefore equivalent to Theorem 1 ofHerings,Mauleon, andVannetelbosch
(2009) that characterizes the pairwisemyopically stable set as the union of closed cycles. In
their chapter, a closed cycle is defined in the sense of Jackson andWatts (2002) for network
problems. The notion of closed cycle in Definition 13 is the appropriate generalization to
social environments.

2.4.4 Normal-Form Games
As a final application, we consider normal-form games. We consider social environments
where players are restricted to the use of pure strategies. The online supplement contains
a formalization of the mixed extension with several results for that case.

A normal-form game G “ pN, ppΣi, diq, uiqiPNq consists of a set of players N and for
each player i P N a non-empty and compact metric space pΣi, diq of pure strategies and a
utility function ui : Σ Ñ R over the set of strategy profiles Σ “

ś

iPN Σi.A typical element
of Σ is denoted by s.

For the corresponding social environment Γ “ pN, pX, dq, E, pľiqiPNq, we equate the
state space X with the set of strategy profiles Σ and endow it with the product metric
dps, s1q “

ř

iPN dipsi, s
1
iq. The preferences pľiqiPN are such that s ľi s

1 if and only if uipsq ě
uips

1q.
We write psS, s´Sq for the strategy profile where sS is the list of strategies of players

in coalition S P N and s´S is the list of strategies of all other players, i.e., sS “ psjqjPS
and s´S “ psjqjPNzS. With a slight abuse of notation, we write si and s´i “ psjqjPNztiu for
single-player coalitions S “ tiu.

It remains to specify the effectivity correspondence E of the social environment Γ. By
allowing for all coalitional deviations, we describe coalitional normal-form games. For-
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mally, for a coalition S P N , the effectivity correspondence is such that S P Eps, s1q if and
only if s´S “ s1´S . For this effectivity correspondence, a strategy profile s P Σ is a strong
Nash equilibrium (Aumann, 1959) if and only if it is in the core of the social environment
Γ “ pN, pX, dq, E, pľiqiPNq. Thus, any strong Nash equilibrium must be in the MSS of the
associated social environment.

Instead of the coalitional approach, we will henceforth restrict attention to the more
frequently analyzed case of a non-cooperative game. In this case, the effectivity correspon-
dence E only allows singletons to move. Formally, we have that S P Eps, s1q if and only
if s´S “ s1´S and |S| “ 1. A non-cooperative normal-form game G “ pN, ppΣi, diq, uiqiPNq
then induces a social environment Γ “ pN, pX, dq, E, pľiqiPNq that is identical to the so-
cial environment defined for normal-form games with coalitional moves, except that the
effectivity correspondence E only allows for coalitions of size one.

A strategy profile s P Σ is said to be a pure strategy Nash equilibrium of the game
G if for every i P N and for every s1i P Σi it holds that uipsq ě uips

1
i, s´iq. Note that a

strategy profile is a pure strategy Nash equilibrium if and only if it is in the core of the
social environment Γ. Corollary 16 then shows that every pure strategy Nash equilibrium
belongs to every MSS.

In the next step, we define pseudo-potential games (Dubey, Haimanko, and Zapechel-
nyuk, 2006) and show that theMSS coincides with the set of pure-strategy Nash equilibria
for this class of games.

Definition 30 (Pseudo-Potential Game). The game G “ pN, ppΣi, diq, uiqiPNq is a pseudo-
potential game if there exists a continuous function P : Σ Ñ R such that, for all i P N, for
all s P Σ, arg maxsiPΣi

uipsi, s´iq Ě arg maxsiPΣi
P psi, s´iq.

Pseudo-potential games generalize ordinal potential games (Monderer and Shapley,
1996) andbest-response potential games (Voorneveld, 2000). Moreover, Dubey,Haimanko,
and Zapechelnyuk (2006) show that the class of pseudo-potential games contains games of
strategic complements or substitutes with aggregation such as Cournot oligopoly games.
Jensen (2010) extends this result to generalized quasi-aggregative games.3

Theorem 31. Let G “ pN, ppΣi, diq, uiqiPNq be a pseudo-potential game and let Γ be the
induced social environment. If the utility functions puiqiPN are continuous, then the MSS
of Γ coincides with the set of pure strategy Nash equilibria of G.

For finite supermodular games, Friedman andMezzetti (2001) establish theweak finite
improvement property which implies the weak improvement property. Thus, the equiv-
alence between the set of pure strategy Nash equilibria and the MSS also extends to this
class of games.

2.5 Conclusion
The myopic stable set provides a solution concept for a wide variety of social environ-
ments. Aswe have shown, the setting encompasses coalition function formgames, models

3Generalized quasi-aggregative games include aggregative games (Selten, 1970). For a subclass of ag-
gregative games, the equivalence result in Theorem 31 can be obtained from Dindoš and Mezzetti (2006).
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of network formation,matchingmodels, andnon-cooperative games. These environments
have been chosen based on their prominence in the literature but are by nomeans exhaus-
tive. In particular, promising environments for future research on the myopic stable set
include exchange processes in general equilibrium models and many-to-many matching
models with transfers.

The following three features boost the appeal of the myopic stable set as a solution
concept. First, the myopic stable set unifies standard solution concepts in many social en-
vironments. For instance, it coincideswith the coalition structure core in coalition function
form games (Kóczy and Lauwers, 2004) if the coalition structure core is non-empty, the set
of stable matchings in the one-to-one matching model of Gale and Shapley (1962), the set
consisting of pairwise stable networks and closed cycles of networks (Jackson and Watts,
2002), and the set of pure strategy Nash equilibria in finite supermodular games (Topkis,
1979 and Milgrom and Roberts, 1990) and pseudo-potential games (Dubey, Haimanko,
and Zapechelnyuk, 2006).

Second, our solution concept exists for any social environment and—under weak con-
tinuity assumptions—provides a unique set-valued prediction. This differs from well-
known concepts in the literature which fail to satisfy these properties even in social envi-
ronments with more structure.

Third, in important classes of problems, theMSS gives sharp predictions. For instance,
for matching markets empirical findings starting with Roth and Peranson (1999) suggest
that the core is small and Ashlagi, Kanoria, and Leshno (2017) provide theoretical argu-
ments for why this is the case. The equivalence between the core of matching problems
and the MSS then implies that MSS has significant predictive power. Other examples are
the equivalence betweenMSS and the set of pure Nash equilibria pseudo-potential games
and finite supermodular games.

At the same time, there are cases where the MSS may be large. For example, when
the MSS contains states that do not belong to the core as in the matching model by Knuth
(1976) as discussed in Subsection 2.4.2. Intuitively, the combination of myopic behavior
and a restrictive effectivity correspondence may result in cycling and hence, a large MSS.
This reflects the trade-off between a general solution concept for which existence and non-
emptiness is guaranteed, like theMSS, and a clear prediction for every class of social envi-
ronments. The investigation of refinements of the MSS in such cases is a natural direction
for future research.

2.6 Appendix

Proof of Theorem 6: First observe that the set of states X is a QMSS. Indeed, since it is
compact, it is closed and it trivially satisfies deterrence of external deviations and asymp-
totic external stability.

Let Z be the collection of all sets of states that are a QMSS. Notice that Z is non-empty
as X P Z . A set Z 1 P Z is a maximal element in the partially ordered set pZ,Ěq if for all
Z P Z with Z 1 Ě Z, we have Z “ Z 1.We will use Zorn’s lemma to show the existence of a
maximal element in the partially ordered set pZ,Ěq.

Let S be a chain in Z , i.e., pS,Ěq is a totally ordered subset of pZ,Ěq. Let I be an index
set for the sets in S , i.e., S “ tZα|α P Iu. Let Ź be the order on I that is induced by the
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order on S, i.e., β Ź α if and only if Zα Ě Zβ . In order to apply Zorn’s Lemma, we have to
show that S has an upper bound in Z . LetM “

Ş

αPI Z
α. Clearly, M is an upper bound

of S . We proceed by showing thatM P Z , i.e.,M is a QMSS. First of all, observe thatM
is closed as it is defined as the intersection of a collection of closed sets. We need to show
that it satisfies deterrence of external deviations and asymptotic external stability.
Deterrence of external deviations: Let x P M and y R M be given. Then there is α P I
such that y R Zα, since otherwise y P Zα for all α P I , which means that y P M . Since
x P Zα and Zα satisfies deterrence of external deviations, we obtain y R fpxq as was to be
shown.
Asymptotic external stability: Consider some y RM . Then there is α P I such that y R Zα.
As S is a chain, it follows that for all β Ź α we have y R Zβ .

For every β Ź α, there is xβ P Zβ such that xβ P f8pyq, since Zβ satisfies asymptotic
external stability. This defines a net pxβqβŹα. Given that X is compact, it follows by Theo-
rem 2.31 ofAliprantis and Border (2006) that this net has a convergent subnet, say pxβ1qβ1PI 1 ,
where I 1 Ď I is such that for all β P I there is a β1 P I 1 such that β1 Ź β. Let x be the limit
of this convergent subnet. We split the remaining part of the proof in two steps. First, we
show that x PM . Second, we show that x P f8pyq.
Step 1: x P M : Towards a contradiction, suppose that x R M . Then, there exists γ P I
such that x R Zγ . In particular, given that Zγ is a closed set, there is ε ą 0 such that
Bεpxq X Zγ “ H. Since S is a chain, we have that Bεpxq X Zδ “ H for all δ Ź γ. Since x is
the limit of the subnet pxβ1qβ1PI 1 , there is γ1 P I 1 such that γ1 Ź γ and xγ1 P Bεpxq. Then we
have xγ1 P Zγ1 , xγ1 P Bεpxq, and BεpxqXZ

γ1 “ H, a contradiction. We conclude that x PM .
Step 2: x P f8pyq: We need to show that for every ε ą 0 there is k P N and x P fkpyq such
that x P Bεpxq.

Let some ε ą 0 be given. The subnet pxβ1qβ1PI 1 converges to x. As such, there exists
γ1 P I 1 such that xγ1 P Bε{2pxq. In addition, xγ1 P f8pyq, so there is k P N and x P fkpyq such
that x P Bε{2px

γ1q. Then, by the triangle inequality, it holds that x P Bεpxq. Together with
x P fkpyq, this concludes the proof, i.e., x P f8pyq. l

Proof of Lemma 7: Step 1: Let Γ be a social environment and letM be anMSS of Γ. We
show in Step 1 that if x PM and y P f8pxq, then y PM .

Let x PM and y P f8pxq and suppose, towards a contradiction, that y RM . Given that
M is closed, there is ε ą 0 such that Bεpyq XM “ H. Also, by definition, there is k P and
z P fkpxq such that z P Bεpyq, i.e., z R M . Since z P fkpxq, there is a sequence z0, z1, . . . , zk

of length k such that

z0
“ x, z1

P fpz0
q, . . . , zk “ z P fpzk´1

q.

Let k1 P t1, . . . , ku be such that zk1 is the first element in this sequence with the property
that zk1 R M . Given that z0 “ x P M and zk “ z R M , such an element exists. It holds that
zk
1´1 P M , zk1 P fpzk1´1q, and zk1 R M . This contradicts deterrence of external deviations

forM .
Step 2: It remains to show thatM1 XM2 ‰ H.
Consider a state x1 P M1. If x1 P M2, then we are done. Otherwise, by asymptotic

external stability of M2, we know that there is x2 P M2 such that x2 P f
8px1q. By Step 1,
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we have that x2 PM1, so x2 PM1 XM2. l

The following technical lemma is helpful in proving Theorem 9.

Lemma 32. If the dominance correspondence f : X Ñ X is lower hemi-continuous, then
the asymptotic dominance correspondence f8 : X Ñ X is transitive.

Proof. Let x, y, z P X be such that y P f8pxq and z P f8pyq.Wehave to show that z P f8pxq,
so we need to show that for every ε ą 0, there is k1 P N and z1 P fk1pxq such that z1 P Bεpzq.

By assumption, z P f8pyq, so there is k P N and z1 P f
kpyq such that z1 P Bε{2pzq. In

addition, as y P f8pxq, we know that for every ` P N there is k` P N and y` P fk`pxq such
that y` P B1{`pyq. This generates a sequence py`q`P that converges to y, i.e., y` Ñ y.

Note that fk is lower hemi-continuous, since it is a composition of k lower hemi-continuous
correspondences. Given lower hemi-continuity of fk and the fact that z1 P f

kpyq, we know
that there is a sequence pz`2q`PN such that z`2 Ñ z1 and z`2 P fkpy`q. Now, we have that
y` P fk`pxq and z`2 P fkpy`q,which gives z`2 P fk`k`pxq.

We take ` large enough such that z`2 P Bε{2pz1q. Since z1 P Bε{2pzq, the triangular in-
equality gives z`2 P Bεpzq. This completes the proof.

Proof of Theorem 9: Suppose not, then, by Theorem 6 and Lemma 7, there exists an
MSSM1 and an MSSM2 such thatM1 ‰ M2 and their intersectionM3 “ M1 XM2 is non-
empty. Let us show thatM3 is a QMSS, contradicting the minimality ofM1 andM2, and
establishing the uniqueness of the MSS. First of all, notice thatM3, being the intersection
of two closed sets, is also closed.
For deterrence of external deviations, let x P M3 and y P fpxq. Then given that x P M1

andM1 satisfies deterrence of external deviations, it must be that y PM1. Also given that
x P M2 and M2 satisfies deterrence of external deviations, it must be that y P M2. This
implies that y PM1 XM2 “M3 as was to be shown.
For asymptotic external stability, take any y RM3. There are three cases to consider.
Case 1: y P M1zM3: Then, by asymptotic external stability of M2, there is x P M2 such
that x P f8pyq. By Step 1 in the proof of Lemma 7, we have that x P M1. This means that
x PM1 XM2 “M3,which is what we needed to show.
Case 2: y P M2zM3: The proof is symmetric to Case 1 withM1 andM2 interchanged.
Case 3: y P XzpM1 YM2q: We know, by asymptotic external stability ofM1, that there is
x P M1 such that x P f8pyq. If x P M3, we are done. If not, we know from Case 1 above
that there is z P M3 such that z P f8pxq. It follows from x P f8pyq and z P f8pxq that
z P f8pyq by Lemma 32. l

Proof of Theorem 12: Let x, y P X and sequences pxkqkPN and pykqkPN in X such that
xk Ñ x and yk Ñ y be given. Let us first show that if individual i P N strictly prefers y
to x, so y ąi x, then there is ` P N such that for all k ě `, yk ąi x

k. Suppose not, then for
every ` P N we can find k` ě ` such that xk` ľi y

k` . This creates sequences pxk`q`P, pyk`q`P
inX with xk` Ñ x and yk` Ñ y such that, for every ` P N, xk` ľi y

k` . By continuity of ľi, it
holds that x ľi y, a contradiction.

Let pxkqkPN be a sequence in X such that xk Ñ x and consider some y P fpxq. Then
either y “ x or y ‰ x and there is a coalition S P Epx, yq such that, for every i P S, y ąi x.

26



Chapter 2

If y “ x, take the sequence pykqkPN inX defined by yk “ xk. We immediately have that,
for every k P N, yk P fpxkq, and yk Ñ y.

We now consider the case where y ‰ x and there is a coalition S P Epx, yq such that,
for every i P S, y ąi x. By lower hemi-continuity of the correspondence GS , we know that
there is a sequence pykqkPN such that yk P GSpx

kq and yk Ñ y. By the first paragraph of the
proof, we know that for every i P S there is `i P such that, for every k ě `i, y

k ąi x
k. Let

` “ maxiPS `i. Then, for every k ě `, for every i P S, yk ąi x
k, and S P Epxk, ykq, which

shows that yk P fpxkq. The sequence pzkqkPN defined by zk “ xk if k ă ` and zk “ yk if
k ě ` therefore has all the desired properties: for every k P N, zk P fpxkq, and zk Ñ y.

As f is lower hemi-continuous, Theorem 9 implies that the social environment has a
unique MSS. l

Proof of Theorem 14: Towards a contradiction, suppose there is a closed cycleC which
is not a subset ofM . Let x P C and x R M . By asymptotic external stability there is y P M
such that y P f8pxq. By definition of a closed cycle, it follows that y P C.As x P C, again by
definition of a closed cycle, we also have that x P f8pyq. By Step 1 in the proof of Lemma 7,
it follows that x PM , a contradiction. Since the choice of C was arbitrary, we have shown
that CC ĎM .

We show next that if X is finite, then CC “ M . Since CC Ď M , we only need to show
that CC is a QMSS. The set CC satisfies deterrence of external deviations, since for all
x P CC, fpxq Ď f8pxq Ď CC. It remains to verify asymptotic external stability of CC, i.e.,
for every state x R CC, f8pxq X CC ‰ H.

Let x R CC and define Y “ f8pxq. Note that Y is non-empty since x P fpxq. It also
holds that Y is finite and f8pyq Ď Y for every y P Y . Let us represent the set Y and
the dominance correspondence f on Y by a finite directed graph D, i.e., (i) Y is the set
of vertices of D and (ii) D has an arc from y to z if and only if z P fpyq. By contracting
each strongly connected component of D to a single vertex, we obtain a directed acyclic
graph, which is called the condensation of D. As the condensation is finite and acyclic, it
has amaximal element, say c. Observe that c represents a closed cycleC, so Y XCC ‰ H. l

Proof of Theorem 18: Assume that Γ satisfies the weak improvement property. LetM
be an MSS of Γ. By Corollary 16, we have CO Ď M . We will show that CO is a QMSS. By
minimality, it then follows that CO “M .

In order to see that CO is closed, let pxkqkPN be a sequence in CO, so for all k P N it
holds that fpxkq “ txku. Now assume that xk Ñ x and x R CO. This means that there
is y ‰ x such that y P fpxq. By lower hemi-continuity of f , there is a sequence pykqkPN
such that yk P fpxkq and yk Ñ y. As for all k P N, xk P CO, we have that yk “ xk,
which means that yk Ñ x, so y “ x, a contradiction. Deterrence of external deviations is
immediate for the core as it is the union of the sinks. If the social environment satisfies
the weak improvement property, we have that for all x R CO, f8pxq X CO ‰ H, thus the
core satisfies asymptotic external stability.

For the reverse, let M be an MSS equal to CO. Now, if x P M , it is a sink, so f8pxq “
txu Ď CO. If x R CO we have by asymptotic external stability ofM that f8pxq XM ‰ H,
so f8pxq contains a sink, i.e., Γ satisfies the weak improvement property. l

Proof of Theorem 20: Suppose thatM is an MSS such thatM X V “ H. Recall thatM
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is non-empty. Let x P M and x R V. Since V satisfies external stability, there is y P fpxq
such that y P V. Since M satisfies deterrence of external deviations, we have that y P M,
soM X V ‰ H, a contradiction. l

Proof of Theorem 21: By Theorem 14, the MSS is unique and equal to the union of all
closed cycles CC. Since Q is consistent with f, a state is recurrent if and only if it belongs
to a closed cycle. l

Proof of Theorem 25:
Step 1: Γ has a unique MSS.
We show lower hemi-continuity of E and continuity of the preferences. The result then
follows from Theorem 12.

To show lower hemi-continuity ofE, let some S P N , a sequence pxkqkPN inX such that
xk Ñ x, and some y P GSpxq be given. We show that there is a sequence pykqkPN such that
yk P GSpx

kq and yk Ñ y. If y “ x, then the choice yk “ xk would do, so consider the case
y ‰ x.

First of all, there is k1 P N such that for all k ě k1, πpxkq “ πpxq, so in particular
Upxk, Sq “ Upx, Sq. For every k ă k1, we define yk “ xk. For every k ě k1, we define yk P X
by πpykq “ πpyq and

uipy
k
q “

"

uipyq, i P NzUpx, Sq,
uipx

kq, i P Upx, Sq.

This completely specifies the state yk. Consider some k ě k1. Since y ‰ x and y P GSpxq, it
holds that S P πpyq and, for every i P NzpS Y Upx, Sqq, we have that i is a residual player.
The properties of the γ-model imply that tiu P πpyq. The same properties hold for πpykq.
For every i P S, it holds that uipykq “ uipyq, so uipykq ě vptiuq and

ř

iPS uipy
kq “ vpSq. For

every i P NzpS Y Upx, Sqq, we have that uipykq “ vptiuq “ uipyq. For every i P Upx, Sq
it holds that uipyq “ uipxq and uipy

kq “ uipx
kq. By coalitional sovereignty, we have that

yk P GSpx
kq. Using that xk Ñ x, it follows easily that yk Ñ y.

Let some i P N be given. To show continuity of ľi, let pxkqkPN and pykqkPN be sequences
in X such that xk Ñ x and yk Ñ y. Then, by continuity of the projection, we have that
uipx

kq Ñ uipxq and uipykq Ñ uipyq. So if uipxkq ě uipy
kq for all k P, we obtain uipxq ě uipyq,

which shows that x ľi y.
Step 2: The core of Γ is equal to Y.
Let y P CO and suppose y R Y . Then there is a coalition S P N such that

ř

iPS uipyq ă vpSq.
Since y P X, it holds for all i P S that uipyq ě vptiuq. Now, let uS be a vector of payoffs
for the members in S such that

ř

iPS ui “ vpSq and for all i P S, ui ą uipyq. Then, by full
support, there exists a state y1 P X such that S P Epy, y1q and uS “ uSpy

1q. We conclude
that y1 P fpyq. This contradicts the fact that y P CO.

For the reverse, let y P Y and suppose there is z P fpyq such that z ‰ y, i.e., y R
CO. Then there is S P Epy, zq such that for all i P S it holds that uipzq ą uipyq. Also,
vpSq “

ř

iPS uipzq ą
ř

iPS uipyq ě vpSq,where the first equality follows from the definition
of the state space and the last inequality from the definition of Y . We have obtained a
contradiction.
Step 3: If Y ‰ H, then the MSS of Γ is equal to Y.
Step 2 shows that Y is equal to the core of Γ. If we can show that Γ satisfies the weak
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improvement property whenever Y ‰ H, then we can use Theorem 18 to establish our
result. Since the proof is trivial when the number of individuals n is equal to 1, we assume
n ě 2 throughout.

Assume that Y ‰ H. We need to show that for all x0 P X , f8px0q X Y ‰ H. If x0 in Y ,
then nothing needs to be shown, so assume that x0 P XzY . We need to show that for every
ε ą 0 there is a number k1 P N, a state xk1 P fk1px0q, and a state y P Y such that dpxk1 , yq ă ε.

Let some ε ą 0 be given. Béal, Rémila, and Solal (2013) show that there exists a se-
quence of states px0, . . . , xk

1

q such that xk1 P Y , k1 is less than or equal to pn2 ` 4nq{4, and,
for every k P t1, . . . , k1u,

1. there is Sk P N such that Sk P Epxk´1, xkq,

2. uSkpxk´1q ă uSkpxkq.

Notice that the inequality in 2. onlymeans that at least one of the players inSk gets a strictly
higher payoff, not necessarily all of them. Let P k be the set of partners of the players in Sk
at state xk´1, more formally defined as

P k
“ YtSPπpxk´1q|SXSk‰HuS,

so P k is equal to the moving coalition Sk together with the residual players. Since Sk P
Epxk´1, xkq, it follows that

uipx
kq “ vptiuq, i P P kzSk,

uipx
kq “ uipx

k´1q, i P NzP k.

We define W k Ă Sk to be the, possibly empty, proper subset of Sk consisting of players
that only weakly improve when moving from state xk´1 to state xk, so for every i P W k it
holds that uipxk´1q “ uipx

kq.We define

δ “ min
kPt1,...,k1u

min
iPSkzWk

uipx
k
q ´ uipx

k´1
q and ε1 “ mintδ, εu,

so δ is the smallest improvement of any of the strictly improving players involved in any
move along the sequence. It holds that δ ą 0 and therefore that ε1 ą 0. For k P t0, . . . , k1u,
define νk “ n2k{pn2k1`1q. We define epW kq “ 0 if W k “ H and epW kq “ 1 otherwise.
We use the sequence px0, x1, . . . , xk

1

q of states as constructed by Béal, Rémila, and Solal
(2013) to define a new sequence prx0, rx1, . . . , rxk

1

q of states by setting rx0 “ x0 and, for every
k P t1, . . . , k1u,

πprxkq “ πpxkq,

uiprx
kq “ uipx

kq ` ε1νk
|SkzWk|

|Wk|
, i P W k,

uiprx
kq “ uipx

kq ´ ε1νkepW
kq, i P SkzW k,

uiprx
kq “ uipx

kq “ vptiuq, i P P kzSk,
uiprx

kq “ uiprx
k´1q, i P NzP k.

Notice that the first line does not entail a division by zero, since if i P W k, thenW k ‰ H.
Compared to the sequence px0, x1, . . . , xk

1

q, the sequence prx0, rx1, . . . , rxk
1

q is such that
each strictly improving player inSkzW k donates an amount ε1νk{|W k| to each of the players
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inW k whenever the latter set is non-empty. It is also important to observe that the fraction
νk is an n2 multiple of νk´1 and that νk1 “ 1{n.

We show first by induction that, for every k P t0, . . . , k1u, rxk P X . Obviously, it holds
that rx0 “ x0 P X . Assume that, for some k P t1, . . . , k1u, rxk´1 P X . We show that rxk P X . It
holds that

uiprx
kq ą uipx

kq ě vptiuq, i P W k,
uiprx

kq ě uipx
k´1q ` δ ´ ε1νk ą uipx

k´1q ` δ ´ ε1 ě uipx
k´1q ě vptiuq, i P SkzW k,

uiprx
kq “ vptiuq, i P P kzSk,

uiprx
kq “ uiprx

k´1q ě vptiuq, i P NzP k,

where the very last inequality follows from the induction hypothesis. Moreover, for every
S P πpxkq, it holds that either S “ Sk andW k “ H, so

ÿ

iPS

uiprx
k
q “

ÿ

iPSk

uipx
k
q “ vpSq,

or S “ Sk andW k ‰ H, so

ÿ

iPS

uiprx
k
q “

ÿ

iPWk

ˆ

uipx
k
q ` ε1νk

|SkzW k|

|W k|

˙

`
ÿ

iPSkzWk

`

uipx
k
q ´ ε1νk

˘

“
ÿ

iPSk

uipx
k
q “ vpSq,

or S “ ti1uwith i1 P P kzSk and
ÿ

iPS

uiprx
k
q “ ui1prx

k
q “ ui1px

k
q “ vpti1uq “ vpSq,

or S Ď NzP k, so S P πprxk´1q, and
ÿ

iPS

uiprx
k
q “

ÿ

iPS

uiprx
k´1
q “ vpSq,

where the last equality makes use of the induction hypothesis. We have now completed
the proof of the fact that for every k P t0, . . . , k1u, rxk P X.

We show next by induction that, for every k P t0, . . . , k1u, and for every i P N ,

|uiprx
k
q ´ uipx

k
q| ď ε1νkpn´ 1q.

Obviously, for every i P N , it holds that |uiprx0q ´ uipx
0q| “ 0 ď ε1ν0pn ´ 1q. Assume that,

for some k P t1, . . . , k1u, for every i P N , |uiprxk´1q´uipx
k´1q| ď ε1νk´1pn´1q. We show that,

for every i P N , |uiprxkq ´ uipxkq| ď ε1νkpn´ 1q. If i P W k, thenW k ‰ H, and the statement
follows from the observation that

0 ď uiprx
k
q ´ uipx

k
q “ ε1νk

|SkzWk|

|Wk|
ď ε1νkpn´ 1q.

If i P SkzW k, then we have that

0 ě uiprx
k
q ´ uipx

k
q ě ´ε1νk ě ´ε

1νkpn´ 1q.
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If i P P kzSk, then we have |uiprxkq ´ uipxkq| “ 0. If i P NzP k, then it holds that

|uiprx
k
q ´ uipx

k
q| “ |uiprx

k´1
q ´ uipx

k´1
q| ď ε1νk´1pn´ 1q ă ε1νkpn´ 1q,

where the first inequality makes use of the induction hypothesis and the last inequality of
the fact that νk´1 ă νk.

Let some k P t1, . . . , k1u and some i P Sk be given. We show that uiprxkq ą uiprx
k´1q. If

i P W k, then it holds that

uiprx
k
q “ uipx

k
q ` ε1νk

|SkzW k|

|W k|
“ uipx

k´1
q ` ε1νk

|SkzW k|

|W k|

ě uipx̃
k´1
q ´ ε1νk´1pn´ 1q ` ε1νk

1

n´ 1
ą uiprx

k´1
q,

where the strict inequality uses that νk “ n2νk´1. If i P SkzW k, then it holds that

uiprx
k
q ě uipx

k
q ´ ε1νk ě uipx

k´1
q ` δ ´ ε1νk

ě uiprx
k´1
q ´ ε1νk´1pn´ 1q ` δ ´ ε1n2νk´1 ą uiprx

k´1
q,

where the strict inequality uses the facts that δ ě ε1 and

pn2
` pn´ 1qqνk´1 ă 2n2νk´1 ď 2νk ď 1.

Combining the statements proven so far, it follows that rxk1 P fk1px0q. We complete the
proof of the weak improvement property by noting that xk1 P Y by the result of Béal,
Rémila, and Solal (2013) and by observing that dprxk1 , xk1q ă ε since πprxk1q “ πpxk

1

q and, for
every i P N ,

|uiprx
k1
q ´ uipx

k1
q| ď ε1νk1pn´ 1q ă ε1 ď ε.

l

Proof of Theorem 26: We show first that F pXq satisfies deterrence of external devi-
ations. Let x P F pXq and y P fpxq be given and let S P Epx, yq be such that, for every
i P S, uipyq ą uipxq. It follows that S P W . Since

ř

iPN uipxq “
ř

iPN uipyq “ 1, we have
that S ‰ N. Since NzS R W , S has a non-empty intersection with the unique coalition in
πpxq XW . It follows that πpyq “ tSu Y ttiu | i P NzSu, so it holds that y P F pXq.

We show next that F pXq satisfies asymptotic external stability. Let some x P XzF pXq
be given. If πpxq XW ‰ H, then let j P N be such that ujpxq ą 0. If πpxq XW “ H, then
take any j P N. Since the core of v is empty, it holds thatNztju PW , as otherwise j would
be a veto player. Let y P F pXq be such that πpyq “ tNztju, tjuu and uNztjupyq " uNztjupxq.
Since Nztju P Epx, yq it holds that y P fpxq.

We shownext that for every x P F pXq it holds that f8pxq “ F pXq.Let some x, y P F pXq
be given and denote the winning coalition in πpyq by W. We have to show that for every
ε ą 0 there exists k1 P N and z P fk1pxq such that z P Bεpyq.

Let some ε P p0, 1{nq and S P πpyqztW u be given. We show first that there is k P N and
xk P fkpxq such that for every i P NzS, uipxkq ă ε{n and each element of πpxkq is either
a winning coalition or a singleton. If x itself satisfies these properties, then we are done.
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Otherwise, there is j P NzS such that ujpxq ě ε{n. Since j is not a veto player, it holds that
Nztju P W . Let x1 P X be such that πpx1q “ tNztju, tjuu, uNztjupx

1q " uNztjupxq, and, for
every i P Nztju such that uipxq ă ε{n, uipx

1q ă ε{n. Since ujpxq ě ε{n, such an element x1

exists. It holds that x1 P fpxq and ujpx1q “ 0. If there is j1 P NzS such that uj1px1q ě ε{n,
then we repeat this argument using j1. Since the setNzS is finite, we reach a state xk with
the desired properties in a finite number of steps.

We define the possibly empty set W 0 “ ti P W | uipyq ď ε{nu. Let w P W be a player
such that uwpyq ě 1{n. Let z P X be such that πpzq “ πpyq “ tW u Y ttiu | i P NzW u and

ujpzq “

$

&

%

ε
n
, j P W 0,
ujpyq, j P W zpW 0 Y twuq,
uwpyq ´

ř

iPW 0p
ε
n
´ uipyqq, j “ w.

For every j P W 0 it holds that ujpzq “ ε{n ą ujpx
kq, for every j P W zpW 0 Y twuq it holds

that ujpzq “ ujpyq ą ε{n ą ujpx
kq, and

uwpzq “ uwpyq ´
ř

iPW 0p
ε
n
´ uipyqq ě

1
n
´ n´2

n
ε
n
ą ε

n
ą uwpx

k
q,

so uW pzq " uW px
kq. Since every element of πpxkq is either a winning coalition or a single-

ton, it holds that W P Epxk, zq. We have shown that z P fpxkq and therefore z P fk`1pxq.
We have that πpyq “ πpzq, for every j P W 0 it holds that |ujpyq ´ ujpzq| ď ε{n, for every
j P W zpW 0 Y twuq it holds that |ujpyq ´ ujpzq| “ 0, and |uwpyq ´ uwpzq| ď pn ´ 2qε{n,
therefore z P Bεpyq, so z has all the desired properties.

It follows by Theorem 14 that F pXq is a subset of the MSS and since F pXq satisfies
deterrence of external deviations and asymptotic external stability, it must be equal to the
MSS. l

Proof of Theorem 31: It is easy to see that the effectivity correspondence E is lower
hemi-continuous. Moreover, continuity of pľiqiPN is identical to continuity of the utility
functions puiqiPN . As such, it suffices to show that Γ satisfies the weak improvement prop-
erty.

Consider a function b : Σ Ñ Σ such that, for every s P Σ,

bpsq P arg maxtτPΣ|DiPN, τ´i“s´iu
P pτq,

and bpsq “ s if P pbpsqq “ P psq. For each strategy profile s P Σ, there is j P N and τ˚j P Σj

such that bpsq “ pτ˚j , s´jq and bpsq maximizes the value of P pτq over all strategies τ such
that there is i P N with τ´i “ s´i. If the maximal value of P pτq is equal to P psq, then bpsq is
taken equal to s. As P is continuous and, for every i P N , Σi is compact, the maximization
problem has a solution.

Observe that s P Σ is a pure strategy Nash equilibrium of G if and only if

P psq ě P pτi, s´iq, i P N, τi P Σi.

It follows that s is a pure strategy Nash equilibrium of G if and only if bpsq “ s. Let NE be
the set of all pure strategy Nash equilibria of G. The set NE is non-empty as it contains all
the strategy profiles that maximize P over Σ, a non-empty set since P is continuous and
Σ is compact.
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Let us show that Γ satisfies the weak improvement property, i.e. for all states s P Σ,
f8psq X NE ‰ H.

Let s1 P ΣzNE be given. Consider the sequence of states pskqkPN in Σ defined by s2 “

bps1q, s3 “ bps2q, . . .. For every k P N, it holds that sk`1 P fpskq, so any accumulation point
of the sequence pskqkPN belongs to f8ps1q.

Observe that, by definition, P ps1q ď P ps2q ď P ps3q ď ¨ ¨ ¨ , so the sequence
`

P pskq
˘

kPN
is non-decreasing. Further, as pskqkPN takes values in the compact set Σ, it has a convergent
subsequence. Let us denote such a subsequence by px`q`PN and let x` Ñ x. It holds that
x P f8ps1q. By continuity of P it holds that P px`q Ñ P pxq. It also holds that, for every
k P N, P pskq ď P pxq.

Since x P f8ps1q, we finish the proof by showing that x P NE. Suppose not, then there is
j P N and a best response τ 1j P Σj such that ujpτ 1j, x´jq ą ujpxq. As G is a pseudo-potential
game, there is a best response τ˚j P Σj such that P pτ˚j , x´jq ą P pxq. Since P is continuous,
there is ε ą 0 such that for every τ P Bεppτ

˚
j , x´jqq it holds that P pτq ą P pxq. As x` Ñ x,

there is `1 P N such that x`1 P Bεpxq, so pτ˚j , x`
1

´jq P Bεppτ
˚
j , x´jqq and P pτ˚j , x`

1

´jq ą P pxq.We
have that

P pxq ă P ppτ˚j , x
`1

´jqq ď P pbps`
1

qq ď P pxq,

a contradiction. Consequently, it holds that x P NE.

2.7 Supplement

2.7.1 Examples
Example 1. In this example, we describe a social environment which has no MSS when
iterated external stability is used in the definition instead of asymptotic external stability.

Consider the social environment Γ “ pt1u, pX, dq, E,ľ1q,where the state space is given
by X “ t1{k|k Pu Y t0u and dpx, yq “ |x ´ y|. Note that X is compact. Preferences ľ1 are
defined by x ľ1 y if and only if x “ y or x ă y. The effectivity correspondence E is such
that t1u P Ep1{k, 1{pk ` 1qq for every k P N and Epx, yq “ H otherwise. It follows that

fp 1
k
q “

 

1
k
, 1
k`1

(

.

Observe that 0 P f8pxq for every x P X and that fp0q “ t0u. It now follows easily that t0u
is an MSS.

We show that there is no closed set satisfying iterated external stability together with
deterrence of external deviations and minimality. Towards a contradiction, suppose that
the closed setM Ď X satisfies these properties. Since, for every k P N, 0 R f p1{kq, the set t0u
does not satisfy iterated external stability. Given thatM ‰ t0u andM is non-empty, there
is k P such that 1{k P M . Let k be the smallest such number. From deterrence of external
deviations, we have that also 1{pk ` 1q P M . Based on the corresponding properties of
M , it is easy to verify that the closed, non-empty set M 1 “ Mz t1{ku satisfies deterrence
of external deviations and iterated external stability. SinceM 1 is a proper subset ofM ,M
violates the minimality property.

Example 2. In the next example, we consider an infinite social environment for which
there is more than one MSS.
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Consider the social environment Γ “ pt1u, pX, dq, E,ľ1q, where

X “ t0, 1
2
, 1u Y

 

1
k
| k P zt1, 2u

(

Y
 

1´ 1
k
| k P zt1, 2u

(

and the metric is given by dpx, yq “ |x´ y|.
The effectivity correspondence is such that the individual can move from both states 0

and 1 to state 1{2 and, for every k P Nzt1, 2u, from state 1´ 1{k to state 1{k and from state
1{k to state 1 ´ 1{pk ` 1q. The individual cannot make any other moves. The preferences
of the individual are such that

2
3

ă1
1
3

ă1
3
4

ă1
1
4

ă1
4
5

ă1
1
5

ă1 ¨ ¨ ¨ ă1 1 ă1 0 ă1
1
2
.

We claim that both t0, 1{2u and t1{2, 1u are myopic stable sets. Since the effectivity cor-
respondence admits no move outside the respective sets, both t0, 1{2u and t1{2, 1u satisfy
deterrence of external deviations. For asymptotic external stability, observe that for every
k P Nzt1, 2u it holds that t0, 1u Ă f8p1{kq and t0, 1u Ă f8p1 ´ 1{kq. Moreover, we have
1{2 P fp0q “ f8p0q and 1{2 P fp1q “ f8p1q. For minimality, the sets t0u and t1u violate
deterrence of external deviations since 1{2 P fp0q and 1{2 P fp1q. The set t1{2u violates
asymptotic external stability as 1{2 R f8pxq for any x P X different from 0, 1{2 and 1.

Example 3. This example provides a social environment in which the effectivity corre-
spondence is lower hemi-continuous and the preferences are continuous, but where the
weak dominance MSS is not unique.

Consider the social environment Γ “ pt1, 2u, pX, dq, E, pľ1,ľ2qq,where

X “ tp0, 0q, p1, 0q, p2, 0qu Y tp0, 2
k
q, p1, 1

k
q, p2, 1

k
q|k P Nu

and d is the Euclideanmetric onX, so dpx, yq “ }x´y}2. It clearly holds thatX is compact.
Individual 1 only cares about the first component of the state while individual 2 only

cares about the second component. Both individuals prefer states where the component
they care about is lower over states where it is higher. Note that these preferences are
continuous.

The effectivity correspondence is as follows. For every k P N, the singleton t1u can
move from state p2, 1{kq to state p1, 1{kq and the singleton t2u can move from state p1, 1{kq
to state p2, 1{pk ` 1qq. Moreover, for every k P N, the singleton t2u can move from state
p0, 2{kq to state p1, 1{kq. Coalition t1, 2u can move from states p1, 0q and p2, 0q to state p0, 0q
and, for every k P N, from states p1, 1{kq and p2, 1{kq to state p0, 2{kq. No other moves are
possible.

To see that the effectivity correspondence is lower hemi-continuous, let the sequence
pxkqkPN in X be such that xk Ñ x. There are only three relevant sequences of states in X :
the sequence pp0, 2{kqqkPN, the sequence pp1, 1{kqqkPN , and the sequence pp2, 1{kqqkPN. The
first converges to p0, 0q, the second to p1, 0q, and the third to p2, 0q.

Let some x P tp0, 0q, p1, 0q, p2, 0qu be given. Since Gt1upxq “ txu and Gt2upxq “ txu, it is
immediate that Gt1u and Gt2u are lower hemi-continuous.

ForGt1,2u, the only non-trivial cases are x “ p1, 0q and x “ p2, 0q.We give the argument
for state x “ p1, 0q explicitly. The argument for state p2, 0q follows by symmetry. For
every y P Gt1,2up1, 0q we have to find a sequence pykqkPN such that yk P Gt1,2up1, 1{kq and

34



Chapter 2

yk Ñ y. If y “ p0, 0q,we take the sequence pp0, 2{kqqkPN. If y “ p1, 0q,we take the sequence
pp1, 1{kqqkPN.

Since f8p0, 0q “ tp0, 0qu, f8p1, 0q “ tp1, 0qu, and f8p2, 0q “ tp2, 0qu, it follows from
asymptotic external stability that tp0, 0q, p1, 0q, p2, 0qu is a subset of any MSS. Since this set
satisfies deterrence of external deviations and asymptotic external stability, it follows from
minimality that the unique MSS is equal to tp0, 0q, p1, 0q, p2, 0qu.

On the other hand, both sets tp0, 0q, p1, 0qu and tp0, 0q, p2, 0qu are a weak dominance
MSS. Indeed, from both p1, 0q and p2, 0q, the coalition t1, 2u can deviate to p0, 0q if only
weak dominance is imposed. To satisfy asymptotic external stability, it is sufficient that
on top of the state p0, 0q, either the state p1, 0q or the state p2, 0q should be present. By
minimality, it follows that only one of these states is included.

Example 4. This example demonstrates that the stochastic approach to infinite environ-
ments based on irreducibility of the Markov chain can deliver predictions that differ dras-
tically from those of the MSS.

Consider the social environment Γ “ pN, pX, dq, E, pľiqiPNq, where N “ t1, 2u, X “

r0, 1s ˆ r0, 1s, and the metric is dpx, yq “ }x ´ y}1 “ |x1 ´ y1| ` |x2 ´ y2|. The effectivity
correspondence is such that individual 1 can change the first component of the state and
individual 2 the second component, so t1u P Epx, yq if and only if x2 “ y2 and t2u P
Epx, yq if and only if x1 “ y1. The coalition t1, 2u is never effective. The preferences of the
individuals are such that

x ľ1 y if and only if 2x1x2 ´ x1 ´ x2 ě 2y1y2 ´ y1 ´ y2,
x ľ2 y if and only if 2x1x2 ´ x1 ´ x2 ď 2y1y2 ´ y1 ´ y2.

It is not hard to see that this social environment corresponds to the normal-form game of
matching pennies, where x1 is the probability of the row player choosing “up" and x2 is
the probability of the column player choosing “left". The unique Nash equilibrium of this
game is equal to x˚ “ p1{2, 1{2q.

For every x P X, we define

f1pxq “

$

&

%

ty P X | y1 ď x1 and y2 “ x2u if x2 ă
1
2
,

txu if x2 “
1
2
,

ty P X | y1 ě x1 and y2 “ x2u if x2 ą
1
2
,

f2pxq “

$

&

%

ty P X | y1 “ x1 and y2 ě x2u if x1 ă
1
2
,

txu if x1 “
1
2
,

ty P X | y1 “ x1 and y2 ď x2u if x1 ą
1
2
,

so we can express the dominance correspondence as

fpxq “ f1pxq Y f2pxq.

We consider the better-response dynamics where each element of fpxq is selected with
equal probability. To do so, we define ρ1 : X Ñ r0, 1s and ρ2 : X Ñ r0, 1s as the functions
that project x on its first and second coordinate, respectively. We use λ to denote the
Lebesgue measure. Let BpXq denote the Borel σ-algebra on X. The transition probability
kernel resulting from better-response dynamics is obtained by defining, for every x P X ,
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and for every A P BpXq,

Qpx,Aq “

$

’

’

’

’

&

’

’

’

’

%

0 if x “ p1
2
, 1

2
q R A,

1 if x “ p1
2
, 1

2
q P A,

2λpρ1pAX f1pxqqq, if x1 “
1
2
, x2 ‰

1
2
,

2λpρ2pAX f2pxqqq, if x1 ‰
1
2
, x2 “

1
2
,

λpρ1pAXf1pxqqq`λpρ2pAXf2pxqqq
λpρ1pf1pxqqq`λpρ2pf2pxqqq

, if x1 ‰
1
2
, x2 ‰

1
2
.

The first and second equality above show that the better-response dynamics never leaves
the Nash equilibrium once reached. The third equality concerns the case where only
player 1 likes to move. Observe that if x1 “ 1{2 and x2 ‰ 1{2, then λpρ1pf1pxqqq “ 1{2,
which explains the multiplication by 2. A similar remark applies to the fourth equality
above. For the last equality, notice that x1 ‰ 1{2 and x2 ‰ 1{2 implies that λpρ1pf1pxqqq ą 0
or λpρ2pf2pxqqq ą 0, so there is no division by zero.
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s
x˚
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Figure 2.1: Better-response dynamics for the game of matching pennies.

The Markov process is illustrated in Figure 1. The arrows indicate the direction in
which a state changes. A typical state can change in two directions, either west or east and
either north or south, thereby generating two line segments on which the next state lies.

For every A P BpXq, Qp¨, Aq is a measurable function on X , but it is in general not
continuous. For instance, if A “ tx˚u, then Qpx,Aq “ 1 if x “ x˚ and Qpx,Aq “ 0,
otherwise. Indeed, the state x˚ does not belong to fpxq unless x “ x˚ and in that case
fpx˚q “ tx˚u.

In this setting and other settings with an infinite state space, the Markov chain returns
to a given state with probability zero, so the concept of a recurrent state is of less use and
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importance. Instead, for infinite settings, the property of irreducibility is often studied,
which expresses that all parts of the state space can be reached by the Markov chain, no
matter what the starting point is. Given a state x P X and a set A in the Borel σ-algebra
BpXq on X, let Lpx,Aq denote the probability that the Markov chain has a realization be-
longing to A at some point in the future when starting from x. Let ϕ be the measure onX
that assigns to each set in BpXq its Lebesgue measure. A Markov process pX,Qq is called
ϕ-irreducible if for every A P BpXq such that ϕpAq ą 0 it holds that Lpx,Aq ą 0 for every
x P X.

The Markov process pX,Qq in Example 4 is such that X can be decomposed in two
parts, namely tx˚u andXztx˚u. There is no transition between these two sets of states and
the restriction of the Markov process to each set is irreducible. This is obvious for tx˚u.
The next result shows this for Xztx˚u.

Theorem 33. The restriction of the Markov process pX,Qq in Example 4 to Xztx˚u is ϕ-
irreducible.

Proof. According to Proposition 4.2.1 of Meyn and Tweedie (1993), we have to show that
for every x P Xztx˚u, for every A P BpXztx˚uq such that ϕpAq ą 0, there exists k P N
such that Qkpx,Aq ą 0, where Qkpx,Aq denotes the probability of reaching A from x in k
transitions.

It is convenient to partition the set Xztx˚u in four subsets,

X1 “ tx P X | x1 ď
1
2
, x2 ą

1
2
u,

X2 “ tx P X | x1 ą
1
2
, x2 ě

1
2
u,

X3 “ tx P X | x1 ě
1
2
, x2 ă

1
2
u,

X4 “ tx P X | x1 ă
1
2
, x2 ď

1
2
u.

Let some x P X4 and some A P BpXztx˚uq such that ϕpAq ą 0 be given. We partition
A in the four subsets A1 Ď X1, A2 Ď X2, A3 Ď X3, and A4 Ď X4. At least one of these
four sets has positive Lebesgue measure. From x, the probability to reach a point in the
set Y 1 “ ty1 P X1 | y1

1 “ x1u is at least 1{3 and the probability distribution over Y 1 is
uniform. From y1 P Y 1, the probability to reach a point in the set Y 2py1q “ ty2 P X2 |

y2
2 “ y1

2u is at least 1{3 and the probability distribution over Y 2py1q is uniform. Thus,
the probability to reach a point in X2 after 2 transitions is at least 1{9 and, conditional on
reachingX2, the distribution of this point is uniform onX2. It now follows thatQ2px,Aq ě
ϕpA2q{9.Repeating this argument, we find thatQ3px,Aq ě ϕpA3q{27, Q4px,Aq ě ϕpA4q{81,
and Q5px,Aq ě ϕpA1q{243. Since at least one of A1, A2, A3, and A4 has strictly positive
Lebesgue measure, we have shown that the restriction of the Markov process toXztx˚u is
ϕ-irreducible. An analogous argument holds for x P X i, where i ‰ 4.

Example 4 shows that for the social environment corresponding to the normal-form
game of matching pennies, none of the strategy profiles is singled out by the stochastic
better-response dynamics. In contrast, we show in Section 2.7.6 that the MSS is unique
and consists of the Nash equilibrium x˚.

Example 5. In this example, we show that the coalition structure core does not satisfy
iterated external stability.
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Let pN, vq be a coalition function form game such that N “ t1, 2, 3u, vpt1, 2uq “ 1,
and vpt2, 3uq “ 1. All other coalitions have a coalitional value of 0. Thus, player 2 can
choose to form a coalition with either player 1 or player 3 to form a two-person coalition
generating a surplus equal to one. The coalition structure core therefore consists of only
two states, y and y1, with equal payoffs, upyq “ upy1q “ p0, 1, 0q, and coalitional structures
πpyq “ tt1, 2u, t3uu and πpy1q “ tt1u, t2, 3uu.

Consider an initial state x0 P X such that πpx0q “ tt1u, t2u, t3uu and upx0q “ p0, 0, 0q.
Under our notion of a myopic improvement, where all players involved in a move have
to gain strictly, a state x1 ‰ x0 belongs to fpx0q if and only if either πpx1q “ tt1, 2u, t3uu
and upx1q “ pε, 1 ´ ε, 0q for some ε P p0, 1q or πpx1q “ tt1u, t2, 3uu and upx1q “ p0, 1 ´ ε, εq
for some ε P p0, 1q. It follows that x1 is a state where either player 1 or player 3 receives a
payoff of zero and the other two players receive a strictly positive payoff summing up to
1.

Now consider any state xk such that either player 1 or player 3 receives 0 and the other
two players receive a strictly positive payoff summing up to 1. We claim that any state
xk`1 P fpxkq has the same properties. Without loss of generality, assume that u3px

kq “ 0.
Let xk`1 be an element of fpxkq different from xk. Since u1px

kq ` u2px
kq “ 1, the moving

coalition is t2, 3u and it holds that πpxk`1q “ tt1u, t2, 3uu. Moreover, it must also hold that
u2px

k`1q ą u2px
kq ą 0 and u3px

k`1q ą u3px
kq “ 0, which proves the claim. Thus, for every

k P N, if xk P fkpx0qztx0u, then xk is such that there are two players with a strictly positive
payoff. It follows that there is no k P N such that xk belongs to the coalition structure core.

2.7.2 Three-player Simple Games and the vNM Stable Set
Let pN, vq be a coalition function form game with N “ t1, 2, 3u corresponding to a proper
simple game. Let Γ be the social environment induced by the γ-model. We compare the
prediction of theMSSwith the vNM stable set for the three most interesting cases: there is
one winning two-player coalition, without loss of generality t1, 3u; there are two winning
two-player coalitions, without loss of generality t1, 2u and t2, 3u; all two-player coalitions
arewinning. The second case is known as the three-person veto-power game and the third
case as the three-person simple majority game.

The first example shows that if t1, 3u is the only winning two-player coalition, then
the MSS and the vNM stable set are unique and equal to the coalition structure core. The
prediction is therefore that either coalition t1, 3u or coalition t1, 2, 3u forms and payoffs are
such that the entire surplus is shared between players 1 and 3.

Example 6. Assume coalition t1, 3u is the onlywinning two-player coalition and singletons
are not winning. By direct computation or by Step 2 of the proof of Theorem 25, it holds
that the core of Γ is equal to the coalition structure core of pN, vq, so

Y “ ty P X | t1, 3u P πpyq or rt1, 2, 3u P πpyq and u2pyq “ 0su.

By Theorem 25, the MSS of Γ is unique and equal to Y. So either coalition t1, 3u forms or
the grand coalition forms and payoffs are such that the entire surplus is shared between
players 1 and 3.

We argue that the vNM stable set is unique and equal to Y as well. Let V be a vNM
stable set. For every y P Y it holds that fpyq “ tyu, so by external stability Y Ď V.We show
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that Y satisfies external stability. Let x R Y be given. If t1, 2, 3u R πpxq, then x does not
contain a winning coalition, so upxq “ p0, 0, 0q, and y P Y defined by πpyq “ tt1, 3u, t2uu
and upyq “ p1{2, 0, 1{2q satisfies y P fpxq. If t1, 2, 3u P πpxq, then x R Y implies u2pxq ą 0.
Now y P Y defined by πpyq “ tt1, 3u, t2uu and upyq “ pu1pxq ` u2pxq{2, 0, u3pxq ` u2pxq{2q
satisfies y P fpxq. We have shown that the core of Γ satisfies external stability. It must
therefore be the unique vNM stable set.

We now turn to the three-person veto-power game, with player 2 being the veto player.
The MSS is unique and equal to the coalition structure core, so one of the winning coali-
tions forms and player 2 gets the entire surplus. The MSS therefore has three elements,
depending on the winning coalition that forms. We argue that there are two vNM stable
sets, both having a continuum of elements and containing the MSS as a proper subset.
In an element of the vNM stable set it holds that a winning coalition forms and the en-
tire surplus is either shared between players 1 and 2 or between players 2 and 3. It is not
excluded that the veto player gets a payoff of 0.

Example 7. Assume singletons are not winning and t1, 2u and t2, 3u are the winning two-
player coalitions. By direct computation or by Step 2 of the proof of Theorem 25, it holds
that the core of Γ is equal to the coalition structure core of pN, vq, so to the set

Y “ ty P X | πpyq XW ‰ H and u2pyq “ 1u.

There are three states in Y. One of the winning coalitions t1, 2u, t2, 3u, and t1, 2, 3u forms
and players 1 and 3 receive a payoff of 0. By Theorem 25, the MSS of Γ is unique and equal
to Y.

We argue that there are two vNM stable sets, both having a continuum of elements
and containing the MSS as a proper subset. Let V be a vNM stable set. To satisfy external
stability, it must hold that Y Ď V. Since states in Y do not dominate any other state, it
follows by external stability that V contains Y as a proper subset. States x P X such
that πpxq XW “ H or πpxq “ tt1, 2, 3uu do not dominate any state where a two-player
winning coalition forms. It therefore follows from external stability that V contains a state
x1 P XzY such that t1, 2u P πpx1q or t2, 3u P πpx1q.Without loss of generality, assume that
t1, 2u P πpx1q. Notice that u1px

1q ą 0 since x1 P XzY. We distinguish between two cases:
Case 1. There is x2 P V zY such that t2, 3u P πpx2q. Case 2. For every x P V zY it holds that
t2, 3u R πpxq.

Case 1. Since x2 P V zY, it holds that u3px
2q ą 0. In order to satisfy internal stability, it

must hold that u2px
1q “ u2px

2q and therefore u1px
1q “ u3px

2q. Internal stability implies that
there cannot be any other x P V zY such that πpxq contains t1, 2u or t2, 3u. Now x3 P XzV
such that πpx3q “ tt1, 2u, t3uu and u2px

1q ă u2px
3q is not dominated by an element of V, so

V does not satisfy external stability, and we have obtained a contradiction.
Case 2. None of the states x P X such that πpxq “ tt1, 2u, t3uu is dominated by a state

in V, so every such state must belong to V to satisfy external stability. The same applies to
a state x P X such that πpxq “ tt1, 2, 3uu and u3pxq “ 0.We have that the set

V 1 “ tx P X | πpxq X tt1, 2u, t2, 3u, t1, 2, 3uu ‰ H and u3pxq “ 0u

is a subset of V. Notice that V 1 contains a single element with t2, 3u as the winning coali-
tion, a continuum of elements with t1, 2u as the winning coalition, and a continuum of

39



Essays on Coalition Formation Theory

elements with t1, 2, 3u as the winning coalition. It is easily verified that all states in XzV 1
are dominated by an element that belongs to V 1.None of the elements in V 1 dominate each
other. We have therefore shown that

V “ tx P X | πpxq X tt1, 2u, t2, 3u, t1, 2, 3uu ‰ H and u3pxq “ 0u.

By symmetry it follows that

tx P X | πpxq X tt1, 2u, t2, 3u, t1, 2, 3uu ‰ H and u1pxq “ 0u

is a vNM stable set as well. This exhausts all possibilities.

We finally turn to the three-player simple majority game. TheMSS is unique and equal
to the set of states such that a two-player winning coalition forms. We argue that there are
four vNM stable sets, none of them being a subset of the MSS or containing the MSS as
a subset. Every vNM stable set contains elements where the grand coalition forms. The
union of the four vNM stable sets contains the MSS as a proper subset.

Example 8. Assume all two-player coalitions are winning, whereas all singletons are not
winning. It follows from Theorem 26 that the MSS is unique and equal to the set

F pXq “ tx P X | πpxq X tt1, 2u, t1, 3u, t2, 3uu ‰ Hu.

In particular, it is excluded that the grand coalition forms.
Let V be a vNM stable set. Let x P X be a state such that πpxqXW “ H, or πpxq contains

a two-player winning coalition with one of the players in that coalition having a payoff of
1, or πpxq “ tt1, 2, 3uu. Since x does not dominate any state in F pXq, it follows by external
stability that V contains an element x1 P F pXqwith payoffs being strictly positive for both
players in the winning coalition. Without loss of generality, assume that t1, 2u P πpx1q.We
distinguish between two cases: Case 1. There is x2 P V such that t1, 3u or t2, 3u belongs
to πpx2q and u3px

2q ą 0. Case 2. For every x P V it holds that if t1, 3u or t2, 3u belongs to
πpxq, then u3pxq “ 0.

Case 1. Without loss of generality, assume t1, 3u P πpx2q. To satisfy internal stability,
it must hold that u1px

1q “ u1px
2q and therefore u2px

1q “ u3px
2q. There cannot be a state

x P V ztx1, x2u such that t1, 2u P πpxq or t1, 3u P πpxq and u1pxq ă 1 since otherwise internal
stability would be violated.

Suppose, in order to derive a contradiction, that there is no state x P V with t2, 3u P
πpxq. If u1px

1q ě 1{2, then the state x P X such that πpxq “ tt2, 3u, t1uu and upxq “
p0, 1{2, 1{2q is not dominated by an element of V. If u1px1q ă 1{2, then the state x P X
such that πpxq “ tt1, 2u, t3uu and upxq “ p1{2, 1{2, 0q is not dominated by an element of V.
Since V satisfies external stability, we have obtained a contradiction. Consequently, there
is a state x3 P V such that t2, 3u P πpxq.

In order not to violate internal stability, it must hold that u2px
3q “ u2px

1q and u3px
3q “

u3px
2q. Since u2px

1q “ u3px
2q, this is only possible if upx3q “ p0, 1{2, 1{2q. It follows that

upx1q “ p1{2, 1{2, 0q and upx2q “ p1{2, 0, 1{2q.We define x4, x5, x6 P X by πpx4q “ πpx5q “

πpx6q “ tt1, 2, 3uu and upx4q “ upx1q, upx5q “ upx2q, and upx6q “ upx3q. It is easily verified
that all states in Xztx1, . . . , x6u are dominated by x1, x2, or x3. The states x1, . . . , x6 do not
dominate each other. This yields V “ tx1, . . . , x6u as the unique vNM stable set satisfying
the assumptions of Case 1.
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Case 2. None of the states x P X such that πpxq “ tt1, 2u, t3uu is dominated by a state
in V, so every such state must belong to V to satisfy external stability. The same applies
to states x P X such that πpxq “ tt1, 3u, t2uu, πpxq “ tt2, 3u, t1uu, or πpxq “ tt1, 2, 3uu and
u3pxq “ 0.We have that the set

V 1 “ tx P X | πpxq X tt1, 2u, t1, 3u, t2, 3u, t1, 2, 3uu ‰ H and u3pxq “ 0u

is a subset of V. It is easily verified that all states in XzV 1 are dominated by an element
that belongs to V 1. It follows that

V “ tx P X | πpxq X tt1, 2u, t1, 3u, t2, 3u, t1, 2, 3uu ‰ H and u3pxq “ 0u.

We can easily check that V satisfies internal stability as well.
By symmetry it follows that

tx P X | πpxq X tt1, 2u, t1, 3u, t2, 3u, t1, 2, 3uu ‰ H and u1pxq “ 0u,
tx P X | πpxq X tt1, 2u, t1, 3u, t2, 3u, t1, 2, 3uu ‰ H and u2pxq “ 0u,

are vNM stable sets as well. This exhausts all possibilities.

2.7.3 Proper Simple Games and the δ-Model
Let pN, vq be a coalition function form game. The effectivity correspondence E is said to
be induced by the δ-model if it satisfies coalitional sovereignty and for every x, y P X,
for every S P Epx, yq, for every T P πpxq such that T zS ‰ H, it holds that T zS P πpyq.
The latter condition simply expresses that residual players in some coalition stay together
after coalition S leaves. Typically, it is assumed that the change in payoffs of the residual
players in a given coalition has the same sign. When we restrict the analysis to proper
simple games, we can obtain a characterization of the MSS without any such additional
assumptions.

Let pN, vq be a coalition function form game such that v is a proper simple game with
an empty core. We define the subset F 1pXq of X as the set of states such that its partition
contains a winning coalition different from the grand coalition:

F 1pXq “ tx P X | πpxq X pWztNuq ‰ Hu.

It holds that F pXq Ď F 1pXq, where F pXq is defined in the main text. The only difference
between these two sets is that F 1pXq does not require the non-winning coalitions in πpxq
to be singletons. In terms of payoff vectors that can be supported, there is no difference
between F pXq and F 1pXq.

Theorem 34. Let pN, vq be a coalition function form game such that v is a proper simple
game with an empty core and let Γ “ pN, pX, dq, E, pľiqiPNq be the social environment
induced by the δ-model. It holds that the MSS of Γ is unique and equal to F 1pXq.

Proof. The proof that F 1pXq satisfies deterrence of external deviations follows exactly the
same steps as the corresponding part of the proof of Theorem 26. The same is true for the
proof of asymptotic external stability of F 1pXq. The only difference is that there is no need
to verify that the non-winning coalitions are singletons.
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We complete the proof by showing that for every x P F 1pXq it holds that f8pxq “
F 1pXq. Let some x, y P F 1pXq be given and denote the winning coalition in πpyq byW.We
have to show that for every ε ą 0 there exists k1 P N and z P fk1pxq such that z P Bεpyq.

Let some ε P p0, 1{nq and S P πpyqztW u be given. By following exactly the same steps as
in the proof of Theorem 26 it can be shown that there is k P N and xk P fkpxq such that for
every i P NzS, uipxkq ă ε{n and πpxkq contains a winning coalition. Since

ř

iPNzS uipx
kq ă

1, it follows that
ř

iPS uipx
kq ą 0 and that S has a non-empty intersection with the winning

coalition in πpxkq.
Write πpyq as tS1, . . . , S`

1

uwith S1 “ S and S`1 “ W. For ` “ 1, . . . , `1´2, let xk`` P X be
such that πpxk``q “ tS1, . . . , S`, S``1 Y ¨ ¨ ¨ Y S`

1

u, uS``1Y¨¨¨YS`1 pxk``q " uS``1Y¨¨¨YS`1 pxk``´1q

and for every i P W, uipxk``q ă ε{n. In step `, coalition S``1Y ¨ ¨ ¨YS`
1 forms and increases

the payoffs of its members, whereas the payoffs of the players inW are kept strictly below
ε{n.CoalitionS` becomes part of πpxk``q as a residual set of players. Since

ř

iPS` uipx
k``´1q ą

0, such a state xk`` exists.
We define the possibly empty set W 0 “ ti P W | uipyq ď ε{nu. Let w P W be a player

such that uwpyq ě 1{n. Let z P X be such that πpzq “ πpyq “ tS1, . . . , S`
1

u and

ujpzq “

$

&

%

ε
n
, j P W 0,
ujpyq, j P W zpW 0 Y twuq,
uwpyq ´

ř

iPW 0p
ε
n
´ uipyqq, j “ w.

For every j P W 0 it holds that ujpzq “ ε{n ą ujpx
k``1´2q, for every j P W zpW 0 Y twuq it

holds that ujpzq “ ujpyq ą ε{n ą ujpx
k``1´2q, and

uwpzq “ uwpyq ´
ř

iPW 0p
ε
n
´ uipyqq ě

1
n
´ n´2

n
ε
n
ą ε

n
ą uwpx

k``1´2
q,

so uW pzq " uW px
k``1´2q. It follows that z P fpxk``1´2q and therefore z P fk``1´1pxq. We

have that πpyq “ πpzq, for every j P W 0 it holds that |ujpyq ´ ujpzq| ď ε{n, for every
j P W zpW 0 Y twuq it holds that |ujpyq ´ ujpzq| “ 0, and |uwpyq ´ uwpzq| ď pn ´ 2qε{n,
therefore z P Bεpyq, so z has all the desired properties.

It follows by Theorem 14 that F 1pXq is a subset of the MSS and since F 1pXq satisfies
deterrence of external deviations and asymptotic external stability, it must be equal to the
MSS.

We now turn to the case where pN, vq is a proper simple game with a non-empty core
and show that the analogue of Theorem 25 for the δ-model holds.

Theorem 35. Let pN, vq be a coalition function form game such that v is a proper simple
game with a non-empty core and let Γ “ pN, pX, dq, E, pľiqiPNq be the social environment
induced by the δ-model. It holds that the MSS of Γ is unique and equal to the coalition
structure core Y of pN, vq.

Proof. The coalition structure core Y is the set of states such that awinning coalition forms,
the other players are partitioned in arbitrary coalitions, and the veto players are the only
ones with a positive payoff. Step 2 in the proof of Theorem 25 can be used to show that
also for the δ-model the core CO of Γ is equal to Y. Since CO is closed, the remark below
Theorem 18 implies that we only have to show that Γ satisfies the weak improvement
property.

42



Chapter 2

We need to show that for every x P X, f8pxq X Y ‰ H. This is trivial if x P Y. Assume
x P XzY.We have to show that for every ε ą 0 there exists k P N, z P fkpxq, and y P Y such
that z P Bεpyq. Let some ε P p0, 1{nq be given. It holds that either πpxq XW “ H or there
is i1 P NzS˚ such that ui1pxq ą 0.

If πpxqXW “ H, then choose awinning coalitionW PW and a veto playerw P WXS˚.
Let z P X be such thatW P Epx, zq and

zj “ 0, j P NzW,
zj “

ε
n
, j P W ztwu,

zj “ 1´
ř

iPW ztwu
ε
n
, j “ w.

It holds that z P fpxq. Let y P Y be such that πpyq “ πpzq and uwpyq “ 1. It holds that
z P Bεpyq. This shows that z has the desired properties.

If there is i1 P NzS˚ such that ui1pxq ą 0, then letW be the unique element in πpxqXW .
We show first that there exists k P N and z P fkpxq such that, for every i P NzS˚, uipzq ă ε.
If for every j P W zS˚ it holds that ujpxq ă ε, then take z “ x.Otherwise, there is j P W zS˚
such that ujpxq ě ε. Since j is not a veto player, it holds that Nztju P W . Let x1 P X
be such that πpx1q “ tNztju, tjuu, uNztjupx

1q " uNztjupxq, and, for every i P Nztju such
that uipxq ă ε, it holds that uipx1q ă ε. Since ujpxq ě ε, such an element x1 exists. It
holds that x1 P fpxq and ujpx

1q “ 0. If there is j1 P W zS˚ such that uj1px1q ě ε, then
we repeat this argument using j1. Since the setW zS˚ is finite, we reach a state z with the
desired properties in a finite number of steps. Clearly, there is y P Y with πpyq “ πpzq and
z P Bεpyq.

2.7.4 The vNM Stable Set for the Tamura Example of the KnuthModel

Let us reconsider the graph on page 316 of Tamura (1993). There is a total of 24 matchings,
denoted byM1, . . . ,M24. The core of the social environment induced by the Knuth (1976)
model is equal to CO “ tM1,M8,M10,M19,M24u.

The MSS contains 13 matchings. In addition to the matchings in the core, we obtain 8
matchings in a closed cycle and find that the MSS is equal to

COY tM2,M16,M22,M12,M7,M9,M3,M4u.

There are two different vNM stable sets in this example. The first vNM stable set V1 is
given by

V1 “ COY tM4,M5,M9,M12,M13,M16,M17,M20,M21u.

Another vNM stable set is equal to

V2 “ COY tM2,M3,M7,M11,M14,M17,M18,M22,M23u.

The prediction of the vNM stable sets seems rather unappealing. First, the dominated
stateM17 is part of each vNM stable set. Second, for the largest connected subgraph of the
divorce digraph, half of the states is in V1,while the other half is in V2.
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agents 1 2 3
first choice 2 3 1
second choice 3 1 2
third choice 1 2 3

Table 2.1: A Shapley-Scarf housing matching market with cycling.

2.7.5 Shapley-Scarf Housing Markets
Another prominent matching model is the housing matching model of Shapley and Scarf
(1974). This model can be represented by a tuple pN,H, pPiqiPNq, where N is a finite set of
individuals, H is a finite set of houses with the same cardinality as the set of individuals,
and each individual i P N has a strict preference relation Pi over H . The original chapter
by Shapley and Scarf (1974) does not require a strict preference relation. However, as
shown in Roth and Postlewaite (1977), when preferences are strict, then the strong core,
i.e., the core based on weak dominance, contains a unique element. The version with
strict preferences therefore became popular in the literature. Without loss of generality,
we assume that N “ H and that the initial endowment of individual i is house i. An
allocation is represented by a permutation matrix A with rows indexed by elements of N
and columns indexed by elements of H . All entries of A are 0 or 1 and both rows and
columns of A sum up to 1. If for some h P H , for some i P N , entry Aih “ 1, then house h
has been assigned to individual i. Row i P N of the matrix A is denoted by Ai.

In this setting, it is convenient to define the state space X as the set of all permutation
matrices A. Since X is finite, we can endow it with the discrete metric dpA,A1q “ 1tA‰A1u.

The preferences of the individuals pľiqiPN over the set X are induced by their prefer-
ences over houses in the following way. Let some individual i P N be given as well as
A,A1 P X . Let h, h1 P H be such that Aih “ A1ih1 “ 1. Notice that h and h1 are uniquely
determined. It holds that A ąi A

1 if and only if hPih1.
A coalition S P N can arbitrarily redistribute the initial endowments of houses of its

members within the coalition. More formally, the effectivity correspondence satisfies the
following two conditions:

1. For every S P N , for every A,A1 P X , if S P EpA,A1q then for all i P S, there is h P S
such that A1ih “ 1.

2. For every S P N , for every A P X, and for every bijection φ : S Ñ S, there exists
A1 P X such that for all i P S, A1iφpiq “ 1 and S P EpA,A1q.

The first condition requires that if S is effective in moving from state A to state A1, then at
A1 the initial endowments of members of S are reallocated within S. The second condition
states that every reallocation of initial endowments of houses within a coalition is feasible.
Observe that the conditions impose no restrictions on how the houses of members outside
the deviating coalition are reallocated, so we allow for various reallocation processes here.
This completes the description of the social environment.

We show first that the MSS may contain closed cycles that do not correspond to a core
element. We consider the example illustrated in Table 1. Since the initial endowments cor-
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respond to every individual’s worst choice, every allocation in X is individually rational.
We argue that the set tA1, A2, A3u is a closed cycle, where

A1
“

»

–

0 1 0
1 0 0
0 0 1

fi

fl , A2
“

»

–

1 0 0
0 0 1
0 1 0

fi

fl , A3
“

»

–

0 0 1
0 1 0
1 0 0

fi

fl .

At A1, individual 1 obtains his first best house. Since A1 is individually rational, coalition
t2, 3u is the only coalition that can achieve a strict improvement. The only state that dom-
inates A1 is therefore A2. By the same argument, the only state that dominates A2 is A3,
and the only state that dominates A3 is A1.We have obtained a closed cycle that does not
contain a core element. By Theorem 14, the core of the housing market model is a proper
subset of the MSS.

We now turn to the weak dominance MSS and show that it is equal to the strong core
by using the top trading cycle algorithm of Shapley and Scarf (1974).

Theorem 36. Let pN,H, pPiqiPNq be a housing matching problem and let Γ be the induced
social environment. The weak dominance MSS of Γ is equal to the strong core.

Proof. Since the strong core of the housingmatching problem is unique and satisfies deter-
rence of external deviations, we only have to show that it satisfies iterated external stability.
Let S1, . . . , Sk

1 be the coalitions that are successively formed by an application of the top
trading cycle algorithm of Shapley and Scarf (1974).

Consider any allocation A P X that is not equal to the strong core allocation A˚ of the
housingmatchingmodel. Let f̃ denote theweak dominance correspondence. We generate
a sequence of allocations A1, A2, . . . Ak

1 such that for all k ď k1, Ak P f̃kpAq and Ak1 “ A˚.
Let A0 “ A and k “ 1. We construct the sequence in the following way.

1. If k “ k1 ` 1 stop.

2. If for every i P Sk it holds that Ak´1
i “ A˚i , then we set Ak “ Ak´1. Increase k by one

and go back to step 1.
If there is i P Sk such that Ak´1

i ‰ A˚i , then define T k “ YjďkS
j, and let Ak be an

allocation such that T k P EpAk´1, Akq and, for every i P T k, Aki “ A˚i . Increase k
by one and go back to step 1.

We argue that for every k “ 1, . . . , k1, Ak P f̃pAk´1q. This is trivial if for every i P Sk it holds
that Ak´1

i “ A˚i , since then Ak “ Ak´1.
Let k P t1, . . . , k1u and i P Sk be such that Ak´1

i ‰ A˚i . By the rules of the top trading
cycle algorithm, the house corresponding to A˚i is the best house for i in the set of houses
NzT k´1, so in particular it holds that A˚i ąi A

k´1
i . It now follows that Ak P f̃pAk´1q.

The proof is completed by observing that Ak1 “ A˚.

In the proof of Theorem 36, we have the union T k of the coalitions S1, . . . , Sk gener-
ated in the first k steps of the top trading cycle algorithm deviating in iteration k of our
construction. The reason is that the assumptions on the effectivity correspondence are so
weak that a deviation by Sk might upset the assignment of individuals in T k´1. Under
stronger assumptions on the effectivity correspondence, like those corresponding to the γ
or the δ-model, it would be sufficient to have deviations by Sk in iteration k.
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2.7.6 Mixed Environments
LetG “ pN, ppΣi, diq, uiqiPNq be a finite normal-form game, so for each player i P N it holds
that Σi is finite and dipsi, s1iq “ 1tsi‰s1iu.

Let us now introduce the mixed extension rG “ pN, pp∆i, δiq, viqiPNq of G, where ∆i is
the set of probability distributions on Σi. For σi P ∆i, σi,si denotes the probability that
player i uses pure strategy si. The metric δi on ∆i is defined by

δipσi, σ
1
iq “ max

siPΣi

|σi,si ´ σ
1
i,si
|.

We denote ∆ “
ś

iPN ∆i and endow ∆ with the product metric δpσ, σ1q “
ř

iPNδipσi, σ
1
iq.

For a given strategy profile σ P ∆, we denote the probability that pure strategy profile
s P Σ is played by σs “

ś

iPN σi,si . Let vi : ∆ Ñ R be the expected utility associated to
strategy profiles σ P ∆,

vipσq “
ÿ

sPΣ

σsuipsq.

Preferences pľiqiPN are such that σ ľi σ
1 if and only if vipσq ě vipσ

1q. The social environ-
ment rΓ “ pN, p∆, δq, E, pľiqiPNq corresponds to the game rGwhereE only allows singletons
to deviate and tiu P Epσ, σ1q if and only if σ´i “ σ1´i.

A strategy profile σ P ∆ is said to be a mixed strategy Nash equilibrium of G if it
is a pure strategy Nash equilibrium of rG. The core of rΓ coincides with the set of mixed
strategy Nash equilibria ofG. Additionally, note that the expected utility functions pviqiPN
are continuous on ∆ and that E is lower hemi-continuous. As such, Theorems 12 and 18
give the following result.

Corollary 37. Let rG be the mixed extension of the finite normal-form gameG and let rΓ be
the social environment corresponding to rG. The MSS of rΓ coincides with the set of mixed
strategy Nash equilibria of G if and only if rΓ satisfies the weak improvement property.

Clearly, the pure strategy Nash equilibria of G are also mixed strategy Nash equilibria
of G, so belong to the MSS of rΓ. On the other hand, it is easy to find examples such that
some profiles in the MSS of Γ are not in the MSS of rΓ.

A finite two-player game G “ pN, ppΣi, diq, uiqiPt1,2uq is zero-sum if for all strategy pro-
files s P Σ, u1psq ` u2psq “ 0. The following result shows that for such games the MSS of
rΓ coincides with the set of mixed strategy Nash equilibria of G.

Theorem 38. Let rG be the mixed extension of a finite two-player zero-sum game G and
let rΓ be the social environment corresponding to rG. Then the MSS of rΓ coincides with the
set of mixed strategy Nash equilibria of G.

Proof. Using Corollary 37, it remains to show that rΓ satisfies the weak improvement prop-
erty, i.e., for every strategy profile σ P ∆, f8pσq contains a mixed strategy Nash equilib-
rium of G. Let v denote the value of the game.

Let some σ P ∆ be givenwhich is not amixed strategyNash equilibrium ofG, i.e., there
is a player i such that σi is not a minmax strategy. We distinguish between two cases.
Case 1: σ1 and σ2 are not minmax strategies.
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1.1 If v1pσq ‰ v, then there exists a player i who is below his minmax payoff. Without
loss of generality, let this be player 1, so v1pσq ă v. Let pσ˚1 , σ˚2 q be a profile of minmax
strategies. Note that v1pσ

˚
1 , σ2q ě v. Since σ2 is not a minmax strategy, there exists a

pure strategy s1 P ∆1 such that v1ps1, σ2q ą v. Thus, for every ε P p0, 2s, it holds that

v1p
ε
2
s1 ` p1´

ε
2
qσ˚1 , σ2q ą v.

It holds that
v2p

ε
2
s1 ` p1´

ε
2
qσ˚1 , σ

˚
2 q ě ´v,

so for every ε ą 0, f 2pσq contains a state which is in an ε-neighborhood of a mixed
strategy Nash equilibrium ofG, and therefore f8pσq contains a mixed strategy Nash
equilibrium of G.

1.2 Suppose v1pσq “ v. Then, there exists a pure strategy s1 P ∆1 such that

v1ps1, σ2q ą v,

since otherwise σ2 would be a minmax strategy. If s1 is a minmax strategy, then
player 2 can deviate to a minmax strategy σ˚2 to obtain v2ps1, σ

˚
2 q “ ´v, i.e., f 2pσq

contains a mixed strategy Nash equilibrium of G. If s1 is not a minmax strategy,
then ps1, σ2q P f1pσq is a state as in Case 1.1, so for every ε ą 0, f 3pσq contains a
state which is in a ε-neighborhood of a mixed strategy Nash equilibrium of G, and
therefore f8pσq contains a mixed strategy Nash equilibrium of G.

Case 2: σ1 is a minmax strategy and σ2 is not, or σ1 is not a minmax strategy and σ2 is.
Without loss of generality, assume σ1 is a minmax strategy.

2.1 If v1pσq ą v, then player 2 can profitably switch to a minmax strategy σ˚2 and we are
done.

2.2 If v1pσq “ v, then since σ2 is not a minmax strategy, there exists a deviation to a pure
strategy s1 P ∆1 such that v1ps1, σ2q ą v. If s1 is a minmax strategy, then ps1, σ2q P

f1pσq is a state as in Case 2.1, so f2pσq contains a mixed strategy Nash equilibrium
of G. If s1 is not a minmax strategy, then ps1, σ2q P f1pσq is a state as in Case 1.1, and
for every ε ą 0 it holds that f 3pσq contains a state which is in an ε-neighborhood of
a mixed strategy Nash equilibrium of G, so f8pσq contains a mixed strategy Nash
equilibrium of G.

As a final result, we show the equivalence between the set of mixed strategy Nash
equilibria ofG and theMSS of the social environment rΓ for finite two-player games where
one of the two players has two pure strategies.

Theorem 39. Let rG be the mixed-extension of a finite two-player game G and let rΓ be the
social environment corresponding to rG. Assume that one player has two pure strategies
in G. Then the MSS of rΓ coincides with the set of mixed strategy Nash equilibria of G.
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Proof. Assume without loss of generality that player 1 has two pure strategies. Let the set
of pure strategies of player 1 be tU,Du with generic element A P tU,Du and let the set of
pure strategies of player 2 be given by ts1, . . . , s`uwith generic element sj.We also use the
notation U andD for the mixed strategy that puts probability 1 on pure strategy U andD,
respectively, and similarly for sj.

Let some σ P ∆ be given. By Corollary 37, it suffices to show the weak improvement
property of rΓ, i.e., f8pσq contains a mixed strategy Nash equilibrium ofG.We distinguish
between two cases.
Case 1: G has a pure strategy Nash equilibrium, without loss of generality, pU, s˚q.

If σ is a mixed strategy Nash equilibrium ofG,we are done, so assume σ is not a mixed
strategy Nash equilibrium of G. If player 2 has a profitable deviation from σ, then there is
a pure strategy best response sj P ∆2 such that pσ1, s

jq P fpσq. If pσ1, s
jq is a mixed strategy

Nash equilibrium of G, we are done. If not, then player 1 must have a pure strategy best
response to pσ1, s

jq, say A. Thus, f 2pσq contains a mixed strategy Nash equilibrium of G
or a pure strategy profile pA, sjq. The same conclusion holds if player 1 has a profitable
deviation from σ. If the pure strategy profile pA, sjq is a Nash equilibrium of G, we are
done. If not, at least one player has a profitable deviation from it. We distinguish between
two cases.

1.1 A “ D.

1.1.a Assume player 1 can profitably deviate from pD, sjq. Then it holds that pU, sjq P
fpD, sjq. If pU, sjq is a Nash equilibrium of G,we are done. If not, then player 2
can profitably deviate to the Nash equilibrium pU, s˚q of G and we are done.

1.1.b Assume player 2 can profitably deviate from pD, sjq. Let sh be a best response
for player 2, so pD, shq P fpD, sjq. If this is aNash equilibrium ofG,we are done.
Otherwise, player 1 can profitably deviate to pD, shq, which brings us back to
Case 1.1.a.

1.2 A “ U.

1.2.a Assume player 2 can profitably deviate form pU, sjq. It holds that the Nash equi-
librium pU, s˚q of G belongs to fpU, sjq, so we are done.

1.2.b Assume player 1 can profitably deviate from pU, sjq. Then it holds that pD, sjq P
fpU, sjq. If pD, sjq is a Nash equilibrium of G, then we are done. Else, player 2
must have a profitable deviation from pD, sjq, which brings us back to Case
1.1.b.

Case 2: G has no pure strategy Nash equilibrium.
We first show that in everymixed strategyNash equilibrium ofG, player 1 plays bothU

andDwith strictly positive probability. Towards a contradiction, suppose there is amixed
strategy Nash equilibrium pA, σ˚2 q of G such that player 1 plays a pure strategy, without
loss of generality, strategyA “ U . It holds that any pure strategy of player 2 in the support
of σ˚2 is a best response against U. Since G has no pure strategy Nash equilibrium, it must
hold that playingD against any pure strategy in the support of σ˚2 gives player 1 a strictly
higher payoff than playing U. It follows that D is a profitable deviation for player 1 from
pU, σ˚2 q. This contradicts pU, σ˚2 q being a mixed strategy Nash equilibrium of G.
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To finish the proof, we show that f8pσq contains a mixed strategy Nash equilibrium
of G. As in the first part of Case 1, we can show that f 2pσq contains a mixed strategy
Nash equilibrium of G and we are done, or a pure strategy profile which is not a Nash
equilibrium of G. Player 1 or player 2 has a profitable deviation from this pure strategy
profile. In the latter case, player 2 can choose a pure strategy best response and in the next
step, player 1 can profitably deviate to a pure strategy. In both cases it holds that there is
k P N such that fkpσq contains a pure strategy profile pA, sjq from which player 1 has a
profitable deviation. Without loss of generality, let A “ U .

Observe that for player 1 any completely mixed strategy is a profitable deviation from
pU, sjq. Let σ˚ be a mixed strategy Nash equilibrium of G and let p P p0, 1q denote the
probability that σ˚1 puts on U.We distinguish 3 cases.

2.1 v2pD, σ
˚
2 q ´ v2pU, σ

˚
2 q ą v2pD, s

jq ´ v2pU, s
jq.

For ε P p0, pq, let σ11 be the strategy where player 1 plays U with probability p ´ ε{2.
Since any completely mixed strategy of player 1 is a profitable deviation from pU, sjq,
it holds that pσ11, sjq P fpU, sjq.We have that

v2pσ
1
1, s

jq “ v2pσ
˚
1 , s

jq ` ε
2
pv2pD, s

jq ´ v2pU, s
jqq

ă v2pσ
˚q ` ε

2
pv2pD, σ

˚
2 q ´ v2pU, σ

˚
2 qq

“ v2pσ
1
1, σ

˚
2 q,

where the strict inequality uses that σ˚2 is a best response against σ˚1 and the assump-
tion of Case 2.1. It follows that pσ11, σ˚2 q P fpσ11, sjq. Since ε ą 0 can be chosen arbi-
trarily small, this shows that σ˚ P f8pσq.

2.2 v2pD, σ
˚
2 q ´ v2pU, σ

˚
2 q ă v2pD, s

jq ´ v2pU, s
jq.

For ε P p0, 1´pq, let σ11 be the strategywhere player 1 playsU with probability p`ε{2.
The proof now follows as in Case 2.1.

2.3 v2pD, σ
˚
2 q ´ v2pU, σ

˚
2 q “ v2pD, s

jq ´ v2pU, s
jq.

It holds that pD, sjq P fpU, sjq.
Let sh be a best response of player 2 againstD and, for ε P p0, 1q, let σ12 be the strategy
that puts weight p1´ εq on σ˚2 and weight ε on sh.We have that

v2pD, σ
˚
2 q “ v2pσ

˚
q ` pv2pD, σ

˚
2 q ´ pv2pU, σ

˚
2 q

ě v2pσ
˚
1 , s

j
q ` pv2pD, s

j
q ´ pv2pU, s

j
q

“ v2pD, s
j
q, (A.1)

where the inequality uses that σ˚ is a mixed strategy Nash equilibrium of G and
the assumption of Case 2.3. Since pD, sjq is not a Nash equilibrium ofG, it holds that
v2pD, s

hq ą v2pD, s
jq. By (A.1) and the definition of σ12, it now follows that v2pD, σ

1
2q ą

v2pD, s
jq, so pD, σ12q P fpD, sjq. Since pD, shq is not a Nash equilibrium of G and sh is

a best response against D,we have that v1pσ
˚
1 , s

hq ą v1pD, s
hq. It follows that

v1pσ
˚
1 , σ

1
2q “ p1´ εqv1pσ

˚
q ` εv1pσ

˚
1 , s

h
q ą p1´ εqv1pD, σ

˚
2 q ` εv1pD, s

h
q “ v1pD, σ

1
2q,

so pσ˚1 , σ12q P fpD, σ12q. Since ε ą 0 can be chosen arbitrarily small, we have that
σ˚ P f8pσq,which concludes the proof.
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We analyzed the game of matching pennies in Example 4 and concluded that better-
response dynamics did not single out any strategy profile. The game of matching pennies
satisfies the assumptions of both Theorems 38 and 39. The MSS of this game therefore
consists of the uniquemixed strategyNash equilibriumwhere each pure strategy is played
with probability 1{2.
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Bertrand Competition with Asymmetric
Costs: A Solution in Pure Strategies

3.1 Introduction

The analysis of price competition is a fundamental part of oligopoly theory since Bertrand’s
contribution (Bertrand, 1883). The Bertrand duopoly with symmetric constant marginal
costs, homogeneous goods and continuous prices has a unique pure strategy Nash Equi-
librium characterized by a strategy profile in which prices equal marginal costs.

If marginal costs are not symmetric across firms and the market is shared if firms set
equal prices, no pure strategy Nash equilibrium exists. Blume (2003) shows that there
exists aNash equilibrium inmixed strategies where themore efficient firm sets price equal
to the opponent’s marginal cost and serves the entire market with probability 1. The rival
randomizes on an interval above his marginal cost. Kartik (2011) strengthens the result by
showing that all undominated equilibria lead to the same market price and shares. The
complete set of undominated Nash equilibria is not constructed in these chapters.

In this chapter, we analyze the sameBertrandgame. We followBlume (2003) andKartik
(2011) in that we focus on strategy profiles in which no firm chooses a predatory price, i.e.,
a price below marginal cost. Instead of Nash equilibrium, however, we employ a solution
concept recently introduced by Demuynck, Herings, Saulle, and Seel (2019), the Myopic
Stable Set. A set of strategy profiles is myopically stable if it satisfies three conditions,
deterrence of external deviations, asymptotic external stability and minimality. Deterrence of
external deviations requires that no player benefits by switching her strategy such that the
resulting strategy profile is outside the Myopic Stable Set. Asymptotic external stability
makes sure that from any strategy profile outside the set it is possible to get arbitrarily
close to a strategy profile inside the Myopic Stable Set by a sequence of better replies.
Minimality requires that the Myopic Stable Set is minimal with respect to set inclusion.

In Demuynck, Herings, Saulle, and Seel (2019) we defined the Myopic Stable Set for a
very general class of social environments (Chwe, 1994) that allows for infinite state spaces
and includes normal-form games as a special case. We proved that if the state space is
compact then theMyopic Stable Set exists and under somemild continuity assumptions it
is also unique. Moreover, we showed that the Myopic Stable Set coincides with the set of
pure strategy Nash Equilibria for supermodular games, aggregative games and potential
games.

In light of these results, the Bertrand model with asymmetric costs is interesting for
several reasons: it does not satisfy the compactness and continuity assumptions of De-
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muynck, Herings, Saulle, and Seel (2019), it does not belong to any of the aforementioned
classes of games and the set of pure strategy Nash equilibria of this game is empty. More-
over, the set of mixed strategy Nash equilibria is large.

We prove existence and uniqueness of the Myopic Stable Set for symmetric and asym-
metric Bertrand competition. We characterize the set in closed form. The set is small and
gives an intuitive prediction.

3.2 Model and Solution Concept

In this section, wedefine theMyopic Stable Set for normal-formgamesG :“ pN, pSiqiPN , pπiqiPNq,
where N “ t1, ..., nu is a finite set of players with typical element i, Si is the set of pure
strategies for each player i P N and πi :

Ś

iPN Si Ñ R is the payoff function of player i. De-
note the strategy space by S “

Ś

iPN Si Ď Rn. We use the standard notation s :“ psi, s´iq P
S to denote the strategy profile where s´i is the list of strategies of all players except i, i.e.,
s´i :“ psjqjPNztiu.

We say that a strategy profile s1 P S dominates another strategy profile s P S if there
is a player who can unilaterally deviate to s1 and strictly prefers s1 over s, i.e., from s, the
player has a better reply such that the resulting strategy profile is s1.

Definition 40 (Dominance). Let s, s1 P S be two strategy profiles. The strategy profile s1
dominates s if there exists a player i P N such that πips1q ą πipsq and s1´i “ s´i.

Let some strategy profile s P S be given. The set of all strategy profiles that dominates
s together with s itself is denoted by fpsq,

fpsq “ tsu Y ts1 P S|s1 dominates su.

We define the two-fold composition of f by

f 2
psq “ ts2 P S|Ds1 P S : s1 P fpsq and s2 P fps1qu.

By induction, for k ě 3,we can define the k-fold composition fkpsq by sk P fkpsq if there is
sk´1 P fk´1psq such that sk P fpsk´1q. Observe that for all k, ` P N such that k ď ` it holds
that fkpsq Ď f `psq. We define the set of all strategy profiles that can be reached from s by
a finite number of dominations by fNpsq, where

fN
psq :“

Ť

kPNf
k
psq.

Given s, s1 P S,we say that a strategy profile s1 asymptotically dominates s if starting from
s, it is possible to get arbitrarily close to s1 in a finite number of dominations. Let dps, s1q
denote the Euclidean distance between s and s1. The asymptotic dominance criterion is
formally defined as follows:

Definition 41 (Asymptotic Dominance). A strategy profile s8 P S asymptotically dominates
s P S if for all ε ą 0 there exists s1 P fNpsq such that dps8, s1q ă ε.
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We denote the set of all strategy profiles in S that asymptotically dominate s by f8psq.
Formally,

f8psq “ ts8 P S|@ε ą 0, Ds1 P fN
psq : dps8, s1q ă εu.

It is easy to see that the set f8psq coincides with the closure of the set fNpsq. We are now
ready to define the Myopic Stable Set, abbreviated as MSS, for normal-form games.

Definition 42 (Myopic Stable Set (MSS)). Let G :“ pN, pSiqiPN , pπiqiPNq be a normal-form
game. The setM Ď S is aMyopic Stable Set (MSS) if it is closed and satisfies the following
three conditions:

1. Deterrence of external deviations: For all s PM , fpsq ĎM .

2. Asymptotic external stability: For all s RM, f8psq XM ‰ H.

3. Minimality: There is no closed setM 1 ĹM that satisfies Conditions 1 and 2.

Let M be a MSS. Deterrence of external deviations requires that no player can prof-
itably deviate to a strategy profile outsideM . Asymptotic external stability requires that
any strategy profile outside M is asymptotically dominated by a strategy profile in M .
Hence, from any strategy profile outside ofM it is possible to get arbitrary close to a strat-
egy profile in M by a finite number of dominations. Observe that an empty set would
necessarily violate asymptotic external stability, so it follows thatM is non-empty.

While we focus on pure strategies, the MSS can be defined analogously on the set of
mixed strategies; for details, see Online Supplement A.6 of Demuynck, Herings, Saulle,
and Seel (2019). In any (mixed) Nash equilibrium, we have fpsq “ f8psq “ s. Thus,
by asymptotic external stability, all mixed-strategy Nash equilibria are part of the MSS in
mixed strategies.

3.3 Bertrand Duopoly

Consider a model with two firms, N “ t1, 2u, having constant marginal costs 0 ď c1 ď c2

andnofixed costs. Inmany countries, pricing belowmarginal or average cost is considered
to be predatory pricing and is thus forbidden by law. Thus, we require the strategy space
Pi of a firm i P N to consist of all non-predatory prices, i.e., Pi “ rci,8q and we define
P :“ P1 ˆ P2 with typical element p.

The absence of predatory pricing is similar to the focus on undominated equilibrium
strategies in Kartik (2011). However, pricing at marginal costs is allowed in our setting,
while it is ruled out in equilibria considered by Kartik (2011). This difference does not
influence the set of undominated Nash equilibria in the asymmetric case c1 ă c2, as, by a
standard argument in this literature, no equilibrium in which Firm 2 places mass at c2 can
exist. However, restricting attention to equilibria with price strictly larger than marginal
cost leads to non-existence in the symmetric case which is not particularly appealing.

The continuous market demand function D : r0,8q ÝÑ R` expresses the demand for
the good as a function of the lowest price pm available in themarket. There exists a “choke"
price pm P pc2,8q such that Dppmq “ 0 for all pm ě pm. The demand is strictly decreasing
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on r0, pms and zero on rpm,8q. We assume that there is an ε ą 0 such that the profits
ppm ´ c1qDppmq of a monopolist with marginal costs c1 are strictly increasing in pm on the
domain rc1, c2`εs. This assumption ensures an element of competition between the firms.
If the profit of a monopolist with marginal cost c1 has a maximum for p1 P rc1, c2q, then
the strategy profiles in which Firm 1 chooses p1 and Firm 2 chooses a strictly higher price
are Nash equilibria and part of the MSS.

For each firm i P t1, 2u, its individual demand depends on its price pi and the price of
its competitor j ‰ i and is given by:

Qippi, pjq “

$

&

%

Dppiq if pi ă pj,
Dppiq{2 if pi “ pj,
0 if pi ą pj.

Thus, the firm setting the lower price serves the entire market. In case of a tie, the
market share of each firm equals 1{2. For each firm i P t1, 2u, the demand Qippi, pjq leads
to a payoff function πi : P1 ˆ P2 ÝÑ R defined by πippi, pjq “ ppi ´ ciqQippi, pjq. The
normal-form game pt1, 2u, pPiqiPt1,2u, pπiqiPt1,2uq is denoted by Γ.

For c1 ă c2, let p1
P pc1, c2q be the price such that π1pp1

, c2q “ π1pc2, c2q. To see that
this price is uniquely determined, note that π1pc1, c2q “ 0, π1pc2, c2q ą 0, and π1pp1, c2q is
strictly increasing and continuous for p1 P rc1, c2q and has a downward jump at c2. By
the intermediate value theorem, p

1
exists. Since π1pp1, c2q is strictly increasing for p1 P

rc1, c2q, we obtain that p
1
is uniquely determined. This allows us to characterize the MSS

as follows:

Proposition 43. (i) If c1 “ c2 “ c, the unique MSS of Γ is given by P ˚ “ tp1 “ p2 “ cu.
(ii) If c1 ă c2, the unique MSS of Γ is given by

P ˚ “ tpp1, p2q P P |π1pp1, c2q ě π1pc2, c2q, p2 “ c2u “ rp1
, c2s ˆ tc2u.

Proof. We first prove Part (i). Deterrence of external deviations is satisfied as π1pc, cq “
π2pc, cq “ 0 and π1pp1, cq ď 0, π2pc, p2q ď 0. As f8pc, cq “ tpc, cqu, the profile pc, cq is part of
every MSS. Hence, by minimality, if P ˚ is a MSS, then it is also unique.

It remains to verify asymptotic external stability. Without loss of generality, let p1 ď p2.
Let some pp1, p2q ‰ pc, cq P P be given. If c ă p1 ă p2, then Firm 2 can profitably deviate to
p12 “ pc`mintp1, pmuq{2 and Firm 1 can profitably deviate in the next step to p11 “ pc`p12q{2
and so forth. It follows that pc, cq P f8pp1, p2qXP

˚. If p1 “ c ă p2, then Firm 1 can profitably
deviate to pp11, p2q,where p11 P pc, p2q is chosen such that p11 ă c` εwith ε ą 0 such that the
profits ppm´ cqDppmq of a monopolist with marginal costs c are strictly increasing in pm on
the domain rc, c ` εs. We can then continue as in the previous case. If p1 “ p2 ą c, then
there is p11 P pc, p2q such that π1pp

1
1, p2q ą π1pp1, p2q. Either p2 ď pm and p11 is obtained by

slightly undercutting p2, or p2 ą pm and any p11 P pc, pmq will do. Now we can continue as
before. Because of the legal restrictions on predatory pricing, we have covered all strategy
profiles in P zP ˚ and thereby shown that P ˚ satisfies asymptotic external stability which
completes the proof of (i).

We split the proof of (ii) into several steps. The first step verifies deterrence of external
deviations and asymptotic external stability. The remaining steps establish minimality
and uniqueness.
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Step 1. We show that P ˚ satisfies deterrence of external deviations and asymptotic external
stability. We start with deterrence of external deviations. For pp1, c2q P P

˚, profits of
Firm 1 are greater than or equal to π1pc2, c2q. For p1 R rp1

, c2s, profits are π1pp1, c2q ă

π1pc2, c2q. Thus, for any state in P ˚, player 1 will not deviate to a state in P zP ˚. Firm
2 makes zero profits for any point in P ˚ and non-positive profits for any p2 P P2 if
p1 ď c2. Thus, Firm 2 has no profitable deviation. This shows deterrence of external
deviations for P ˚.
It remains to verify asymptotic external stability. Let some pp1, p2q P P zP

˚ be given.
If c2 ă p1 ă p2, then Firm 2 can profitably deviate to p12 “ pc2 ` mintp1, pmuq{2 and
Firm 1 can profitably deviate in the next step to p11 “ pc2 ` p12q{2 and so forth. It
follows that pc2, c2q P f

8pp1, p2q X P ˚. If p1 ď c2 ă p2, then Firm 1 can profitably
deviate to pp11, p2q, where p11 P pc2, p2q is chosen such that p11 ă c2 ` ε with ε ą 0 such
that the profits ppm ´ c1qDppmq of a monopolist with marginal costs c1 are strictly
increasing in pm on the domain rc1, c2 ` εs.We can then continue as in the previous
case. If c2 ă p2 ď p1, then there is p11 P pc2, p2q such that π1pp

1
1, p2q ą π1pp1, p2q.

Either p2 ď pm and p11 is obtained by slightly undercutting p2, or p2 ą pm and any
p11 P pc2, pmqwill do. Now we can continue as before. If p1 R rp1

, c2s and p2 “ c2, then
Firm 1 can profitably deviate to c2 to reach a strategy profile in P ˚. Because of the
legal restrictions on predatory pricing, we have covered all strategy profiles in P zP ˚
and thereby shown that P ˚ satisfies asymptotic external stability.

Step 2. Let M Ď P ˚ be a set satisfying deterrence of external deviations and asymptotic
external stability. Let us show that for every p1 P rp1

, c2q it holds that pp1, c2q P M
implies pc2, c2q PM. Suppose pp1, c2q PM and pc2, c2q RM . By closedness ofM , there
is ε1 ą 0 such that, for every ε P p0, ε1q, pc2´ε, c2q RM . Take p11 “ maxtpp1`c2q{2, c2´

ε1{2u, then pp11, c2q P fpp1, c2q, so pp11, c2q P M . Given that p11 ą c2 ´ ε1, we obtain a
contradiction.

Step 3. Let M Ď P ˚ be a set satisfying deterrence of external deviations and asymptotic
external stability. Let us show that if pc2, c2q P M , then, for every p1 P rp1

, c2q, we
have pp1, c2q P M . This follows from the fact that, for every p1 P pp1

, c2q, π1pp1, c2q ą

π1pc2, c2q and the fact thatM is closed.

Step 4. We are now ready to show that P ˚ is an MSS. First of all, by Step 1 it satisfies deter-
rence of external deviations and asymptotic external stability. So if P ˚ is not anMSS,
it should violate minimality. This means that there is a proper subsetM of P ˚ that
also satisfies deterrence of external deviations and asymptotic external stability. The
set M either contains pc2, c2q or it is a subset of rp

1
, c2q ˆ tc2u. If M contains pc2, c2q

then, by Step 3, it should contain rp
1
, c2q ˆ tc2u and therefore be equal to P ˚, a con-

tradiction withM being a proper subset of P ˚. IfM is a subset of P ˚ztpc2, c2qu, then
by Step 2, it should contain pc2, c2q, a contradiction.

Step 5. Finallywe show thatP ˚ is the uniqueMSS. LetM be anMSS.We show thatP ˚XM ‰

H. Towards a contradiction, suppose that P ˚XM “ H. Then, for all p1 P P ˚, there is
p2 PM such that p2 P f8pp1q. Given that P ˚ is closed and p2 R P ˚, there is ε ą 0 such
that Bεpp

2q X P ˚ “ H, where Bεpp
2q “ tp P P | dpp, p2q ă εu. By definition of f8,

there is k P N and p P P such that p P fkpp1q and p P Bεpp
2q. By a k-fold application
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of deterrence of external deviations, it holds that p P P ˚, so p P Bεpp
2q X P ˚ and we

have obtained a contradiction. Consequently, it holds that P ˚ XM ‰ H.

Step 6. IfM contains pc2, c2q, then, by Step 3,M should also contain P ˚ztpc2, c2qu, so P ˚ ĎM
and by minimality P ˚ “ M . IfM contains an element of P ˚ztpc2, c2qu, then, by Step
2, it should also contain pc2, c2q and, by Step 3, also P ˚ztpc2, c2qu. Again, we obtain
P ˚ ĎM and by minimality P ˚ “M .

For the case c1 “ c2 “ c, the MSS yields a unique prediction which coincides with the
well-known reasoning that prices are equal to marginal cost. This is also the pure strategy
Nash equilibrium of the game.

For c1 ă c2, the Myopic Stable Set is illustrated in Figure 3.1. The set is relatively small.
In any element of the set, firm 2 chooses price equal to its marginal cost. Firm 1 can choose
any price between p

1
and c2. To provide an intuition, we start with the point pc2, c2q. From

this point, p1 P pp1
, c2q are all better responses (with p1 included by closedness). From these

points, increasing p1 to a value below c2 are again all better responses. Finally, pc2, c2q is
included by closedness. The proof shows that from any point outside the set, there is a
sequence of myopic improvements that approaches the set.

In contrast to the unique MSS, the complete set of Nash equilibria has not been char-
acterized. However, as Kartik (2011) shows, there are infinitely many Nash equilibria in
mixed strategies which share the property that Firm 1 chooses p1 “ c2 and Firm 2 chooses
a mixed strategy with support starting at c2. Thus, for the Bertrand game without preda-
tory pricing, the MSS provides intuitive predictions which are less ambiguous than the
Nash equilibrium predictions.

In all profiles contained in the MSS, the profit of Firm 1 is strictly lower than its Nash
equilibrium profit. Among the profiles in the MSS, the profit of Firm 1 increases as p1

approaches c2 from below. In the limit, the profit of Firm 1 even approaches its Nash
equilibrium profit.
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Figure 3.1: The MSS for the asymmetric Bertrand model.
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3.4 Discussion
We have provided a complete characterization of the Myopic Stable Set for the Bertrand
duopolywith asymmetricmarginal costs. Despite the popularity of Bertrand competition,
the set of Nash equilibria has not been fully characterized, but infinitely many equilibria
exist.

The Myopic Stable Set yields a unique set-valued prediction. The market price is pre-
dicted to be weakly lower than in any Nash equilibria in undominated strategies. A clean
solution to a game with such a complex set of Nash equilibria boosts the appeal of the
Myopic Stable Set as a solution concept.
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The Last Will Be the First and The First
Last: Segregation in Societies with
Positional Externalities

4.1 Introduction
Coalition formation is an important pattern of human behavior andmany social phenom-
ena can be studied in terms of a coalition formation process. For example, think of the
provision of a local public good, the bargaining process underlying environmental agree-
ments, political party formation, cartel formation, and racial integration. Typically, we
think about the coalition formation process as a voluntary one. And indeed, in coalitional
games, we mostly assume that individuals cannot exert their power or abilities in order to
subjugate others.1

Historically, the exercise of power has been pervasive to every society albeit being
present in different forms. Those forms of coercion can be naturally traced back to the idea
of the “state of nature”, a hypothetical primitive scenario in which neither property rights
nor socio-political institutions of enforcement exist. According to the political philoso-
pher Thomas Hobbes (1651), this condition of “mere nature” induces a bellum omnium
contra omnes in which the most advantaged individuals are the physically strongest ones.

In the state of nature, however, individuals share the wish of ending the conflicts in
order to claim properties and to benefit from their goods. This common desire leads into
a “social contract” which bans the coercive force in favor of the enforcement power of
institutions which ensure social norms and property rights.2 In broad economic terms,
different societies can be seen as the outcome of different social contracts.

In this chapter, we model two possible and alternative outcomes of a social contract,
a competitive and an egalitarian society. The competitive society is characterized by the
fact that it does not allow coercion, but there is no enforcement of resource redistribu-
tion within it, i.e., each member of a coalition receives a material payoff which reflects the
member’s ability. The egalitarian society also does not allow for coercive force, but guar-
antees through institutions or norms an equal distribution of resources within a coalition,
i.e., each member of a coalition receives the same material payoff.

1Notable exceptions ofmodels with different forms of coercion are due to Piccione and Rubinstein (2007),
Acemoglu, Egorov and Sonin (2008), and Piccione and Razin (2009).

2On this point of view, see Muthoo (2004) and Hafer (2006) who study models explaining the rise of
property rights from the state of nature.
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In addition to the material payoff, in our model, preferences depend on a notion of
positional concern. The phenomenon of positional concern, especially about income and
consumption, was first elaborated by Duesenberry (1949) who proposed the “demonstra-
tion effect” to explain how a family’s consumption is influenced by the purchases of its
neighbors. Based on this observation, he developed the “relative income hypothesis”
which states that the level of consumption satisfaction of an individual depends on his
relative rank in the society.

Following the same line of reasoning, Frank (1985) argues that positional concerns can
explain many real world phenomena such as flatter intrafirm wage profiles in which low
productivity workers and high productivity workers are paid more and less with respect
to their marginal contribution to compensate for the difference in relative ranking. More
recently, Card, Mas, Moretti, and Saez (2012) have shown that high relative wages affect
job satisfaction and Bracha, Gneezy, and Loewenstein (2015) have shown a positive corre-
lation between the supply of labor and relative wages. Moreover, happiness is found to be
significantly and negatively affected by a lower relative income (Ferrer-i-Carbonell, 2005;
Luttmer, 2005; Clark, Frijters, and Shields, 2008). To sum up, it is widely accepted that
people do not only care about their absolute wealth, but also about their relative ranking
in society.

Motivated by these findings, we propose a coalition formation model with positional
externalities. A state in this model corresponds to a particular partition of the individuals
into coalitions. We model the importance of the relative position in a coalition by the
intragroup relative payoff. This measures the difference between the material payoff of
an individual and the average material payoff of the coalition to which the individual
belongs.

For the analysis of competitive and egalitarian societies, we introduce two notions of
segregation, bottom-up segregation and top-down segregation. Roughly speaking, a state is
bottom-up segregated if every coalition is formed by individuals that are adjacent in abil-
ities and only the most productive individuals may be not be part of any productive coali-
tion. On the opposite, a state is top-down segregated if every coalition is formed by indi-
viduals with adjacent productivities, but only the weakest individuals may not be part of
any productive coalition.

We employ two different solution concepts to analyze the different societies. First, the
classic concept of the Core which consists of all allocations for which there is no coalition
such that all members benefit from deviating. As a second solution concept, we consider
the Myopic Stable Set as introduced in Demuynck, Herings, Saulle, and Seel (2018). In
the setting of this chapter, the Myopic Stable Set is the minimal set of states such that (i)
from any coalition structure in the set, no sequence of myopic coalitional improvements
leaves the set and (ii) for any given initial coalition structure, there is a sequence of myopic
coalitional improvements which leads to an element in the set.

For both competitive and egalitarian societies, we provide a full characterization of the
Core and the Myopic Stable Set and show that both solution concepts coincide. In par-
ticular, we prove that for competitive societies the Myopic Stable Set consists of the set of
bottom-up segregated states and for egalitarian societies the Myopic Stable Set consists of
the set of top-down segregated states. This finding might seem counterintuitive at first
glance as one might expect that the most advantaged individuals are best-off in competi-
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tive societies and the least advantaged individuals are best-off in egalitarian societies.
The reasoning behind the predictions for competitive societies is as follows. First, note

that the individuals with the lowest productivity are very attractive as coalition members,
since they yield a higher relative payoff to other members of the coalition. Since these
incentives are mutual, groups of individuals with low productivity will form. Intuitively,
a similar process repeats until only individuals with high productivity might remain in
unproductive coalitions. By contrast, the results for egalitarian societies rely on the fact
that in an egalitarian society there is no envy among individuals, i.e. the relative payoff of
each individual in each coalition is the same. Thus, individuals prefer to stay with highly
productive individuals in order to increase their material payoff.

We conclude by providing a comparative welfare analysis between the two types of
societies. When all individuals differ in productivity, stable states in egalitarian societies
are always at least as materially efficient as stable states in competitive societies. This is
caused by the fact that in an egalitarian society, themost productive individuals are always
part of a productive coalition, while this might not be the case for competitive societies.
We show that in the general case, with arbitrary productivities, there can be stable states in
a competitive society which lead to strictly higher material efficiency than all stable states
in egalitarian societies.

4.1.1 Related Literature
This chapter is part of the vast literature on coalition formation theory (e.g. Ray, 2007;
Ray and Vohra, 2014) and it is in line with contributions on hedonic games (e.g. Banerjee,
Konishi, and Sönmez, 2001; Bogomolnaia and Jackson, 2002), social status (Milchtaich
and Winter, 2002), and segregation (e.g. Goyal, Hernández, Martínez-Cánovas, Moisan,
Muñoz-Herrera, and Sánchez, 2018).

In particular, our work is closely related to an increasing branch of literature devoted
to the role of social norms in group formation (e.g. Watts, 2007; Piccione and Razin, 2009;
Barberà, Beviá, and Ponsatí, 2015; Morelli and Park, 2016; Beviá, Córchon, and Romero-
Medina, 2017). As in Piccione and Razin (2009), Morelli and Park (2016), and Barberà,
Beviá, and Ponsatí (2015), we consider a model of coalition formation in which agents are
vertically differentiated in productivity.

Piccione andRazin (2009) study apartition function game inwhich the relative strength
of coalitions is represented by an exogenous “power relation”. Agents care only about
their social ranking, which is determined by their own individual power and by the power
of the coalition to which they belong.

Morelli and Park (2016) study how the degree of heterogeneity in the remuneration of
the individuals affects the number of rival coalitions. The heterogeneity in remuneration
is modeled by a ranking rule defined on the imputation rule. Moreover, they distinguish
between productivity and material efficiency defining the last one as an increasing func-
tion with respect to the cardinality of the coalition. In contrast to Morelli and Park (2016),
we define the ranking rule on productivity levels.

In linewith Barberà, Beviá, andPonsatí (2015), we consider a stylizedmodel of a society
consisting of individuals, a productivity vector, and a productivity threshold. We study
two possible allocation rules, the egalitarian one and the competitive one. In contrast to
Barberà, Beviá, and Ponsatí (2015), we incorporate positional concerns into our analysis.
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Since we implement a ranking rule in the preference structure, our contribution can be
also broadly related to the literature on social preferences (e.g. Watts, 2007; Dufwenberg,
Heidhues, Kirchsteiger, Riedel, and Sobel, 2011; Maccheroni, Marinacci, and Rustichini,
2012). In particular, from this point of view, it is in line withWatts (2007), who studies two
different settings. In one of them, individuals prefer coalitions with high-skilledmembers
and in the other individuals prefer coalitions with low-skilled members. In Watts (2007),
the number of coalitions is fixed and ties are broken in favor of the biggest coalition.

4.2 Model and Key Definitions

We first describe the building blocks of a society pN, λ, ρq. The finite set N “ t1, . . . , nu
consists of all individuals in the society. A coalition S is a non-empty subset of N and the
collection of all possible non-empty coalitions is denoted by N “ 2NztHu. The collection
of all partitions of a coalition S P N is denoted by PpSq. The set PpNq is denoted byX and
is called the state space. An element x P X is called a state andwewrite |x| for the number
of coalitions in x.

Let λ P RN
`` be a productivity vector, where λi represents the productivity level of indi-

vidual i. Without loss of generality, the individuals in N are indexed in decreasing order
of productivity, i.e., λ1 ě λ2 ě ¨ ¨ ¨ ě λn. Let some coalition S P N be given. An individual
i P S such that λi ď λj (λi ě λj) for all j P S is called a weak (strong) individual in S. Let
wpSq “ maxS and spSq “ minS denote the highest and the lowest numbered individual
in coalition S, respectively. Notice that wpSq is a weak and spSq is a strong individual in
S. For S “ N , we drop the reference to the coalition and simply refer to an individual i as
a weak or a strong individual.

The productivity threshold ρ P N denotes the minimal level below which a coalition
is not productive. To make the problem interesting, we assume throughout the chapter
that ρ ď n. The surplus upSq of coalition S P N equals upSq “

ř

iPS λi if |S| ě ρ and 0
otherwise. The average surplus in coalition S is denoted by ūpSq “ upSq{|S|. To get an
intuition for the surplus function, think of the coalition as a firm which produces using
a production technology which requires a minimal number of workers to produce any
output and exhibits constant returns to scale above this threshold.3

Our next step is to specify how a coalition S P N distributes its surplus over the coali-
tion members. We denote the material payoff of individual i in coalition S by mipSq P R.
Members of unproductive coalitions have a material payoff equal to zero. For members
of productive coalitions, we consider two natural ways to divide the surplus. A division
is competitive if each member of a productive coalition is paid according to productivity.
A division is egalitarian if each member of a productive coalition receives the same payoff.
These restrictions could be legal requirements, but they can also be thought of as social
norms within a society.

Definition 44 (Competitive Society). A society pN, λ, ρq is competitive if surplus division
within coalitions is competitive, i.e., for all S P N and for all i P S, mipSq “ λi if |S| ě ρ
andmipSq “ 0 otherwise.

3An alternative specification would be to define the threshold in terms of a minimum sum of productiv-
ities. This would lead to similar results.
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Definition 45 (Egalitarian Society). A society pN, λ, ρq is egalitarian if surplus division
within coalitions is egalitarian, i.e., for all S P N and for all i P S, mipSq “ ūpSq if |S| ě ρ
andmipSq “ 0 otherwise.

Since it will be clear from the context which of the two types of societies we are study-
ing, we do not reflect the type of society in the notation for the material payoffs. We incor-
porate positional concerns through the following notion of relative payoff.

Definition 46 (Relative Payoff). Let pN, λ, ρq be a society. The relative payoff of individual
i P N in coalition S P N equals ripSq “ mipSq ´ ūpSq.

The relative payoff measures the material payoff of individual i relative to the aver-
age payoff in the individual’s coalition. Note that both for competitive and egalitarian
societies, the partition structure uniquely determines the payoffs and thereby the relative
payoffs. Note also that in an egalitarian society, the relative payoff is equal to zero for each
individual.

For every x P X and i P N , we denote by mipxq the material payoff of individual i in
state x, i.e., mipxq “ mipSipxqq, where Sipxq is the coalition to which individual i belongs
in state x. Similarly, wewrite ripxq “ ripSipxqq for the relative payoff of individual i in state
x.

We are now ready to define the preferences of individual i P N over the state space.
For every x, y P X , we define relative payoff preferences ľi over X by setting x ľi y if and
only if either mipxq ą mipyq or both mipxq “ mipyq and ripxq ě ripyq. Thus, individual i
prefers the state with the highermaterial payoff and if two states deliver the samematerial
payoff, the one with the higher relative payoff. We denote the asymmetric part of ľi by
ąi .

The final building block of our social environment is an effectivity correspondence E. For
each pair of states x, y P X, the effectivity correspondence E associates a collection of
coalitions Epx, yq Ď N which can move from x to y. If Epx, yq “ H, then no coalition can
move from x to y. If T P Epx, yq, we say that coalition T can move from state x to state y.

We distinguish three groups that are affected by a move of T from x to y: the moving
individuals T themselves, the residual individuals, and the unaffected individuals. The
moving individuals T create a new coalition and leave their former coalitionmembers, the
residual individuals, behind. Formally, for every x, y P X and T P Epx, yq, the residual
individuals are given by

Rpx, T q “ ti P NzT | Sipxq X T ‰ Hu.

The unaffected coalitions U are the coalitions that are not influenced by the activity of the
moving individuals. Formally, we have

Upx, T q “ tS P x|S X T “ Hu.

The members of the coalitions in Upx, T q are called the unaffected individuals and are
collected in the set Upx, T q.

The related literature entertains different assumptions regarding the residual individ-
uals. We consider the δ-model (see Hart and Kurz, 1983) which prescribes that the residual
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individuals stay together.4 We also assume that the deviating coalition does not have the
power to influence the unaffected individuals. The effectivity correspondence is therefore
defined as

Epx, yq “ tT P N |T P y, Upx, T q Ď y, @i P Rpx, T q, SipxqzT P yu, x, y P X.

This completes the description of the effectivity correspondence and thereby of our
social environment Γ “ pN,X,E, tľiuiPNq induced by a society pN, λ, ρq.

It follows from the definition that, for every x P X, Epx, xq “ x, that is, any coalition in
x can choose to stay at x. Proposition 47 shows that for every x, y P X such that x ‰ y, at
most two coalitions can be part of Epx, yq.

Proposition 47. Let Γ “ pN,X,E, tľiuiPNq be a social environment induced by a society. For
all x, y P X such that x ‰ y, we have |Epx, yq| P t0, 1, 2u.

Proof. We distinguish two cases: either the moving individuals were part of one coalition
or they were part of two or more coalitions before moving.
Case 1: For all T P y, there exists S P x such that T Ď S.

If Epx, yq “ H, we are done, so assume Epx, yq ‰ H. Since x ‰ y, there exists T P y
and S P x such that T Ĺ S. Because we are in Case 1 and Epx, yq ‰ H, the coalition S
is uniquely determined. Observe that T cannot be an unaffected coalition. Hence, T can
only be a moving coalition or a coalition consisting of residual individuals. In the latter
case, SzT is equal to the moving coalition. It follows that Epx, yq “ tT, SzT u.
Case 2: There exists T P y such that, for all S P x, we have T zS ‰ H.

If Epx, yq “ H, we are done, so assume Epx, yq ‰ H. Since T cannot be an unaffected
or a residual coalition, the only way to go from x to y is by a move of T . It follows that
Epx, yq “ tT u.

4.3 Stability

In what follows, we define two related notions, the Core and the Myopic Stable Set. Both
rely on a particular dominance notion. To define it, we write ypx, Sq P X to denote the
state that results from E when the current state is x and the moving coalition is S.

Definition 48 (Strict Dominance). Let Γ “ pN,X,E, tľiuiPNq be a social environment in-
duced by a society. A state y P X strictly dominates x P X by S P N if y “ ypx, Sq and y ąi x
for all i P S.

Let a coalition S P N be given. Let fS : X Ñ X be the coalitional dominance cor-
respondence, where, for every x P X, fSpxq denotes the set of states that strictly domi-
nate x by S. Note that fSpxq is either the singleton typx, Squ or the empty set. We write
fpxq “

Ť

SPN fSpxq to denote the subset of X consisting of all states that strictly dominate
x. Such states are also referred to as myopic improvements upon x. The Core equals the
set of states which are not strictly dominated by another state.

4An alternative specification is the γ-model, which prescribes that residual individuals fall apart into
singleton coalitions. This would lead to similar results.
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Definition 49 (Core). Let Γ “ pN,X,E, tľiuiPNq be a social environment induced by a
society. The Core equals the set of states C “ tx P X | fpxq “ Hu.

To define the Myopic Stable Set, it is convenient to define f̃pxq “ fpxq Y txu, so f̃pxq is
obtained from fpxq by adding the state x. We define the two-fold composition of f̃ by

f̃ 2
pxq “ tz P X|Dy P f̃pxq : z P f̃pyqu.

For k P N,we define the k-fold iteration f̃kpxq by induction as

f̃kpxq “ tz P X|Dy P f̃k´1
pxq : z P f̃pyqu.

Wedefine the set of all states that can be reached from x by a finite number of dominations
by

f̃N
pxq “

Ť

kPNf̃
k
pxq.

Because the set X is finite, there is k1 P N such that, for every k ě k1, f̃Npxq “ f̃kpxq.
We are now ready to introduce the Myopic Stable Set, following the definition of De-

muynck, Herings, Saulle, and Seel (2018) for general social environments.5

Definition 50 (Myopic Stable Set). Let Γ “ pN,X,E, tľiuiPNq be a social environment
induced by a society. The setM Ď X is aMyopic Stable Set if it satisfies the following three
conditions:

1. Deterrence of external deviations: For every state x PM , fpxq ĎM .

2. Iterated external stability: For every y P XzM , we have that f̃Npyq XM ‰ H.

3. Minimality: There is no setM 1 ĹM that satisfies Conditions 1 and 2.

The first condition requires that no state in the set is dominated by a state outside the
set. By the second condition, from any state outside the set, there is a finite sequence of
dominations which reaches the set. The final condition requires the set to be a minimal
set which satisfies the first two conditions.

A Myopic Stable Set is based on a myopic notion of dominance as agents or coalitions
do not predict how their decision to change the current statewill lead to further changes by
other agents or coalitions. Such a notion is natural in complex social environments where
the number of possible states is large and agents have little information about the possible
actions other agents may take or the incentives of other agents. As shown in Demuynck,
Herings, Saulle, and Seel (2018), for finite state spaces there is an equivalence between the
set of recurrent states of any dynamic process that selects all myopic improvements with
positive probability and the Myopic Stable Set.

In the remainder of this section, we provide some auxiliary results which will be help-
ful in establishing themain results in the next section. The first set of results followdirectly

5Demuynck, Herings, Saulle, and Seel (2018) allow for social environments with an infinite state space.
For the finite case, their closedness requirement is automatically satisfied and f̃8pyq, the closure of f̃Npyq,
can be replaced by f̃Npyq in the definition of iterated external stability. Thus, for the finite case, the definition
of Myopic Stable Set in Demuynck, Herings, Saulle, and Seel (2018) is equivalent to Definition 50.
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frompreviouswork. More specifically, by Theorem 3.4 in Demuynck, Herings, Saulle, and
Seel (2018), if the dominance correspondence f̃ is lower hemi-continuous then theMyopic
Stable Set is unique. Notice that lower hemi-continuity is trivially satisfied for finite state
spaces. Thus, the Myopic Stable Set of the social environment induced by a society is
always unique. The property of internal external stability guarantees that the Myopic Sta-
ble Set is non-empty. Moreover, by Corollary 3.11 in Demuynck, Herings, Saulle, and Seel
(2018), the Core is a subset of the Myopic Stable Set. Contrary to the concept of the Core,
which only requires that there is no deviation away from one of its elements, the property
of iterated external stability guarantees that the Myopic Stable Set can be reached from
any initial state.

We establish a simple but useful result for the case in which some individuals have the
same productivity level. Intuitively, if a state in which these individuals are in different
coalitions is in the Core, then all states in which these individuals swap their coalitions are
also in the Core. To define this formally, for given x, y P X , let b : N Ñ N be a productivity
preserving permutation, i.e., b is a one-to-one mapping such that bpiq “ j implies λi “ λj .
Moreover, we define bpSq “ tj P N | Di P S such that j “ bpiqu.

Definition 51 (Equivalence). Let pN, λ, ρq be a society. The states x and y inX are equivalent
if there is a productivity preserving permutation b such that for all coalitions S P x it holds
that bpSq P y.

Since b can be the identity, any state x is equivalent to itself. We denote the equivalence
class of a state x by rxs. The next result shows if a state is in the core, than all equivalent
states are also in the core.

Proposition 52. Let Γ “ pN,X,E, tľiuiPNq be a social environment induced by a competitive or
an egalitarian society. If x P C, then rxs Ď C.

Proof. Assume x P C and y P rxs. Let b be a productivity preserving permutation such
that for all coalitions S P x it holds that bpSq P y. Suppose y R C. Then there exists z P X
and T P N such that z P fT pyq. We define b´1pzq “ tS P N | bpSq P zu. It holds that
b´1pzq P fb´1pT qpxq, contradicting that x P C.

Wedonot establish the corresponding analogue of Proposition 52 for theMyopic Stable
Set at this point, since it does not admit a simple proof. In the next section, however, we
show that the predictions of the Myopic Stable Set and the Core coincide. Thus, if the
Myopic Stable Set contains a state x, it also contains all states in rxs.

4.4 Segregation

In this section, we introduce different notions of segregation. In our framework, segre-
gation means that coalitions are formed between individuals with adjacent productivity
levels. We first define segregation at the coalitional level.

Definition 53 (Segregated Coalition). Let pN, λ, ρq be a society. A coalition S P N is seg-
regated if for all i, j P S with λi ă λj there is no k P NzS such that λi ă λk ă λj .
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To facilitate a formal definition of segregation at the societal level, we denote the set of
all unproductive individuals at state x by Zpxq “ ti P N | |Sipxq| ă ρu and the collection of
all productive coalitions at state x by Ppxq “ tS P x | |S| ě ρu.We introduce two notions
which capture the idea of segregation at the societal level. The first one is called bottom-
up segregation. A state is bottom-up segregated if it satisfies three properties: coalitional
assortativity, homophily, and exclusion of the strong.

Definition 54 (Bottom-up Segregated State). Let pN, λ, ρq be a society. The state x P X is
bottom-up segregated if the following three properties hold:

i. Coalitional assortativity: For every S, T P Ppxq with S ‰ T, we have λwpSq ě λspT q
or λwpT q ě λspSq.

ii. Homophily: If S P x satisfies |S| ą ρ, then, for all i, j P S, we have λi “ λj .

iii. Exclusion of the strong: It holds that |Zpxq| ă ρ. IfZpxq ‰ H, then for every i P Zpxq
and for every j P NzZpxq, we have λi ě λj .

Coalitional assortativity requires that given any two productive coalitions, a weak
individual in one coalition has weakly higher productivity than a strong individual in
the other coalition. Homophily states that if a coalition strictly exceeds the productiv-
ity threshold, then all individuals in the coalition have the same productivity. Exclusion
of the strong means that only the strongest individuals may not be part of a productive
coalition.

We denote the set of all bottom-up segregated states by X.

Example 9. Consider a society pN, λ, ρq with N “ t1, . . . , 7u, productivities given by λ1 “

¨ ¨ ¨ “ λ3 ą λ4 “ ¨ ¨ ¨ “ λ7, and aproductivity threshold ρ “ 2.The state x “ tt1, 2u, t3u, t4, 5, 6, 7uu
is an example of a bottom-up segregated state. Since all individuals in a coalition have the
same productivity, coalitional assortativity and homophily are trivially satisfied. Exclu-
sion of the strong holds since the only member of an unproductive coalition is the strong
individual 3.

The following lemma shows that productive coalitions in a bottom-up segregated state
are indeed segregated.

Lemma 55. Let pN, λ, ρq be a society. If x P X and S P Ppxq, then S is segregated.

Proof. Suppose not. Let x P X, S P Ppxq, i, j P S, and k P NzS be such that λi ă λk ă λj.
Let T P x be such that k P T. By homophily, it holds that |S| “ ρ. If T P Ppxq, then,
by coalitional assortativity, λwpSq ě λspT q ě λk or λk ě λwpT q ě λspSq, which contradicts
i, j P S and λi ă λk ă λj. If T R Ppxq, then k P Zpxq, so by exclusion of the strong we have
λk ě λspSq, leading to a contradiction with j P S and λk ă λj.

Inwhat follows, we provide an algorithmic procedure to find all bottom-up segregated
states of a given society. The procedure results in aweighted directed rooted tree pV,A, v0q,
where V is a set of decision nodes, A Ď V ˆV is a set of ordered pairs of nodes called arcs,
and v0 is a given initial decision node. To each arc a P A, we associate an integer µa P N
called its weight. This weight µa corresponds to the size of the coalition that is formed at
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the current decision node. Given some v P V,we denote byAv Ď A the set of all arcs on the
directed path from v0 to v. Since pV,A, v0q is a directed rooted tree, the set Av is uniquely
determined. To each decision node v, we associate a number npvq corresponding to the
number of individuals that are not yet assigned to a coalition.

Procedure 56. Let pN, λ, ρq be a society. Let v “ v0 with v0 a given decision node. The
initial set of arcs A is equal to the empty set.

Step 1 Define npvq “ n´
ř

aPAv µa. If npvq ě ρ, then add

k “ max
 

1, npvq ´min
 

i P t1, . . . , npvqu | λi “ λnpvq
(

´ ρ` 2
(

arcs starting at v and ending at distinct new decision nodes. The arcs all have differ-
ent weights, ranging from ρ to ρ`k´ 1. If 0 ď npvq ă ρ, then v is a terminal decision
node and no new decision node is created.

Step 2 For each new decision node created in Step 1, go back to Step 1. Step 2 finishes
when there are no new decision nodes anymore.

Step 3 Consider the weighted rooted directed tree pV,A, v0q resulting from Steps 1 and 2.
For every terminal node v, let pa1, . . . , a`q be the arcs on the path from v0 to v, and,
for every partition P P Ptn´

ř`
k“1 µak , . . . , 1u, generate the state

!

tn, . . . , n´ µa1 ` 1u, . . . , tn´
ř`´1
k“1µak , . . . , n´

ř`
k“1µak ` 1u

)

Y P.

Step 4 Collect all the states created in Step 3 and add all equivalent states.

Intuitively, Procedure 56 works as follows. First, the highest numbered individuals
form a productive coalition that satisfies homogeneity. Then the remaining highest num-
bered individuals form the next productive coalition that satisfies homogeneity, and so
on. If some individuals are not part of a productive coalition of this bottom-up process,
then those are the lowest numbered ones, i.e., the most productive ones, and they split up
in an arbitrary way. The final step of Procedure 56 picks up equivalent states.

We use Example 9 to illustrate Procedure 56. The weighted directed rooted tree gener-
ated in Steps 1 and 2 is illustrated in Figure 1. This directed rooted tree has five terminal
nodes, resulting in five states in Step 3:

x1 “ tt1, 2, 3u, t4, 5u, t6, 7uu,
x2 “ tt1u, t2, 3u, t4, 5u, t6, 7uu,
x3 “ tt1, 2u, t3, 4u, t5, 6, 7uu,
x4 “ tt1u, t2, 3u, t4, 5, 6, 7uu,
x5 “ tt1, 2, 3u, t4, 5, 6, 7uu.

Step 4 adds equivalent states. By elementary combinatorics, this leads to two addi-
tional states for x1, eight additional states for x2, eleven additional states for x3, two addi-
tional states for x4, and no additional states for x5.None of these states is identical. Thus,
we have a total of 28 bottom-up segregated states. We refer to the appendix for a full
enumeration of the bottom-up segregated states.
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Figure 4.1: Result of Steps 1 and 2 of Procedure 56 for Example 9.

Proposition 57. Let pN, λ, ρq be a society. Procedure 56 generates the set of bottom-up segregated
states X.

Proof. See Appendix.

The second notion of societal segregation is top-down segregation. As bottom-up segre-
gation, it requires three properties. The first two properties, coalitional assortativity and
homophily, are identical as for bottom-down segregation. The third one replaces exclu-
sion of the strong by exclusion of the weak, i.e., the least productive individuals can be
excluded.

Definition 58 (Top-down Segregated State). Let pN, λ, ρq be a society. The state x P X is
top-down segregated if the following three properties hold:

i. Coalitional assortativity: For every S, T P Ppxq with S ‰ T , we have λwpSq ě λspT q
or λwpT q ě λspSq.

ii. Homophily: If S P x satisfies |S| ą ρ, then, for all i, j P S,we have λi “ λj .

iii. Exclusion of the weak: It holds that |Zpxq| ă ρ. If Zpxq ‰ H, then for every i P Zpxq
and for every j P NzZpxq, we have λi ď λj .

We denote the set of all top-down segregated states by X. The following result states
that every productive coalition in a top-down segregated state is segregated. The proof is
analogous to Lemma 55 and therefore omitted.

Lemma 59. Let pN, λ, ρq be a society. If x P X and S P Ppxq, then S is segregated.

The procedure to find all top-down segregated states also proceeds along the same
lines as for bottom-down segregated states.

Procedure 60. Let pN, λ, ρq be a society. Let v “ v0 with v0 a given decision node. The
initial set of arcs A is equal to the empty set.
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Step 1 Define npvq “ n´
ř

aPAv µa. If npvq ě ρ, then add

k “ max
 

1, npvq ´min
 

i P t1, . . . , npvqu | λi “ λnpvq
(

´ ρ` 2
(

arcs starting at v and ending at distinct new decision nodes. The arcs all have differ-
ent weights, ranging from ρ to ρ`k´ 1. If 0 ď npvq ă ρ, then v is a terminal decision
node and no new decision node is created.

Step 2 For each new decision node created in Step 1, go back to Step 1. Step 2 finishes
when there are no new decision nodes anymore.

Step 3 Consider the weighted rooted directed tree pV,A, v0q resulting from Steps 1 and 2.
For every terminal node v, let pa1, . . . , a`q be the arcs on the path from v0 to v, and,
for every partition P P Pt

ř`
k“1 µak ` 1, . . . , nu generate the state

!

t1, . . . , µa1u, . . . , t
ř`´1
k“1µak ` 1, . . . ,

ř`
k“1µaku

)

Y P.

Step 4 Collect all the states created in Step 3 and add all equivalent states.

Proposition 61. Let pN, λ, ρq be a society. Procedure 60 generates the set of top-down segregated
states X.

As the procedure is the mirror image of the case for bottom-up segregation, we omit
the proof that Procedure 60 results in the set of top-down segregated states.

4.5 Results for Competitive and Egalitarian Societies
In this section, we study the general properties of competitive and egalitarian societies
with relative payoff preferences.

The following result is the main characterization result for competitive societies.

Theorem 62. Let Γ “ pN,X,E, tľiuiPNq be the social environment induced by a competitive
society pN, λ, ρq.A state is in the Core ofΓ if and only if it is a bottom-up segregated state. Moreover,
the Core coincides with the Myopic Stable Set.

Proof. See Appendix.

Both the Core and theMyopic Stable Set predict the set of bottom-up segregated states.
Let us start with an intuition for the Core. An existing productive coalition has two dif-
ferent ways of improving its payoffs. Either it can get rid off a member with above aver-
age productivity or it can add less productive individuals to the coalition. When a state
satisfies homophily, the first option does not work as any resulting coalition would be un-
productive. The second option is prevented when a state satisfies coalitional assortativity
as the less productive individuals would not want to switch to a more productive coali-
tion. Finally, if the total number of individuals in unproductive coalitions is below ρ, an
unproductive individual can only form coalitions with already productive individuals.
However, if the unproductive individuals have a high productivity as a consequence of
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exclusion of the strong, other individuals will not form coalitions with them due to the
resulting lower social rank.

The equivalence of the Core and the Myopic Stable Set gives an additional dynamic
foundation for the prediction: from any state that is not bottom-up segregated, there is
a path of myopic improvements to a bottom-up segregated state. In fact, any dynamic
process that selects myopic improvements with positive probability will have the Myopic
Stable Set as the set of recurrent states.

We now turn to the special case where all individuals differ in productivity.

Definition 63 (Complete Heterogeneity). A society pN, λ, ρq is completely heterogeneous if
all individuals differ in their productivity, i.e., for all i, j P N with i ‰ j, we have λi ‰ λj .

Let ` and o be non-negative integers such that o ă ρ and the number of individuals in
the society equals n “ `ρ ` o. The number ` is equal to the highest possible number of
productive coalitions. For k P t1, . . . , `u, we define Bk “ tn ´ ρk ` 1, . . . , n ´ pk ´ 1qρu
and call it the kth bottom-up segregated coalition. These coalitions are collected in the set
B “ tBk | k “ 1, . . . , `u.

Proposition 64. Let Γ “ pN,X,E, tľiuiPNq be the social environment induced by the completely
heterogeneous competitive society pN, λ, ρq. Then the Core consists of those states which contain
the collection B, i.e., C “ tx P X|B Ď xu.

Proof. By Theorem 62, the Core coincides with the set of bottom-up segregated states X.
By Proposition 57, Procedure 56 generates the entire setX.Using the fact that the society is
completely heterogeneous, it follows that in Step 1 of the procedure only arcs with weight
ρ are generated, leading to exactly the states in tx P X|B Ď xu in Step 3. By the fact that
the society is completely heterogeneous, there are no equivalent states x and y such that
x ‰ y. Therefore, no new states are added in Step 4 of Procedure 56.

The previous proposition uniquely characterizes the productive coalitions in the Core.
It allows for an arbitrary partition of the unproductive individuals. Their material payoff
is zero in either case and thus their relative payoff is also zero.

If n is an integer multiple of ρ, then the Core is unique and it coincides with the collec-
tion of bottom-up segregated coalitions B. Similarly, if n “ ρ`` 1, then the Core is unique
and it coincides with the collection of bottom-up segregated coalitionsB and the singleton
t1u.

We now turn to the analysis of egalitarian societies. Recall that relative payoffs are
now zero for all individuals. Thus, the preferences coincide with the preferences over
the material payoffs. The following proposition is the main characterization result for
egalitarian societies.

Theorem 65. Let Γ “ pN,X,E, tľiuiPNq be the social environment induced by an egalitarian
society pN, λ, ρq.A state is in the Core of Γ if and only if it is a top-down segregated state. Moreover,
the Core coincides with the Myopic Stable Set.

Proof. See Appendix.
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Contrary to the case of competitive societies, in egalitarian societies members of pro-
ductive coalitions prefer to have more productive individuals in their coalition.

Let ` and o be non-negative integers such that o ă ρ and the number of individuals
in the society equals n “ `ρ ` o. For k P t1, . . . , `u, we define T k “ tρk ´ ρ ` 1, . . . , ρku
and call it the kth top-down segregated coalition. These coalitions are collected in the set
T “ tT k | k “ 1, . . . , `u.

Proposition 66. Let Γ “ pN,X,E, tľiuiPNq be the social environment induced by the completely
heterogeneous egalitarian society pN, λ, ρq. Then the Core consists of those states which contain the
collection T , i.e., C “ tx P X|T Ď xu.

Proof. By Theorem 65, the Core coincides with the set of top-down segregated states X.
Procedure 60 generates the entire set X. Using the fact that the society is completely het-
erogeneous, it follows that in Step 1 of the procedure only arcswithweight ρ are generated,
leading to exactly the states in tx P X|T Ď xu in Step 3. By the fact that the society is com-
pletely heterogeneous, there are no equivalent states x and y such that x ‰ y. Therefore,
no new states are added in Step 4 of Procedure 60.

4.6 Material Efficiency
In this section, we compare competitive and egalitarian allocations in terms of the resulting
material efficiency.

Definition 67 (Material Efficiency). Let pN, λ, ρq be a society. The material efficiency of a
state x P X is equal to

ř

iPN mipxq.

The maximal material efficiency a state x P X can reach is given by
ř

iPN λi. We now
compare competitive and egalitarian societies in terms of the resulting material efficiency.

Theorem 68. Let pN, λ, ρq be a completely heterogeneous society. Every Core element of the so-
cial environment induced by the egalitarian society is at least as materially efficient as every Core
element of the social environment induced by the competitive society. They are equally materially
efficient if and only if n is an integer multiple of ρ.

Proof. Recall that in the competitive case the Core is equal to X “ tx P X|B Ď xu by
Proposition 64 and in the egalitarian case it equals X “ tx P X|T Ď xu by Proposition 66.

Let some x P X and some x P X be given. We have that
ř

iPN mipxq “
ř

iPN λi ´
ř

iPZpxq λi and
ř

iPN mipxq “
ř

iPN λi ´
ř

iPZpxq λi.
Let ` and o be non-negative integers such that o ă ρ and the number of individuals

in the society equals n “ `ρ ` o. As the society is completely heterogeneous, it holds that
ř

iPZpxq λi “ pλ1 ` ¨ ¨ ¨ ` λoq ě pλn´o`1 ` ¨ ¨ ¨ ` λnq “
ř

iPZpxq λi, so
ř

iPN mipxq ď
ř

iPN mipxq,
where equality holds if and only if o “ 0.

4.7 Concluding Remarks
We have studied coalition formation among individuals who differ in productivity. The
joint output of a coalition is determined by the sum of productivities if a coalition exceeds
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aminimal threshold ofmembers. We consider two types of societies, competitive societies
in which the surplus of a coalition is split according to productivity and egalitarian soci-
eties in which coalitions split their surplus equally. The preferences of coalition members
depend on the share of the surplus, but also on the relative payoff in the group.

Our analysis of the societies uses two different stability concepts, the classic static con-
cept of the Core and the Myopic Stable Set, which enables a dynamic interpretation. The
two concepts are shown to yield the same predictions. Both competitive and egalitarian
societies lead to segregated societies, i.e., coalitions are only formed between individuals
with similar productivities.

In contrast to a superficial intuition, the only individuals who might not be part of
a productive coalition are the most productive individuals in a competitive society and
the least productive individuals in an egalitarian society. To understand the intuition for
these predictions, note that members of a competitive society will lose in social rankwhen
forming coalitions with very productive individuals. Thus, the last (least productive indi-
viduals) are first in forming coalitions and the first (most productive individuals) last. The
most productive individuals might even fail to attract other coalition members at all. On
the contrary, in the egalitarian society the most productive individuals are very attractive
as coalition members, since other coalition members gain from their productivity.

77



Essays on Coalition Formation Theory

4.8 Appendix

Bottom-up Segregated States in the Example 9.

rx1s tt1, 2, 3u, t4, 5u, t6, 7uu
tt1, 2, 3u, t4, 6u, t5, 7uu
tt1, 2, 3u, t4, 7u, t5, 6uu

rx2s tt1u, t2, 3u, t4, 5u, t6, 7uu
tt1u, t2, 3u, t4, 6u, t5, 7uu
tt1u, t2, 3u, t4, 7u, t5, 6uu
tt2u, t1, 3u, t4, 5u, t6, 7uu
tt2u, t1, 3u, t4, 6u, t5, 7uu
tt2u, t1, 3u, t4, 7u, t5, 6uu
tt3u, t1, 2u, t4, 5u, t6, 7uu
tt3u, t1, 2u, t4, 6u, t5, 7uu
tt3u, t1, 2u, t4, 7u, t5, 6uu

rx3s tt1, 2u, t3, 4u, t5, 6, 7uu
tt1, 2u, t3, 5u, t4, 6, 7uu
tt1, 2u, t3, 6u, t4, 5, 7uu
tt1, 2u, t3, 7u, t4, 5, 6uu
tt1, 3u, t2, 4u, t5, 6, 7uu
tt1, 3u, t2, 5u, t4, 6, 7uu
tt1, 3u, t2, 6u, t4, 5, 7uu
tt1, 3u, t2, 7u, t4, 5, 6uu
tt2, 3u, t1, 4u, t5, 6, 7uu
tt2, 3u, t1, 5u, t4, 6, 7uu
tt2, 3u, t1, 6u, t4, 5, 7uu
tt2, 3u, t1, 7u, t4, 5, 6uu

rx4s tt1u, t2, 3u, t4, 5, 6, 7uu
tt2u, t1, 3u, t4, 5, 6, 7uu
tt3u, t1, 2u, t4, 5, 6, 7uu

rx5s tt1, 2, 3u, t4, 5, 6, 7uu

Proof of Theorem 57
Proof. We first show that any state generated by Procedure 56 is bottom-up segregated.

We start with a state generated in Step 3 from an arc pa1, . . . , a`q. Since all productive
coalitions consist of individuals with adjacent subscripts and hence adjacent productivi-
ties, we have coalitional assortativity. If, for some k P t1, . . . , `u, µak ą ρ, then it follows
from the selection of the number of added arcs in Step 1 that all individuals involved in
the associated coalition have the same productivity, so homophily is satisfied. Finally, the
individuals in the set tn´

ř`
k“1 µak , . . . , 1u cannot form a productive coalition themselves

and have weakly higher productivity than individuals in the productive coalitions, so ex-
clusion of the strong is satisfied. To complete the first part of the proof, note that all three
properties of a bottom-up segregated state are preserved under productivity preserving
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permutations, so the equivalent states generated in Step 4 are bottom-up segregated as
well.

It remains to be shown that all bottom-up segregated states are generated by Proce-
dure 56. To do so, we show that for each bottom-up segregated state, there is one permu-
tation of a state generated in Steps 1-3. The key is to define the permutation/relabeling in
a precise way.

Let x “ tS1, . . . , Smu P X be a bottom-up segregated state with productive coalitions
Ppxq “ tS1, . . . , S`u,where S1, . . . , S` are chosen such that

λspS1q ď λwpS2q ď ¨ ¨ ¨ ď λspS`´1q ď λwpS`q,

and unproductive coalitions S``1, . . . , Sm. For k P t1, . . . ,mu, we denote the cardinality
|Sk| of coalition Sk by pk.

Wedefine the permutation b : N Ñ N as follows. Let some i P N be given. The number
k1 P t1, . . . , `` 1u is uniquely determined in the following way. If

i P tn´
ř`
k“1pk, . . . , 1u,

then k1 “ `` 1. Otherwise, k1 P t1, . . . , `u is chosen such that

i P tn´
řk1´1
k“1 pk, . . . , n´

řk1

k“1pk ` 1u.

In case k1 ď `,we write Sk1 “ tj1, . . . , jpk1uwith j1 ą ¨ ¨ ¨ ą jpk1 and define

bpiq “ j
n´

řk1´1
k“1 pk´i`1

.

In case k1 “ `` 1,we write S``1 Y ¨ ¨ ¨ Y Sm “ tj1, . . . , jn´ř`
k“1 pk

uwith j1 ą ¨ ¨ ¨ ą jn´ř`
k“1 pk

and define
bpiq “ jn´

ř`
k“1 pk´i`1.

One of the directed paths pa1, . . . , a`q generated by Procedure 56 is such that, for k “
1, . . . , `, µak “ pk. Let the permutation P P Ptn ´

ř`
k“1 µak , . . . , 1u be defined by P “

tb´1pSkq | k P t` ` 1, . . . ,muu. In Step 3, the directed path pa1, . . . , a`q together with the
permutation P generates the state

y “
!

tn, . . . , n´ µa1 ` 1u, . . . , tn´
ř`´1
k“1µak , . . . , n´

ř`
k“1µak ` 1u

)

Y P.

Clearly, for all S P y it holds that bpSq P x. It remains to be shown that b is productivity
preserving, so bpiq “ j implies λi “ λj, in order to conclude that x P rys, so is generated in
Step 4.

Suppose there is i, j P N such that bpiq “ j and λi ‰ λj. Let i1 be the highest numbered
individual with this property and define j1 “ bpi1q. Since x satisfies exclusion of the strong
and by the construction of b, it cannot hold that j1 P S``1 Y ¨ ¨ ¨ Y Sm. Let k1 ď ` be such
that j1 P Sk1 . Since i1 is the highest numbered individual among i P N such that λi ‰ λbpiq,
it must hold that λi1 ă λj1 . It follows that there is j ą i1 such that j R S1 Y ¨ ¨ ¨ Y Sk

1

.
Suppose there is k P tk1 ` 1, . . . , `u such that j P Sk. Since λwpSkq ď λj ă λj1 ď λspSk1 q, we
obtain a contradiction to x satisfying coalitional assortativity. Consequently, it holds that
j P S``1Y¨ ¨ ¨YSm.However, in that case x violates exclusion of the strong since λj ď λi1 ă
λj1 .We have obtained a contradiction. Consequently, bpiq “ j implies λi “ λj.
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Proof of Theorem 62
The following lemma is helpful in the proof of Theorem 62.

Lemma 69. Let Γ “ pN,X,E, tľiuiPNq be a social environment induced by a competitive society
pN, λ, ρq. Let x P X and S P x be such that |S| ą ρ and λi ‰ λj for some i, j P S. Then
fSztspSqupxq ‰ H.

Proof. Consider the coalition T “ SztspSqu. Since |T | ě ρ, we have mipT q “ mipSq for all
i P T . Hence, to prove that fSztspSqu ‰ H, it remains to show that ripT q ą ripSq for all i P T .

Observe that λspSq ą upSq since λi ‰ λj for some i, j P S. Hence, for every i P T, we
have upT q ă upSq and thus ripT q “ mipT q ´ upT q ą mipSq ´ upSq “ ripSq.

Proof of Theorem 62. The proof consists of three parts. We show first that X Ď C, next
thatX Ě C, thereby showing that the Core coincides with the set of bottom-up segregated
states, and finally that the Myopic Stable Set coincides with the Core.

Part 1. X Ď C.
Let x P X be a bottom-up segregated state, wherex “ tS1, . . . , Smu,Ppxq “ tS1, . . . , S`u,

and, for every k P t1, . . . , ` ´ 1u, λspSkq ď λwpSk`1q. Moreover, we write S1 “ ts1
1, . . . , s

1
pu

with s1
1 ă ¨ ¨ ¨ ă s1

p.
Towards a contradiction, suppose that x R C. Thus, there exists a coalition T “

tt1, . . . , tqu with t1 ă ¨ ¨ ¨ ă tq and a state y such that y P fT pxq. Notice that any deviat-
ing coalition has to be productive, i.e., |T | ě ρ. We proceed by induction.

Step 1: S1 X T “ H.
Notice that S1 is productive. For all i P S1 X T , it holds that mipS

1q “ mipT q. Then a
deviation has to rely on an improvement in relative payoff. We consider two cases: a case
in which, for all i, j P S1, λi “ λj and a case in which there are some i, j P S1 with λi ‰ λj .

In the former case, we have that upS1q “ λn ď upT q as, by assumption, n is a weak
individual in the society. Therefore, for all i P S1 X T , it holds that

ripS
1
q “ mipS

1
q ´ upS1

q ě mipT q ´ upT q “ ripT q,

so it follows that S1 X T “ H.
In the latter case, homophily of x implies that |S1| “ ρ. We define the collection of

ρ weakest individuals in T by T 1 “ ttq´ρ`1, . . . , tqu. It holds that upT 1q ď upT q. For i “
0, . . . , ρ ´ 1, it holds that λtq´i

ě λs1p´i
, so we have that upS1q ď upT 1q ď upT q. Therefore,

for every i P S1 X T , it holds that

ripS
1
q “ mipS

1
q ´ upS1

q ě mipT q ´ upT q “ ripT q,

so it follows that S1 X T “ H.
Step 2: If

Ťk
κ“1 S

κ X T “ H, then Sk`1 X T “ H.

If k ě `, then Sk`1 R Ppxq. As
Ťk
κ“1 S

κ X T “ H and |Zpxq| ă ρ it follows that |T | ă ρ,
a contradiction to |T | ě ρ.

If k ă `, then Sk`1 P Ppxq and we write Sk`1 “ tsk`1
1 , . . . , sk`1

p u with sk`1
1 ă . . . ă sk`1

p .
For every i P Sk`1 X T , it holds that mipS

k`1q “ mipT q since |T | ě ρ. A deviation has to
rely on an improvement in relative payoff. If for all i, j P Sk`1, λi “ λj, then upSk`1q “
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λsk`1
p
ď upT q as, by assumption, sk`1

p is a weak individual inNz
Ťk
κ“1 S

κ. Therefore, for all
i P Sk`1 X T , it holds that

ripS
k`1
q “ mipS

k`1
q ´ upSk`1

q ě mipT q ´ upT q “ ripT q,

so Sk`1 X T “ H. If there is some i, j P Sk`1 with λi ‰ λj , by homophily, |Sk`1| “ ρ. We
define T 1 “ ttq´ρ`1, . . . , tqu, so upT 1q ď upT q. Since λtq´i

ě λsk`1
p´i

for i “ 0, . . . , ρ ´ 1, it
follows that upSk`1q ď upT 1q ď upT q. Therefore, for every i P Sk`1 X T , it holds that

ripS
k`1
q “ mipS

k`1
q ´ upSk`1

q ě mipT q ´ upT q “ ripT q,

so Sk`1 X T “ H.

By Steps 1 and 2 it follows that T “ H and we have obtained a contradiction. Conse-
quently, it holds that x P C.

Part 2. X Ě C.
Let some y P C be given. Towards a contradiction, suppose that y is not bottom-up

segregated.
If homophily is violated, then there exists a coalition S P y with |S| ą ρ such that for

some i, j P S, λi ą λj. Thus, by Lemma 69, it holds that fSztspSqupyq ‰ H, a contradiction
to y being in the Core.

If coalitional assortativity is violated, then there are coalitions S, T P Ppyq such that
λwpSq ă λspT q and λwpT q ă λspSq. We write S “ ts1, . . . , spu and T “ tt1, . . . , tqu with s1 ă

¨ ¨ ¨ ă sp and t1 ă ¨ ¨ ¨ ă tq.We show that for S 1 “ ttq, s2, . . . , spu it holds that fS1pyq ‰ H or
for T 1 “ tsp, t2, . . . , tqu it holds that fT 1pyq ‰ H.

Since S and S 1 are productive, we have mipSq “ mipS
1q for all i P S X S 1. Moreover,

since |S| “ |S 1| and λs1 ą λtq ,we have

upSq “
λs1 `

řp
i“2 λsi

|S|
ą
λtq `

řp
i“2 λsi

|S 1|
“ upS 1q.

Thus, for all i P S X S 1 “ S 1zttqu, it holds that ripSq “ mipSq ´ upSq ă mipS
1q ´ upS 1q “

ripS
1q. By symmetry, it also holds for all i P T X T 1 “ T 1ztspu that mipT q “ mipT

1q and
ripT q ă ripT

1q.
Towards a contradiction, suppose that sp “ wpSq has no incentive to participate in T 1

and tq “ wpT q has no incentive to form S 1, so rwpSqpSq ě rwpSqpT
1q and rwpT qpT q ě rwpT qpS

1q.
Thus, by definition,

mwpSqpSq ´
ř

iPS λi
p

ě mwpSqpT
1q ´

λwpSq
q
´

ř

iPT ztspT qu λi

q
,

mwpT qpT q ´
ř

iPT λi
q

ě mwpT qpS
1q ´

λwpT q
p
´

ř

iPSztspSqu λi

p
.

These expressions can be simplified to get

pλwpSq ` p
ř

iPT ztspT qu λi ě q
ř

iPS λi,

qλwpT q ` q
ř

iPSztspSqu λi ě p
ř

iPT λi.
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Adding up these two inequalities and simplifying results in

pλwpSq ` qλwpT q ě qλspSq ` pλspT q,

leading to a contradiction since λwpSq ă λspT q and λwpT q ă λspSq. Consequently, sp is strictly
better off participating in T 1 or tq is strictly better off forming S 1.

We have shown that fS1pyq ‰ H or fT 1pyq ‰ H, contradicting that y P C. Consequently,
y satisfies coalitional assortativity.

Suppose y violates exclusion of the strong. If |Zpyq| ě ρ, then we have fZpyqpyq ‰ H, a
contradiction. It remains to consider the case |Zpyq| ă ρ. There exists j P Zpyq, S P Ppyq,
and i P S such that λj ă λi. We write S “ ts1, . . . , spu with s1 ă ¨ ¨ ¨ ă sp. Consider the
coalition T “ tj, s2, . . . , spu.We argue that fT pyq ‰ H. Notice thatmjpZpyqq “ 0 ă mjpT q,
so j has an incentive to deviate. It remains to be shown that also members of ts2, . . . , spu “
S X T have an incentive to deviate. For all i P S X T, mipSq “ mipT q ą 0. Since |S| “ |T |,
the following inequality holds,

upSq “
λs1 `

řp
i“2 λsi

|S|
ą
λj `

řp
i“2 λsi

|T |
“ upT q.

Therefore, for all i P S X T , it holds that ripSq “ mipSq ´ upSq ă mipT q ´ upT q “ ripT q.We
have obtained a contradiction with y P C.Consequently, y satisfies exclusion of the strong.

Part 3. The Myopic Stable Set coincides with the Core.
Notice that the Core trivially satisfies deterrence of external deviations. In order to

show that it coincides with the Myopic Stable Set, we have to show that it satisfies iterated
external stability. The minimality requirement follows from the fact that the Core is a
subset of the Myopic Stable Set.

The proof of iterated external stability is constructive using the following procedure,
which, given an initial state x0 P XzC, generates a finite sequence of productive coalitions
S1, . . . , S` and states x1, . . . , x` such that, for k “ 1, . . . , `, xk P f̃Skpxk´1q and x` is a bottom-
up segregated state. The coalitions Sk are all disjoint and chosen such that their members
have the lowest productivity among players in NzpYk´1

κ“1S
κq.

Startwith a state x0 P XzC. Parts (i) and (ii) formalize a sequence of dominationswhere
first a productive coalition with weak individuals forms and so forth until a strongest pro-
ductive coalition forms. We define k “ 1.

(i) If |Nz
Ťk´1
κ“1 S

κ| ă ρ, then the procedure ends. Otherwise, move to (ii).

(ii) Consider a coalition T Ď Nz
Ťk´1
κ“1 S

κ with |T | “ ρ such that for all i P T and for
all j P Nzp

Ťk´1
κ“1 S

κ Y T q it holds that λi ď λj . If fT pxk´1q ‰ H, then define Sk “ T. If
fT pxk´1q “ H, then there is i P T who belongs to a productive coalition S P xk´1 such that
ripSq ě ripT q. For all i P S, for all j P Nzp

Ťk´1
κ“1 S

κ Y Sq, it holds that λi ď λj. In this case,
define Sk “ S. Define xk “ ypxk´1, S

kq. Increase k by 1 and move back to (i).

The procedure takes ` ď n{ρ steps and finally generates the state x`. We have that
Ppx`q “ tSk | k P t1, . . . , `uu. It holds that x` P f̃ `px0q since, for every k P t1, . . . , `u,
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xk P fSkpxk´1q or xk “ xk´1. It remains to be shown that x` belongs to the Core. By Parts 1
and 2 of the proof, we need to show that x` is bottom-up segregated.

We have that Ppx`q “ tSk | k P t1, . . . , `uu. By construction it holds that λspS1q ď

λwpS2q ď ¨ ¨ ¨ ď λspS`´1q ď λwpS`q. It directly follows that for all S, T P Ppx`q with S ‰ T, we
have λwpSq ě λspT q or λwpT q ě λspSq, so x` satisfies coalitional assortativity.

In the procedure, x` can only contain a coalition of size larger than ρ if for some k “
1, . . . , `, it holds in Step (ii) of the procedure that fT pxk´1q “ H. Since there is i P Sk X T
such that ripSkq ě ripT q, it holds that upSkq ď upT q. If Sk contains more than ρ individuals
and there is i, j P Sk such that λi ‰ λj, then upSkq ą upSkztspSkquq ě upT q, leading to a
contradiction. Consequently, x` satisfies homophily.

If Zpx`q ‰ H, then |Zpx`q| ă ρ, as otherwise the procedure does not stop. By construc-
tion, it holds that for every i P Y`k“1S

k, for every j P NzY`k“1 S
k “ Zpx`q that λi ď λj, so x`

satisfies exclusion of the strong.

Proof of Theorem 65
The following lemma is helpful in the proof of Theorem 65.

Lemma 70. Let Γ “ pN,X,E, tľiuiPNq be a social environment induced by a competitive society
pN, λ, ρq. Let x P X and S P x be such that |S| ą ρ and λi ‰ λj for some i, j P S. Then
fSztwpSqupxq ‰ H.

Proof. Consider the coalition T “ SztwpSqu. Since |T | ě ρ, in order to prove that fSztwpSqu ‰
H, it suffices to show that mipT q ą mipSq for all i P T . Observe that λwpSq ă

ř

iPS λi{|S|
and thus upT q ą upSq. It follows that, for every i P T, mipT q “ upT q ą upSq “ mipSq.

Proof of Theorem 65. The proof consists of three parts. We show first that X Ď C, next
thatX Ě C, thereby showing that the Core coincides with the set of top-down segregated
states, and finally that the Myopic Stable Set coincides with the Core.

Part 1. X Ď C.
Let x P X be a top-down segregated state, where x “ tS1, . . . , Smu,Ppxq “ tS1, . . . , S`u,

and, for every k P t1, . . . , ` ´ 1u, λspSkq ď λwpSk`1q. Moreover, we write S1 “ ts1
1, . . . , s

1
pu

with s1
1 ă ¨ ¨ ¨ ă s1

p.
Towards a contradiction, suppose that x R C. Thus, there exists a coalition T “

tt1, . . . , tqu with t1 ă ¨ ¨ ¨ ă tq and a state y such that y P fT pxq. Notice that any deviat-
ing coalition has to be productive, i.e., |T | ě ρ. We proceed by induction.

Step 1: S1 X T “ H.
Notice that coalition S1 is productive. We consider two cases: a case in which, for all

i, j P S1, λi “ λj and a case in which there are some i, j P S1 with λi ‰ λj .
In the former case, we have that upS1q “ λ1 ě upT q as, by assumption, 1 is a strong

individual in the society. Therefore, it holds that S1 X T “ H.
In the latter case, homophily of x implies that |S1| “ ρ. We define the collection of ρ

strongest individuals in T by T 1 “ tt1, . . . , tρu. It holds that upT 1q ě upT q. For i “ 1, . . . , ρ,
it holds that λsi ě λti , sowe have that upS1q ě upT 1q ě upT q, and it follows that S1XT “ H.

Step 2: If
Ťk
κ“1 S

κ X T “ H, then Sk`1 X T “ H.
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If k ě `, then Sk`1 R Ppxq. As
Ťk
κ“1 S

κ X T “ H and |Zpxq| ă ρ it follows that |T | ă ρ,
a contradiction to |T | ě ρ.

If k ă `, then Sk`1 P Ppxq and we write Sk`1 “ tsk`1
1 , . . . , sk`1

p u with sk`1
1 ă ¨ ¨ ¨ ă sk`1

p .

If for all i, j P Sk`1, λi “ λj, then upSk`1q “ λsk`1
1
ě upT q as, by assumption, sk`1

1 is a strong
individual in Nz

Ťk
κ“1 S

κ. Therefore, for all i P Sk`1 X T , it holds that mipS
k`1q ě mipT q,

so Sk`1 X T “ H. If there is some i, j P Sk`1 with λi ‰ λj , by homophily, |Sk`1| “ ρ. We
define T 1 “ tt1, . . . , tρu, so upT 1q ě upT q. Since λsk`1

i
ě λti for i “ 1, . . . , ρ, we have that

upSk`1q ě upT 1q ě upT q. It follows that Sk`1 X T “ H.

By Steps 1 and 2 it follows that T “ H and we have obtained a contradiction. Conse-
quently, it holds that x P C.

Part 2. X Ě C. Let some y P C be given. Towards a contradiction, suppose that y is not
top-down segregated.

If homophily is violated, then there exists a coalition S P y with |S| ą ρ such that for
some i, j P S, λi ą λj . Thus, by Lemma 70, it holds that fSztwpSqupyq ‰ H, a contradiction
to y being in the Core.

If coalitional assortativity is violated, then there are coalitions S, T P Ppyq such that
λwpSq ă λspT q and λwpT q ă λspSq. We write S “ ts1, . . . , spu and T “ tt1, . . . , tqu with s1 ă

¨ ¨ ¨ ă sp and t1 ă ¨ ¨ ¨ ă tq.We show that for S 1 “ ts1, . . . , sp´1, t1u it holds that fS1pyq ‰ H
or for T 1 “ tt1, . . . , tq´1, s1u it holds that fT 1pyq ‰ H.

Since |S| “ |S 1| ě ρ and λq1 ą λsp , we have, for all i P S X S 1 “ S 1ztt1u,

mipSq “ upSq “
λsp `

řp´1
i“1 λsi

|S|
ă
λy1 `

řp´1
i“1 λsi

|S 1|
“ upS 1q “ mipS

1
q.

By symmetry, it also holds for all i P T X T 1 “ T 1zts1u thatmipT q ă mipT
1q.

Towards a contradiction, suppose that s1 “ spSq has no incentive to participate in T 1
and t1 “ spT q has no incentive to form S 1, so upSq ě upT 1q and upT q ě upS 1q. Thus, by
definition,

ř

iPS λi
p

ě
λspSq
q
`

ř

iPT ztwpT qu λi

q
,

ř

iPT λi
q

ě
λspT q
p
`

ř

iPSztwpSqu λi

p
.

These expressions can be simplified to get

q
ř

iPS λi ě pλspSq ` p
ř

iPT ztwpT qu λi,

p
ř

iPT λi ě qλspT q ` q
ř

iPSztwpSqu λi.

Adding up these two inequalities and simplifying results in

qλwpSq ` pλwpT q ě pλspSq ` qλspT q,

leading to a contradiction since λwpSq ă λspT q and λwpT q ă λspSq. Consequently, s1 is strictly
better off participating in T 1 or t1 is strictly better off forming S 1.

We have shown that fS1pyq ‰ H or fT 1pyq ‰ H, contradicting that y P C. Consequently,
y satisfies coalitional assortativity.
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Suppose y violates exclusion of the weak. If |Zpyq| ě ρ, then we have fZpyqpyq ‰ H, a
contradiction. It remains to consider the case |Zpyq| ă ρ. There exists j P Zpyq, S P Ppyq,
and i P S such that λi ă λj. We write S “ ts1, . . . , spu with s1 ă ¨ ¨ ¨ ă sp. Consider
the coalition T “ ts1, . . . , sp´1, ju. We argue that fT pyq ‰ H. Notice that mjpZpyqq “
0 ă mjpT q, so j has an incentive to deviate. It remains to be shown that also members of
ts1, . . . , sp´1u “ S X T have an incentive to deviate. Since |S| “ |T |, for all i P S X T the
following inequality holds,

mipSq “ upSq “
λsp `

řp´1
i“1 λi

|S|
ă
λj `

řp´1
i“1 λi

|T |
“ upT q “ mipT q.

We have obtained a contradiction with y P C. Consequently, y satisfies exclusion of the
weak.

Part 3. The Myopic Stable Set coincides with the Core.
Notice that the Core trivially satisfies deterrence of external deviations. In order to

show that it coincides with the Myopic Stable Set, we have to show that it satisfies iterated
external stability. The minimality requirement follows from the fact that the Core is a
subset of the Myopic Stable Set.

The proof of iterated external stability is constructive using the following procedure,
which, given an initial state x0 P XzC, generates a finite sequence of productive coali-
tions S1, . . . , S` and states x1, . . . , x` such that, for k “ 1, . . . , `, xk P f̃Skpxk´1q and x` is a
top-down segregated state. The coalitions Sk are all disjoint and chosen such that their
members have the highest productivity among players in NzpYk´1

κ“1S
κq.

Start with a state x0 P XzC. We define k “ 1.

(i) If |Nz
Ťk´1
κ“1 S

κ| ă ρ, then the procedure ends. Otherwise, move to (ii).

(ii) Consider a coalition T Ď Nz
Ťk´1
κ“1 S

κ with |T | “ ρ such that for all i P T and for
all j P Nzp

Ťk´1
κ“1 S

κ Y T q it holds that λi ě λj . If fT pxk´1q ‰ H, then define Sk “ T. If
fT pxk´1q “ H, then there is i P T who belongs to a productive coalition S P xk´1 such that
mipSq ě mipT q. For all i P S, for all j P Nzp

Ťk´1
κ“1 S

κ Y Sq, it holds that λi ě λj. In this case,
define Sk “ S. Define xk “ ypxk´1, S

kq. Increase k by 1 and move back to (i).

The iteration takes ` ď n{ρ steps and finally generates the state x`.Wehave thatPpx`q “
tSk | k P t1, . . . , `uu. It holds that x` P f̃ `px0q since, for every k P t1, . . . , `u, xk P fSkpxk´1q

or xk “ xk´1. It remains to be shown that x` belongs to the Core. By Parts 1 and 2 of the
proof, we need to show that x` is top-down segregated.

We have that Ppx`q “ tSk | k P t1, . . . , `uu. By construction it holds that λwpS1q ě

λspS2q ě ¨ ¨ ¨ ě λwpS`´1q ě λspS`q. It directly follows that for all S, T P Ppx`q with S ‰ T, we
have λwpSq ě λspT q or λwpT q ě λspSq, so x` satisfies coalitional assortativity.

In the procedure, x` can only contain a coalition of size larger than ρ if for some k “
1, . . . , `, it holds in Step (ii) of the procedure that fT pxk´1q “ H. Since there is i P Sk X T
such that mipS

kq ě mipT q, it holds that upSkq ě upT q. If Sk contains more than ρ individ-
uals and there is i, j P Sk such that λi ‰ λj, then upSkq ă upSkztwpSkquq ď upT q, leading
to a contradiction. Consequently, x` satisfies homophily.
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If Zpx`q ‰ H, then |Zpx`q| ă ρ, as otherwise the procedure does not stop. By construc-
tion, it holds that for every i P Y`k“1S

k, for every j P NzY`k“1 S
k “ Zpx`q that λi ě λj, so x`

satisfies exclusion of the weak.
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Valorization Addendum

This addendum discusses the knowledge valorization generated by the chapters of the dis-
sertation.

According to the report of the National Valorization Committee,

"knowledge valorization means the process of creating value from knowledge,
by making knowledge suitable and/or available for social (and/or economic)
use and bymaking it suitable for translation into competing products, services,
processes and new activities."

Examples of social (and/or economic) value creation from research results can be very
different from each other depending on the disciplines: licences, open source tools, soft-
ware, co-publications with social and/or economic stakeholders, publications in journals
and newspapers, non-academic publications, appearances in the media, contributions to
public debates, advice for social organisations or companies, policy advice for govern-
ments and training programmes for professionals.

Of the item listed above, the only one that is directly applicable to the present work is
"publications in journals". The paper based upon Chapter 2 was published at Econometrica
in 2019. The paper based upon Chapter 3 was published at Theory and Decision in 2019.
The paper based upon Chapter 4 has been submitted to an A journal. However, given the
theoretical nature of the dissertation, other opportunities of valorization are merely spec-
ulative. Theory is, by its nature, abstract and provides a selective and one-sided account
of the many-sided concrete social world.

Theory and research are strongly interrelated. For example, theory enables us to con-
nect a single study to the immense base of knowledge to which other researchers con-
tribute. The framework and results contained in Chapter 2 are exactly in this spirit: at first
glance, indeed, literature on coalition formation theory seems particularly fragmented:
coalition formation theory belongs to cooperative game theory aswell as to non-cooperative
game theory. Furthermore, a coalition formation process can be studied by exploiting a
variety of settings and solution concepts. In Chapter 2, we provide a new tool which
unifies and generalizes different previous results in this area of research. The most inter-
esting feature of this new tool concerns its capability of providing a prediction even in
those scenarios where standard tools fail. An example is given by Chapter 3 which stud-
ies a Bertrand duopoly with different costs. It is well known that if prices can be any real
number a solution in pure strategies does not exists. Despite the popularity of Bertrand
duopoly, the set of mixed-stategies Nash equilibria has not been fully characterized, but,
infinitely many equilibria exist. We obtain a unique prediction both when predatory pric-
ing is allowed and when it is forbidden by law. An implication of our results is that when
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predatory pricing is forbidden, the market price is predicted to be weakly lower than in
mixed strategies Nash equilibria.

Chapter 4 is in line with a rising literature in coalition formation theory which studies
how social norm an behavioural preferences can affect democratic institutions. In partic-
ular we study coalition formation among heterogeneous individuals who care not only
about their absolute economic gain but also about their relative economic position within
the group they belong to. We consider competitive societies in which the surplus of a
coalition is split according to productivity and egalitarian societies in which coalitions
split their surplus equally. Both competitive and egalitarian societies lead to segregated
partition structures. For competitive societies, all stable allocations are based on bottom-
up segregation, i.e., individuals with adjacent productivities form coalitions and if some
individuals are not part of a productive coalition, then these are themost productive ones.
For egalitarian societies, we obtain top-down segregation in all stable allocations. Again
it holds that individuals with adjacent productivities form coalitions, but now the least
productive individuals may not be part of any productive coalition. In both society, if an
allocation is not segregated then there exists a sequence of coalitional deviations which
lead to a segregated allocation.

However, despite all my effort to extract a social or economic value from these results,
I cannot really foresee the direct and indirect implication for the society. In my defence, I
would like to conclude this valorization addendum borrowing the words of John von Neu-
mann, one of the greatest scientist of all times:

"A large part of mathematics which becomes useful developed with absolutely no desire
to be useful, and in a situation where nobody could possibly know in what area it would
become useful; and there were no general indications that it ever would be so."
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