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Why do you dislike it so when you can’t say why?
—I don’t know.
This mystery of life is a holy thing. It is our freedom. We have shot out of physical
reality, we exist now in a kind of godlike freedom, and the mystery is integral to it.
—No. We are still physical reality. Atoms in their rounds. Determined on most scales,
random on some others.
Ah well. We disagree. But either way, the scientist’s job is to explore everything. No
matter the difficulties! To stay open, to accept ambiguity. To attempt to fuse with the
object of knowledge. To admit that there are values shot through the whole enterprise.
To love it. To work toward discovering the values by which we should live. To work to
enact those values in the world. To explore—and more than that—to create!
—I’ll have to think about that.

Kim Stanley Robinson, Green Mars
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1
Introduction

1.1 Objective
The aim of this book is to introduce novel structural break test ideas and methods.
In time series modeling, it is important to recognize that relations between variables
may change over time. The adequacy of an estimated model may be increased, if its
parameters are allowed to change values. A structural break test evaluates this possibility.
It will be associated with a break date, which is sometimes also referred to as a change
point in the literature. Parameters that may otherwise be invariant throughout the
data will change their value at that date, if a structural break exists. Regardless of the
simplicity or the complexity of a model’s functional form, considering the existence of
parameter changes increases the adaptability of a model to the given data. This makes
structural break testing a convenient and powerful tool in time series analysis. The
objective of this thesis is to contribute to this important field of research by presenting
new ways by which structural break testing can be improved further.

First, Chapter 2 will give a compact overview of the current state of structural break
testing. Chapter 3 and Chapter 4, each, describe the development of a structural break
testing procedure that is recommended in a specific context. Chapter 3 describes an orig-
inal, sequential testing procedure that is designed for the detection of financial contagion
in time series data. The procedure anticipates various potential scenarios of shock trans-
mission and incorporates appropriate structural break tests and test settings. The tests
find structural breaks associated with contagion endogenously and determine whether
the detected events can be assumed to have occurred simultaneously. The use of multi-
variate data systems, and joined break hypotheses, if appropriate, increases the efficiency
of financial contagion detection.

The computational burden of analyzing structural breaks can be large, especially
when multiple breaks are estimated, multiple times in an iterative sequence, in mul-
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CHAPTER 1. INTRODUCTION

tivariate data sets. A time-efficient program for finding multiple structural breaks is
presented in Chapter 4. Instead of locating all structural breaks at once, they are in-
dividually located in rolling data windows. The proposed algorithm is a heuristic for
finding structural breaks that optimize the model fit, and so the time-efficiency comes
at the expense of maximum testing power. Thus, the added value of the program design
depends on the goals of the applicant, and whether the computational burden of multiple
break detection tests is a concern. The reduction in estimation time can be drastic, if
the data set is large, or if the break test must be performed frequently.

The procedures described in Chapters 3 and 4 apply likelihood ratio statistics in an
a-posteriori test design. That is, for a definite data set, the statistic evaluates the fit of a
model that includes abrupt changes in parameter values. Dates associated with maximum
likelihood ratio values are break date estimates, if the test statistic is sufficiently large.
Chapter 2 on the existing structural break testing literature provides an overview of all
aspects of maximum likelihood ratio testing that are relevant for the remainder of this
book. The motivation for another chapter of this book, Chapter 5, is derived from a
discussion in Andrews (1993), which contains an original description of the asymptotic
distribution of the maximum likelihood ratio statistic. The author acknowledges that the
associated test functions as a test of model adequacy in a broader sense. It can detect
abrupt parameter shifts, as well as more general forms of parameter change.

In Chapter 5, a new statistic is described that tests the abruptness of parameter shifts
to facilitate (and strengthen) the interpretation of structural break estimates. Conve-
niently, it uses data that is already available during maximum likelihood ratio testing,
but that is usually neglected: For maximum likelihood ratio testing, likelihood ratio val-
ues associated with dates other than the estimated break date are calculated, but usually
not further analyzed. The chapter describes a test statistic that adds the values in a sum
of likelihood ratios within a range of dates surrounding the break date estimate. The
new statistic can uncover parameter transitions that are significantly more gradual than
abrupt changes.

The final advancement in structural break testing is a novel break detection test
statistic described in Chapter 6. The statistic is based on the estimation of prediction
errors, sometimes referred to as the generalization errors of models, see for example
Nadeau and Bengio (2000). The strategy is adopted from the more general topic of
model selection and finding the optimal capacity of a model. Like other a-posteriori
test statistics, the statistic evaluates the change in the fit of the model, when a change
in parameters is permitted at a break date. Whereas the maximum likelihood ratio
statistic measures the model fit to the available observations, the new statistic estimates
the model fit to unavailable observations. A structural break is detected, when the
resulting model is estimated to lead to significantly smaller errors with respect to the
prediction of data. This way, the inference of structural breaks is directly based on a
measure of the out-of-sample fit of a model.

This book seeks to enrich the existing structural break literature and stimulate future
research by presenting novel testing ideas. The testing concepts have been developed with
specific goals in mind. The sum of likelihood ratios of Chapter 5, for example, focuses the
attention towards additional information contained in available likelihood ratio values,
and so augments the analysis of parameter change. The test of Chapter 6 introduces
a model selection measure to an established structural break test design, because the

2



1.1. OBJECTIVE

statistic is more relevant to the external validity of the resulting model than conventional
data fit statistics. The emphasis of the book lies on the introduction and illustration of
the concepts and on proof of validity as shown by Monte Carlo simulation studies.

The Monte Carlo simulations are used to evaluate and compare the testing properties
of the structural break testing methods. As a possibility for future work, descriptions
of theoretical properties of the methods can be developed, but so far, no general dis-
tributions have been found. In the current structural break testing literature, it is not
common to describe exact test statistic distributions, instead, asymptotic theory is used
to describe limit distributions. In practice, for finite data applications, testing power is
lost when asymptotically derived, approximate critical values are used, see Davidson and
MacKinnon (2004). Therefore, Chapters 5 and 6 contain appropriate bootstrap meth-
ods that enable empirical, simulation-based estimations of test distributions in practice.
The literature review Chapter 2 also contains an overview of relevant bootstrapping
techniques used throughout the book.

Each of the Chapters 3–6 contains an empirical application for the purpose of illustra-
tion of the presented methods. The applications seek to uncover and interpret structural
changes during the European sovereign debt crisis. At a relatively young age, the euro
area has experienced diverse episodes of turmoil in its financial markets. The European
sovereign debt crisis involved fierce, supranational debates on reported and unreported
government debt levels, on existing and non-existing institutions of the European Cen-
tral Bank, and on conventional and unconventional monetary and fiscal policy tools.
The debt obligations of euro area governments, each seen as a safe investment after
the introduction of the euro, quickly became a focus point of the debates. Frieden and
Walter (2017) argue that other than in previous cases of debt and balance-of-payments
crisis, countries with and without financial problems are joined in a monetary union that
strongly limits the available policy options, and the burden of resolving the crisis has
been largely put on debtor countries and tax payers of the euro area.

Reasons for the crisis have been thoroughly studied, such as in Copelovitch et al.
(2016); in the euro area, macroeconomic asymmetry is paired with limited degrees of
integration, which hinders a quick resolution of adverse shocks. In this context and given
the rapidly increased government debt at the end of the Global Financial Crisis, a poor
outcome for the euro area can be caused by lack of fiscal policy coordination, fragmented
financial regulation and a non-credible no-bailout commitment. Jones et al. (2016) argue
that the European Union is perceived to be in economic crisis constantly. They argue
that the diversity in the union and the necessity to find common denominators cause a
cycle of incomplete solutions to policy failure. While it is important to analyze problems
that occur in Europe with theoretical reasoning, the development of econometric methods
is equally important to detect concrete evidence for crisis.

Structural break tests can help detect market stress and market interdependence
and are therefore important guides for policy making. To this end, the chapters of this
book will illustrate how they can be applied to time series of daily government bond
prices. Chapter 3 holistically studies the propagation of shocks between a set of euro
area government bond yield spreads, looking for common spillover patterns between 2009
and 2014. Chapters 4–6 extend the analysis to the government bond yields of a larger
set of 18 European countries. Structural break tests are set to detect possible changes to
the extent that the variation in individual government bond yields cannot be explained

3



CHAPTER 1. INTRODUCTION

by other financial variables. Initially, in Chapters 4 and 5, the error term of each series
model is investigated for multiple significant changes in the volatility that have either
occurred abruptly or non-abruptly. For each country, a unique sequence of more and less
volatile data segments is described. Using the final structural break test of the book,
the linear relation of the individual series to U.S. government bond yields is studied in
Chapter 6 to see how it may have changed in recent years.

1.2 Preview of the results
Chapter 2 begins with an overview of past and current contributions to the structural
break testing literature. This provides some context for the structural break testing
methods presented in Chapters 3–6. As the method of maximum likelihood ratio testing is
used throughout this book, either in application or as a reference for comparison purposes,
it is formally described in the second section of Chapter 2. The section contains technical
assumptions, descriptions of the components of the test statistic, and a description of
limit distributions. Further, Chapters 3, 5 and 6 make use of bootstrap methods, either
to find confidence intervals of break date estimates, or for an empirical derivation of the
distribution of a break test statistic. Therefore, the final section of Chapter 2 provides
an overview of different bootstrap methods found in the literature that are relevant to
the remainder of the book.

The sequential testing procedure of Chapter 3 is tailored to the detection of contagion,
using a multivariate time series model and likelihood ratio statistics. The procedure in-
cludes separate tests for structural breaks in the conditional mean parameters of a model,
in the volatility of the error term, and finally in the correlation coefficients of the error
term. The iterative method re-estimates the three types of breaks, conditional on the
previous results, until convergence. The procedure includes tests for the distinctive-
ness of the detected break dates. When applied to sovereign debt yield spreads of euro
area countries, the detected volatility breaks are interpreted as separating periods of
crisis from periods of relatively calm markets. An episode of particularly high volatility
throughout the euro area starts in July 2011 and ends in October 2012. Shift contagion
is identified by a significant increase of correlation coefficients between markets during
a volatile data segment. Some incidents of shift contagion are found, but none between
Greece and other countries. This is surprising, arguably, as the Greek government debt
burden is typically a prominent feature in debates on the European sovereign debt crisis.
A spillover analysis is performed to further study the transition of shocks over time. The
analysis is enriched from the structural break results of the sequential testing procedure,
as spillover indexes can be calculated for each data segment of the model. The total
spillover index is high for the euro area as a whole, and spillover from the Greek debt
market is particularly high during the crisis period between July 2011 and October 2012.

Chapter 4 presents a rolling window algorithm that can be used to detect multiple
structural breaks. The algorithm is a heuristic for optimally positioning multiple breaks
in time series data. The algorithm is only time-efficient, if at least two structural breaks
are estimated. It does not locate structural breaks at the combination of dates that
jointly maximize the likelihood ratio statistic. Instead, it locates structural breaks at
the dates that individually produce the largest likelihood ratio values within given data
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windows. Following a description and illustration, the method is evaluated using Monte
Carlo simulations. The algorithm is shown to have slightly lower detection power than a
global optimization program. Occasionally, the rolling window algorithm estimates break
dates more efficiently, due to its local optimization approach. This happens, for example,
when parameters shift in value multiple times in the same direction. Since the direction of
parameter shifts is not known prior to testing, neither method is strictly better than the
other based on the estimation results. A clear result of the simulation study is that the
rolling window algorithm drastically reduces the execution time, when applied instead of
the time-efficient global optimization program of Bai and Perron (2003).

Chapter 5 describes a sum of likelihood ratios statistic that uncovers non-abrupt
parameter change. The statistic can be used in a follow-up test, after a structural break
has been discovered. The test statistic produces large values, when the parameter change
associated with a structural break happens gradually instead of abruptly. This property
is observed in a Monte Carlo simulation study, in which the covariate coefficients of a
linear regression model transition smoothly between values. The Monte Carlo study also
confirms that the maximum likelihood ratio test typically finds a structural break in
such data of gradual parameter change. This result supports the set-up of the sum of
likelihood ratios as a test that follows maximum likelihood ratio testing. The application
is convenient in practice, as all required data (likelihood ratio values of dates surrounding
the break date estimate) has already been obtained during the original structural break
testing. Although the test is developed using likelihood ratios, the summation concept
can be applied to other break tests statistics.

An alternative structural break test statistic to the maximum likelihood ratio is pre-
sented in Chapter 6, using cross-validated error estimates. In the cross-validation method,
mean squared error estimates are minimized to minimize the estimated prediction error
that is associated with a break date candidate and the resulting model. To minimize
the impact of each random assignment of validation sets, the estimation is repeated a
large number of times with a random validation set composition in each. Each repe-
tition is associated with a date that minimizes the estimated error. The median date
among the dates can be taken as a point estimate of the break date, if the test statistic
is sufficiently large. The overall distribution of preliminary break date estimates, and
additional distribution measures, can be investigated further. A Monte Carlo study com-
pares this cross-validated error estimation test to the maximum likelihood ratio test in
simulated data with structural breaks in the mean regression parameters. Either method
frequently detects break dates closer to the true location in the simulated data than the
other method. Neither method is significantly better, but more often the cross-validated
error test has more accurate estimation results than the maximum likelihood ratio test.

In Chapters 4, 5 and 6, structural breaks are detected and interpreted in models for
long-term, European government bond yields between 2003-1-6 and 2016-08-03. Differ-
ences in the yields are regressed on other financial series, including lagged differences
in U.S. government bond yields, to control for global risk factors. The rolling window
method finds multiple structural breaks in the error term volatility, as described in Chap-
ter 4. The structural breaks separate various episodes of the Global Financial Crisis and
the European sovereign debt crisis, which can be studied for each country separately.
The abruptness of the volatility changes is investigated in Chapter 5 by the application
of the sum of likelihood ratios statistic. For some of the detected structural breaks, the
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test rejects the hypothesis that change has happened abruptly, especially for the breaks
leading up to the various stages of crisis in Europe. In contrast, abruptness of change is
less frequently rejected in the later part of the sample.

The years between 2010 and 2016 have been characterized by several adjustments
of unconventional monetary policy by the ECB. In Chapter 6 the quantitative easing
program of 2015 is found to have left a significant mark on the relation between Euro-
pean and U.S. government bond prices, according to the cross-validated error test. For
several central euro area countries, a structural break is detected in the coefficient of the
U.S. government yield variable and the error term volatility. Breaks are estimated to
have occurred in April 2015, shortly after first data had been published on the success of
the program. The quantitative easing program, which directly involves government bond
purchases, increased the alignment between the monetary policy measures of the euro
area and the United States. Correspondingly, the linear association between several Eu-
ropean bond yields and lagged differences in U.S. government bond yields is significantly
larger after April 2015 than before.
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2
Literature review

2.1 Structural break testing literature
This section provides a compact look at the field of structural break testing in general.
The development of structural break tests goes back until the 1950’s, when Hartley
(1950) introduced a test that can identify variance differences between data groups, and
when Page (1954) and Page (1955) offered a method to find changes that affect model
parameters over time. In the decades of statistical research that followed, structural
break tests have been increasingly generalized and extended, so that current tests can
uncover a variety of structural instability in many settings. Whereas the test of Hartley
(1950) is designed to uncover variance heterogeneity between equally sized, normally
distributed groups of data, modern structural break tests can detect differences and
changes in various parameter types, and in less restrictive model formulations.

Structural break tests can be designed as a-posteriori tests, which retrospectively
find breaks in a complete data set, or they can be monitoring tests, where the data is
updated sequentially. Some tests use estimated model parameters directly, others use
the values of optimized objective functions. In contrast, nonparametric structural break
tests make use of metrics that can be calculated in more general settings. Because the
properties of the (unknown) underlying data distribution are unused in non-parametric
tests, the increase in applicability comes at the cost of lower testing power for well-defined
models, see Andrews (1993). The remainder of the book will focus on a-posteriori tests,
so monitoring tests will only be introduced shortly in the following.

One monitoring test is presented in Page (1954) as a sequential process inspection
scheme. The idea has been developed further into the standardized CUSUM test de-
scribed in Brown et al. (1975). For this method, differences between observations and
their respective forecasts are calculated, where the forecasts are derived from preceding
data only. These recursive residuals are added up to form the cumulative sum (CUSUM)
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statistic. A structural break that concerns the conditional mean model is found when the
calculated cumulative sum deviates sufficiently from its expected value. The CUSUM
approach is adopted for instability in more general model parameters in Lee et al. (2003).
Gombay and Serban (2009) describe critical values for a generalization of the CUSUM
test that is applicable for change in any collection of parameters of an autoregressive
time series model. It is shown to exhibit good size even for long monitoring periods, but
its power is negatively affected by nuisance parameters, see Lai (1995) for an extensive
study of sequential break detection methods. Groen et al. (2011) find that the testing
power of an adjusted CUSUM test is increased by using multivariate data systems, made
possible by considering the maximum absolute value of individual CUSUM statistics at
each date. The parametric equivalent to the CUSUM test is the fluctuation monitor-
ing procedure, in which parameters are recursively estimated, as described in Chu et al.
(1996) and analyzed by a simulation study in Carsoule and Franses (2003).

A pioneer in the strand of a-posteriori methods has been the Chow test. With this
test the significance of a structural break at a given date can be determined, as described
in Chow (1960). At the time, the author studied the demand for automobile ownership
and the demand for new cars. He wanted to see whether two groups of economic units
can be assumed to share the same regression parameters, and so developed a test for
the equality of linear regression coefficients. Chow (1960) proposes the use of sums of
squared residuals and sums of squared differences in fitted values, using full sample and
subsample coefficient estimates. The resulting statistic can be used to infer a structural
break in a time series, which separates a sample in two parts with significantly different
model parameter values. For this test, the break date candidate that may separate the
sample is exogenously given.

In the following years and decades, limitations of the Chow test were gradually ad-
dressed. Goldfeld and Quandt (1965) is another seminal publication in the field of break
testing and contains a test for the equality of error term variances. The test statistic
compares sums of squared residuals between two equal-sized samples. Both the test
statistics of Chow (1960) and Goldfeld and Quandt (1965) assume normal linear regres-
sion models, while the structural break test of Ploberger et al. (1989) can be applied to
dynamic regression models with stationary and ergodic errors. An important advance-
ment in a-posteriori structural break testing has been the ability to detect structural
breaks endogenously, such as in Hansen (1992), instead of testing for a structural break
at a preselected date.

In endogenous structural break testing, the most likely breaks are located at those
dates that cause the maximum data fit improvement among all candidate break dates.
Determining the significance of these most likely breaks is different, because the maxi-
mum of a break test statistic has a larger expected value than the break test statistic
itself, even if no structural break exists. To enable the detection of structural break
dates endogenously, a likelihood ratio (LR) statistic is presented in Hinkley (1970) for
linear regression models with normally distributed errors and mean parameter change.
Similarly, a Wald statistic is presented in Hawkins (1987) for models with independent
and identically distributed errors and a change in all model parameters at the break
date. Andrews (1993) expands the applicability of endogenous break detection to mod-
els that can be non-linear, non-stationary and may contain temporally dependent data.
Andrews (1993) describes the limit distribution of a group of asymptotically equivalent
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tests, using either a maximum Wald statistic, a maximum Lagrange multiplier statistic,
or a maximum LR statistic.

A large fraction of the subsequent structural break testing literature has further
generalized the results of Andrews (1993). Bai and Perron (2003) describe the asymptotic
distribution of the maximum LR statistic when used to find multiple structural breaks in a
sample at once. More recently, Qu and Perron (2007) describe the asymptotic distribution
of the maximum LR statistic, when the data system contains more than one dependent
variable, and multiple structural breaks are tested in any subset of model parameters,
including covariance terms of error distributions. The required assumptions are weak,
and reproduced in Section 2.2, alongside the test statistics and limit distributions.

Other break test contributions concern methods and properties of testing that are
important for specific situations. For example, Bataa et al. (2013) deals with conditional
testing, when various types of parameters must be tested that are nuisance parameters
to each other. Structural breaks that are not asymptotically distinct but locally ordered
are covered in Perron and Oka (2011). Lin and Teräsvirta (1994) consider more general
parameter change than the abrupt parameter change usually assumed in structural break
testing. The authors describe a test within the smooth transition model framework, with
which parameter stability can be rejected in favor of a smooth transition alternative
hypothesis. Finally, it should be noted that structural break tests are a subcategory of
the more general field of model diagnostics. For further reading on methods to evaluate
the adequacy of fitted models, refer to Engle (1982) and Brockwell and Davis (2016).

2.2 Maximum likelihood ratio testing
Maximum likelihood ratios are used throughout this book as a basis for a-posteriori struc-
tural break testing. When calculating values of the maximum likelihood ratio statistic,
usually the parameters of the multivariate Gaussian distribution function are estimated
by maximum likelihood estimation. When data is not normal, both the corresponding
limit distribution function described by Qu and Perron (2007), and empirical distribu-
tions derived from bootstrap methods can account for the non-normality. In the follow-
ing, the maximum likelihood ratio statistic is formally described, as well as the limit
distribution function of Qu and Perron (2007). Finally, the dynamic program by Bai
and Perron (2003) is presented, which efficiently finds an optimal distribution of mul-
tiple break dates. At the beginning of this section, the required assumptions for the
application of the maximum likelihood ratio test are given.

2.2.1 Assumptions
When using the maximum likelihood ratio statistic for multiple structural break testing,
the following assumptions are made about the error term, as adopted from Qu and
Perron (2007). The assumptions are formulated with respect to time series segments,
where εt ∼ (0,Σm), for [λm−1T ] + 1 ≤ t ≤ [λmT ], with data segments λm = km/T ,
λ0 = 0, λM+1 = 1, where km is the m-th break date in a time series of T observations.
The assumptions cover the typical features observed in financial returns. In particular,
the presence of conditional heteroscedasticity typically encountered in financial data is
permitted, as long as the generating process is of short memory with bounded fourth
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moments. Assumption A3 guarantees asymptotic distinctiveness of the segments between
structural breaks.

• Assumption A1: Let Ft = σ− field{. . . , εt−2, εt−1}. εt is weakly stationary within
each segment and (a) {εt,Ft} forms a strongly mixing (α-mixing) sequence with
size −4r/(r − 2) for some 8 > r > 2, (b) E(εt) = 0 and supt ||εt||2r+δ < N < ∞
for some δ > 0 and N > 0, where ||X||r = (

∑
i

∑
mE|Xi,m|r)1/r, for r ≥ 1, is the

Lr-norm of a random matrix X, (c) let Sc,m(l) =
∑T 0

m−1+l+c
T 0
m−1+l+1(εtε′t), m = 1, . . . ,M ,

for each e ∈ Rn of length 1, var(〈e, Sc,l(0)〉) ≥ v(c) for some function v(c)→∞ as
c→∞ (with 〈·〉, the usual inner product).

• Assumption A2: {εtε′t−Σ0
m} satisfies the conditions stated for εt in Assumption A1.

• Assumption A3: 0 < λ0
1 < . . . < λ0

M < 1, where k0
m = [Tλ0

m], m = 1, . . . ,M + 1.

2.2.2 Detecting multiple structural breaks
Apart from an irrelevant constant term, the multivariate Gaussian log-likelihood function
for n dependent variables yt = [y1,t, . . . , yn,1]′ is given below, with a vector of q + 1
covariates xt = [1, x1,t, . . . , xq,1]′ and dates t = 1, . . . , T . For each date t, the set of
model parameters θt contains a (q + 1) × n-matrix of covariate coefficients, βt, and an
n× n-covariance matrix of the error term, Σt, so that

l(θt) = l(βt,Σt)

= −1
2

T∑
t=1

log(|Σt|)−
1
2

T∑
t=1

(yt − x′tβt)
′ Σ−1

t (yt − x′tβt) .

For structural break testing, the likelihood ratio compares the maximized value of a
restricted log-likelihood function to the maximized value of a less restricted log-likelihood
function. Under the null hypothesis of parameter stability, the model is delimited by
a set of only two ending dates, T0 = {0, T}. Accordingly, when maximizing the re-
stricted log-likelihood function, the model parameters are constant throughout the sam-
ple, θt = θ, for t = 1, . . . , T . Let β denote the constant covariate coefficients and Σ
the constant covariance matrix. Under the alternative hypothesis, M structural breaks
exist that affect a non-empty subset of the model parameters θbt , while other parameters
may be unaffected. The structural break dates are included in the set of ending dates,
TM = {0, k1, . . . , kM , T}. Accordingly, when maximizing the less restricted function,
some parameters may still be constant throughout the sample, θct = θc, for t = 1, . . . , T .
The other parameters will only be constant within each regime of the model. That is,
θbt = θm, for t = km−1+1, . . . , km and form = 1, . . . ,M+1, where k0 = 0 and kM+1 = T .
Let βm denote the covariate coefficients and Σm the covariance matrix of segment m.

For a given set of ending dates TM , the likelihood ratio LR(TM ) for M structural
breaks is computed from the following equations, where ∗ denotes maximized values, as
in

l∗0 = max
{β,Σ}

(
−T2 log(|Σ|)− 1

2

T∑
t=1

(yt − x′tβ)′ Σ−1 (yt − x′tβ)
)
,
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l∗A(TM ) = max{
β1,...,βM+1,
Σ1,...,ΣM+1

} l (TM , β1, . . . , βM+1,Σ1, . . . ,ΣM+1)

= max{
β1,...,βM+1,
Σ1,...,ΣM+1

}M+1∑
m=1

(
−km−km−1

2 log(|Σm|)
− 1

2
∑km
t=km−1+1 (yt − x′tβm)′ (Σm)−1 (yt − x′tβm)

)
,

LR(TM ) = 2 (l∗A(TM )− l∗0) . (2.1)

For the detection of break dates that are unknown, the set TM must be estimated
except for the known dates k0 = 0 and kM+1 = T . For the break detection test to be well-
behaved, the difference between each pair of ending dates must be at least km− km−1 =
ω = dκT e, where κ ∈ (0, 0.5], and where d·e rounds a number to the next largest integer.
Let Tκ be the set that contains all permitted combinations of ending dates. The set
of break date estimates T̂M ∈ Tκ is identified as the set that maximizes the likelihood
ratio of equation (2.1). Formally, the test statistic is given as the supremum value,
supLR(TM ), such that

T̂M = arg sup
TM∈Tκ

LR(TM ). (2.2)

The limit distribution of the maximum likelihood ratio statistic supLR(TM ) has
been described in Qu and Perron (2007) for data generating processes that satisfy the
assumptions in the previous Section 2.2.1, as in

supLR(TM ) d−→ QP (M, bq, bs, κ),

QP (M, bq, bs, κ) = sup
λ∈Λκ

M∑
m=1

LRm(λ, bq, bs),

LRm(λ, bq, bs) = ||λmWbq(λm+1)− λm+1Wbq(λm)||2

(λm+1 − λm)λmλm+1

+ 1
2 (λmWbs(λm+1)− λm+1Wbs(λm))′HΩH ′

× (λmWbs(λm+1)− λm+1Wbs(λm))
(λm+1 − λm)λmλm+1

,

where λ = {λ1, . . . , λM}, λM+1 = 1, and Λκ is the set of all permitted combinations of
break fractions according to the trimming parameter κ. Wb(·) is a b-dimensional vector
of independent Wiener processes.

Critical values of the test statistic supLR(TM ) are obtained by simulating the limit
distribution QP (M, bq, bs, κ) repeatedly. For this, the independent Wiener processes in
W (·) are simulated by partial sums of i.i.d. normal random variables. A large number
of observations must be simulated a large number of times for the derivation of critical
values. For example, Andrews (1993) chooses to simulate 3600 observations 10000 times.
Alternatively, a bootstrap method can be applied, so that the distribution of supLR(TM )
under the null hypothesis of no structural break is derived from empirical resampling.
This will be further discussed in the next section.
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The limit distribution QP (M, bq, bs, κ) depends on the number of breaksM , the num-
ber of covariate coefficients allowed to change bq, the number of covariance coefficients
allowed to change bs, where each off-diagonal element counts twice, and on the trimming
parameter κ. The limit distribution further depends on H and Ω. The matrix H iden-
tifies the coefficients in the covariance matrix Σ allowed to change. Specifically, H must
be a full row rank matrix of dimension bs×n2, such that Hvec(Σ) is the bs-dimensional
vector of covariance elements allowed to change. For example, consider the case of n = 4
time series, and a test for structural breaks in the three covariance coefficients between
the first three series. Since covariance coefficients are off-diagonal elements of Σ, it follows
that bs = 2 · 3 = 6. Further,

vec(Σ) = (σ2
1 , σ12, σ13, σ14, σ21, σ

2
2 , σ23, . . . , σ

2
4)′,

H =


0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

 ,

Hvec(Σ) = (σ12, σ13, σ21, σ23, σ31, σ32)′.

Ω is a covariance matrix of scaled error term products and cross-products over time.
With standardized residuals ε̃, let ξt = ε̃tε̃

′
t − In be an n× n matrix for all t = 1, . . . , T .

Further, vec(ξ) is a T × n2 matrix, where the t-th row contains the n2 scaled products
and cross-products of standardized residuals at date t. Then Ω is the n2 × n2 matrix
Ω = V ar(vec(ξ)). Ω prevents size distortions of the test, when data is non-normal and
structural breaks occur in the covariance matrix. Ω is larger when the error distribution is
leptokurtic. This is relevant for financial data, which is often conditionally heteroscedas-
tic. Ω can be estimated using a heteroscedasticity and autocorrelation robust estimator,
see also Bai and Perron (2003). In this book, the covariance estimator presented in
Newey and West (1987) is applied.

When determining the significance of M structural breaks, an optimal distribution of
the set of break date TM will be used, according to equation (2.2). To find the globally
optimal distribution of break dates in the sample, all possible combinations of dates
must be considered. To reduce the computational burden of this partitioning task, Bai
and Perron (2003) present a dynamic program, whose origin is attributed earlier cluster
analysis literature such as Guthery (1974). While running, the dynamic programming
algorithm dismisses certain break date pairings that cannot be part of the final optimal
solution. Bai and Perron (2003) formulate the program in the context of OLS estimation
and sum of squared residuals, while Qu and Perron (2007) translate the concept to
maximum likelihood ratio testing as follows,

l∗A(TM ) = max
ω·M≤t≤T−ω

(l∗A(TM−1,t) + l∗(t+ 1, T )) ,

where TM−1,t is the optimal partitioning of M − 1 breaks using only the first t observa-
tions, l∗(t+1, T ) is the maximized log-likelihood function using the observations between
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t+ 1 and T , and where ω is still the minimum difference between break dates. Note that
a maximum value l∗A(TM ) also maximizes the likelihood ratio LR(TM ) = 2 (l∗A(TM )− l∗0)
defined in equation (2.1), as the value for l∗0 is independent from the partitioning.

To provide some intuition, consider the case that M = 3, T = 100 and ω = 10. If the
set of break dates candidates (10, 21, 31) yields a larger likelihood ratio than another set
(11, 21, 31), then the set (10, 21, 32) must also yield a larger likelihood ratio than the set
(11, 21, 32). Differently stated, for a given middle date k2, the optimal positioning of date
k1 is independent of the optimal positioning of date k3. The presented dynamic program
is therefore only effective whenM ≥ 3. The larger the number of tested breaks, the larger
the reduction in computation time compared to a naive comparison of all partitioning
options. Chapter 4 will introduce a heuristic that can reduce the computation time even
more drastically.

In this final part of the section, the influence of partial breaks on maximum likelihood
ratio testing is explained. Constant parameters θc can be implemented by adding corre-
sponding equality restrictions on the parameters. This, however, will affect the dynamic
program of finding multiple breaks. An iterative scheme for this scenario is described in
Qu and Perron (2007), as well as in Bai and Perron (2003). In a first step, the equality
restrictions are neglected when estimating break dates and coefficients. In a second step,
the coefficients are estimated under the restrictions, conditional on the given break date
estimates from the earlier step. In a third step, the break dates and changing coefficients
are estimated, using the constant coefficient estimates from the earlier step. Finally, the
second and third step are repeated until convergence. Similar iterative schemes are de-
veloped and employed in Bataa et al. (2013), and also in Chapter 3, when distinct mean,
variance and correlation changes are investigated for the topic of financial contagion.

2.3 Bootstraps

Throughout the book, bootstraps will be helpful for the application of the described
statistics in practice. First, concept, history and overall purpose of the bootstrap will be
described, before specified bootstrap techniques are presented later in this section. The
techniques are initially described in their general form and then in the form that can be
used in structural break testing.

The bootstrap is a resampling method that is used to estimate statistics based on
random resampling of the given data with replacement. The method was introduced by
Efron (1979) and derives its name from the phrase “to put oneself up by one’s own boot-
strap”. Its concept is to derive additional information about the behavior of a measure in
a given data sample by randomly drawing new samples from that same data. Its concept
is therefore closely related to the concept of the jackknife method, earlier developed by
Quenouille (1949) and Tukey (1958). However, the jackknife systematically leaves out
each observation of a sample. Efron and Tibshirani (1994) refers to the jackknife as a
simple closed-form approximation to the bootstrap in the context of standard errors and
bias estimations. The introduction of the bootstrap with its use of random draws has
improved the performance of the resampling method, and current research on different
bootstrap approaches and applications is extensive. A range of appropriate application
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possibilities are discussed in Efron (1979) and Bickel and Freedman (1981), or more
recently in Politis (2003),

Bootstraps are frequently used to estimate standard errors of parameter estimates,
such as regression model parameters. They are useful in structural break testing to
analyze the uncertainty associated with break date estimates, when the distribution
of break date estimators is non-standard. Confidence intervals can be derived from a
bootstrap and overlapping confidence intervals of two structural break date estimates
may be used to formulate a hypothesis about the true break date being the same for
both breaks.

Bootstraps can also be used for inference of a structural break test result, when
the distribution of the respective test statistic under the null hypothesis model is not
known or non-standard. Bootstrap resampling and repeated testing will produce an
empirical distribution of the test statistic. Such empirically derived critical values may
be preferred to critical values that rely on an asymptotic distribution of the structural
break test as an approximation, especially if the number of available observations is
limited. As noted by Kirch (2008), frequently convergence to the limit distribution of
structural break tests is slow. Bootstrapped tests generally perform better than tests
based on approximate asymptotic distributions, according to Davidson and MacKinnon
(2004). Before describing in more detail, how bootstraps can be used in structural break
testing, an overview of relevant bootstrapping techniques will be given in the following.

As discussed in Efron and Tibshirani (1994), it is important to point out that the
concept of bootstrapping is compatible with a large variety of methods of data resam-
pling. None of the presented structural break tests of this book rely on a specific,
uniquely defined bootstrap method. Bootstraps range from fully parametric bootstraps,
in which estimated models are used to make simulations of the dependent variable, to
non-parametric resampling bootstraps, in which original observations are randomly re-
used. In practical applications of the presented tests, the choice of a bootstrap method
will depend on the confidence with which the underlying probability model of a data sam-
ple is interpreted. The choice can be supported by arguments found in the bootstrapping
literature.

One method used in the context of time series data and structural break testing is
residual resampling. It is a parametric bootstrap method that can also be referred to as
regression bootstrap, see Hušková and Kirch (2012). Consider a newly created bootstrap
sample where a synthetic observation y∗t is given as

y∗t = f̂(xt; θ̂) + ε̂j , for t = 1, . . . , T, with j ∈ {1, . . . , T}, (2.3)

and where f̂ is the estimated functional form of the model with estimated parameters
θ̂. In each newly created sample, all ε̂j are randomly drawn from the set of regression
residuals with replacement. As in all bootstrap methods, a large number of data samples
are simulated according to the specified design.

With this residual resampling method, all T original covariate vectors xt are used;
they are treated as fixed quantities and not as observations of random variables. Efron
and Tibshirani (1994) explain this practice in the context of estimating standard errors
of model parameter estimates. By treating xt as fixed, the bootstrapped standard error
estimate reflects the precision associated with the given sample of xt. If xj were randomly
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drawn in each bootstrap repetition, such that xj ∈ {x1, . . . , xT }, the standard deviation
between all xi values in the resulting set would increase or decrease (depending on the
draw), and that would decrease or increase the standard error of the parameter estimate.
Therefore, a static set of xt is preferable to a variable set. It can be shown that bootstrap
standard errors derived from this residual resampling method are the same as arithmetic
ones.

Case resampling, or pair bootstrapping, is another type of bootstrap method. In this
non-parametric method, covariate observations are randomly drawn (with replacement)
along with the corresponding observation of the dependent variable. A bootstrap sample
consists of T observations, as given by

(yt, xt)∗ = (yj , xj), for t = 1, . . . , T, with j ∈ {1, . . . , T}. (2.4)

Here, the dependence between observation pairs is directly preserved. No model estimates
are used in the simulations and no artificial observations are produced. Instead, existing
observations are re-shuffled to create artificial samples of the data. Compared to residual
resampling, this random drawing of pairs is less sensitive to assumptions made about
the functional form of the model. However, it can be shown, for large data sets and
a correctly specified model, that the answer given by case resampling approaches the
answer given by residual resampling, according to Efron and Tibshirani (1994).

In practice, time series processes such as financial time series may exhibit autocor-
relation or volatility clustering. Such forms of temporal dependence can be preserved
in either bootstrap method by using blocks of data. The data blocks can have equal
size b, which can be any number such as b = 15, depending on the degree of tem-
poral dependence that is estimated or assumed about the data. For residual resam-
pling, successive residuals are joined in distinct blocks, such that the j-th block con-
tains residuals ε̂(j−1)b+1, ε̂(j−1)b+2, . . . , ε̂jb. Analogously, for case resampling, the distinct
blocks contain successive pairs, such that the j-th block contains (x(j−1)b+1, y(j−1)b+1),
(x(j−1)b+2, y(j−1)b+2), . . ., (xjb, yjb). Lahiri et al. (1999) provide an analysis of this and
other types of block bootstraps, with random block length or overlapping blocks. When
appropriate, a sieve bootstraps can be implemented to preserve error dynamics as an
alternative to the block bootstrap. In this parametric method, residuals are first fit to
an autoregressive model before the resulting residuals are resampled. The more general
method of block bootstraps is applied for the empirical samples in the remaining chapters
of this book.

As mentioned before, a classic application for bootstraps is the derivation of confi-
dence intervals, see for example DiCiccio and Efron (1996). Structural breaks in time
series models are associated with an estimate of the break date k̂. A bootstrap can be
applied to find a lower limit kl and an upper limit ku, such that they correspond to the
α/2-th and the (1 − α/2)-th empirical percentile of ordered bootstrap break date esti-
mates, respectively. According to Efron and Tibshirani (1994), when percentile-based
confidence intervals are equal-tailed, the probability that a true break date k0 with
k0 < kl yields a break data estimate k̃ > k̂ is smaller than α/2. Since the analogous
conclusion can be drawn for true break dates larger than the upper limit, the break date
estimate k̂ corresponds to a true break date between the limits, with 1 − α confidence.
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In the empirical study of Chapter 3, percentile-based confidence intervals of the break
date estimates are derived using a block bootstrap.

When a bootstrap method is used for hypothesis testing, the original data must be
resampled in such a way that new data is known to satisfy the null hypothesis, even if
the original data fails to satisfy the null hypothesis (see Hall and Wilson, 1991). For
structural break testing specifically, the data is resampled in a way that the potential
structural break is eliminated, but other properties of the data are preserved. When
the test statistic is applied to a large number of such samples, the results are stored
and ordered by value. If the test result of the original data is unusual, such that only
a fraction α of the bootstrap simulations produce a test result at least equally extreme,
then the null hypothesis will be rejected in favor of the alternative hypothesis with 1−α
confidence. Note that α is interpreted as the p-value of the null hypothesis, as in other
types of hypothesis tests. Accordingly, when interpreting the p-value, base probabilities
for either hypothesis should be considered. For a discussion on typical misconceptions
about the p-value, refer to Greenland et al. (2016).

For the derivation of an empirical null hypothesis distribution in structural break
testing, it is possible to use case resampling or residual resampling, and in either case
with or without blocks of data. A straightforward application is described in Chapter 6
for a test that finds a structural break in a regression model against the null hypothesis
of no structural break. For the residual resampling bootstrap method, model parameter
estimates that correspond to a linear regression model without structural break are used
to calculate the synthetic values y∗t . Thus, the no-break parameter estimates are used for
θ̂ in equation (2.3). That way, samples can be simulated that are known to satisfy the
null hypothesis of no break. Alternatively, the case resampling bootstrap method can be
applied as described above. Here, the redistribution of actual data is expected to erase
the temporal ordering of the data that is fundamental to any hypothesized structural
break.

Other chapters of this book contain tests, whereby regression models under the null
hypothesis contain a structural break. In Chapter 3, a common break date test is ap-
plied, where multiple parameters change their value at a common break date under the
null hypothesis and at distinct times under the alternative hypothesis. To derive the
test statistic distribution under the null hypothesis, data must be simulated where the
parameter shift is known to happen at the common break date. Similarly, Chapter 5
introduces a test statistics that tests the null hypothesis of an abrupt parameter change
at the estimated break date against the alternative hypothesis of non-abrupt parameter
change close to the estimated break date. Again, data must be simulated where the
tested parameters abruptly shift in value at the estimated break date.

When data is simulated that contains a (common) structural break, as usual, residuals
or cases can be resampled, with or without data blocks. The corresponding methods
shown in equations (2.3) and (2.4) are only adjusted with respect to the data source
sets. If the (common) break date estimate is k̂, then the first k̂ simulated observations
must sample from the first k̂ original observations, and the remaining T − k̂ simulated
observations must sample from the remaining T − k̂ original observations. Accordingly, if
the bootstrap method is parametric, pre-break parameter estimates are used for the first
k̂ simulated observations and post-break parameter estimates are used for the remaining
T − k̂ simulated observations.
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Naturally, many other bootstrap methods can be found in the literature that relate
to various aspects of structural break testing. The topic of non-stationary time series
data is covered in publications such as Palm et al. (2008), in which the properties of
bootstrap unit-root tests are studied. Some publications cover the topic of bootstrapping
for tests that monitor structural breaks. In this case, due to the continual increase of the
historical data set, a choice must be made whether and in which way the bootstrapped
critical values must be updated as well. Steland (2006) proposes a type of residual
resampling bootstrap that has infrequent updates and uses convex combinations of earlier
bootstrap distributions. This drastically reduces the computational burden compared to
a continually updated bootstrap, while testing power is minimally reduced, as shown in
simulation studies of Kirch (2008), and more recently Hlávka et al. (2016).
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3
Detecting contagion in a multivariate time

series system1

3.1 Introduction
The recent European sovereign debt crisis has rapidly diffused across borders in the
euro area. Yet, the diffusion has been different for each euro area country. For some
countries, particularly Southern European countries such as Italy, Portugal and Spain,
the impact has been quick and negative, whereas the direct impact on Northern and
central European countries such as Germany and Austria appears less severe. For policy
makers, such observations are crucial for the establishment of efficient firewalls to stop
the diffusion of the turmoil, and they stress the problem of finding a universal, European
response to the crisis. This issue has been the starting point of a revival of empirical
studies on the transmission of shocks and financial contagion (Metiu, 2012, De Santis,
2012, Caporin et al., 2013, Beirne and Fratzscher, 2013 or Claeys and Vašícek, 2014, to
name a few). These studies rely on distinct definitions of contagion and methodologies
and lead to different conclusions. The current chapter seeks to refine the empirical
methodology to better detect the transmission of crises in time series data.

Since the seminal papers of King and Wadhwani (1990), Calvo and Mendoza (2000)
and Baig and Goldfajn (1999), contagion has often been identified by a significant in-
crease in the correlation between financial series of two countries, for example stock
market indexes. A key methodological contribution is Forbes and Rigobon (2002), in
which it is shown that contagion is over-accepted, if one ignores changes that occur in
the variance when testing for correlation changes. Following Diebold and Yilmaz (2009,
2012), another strand of literature focuses on the crisis transmission channels and inves-

1The chapter is based on Blatt, Candelon, and Manner (2015)
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tigates the stability of spillovers between time series. The two approaches adopt different
timing perspectives, either studying abrupt changes in the contemporaneous dependence,
or changes in dynamic spillovers. Both approaches will be included in the study of this
chapter and it will be important to have clear definitions of relevant terms.

The following terminology will be adopted in this chapter. Interdependence refers to
existing linkages between markets. Crisis is turmoil in financial markets that occurs as
a result of shocks, and it materializes in the form of increased volatility. Contagion in
general refers to the situation in which the degree of interdependence increases beyond
its usual level during crisis. Shift contagion refers to an increase in contemporaneous
correlation, i.e., an increase in the immediate shock transmission. Spillover contagion is
associated with breaks in the dynamics of transmission channels. This form of contagion
is directional, and typically requires a certain time lag to materialize. Finally, by flight-
to-quality we mean the situation in which the level of interdependence decreases during
crisis, indicating a decoupling of safe haven countries that are believed to be unaffected
by the crisis. See Baur and Lucey (2009) for a comparison between contagion and flight-
to-quality in the case of stocks and bonds markets.

Three important methodological issues in contagion testing must be addressed. First,
many studies exogenously determine crisis dates. In other words, structural break dates
are not inferred from the data but specified before. Several procedures for endogenous
break date determination have been proposed, e.g., in Eichengreen et al. (1995, 1996),
Favero and Giavazzi (2002), Candelon and Manner (2010) or Metiu (2012).

Second, volatility changes, representing increased turmoil and the outbreak of the cri-
sis, and correlation changes, representing shift contagion, are typically assumed to occur
simultaneously. Candelon and Manner (2010) challenge this assumption and observe that
during the 1997 Asian Financial Crisis, variance changes preceded correlation shifts in
most cases. The economic motivation behind this finding is that the intensification of in-
terdependence is not immediate and takes place only when markets are already stressed.
In such situations, assuming simultaneity of volatility and correlation shifts can obscure
the individual effects and the presence of contagion may be underestimated.

Third, many existing papers such as Forbes and Rigobon (2002), Metiu (2012), or
Candelon and Manner (2010) exclusively analyze pairwise correlations. Dungey et al.
(2004) note that a bivariate analysis can lead to biased conclusions. A multivariate ap-
proach is recommended, so that the diffusion process can be analyzed fully. A shock that
originates in country/market X does not necessarily impact country/market Y directly,
but may indirectly transit via country/market Z. Furthermore, from a purely economet-
ric perspective, Bai et al. (1998), Groen et al. (2011) and Qu and Perron (2007) show
that the date of a structural break is estimated more precisely in multivariate data sets.

The contribution of this chapter is to propose and apply a novel sequential testing
procedure (STP) for contagion detection that addresses the three described methodolog-
ical issues. Relying on the theory developed in Qu and Perron (2007), we specify a vector
autoregressive model that is subject to multiple structural breaks. The key methodolog-
ical innovation is to separate the structural breaks in the parameters for the conditional
mean, the error variance and the correlation between series. Furthermore, the procedure
tests whether the inferred breaks are distinct from one another, as proposed in Perron
and Oka (2011).
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The sequential procedure is performed in a multivariate dynamic set-up (of dimension
10) to benefit from high testing power and more precise estimates of the break dates. This
will improve contagion detection. The idea of decomposing structural breaks that involve
mean, variance and correlation parameters is similar to the one proposed by Bataa et al.
(2013), who study structural breaks in cross-country inflation relations. An advantage
of the proposed STP is that the covariance matrix is decomposed before testing and
not after finding a break in the covariance matrix. This means that the STP involves
structural break testing in fewer parameters, which lowers the degrees of freedom and
increases the power of the applied break tests.

Similarly to Missio and Watzka (2011), Metiu (2012), De Santis (2012), Caporin
et al. (2013), Beirne and Fratzscher (2013) and Claeys and Vašícek (2014), we analyze
10-year bond yield spreads over Germany. Our analysis confirms previous conclusions
regarding the absence of shift contagion between Greece and other countries. We can
identify and date the sequence of regimes in the European sovereign bond markets. We
observe that volatility changes occur simultaneously in the whole system but are distinct
from the structural breaks of the conditional mean parameters, which are again common
across all equations. This finding stresses the coincidence of unrest hitting the euro area
economies during the European sovereign debt crisis.

In the application, changes in correlation occur at various dates and are not common
to all country pairs. Still, many of the corresponding structural breaks cluster around a
small number of dates, and the distinctiveness tests enable us to identify a few ’conta-
gion clubs’, i.e., countries that have common breaks that relate to correlation changes.
Furthermore, we find strong evidence of a flight-to-quality mechanism at various stages
of the crisis that is associated with a decrease in correlation.

The study also contains a spillover analysis, which benefits form the structural breaks
in mean, variance and correlation parameters detected by the STP. Spillover indexes can
be calculated segmentwise to incorporate the structural break test results Diebold and
Yilmaz (2009, 2012). An increase in the spillover index between data segments indicates
the presence of spillover contagion. For the empirical application, changes in the spillover
indexes over time are plotted to visualize the dynamics of shock transmission, similarly
to Claeys and Vašícek (2014). We demonstrate significant time variation in the spillovers
between euro area countries. There is evidence of spillover contagion from Greece at
various times during the crisis, so in this analysis the role of Greece is different to its role
in the shift contagion analysis.

The chapter is structured as follows. Section 3.2 motivates and explains the model and
the STP methodology. The section includes a description of the applied structural break
detection test and the break distinctiveness test. The last part of the section describes
spillover indexes. Section 3.3 presents the empirical application of our method to the
case of the European sovereign debt crisis, using STP and spillover analysis. Concluding
remarks are made in Section 3.4.
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3.2 Methodology
3.2.1 The multivariate model
Our analysis of financial contagion builds on the following vector autoregressive model
(VAR) for a vector of financial time series yt = [y1,t, . . . , yn,t]′, such that

yt = β0,t +
p∑
i=1

Bi,tyt−1 +Bx,txt + εt, (3.1)

for t = 1, . . . , T . xt is a vector of exogenous variables, and the coefficient matrices Bi,t and
Bx,t as well as the intercept vector β0,t are potentially time-varying. The n-dimensional
vector of error terms εt = [ε1,t, ε2,t, . . . , εn,t]′ follows some (unknown) distribution with
covariance matrix Σt. Assumptions about the innovations are mild. They allow for the
typical features observed in financial returns, in particular, conditional heteroscedasticity
and autocorrelation. The assumptions are found in the first section of Chapter 2.

The parameters in equation (3.1) are allowed to be time-varying by being subject to
structural breaks at unknown points in time. Below we explain how to test for and date
structural breaks in the conditional mean, in the conditional variance and in conditional
correlations in a manner similar to that described in Bataa et al. (2013). The estimated
break dates and the corresponding changes in parameter estimates in turn allow us to
infer whether and to what extent contagion has occurred.

3.2.2 Shift contagion in the multivariate model
For the moment, let us ignore any time variation in parameters of the conditional mean
equation. Shift contagion is detected when the correlation between markets increases
beyond its pre-crisis level. Because contemporaneous dependence is not part of the
conditional mean model, it is captured by the covariance matrix Σt of the errors εt.
Thus, within this model framework, testing for shift contagion means testing for an
increase in the dependence between the residuals ε̂t. However, as noted by Forbes and
Rigobon (2002), a change in the covariance matrix Σt does not allow for the identification
of contagion. The origin of an increase in a covariance term σij = σiρijσj can result from
an increase in the correlation or from a rise in the variance, where the latter is typically a
sign of crisis outbreak or intensification. Therefore, we decompose the covariance matrix
as follows,

Σt = StRtSt.

Rt is the matrix of n(n − 1)/2 correlation coefficients ρij,t and St is a diagonal matrix
containing n standard deviations σi,t, for i, j = 1, . . . , n. A test for shift contagion looks
for an increase in the elements of the correlation matrix Rt, which measure contempora-
neous interdependence only. In our approach, breaks that affect volatility and correlation
are not assumed to be simultaneous, but it can be tested whether the break dates are
the same.

Table 3.1 illustrates a hypothetical crisis scenario that can be identified using our
procedure. The crisis breaks out in market 1 first, which increases the standard deviation
σ1. Market 3 then enters a high-volatility crisis state, followed by market 2. The last
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Table 3.1: Example of a sequence of crisis events

σ(1)
1 0 0 0
0 σ

(1)
2 0 0

0 0 σ
(1)
3 0

0 0 0 σ4

  1 ρ
(1)
12 ρ

(1)
13 ρ14

ρ
(1)
12 1 ρ

(1)
23 ρ24

ρ
(1)
13 ρ

(1)
23 1 ρ34

ρ14 ρ24 ρ34 1

 σ(1)
1 0 0 0
0 σ

(1)
2 0 0

0 0 σ
(1)
3 0

0 0 0 σ4

=

σ2(1)
1 σ

(1)
12 σ

(1)
13 σ

(1)
14

σ
(1)
12 σ

2(1)
2 σ

(1)
23 σ

(1)
24

σ
(1)
13 σ

(1)
23 σ

2(1)
3 σ

(1)
34

σ
(1)
14 σ

(1)
24 σ

(1)
34 σ2

4

 = Σ(1)

Variance change in series 1σ
(2)
1 0 0 0
0 σ

(1)
2 0 0

0 0 σ
(1)
3 0

0 0 0 σ4

  1 ρ
(1)
12 ρ

(1)
13 ρ14

ρ
(1)
12 1 ρ

(1)
23 ρ24

ρ
(1)
13 ρ

(1)
23 1 ρ34

ρ14 ρ24 ρ34 1

 σ
(2)
1 0 0 0
0 σ

(1)
2 0 0

0 0 σ
(1)
3 0

0 0 0 σ4

=
σ

2(2)
1 σ

(2)
12 σ

(2)
13 σ

(2)
14

σ
(2)
12 σ

2(1)
2 σ

(1)
23 σ

(1)
24

σ
(2)
13 σ

(1)
23 σ

2(1)
3 σ

(1)
34

σ
(2)
14 σ

(1)
24 σ

(1)
34 σ2

4

= Σ(2)

Variance change in series 3σ(2)
1 0 0 0
0 σ

(1)
2 0 0

0 0 σ
(2)
3 0

0 0 0 σ4

  1 ρ
(1)
12 ρ

(1)
13 ρ14

ρ
(1)
12 1 ρ

(1)
23 ρ24

ρ
(1)
13 ρ

(1)
23 1 ρ34

ρ14 ρ24 ρ34 1

 σ(2)
1 0 0 0
0 σ

(1)
2 0 0

0 0 σ
(2)
3 0

0 0 0 σ4

=
σ2(2)

1 σ
(2)
12 σ

(3)
13 σ

(2)
14

σ
(2)
12 σ

2(1)
2 σ

(2)
23 σ

(1)
24

σ
(3)
13 σ

(2)
23 σ

2(2)
3 σ

(2)
34

σ
(2)
14 σ

(1)
24 σ

(2)
34 σ2

4

= Σ(3)

Variance change in series 2 and correlation changes between series 1, 2 and 3σ(2)
1 0 0 0
0 σ

(2)
2 0 0

0 0 σ
(2)
3 0

0 0 0 σ4

 1 ρ
(2)
12 ρ

(2)
13 ρ14

ρ
(2)
12 1 ρ

(2)
23 ρ24

ρ
(2)
13 ρ

(2)
23 1 ρ34

ρ14 ρ24 ρ34 1

σ(2)
1 0 0 0
0 σ

(2)
2 0 0

0 0 σ
(2)
3 0

0 0 0 σ4

=

σ2(2)
1 σ

(3)
12 σ

(4)
13 σ

(2)
14

σ
(3)
12 σ

2(2)
2 σ

(3)
23 σ

(2)
24

σ
(4)
13 σ

(3)
23 σ

2(2)
3 σ

(2)
34

σ
(2)
14 σ

(2)
24 σ

(2)
34 σ2

4

= Σ(4)

Note: Example of crisis and contagion events resulting in four covariance matrix segments Σ(m), m = 1, . . . , 4.
The left side of the term indicates the decomposed covariance matrix, SRS = Σ. All parameter changes are
highlighted in bold. Crisis breaks out in market 1 first, then in market 3 and reaches market 2 last, whereas
contagion occurs at the same time as the crisis outbreak in market 2. Market 4 remains unaffected.

standard deviation change occurs simultaneously with shift contagion between the first
three markets, which means that the three correlation coefficients ρ12, ρ13 and ρ23 shift
to higher values. The fourth market is not affected by the crisis other than via the usual
market connections, but nevertheless, its covariance with the other markets changes. A
test seeking instability in, for example, the covariance σ13 = σ1ρ13σ3 would produce
a biased break date estimate in between the three distinct breaks, as all components
change separately. A direct test for a structural break that involves covariances could
not identify the source of instability. Furthermore, the number of covariance components
changing is smaller than the number of affected covariances. Thus, a test on covariances
would require more degrees of freedom, which would negatively affect the power of the
test.

To summarize, our test for shift contagion is a test for a structural break that affects
the correlation matrix at an unknown date, conditional on structural breaks at (possibly
distinct) unknown dates that affect the volatility of the series. However, the VAR coeffi-
cients in equation (3.1) are likely to also be subject to structural breaks; see Bataa et al.
(2013) and Claeys and Vašícek (2014). Therefore, prior to testing for and estimating
structural breaks in correlations and variances, we test for breaks in the set of VAR pa-
rameters Bt = {β0,t, Bi,t, Bx,t}. A test for multiple structural breaks in the parameters
of the conditional mean and covariance of a multivariate system is proposed in Qu and
Perron (2007), and we adopt this approach. Bataa et al. (2013) propose an iterative
procedure for separating breaks in the coefficients and the covariance matrix. We adapt
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this procedure to our setting, but further allow for distinct breaks in correlations and
volatilities. Our testing procedure operates as follows.

1. Determine MB , the number of breaks in the VAR coefficients, and estimate the
break dates kB1 , . . . , kBMB

. Estimate the coefficients Bt for the corresponding data
segments.

2. Compute the residuals ε̂t, and conditional on the breaks from Step 1, determine
MS , the number of breaks in the standard deviations in St and estimate the corre-
sponding break dates kS1 , . . . , kSMS

. Estimate the segment-specific standard devia-
tions σit.

3. Compute the standardized residuals ε̃it = ε̂it/σ̂it. Conditional on the breaks from
Steps 1 and 2, determine MR, the number of breaks in the correlation matrix Rt
and the estimate the corresponding break dates kR1 , . . . , kRMR

.
4. Conditional on the breaks in Rt, re-do Step 2.
5. Conditional on the breaks in St and Rt re-do Step 1.
6. Iterate between Steps 1 to 5 until the number of breaks and the estimated break

dates do not change.

All tests are based on (pseudo) likelihood ratio (LR) statistics derived from a mul-
tivariate normal distribution function. Break date estimates are identified as the dates
that jointly maximize the LR statistic. Chapter 2 contains a general description of the
maximum LR statistic and the limiting distribution that has been described by Qu and
Perron (2007). The location of the multiple break dates can be estimated using the dy-
namic optimization program proposed in Bai and Perron (2003). Alternatively, Chapter 4
proposes a rolling window detection algorithm, a heuristic that reduces the calculation
time of iterative, multiple break tests substantially. Critical values are obtained by sim-
ulating the limiting distribution, given the number of break dates and the number of
changing parameters. Critical values will also depend on the data trimming, that means,
the minimum required amount of observations between break dates. Although the LR
statistic uses a normal distribution function, non-normality of the data is permitted in
the assumptions. The error term covariance is estimated using an estimator that is ro-
bust to heteroscedasticity and autocorrelation. The outcome affects the critical values of
the maximum LR test, as well.

A few additional remarks must be made concerning the details of the proposed pro-
cedure. First, the maximum number of breaks M of each type must be set prior to the
analysis. Also, the minimum segment length between two breaks must be chosen. In the
empirical study of this chapter, for example, we allow for a maximum M = 3 breaks per
model parameter and restrict each segment to contain at least 10% of all observations.
Second, a feasible generalized least squares estimator is applied to estimate the VAR
coefficients in Step 5, conditional on the breaks in the covariance matrix that have been
detected in earlier steps. For details of this procedure, see Bataa et al. (2013). Third, a
bootstrap procedure can be used to estimate confidence intervals of the break dates. In
the empirical study of this chapter, blocks of data are resampled between the estimated
break dates.

A final remark concerns the assumption of common break dates, which will be treated
in the next part of this methodology section. Although the break dates in Bt, St and
Rt are allowed to occur at distinct dates, all parameters within each type are assumed
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to share common break dates, for now. This strong assumption results in favorable
properties for the break detection test. However, when this assumption is violated, the
test may not detect any structural change due to low power, or the break date estimates
may be biased.

3.2.3 Testing for common break dates
Structural break tests have more power and produce more reliable estimates of the break
dates when applied to multivariate data systems according to Bai et al. (1998), Groen
et al. (2011) and Qu and Perron (2007). Unreported Monte Carlo simulation results
confirm this effect for small samples. This is one motivation for looking for joint break
dates of a large system of series, instead of testing only bivariate data for contagion.
Before advantages of common break date testing can be exploited, it is recommended
that the common break date assumption is tested.

For the parameters in Bt and St, separately, we suggest to test whether the n equa-
tions share common break dates or not. For Rt, we suggest to test whether the n(n−1)

2
pairs of correlations share common break dates or not. A test for the coincidence of
break dates in different model parameters is proposed by Perron and Oka (2011). For
each type of parameter, we test

H0 : The parameters share common break dates

against the alternative that the break dates are different across the n equations (or the
n(n−1)

2 pairs of correlations). This null hypothesis can be tested using a likelihood ratio
test. The restricted likelihood assumes common break locations in the data, whereas
under the alternative, the number of breaks and their locations are determined for each
equation/pair separately. Critical values are obtained using the following bootstrap al-
gorithm.

1. Assuming common break dates, determine the number of structural breaks M and
their dates k̂1, . . . , k̂M . Compute the log-likelihood under H0, LL0. Furthermore,
determine the number of breaks, the break dates and the resulting log-likelihood
LL1 under the alternative. Compute the likelihood ratio statistic LR = −2(LL1−
LL0).

2. Using the common break dates from Step 1, resample the multivariate observations
using a block bootstrap scheme for each segment separately, i.e., k1 observations
from t = 1, . . . , k1, then k2 − k1 observations from t = k1 + 1, . . . , k2, etc.

3. Using the resampled data, determine the number of breaks, their locations and the
log-likelihood under H0 and H1, and compute the bootstrap test statistic LR∗.

4. Repeat Steps 2 and 3 a large number of times to obtain the bootstrap distribution
of the likelihood ratio statistic.

Note that in Step 2 the data is resampled either from the raw data in a case resampling
bootstrap, or using either ε̂t or ε̃t in a residual resampling bootstrap.

If the null hypothesis of common breaks is rejected, we suggest studying the estimated
break dates and their confidence intervals to determine subsets of the data that may
still share common breaks. For this, common breaks can be considered when confidence
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intervals overlap. The presence of subsets with common break dates is beneficial in terms
of break detection power and break estimation efficiency. Furthermore, the information
received from the detected parameter groups is economically relevant. Conclusions must
be drawn carefully, especially if common break hypotheses are not rejected for some
combinations of parameters, but rejected for other combinations of the same parameters.
Finally, overall, our procedure requires a large number of hypothesis tests, implying
potential problems of multiple testing. Therefore, it is important to use conservative test
sizes to control for the overall size of the procedure. Because the number of hypothesis
tests to be performed is not known prior to the analysis, we use a size of 1% in our
application.

3.2.4 The spillover index
Recently, Diebold and Yilmaz (2009, 2012) have presented a tool for analyzing the re-
lationships between financial markets via spillovers. They construct spillover indexes
that build on the structural, dynamic model linkages between countries. Spillover values
can provide information about the source and destination of dynamic shock transmission
during the sample segment. A VAR model framework such as ours enables the compu-
tation of the indexes, see Claeys and Vašícek (2014) for a similar application. An index
increase indicates spillover contagion.

Let λhij be the h-step-ahead forecast error variance decomposition, i.e., the fraction of
the forecast error variance for forecasting variable i that is due to shocks to variable j.
Variance decomposition requires orthogonal innovations, and Diebold and Yilmaz (2012)
suggest using the generalized impulse response framework of Koop et al. (1996) and
Pesaran and Shin (1998), which is invariant to the ordering of the variables. Furthermore,
λhij are normalized to satisfy

∑n
j=1 λ

h
ij = 1 and

∑n
i=1
∑n
j=1 λ

h
ij = n. The total spillover

index is defined as the fraction of overall forecast error variance that is due to shocks to
other markets, such that

TSh = 100 ·
∑n
i=1
∑n
j=1,j 6=i λ

h
ij∑n

i=1
∑n
j=1 λ

h
ij

.

A directional spillover index is defined as either the spillover transmitted from i to
all other markets, DSh←i, or as the spillover received by i from the other markets, DSh→i.
Further, NShi , a net spillover from market i can be calculated, so that

DSh←i = 100 ·
∑n
j=1,j 6=i λ

h
ji

n
,

DSh→i = 100 ·
∑n
j=1,j 6=i λ

h
ij

n
,

NShi = DSh←i −DSh→i.

The spillover index depends on the VAR coefficients and on the covariance matrix of
the residuals. We compute (and plot) these indexes by taking into account the structural
breaks of each parameter type identified using our procedure described above. This yields
an easily interpretable summary of the effects that the various parameter changes have
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and allows the researcher to assess whether spillover contagion has occurred. Addition-
ally, the interpretation of shift contagion is enhanced, as each previously detected data
segment delimited by structural breaks can be associated with a spillover index value.

3.3 Empirical Study
3.3.1 Contagion during the European sovereign debt crisis
We consider daily 10-year sovereign bond yield spreads of n = 10 euro area countries,
Austria (AUS), Belgium (BEL), Finland (FIN), France (FRA), Greece (GRE), Ireland
(IRE), Italy (ITA), the Netherlands (NET), Portugal (POR) and Spain (SPA), over the
yield of Germany (GER). Data is extracted from Thomson Reuters datastream, and
the sample covers the period from 2009-01-02 until 2014-08-01. A preliminary analysis
reveals that the unit root hypothesis cannot be rejected, and thus, the first differences
in bond yield spreads are considered. According to the Bayesian Information Criterion
(BIC), p = 1 lag is chosen for the VAR model. Because our sample covers the European
sovereign debt crisis, 2 exogenous variables are included to control for systemic risks. As
in Arghyrou and Kontonikas (2012), Beirne and Fratzscher (2013) and other studies, the
Chicago Board Options Exchange Index (VIX) is included with one lag as a measure of
global risk. Similarly to Claeys and Vašícek (2014), Caporin et al. (2013) and Tonzer
and Buchholz (2014), the lagged spread between the Euribor 3-month lending rate and
the overnight reference rate EONIA is additionally included as a measure of European
financial market stress.

Given the large sample length of T = 1456, a moderate trimming κ = 0.1 has been
considered, allowing for a minimal data segment length of ω = dκT e = 146 days. As
noted above, we allow for a maximum of M = 3 breaks in each type of parameter, which
corresponds to the number of (common) breaks found in Claeys and Vašícek (2014). As
previously described, we sequentially search for structural breaks assumed to be common
within each class of parameters. Thus, in Step 1, we search for a maximum of three
simultaneous co-breaks involving n(n+ 1 + 2) = 130 regression coefficients, Step 2 looks
for a maximum of three simultaneous co-breaks involving n = 10 standard deviations
(conditional on the breaks found in Step 1), and Step 3 looks for a maximum of three
simultaneous co-breaks involving n(n−1)

2 = 45 correlation coefficients (conditional on the
breaks found in Steps 1 and 2).

Table 3.2 reports the results of testing for breaks involving mean coefficients and
involving the variance parameters of the model error terms. Note that the results pre-
sented are the final results obtained after iterating the break detection until convergence,
as explained in Section 3.2. The STP detects M = 3 significant, common breaks in
both cases. The three breaks in the conditional mean equations are common across all
equations, at p-value = 0.18. The breaks in the variances can also be assumed to be
common across all equations, with p-value = 0.32. The null hypothesis that the breaks
in variances and means are located at common dates is rejected, with p-value < 0.01.
This finding supports our intuition that the breaks in different types of parameters oc-
cur at distinct times. Therefore, assuming their synchronicity can lead to a bias in the
estimated break dates and the segment-specific parameter estimates. The three breaks
in conditional means (August 2011, March 2012 and October 2012) represent times of
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Table 3.2: Structural breaks for mean and standard deviation

Mean regression MB = 3 breaks
max LR 1010.63

99% critical value 470.71
p-value < 0.001

Break date estimates 2011-08-15 2012-03-12 2012-10-02
95% confidence intervals [2011-04-20,2011-08-19] [2012-02-27,2012-03-12] [2012-10-02,2014-01-13]

Covariates coefficient change coefficient change coefficient change
Const. −3.635 +3.709 −0.161
AUSt−1 +1.757 −4.764 +5.308
BELt−1 +0.447 +5.577 −4.478
FINt−1 +8.131 −7.895 −0.838
FRAt−1 −0.001 −1.139 +1.357
GREt−1 +0.646 −0.453 0.297
IREt−1 −0.740 −1.776 +1.032
ITAt−1 −2.741 +1.557 −0.493
NETt−1 −13.218 +10.529 +2.320
PORt−1 −0.063 +0.016 −0.279
SPAt−1 +3.189 −2.425 −0.354
V IXt−1 +0.066 −0.099 +0.027

(Euribor − EONIA)t−1 +2.538 −0.869 −1.100

Standard deviations MS = 3 breaks
max LR 6877.00

99% critical value 1222.76
p-value < 0.001

Break date estimates 2010-01-22 2011-07-05 2012-10-01
95% confidence intervals [2009-10-30,2010-03-11] [2011-04-22,2011-08-01] [2012-09-03,2012-10-25]

Series s.d. change s.d. change s.d. change
AUS −0.001 +0.028 −0.034
BEL +0.020 +0.036 −0.057
FIN −0.002 +0.009 −0.011
FRA +0.004 +0.040 −0.039
GRE +0.242 +1.303 −1.421
IRE +0.084 +0.012 −0.099
ITA +0.022 +0.095 −0.088
NET −0.002 +0.010 −0.013
POR +0.116 +0.092 −0.140
SPA +0.045 +0.068 −0.077

Note: Test results, estimated break dates and corresponding changes in coefficients for the conditional mean
parameters in the upper part, and the standard deviations in the lower part. 95% confidence intervals we
obtained via a case resampling block bootstrap. For breaks in the mean regression, changes in coefficients are
summarized for each regressor listed in the first column: The shifts in the estimated regression coefficients are
sums across all equations.
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important systemic changes in Europe: The August 2011 break can be associated with
the issuance of 4.6 billion euros to assist Ireland and Romania, as well as several meetings
of the Ecofin and the first meeting of the European Systemic Board. The March 2012
and October 2012 breaks can be associated with encouraging speeches of M. Draghi and
O. Rehn and first IMF/ECB/EC reports about the improvement of financial stability in
the euro area.

The first break that involves volatility changes in January 2010 is common to all
tested countries, and may relate to a Eurostat report questioning the Greek figures on
public debt and deficit. At the time, financial markets respond to the potential default of
Greece, asking for a higher risk premium for holding Greek public bonds. Whereas this
shock is associated with an increase in volatility for most countries, volatility actually
decreases (by a small margin) for Austria, Finland and the Netherlands, which highlights
a perceived heterogeneity between euro area countries at the time. The next volatility
break is found in July 2011, when a new financial plan to support Greece is stated at
a Eurogroup meeting. Volatility in the following segment is increased, this time for all
sampled series. This can be interpreted as a sign that by then, it had become apparent
that the crisis affects the financial health of the euro area as a whole, including countries
whose debt policy is typically seen as stable. Finally, in October 2012 we notice a return
to a quieter sample segment and lower volatility following the IMF/EC reports signaling
that Ireland and Portugal will satisfy the objectives conditioning the safety plans. Again,
the reduction in volatility is observed for all sample series.

The third step of the STP consists of testing for significant changes in the correlation
coefficients, conditional on those previously found in the mean and the variance. Ulti-
mately, no common break is detected in the correlation matrix of all euro area countries.
The finding shows that the diffusion of shocks is not the same for all euro area countries.
In a next step, we analyze pairwise correlations and study multiple breaks in each pair.
Having identified suitable candidate groups, we seek to identify subsets of countries that
are characterized by common breaks that involve correlations.

The common correlation change hypothesis cannot be rejected for AUS–POR–SPA
at a p-value of 0.35. The correlations shift in the same direction for the first two breaks
between these countries, while the last break on 2013-12-30 indicates shift contagion be-
tween Portugal and Spain but of flight-to-quality towards Austria. The second contagion
club is BEL–FRA–NET at a p-value of 0.85. This second cluster stresses the poten-
tial contagion between this core of European countries, which share strong cross-border
banking activities (Dexia, ING, etc.). Finally, we observe a third cluster composed of
BEL–FIN–ITA at a p-value of 0.40.2 In Table 3.3, we summarize the timeline of the es-
timated structural breaks in all parameters, including common break date estimates for
contagion clubs, but without quantitative parameter estimates. Appendix 3.A contains
two additional tables that report the detailed correlation changes, including break date
confidence intervals and correlation estimates.

We observe correlation changes for 13 country pairs in and around August 2009,
already, before the first estimated change in volatility in January 2010. All changes in
correlation are positive, providing preliminary evidence of the danger of contagion. The
correlation between Portugal and Spain rises by 0.318 to a high 0.841 on 2009-07-29,

2The common break date hypothesis is rejected for other cluster candidates, BEL–FIN–FRA–ITA–
NET, BEL–ITA–NET, FIN–FRA–NET, BEL–FIN–FRA, and BEL–FIN–NET.
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Table 3.3: Timeline of estimated structural breaks

Date Break Countries

2009-07-27 ↑ R FIN–SPA
28 ↑ R FIN–NET

08-03 ↑ R BEL–FIN–ITA
05 ↑ R ITA–NET

11 ↑ R FIN–FRA, FIN–POR,
NET–POR

13 ↑ R AUS–POR–SPA
10-01 ↑ R ITA–SPA

2010-01-22 ↑ S BEL, FRA, GRE, IRE,
ITA, POR, SPA

↓ S AUS, FIN, NET

02-25 ↓ R BEL–FIN–ITA,
ITA–NET

26 ↓ R BEL–FRA–NET

03-03 ↓ R FIN–NET, FRA–POR,
NET–POR, NET–SPA

31 ↓ R AUS–IRE,
AUS–POR–SPA

04-02 ↓ R FIN–POR, FIN–SPA
06 ↑ R FIN–FRA

05-28 ↓ R FRA–IRE
10-15 ↓ R IRE–NET
11-04 ↑ R AUS–FRA

25 ↓ R ITA–POR

2011-01-12 ↑ R BEL–SPA
02-28 ↓ R FIN–SPA
03-15 ↓ R NET–POR

31 ↓ R ITA–NET
04-29 ↓ R FRA–POR
07-05 ↑ S euro area
08-04 ↓ R BEL–SPA

15 B euro area
11-03 ↓ R ITA–SPA

Date Break Countries

2012-01-09 ↑ R AUS–BEL
03-01 ↑ R FRA–POR

02 ↑ R BEL–FRA, BEL–NET
↓ R FRA–NET

12 B euro area
05-31 ↓ R BEL–SPA
08-07 ↓ R AUS–BEL
10-01 ↓ S euro area

02 B euro area
08 ↓ R BEL–FRA–NET

11-05 ↓ R NET–SPA
07 ↓ R BEL–ITA, FIN–ITA

↑ R BEL–FIN

2013-02-27 ↓ R AUS–BEL
04-01 ↓ R FIN–NET

10 ↑ R FRA–IRE, IRE–NET
05-21 ↓ R AUS–FRA
06-10 ↑ R NET–SPA

13 ↑ R AUS–IRE
10-28 ↑ R ITA–SPA
11-01 ↓ R FIN–FRA

29 ↓ R FRA–IRE
12-11 ↑ R AUS–FRA

30 ↑ R ITA–POR, POR–SPA
↓ R AUS–POR, AUS–SPA

2014-01-08 ↓ R AUS–IRE
09 ↓ R IRE–NET

Note: Summary of all break detection results. B, S and R represent breaks in parameters for the conditional
mean, the variance and the correlation, respectively. The arrows indicate whether the parameters have increased
or decreased at the corresponding break dates.
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and the correlation between Italy and Spain rises by 0.359 to a remarkable level of
0.874 on 2009-10-01. While the volatility has not yet increased at the time, European
debt markets already exhibit an intensification of their interdependence. This may be a
consequence of government bailouts during the Global Financial Crisis and growing debt
levels throughout the euro area, and following the financial distress of countries such as
Latvia or Hungary. This interpretation is supported by several reports, such as the one
published by the European Commission on January 2009, giving rise to concerns about
debt sustainability (EUobserver, 2009 and The New York Times, 2009).

Following the first volatility change in January 2010, in early 2010 we observe cor-
relation changes in a total of 19 country pairs. Almost all of the breaks are associated
with a decrease in correlations. The breaks clearly indicate the presence of a flight-
to-quality mechanism, in favor of Austria, Finland and the Netherlands. They appear
to be relatively detached from the developments in other countries, and benefit from a
decrease in their yield spread and thus more affordable refinancing conditions. As pre-
viously mentioned, this result highlights a high level of heterogeneity among euro area
countries, supporting the conclusions of De Santis (2012) and Metiu (2012), who find
that the EMU periphery crisis mainly spread to other periphery countries as well as to
France and Belgium, but not to Austria, Finland or the Netherlands. In the second half
of 2010 and the first half of 2011, several further breaks in correlations occur, and so the
flight-to-quality mechanisms appear to persist.

After the second volatility change in July 2011, which signals the entry into a higher
volatility period, the evolution of the correlation becomes ambiguous. The STP detects
only a few breaks in bilateral correlations, both positive and negative. It can be envi-
sioned that market participants realize that the euro area is not particularly homogeneous
and begin to make arbitrage between countries, leading to various effects on correlations.
Similar conclusions can be drawn after the third variance shock in October 2012, after
which relatively few breaks in correlation are observed. In late 2013 and early 2014,
again, several breaks are observed over a short period, involving 10 country pairs. Corre-
lations among periphery countries are rising (POR–SPA or POR–ITA), but there is also
evidence of an amplification of the flight-to-quality mechanism involving mostly Austria
and the Netherlands. Between 2012 and 2013, most correlation changes involving France
are negative, but some shifts are also positive. Interestingly, France has two breaks with
the Netherlands and Belgium, each, in 2012, and two breaks with Austria and Ireland,
each, in 2013. These findings highlight the uncertainty concerning the role of France in
the crisis and specific problems associated with the French economy.

A striking result is that STP does not detect any significant correlation change in-
volving Greece and only few changes involving Ireland (only with Austria, France and
the Netherlands). This means we find no evidence of shift contagion from Greece/Ireland
to the rest of the European countries. It appears that the contemporaneous shock trans-
mission to the rest of Europe is not intensified. Formally, this gives support to our idea of
separating the dates of breaks in conditional means, variances and correlations. In terms
of the interpretation, the relatively low interdependence of the unexplained variation of
Greek/Irish yield spreads with other series may have several explanations, for example
the de-leveraging of German and Dutch banks of their Greek assets (see Candelon and
Bicu, 2013), and the regulation measures taken by the Irish government. The results
indicate that a Greek debt default may not be characterized by contagion to the rest of
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Figure 3.1: Spillover in the euro area
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Note: Total spillover index, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01. Either the model
contains no break, or it may contain breaks in the mean parameters B and covariance terms at the same dates,
or it may contain distinct breaks in the mean parameters B, the variances S and the correlation coefficients
R according to the STP.

Europe. Before this result is accepted as final, it should be confirmed by complementary
contagion studies.

3.3.2 Spillovers vs shift contagion
To better understand the situation of Greece, but also to gain additional insight con-
cerning other euro area countries, we adopt the spillover approach. We calculate indexes
based on the analysis of the forecast error variance decomposition. Spillover contagion
is identified, when abrupt changes in spillovers are observed. We consider a 20-step-
ahead forecast error variance decomposition, corresponding to approximately one trading
month, which is calculated for each country (transmitting or receiving) and the euro area
as a whole.3 Three VAR models are considered to compute spillover indexes. The first
is the VAR model without any structural breaks. The second follows the approach of
Claeys and Vašícek (2014), as the model assumes common breaks in the conditional mean
and the covariance matrix of the errors. The third model is obtained by applying the
STP and assumes distinct breaks in the conditional means, variances and correlations.
Most of the breaks within the correlation matrix are also distinct. As a consequence,
a large number of regimes are observed, which leads to notable time variation in the
spillover indexes. This larger number of regimes enables a refined interpretation of the
results.

Figure 3.1 shows the total spillover index TS, calculated as the sum of either all trans-
mitted spillover indexes or all received spillover indexes, excluding each own variation
share. The figure reveals that spillovers from other countries explain a large fraction of
yield dynamics. When considering the VAR model without breaks, we obtain a spillover
index of approximately 60, whereas the complete model with break leads to spillovers

3The results for other forecast horizons such as 10 steps are virtually identical to the ones reported
here.
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Figure 3.2: Directional spillover indexes for Greece
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Note: Directional spillovers of Greece, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following
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countries to Greece, and net spillover transmitted from Greece to other countries.

explaining more than 70% of the forecast error variance. The figure illustrates how
additional information can be gained from permitting distinct breaks in variance and
correlation parameters, as the plot of the solid line is noticeably different than the plot of
the dashed line, which represents the model with common break date assumption for all
parameters. This result clearly suggests that a failure to consider structural breaks can
lead to an underestimation of the importance of spillovers, and that setting unjustified
restrictions on break dates affects the resulting dynamics in the spillover index.

An analysis of the plot with distinct breaks allows us to assess the importance of the
individual breaks for the shock transmission over time. The index is particularly high
between mid-2011 and mid-2012, with a value of around 75, before it stabilizes at a value
of close to 70. During this period, the crisis was particularly intense, and the increase
in mid-2011 means that spillover contagion occurred. On the other hand, no evidence
of shift contagion has been found in the earlier part of the study at this time in 2011.
According to the results, there has been no increase in the contemporary interdependence
between series at the time, but the overall degree of spillover over time has increased.
The result underlines the importance of differentiating between contagion concepts and
appropriate methods for a refined analysis of the data.

Focusing on the specific case of Greece, Figure 3.2 plots the directional spillover in-
dexes that are relevant to Greece. Corresponding figures for the other countries can be
found in Appendix 3.A. We observe a positive net transmission from Greece to the other
countries, indicating that the linkages to Greece are structural sources of spillovers among
European countries. Beginning in 2010, several structural breaks show that the transmis-
sion from Greece has increased severely, before decreasing sharply in late 2012. This result
confirms the previous findings of Metiu (2012) and Claeys and Vašícek (2014). After the
decrease, the spillover transmitted from Greece is still relatively high, at DS←GRE > 10.
The results show that over time, a large fraction of Greek yield spread fluctuations spill
over to the rest of the euro are. From a political perspective, the message is thus more
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pessimistic than the one gathered from the previous subsection. A Greek debt default
may not immediately affect the other countries beyond the usual correlation, when the
level of interdependence remains stable. Still, shocks will be transmitted over time, and
the shock transmission could even intensify. On a positive note, a negative wave could
give authorities some time to react.

We shortly remark on the situation of Ireland, for which the net transmission has
declined sharply in mid-2011, confirming that the financial markets have recognized the
successful crisis management in this country. A positive net transmission is observed for
three other periphery countries (Italy, Spain and Portugal). The directional transmission
indexes of these countries are lower than the Greek index (around 5 for Italy and Portugal
and 2.5 for Spain). The net transmissions each decrease in the middle of the sample,
and then increase in late 2012. According to the contagion analysis, the countries belong
to clusters involving European core countries. This result suggests that higher tension
with respect to the repayment of sovereign debt could immediately impact European
core countries, and would also transmit dynamically.

3.4 Conclusion
This chapter proposes a new approach to testing for contagion that has three distinct
features. First, the approach distinguishes breaks in conditional mean, volatility, and
correlation using a sequence of tests, permitting distinct break dates. The tests apply
the techniques developed in Qu and Perron (2007). Second, the approach is implemented
within a multivariate system, instead of using bivariate systems as in many other stud-
ies. Third, although structural breaks are generally allowed to occur at distinct dates,
we test whether some parameters share a common break date, using an approach similar
to Perron and Oka (2011). This approach can lead to a simpler model and to more reli-
able testing results. It further allows the researcher to challenge restrictive assumptions
concerning the equality of break dates.

The application of our approach to the recent European sovereign debt crisis offers
new insight into the way the crisis has spread over the region. The implementation of
the sequential testing procedure indicates that mean breaks are common between euro
area countries. The same is true for the volatility breaks. These two types of breaks
are observed to occur at distinct dates. Conditional on these breaks, a large number of
distinct changes in correlations occur. Many of these changes cluster around a few dates,
thus common breaks can be assumed to occur within a few small groups of countries.
We observe some contagion clubs but notice that Greece and Ireland belong to none of
them. This finding is particularly interesting for Greece, which constitutes a case study
for European authorities. Such findings support the idea that it is not recommendable
to assume all structural breaks are simultaneous, as it is usually done in the literature.
Crisis periods begin with mean and volatility breaks, and shocks are transmitted to
other markets with some delay. However, there is also evidence of sudden increases in
correlation, indicating the presence of immediate shift contagion.

To refine our conclusions, we consider the spillover index proposed by Diebold and
Yilmaz (2009, 2012). We notice that global spillovers vary significantly over time, fol-
lowing the break dates estimated by our sequential testing procedure. A high spillover
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degree is observed between mid-2011 and mid-2012 during the peak of the turmoil. More
specifically, periphery countries transmit an enormous part of their shocks to the rest of
Europe, the most important country being Greece. This finding demonstrates that even
if Greek distress may not necessarily be immediately contagious, it does transmit to the
rest of Europe, hence confirming the findings of Claeys and Vašícek (2014).

Some guidelines for European policy can be derived from the results of this chapter.
First, a default or a higher risk premium on the Greek debt may not immediately affect
the yield spreads of other euro area countries above the usual interdependence. Such
shocks will, however, spill over eventually, which leaves authorities little time to set
up firewalls or a bail-out plan. In the case of Italy, Spain and Portugal, the spillover
index is lower than that for Greece, suggesting a lower transmission. Nevertheless, these
countries are potentially contagious for Europe, as correlations between these countries
have abruptly increased during the crisis and stayed on high levels. The study has shown
a substantial degree of heterogeneity between euro area countries, but has also detected
credible threads. Appropriate regulations and specific policy actions are required to
reduce the systemic risk.

3.A Appendix

Figure 3.3: Directional spillover indexes for Austria
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Table 3.4: Structural breaks for correlations part 1/2

AUS BEL FIN FRA GRE

AUS

(0.646)
+0.231
−0.052
−0.320
(0.505)

0.497

0.644
+0.182
−0.475
+0.461
0.811

0.278

BEL

2012-01-09
[2012-05-26,2012-01-13]

2012-08-07
[2012-07-31,2012-08-07]

2013-02-27
[2013-02-27,2014-01-09]

0.287
+0.471
−0.365
+0.039
0.432

0.725
−0.020
+0.222
−0.332
0.595

0.335

FIN -

2009-08-03
[2009-07-24,2009-08-05]

2010-02-25
[2010-02-23,2012-03-28]

2012-11-07
[2010-12-02,2013-10-18]

0.356
+0.163
+0.340
−0.413
0.446

0.175

FRA

2010-11-04
[2009-10-20,2012-05-05]

2013-05-21
[2011-05-27,2013-05-21]

2013-12-11
[2013-12-11,2014-01-09]

2010-02-26
[2009-08-06,2011-02-22]

2012-03-02
[2010-09-20,2012-03-16]

2012-10-08
[2012-09-24,2014-01-03]

2009-08-11
[2009-07-24,2009-09-14]

2010-04-06
[2010-03-03,2010-04-09]

2013-11-01
[2010-10-27,2013-11-13]

0.293

GRE - - - -

IRE

2010-03-31
[2009-08-31,2011-07-16]

2013-06-13
[2010-11-04,2013-05-29]

2014-01-08
[2014-01-03,2014-01-09]

- -

2010-05-28
[2009-10-26,2011-09-16]

2013-04-10
[2010-12-21,2013-05-06]

2013-11-29
[2013-10-31,2014-01-09]

-

ITA -

2009-08-03
[2009-07-24,2009-08-05]

2010-02-25
[2010-02-23,2012-03-28]

2012-11-07
[2010-12-02,2013-10-18]

2009-08-03
[2009-07-24,2009-08-05]

2010-02-25
[2010-02-23,2012-03-28]

2012-11-07
[2010-12-02,2013-10-18]

- -

NET -

2010-02-26
[2009-11-06,2011-02-22]

2012-03-02
[2010-09-20,2012-03-16]

2012-10-08
[2012-09-24,2014-01-03]

2009-07-28
[2009-07-24,2009-08-04]

2010-03-03
[2010-02-17,2012-08-16]

2013-04-01
[2010-09-28,2013-12-26]

2010-02-26
[2009-08-06,2011-02-22]

2012-03-02
[2010-09-20,2012-03-16]

2012-10-08
[2012-09-24,2014-01-03]

-

POR

2009-08-13
[2009-07-24,2009-09-03]

2010-03-31
2010-03-05,2013-04-09]

2013-12-30
[2010-11-02,2014-01-09]

-

2009-08-11
[2009-07-24,2009-08-21]

2010-04-02
[2010-03-04,2013-12-04]

2010-03-03
[2009-08-04,2010-08-31]

2011-04-29
[2010-09-28,2011-08-10]

2012-03-01
[2011-12-08,2013-07-30]

-

SPA

2009-08-13
[2009-07-24,2009-09-03]

2010-03-31
2010-03-05,2013-04-09]

2013-12-30
[2010-11-02,2014-01-09]

2011-01-12
[2009-07-24,2011-01-12]

2011-08-04
[2011-08-04,2011-11-09]

2012-05-31
[2012-02-24,2014-01-01]

2009-07-27
[2009-07-24,2009-08-25]

2010-04-02
[2010-02-16,2010-08-05]

2011-02-28
[2010-10-25,2013-12-06]

- -

Note: Left part of the structural break table for changes in the correlations (This part and the right part shown
in Table 3.5 should be read jointly). Correlation changes obtained by applying the STP of Section 3.2. Break
date point estimates, and 95% confidence intervals obtained by a block bootstrap, are reported in the lower
triangle of the full table. The upper triangle of the full table reports the correlation before the first break, the
changes in correlations corresponding to the breaks and the correlation after the last break.
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Table 3.5: Structural breaks for correlations part 2/2

IRE ITA NET POR SPA

AUS

0.547
−0.244
+0.191
−0.276
0.217

0.511 0.561

0.611
+0.064
−0.375
−0.068
0.232

0.464
+0.294
−0.281
−0.154
0.323

BEL 0.436

0.641
+0.157
−0.053
−0.282
0.463

0.741
−0.229
+0.088
−0.154
0.446

0.434

0.643
+0.217
−0.176
−0.264
0.421

FIN 0.262

0.244
+0.392
−0.352
−0.019
0.265

0.294
+0.535
−0.224
−0.256
0.348

0.194
+0.388
−0.401
0.181

0.206
+0.443
−0.247
−0.196
0.206

FRA

0.557
−0.251
+0.234
−0.291
0.249

0.555

0.708
−0.036
−0.041
−0.159
0.472

0.621
−0.165
−0.335
+0.215
0.337

0.509

GRE 0.375 0.410 0.205 0.466 0.389

IRE 0.553

0.465
−0.319
+0.340
−0.289
0.197

0.543 0.544

ITA -

0.521
+0.227
−0.259
−0.191
0.298

0.759
−0.313
+0.286
0.732

0.515
+0.359
−0.058
+0.077
0.893

NET

2010-10-15
[2009-10-13,2011-06-28]

2013-04-10
[2011-06-08,2013-06-19]

2014-01-09
[2013-10-31,2014-01-09]

2009-09-05
[2009-07-24,2009-08-05]

2010-02-25
[2010-02-25,2010-09-08]

2011-03-31
[2010-09-20,2013-08-27]

0.504
+0.153
−0.278
−0.205
0.174

0.743
−0.363
−0.255
+0.282
0.376

POR -

2010-11-25
[2010-08-24,2011-02-22]

2013-12-30
[2011-06-22,2014-01-09]

2009-08-11
[2009-07-24,2009-08-11]

2010-03-03
[2010-03-03,2010-08-23]

2011-03-15
[2010-09-27,2012-06-29]

0.528
+0.242
−0.259
+0.258
0.769

SPA -

2009-10-01
[2009-08-13,2009-12-10]

2011-11-03
[2010-04-23,2013-03-14]

2013-10-28
[2013-01-21,2013-12-25]

2010-03-03
[2009-09-18,2010-05-23]

2012-11-05
[2010-09-23,2012-11-16]

2013-06-10
[2013-05-29,2014-01-09]

2009-08-13
[2009-07-24,2009-09-03]

2010-03-31
[2010-30-05,2013-04-09]

2013-12-30
[2010-11-02,2014-01-09]

Note: Right part of the structural break table for changes in the correlations (This part and the left part shown
in Table 3.4 should be read jointly). Correlation changes obtained by applying the STP of Section 3.2. Break
date point estimates, and 95% confidence intervals obtained by a block bootstrap, are reported in the lower
triangle of the full table. The upper triangle of the full table reports the correlation before the first break, the
changes in correlations corresponding to the breaks and the correlation after the last break.
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Figure 3.4: Directional spillover indexes for Belgium

Directional spillover indexes for Belgium
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Directional spillovers of Belgium, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following a
model with distinct breaks in the mean parameters B, the variances S and the correlation coefficients R
according to the STP. Spillover transmitted from Belgium to other countries, spillover transmitted from other
countries to Belgium, and net spillover transmitted from Belgium to other countries.

Figure 3.5: Directional spillover indexes for Finland

Directional spillover indexes for Finland
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Note: Directional spillovers of Finland, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following
a model with distinct breaks in the mean parameters B, the variances S and the correlation coefficients R
according to the STP. Spillover transmitted from Finland to other countries, spillover transmitted from other
countries to Finland, and net spillover transmitted from Finland to other countries.
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Figure 3.6: Directional spillover indexes for France

Directional spillover indexes for France
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Note: Directional spillovers of France, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following
a model with distinct breaks in the mean parameters B, the variances S and the correlation coefficients R
according to the STP. Spillover transmitted from France to other countries, spillover transmitted from other
countries to France, and net spillover transmitted from France to other countries.

Figure 3.7: Directional spillover indexes for Ireland

Directional spillover indexes for Ireland
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Note: Directional spillovers of Ireland, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following
a model with distinct breaks in the mean parameters B, the variances S and the correlation coefficients R
according to the STP. Spillover transmitted from Ireland to other countries, spillover transmitted from other
countries to Ireland, and net spillover transmitted from Ireland to other countries.
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Figure 3.8: Directional spillover indexes for Italy

Directional spillover indexes for Italy
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Note: Directional spillovers of Italy, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following
a model with distinct breaks in the mean parameters B, the variances S and the correlation coefficients R
according to the STP. Spillover transmitted from Italy to other countries, spillover transmitted from other
countries to Italy, and net spillover transmitted from Italy to other countries.

Figure 3.9: Directional spillover indexes for the Netherlands

Directional spillover indexes for the Netherlands
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Note: Directional spillovers of the Netherlands, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01,
following a model with distinct breaks in the mean parameters B, the variances S and the correlation
coefficients R according to the STP. Spillover transmitted from the Netherlands to other countries, spillover
transmitted from other countries to the Netherlands, and net spillover transmitted from the Netherlands to
other countries.
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Figure 3.10: Directional spillover indexes for Portugal

Directional spillover indexes for Portugal
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Note: Directional spillovers of Portugal, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following
a model with distinct breaks in the mean parameters B, the variances S and the correlation coefficients R
according to the STP. Spillover transmitted from Portugal to other countries, spillover transmitted from other
countries to Portugal, and net spillover transmitted from Portugal to other countries.

Figure 3.11: Directional spillover indexes for Spain

Directional spillover indexes for Spain
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Note: Directional spillovers of Spain, 20-step-ahead forecast, between 2009-01-02 and 2014-08-01, following
a model with distinct breaks in the mean parameters B, the variances S and the correlation coefficients R
according to the STP. Spillover transmitted from Spain to other countries, spillover transmitted from other
countries to Spain, and net spillover transmitted from Spain to other countries.
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4
A rolling window algorithm for detecting

multiple structural breaks

4.1 Introduction
When testing for multiple unknown breaks in time series models, the speed of the testing
algorithm can be a major concern, especially for large data samples and iterative testing.
Since the location of break dates is unknown before testing, a conventional partitioning
analysis must consider all possible combinations of sample divisions. This chapter pro-
poses a rolling window algorithm that scans through the time series, one data window
after the other, and performs single break optimization in each window. The collected
evidence on possible break locations from this heuristic serves as a foundation for mul-
tiple break inference. Compared to conventional partitioning analysis, the computation
order is reduced dramatically.

There exists a large literature on structural break tests that dates back to Chow
(1960), in which a test for the significance of a structural break at a given date is pre-
sented. Refer to Chapter 2 for a summary of the developments in structural break testing.
As presented in that chapter, Andrews (1993) describes the limit distribution of a group
of asymptotically equivalent structural break tests that includes the maximum likelihood
ratio (LR) test. Maximum LR testing has since been developed further to enable the
detection of multiple structural breaks at once. For this, Bai and Perron (2003) describe
the asymptotic distribution of the test statistic, which more recently has been extended
by Qu and Perron (2007) to structural breaks in multivariate time series systems.

In multiple structural break testing, before the significance of a given number M
of structural breaks can be assessed, break dates must be optimally distributed over
the given sample data by the testing method. To evaluate and compare all possible
combinations of break dates naively, without discarding certain combinations during the
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optimization process, would be a heavy computational burden. Bai and Perron (2003)
present a dynamic programming optimization algorithm that reduces the computation
order from O(TM+1) to O(T 2), where T is the length of the sample. While running,
the algorithm dismisses certain break date pairings that cannot be part of the final
optimal solution. That way, the computational burden is reduced for multiple break
detection, where M > 1, but the optimization algorithm detects the global optimum
regardless. Related results have also been published in the signal processing literature,
see for example the dynamic program with computational order O(T 2) of Jackson et al.
(2005).

The algorithm of this chapter reduces the computation order further to a linear cost
of O(T ) by the application of rolling window break date estimation. In essence, an
algorithm scans through the full sample by moving a fixed-length observation window
though the data and calculating a single, local LR statistic in each window. The full set of
LR statistics is used to infer multiple structural breaks. The significance is evaluated by
the standard limit distribution for detecting multiple breaks in a multivariate time series
system described in Qu and Perron (2007). Unlike Bai and Perron (2003), the algorithm
is a heuristic that is not guaranteed to determine the global optimum. Its purpose is
the reduction in execution time for M > 1. In a Monte Carlo study, the testing power
and estimation precision and efficiency are compared to the dynamic program of Bai and
Perron (2003). Due to the computational burden of the dynamic program, the size of
the simulation sets is limited in this study, but the implications for even larger data sets
will be clear from the reported results. The study illustrates the extent of the execution
time reduction and shows that the proposed heuristic can even increase the precision of
break date estimates, when parameter values shift in the same direction multiple times.

A few other studies have made computation time in structural break testing a topic.
Killick et al. (2012) describe an variant of the dynamic optimal partitioning program
known from Jackson et al. (2005). In this exact method, the inclusion of pruning elimi-
nates additional partitions that cannot be optimal, which will result in a computational
cost somewhere between O(T 2) and O(T ), depending on the application. In Inclan and
Tiao (1994), a centered CUSUM algorithm is used to find multiple changes of variance in
independent observations. The power is similar to the power of a Maximum LR statistics
for moderate sample sizes, and the computational burden is reduced. Apart from the
restrictive assumptions, a disadvantage of the algorithm is that is must be performed
repeatedly until convergence, as other structural breaks within a tested sample can bias
the localization of each individual break. This issue is avoided in the method of this
chapter by setting the rolling window size to twice the minimal segment length between
breaks.

A low execution time can be particularly desirable in situations where large data sets
must be repeatedly tested for multiple structural breaks. This situation arises for partial
structural break testing, as described in Qu and Perron (2007), where parameters are
restricted to remain constant to yield efficiency gains in testing. For the exact global
optimum, the parameter must be estimated using the full sample, conditional on the
location of break dates of the changing parameters. Conversely, break dates are estimated
conditional on the constant parameter estimates. According to the authors, convergence
can be achieved by an iterative procedure, which multiplies the computational burden of
the detection program. A low execution time can also be useful for applications in which
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data is re-sampled frequently to detect confidence intervals of the structural break test,
as in a bootstrap method, or in the forecast combination method described in Pesaran
and Timmermann (2007). Further, the estimation results of the rolling window algorithm
can also serve as an initial guess for the dynamic program of Bai and Perron (2003) to
reduce the execution time of the dynamic program. In such a rolling window-dynamic
program combination method, the dynamic program is restricted to only compare the
combinations of dates that lie close to the break dates found by the rolling window
algorithm. An analysis of this combination method is included in this chapter’s Monte
Carlo study.

The chapter is completed by an empirical study on the redemption yield volatility of
a large number of European long-term government bonds of the last 13 years. Generally
low financing costs after the introduction of the euro, the 2008 Global Financial Crisis
and the subsequent European sovereign debt crisis motivate an analysis of the volatility
of government bond yields. In the early 2000’s, bond returns were nearly perfectly
correlated in the euro area and given the harmonization in monetary policy this did not
seem surprising to market observers, according to Cappiello et al. (2006). According to
Hartmann et al. (2003), small differences could not be explained by credit risk. Then
the 2008 Global Financial Crisis triggered a fierce expansion of government spending in
Europe and other parts of the world, causing a rapid accumulation of government debt
in many countries. As a result, the joined general government gross debt of the euro
area countries equaled 90.4% of GDP in 2015, up from 69.2% in 2005, according to data
retrieved from Eurostat. Ever since, periphery countries of the euro area have been the
focus of news and research, due to the sustainability concerns of government debt in
these countries in particular.

The euro area has experienced uncertainty about the bailout responsibilities of foreign
governments, and has gone through varying degrees of euroscepticism between countries
and over time (Lubbers and Jaspers, 2011; Startin and Krouwel, 2013), possibly affecting
yield volatility. Within the euro area, no member state is isolated from the developments
in other member states, which has also been shown in the analysis of Chapter 3. Monfort
and Renne (2013) find evidence of non-diversifiable risk associated with euro area bonds.
For the European Union and Europe as a whole, the financial industry has become more
integrated and interdependent in the last decades, with some reduction in the rate of
change since the European sovereign debt crisis (Bartram and Wang, 2015; Bekaert et al.,
2017). Di Cesare et al. (2012) have argued that the dynamics of interest rates during the
European sovereign debt crisis indicate that new common risk factors have emerged and
fears of the reversibility of the euro must be investigated. Jointly, this motivates a study
with a large European data set on changes in the variation of government bond yields
after controlling for global risk. Instead of investigating crisis events separately as in Abad
et al. (2014), studying exogenously defined events as in Mohl and Sondermann (2013),
or using a dummy for selected segments as in Chan et al. (1992), structural break tests
can uncover time series dynamics endogenously. The applied multiple structural break
analysis finds several changes in the yield volatility, indicating that market perceptions
about bond risk are different between countries and have changed over time.

Section 4.2 describes the proposed rolling window algorithm in detail, including a
formal description and an illustration of the method. The last part of the section dis-
cusses various aspects of the algorithm and describes a rolling window-dynamic program
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combination method. Section 4.3 analyzes the results of a Monte Carlo study on the
small sample properties of the algorithm. In this, the properties are compared to the
properties of the dynamic program of Bai and Perron (2003). The empirical application
is described in Section 4.4 and conclusions are found in Section 4.5.

4.2 Methodology

4.2.1 The model
Consider a univariate or multivariate time series with T data points t = 1, . . . , T . The
data generating process is described by a linear regression model, which is subjected to
a test for multiple structural breaks in its model parameters. The required assumptions
for the model have been introduced in Section 2.2.1. Within a given set of dates, the
linear regression model can be written as in the following,

yt = x′tβm + εt, εt ∼WN(0, σ2
m)

for t = km−1, . . . , km,

for m = 1, . . . ,Mmax + 1.

Under the null hypothesis one set of parameters θ = {β, σ2} describes the model
for the full sample of the time series. Then, Mmax = 0 and the model is delimited
by a set of only two ending dates, T0 = {0, T}. Under the alternative hypothesis of
multiple structural breaks there are b > 0 pre-specified model parameters θb that jointly
change their respective values at most Mmax times within the sample. Thus, under the
alternative hypothesis there exist at most Mmax break dates km that separate at most
Mmax + 1 regimes of the model. It is not known ex ante, at which data points the
hypothesized break dates are located. Under the alternative hypothesis the set of ending
dates also contains the break dates, TM = {0, k1, k2, . . . , T}.1 The subset θc = θ\θb
contains all model parameters that are restricted to remain unchanged throughout the
sample under both hypotheses.

Consider a minimum required data segment length ω. It says that each pair of dates
from the set of ending dates must at least be separated by ω data points. This also
means that the maximum number of breaks is limited to max(Mmax) =

⌊
T
ω

⌋
− 1, where

b·c rounds a number to the next smallest integer. The possible choices for the minimum
required data segment length are all ω = dκT e, for which κ ∈ (0, 0.5], where d·e rounds a
number to the next largest integer. A common choice in maximum LR testing is κ = 0.15,
see Andrews (1993), Bai and Perron (2003), for example.

4.2.2 The rolling window algorithm
The proposed rolling window optimization algorithm involves the following 6 steps.

1The notation follows the usual choice in structural break test literature. A break date belongs to
the earlier of the two data segments that it separates. This is also why the first ending date is always
t = 0, which is not an observation in the sample.
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1. For each k ∈ Tω, where Tω = {ω, ω + 1, . . . , T − ω} is the set of permitted break
dates, evaluate one LR statistic, given as

LR(k) = −2
(

k∑
t=k−ω+1

l∗(t, θprek , θck) +
k+ω∑
t=k+1

l∗(t, θpostk , θck)−
k+ω∑

t=k−ω+1
l∗(t, θbk, θck)

)
.

l∗ is the Gaussian log-likelihood function at date t maximized with respect to the
set of parameters within the segment. Any model parameter θ depends on k, but
the estimates will not be used later. Obtain and store the resulting T − 2ω+ 1 LR
values.

2. Identify the date k∗ ∈ Tω with the largest associated LR value and add it to the
set of candidate break dates Km.

3. Update the set of permitted break dates Tω by deleting all dates within the range
[k∗ − ω + 1, k∗ + ω − 1] around the date k∗ identified in Step 2.

4. Repeat Steps 2 and 3 until the set of permitted break dates Tω is empty or the set
of candidate break dates Km contains Mmax dates.

5. Denote the size of the set of candidate break dates by M̂ = |Km|. Order the
contained dates chronologically to obtain ordered break date estimates k̂m, m =
1, . . . , M̂ . Let k̂0 = 0 and k̂M̂+1 = T complete the set of estimated ending dates
T̂A = {0, k̂1, . . . , k̂M̂ , T}. Then calculate the LR statistic

LR(T̂M ) = −2

M̂+1∑
m=1

 k̂m∑
t=k̂m−1+1

l∗(t, θm, θc)

− T∑
t=1

l∗(t, θb, θc)

 ,
where the set θm contains the estimated values for the breaking parameters in
segment m = 1, . . . , M̂ + 1.

6. Let QP1−α denotes the (1 − α)-th quantile of the limit distribution for detecting
multiple breaks in a multivariate time series system. If LR(T̂M ) > QP1−α(M̂, b, κ),
the number of breaks M̂ are found to be significant and the algorithm stops. Oth-
erwise delete the date from the set of candidate break dates Km with the smallest
associated LR value found in Step 1 and repeat Steps 5 and 6.

In Step 5, the algorithm assumes prior knowledge of the break dates from earlier steps.
Then the full set of available data points t = 1, 2, . . . , T is used to estimate the parameters
of the model under the alternative hypothesis. Thereby the associated statistic LR(T̂M )
is calculated.

In Step 6, significance of the estimated break dates and the corresponding shifts in
parameter values must be established. The QP distribution has been described in Qu
and Perron (2007) for multivariate data. Critical values of the test are derived from
simulations of the limit distribution. They depend on the number of estimated break
dates M̂ , the number of breaking parameters b, and the trimming parameter κ (which
determines the minimum segment length ω = dκT e). As discussed in Qu and Perron
(2007), covariance parameters of the disturbances should generally be included in θb,
and allowed to change jointly with hypothesized changes in the mean parameters of a
model. Also, if structural breaks involve changes of the covariance parameters of non-
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normal disturbances, the limit distribution and therefore critical values are non-standard.
A formal description of the QP distribution is given in Section 2.2.2 of this book, along
with instructions on the determination of critical values.

The algorithm takes the maximum number of breaks Mmax as given. A straightfor-
ward choice forMmax is the maximum permitted number max(Mmax) =

⌊
T
ω

⌋
−1. It then

tests for the significance of that number of breaks (or a smaller number, if not sufficiently
many candidate break dates exist, see Step 4). If not significant, it reduces the number
of breaks by one and tests for significance again. This sequential practice is motivated
by Bai and Perron (1998), Qu and Perron (2007), and most recently Bataa et al. (2013).
The referenced articles also provide different methods to derive Mmax.

The choice to use windows of length 2ω has been made in reference to the established
LR based break detection methods. As mentioned, it is necessary to set a minimum
required segment length ω in all break detection testing. Without, the probability to
detect breaks approaches 1, as breaks would be inferred to lie at the edges of the data
sample (see Andrews, 1993). So both the proposed rolling window algorithm and all
global LR maximization methods set a value for ω. In case of the proposed algorithm,
this implies the use of windows of length 2ω. An objection against the use of a sample
with only 2ω data points to calculate the LR statistic is effectively an objection against
setting the minimum segment length to a certain value of ω in any break detection
method.

4.2.3 Illustration
Figure 4.1 illustrates the algorithm for detecting M = 2 break dates. The data has been
simulated according to the following linear regression model.

yt =


1 + εt, for t = 1, . . . , k1,

3 + εt, for t = k1 + 1, . . . , k2,

1 + εt, for t = k2 + 1, . . . , T,
εt ∼ N(0, 1).

The test is set to find a maximum of 2 breaks in the intercept term of the model.
In its first step the algorithm runs through the data set once, as depicted in panel (a)

of Figure 4.1. The algorithm begins by extracting the data of window 1, data points
t = 1, 2, . . . , 2ω. The data of this window is divided into two equal sized parts at the
first permitted break date ω, with first segment t = 1, 2, . . . , ω and second segment
t = ω + 1, ω + 2, . . . , 2ω. Note how Figure 4.1 depicts the two ending dates ω and 2ω
contained in data window 1 by ticks. The algorithm calculates the corresponding LR
statistic, which measures the data fit increase of allowing the pre-specified parameters to
have different values in the two data segments. The resulting LR value LR(ω) is marked
as a first point in panel (b) of Figure 4.1. Then the algorithm moves to data window
2, which contains data points t = 2, 3, . . . , 2ω + 1, and the next LR value is calculated,
LR(ω + 1).

All considered data windows have the same length 2ω and are divided into two equal
sized parts at a permitted break date. Among all permitted break dates Tω = {ω, ω +
1, . . . , T − ω}, those that generate the highest LR values within their respective data
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Figure 4.1: Illustration of the rolling window algorithm
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Note: The rolling window detection of M = 2 break dates is simulated for a small sample of T = 60 dates.
Here, the minimum segment length is ω = 0.1T = 6, so the window size is 2ω = 0.2T = 12. Panel (a) illustrates
the progression of the rolling window algorithm to produce LR values. Panel (b) visualizes how each LR value
corresponds to a unique window. Panel (c) shows the selection of the largest LR value to produce k̂1 and
dismissal of surrounding LR values. Panel (d) shows the same for k̂2.

windows are collected, as shown in panels (c) and (d) of Figure 4.1. Panel (c) depicts
how the largest LR value is identified at the date that becomes break date estimate k̂1.
To satisfy the minimum segment length, the ω − 1 data points closest to the break date
estimate on either side are eliminated from the set of permitted break dates, and their
LR values ignored in the following step. Panel (d) shows the identification of the second
break date estimate.

4.2.4 Testing power and method combination
The selection of the final set of break dates depends on individual LR values at the
center of each data window, and structural breaks are selected sequentially by the size
of that LR value. It may be impossible to add another date to the set of break dates
candidates Km, before Mmax breaks have been selected, depending on the distribution
of break date candidates so far. This can prevent the algorithm from finding all existing
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breaks, especially if they are all separated by ω dates. It also prevents the algorithm from
selecting break date estimates separated by ω dates, when some of the true breaks are
separated by less than ω dates. The algorithm prioritizes local evidence for a structural
break, not the optimal distribution of the maximal number of breaks. Also, the order of
selection into set Km can benefit the interpretation of structural breaks, by indicating
which structural break has been selected first and which last. The order of selection
will be discussed in the empirical application of this chapter. For an assessment of the
significance of the ordering of structural break selection, a more advanced method than
the current RW heuristic is required that incorporates the empirical context of each break
date estimate.

In the following section of Monte Carlo simulations, the performance of the rolling
window algorithm is compared to the dynamic LR maximization method of Bai and
Perron (2003). In the simulations, both methods are set to begin with M = Mmax
hypothesized break dates. Only if not found to be significant, each method considers one
less break date, until at last M = 1 break date is considered. By setting the competing
programs to run the same way, conceptually, the performance evaluation can focus on
differences in how the methods perform that same task. Other simulations have been
run in which the dynamic LR maximization method has been set to start with searching
for one break, and to only move to a two-break hypothesis if a single break is found to
be significant. The results are available, but not reported in the study. If the dynamic
program starts with one hypothesized break first, execution time will be longer and
testing power will be lost. The reason is that the method can get stuck, when only two
breaks are significant, for example, but no single break in the full sample is significant.
This can happen for shift reversals, where a parameter first increases in value and then
decreases. The proposed rolling window algorithm can uncover such cases immediately
by producing local LR values for each data window.

If structural break detection is initiated with the correct number of breaks, the rolling
window algorithm is not guaranteed to find the global LR maximum. This is because the
model parameters are determined by maximum likelihood estimation that is conditional
on the set of detected break dates, where the set of break dates has been determined by
a heuristic. In contrast, the global LR maximization method of Bai and Perron (2003) is
guaranteed to detect the data points with the strongest empirical indication of structural
breaks. Subject to the same critical values, the global LR maximization method must at
least be as powerful as the proposed rolling window heuristic. This probable reduction in
test power is the main trade-off for the heuristic’s substantial decrease in computational
order and execution time. The following section of Monte Carlo simulations will study
the impact on testing power for this scenario.

A natural extension of the rolling window method is to use it as an initial guess
method before applying the dynamic LR maximization method of Bai and Perron (2003).
For this, Step 5 of the algorithm is replaced. At the end of Step 4, for each date k∗m
in the set of candidate break dates Km, a small interval of adjacent dates is selected,
[k∗m−λ, k∗m+λ]. Then the LR maximization method of Bai and Perron (2003) is applied
to detect optimal break dates T̂M among these restricted intervals of permitted break
dates. The algorithm continues with Step 6 to assess the significance of the structural
break model.
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In this combination of methods, a restriction is made on the set of permitted break
dates, but then the full data is used to evaluate the positioning of possible breaks, not
only data windows. If the rolling window algorithm locates the breaks sufficiently close
to the globally optimal break dates, the combined method produces the same estimation
results as the global optimization method. Note that if λ > 0.5ω, each resulting set
of permitted break dates is larger than the minimum required segment length. Then,
these sets could overlap, if the initially guessed break dates were positioned close to one
another. This is not an issue, if the minimum segment rule is consistently applied in the
LR maximization. In practice, smaller values of λ are more efficient in terms of execution
time. The performance of the combined method is included in the results of the Monte
Carlo study in the following section.

4.3 Monte Carlo simulations

4.3.1 Introduction

To determine the performance of the proposed rolling window algorithm in small sam-
ples, data has been simulated using various specifications of the data generating process
(DGP). For each specification, 1000 data sets have been simulated and all simulated
DGP’s can be described by a simple linear regression model of the following form,

yi,t = xtβm + εi,t,

xt ∼ N(0, 1),
εi,t ∼ N(0, 1),

where i = 1, . . . , n, and n is the number of contemporaneous observations, where t =
1, . . . , T , and T is the number of observations per series, and wherem = 1, . . . ,M+1, and
M is the number of structural breaks. All breaks occur in the coefficient β of the predictor
vector x. The segment ending dates are given by T = k0, k1, . . . , kM , kM+1, where k0 = 0
and kM+1 = T delimit the full sample. In the m-th data segment, which contains the
interval of dates [km−1 + 1, km], all n series share the same coefficient value βm. At each
break date between two regimes, all coefficient values shift by ∆m = βm+1 − βm. If
n > 1, the correlation between distinct disturbance terms is ρ = 0.

Data for each considered DGP specification is repeatedly simulated for this study.2
Each one of the resulting data samples is subjected to three methods of break detection.
As a setting, all detection methods correctly identify that the structural breaks occur
in the mean parameter β. They also assume prior knowledge of the covariance of the
disturbance terms. Let Mmax = M , so that the maximum considered number of breaks
equals the true number of breaks. The three considered methods are described in the
following.

2The simulations and tests were programmed in MATLAB 2014a, The MathWorks, Inc., Natick,
Massachusetts, United States. In all types of tests the parameters of a given data segment were estimated
using local optimizer function fminunc, with quasi-Newton optimization algorithm and full sample OLS
estimates as initial guesses. The codes were run on a 64-bit Microsoft Windows 7 system using a single
processor of an Intel quad-core CPU with 3.2GHz and 8GB RAM.
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1. DP: For a given number of hypothesized break dates M , the algorithm proposed
in Bai and Perron (2003) recursively optimizes the positioning of break dates km,
m = 1, . . . ,M , using a dynamic program.

2. RW: The proposed rolling window algorithm, described in Section 4.2.

3. RW+DP: In this combination of methods, break date candidates from the rolling
window method are used as initial guesses for the recursive dynamic program of
Bai and Perron (2003). For each initial break date guess k∗m, the set of permitted
break dates [k∗m − λ, k∗m + λ] contains a small interval of data points surrounding
the respective rolling window estimate.

• λ = 0.1ω.
• λ = 0.5ω.
• λ = ω.

The study reports a number of performance indicators, divided into three cate-
gories: Testing power, break estimation and execution time. A first indicator is the
break-detection frequency IA, which is given for the usual confidence levels 1 − α =
0.99, 0.95, 0.90. It indicates how often a break detection method could find the correct
number of structural breaks M , relative to the number of simulations. All remaining in-
dicators (such as mean(k̂m)) are calculated using qualified simulations, only. This means
that only simulations are used for which each method has detected the correct number
of breaks at 95% confidence.

4.3.2 General results
In this section, simulation results of only one DGP specification are reported, so that
the results can be analyzed in detail. The results will show that RW is typically less
powerful than DP, but that the quality of structural break estimates is similar between
methods, and that the execution time of the RW algorithm is relatively small even in
small data samples. Data with two small shifts |∆m| = 0.4 has been simulated. Formally,
it holds that T = 200, n = 1, M = 2, k1 = [T/3] = 67, k2 = [2T/3] = 133, β1 = 1,
β2 = 1.4, β3 = 1. The trimming parameter is κ = 0.15. This reference specification will
later be adjusted in the individual properties to evaluate the individual impact. For now,
Table 4.1 reports how the three methods have performed for data generated and tested
according to the reference specification.

The first observation is that DP is a more powerful detection method than RW. DP
detects allM = 2 breaks in IA0.95 = 55.7% of the simulations at a confidence level of 95%,
while IA0.95 = 46.4% for RW. The difference in power is similar at other confidence levels
and can be explained by looking at the following four rows of the table. Values of LR(T̂A)
are lower for RW than for DP in the mean, median, minimum and maximum. RW is not
guaranteed to find the LR maximum in a given simulation. Given the relatively small
parameter shift, this affects the overall detection power of RW.

RW+DP is at least as powerful as RW for any positive value of λ. For larger λ,
RW+DP can select from larger sets of potential break dates. This increasingly enables
RW+DP to reposition the RW break dates towards the globally optimal positions, so
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Table 4.1: General testing results

DP RW RW+DP
λ = 0.1ω 0.5ω ω

Power IA α = 0.01 0.295 0.230 0.250 0.279 0.285
0.05 0.557 0.464 0.484 0.523 0.537
0.10 0.689 0.584 0.611 0.649 0.664

mean(LR(T̂M )) 18.61 17.19 17.64 18.31 18.49
median(LR(T̂M )) 17.81 16.42 16.90 17.46 17.77

maximum(LR(T̂M )) 37.50 36.79 36.79 37.50 37.50
minimum(LR(T̂M )) 12.17 12.08 12.08 12.17 12.17

Time mean(time) in sec 17.24 0.96 1.11 3.34 9.04
median(time) in sec 17.07 0.94 1.10 3.54 9.45

maximum(time) in sec 24.54 1.19 1.45 4.26 12.59
minimum(time) in sec 16.51 0.91 1.03 1.53 2.69

Estimation mean(∆̂m) m = 1 0.64 0.59 0.60 0.61 0.62
2 −0.64 −0.59 −0.60 −0.62 −0.63

sd(∆̂m) m = 1 0.24 0.27 0.27 0.28 0.26
2 0.24 0.27 0.27 0.27 0.26

mean(k̂m) m = 1 67.632 66.547 66.664 66.785 67.403
2 131.782 132.948 132.836 132.720 132.545

median(k̂m) m = 1 67 67 67 67 67
2 133 133 133 133 133

sd(k̂m) m = 1 16.558 17.737 17.638 17.567 16.940
2 17.653 18.544 18.714 19.060 19.092

k̂m = k̂m(DP ) m = 1 1 0.353 0.591 0.875 0.950
2 1 0.364 0.625 0.873 0.927

k̂m = k̂m(RW ) m = 1 0.353 1 0.515 0.397 0.369
2 0.364 1 0.504 0.375 0.362

k̂m = km m = 1 0.080 0.067 0.073 0.078 0.080
2 0.047 0.045 0.052 0.056 0.050

|k̂m − km| < |k̂m(DP )− km| m = 1 0 0.304 0.192 0.047 0.022
2 0 0.323 0.179 0.054 0.019

|k̂m − km| < |k̂m(RW )− km| m = 1 0.343 0 0.254 0.317 0.334
2 0.313 0 0.228 0.295 0.300

Note: Measuring the performance of three break detection and estimation methods in a reference DGP spec-
ification of T = 200, n = 1, M = 2, k1 = [T/3] = 67, k2 = [2T/3] = 133, β1 = 1, β2 = 1.4, β3 = 1. The
trimming parameter is κ = 0.15. The performance indicators are divided into the categories of testing power,
execution time and structural break estimation. For the calculation of all measures below the dashed line,
only data from simulations where all methods have identified the correct number of breaks at confidence level
1− α = 0.95 has been used.
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that the correct number of structural breaks is detected in more simulations. When
λ is as large as the minimum segment length ω, the difference in detection frequencies
between DP and RW+DP shrinks to ∆IA0.95 = 2.0%. Correspondingly, the largest LR
value among all simulations, LR(T̂A) = 37.50, is not found in RW, but in DP and in
RW+DP at λ = 0.5ω, ω. In that particular simulation, RW+DP at λ = 0.5ω has adjusted
the estimation of the break dates towards the global optimum, because the first break
date guesses derived from RW had been sufficiently close.

The next category of performance indicators concerns the time needed to execute the
break detection programs. Execution time includes break date positioning, significance
testing with given critical values and model estimation, not the generation of the data
sample. As usual, only simulations are included where the correct number of breaks is
identified, so that the time does not reflect a potential re-run of the detection program.
The execution time of RW+DP includes the execution time of the initial guess estimation
according to RW. Table 4.1 reports mean, median, maximum and minimum execution
times in seconds. The most striking feature of the execution time statistics are the differ-
ences between methods. They can be ranked, from fastest to slowest method according
to the mean execution time:

1. RW, with mean(time) = 0.96 sec, or 5.54% of DP.
2. RW+DP at λ = 0.1ω, with mean(time) = 1.11 sec, or 6.44% of DP.
3. RW+DP at λ = 0.5ω, with mean(time) = 3.34 sec, or 19.37% of DP.
4. RW+DP at λ = ω, with mean(time) = 9.04 sec, or 52.44% of DP.
5. DP, with mean(time) = 17.24 sec.

Using RW instead of DP reduces the execution time significantly. The computation order
is drastically reduced, even though the sample size is relatively small at T = 200.

The lower section of Table 4.1 contains measures that relate to the accuracy and
precision of the structural break estimation. Each measure is reported for the structural
break at k1 = 67 and for the second break at k2 = 133, separately. It is noticeable
that all methods lead to a substantial overestimation of the parameter shift size, in
the mean. The smallest overestimation is recorded for RW, where both parameter shift
estimates are 47.5% larger than the true shifts |∆m| = 0.4. There is some variation
between simulations, as values for the standard deviation of parameter shift estimates
sd(∆̂m) range between 0.24 and 0.27. Overestimation is explained as a result of the data
fit optimization method, as the maximum LR statistic selects dates with the strongest
empirical indication of a parameter shift.

The next set of indicators of Table 4.1 show that break date estimation is generally
unbiased, but specific estimates regularly differ from the true break date. The values
for mean(k̂m) are close to k1 = 67 and k2 = 133 for all methods and all median(k̂m)
are equal to the correct break date. RW is slightly less precise than DP in the reported
simulations, with larger values for the standard deviation of break date estimates sd(k̂m).
An important conclusion, however, is that the simulations do not indicate that break date
estimation precision suffers much from an application of RW instead of DP.

The next two descriptive measures of Table 4.1 illustrate how the combination of
methods RW+DP repositions initial RW estimates. In 35.3% of qualified simulations,
DP and RW produce the same estimate k̂1, and in 36.4% they produce the same estimate
k̂2. With larger λ, RW+DP increasingly detects the same breaks as DP. When λ = ω,
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k̂1 = k̂1(DP ) in 95.0% and k̂2 = k̂2(DP ) in 92.7% of qualified simulations. This result is
intuitive, as larger values of λ increase the domain of dates that may include the globally
optimal break dates found by DP. Notably, even for small intervals λ, the equality of
break date estimates increases sharply. For example, it increases from 35.3% to 59.1%
for k1, for λ = 0.1ω. This observation shows that a combination method RW+DP with
a small value of λ can be associated with an execution time that is much shorter than
the execution time of DP and with a large fraction of equal break date estimates.

The last three descriptive measures of Table 4.1 enable a closer look at how RW
and DP compare with respect to estimating the correct break date. DP estimates the
correct break position slightly more often than RW, as k̂1 = k1 is true in 8.0% of qualified
simulations for DP and in 6.7% of qualified simulations for RW. RW+DP at λ = ω has
equally often as DP identified that first break date. Interestingly, k2 = 133 has been most
often identified correctly by RW+DP at λ = 0.5ω with 5.6% of qualified simulations. The
final rows of Table 4.1 enable a comparison of the frequency that a method has estimated
break dates that lie closer to the true position than DP, and RW, respectively. RW has
produced a more accurate estimate than DP in 30.4% of k1 estimations, and in 32.3% of
k2. It can be seen that DP has slightly less frequently than RW located k2 closer to the
true break date. Although the differences are not significant, the results at least show
that DP is not generally more accurate than RW.

Figure 4.2 illustrates some of the previous findings and provides additional detail
about individual simulation results for the first structural break at k1 = 67. A corre-
sponding figure for the second break can be found in the Appendix 4.A. The scatter plot
in panel (a) of the figure illustrates three main findings. First, RW is a lot quicker than
DP in all simulations, as all black markers lie below the 10% value, and an increase in λ
leads to an increase in execution time for the combined method RW+DP. For λ = 0.5ω,
the algorithm execution still only takes a fraction of the time it takes to execute DP.
Second, no method is guaranteed to produce more accurate break date estimates than
the others. In a substantial amount of simulations, RW-based methods have found an
estimate closer to the true break date k2 than DP, as can be seen by observations that
lie to the left of 0 in the scatter plot. Third, often DP and RW-based methods find break
dates that have equal distance to k1, as can be seen from the accumulation of observa-
tions at 0 in the scatter plot. This does not mean, however, that these equal break date
estimates match the true break date.

Lower panel (b) illustrates that DP typically finds break dates that lie closer to k1
than RW-based break date estimates do. For most of the absolute differences |k̂1 − k1|,
the plotted values have a negative value on the y-axis. This means that there a fewer
simulations in which RW-based methods have detected a break date with at most a
distance of |k̂1 − k1| from the true break than there are simulations in which DP has
detected a break date with at most that same distance. However, the difference in the
number of simulations is relatively small. The largest difference for RW is recorded for
|k̂1−k1| = 26 with −3.23%. That is, in 86.42% of the simulations, DP has detected break
dates that lie at most 26 dates away from k1, compared to RW with 86.42%− 3.23% =
83.19%. Conversely, RW has found break dates that lie at most |k̂1− k1| = 6 dates away
from k1 in 0.65% more simulations than DP.

To summarize the results in the simulation study so far, DP is more powerful in finding
structural breaks, and DP produces statistically more often more accurate break date
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Figure 4.2: Differences in break date estimation with shift reversal 1/2
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Note: Differences in break date estimation between DP and RW-based methods, when data is simulated
according to the reference DGP specification of T = 200, n = 1, M = 2, k1 = [T/3] = 67, k2 = [2T/3] = 133,
β1 = 1, β2 = 1.4, β3 = 1. The trimming parameter is κ = 0.15. Upper panel (a) shows a scatter plot, with the
difference in absolute deviations of k̂1 from k1 between RW-based methods and DP on the x-axis, and with
the execution time relative to DP on the y-axis. When a dot lies to the left of zero, the RW-based method has
found a break date closer to k1 than DP. Lower panel (b) plots the difference between RW-based methods and
DP in the number of simulations that k1 has been estimated to lie as close to the true value as specified on
the x-axis, or closer. If a y-value is above 0%, then the RW-based method has more often than DP produced
break date estimates that lie at most as many dates away from k1 as indicated on the x-axis.
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Table 4.2: Mean execution time comparison

DP RW RW+DP
λ = 0.1ω 0.5ω ω

T = 100 4.48 0.48 0.57 1.18 2.47
200 17.24 0.96 1.11 3.34 9.04

1000 415.93 4.85 7.45 62.58 217.74
κ = 0.10 27.34 1.07 1.16 2.22 5.06

0.15 17.24 0.96 1.11 3.34 9.04
0.20 9.13 0.81 1.05 4.45 11.06
n = 1 17.24 0.96 1.11 3.34 9.04

2 19.41 1.13 1.32 3.90 10.47
4 21.86 1.42 1.63 4.64 12.48

M = 2 17.24 0.96 1.11 3.34 9.04
3 18.63 0.96 1.24 5.22 14.45
4 11.12 0.98 1.35 6.36 17.90

Note: Mean execution time in seconds for the three break detection and estimation methods. The simulation
specification is adjusted with respect to the reference specification in selected properties T , κ, n, andM , where
km = [mT/(M+1)]. the calculation of the mean execution time, only data from simulations where all methods
have identified the correct number of breaks at confidence level 1− α = 0.95 has been used.

estimates than RW-based methods. The differences in break date estimation are mostly
small, uncertain and tend to decrease with larger values of λ, when RW is combined
with DP. As expected, the clear advantage of the RW heuristic lies in the low relative
execution time, which will be more closely studied in the following part for data that is
simulated with different DGP specifications.

4.3.3 Execution time
In this section some properties of the reference setting are adjusted one by one to study
their respective impact on mean execution time. The section will illustrate how much
execution time can be saved by the application of RW, especially when data sets become
larger than T = 200. The size of the simulation sets is limited in this study, because of
the computational burden of DP, but the implications for even larger data sets will be
clear from the reported results. Table 4.2 reports the mean execution time for variations
of the reference specification in the following properties: Sample length T , data trimming
κ, number of series n, and number of breaks M . The table reports two adjustment of
each parameter, and the reference specification is included in each group for ease of
comparison.

A reduction in the sample length to T = 100 reduces the mean execution time,
generally. Conversely, an increase in T increases the mean execution time, as a larger
set of data points increases the number of operations in any method. For the recursive
dynamic program optimization of DP the considered partitions become larger in the
mean, but also the number of relevant combinations of partitions becomes larger. At
computation order O(T 2), increasing the sample size by a factor of 5 from T = 200 to T =
1000, causes an increase in DP mean execution time by roughly a factor of (1000/200)2 =
25 from 17.24 seconds to 415.93 seconds. In contrast, at computation order O(T ), RW
sees an increase in the mean execution time by only roughly a factor of (1000/200) = 5.
The quadratic effect seen for the recursive dynamic program optimization can also be
observed for RW+DP, albeit, on a smaller level, because the domain of potential break
dates is reduced by the initial guess.
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Consider a reduction of the test trimming from κ = 0.15 to κ = 0.10, as reported
in the second group of mean execution times of Table 4.2. The range of potential break
dates is increased, when κ is reduced. This increases the mean execution time of DP by
58.6%. For the rolling window algorithm, there are two opposing effects on the execution
time. The number of rolling windows T − 2ω + 1 increases, but the size of each window
2ω decreases, as ω = dκT e. For RW, the resulting increase in execution time is relatively
small at 11.5%, and so the reduction of execution time relative to DP increases with
smaller κ. Although the execution time of RW+DP includes the execution time of RW,
for λ = 0.5ω, ω the mean decreases by the reduction in κ. The additional effect relates
to the choice of λ as a fraction of ω. A reduction of κ reduces the domain of permitted
break dates around each initial guess [k̂m − λ, k̂m + λ]. It is particularly recognizable
for λ = ω, where the mean execution time is decreased by 44.0% from 9.04 seconds for
κ = 0.15 to 5.06 seconds for κ = 0.10.

The impact of increasing the number of series n on the execution time is similar for all
methods. As the data system becomes bigger, the mean execution time increases. The
increase is roughly proportional to the increase in n for all methods, and the ranking
remains the same as in the reference setting where n = 1.

Figure 4.3: Relative execution time of the rolling window algorithm
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Table 4.2 further reports the mean execution times when M = 3 and M = 4, in
addition to the familiar setting that M = 2. For both M = 3 and M = 4, RW is
still the fastest break detection method. The first observation is that RW is hardly
affected by the number of breaks. The mean execution time increases remains 0.96
seconds for M = 3 and then increases to 0.98 seconds for M = 4. Evidently, the largest
fraction of the execution time is spent for step 1 of the algorithm, the calculation of
LR statistics in rolling data windows. The subsequent determination of M break dates
candidates takes only a fraction of the overall time. If in a given application the maximum
permitted number of breaks are not found to be significant, the hypothesized number
of breaks could be adjusted downward very quickly. The second interesting result is
the substantial reduction in mean execution time of DP from 18.63 seconds for M = 3
breaks to 11.12 seconds for M = 4 breaks. It is the only situation where DP becomes
a quicker method than RW+DP at λ = ω. An explanation is that the mean length of
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potential data partitions becomes relatively small when M = 4 and fewer segments of
the sample can be combined such that each segment still has minimal length. This lowers
the computational burden for DP, but still, RW requires only a fraction of the execution
time.

The comparison between DP and RW is illustrated in Figure 4.3, where the mean
execution time of RW relative to DP is plotted. The four panels of the figure cover
variations of the same properties as reported in Table 4.2, with (a) sample length T , (b)
trimming κ, (c) number of series n, and (d) number of breaks M . The graphs underline
the relative computational efficiency of RW as described before.

4.3.4 Structural break estimation

This part of the analysis of the Monte Carlo simulation study analyzes the differences
in structural break estimation between DP and RW in a large set of different DGP
specifications. The combined method RW+DP is not studied in this section, because
it is known to reposition a fraction of the break date estimates of RW towards the DP
locations, independent of the DGP specification. It will be shown that DP continues
to find more accurate break dates than RW in most cases, but that RW outperforms
DP in the specific situation where parameters shift multiple times in the same direction.
Table 4.3 reports results for individual adjustments of T = 200, κ = 0.15, n = 1, M = 2,
∆m = 0.4 for odd m and ∆m = −0.4 for even m.

In its upper part, Table 4.3 reveals that both methods become more powerful for
larger values of T and that the difference in power stays constant until 100% of the
breaks are detected. It is important that the power of RW goes up as quickly, as larger
data samples are precisely the situations where RW drastically reduces the execution
time of structural break detection. Another observation concerns the mean estimated
parameter shift mean(∆̂m), which tends to be notably larger than the true shift. In
the reference setting with ∆1 = 0.4,∆2 = −0.4 and T = 200, the estimates are more
than 60% larger. A larger number of observations T reduces this overestimation, so that
∆̂1 = 0.41, ∆̂2 = −0.42 for RW at T = 1000.

Mean break date estimates are close to the true breaks k1 = [T/3] and k2 = [2T/3]
for all T and for either method. The standard deviation sd(k̂m) measures the change in
precision for the two methods for larger data sets. While the absolute values for sd(k̂m)
increase in T , the standard deviation becomes relatively smaller compared to the sample
length. For T = 100, the standard deviation is larger than 10 dates in either method, or
more than 10% of the sample size. For T = 1000, the standard deviation has reduced
to below 5% of the sample size in case of RW, and even below 4% in case of DP. The
measure in the last columns of the table, I∗m, counts the number of times that a method
has detected a break date closer to the true date than the other. As already analyzed
for the reference DGP specification with T = 200, DP typically produces more accurate
estimates more often than RW. There appears to be a weak trend for DP to become
increasingly often more accurate than RW for larger T , while the relative number of
times that RW is more accurate than DP remains constant. Overall, because RW uses
only a fraction of each sample to evaluate break date candidates, it benefits less quickly
than DP from an increase in the sample size.
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Table 4.3: Structural break estimation comparison

IA0.95 mean(∆̂m) mean(k̂m)/T sd(k̂m) I∗
m

m DP RW DP RW DP RW DP RW DP RW
T = 100 1 0.288 0.213 0.74 0.70 0.35 0.35 12.17 12.12 0.235 0.263

2 −0.75 −0.71 0.66 0.67 10.75 10.93 0.249 0.225
200 1 0.557 0.464 0.64 0.59 0.34 0.33 16.56 17.74 0.343 0.304

2 −0.64 −0.59 0.66 0.66 17.65 18.54 0.313 0.323
400 1 0.871 0.811 0.51 0.47 0.34 0.33 27.00 30.94 0.370 0.319

2 −0.51 −0.47 0.66 0.66 26.41 30.14 0.370 0.330
1000 1 1 0.996 0.43 0.41 0.33 0.34 39.22 48.99 0.433 0.312

2 −0.43 −0.42 0.67 0.67 38.29 45.63 0.418 0.320

κ = 0.10 1 0.533 0.343 0.64 0.59 0.35 0.35 21.94 24.55 0.359 0.265
2 −0.64 −0.60 0.66 0.66 22.14 24.73 0.318 0.318

0.15 1 0.557 0.464 0.64 0.59 0.34 0.33 16.56 17.74 0.343 0.304
2 −0.64 −0.59 0.66 0.66 17.65 18.54 0.313 0.323

0.20 1 0.616 0.545 0.63 0.60 0.34 0.34 13.23 13.81 0.360 0.250
2 −0.62 −0.60 0.66 0.67 13.70 13.42 0.283 0.321

n = 1 1 0.557 0.464 0.64 0.59 0.34 0.33 16.56 17.74 0.343 0.304
2 −0.64 −0.59 0.66 0.66 17.65 18.54 0.313 0.323

2 1 0.784 0.667 0.50 0.46 0.34 0.34 14.20 17.40 0.385 0.268
2 −0.51 −0.46 0.66 0.66 14.55 17.03 0.363 0.307

3 1 0.905 0.809 0.46 0.43 0.34 0.34 12.50 14.41 0.383 0.274
2 −0.46 −0.43 0.67 0.66 12.66 14.98 0.389 0.305

4 1 0.956 0.882 0.44 0.41 0.34 0.34 10.61 14.04 0.409 0.287
2 −0.44 −0.41 0.67 0.67 10.02 12.99 0.405 0.256

M = 1 1 0.578 0.486 0.58 0.57 0.50 0.51 22.85 25.36 0.335 0.309
2 1 0.557 0.464 0.64 0.59 0.34 0.33 16.56 17.74 0.343 0.304

2 −0.64 −0.59 0.66 0.66 17.65 18.54 0.313 0.323
3 1 0.649 0.559 0.62 0.59 0.25 0.25 11.93 11.70 0.308 0.293

2 −0.65 −0.61 0.50 0.50 12.83 12.98 0.284 0.279
3 0.61 0.58 0.74 0.74 12.84 12.55 0.275 0.306

4 1 0.677 0.549 0.61 0.57 0.20 0.21 7.69 7.31 0.290 0.244
2 −0.67 −0.62 0.40 0.40 8.21 8.14 0.290 0.248
3 0.68 0.63 0.60 0.60 8.30 7.99 0.264 0.313
4 −0.63 −0.60 0.80 0.80 7.13 7.36 0.297 0.260

∆m = +0.2 1 0.205 0.146 0.51 0.47 0.38 0.37 24.93 24.42 0.240 0.308
−0.2 2 −0.52 −0.50 0.66 0.66 22.03 22.75 0.247 0.240
+0.4 1 0.557 0.464 0.64 0.59 0.34 0.33 16.56 17.74 0.343 0.304
−0.4 2 −0.64 −0.59 0.66 0.66 17.65 18.54 0.313 0.323
+0.8 1 0.997 0.983 0.87 0.83 0.33 0.33 9.84 11.09 0.318 0.283
−0.8 2 −0.87 −0.84 0.67 0.66 9.06 11.05 0.357 0.265
+0.4 1 0.967 0.949 0.43 0.42 0.33 0.33 23.59 22.98 0.336 0.340
+0.4 2 0.45 0.44 0.67 0.66 23.34 23.57 0.345 0.316

∆m = +0.4 1 0.999 0.999 0.45 0.42 0.25 0.24 15.45 12.78 0.305 0.362
+0.4 2 0.35 0.39 0.50 0.50 18.14 14.71 0.298 0.407
+0.4 3 0.47 0.45 0.75 0.75 16.27 13.18 0.274 0.398

Note: A comparison of DP and RW for several DGP specifications. Individual adjustments to the reference
specification are made for T = 200, κ = 0.15, n = 1, M = 2, and ∆m = 0.4 for odd m and ∆m = −0.4 for
even m, given that km = [mT/(M + 1)]. For the calculation of all measures to the right of the dashed line,
only data from simulations where both methods have identified the correct number of breaks at confidence
level 1−α = 0.95 has been used. I∗

m gives the relative frequency that the absolute difference between k̂m and
km is smaller for the given method than for the other method.
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The middle section of Table 4.3 reports the impact of trimming parameter κ, number
of co-breaking series n, and number of breaksM on testing power and estimation. Setting
κ = 0.20 instead of κ = 0.15 makes both tests more powerful, but in an empirical
application this comes at the cost of dismissing more break date candidates ex ante.
When κ = 0.10, the break-detection frequency of RW decreases drastically to IA0.95 =
34.3%. Given that T = 200, the implied reduction of the rolling window size to 2ω =
0.2T = 40 adversely affects the performance of RW. An increase in n benefits the testing
power and break estimation efficiency of both DP and RW. RW is positively affected
by the additional information that is contained in the additional series, so that sd(k̂m)
shrinks. However, the impact appears to be stronger for DP. Table 4.3 further indicates
that larger M tend to increase the testing power of either method. Note that in the
simulation, every even-numbered structural break involves a shift reversal. This explains
why the testing power can be smaller for an additional structural break, ifM = 2 instead
of M = 1, or if M = 4 instead of M = 3.

To conclude the middle section of Table 4.3, no clear preference for DP or RW can be
derived from variations in the number of breaks M . Further, the use of RW instead of
DP is less easily justified for larger n. Finally, if RW is applied in moderate sample sizes
as discussed here, very small κ lead to a large drop in power. For either method, setting
κ = 0.15 instead of κ = 0.20 prevents an unnecessary limitation in the set of permitted
break dates.

When studying different values for ∆m as shown in the lower section of Table 4.3,
the first observation is that an increase in the absolute size of parameter shifts increases
power and efficiency of either break detection method. For example, for RW, the break-
detection frequency rises from IA0.95 = 46.4% to IA0.95 = 98.3%, when ∆1 = 0.8 and
∆2 = −0.8 instead of ∆1 = 0.4 and ∆2 = −0.4. Notably, when the absolute size of the
parameter shift is still 0.4, but both shifts are positive, RW becomes almost as powerful
as DP. In this case, however, sd(k̂m) is almost as large in both methods as for the shift
reversal case with 50% smaller shifts, such that |∆m = 0.2|. Since β3 6= β1, both methods
infer the existence of two breaks more easily than before, but with less certainty about the
true break location. When comparing DP and RW, detection power and break estimation
efficiency are very similar.

The claim that RW is a valid alternative to DP, not only to save time, is supported
by the results reported for the DGP specification at the bottom of Table 4.3. Here,
M = 3 breaks are simulated, and at each break date the parameter value increases by
∆m = 0.4. Again, all mean(k̂m) lie reasonably close to the respective true break date
locations k1 = 0.25T , k2 = 0.5T and k3 = 0.75T . But this time, all three RW break
date estimates are much less dispersed than DP estimates, and all RW values of I∗m
are larger than the corresponding DP values. As an illustration of the break estimation
results, Figure 4.4 shows the difference between RW and DP in the cumulative number of
simulations that a break date has been detected with at most the given absolute deviation
to km, for all three m = 1, 2, 3. With few exceptions the values are positive, and positive
values indicate that RW has more often than DP estimated break dates to lie within the
given range of km. For all breaks m = 1, 2, 3, break date estimates within 10, 20, 30, 40
dates of the true break occur more often in RW than in DP.

The overall results for a scenario of multiple parameter shifts in the same direction
are favorable for RW. Break dates estimation appears to benefit from local optimization,
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Figure 4.4: Differences in break date estimation for three upward shifts in one series
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or closer. If a y-value is above 0%, then RW has more often than DP produced break date estimates that lie
at most as many dates away from km as indicated on the x-axis.

when parameters shift several times in the same direction. Yet, to conclude, no method
can be recommended over the other method based on the reported break estimation
properties of this section, since the direction of a potential parameter shift is not known
prior to testing. The essential finding remains that both methods produce similar break
estimates, both methods can be a valid choice in practice, the testing power of DP is
larger, but it approaches 100% for both methods with larger data sets or large parameter
shifts, and RW is significantly faster than DP.

4.4 Empirical Application
The empirical study will illustrate how the RW algorithm can be used in practice to detect
multiple changes in the volatility of European government bonds. The RW method can
uncover statistical evidence for episodes of different volatility specific to the daily price
changes of a given series. Before looking at the structural break results, the section
introduces the data set. Regression models are estimated to control for variation that
can be explained by the development in other financial series. Reasons are given for
the selection of financial series that are available for the linear regression models of the
European bond series. As the models will not control for idiosyncratic, exogenous factors
that measure credit or liquidity risk, developments in these risk types will influence the
patterns of the error term variation of the models. The section will focus on the different
aspects of using the RW algorithm and on the analysis of volatility changes in the residual
observations of the models.

The daily redemption yield series of bonds of 18 European central governments with a
maturity of 10 years is studied in this section of the chapter. The countries are Germany
BD, Belgium BG, Czech Republic CZ, Denmark DK, Spain ES, Finland FN , France
FR, Greece GR, Ireland IR, Italy IT , the Netherlands NL, Norway NW , Austria OE,
Poland PO, Portugal PT , Sweden SD, Switzerland SW , United Kingdom UK. The data
set starts on 2003-1-9, includes 3640 observations until 2016-12-21 and has been retrieved
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from Thomson Reuters datastream. Beside the redemption yields of 18 European central
governments’ bonds ri with i = BD,BG, . . . UK, the set contains benchmark 10-year
U.S. government redemption yields rUS , the difference between Euribor and EONIA rEE ,
three stock exchange indices, S&P 500 sUS , MSCI World sWR, and MSCI Emerging
Markets Index sEM , two commodity prices, LBMA Gold Price pgld, and Henry Hub
Natural Gas Price pgas, and two economic indicators, the CBOE Volatility Index ivix,
and the Citigroup Economic Surprise Index for the Eurozone iez. All prices are denoted
in Euros, all yields are denoted in percentage points. Each series has been tested by
the augmented Dickey-Fuller test for a unit root against covariance-stationarity, with or
without drift, with or without trend, with up to 4 lags. This has motivated using first
differences in natural logs for stock exchange indexes and gold and gas prices, and first
differences for the yields and economic indicators. Using lagged observations of each
series ensures that all covariates are predetermined during model estimation. From the
full set of financial series, a statistical selection process is used to determine significant
covariates for each European bond yield series separately.

The initial data set is as large and varied, because various types of risks may contribute
to the observed variation, either associated with the country, or the type of asset or global
financial markets generally. Eventually, the models of the different countries may contain
different sets of variables. For example, the impact and importance of developments in
the equity market on government bond yields can differ between countries. Ericsson et al.
(2009) point out that government bonds can either be seen as a relatively save, alternative
investment to corporate papers. Alternatively, the values of government bonds and
corporate papers within the same country can also be seen as positively co-dependent.
Manganelli and Wolswijk (2009) contains an overview of various variables included in
the models of several related studies. Part of the variation in bond prices can usually
be explained by international risk factors, see previous studies on sovereign bond yield
spreads such as Attinasi et al. (2009) and Barrios et al. (2009). International risk is
expected to be a common component in the regressions and may be proxied by U.S. bond
yields, such as in Codogno et al. (2003) and Maltritz (2012). High global market volatility
can be captured by the CBOE Volatility Index, see for example Beber et al. (2008).

The data set includes several global variables, but lacks variables that capture idiosyn-
cratic effects, apart form lagged observations of the dependent series that may capture
intra-market autocorrelation. Macroeconomic data is available in lower-frequency models
but not for daily models, see for example Codogno et al. (2003), or Bernoth and Erdogan
(2012) who measure the time-varying importance of debt to GDP ratios and projected
deficit on interest differentials. Conclusions about the impact of idiosyncratic credit risk
measures in Europe have changed since the sovereign debt crisis. On the one hand, Geyer
et al. (2004) find that idiosyncratic country factors have almost no explanatory power
in their model of weekly data for euro area countries, whereas global factors relating
to differences between private and public sector are more important to include. On the
other hand, Favero et al. (2010) note that the provisions of the Stability Pact do not fully
eliminate differences in solvency risk and Sibbertsen et al. (2014) confirm the existence
of sovereign credit risk that appears to have increased between 2006 and 2008 according
to their structural break analysis on four euro area countries. In a panel discussion in
Manganelli and Wolswijk (2009), Hans-Werner Sinn refers to Iceland as an example for
the importance of default risk.
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Each dependent series ∆(ri)t is initially regressed on an intercept term, on its own
first five lags, on first lags of the other return yield differences, and on first lags of the
other series in the data set. The regression models are linear and estimated separately
using weighted least squares. For this, Cook’s Distance is calculated to account for high-
leverage points and outliers. Relevant predictor variables of the respective regressions
are chosen statistically. For this, the variables are eliminated in a simple model selection
approach; Those coefficients of variables that do not add significant explanation are set
to zero one-by-one, see for example Hocking (1976). The remaining covariates are jointly
significant in each regression model at the usual confidence levels. Full regression results
can be seen in the Appendix of this chapter in Table 4.7. As a short summary, part
of the variation of each series can be explained by global developments. A common
observation is the positive coefficient of lagged return-differences of U.S. government
bond yields, except for Greece. Further, ∆(ln sWR)t−1 has a negative correlation with
many European bond series, while ∆(ln sUS)t−1 typically has a positive correlation. In
general, European return-differences are self-correcting between trading days, with either
negative coefficients for the first lag of the dependent variable or negative coefficients of
the lagged German series.

The residuals of each series are plotted in Figures 4.5 and 4.6. The plots all use
the same scale, which highlights several episodes of high volatility in Greece, Portugal
and other euro area periphery countries in particular. The figures already incorporate
the results from testing the standard deviation of the error term of weighted observa-
tions of each model for multiple breaks. To evaluate each structural break hypothesis,
the proposed RW test is applied to the data samples of weighted observations indi-
vidually. The Gaussian distribution function is used for the calculation of likelihood
function values. Trimming is set to κ = 0.10, which implies minimum segment length
of ω = d0.1 · 3640e = 364, which is sufficiently large for well-behaved test properties
according to the Monte Carlo Study. The Kolmogorov-Smirnov test generally rejects
the normality hypothesis of the residuals of the full sample model of the series at 90%
confidence. Therefore, critical values of the multiple break hypothesis are derived accord-
ing to Qu and Perron (2007), using a Newey-West estimator to account for conditional
heteroscedasticity.

The algorithm detects six breaks in all series, in each case with p < 0.001, as can also
be seen in Tables 4.4, 4.5 and 4.6.3 The full sample maximum LR values can be found in
the first columns of the tables. The tables further report each estimated structural break
date along with the corresponding LR(k) value, estimates of σm as well as the estimated
absolute and relative parameter changes ∆m.4 Further, the positions of all structural
breaks are visualized in the plots of the residuals in Figures 4.5 and 4.6.

3In some series, a test allowing more breaks has lead to seven or eight structural breaks being found.
For ease of comparisons, only the results with six breaks were included here. Since the RW method
orders the breaks by their respective LR value, the missing seventh or eighth breaks are associated with
the smallest LR values and have relatively minor impact on the overall model fit. For additional testing
of the significance of additional structural breaks in multiple structural break testing, refer to Bai and
Perron (2003).

4Estimates of σm are calculated using the original series, while the structural breaks have been
detected using the weighted data set. The unreported values of σm for the weighted observations are all
slightly smaller, because the weight of outliers and high-leverage points is lower than 1.

64



4.4. EMPIRICAL APPLICATION

Figure 4.5: Residual plots and significant changes in volatility 1/2
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Figure 4.6: Residual plots and significant changes in volatility 2/2
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Note: Residuals of the second set of series over time, i = IT,NL, . . . , UK, all using the same scaling. The
residuals ε̂i,t have been obtained from the original daily differences and the fitted model using only significant
covariates and WLS, ε̂i,t = ∆(ri)t − xi,tβ̂i. In each plot, the estimated break dates k̂ from the application of
RW to find structural breaks in the error standard deviation are marked by vertical lines. The marks show the
estimated break date as well as the order, by with the RW algorithm has detected the breaks.
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Table 4.4: RW test results for volatility changes 1/3

i LR(T̂M ) m 1 2 3 4 5 6
BD 215.1046 k̂m 2004-06-01 2007-11-27 2009-08-19 2011-05-05 2012-11-07 2015-04-28

LR(k) 29.680 82.346 36.763 11.660 47.473 40.618
σ̂m 0.043 0.031 0.056 0.037 0.048 0.031
∆̂m −0.011 0.024 −0.019 0.011 −0.018 0.013

%(∆̂m/σ̂m) −26.39 77.38 −33.34 30.52 −37.09 42.01
σ̂m+1 0.031 0.056 0.037 0.048 0.031 0.043

BG 290.5139 k̂m 2004-06-01 2007-11-27 2009-06-23 2010-11-15 2012-07-31 2015-01-13
LR(k) 38.742 101.130 35.065 40.405 93.849 22.362

σ̂m 0.043 0.032 0.054 0.039 0.066 0.034
∆̂m −0.012 0.023 −0.016 0.028 −0.032 0.009

%(∆̂m/σ̂m) −27.17 71.52 −28.97 71.35 −48.97 26.34
σ̂m+1 0.032 0.054 0.039 0.066 0.034 0.043

CZ 290.5403 k̂m 2006-03-13 2007-11-14 2010-01-13 2011-06-13 2013-07-24 2015-07-30
LR(k) 57.077 144.890 79.597 44.816 29.544 19.328

σ̂m 0.039 0.026 0.056 0.030 0.049 0.033
∆̂m −0.013 0.029 −0.026 0.018 −0.015 −0.007

%(∆̂m/σ̂m) −32.26 111.35 −45.75 61.07 −31.34 −19.84
σ̂m+1 0.026 0.056 0.030 0.049 0.033 0.027

DK 340.4974 k̂m 2004-06-01 2005-12-14 2007-12-06 2010-08-19 2013-01-11 2014-12-26
LR(k) 30.761 11.065 100.570 31.891 67.327 63.165

σ̂m 0.037 0.027 0.025 0.046 0.052 0.031
∆̂m −0.010 −0.001 0.020 0.006 −0.021 0.016

%(∆̂m/σ̂m) −27.15 −5.34 80.57 13.24 −40.91 53.28
σ̂m+1 0.027 0.025 0.046 0.052 0.031 0.047

ES 808.6617 k̂m 2004-07-02 2007-11-27 2009-06-10 2011-06-01 2013-07-04 2014-11-28
LR(k) 39.463 119.020 15.135 92.605 158.600 27.234

σ̂m 0.043 0.031 0.055 0.054 0.110 0.044
∆̂m −0.012 0.024 −0.001 0.056 −0.066 0.012

%(∆̂m/σ̂m) −27.86 77.88 −1.55 102.69 −59.68 27.71
σ̂m+1 0.031 0.055 0.054 0.110 0.044 0.057

FN 208.9358 k̂m 2004-06-01 2007-11-27 2009-06-19 2011-02-15 2012-10-29 2015-01-13
LR(k) 32.739 74.731 44.049 32.980 51.596 28.739

σ̂m 0.045 0.032 0.055 0.036 0.052 0.032
∆̂m −0.012 0.023 −0.020 0.017 −0.020 0.009

%(∆̂m/σ̂m) −27.60 71.52 −35.70 46.99 −38.93 29.09
σ̂m+1 0.032 0.055 0.036 0.052 0.032 0.041

Note: For a first set of series i, estimates resulting from an application of RW to detect multiple structural
breaks in the error term standard deviation σε, given that κ = 0.10. The second column shows the maximized
value of LR(T̂M ), which is associated with p < 0.001 for all series i. For each series i and each estimated break
m, the table reports break date estimate k̂m, single-break LR values of the date LR(k), the estimate before
the break σ̂m, absolute and relative parameter shift estimates, ∆̂m and %(∆̂m/σ̂m), and the estimate after
the break σ̂m+1. For the detection, weighted data sets are used, while each σ̂m is calculated using the original
data.
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Table 4.5: RW test results for volatility changes 2/3

i LR(T̂M ) m 1 2 3 4 5 6
FR 266.797 k̂m 2004-06-01 2007-11-27 2009-06-19 2011-03-14 2012-08-03 2015-04-28

LR(k) 38.104 106.460 63.510 47.775 57.155 22.966
σ̂m 0.043 0.031 0.055 0.035 0.056 0.033
∆̂m −0.012 0.023 −0.020 0.021 −0.023 0.011

%(∆̂m/σ̂m) −26.89 73.06 −36.12 60.84 −41.14 32.93
σ̂m+1 0.031 0.055 0.035 0.056 0.033 0.044

GR 5383.176 k̂m 2004-06-01 2007-08-07 2009-01-01 2011-04-13 2013-01-31 2014-10-10
LR(k) 27.219 110.100 631.370 170.420 474.900 412.210

σ̂m 0.047 0.036 0.059 0.238 1.413 0.156
∆̂m −0.011 0.022 0.179 1.175 −1.257 0.269

%(∆̂m/σ̂m) −23.35 61.79 306.37 493.97 −88.94 172.12
σ̂m+1 0.036 0.059 0.238 1.413 0.156 0.425

IR 1577.825 k̂m 2004-06-01 2005-12-12 2007-11-27 2010-07-12 2012-08-01 2014-02-10
LR(k) 19.330 11.228 160.810 229.960 244.730 20.062

σ̂m 0.042 0.035 0.031 0.071 0.146 0.052
∆̂m −0.007 −0.004 0.040 0.075 −0.094 −0.009

%(∆̂m/σ̂m) −17.34 −11.35 130.96 105.06 −64.59 −17.54
σ̂m+1 0.035 0.031 0.071 0.146 0.052 0.043

IT 995.932 k̂m 2004-06-01 2007-11-27 2009-06-15 2011-05-26 2013-03-27 2015-02-25
LR(k) 37.446 109.000 33.345 231.950 145.960 16.593

σ̂m 0.043 0.032 0.052 0.043 0.120 0.052
∆̂m −0.011 0.021 −0.009 0.077 −0.068 0.004

%(∆̂m/σ̂m) −26.55 66.25 −17.63 178.71 −56.77 7.95
σ̂m+1 0.032 0.052 0.043 0.120 0.052 0.056

NL 164.874 k̂m 2004-06-01 2007-11-27 2009-06-19 2011-03-31 2012-09-27 2015-01-12
LR(k) 30.678 69.710 36.104 10.540 35.799 28.423

σ̂m 0.044 0.032 0.055 0.036 0.048 0.031
∆̂m −0.012 0.023 −0.019 0.011 −0.016 0.009

%(∆̂m/σ̂m) −27.45 72.96 −33.95 30.84 −34.56 29.60
σ̂m+1 0.032 0.055 0.036 0.048 0.031 0.040

NW 346.920 k̂m 2004-06-01 2005-12-16 2007-07-30 2009-04-06 2010-08-30 2012-01-24
LR(k) 63.923 22.287 138.890 43.510 23.670 64.283

σ̂m 0.052 0.034 0.027 0.057 0.040 0.052
∆̂m −0.019 −0.007 0.030 −0.017 0.012 −0.017

%(∆̂m/σ̂m) −35.77 −19.31 108.80 −29.97 29.87 −32.07
σ̂m+1 0.034 0.027 0.057 0.040 0.052 0.035

Note: For a second set of series i, estimates resulting from an application of RW to detect multiple structural
breaks in the error term standard deviation σε, given that κ = 0.10. The second column shows the maximized
value of LR(T̂M ), which is associated with p < 0.001 for all series i. For each series i and each estimated break
m, the table reports break date estimate k̂m, single-break LR values of the date LR(k), the estimate before
the break σ̂m, absolute and relative parameter shift estimates, ∆̂m and %(∆̂m/σ̂m), and the estimate after
the break σ̂m+1. For the detection, weighted data sets are used, while each σ̂m is calculated using the original
data.
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Table 4.6: RW test results for volatility changes 3/3

i LR(T̂M ) m 1 2 3 4 5 6
OE 173.272 k̂m 2004-06-01 2007-11-27 2009-06-19 2011-04-14 2012-09-14 2015-04-28

LR(k) 29.825 69.323 27.436 11.493 40.979 25.466
σ̂m 0.043 0.032 0.056 0.038 0.052 0.032
∆̂m −0.011 0.024 −0.019 0.014 −0.020 0.011

%(∆̂m/σ̂m) −25.69 75.65 −33.03 38.27 −38.85 34.43
σ̂m+1 0.032 0.056 0.038 0.052 0.032 0.043

PO 546.392 k̂m 2004-09-17 2006-04-13 2008-02-08 2009-08-06 2012-07-11 2014-10-17
LR(k) 4.844 63.866 212.880 274.800 74.620 14.188

σ̂m 0.070 0.066 0.044 0.101 0.037 0.059
∆̂m −0.004 −0.022 0.056 −0.064 0.023 −0.006

%(∆̂m/σ̂m) −5.71 −33.10 127.48 −63.65 61.66 −9.97
σ̂m+1 0.066 0.044 0.101 0.037 0.059 0.053

PT 2099.002 k̂m 2004-06-01 2005-12-09 2007-11-27 2010-04-19 2013-07-22 2014-12-26
LR(k) 32.187 7.147 114.840 313.290 162.170 17.214

σ̂m 0.044 0.034 0.031 0.051 0.194 0.069
∆̂m −0.010 −0.003 0.020 0.143 −0.124 0.014

%(∆̂m/σ̂m) −22.08 −8.65 62.62 279.74 −64.21 20.51
σ̂m+1 0.034 0.031 0.051 0.194 0.069 0.084

SD 182.631 k̂m 2004-06-01 2007-11-27 2009-12-08 2011-05-17 2013-09-19 2015-02-11
LR(k) 37.588 92.404 36.025 19.231 28.748 39.545

σ̂m 0.046 0.031 0.053 0.039 0.045 0.030
∆̂m −0.015 0.022 −0.014 0.006 −0.015 0.013

%(∆̂m/σ̂m) −33.17 72.38 −26.87 15.39 −33.42 43.84
σ̂m+1 0.031 0.053 0.039 0.045 0.030 0.043

SW 214.119 k̂m 2004-06-02 2007-10-31 2009-06-25 2011-12-21 2013-07-24 2014-12-16
LR(k) 15.500 52.035 67.259 36.509 12.508 27.918

σ̂m 0.040 0.031 0.053 0.034 0.028 0.024
∆̂m −0.009 0.023 −0.020 −0.006 −0.004 0.006

%(∆̂m/σ̂m) −22.04 73.07 −37.01 −16.79 −13.41 26.01
σ̂m+1 0.031 0.053 0.034 0.028 0.024 0.031

UK 304.508 k̂m 2004-06-16 2007-11-13 2010-01-21 2011-06-20 2012-11-09 2015-02-16
LR(k) 33.502 157.540 45.513 18.768 28.952 23.689

σ̂m 0.045 0.033 0.065 0.044 0.058 0.042
∆̂m −0.011 0.032 −0.021 0.014 −0.016 0.010

%(∆̂m/σ̂m) −25.39 96.48 −32.01 31.18 −27.57 22.96
σ̂m+1 0.033 0.065 0.044 0.058 0.042 0.052

Note: For a third set of series i, estimates resulting from an application of RW to detect multiple structural
breaks in the error term standard deviation σε, given that κ = 0.10. The second column shows the maximized
value of LR(T̂M ), which is associated with p < 0.001 for all series i. For each series i and each estimated break
m, the table reports break date estimate k̂m, single-break LR values of the date LR(k), the estimate before
the break σ̂m, absolute and relative parameter shift estimates, ∆̂m and %(∆̂m/σ̂m), and the estimate after
the break σ̂m+1. For the detection, weighted data sets are used, while each σ̂m is calculated using the original
data.
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The uncovered changes in volatility can have a variety of interpretations in terms of
risk. It seems unlikely that the changes are associated with changes in global risk or
global investor behavior, as these factors have been controlled by allowing the inclusion
of appropriate covariates. Liquidity risk may affect bond prices through trading costs
and the possibility of changing market availability. Empirical evidence for this is mixed,
see Beber et al. (2008) and Favero et al. (2010), who offer different results depending
on the inclusion of other idiosyncratic factors. Arguably, the relative importance of
liquidity for long-term European central government bonds is low due to the depth of
the secondary market. As pointed out in Barrios et al. (2009), the remaining sources
of risk are idiosyncratic macroeconomic factors, such as debt sustainability or socio-
economic and political uncertainty, and affect credit risk. As these were not controlled
by the regression model, changes in error term volatility may largely be explained by
such unobserved developments. Conversely, if the European sovereign debt crisis has
increased the market sensitivity to the fundamentals of euro area countries, as argued
by Giordano et al. (2013), then their developments should be visible in the error term
volatility.

Barrios et al. (2009) find a significant increase in the impact of domestic factors on
bond yield spreads in Europe starting in August 2007, when their weekly data is tested for
exogenously chosen structural breaks. In the present RW study, structural breaks in late
2007 are a common feature as well. The preceding segment is the least or second-to-least
volatile segment for all countries. The following data segment covers the Global Financial
Crisis and is associated with higher volatility. For all series, the residuals have at least
60% higher standard deviation in the Global Financial Crisis segment than before. For
ten series, i = BD,CZ, FN , NL,NW,OE, PO, SD, SW,UK, none of the remaining
sections will be as volatile as the segment of the Global Financial Crisis, including data
segments that cover the European sovereign debt crisis. For these ten countries, this
means that the debt crisis has not been associated with such large credit risk increase,
that it would have elevated volatility above Global Financial Crisis levels for a prolonged
time. The result supports the evidence found by Ehrmann and Fratzscher (2017) for
flight to quality during the height of the sovereign debt crisis, which holds for countries
outside the euro area but also a few central euro area countries.

The respective late-2007 break is the one that the RW method selects first for eleven
countries, i = BD,BG,CZ, DK,FN,FR, NL,NW,OE, SD,UK. The selection order
is based on the respective LR(k) values, which are reported for all estimated break
dates k̂m in Tables 4.4–4.6. The ordering is also noted under each structural break date
in the plots of Figures 4.5 and 4.6. Out of the other seven countries, for Poland and
Switzerland, only a break in summer 2009 has been selected quicker by RW. The Polish
series experiences its most calm segment after the 2009 break for three years, whereas
the 2009 break initiates a sequential reduction in volatility in the Swiss bond market.
The remaining five countries, the euro area periphery countries i = ES,GR, IR, IT, PT ,
have been at the center of debt sustainability problems during the European sovereign
debt crisis. Accordingly, the LR value ordering indicates that later parts of the sample
are associated with more extreme changes in volatility than the 2007 initiation of the
Global Financial Crisis.

The outbreak of the European sovereign debt crisis can be put in the second quarter
of 2010, as the Greek government requested international financial aid on 2010-04-23
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and the European Commission agreed on the European Financial Stability Facility on
2010-05-09 to provide financial assistance to euro area countries in distress. The period
between 2010 and 2012 is regarded as a period of large uncertainty, and the volatility of
sovereign bond yields is relatively high throughout the euro area, as studied in Chapter 3
as well. It is also a period of many debates about financial assistance, austerity measures
and about the mandate of the European Central Bank (ECB). Its introduction of the
Securities Markets Programme was subject to significant controversy, as described in
Eser and Schwaab (2016). Key features of the program were not disclosed. Also, its goal
differed from quantitative easing programs in other countries, in that the program did not
aim to make monetary policy more accommodative, since the ECB followed the goal of
price stability by targeting a stable money growth rate. Instead, the program addressed
the malfunctioning of certain government bond markets for the transmission of policy. In
the following months and years, other periphery countries were directly affected by the
debt crisis, such as Ireland, whose government received financial support on 2010-11-29.
According to the RW results, the highest volatility segments for i = ES,GR, IR, IT, PT
all cover the period between 2011-06-03 and 2012-08-01, with the earliest starting date
for Portugal on 2010-04-20 and the last ending date for Spain on 2013-07-04.

For Belgium, Ireland and France, the significant reduction in volatility is estimated
within a maximum of eight days of 2012-07-26. On that day, Ireland had its first market
sale of government bonds since 2010 and also ECB president Mario Draghi gave a speech
to do “whatever it takes” to preserve the euro within the mandate of the ECB. The fol-
lowing adjustments of the institutions of the European Monetary System are associated
with volatility reductions in other euro area markets. Austria and the Netherlands are es-
timated to enter a lower volatility segment shortly after the ECB announced its Outright
Monetary Transactions program on 2012-09-06. The reduction of volatility in Finland
an Germany is estimated to occur after European leaders agreed on the commencement
of a single banking supervisor for the euro area in early 2013. For all periphery euro
area countries as well as many other countries, structural breaks associated with the
calming of the European financial markets in 2012/2013 have been selected very quickly
by the RW algorithm, even first for Ireland and Spain. This highlights how extreme the
reduction of volatility has been between the height of the crisis and afterwards.

As previously announced in the winter of 2014/2015, on 2015-03-05 the governing
council of the ECB declared that an outright purchase program that involves government
bonds be initiated on 2015-03-09. In the RW application, the volatility of all euro area
countries except Ireland is found to be significantly higher in the last part of the sample
than in the segment before the winter of 2014/2015. In contrast with earlier programs, the
new program’s purpose is to make monetary policy more expansionary, so that inflation
rates increase. The program breaks with ECB tradition, and so the volatility changes
may be associated with fears of facilitating bubbles and causing excessive inflation, or
with enabling excessive government spending and increased credit risk. Yet, it meant
that ECB policy finally aligned with the quantitative easing policies of American, British
and Japanese central banks. It is worth investigating this period of the sample more,
such as in the study on the predictive value of U.S. government bond yields in Chapter 6
of this book.

To conclude this empirical illustration of using the RW algorithm, six structural
breaks have been detected that involve significant changes in the error term volatility
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of 18 European government bond yield models between 2003 and 2016. For most euro
area countries and the other European countries in the set, the European sovereign debt
crisis is associated with higher volatility, but usually not with volatility as high as during
the Global Financial crisis. In five periphery countries of the euro area, credit risk has
risen during the debt crisis and appears to have contributed to prolonged periods of
severely elevated volatility. In the study, between the two breaks that start and end
the most volatile segments of each country, it is interesting that the RW algorithm has
typically selected the end break first. Yet, the RW is designed as a time-saving heuristic
for detecting a set of structural breaks and the order of selection is not formally tested
for significance. Often, the estimated breaks occur close to specific events that affected
the financial markets during the recent crises. Note, however, that break date estimates
do not necessarily have to coincide with individually significant, one-time events. When
a multiple structural break hypothesis is found to be significant, it means that several
segments of the data are structurally different, not that individual events had a significant
impact. Chapter 5 will investigate the abruptness of the estimated volatility transitions
between the segments.

4.5 Conclusion
The chapter has presented an optimization heuristic for finding multiple structural breaks
in time series models. The optimization algorithm scans through the data in rolling
windows that are a fraction in length of the full sample. Within these windows, a single
likelihood ratio is calculated that evaluates the data fit of a structural break in the middle
of the window. The collection of likelihood ratios of all data windows enables the testing
for a given number of structural breaks of the overall sample. For this, limit distributions
and critical values described in previous literature on maximum likelihood ratio testing
apply, see Andrews (1993) or Qu and Perron (2007).

With the rolling window algorithm, multiple structural break detection can be per-
formed under linear instead of quadratic computation order. A Monte Carlo study con-
firms that the algorithm reduces the execution time substantially compared to the dy-
namic optimization program of Bai and Perron (2003). In the study, the rolling window
algorithm is more precise in estimating multiple parameter shifts in the same direction.
This can be explained by the local likelihood ratio evaluation of each break at a time,
independent of the data outside the respective window. Since the direction is not known
prior to testing, however, no preference of one method over the other can be expressed
based on these performance results. The testing power of the rolling window algorithm
is lower in samples with relatively few observations and/or relatively small parameter
shifts. If data samples are large, low testing power is not a concern and the increasing
reduction in execution time can be a great asset of the rolling window algorithm.

An empirical application shows that the rolling window algorithm can be used to
detect structural breaks in the variation of differences in eighteen long-term European
government redemption yields. Only volatility that remains unexplained by global risk
measures is tested for structural breaks, so that country-specific patterns can be uncov-
ered. The results closely match the results of earlier studies, in that the 2008 Global
Financial Crisis and the subsequent European sovereign debt crisis are associated with
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higher volatility regimes. The results differ by country, with euro area periphery coun-
tries experiencing particularly high volatility the stages of the European sovereign debt
crisis. The study shows how likelihood ratio values from each data window augment
the analysis by highlighting particularly important break dates. Future research could
investigate in which way the likelihood ratio values from each data window can be used
for a systematic ordering of structural breaks, or for estimating the number of structural
breaks in a sample.

The chapter includes an extension suggestion, in which the potential break dates
according to the rolling window algorithm are used as initial guesses for a subsequent
application of the dynamic optimization program of Bai and Perron (2003). As the
domain of potential break dates is restricted this way, the execution time of the dynamic
optimization program is reduced. Another extension idea is to transfer the rolling window
concept to other tests, such as the cross-validated error estimation test of Chapter 6.

4.A Appendix
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Figure 4.7: Differences in break date estimation with shift reversal 2/2
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Note: Differences in break date estimation between DP and RW-based methods, when data is simulated
according to the reference DGP specification of T = 200, n = 1, M = 2, k1 = [T/3] = 67, k2 = [2T/3] = 133,
β1 = 1, β2 = 1.4, β3 = 1. The trimming parameter is κ = 0.15. Upper panel (a) shows a scatter plot, with the
difference in absolute deviations of k̂2 from k2 between RW-based methods and DP on the x-axis, and with
the execution time relative to DP on the y-axis. When a dot lies to the left of zero, the RW-based method has
found a break date closer to k2 than DP. Lower panel (b) plots the difference between RW-based methods and
DP in the number of simulations that k2 has been estimated to lie as close to the true value as specified on
the x-axis, or closer. If a y-value is above 0%, then the RW-based method has more often than DP produced
break date estimates that lie at most as many dates away from k2 as indicated on the x-axis.
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CHAPTER 4. A ROLLING WINDOW ALGORITHM FOR DETECTING MULTIPLE
STRUCTURAL BREAKS
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5
Testing parameter change abruptness with a

sum of likelihood ratios

5.1 Introduction
Structural break tests are designed to investigate the stability of estimated model pa-
rameters. Among the most cited publications in recent years is Andrews (1993), in which
a maximum likelihood ratio test, a maximum Lagrange Multiplier test and a maximum
Wald test for the endogenous detection of a single break in linear regression models are
presented. The test statistics follow a simple basic concept: Should a set of parameters
of the time series model be allowed to have different values before and after a break
date? If the test result is significant, stability of the tested set of parameters is rejected
in favor of a structural break with an abrupt parameter shift at the break date. A model
with constant parameters is declared inadequate by the rejection of the stability hypoth-
esis, but the adequacy of an abrupt parameter transition can be investigated further.
Andrews (1993) advises to view his break tests as general tests of model adequacy. He
argues that the tests exhibit power against more general forms of instability, not only
abrupt parameter shifts.

The maximum likelihood ratio (MLR) break detection test is designed to evaluate
the data fit of two options of modeling a data generating process. The two options are a
model that contains a structural break in the form of an abrupt shift in a set of parameters
and a model that does not. Consider a data generating process that contains a property
that changes gradually over time. An appropriate model representation involves a set of
parameters that transition gradually in value, but this is not an option in MLR testing.
Between the two available options, the model with abruptly shifting parameters is favored
over the model with constant parameters. Permitting a parameter shift as opposed to
constant parameter values will improve the data fit, because different parameter values
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can be assigned to the earlier part of the data and to the later part. If the overall
magnitude of the parameter shift is sufficiently large, the stability hypothesis will be
rejected, regardless of the speed of parameter transition.

This chapter proposes a follow-up analysis of the data collected during structural
break testing. A requirement for the analysis is that a structural break has been detected
by the MLR test according to Andrews (1993). The attention is then focused on data
associated with the dates that surround the estimated break date. Specifically, a sum of
likelihood ratios (SLR) statistic adds up the likelihood ratio (LR) values that surround
the LR maximum to calculate an average. The central idea of the method is that a
steeper peak in LR values at the maximum indicates a more abrupt transition of the
changing parameters, all other things equal. A small LR average close to the break is
associated with abrupt parameter change. Thus, the SLR statistic is used for a one-sided
test, in which relatively large values indicate parameter transitions that are non-abrupt.
Critical values can be derived from an empirical bootstrap in which data is simulated
that satisfies the null hypothesis of abrupt change. A Monte Carlo study demonstrates
the power of the proposed test in practice.

Gradual instead of abrupt change is considered in an empirical study by McConnell
and Perez-Quiros (1998), and investigated in Jung and Maderitsch (2014). Stock and
Watson (2003) and Paye and Timmermann (2006) recognize the power of structural break
tests against general forms of instability. The analysis in Kleimeier and Sander (2000)
detects structural breaks for several series during the early 1990’s, and interprets a three-
year period as a transitional period that divides two sample segments, but the possibility
of gradual change in each series is not explicitly addressed. The extensive analysis of
growth rate changes of Berg et al. (2012) includes the visualization of growth dynamics
and studies the economic meaningfulness of statistical break test results, but does not
challenge the concept of abrupt break points itself. Most recently, for the analysis of
the European sovereign debt crisis, Gómez-Puig and Sosvilla-Rivero (2014) consider a
wide range of break and causality measures, but do not mention the possibility that
their endogenously detected structural breaks could indicate gradual change or another
form of model instability. Similarly, Kunze and Gruppe (2014) and Gruppe and Lange
(2014) each focus on the point estimate of a break date and do not explicitly consider
non-abrupt change.

Other parts of the literature focus on the theory of gradual parameter transitions
itself. Johansen et al. (2000) consider piecewise linear trends in a cointegration analysis,
but assume prior knowledge of the break point. Smooth transition models have been
established in Teräsvirta (1994) and Lin and Teräsvirta (1994). The models have been
included in educational books on the topic of time series, such as Lütkepohl and Krätzig
(2004). In these models parameters shift their values from one set of constants to another,
following a specified functional form over an estimated amount of time. Abrupt change
corresponds to one extreme case of the smooth transition models, in which the transition
period is as short as an instant. In the Monte Carlo study of this chapter, the smooth
transition model is used for the simulation of data. Both Lin and Teräsvirta (1994) and
Chen and Hong (2012) contain tests within the smooth transition models framework, with
which parameter stability can be rejected in favor of a smooth transition alternative
hypothesis. By the more general hypothesis, the goal of these test is to decrease the
probability of maintaining a false stability assumption.
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In contrast, the goal of SLR testing is to decrease the probability of maintaining a
false abruptness assumption. The test is not concerned with limited power of the MLR
test and it does not assume a certain shape of transition. It is designed to provide
a non-parametric and straightforward refinement tool to test the abruptness validity
with the empirical data already collected for the MLR test. Then, a rejection of the
abruptness hypothesis in practice can motivate the application of further methods found
in the literature. A smooth transition model can be estimated to parameterize the
gradual transition. Also, rolling window estimation of the model parameters may help to
illustrate the change visually. Even if the form of the parameter transition is not studied
further, the result must be considered when future observations are forecasted with the
post-break model. As pointed out by Elliott and Müller (2014), parameter estimates of
the model will be distorted, if they are derived from a data sample that does not fully
belong to the post-break data generating process.

The topic of the European sovereign debt crisis is shortly adopted in this chapter.
The proposed abruptness test is applied to European government bond yield regression
models that covers daily data between 2003 and 2016. Specifically, the abruptness of
multiple shifts in the error term variance as detected by the rolling window method of
Chapter 4 is tested, one break at a time. Blocks of the empirical data are resampled
in a semi-parametric bootstrap to assess the significance of the applied non-abruptness
test. For some structural breaks, the parameter shift abruptness hypothesis cannot be
rejected at usual confidence levels, but a large number of structural breaks are associated
with more gradual change according to SLR testing. The study will highlight that it is
important, in which range likelihood ratio values around the maximum are taken into
account, an observation that is also made in the Monte Carlo simulation section of the
chapter.

The rest of the chapter begins with a description of model and methodology in Sec-
tion 5.2. Since the method builds on the design of the MLR test, that test is summarized
first, followed by a description and an illustration of the proposed non-abruptness test-
ing. Section 5.3 contains various Monte Carlo simulations on transitions in normal data,
for a simple and fundamental illustration of the necessity and validity of the described
method. The empirical study on European government bond yield breaks is found in
Section 5.4, and conclusions are found in Section 5.5.

5.2 Methodology

5.2.1 The model

Consider a time series with T data points t = 1, . . . , T . The dependent variable has n
observations at each point in time. Its data generating process (DGP) can be described
by a regression model, E(y|x) = f(x, θc, θb). Among the parameters that describe the
model is the set θc that contains c ≥ 0 parameters that are constant for all t. Another
set of b ≥ 1 parameters θb is dynamic: Each parameter θj in the set can be described by
its starting value θstartj , its ending value θendj and a monotonically increasing function in
t with target set [0, 1]. Let MTj(t, γj , k0) be this monotonically increasing function in t,
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so that

θj(t) = θstartj +MTj(t, γj , k0) · (θendj − θstartj ), for j = 1, . . . , b,
MTj(t, γj , k0) : R 7→ R ∈ [0; 1], for j = 1, . . . , b.

Then γj ∈ R+ is a transition speed parameter. All parameter transitions share a single
location parameter k0 ∈ Tκ, where Tκ = [ω, T − ω] is the interval of permitted break
dates. The limiting dates are determined from the trimming parameter κ introduced by
Andrews (1993) for the permitted position of structural breaks, such that κ ∈ (0, 0.5]
and ω = [κT ], and where [·] denotes an integer part.

Apart from the possibility of gradual parameter transition, the DGP fulfills the as-
sumptions stated in prior literature on maximum likelihood ratio tests for structural
breaks. Appendix 2.2.1 reports this set of general assumptions. Importantly, the time
series must be weakly stationary, but conditional heteroscedasticity in the covariance ma-
trix Σε of the error term ε is permitted. Abrupt change in the value of parameter θj can
be expressed by an extreme case of the above model, in which MTj = 0 for t = 1, . . . , k,
MTj = 1 for t = k0 + 1, . . . , T and k0 identifies the break date.

One example of the function MTj is the smooth transition function, such that

ST (t, γ, k0) = 1
1 + e−γ(t−k0) , for t = 1, . . . , T,

where γ ∈ (0,∞), such that τ = 10
γT is the transition duration relative to the data length.

Here, k0 ∈ Tκ is the center of the transition. Then, the abrupt change case corresponds to
γ →∞⇔ τ → +0. This smooth transition function will be used for illustration purposes
in this methodology section and will be used in the Monte Carlo study in Section 5.3.

5.2.2 Structural break testing

A requirement of the proposed non-abruptness test is that a joint structural break has
been detected in the set of dynamic parameters. The hypotheses of the structural break
test only compare the starting and ending values of the relevant parameters. That is,

H0 : θstartj = θendj , for all j = 1, . . . , b.
HA : θstartj 6= θendj , for at least one j ∈ {1, . . . , b}.

If the null hypothesis holds, the relevant parameters are constant in t and so the transition
function MTj that is used to describe the model becomes irrelevant. Given that the null
hypothesis has been rejected, however, a structural break date has been estimated and
the type of parameter transition can be studied.

The maximum likelihood ratio (MLR) test detects a structural break that involves
the specified parameters and locates the break endogenously. For this, a likelihood ratio
is computed for all permitted break dates k ∈ Tκ. The date k̂ that corresponds to the
largest recorded likelihood ratio is the estimate for the true break date k0, if the test
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statistic is significant. That is,

k̂ = arg max
k∈Tκ

LR(k),

LR(k) = 2 (l∗A(k)− l∗0) .

A maximized function value is denoted by an asterisk. For LR(k), a restricted log-
likelihood function l0 is maximized with respect to a set of only constant parameters,
such that θstartj = θendj , for all j = 1, . . . , b. Further, an unrestricted log-likelihood
function lA is maximized with respect to a constant parameter set θc and a dynamic set
of parameters θb. Each parameter θj contained in the dynamic set is free to have one
constant value before date k and another constant value from date k + 1 onwards.

Note that the considered transition model contains a single parameter transition,
only. Current methods permit the detection of multiple structural breaks at once. Chap-
ter 2 provides an overview of MLR for multiple breaks in multivariate data, including
a description of the limiting distribution of the test statistic. The limiting distribution
can be used for the derivation of critical values, also in the single break case considered
in this chapter, setting M = 1. If multiple breaks have been detected in an empirical
application, one option is to split the sample such that only a single break exists in each
resulting sample segment. Then, each segment can be investigated separately, a practice
that is shown in the empirical application of Section 5.4.

The detection of a structural break by MLR produces pre-break and post-break es-
timates of each dynamic parameter, θ̂prej and θ̂postj , for all j = 1, . . . , b. These are only
valid estimates of θstartj and θendj , respectively, in case the abruptness hypothesis holds. If
the parameter change is non-abrupt, the pre-break estimate will reflect both the starting
value of a parameter and its values during the first part of the transition. The analo-
gous implication holds for the post-break estimate. As a result, each estimated parameter
shift ∆̂θ,j is expected to underestimate the overall magnitude of the parameter transition
from θstartj to θendj , when the transition is non-abrupt. Effectively, the MLR test makes
the abrupt change assumption in its test statistic, but the alternative test hypothesis is
not equally specific. This motivates the further analysis of the assumed abruptness of a
detected parameter change in the next section.

5.2.3 Proposed non-abruptness test
At this point, it is assumed that the hypothesis has been rejected that θstartj = θendj , for
all j = 1, . . . , b. Building on this structural break assumption, the next test concerns
the speed of parameter transition. Under the new null hypothesis, the transition in all
b parameters that have been free to shift their value happens abruptly between date
k0 and date k0 + 1. Under the alternative hypothesis, this restriction is not made, so
that the transition can take a more general form as described formally in the model of
Section 5.2.1. That is,

H0 : θj =
{
θstartj , for t = 1, . . . , k0, for all j = 1, . . . , b,
θendj , for t = k0 + 1, . . . , T, for all j = 1, . . . , b,

HA : θj(t) = (θstartj , θendj ), for t = a0 + 1, . . . , b0, for at least one j ∈ {1, . . . , b},
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where a0 = k0 − dυ0T/2e, b0 = a0 + υ0T , with true transition duration υ0 ≥ 1/T , and
where d·e rounds a number to the next largest integer. Under the alternative hypothesis,
there exists at least one date k0, for which at least one parameter θj lies between values
θstartj and θendj .

Having applied the MLR test, all necessary values are available to calculate the SLR
statistic. The SLR statistic Υυ determines the average LR value in a range of dates
surrounding the maximum at date k̂, relative to the maximum LR itself. That is,

Υυ = 1
[υT ] + 1

b∑
t=a

LR(k)
LR(k̂)

, (5.1)

a = max
(
ω,min

(
k̂ − [υT/2], T − ω − [υT ]

))
,

b = min
(
T − ω,max

(
k̂ + [υT/2], ω + [υT ]

))
.

The division by LR(k̂) normalizes the LR values, such that LR(k)
LR(k̂) ≤ 1 for all k ∈ Tκ.

This also normalizes the test statistic, such that Υυ < 1 for υ ≥ 1/T . υ is the summation
range, which specifies the number of LR values that are added. A straightforward choice
for υ is υ0, but the true transition duration is not known prior to testing. The upper
limitation for values of υ is the availability of LR values, so that υ is restricted by the
trimming parameter κ used in MLR testing, υ ∈ [1/T, 1− 2κ]. The parameters a and b
determine the first and last date of the summation, respectively. When k̂ lies sufficiently
close to the center of the sample and υ is sufficiently small, then LR values from the
[υT/2] dates before and from the [υT/2] dates after k̂ are used in the test statistic.
Otherwise, the summation range is restricted at ω and at T − ω, which are the first and
the last date with an associated LR value, respectively. If υ = 1 − 2κ, all LR values
available from MLR testing are used in the proposed test statistic Υυ. Then also, a = ω
and b = T − ω must hold.

The null hypothesis of an abrupt parameter change is rejected in favor of the alter-
native hypothesis, if Υυ produces values that are larger than those typically calculated
for time series with an abrupt parameter change. Critical values of the test must be
obtained empirically from data that contains an abrupt parameter change. One option is
to perform a parametric, residual resampling bootstrap, see also Chapter 2. For this, the
model parameters {θ̂c, θ̂pre, θ̂post} associated with k̂ from the estimation of a structural
break model during MLR testing are used. In a given bootstrap simulation, a synthetic
observation y∗t is obtained as in the following,

y∗t =
{
f̂(xt; θ̂c, θ̂pre) + ε̂i, for t = 1, . . . , k̂,
f̂(xt; θ̂c, θ̂post) + ε̂j , for t = k̂ + 1, . . . , T,

ε̂i ∈ {ε̂1, . . . , ε̂k̂},
ε̂j ∈ {ε̂k̂+1, . . . , ε̂T },

where f̂ is the estimated functional form of the model and where ε̂i, ε̂j are randomly
drawn (with replacement). Another option is to use a non-parametric, case-resampling
bootstrap. Here, the data before and after the estimated break date is randomly dispersed
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to erase any gradual transition, in expectation. Per bootstrap simulation, this involves
random draws and a resampling of the data that lies before the estimated break date,
and random draws and a resampling of the data that lies behind the estimated break
date. That is,

(yt, xt)∗ = (yj , xj), where j ∈
{
{1, . . . , k̂}, for t = 1, . . . , k̂,
{k̂ + 1, . . . , T}, for t = k̂ + 1, . . . , T.

If the original data has conditionally heteroscedastic disturbances, it is advisable to mimic
the volatility clustering in either bootstrap method. If the clusters are not parametrically
simulated, the original clusters can be preserved by building blocks of data from which
to sample. In any case, data is simulated a large number of times, the corresponding
values of the SLR statistic Υυ are recorded, and critical values are derived.

5.2.4 Illustration of the test statistic

Figure 5.1: Visualization of two parameter transitions
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Note: Smooth parameter transition over time in a univariate time series with intercept term βt and with
standard normal errors. The sample has length T = 1000, and the central transition date is k0 = 0.5T = 500.
Left panels (a) and (b) show a relatively abrupt transition of βt with γa = 1/10 ⇔ τa = 0.1, while right
panels (c) and (d) show a non-abrupt transition with γn = 1/70 ⇔ τn = 0.7. The upper panels (a) and (c)
show plots of βt(γ) over time, and mark pre-break and post-break means of βt for separations at k0 = 500 and
k1 = 375 as dashed lines. The lower panels (b) and (d) show the corresponding scatterplots of LR(k)

LR(k̂)
for all

permitted break dates k, and mark values of LR(k)
LR(k̂)

for k0 = 500 and k1 = 375 as dashed lines.
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Consider data generated from a simple univariate regression model, where an intercept
term βt transitions smoothly between two values. Figure 5.1 compares two such transition
specifications, one transition more abrupt (left panels) than the other (right panels).1 In
both cases the series contain T = 1000 dates and the central transition date is k0 = 500.
The two upper panels (a) and (c) show the respective plot of βt over time t. The dashed
horizontal lines show the mean parameter values, when the sample is divided by either
the central transition date k0 = 500 or some earlier date k1 = 375. The lower panels (b)
and (d) plot the corresponding normalized LR values LR(k)

LR(k̂) for all permitted break dates
k, including dates k0 and k1. The LR values are obtained from a simulation of the simple
regression model, with standard normal error term. The trimming parameter κ = 0.15
prevents the computation of LR values for possible break dates at the edges of the sample,
as they are not in the set of permitted break dates Tκ.

Consider first panel (a) of Figure 5.1 with a relatively abrupt parameter change,
γa = 1/10 ⇔ τa = 0.1. The mean parameter value is βpre = 1 before k0 and βpost = 2
after k0. The difference in means is ∆β = 1, while the difference between starting
and ending values is slightly larger. If the sample is split at k1 instead, βpre decreases
minimally, because a few observations during the transition segment are not included
in the mean calculation. Now that a significant amount of observations from the pre-
k0 segment are included in the mean calculation for βpost, its value decreases and the
difference in means decreases by more than 15% to ∆β = 0.848. The corresponding
normalized LR values in panel (b) also reflect this decrease in parameter difference. The
LR value for k0 is almost equal to the maximum LR value at LR(k0)

LR(k̂) = 0.982, while the

LR value for k1 is at LR(k1)
LR(k̂) = 0.707 of the maximum.

If the parameter transitions more slowly with γn = 1/70⇔ τn = 0.7, the normalized
LR value for k0 is still close to 1 at LR(k0)

LR(k̂) = 0.966, but now the normalized LR value

for k1 is relatively large at LR(k1)
LR(k̂) = 0.794. This can be seen in panel (d) of Figure 5.1.

The reason is visualized in panel (c) above. The starting and ending values of βt have
been set such that for k0 the pre-break mean is βpre = 1 and the post-break mean is
βpost = 2, as before. So the largest difference in means is ∆β = 1, as before. When
this series is separated at k1, more small values of βt are included in the post-break
mean and so βpost decreases, as before. However, the slower transition implies that βpost
decreases less than before. Also, the decrease in βpre is now very apparent, which results
from the earlier separation at k1. Because the transition is slower, a larger fraction of
relatively large values of βt are now excluded from the pre-break segment, so that the
mean value decreases strongly. As a joint consequence of the smaller decrease in βpost
and the larger decrease in βpost, the difference in means decreases by less, from ∆β = 1 at
k0 to ∆β = 0.936 at k1. This explains why the LR value for k1 will tend to be relatively
close to 1, if the parameter transition is slower.

Note at this point that the LR statistic is not necessarily maximized at the point
where mean parameter values before and after the considered break date differ the most.
If that were true, LR(k0)

LR(k̂) = 1 had to hold by definition in either plot of Figure 5.1. LR

1For the purpose of the illustration it is sufficient to consider two transitions with different duration.
The choice that neither is fully abrupt is deliberate, to show that the studied statistics are also gradually
affected by the transition duration.
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values reflect estimated likelihood function values and as such reflect the uncertainty of
parameter estimation. The erratic plots of normalized LR values in the figure show that
likelihood ratios contain information that is different from mean parameter estimates.
Still, mean parameter values are a visually appealing way to connect the parameter
plots to LR value plots. For an analysis of the asymptotic equivalence of the maximum
LR statistic and a statistic that finds the largest estimated parameter shift, given the
uncertainty of estimation, see Andrews (1993).

Figure 5.2: Visualization of test results for two parameter transitions
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Note: The graph shows normalized LR values LR(k)
LR(k̂)

and SLR test statistics Υυ for two simulations with
different parameter transitions over time. A relatively abrupt, smooth transition of βt with γa = 1/10⇔ τa =
0.1 is compared to a non-abrupt, smooth transition with γn = 1/70 ⇔ τn = 0.7. The data is simulated as
univariate series with standard normal errors. For both simulations, the sample length is T = 1000, and the
central transition date is k0 = 0.5T = 500.

A test statistic that is set to detect the non-abruptness of a structural break can make
use of the information contained in the normalized LR values around the maximum. The
summation of normalized LR values is both simple and has a visual appeal. In the limit,
the sum measures the area below the plot of normalized LR values. Figure 5.2 depicts
the normalized LR values that are familiar from Figure 5.1 in one picture. The area
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below the (linearly interpolated) LR values is shaded for an approximate visualization
of the idea. Evidently, the area below the plot with the slower parameter transition is
larger than the area below the plot with a more abrupt transition.

In its final form, the proposed statistic Υυ of the non-abruptness test computes the
average, normalized LR value, as seen in equation (5.1). The respective values of Υυ are
depicted as horizontal, dashed lines in Figure 5.2. The summation range has been set to
υ = 0.7, which means that all available LR values were used in the statistic. The test
statistic produces a larger value when the transition of βt is less-abrupt, Υυ(γn) = 0.662,
than when the transition is relatively abrupt, Υυ(γa) = 0.558.

5.3 Monte Carlo simulations
5.3.1 Introduction
To analyze the small sample properties of the sum of likelihood ratios (SLR) test statistic,
data has been simulated using various DGP specifications. The simulated series all satisfy
the following description of a univariate regression model with smooth transition of the
regression coefficients, that is

yt = x′tβt + εt, for t = 1, . . . , T,
βt = βstart + ST (t, γ, k0) · (βend − βstart) for t = 1, . . . , T, for j = 0, . . . , q,

ST (t, γ, k0) = 1
1 + e−γ(t−k0) , for t = 1, . . . , T,

x0,t = 1, for t = 1, . . . , T,
xj,t ∼ N(0, 1), for t = 1, . . . , T, for j = 1, . . . , q,
εt ∼ N(0, σ2

ε), for t = 1, . . . , T.

The series involve T dates, and the vector of covariates xt contains the scalar 1 and q
additional stochastic variables. q + 1 regression coefficients measure the linear impact
of the vector of covariates xt on the dependent variable yt. Each regression coefficient
smoothly transitions from βstart to βend, according to the smooth transition function
ST = ST (t, γ, k0), which is centered at date k0. The parameter that determines the
speed of transition γ can be transformed to obtain a measure of the transition duration
τ = 10

γT . Parameters βstart and βend are computed such that the pre-k0 mean of βt
equals 1, and the difference in parameter means before and after k0 is a pre-set value ∆β

as well, such that

βstart = 1−∆β ·
∑k0
t=1 ST

k0
T−k0

∑T
t=k0+1 ST −

∑k0
t=1 ST

,

βend = 1 + ∆β ·
k0 −

∑k0
t=1 ST

k0
T−k0

∑T
t=k0+1 ST −

∑k0
t=1 ST

.

For this Monte Carlo (MC) study, simulated time series samples are first subjected to
the maximum likelihood ratio (MLR) statistic, to test whether the stability hypothesis
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is rejected in favor of the structural break hypothesis. If so, the sample is subjected to
SLR, to test whether the abruptness hypothesis is rejected in favor of the hypothesis
of non-abrupt change. For each individual DGP specification, S = 10000 data samples
have been simulated. During the application of MLR and SLR tests, prior knowledge
of σε is assumed and the structural breaks are correctly identified to occur in the mean
parameter β.

Critical values are obtained empirically, but not from resampling the simulated series
according to a bootstrap. Instead, time series samples are simulated with corresponding
DGP properties, but where the tested property is known to satisfy the respective null
hypothesis. This is possible because all properties are known. Specifically, to find critical
values of MLR, time series are simulated where the coefficients do not shift in value, while
the remaining DGP properties are equal to the series with a shift. To find critical values
of SLR, time series are simulated where the coefficients abruptly shift in value, while the
remaining DGP properties are equal to the series with smooth transition. As discussed in
Sections 5.2.2 and 5.2.4, the MLR test produces an estimate of the parameter shift ∆̂β ,
which is not an estimate of the overall transition magnitude βend−βstart for non-abrupt
transitions. Therefore, smooth transition series are simulated first, then ∆̂β is obtained
from MLR testing, then mean(∆̂β) is used to simulate abrupt transition data, which then
leads to critical values of the SLR test for the original smooth transition data.

5.3.2 General results

A first specification of the DGP is given by T = 100 and σε = 1. Further, q = 0, so that
the model only contains an intercept term. The transition is centered at k0 = 0.5T = 50.
The transition duration is τ = 0.3 ⇔ γ = 1

3 . The pre-k0 mean of βt is set to 1, and the
difference in parameter means before and after k0 is ∆β = 1. With γ = 1/3, this implies
βend − βstart = 1.091. The data trimming for structural break testing is set to κ = 0.15,
a standard value in MLR testing, see Andrews (1993) or Bai and Perron (2003). Further,
with υ = 0.7 the sum of LR values is taken over the full set of 71 permitted break dates
in the interval [15, 85].

The results of applying MLR and SLR to the simulated series are reported in Ta-
ble 5.1. The first column lists the results when no break is simulated. As these simulations
are taken as the basis for deriving critical values for MLR testing, each break-detection
frequency Ibd1−α must be equal to the nominal size α of the test. Between the 5% of
simulations that have led to the rejection of the null hypothesis of parameter stability
at a confidence level of 1 − α = 0.95, MLR estimates the break to lie at k = 50.670
on average, with a substantial spread of individual estimates according to the standard
deviation sd(k̂) = 22.949.

When there is an abrupt parameter shift of βend− βstart = 1.091, the power of MLR
is close to or equal to 1 at all reported confidence levels, according to the second column
of Table 5.1. The remaining results are unsurprising, as mean(k̂) = 49.952 lies close to
the true break date k0 = 50, sd(k̂) = 5.177, and the mean estimated parameter shift
magnitude is close to its true value at mean(∆̂β) = 1.131. Shift size ∆β is slightly
overestimated, which can be explained as MLR is expected to locate the break at the
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Table 5.1: General testing results

Transition type None Abrupt Smooth
∆β 0 ∗1.091 1

βend − βstart 0 ∗1.091 1.091
MLR Power Ibd1−α α = 0.01 0.010 0.986 0.983

0.05 0.050 0.998 0.997
0.10 0.100 1.000 0.999

Location mean(k̂) 50.670 49.952 49.517
sd(k̂) 22.949 5.177 7.252

Shift mean(∆̂β) −0.029 1.131 ∗1.091
sd(∆̂β) 0.744 0.191 0.187

SLR Power Iar1−α α = 0.01 − 0.010 0.028
0.05 − 0.050 0.106
0.10 − 0.100 0.192

Note: Results of testing for the existence of a structural break with MLR, as well as results of testing for
non-abruptness of the parameter change with SLR, where υ = 0.7. The data follows a regression model
with T = 100, σε = 1, q = 0, k0 = 50. For the smooth transition, ∆β = 1, βend − βstart = 1.091, and
γ = 1/3 ⇔ τ = 0.3. For the abrupt transition, ∆β = βend − βstart is set equal to the estimated shift in
the non-abrupt setting mean(∆̂β), all marked with an asterisk. For MLR location and shift measures, and for
SLR power indicators, only simulations are used in which MLR has detected the structural break with 95%
confidence.

largest estimated parameter shift in the sample.2 Finally, moving to the lower part of
Table 5.1, the simulations are used as a basis for the derivation of critical values for
the SLR test, so power equals test size by definition. This can be seen by the values of
the abruptness-rejection frequencies Iar1−α, for all α = 0.01, 0.05.0.10. Note that here, as
in all reported results of the MC study, abruptness-rejection frequencies are computed
for simulations that have led to the rejection of parameter stability via MLR at 95%
confidence, only.

The last column of Table 5.1 provides the results when the parameter transitions
smoothly, as specified before, with τ = 0.3. MLR testing leads to the detection of a
structural break almost equally often as when the break is abrupt. At a 95% confidence
level, for example, the structural break is detected in Ibd0.95 = 99.8% of simulations when
the break is abrupt, while it is detected in Ibd0.95 = 99.7% of simulations when the break is
not abrupt. The break date is located slightly before the central transition date k0 = 50
in the mean, as mean(k̂) = 49.517. The estimated parameter shift, mean(∆̂β) = 1.091,
is higher than the difference in parameter means before and after k0, ∆β = 1. As
explained before, the estimate is used to calibrate the magnitude of the abrupt-transition
simulations. The values have been marked with an asterisk in the table to emphasize the
equality.3

Most importantly, the proposed SLR method is shown to have some power for the
detection of the non-abrupt parameter transition. Abruptness-rejection frequencies are
reported as Iar0.99 = 0.028, Iar0.95 = 0.106, and Iar0.90 = 0.192. The test clearly fulfils the

2When the mean of estimated parameter shifts is taken over all simulations, including the ones that
did not lead to the rejection of the null hypothesis, the positive bias still exists at mean(∆̂β) = 1.130.
As the break detection method optimizes the data fit, the model may be overfit to the specific data at
hand.

3The estimate is also equal to βend−βstart of the smooth transition itself, but only to the third digit.
This will not be a general observation, but can coincidentally occur because MLR tends to overestimate
parameter shifts.
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Table 5.2: Test results for different specifications of the DGP

DGP specifications MLR SLR
∆β βend − βstart Ibd0.95 mean(∆̂β) Iar0.99 Iar0.95 Iar0.90

τ = 0.1 1 1.029 0.994 1.069 0.013 0.062 0.114
0.2 1 1.059 0.996 1.081 0.016 0.076 0.131
0.3 1 1.091 0.997 1.091 0.028 0.106 0.192
0.4 1 1.125 0.997 1.097 0.031 0.125 0.222
0.5 1 1.161 0.998 1.107 0.045 0.167 0.281
0.6 1 1.200 0.998 1.117 0.058 0.199 0.328
0.7 1 1.241 0.999 1.124 0.062 0.238 0.382

∆β = −0.5 −0.5 −0.546 0.594 −0.769 0.013 0.065 0.131
0.5 0.5 0.546 0.602 0.768 0.014 0.066 0.126

1 1 1.091 0.997 1.091 0.028 0.106 0.192
2 2 2.182 1.000 2.057 0.108 0.329 0.476

σε = 0.25 1 1.091 1.000 1.028 0.106 0.313 0.456
0.5 1 1.091 1.000 1.028 0.102 0.287 0.437

1 1 1.091 0.997 1.091 0.028 0.106 0.192
2 1 1.091 0.622 1.526 0.014 0.062 0.122

T = 50 1 1.092 0.899 1.202 0.018 0.074 0.142
100 1 1.091 0.997 1.091 0.028 0.106 0.192
200 1 1.091 1.000 1.052 0.046 0.159 0.272
500 1 1.091 1.000 1.029 0.132 0.367 0.525

1000 1 1.091 1.000 1.019 0.376 0.672 0.795
q = 0 1 1.091 0.997 1.091 0.028 0.106 0.192

1 1 1.091 1.000 1.043 0.027 0.136 0.239
2 1 1.091 1.000 1.032 0.036 0.154 0.272

k0 = 30 1 1.116 0.989 1.110 0.017 0.082 0.160
40 1 1.098 0.996 1.098 0.024 0.099 0.188
50 1 1.091 0.997 1.091 0.028 0.106 0.192
60 1 1.093 0.996 1.090 0.020 0.100 0.182
70 1 1.105 0.989 1.101 0.019 0.080 0.164

Note: Results of testing for the existence of a structural break with MLR, as well as results of testing for non-
abruptness of the parameter change with SLR, where υ = 0.7. Parameter values of the DGP are sequentially
adjusted, with the remaining parameters always given by τ = 0.3, ∆β = 1, σε = 1, T = 100, q = 0, and
k0 = 0.5T . ∆β determines βend − βstart. For mean(∆̂β) and Iar1−α, only simulations are used in which MLR
has detected the structural break with 95% confidence.

intended task, but only in relatively few simulations. It is intuitive that the test is less
powerful than MLR, because SLR seeks to distinguish features that are joined under one
hypothesis in structural break testing. The low testing power is also intentional in so far
as to clearly illustrate how changing certain simulation parameters will affect the power
in the upcoming simulations.

5.3.3 Testing power
In the following, the power of SLR is analyzed for a variety of DGP specifications, as
seen in Table 5.2. Each individual property is adjusted with respect to the reference
setting of τ = 0.3, ∆β = 1, σε = 1, T = 100, q = 0, and k0 = 0.5T , so that the individual
impact on testing is isolated. The difference in means at k0, ∆β , and the parameter shift
magnitude, βend − βstart, are included in the table. Further, two indicators from MLR
testing are reported that relate to power and shift estimation, respectively. The three
main indicators in the table are the abruptness-rejection frequencies Iar1−α at confidence
levels 1 − α = 0.99, 0.95, 0.90, when the simulated series are subjected to SLR testing
with υ = 0.7.
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The first and most important result is that the increase in the parameter shift du-
ration τ increases the power of SLR testing. Abruptness-rejection frequencies rise for
all confidence levels when τ increases from τ = 0.1 to τ = 0.7. As discussed before,
∆β = 1 has been set in all of these simulations. The intention is to imitate the practical
setting, in which MLR estimates values of pre- and post-break parameters before the
SLR test is applied. Given ∆β = 1, the parameter shift magnitude βend − βstart must
rise for larger transition durations. Also, the mean estimated parameter shift rises from
mean(∆̂β) = 1.069 to mean(∆̂β) = 1.124. To separate magnitude and transition duration
effects, additional data has been simulated with a relatively abrupt transition of τ = 0.3,
but with the highest reported magnitude of βend − βstart = 1.241. In these simulations,
SLR has power of only Iar0.95 = 0.115. Compared to the other values reported for τ = 0.3
with ∆β = 1 and τ = 0.7 with ∆β = 1, only an increase of 0.115 − 0.106 = 0.009 in
the overall increase of power can be attributed to the adjustment of starting and ending
values of βt. At least the remaining increase of 0.238−0.115 = 0.123 is attributed purely
to the increase in parameter transition duration.

To further see how the mean parameter shift affects the power of SLR when τ = 0.3
stays unchanged, ∆β = −0.5, 0.5, 1, 2 are considered in the next section of Table 5.2. An
increase in the absolute value from ∆β = 0.5 to ∆β = 2 increases the break-detection
frequency from Ibd0.95 = 0.602 to Ibd0.95 = 1 and also the abruptness-rejection frequency
from Iar0.95 = 0.066 to Iar0.95 = 0.329. The larger shift increases the ability of the tests to
detect the transition and to detect the non-abruptness against the noise in the data, given
the limited number of observations T = 100. The overestimation of the parameter shift
is also reduced when ∆β = 2, so that mean(∆̂β) is only 0.057 above the true difference
in means, compared to ∆β = 1 where mean(∆̂β) is 0.091 above the true difference. The
sign of the parameter change has no apparent impact.

The remaining results mostly follow along the lines of the results discussed so far.
The effects of decreasing σε or increasing T on the power of SLR testing are comparable
to the effects of increasing ∆β . Everything else equal, abruptness-rejection frequencies
increase with a reduction of the noise in the data, and increase with an increase in the
number of available observations, as well. A similar observation is made for increases in
the number of covariates q. The addition of stochastic predictor variable with equally
dynamic coefficients βt tends to increase the testing power of SLR. The impact is, how-
ever, relatively small. Going from q = 0 to q = 1 increases the abruptness-rejection
frequency from Iar0.95 = 0.106 to Iar0.95 = 0.136 at 95% and even decreases Iar0.99 = 0.028 to
Iar0.99 = 0.027 at 99%.

Moving the central transition date k0 towards the edges of the permitted break date
set lowers the abruptness-rejection frequency by 0.106 − 0.082 = 0.024 when k0 = 30,
and by 0.106−0.080 = 0.026 when k0 = 70. It is not surprising that SLR performs worse
at off-center transition positions; a comparable reduction in power is recorded for break
detection tests such as MLR in other small sample studies (see, for example, Chapter 4).
The following final section of the Monte Carlo study answers the question, whether the
testing power of SLR can be increased by an adjustment of the summation range υ.
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Table 5.3: The impact of υ on SLR power

Central summation date k0 k̂
τ = 0.1 0.3 0.5 0.7 τ = 0.1 0.3 0.5 0.7

Iar0.99 υ = 0.1 ∗0.014 0.013 0.016 0.014 0.011 0.013 0.015 0.015
0.2 0.014 0.024 0.035 0.035 0.013 0.019 0.026 0.029
0.3 0.012 0.027 0.046 0.056 ∗0.014 0.025 0.039 0.043
0.4 0.011 0.033 0.050 ∗0.079 0.013 0.028 0.040 0.052
0.5 0.012 ∗0.034 0.049 0.078 0.013 0.028 0.040 0.054
0.6 0.013 0.031 ∗0.050 0.068 0.012 ∗0.030 ∗0.049 ∗0.063
0.7 0.013 0.028 0.045 0.062 0.013 0.028 0.045 0.062

Iar0.95 υ = 0.1 0.063 0.069 0.070 0.054 0.055 0.065 0.073 0.069
0.2 0.060 0.100 0.128 0.134 0.058 0.087 0.115 0.118
0.3 0.061 0.115 0.170 0.198 0.061 0.105 0.146 0.157
0.4 0.062 ∗0.115 ∗0.179 0.224 0.061 0.102 0.153 0.184
0.5 0.062 0.113 0.176 0.236 0.061 0.103 0.162 0.210
0.6 ∗0.065 0.110 0.172 ∗0.241 ∗0.063 0.106 ∗0.170 0.235
0.7 0.062 0.106 0.167 0.238 0.062 ∗0.106 0.167 ∗0.238

Iar0.90 υ = 0.1 ∗0.121 0.131 0.121 0.100 0.115 0.130 0.141 0.137
0.2 0.115 0.192 0.218 0.219 0.110 0.177 0.200 0.216
0.3 0.111 ∗0.206 0.270 0.302 0.111 0.186 0.242 0.270
0.4 0.114 0.206 ∗0.292 0.353 0.113 0.190 0.264 0.320
0.5 0.118 0.200 0.291 0.372 0.111 ∗0.197 0.279 0.354
0.6 0.115 0.194 0.292 ∗0.382 ∗0.116 0.194 ∗0.286 0.378
0.7 0.114 0.192 0.281 0.382 0.114 0.192 0.281 ∗0.382

Note: Abruptness-rejection frequencies for different values of summation range υ. S = 10000 samples are
simulated for each DGP specification. All data follows a regression model with T = 100, σε = 1, q = 0,
∆β = 1, and k0 = 0.5T = 50. Results are shown for different values of the transition duration τ , using k0 or k̂
as a central summation date. In each case, the υ that has led to the largest value of Iar1−α is marked with an
asterisk.

5.3.4 Impact of the summation range parameter

In earlier simulations, all results have been based on setting the summation range pa-
rameter to υ = 0.7. Together with κ = 0.15 this implies that the full set of available LR
values is included in the summation. Only then the central summation date is invariably
given by t = 0.5T , but for other values of υ the central summation date may change.
This section describes the impact of υ on SLR testing power.

Consider first that the summation of LR values is centered at k0, so that its value is
assumed prior knowledge. The left half of Table 5.3 reports the corresponding abruptness-
rejection frequencies Iar1−α. The best respective settings of υ are identified by the largest
associated value of Iar1−α, each marked by an asterisk in the table. A positive correlation
between τ and the best setting for υ is revealed. It is intuitive that the summation of
LR values is most powerful, when the included LR values correspond to the dates during
which the transition occurs. Since the duration of the transition is not known before
testing, this result only underlines the appropriateness of the test statistic, but has no
practical implications.

In practice the central transition date is unknown. The right half of Table 5.3 reports
abruptness-rejection frequencies when SLR takes k̂ of each simulation as its central sum-
mation date. Recall that there is some variation in break date estimation, for example
sd(k̂) = 7.252 ≈ 0.073T for τ = 0.3 (see Table 5.1). A first result is that SLR testing
power tends to be smaller when k0 must be estimated. The table also indicates that
the increase in SLR power for larger transition durations is most apparent for υ = 0.7.
Generally, the highest detection frequencies are now reported for larger values of υ than
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Table 5.4: The impact of υ on SLR power for additional DGP specifications

σε = 0.5 T = 500 k0 = 30
τ = 0.3 0.5 0.7 τ = 0.3 0.5 0.7 τ = 0.3 0.5 0.7

υ = 0.1 0.315 0.365 0.388 0.368 0.434 0.462 0.073 0.079 0.084
0.2 ∗0.399 0.579 0.662 ∗0.501 0.707 0.798 0.097 0.125 0.141
0.3 0.388 0.656 0.773 0.491 ∗0.768 0.890 ∗0.106 0.165 0.200
0.4 0.361 ∗0.664 0.818 0.457 0.763 0.916 0.098 ∗0.167 ∗0.204
0.5 0.320 0.642 0.826 0.418 0.747 ∗0.921 0.083 0.165 0.203
0.6 0.301 0.621 ∗0.832 0.391 0.726 0.917 0.086 0.148 0.188
0.7 0.287 0.606 0.831 0.367 0.701 0.912 0.082 0.146 0.181

Note: Abruptness-rejection frequencies at 95% confidence for different values of summation range υ. For each
specification, S = 10000 data samples have been simulated. All data has q = 0 and ∆β = 1, and if not
explicitly stated differently, also T = 100, σε = 1, and k0 = 0.5T = 50. Transition durations are either value
of τ = 0.3, 0.5, 0.7 and k̂ of each simulation is used as the central summation date. In each case, the υ that
has led to the largest value of Iar0.95 is marked with an asterisk.

when the central summation date is k0. For every considered case, the best υ has re-
mained the same, or increased in value. In a few cases υ = 0.7 is the best setting, and
when not, the difference in Iar1−α between the best υ and υ = 0.7 is at most equal to
0.004 (for τ = 0.3 and τ = 0.5 at 90% confidence). There is support for setting υ = 0.7,
or υ = 1− 2κ for general values of the trimming parameter κ. This is a straightforward
setting, where the full range of available LR data is used. Yet, no final conclusions can
be drawn before simulations with different DGP specifications are analyzed.

Table 5.4 reports abruptness-detection frequencies at 95% confidence for additional
specifications of the DGP. Again, different settings of υ are compared for three different
transition durations τ . The first case involves a reduction of the noise in the data, such
that the disturbance standard deviation equals σε = 0.5. The second case involves an
increase in the amount of observations, as the sample length is set to T = 500. Both
cases represent situations that make structural break testing more powerful in general,
and SLR testing in particular. However, in none of these specifications υ = 0.7 is the
best setting, not even for τ = 0.7. The results indicate that now lower values of υ must
be considered. It can be argued that for T = 500, and given that the transition duration
is unknown ex ante, a moderate summation range such as υ = 0.4 is the best choice.
When τ = 0.7, υ = 0.4 is almost as powerful as best setting υ = 0.5, with a difference
in Iar0.95 equal to 0.005 only. When τ = 0.3, υ = 0.4 is significantly more powerful than
υ = 0.5, with a difference in Iar0.95 equal to 0.029.

When k0 = 30, so that the central transition date is off-center in the sample of
T = 100 observations, SLR testing also benefits from smaller values for υ. Recall that
Table 5.2 reported that at τ = 0.3, abruptness-detection frequencies decreased, when the
central transition date moved off-center. In Table 5.4, it can be seen that Iar0.95 = 0.106 is
achieved for k0 = 30, which is just as high as the highest abruptness rejection frequency
for data with central transition date. This is only achieved when the summation range
is lowered to υ = 0.3. An off-center location of the break date need not be associated
with a decrease in testing power, if the summation range is moderately sized.

The overall implication of this section of the Monte Carlo study is that larger sum-
mation ranges are appropriate, when a structural break has been detected in the middle
of the sample, with relatively low confidence. Additional simulations have revealed that
there are situations where SLR testing benefits from using moderate summation ranges
υ instead of large ranges. Situations that are favorable to break testing in general are
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one such category, with many observations and little noise. In these situations, if the pa-
rameter transition is slow, testing power is relatively large for any setting of υ. However,
if the parameter transitions relatively quickly, crucial testing power can be gained from
setting lower values for υ. The other situation is when the central transition date lies
close to the edge of the data sample. Then, again, crucial testing power can be gained
from moderate summation ranges such as υ = 0.3 when the transition is quick, without
causing a large reduction in testing power when the transition is slow.

5.4 Empirical Application
Chapter 4 on the detection of structural breaks with a rolling window algorithm contains
an application to a sample of daily redemption yield observations for 18 European 10-
year government bonds. The data covers 3640 dates between 2003-01-09 and 2015-12-21.
Linear regression models for differences in the redemption yield, ∆ri, are estimated, see
Table 4.7. For most of the countries the corresponding model contains an autoregressive
component and other significant, predetermined financial series, such as U.S. bond yield
differences ∆(rUS)t−1, German bond yield differences ∆(rBD)t−1 and global series such
as the MSCI World stock exchange index, ∆(ln sWR)t−1. For each of the 18 countries,
the detection algorithm finds six significant structural breaks in the standard deviation
of the error term. In the following, the abruptness of the detected structural breaks is
investigated.

Each break date is analyzed separately, for m = 1, . . . , 6. For this, data set segments
are taken from the full sample of a series, each segment centered around a break date
estimate. Each data segment is chosen to contain the same number of observations as
a data window in the break detection method, Tk = 2ω = 2 (d0.1 · 3640e) = 728. If the
same segments had been used during separate single break detection runs before, the LR
values surrounding the maximum would have already been available for the SLR method.
However, surrounding LR values were calculated in rolling windows of data, so now they
will be calculated anew.4 The trimming parameter for calculating new LR values is set
to κ = 0.15, as the segments are relatively short.

To evaluate the SLR results for each break, a semi-parametric bootstrap of resampling
data blocks is performed and the SLR test is applied to the bootstrapped observations.
For this, each segment of Tk = 728 observations is separated at k̂m into a pre- and a post-
break segment, and the observations are resampled 1000 times. As the given application
concerns error term volatility breaks, the residuals of the model are resampled, directly.
The bootstrap method is not fully parametric, as the disturbances are not simulated
anew, using the estimated pre- and post-break standard deviation values. Instead, the
observed residuals are used to preserve unspecified properties of the empirical data.
The residuals are, however, standardized within blocks of 15 observations to have the
estimated standard deviation.

Table 5.5 reports structural break date estimates and the respective p-value of the
null hypothesis of an abrupt parameter shift as tested by SLR. The summation range

4One could also choose to continue with the rolling window approach. Then the already calculated
rolling window LR values for single breaks could be used, and instead the bootstrap method to derive
critical values would be adjusted to use rolling windows as well. This method has not been tested for
this study.
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Table 5.5: SLR test results for a moderate summation parameter value

i m 1 2 3 4 5 6
BD k̂m 2004-06-01 2007-11-27 2009-08-19 2011-05-05 2012-11-07 2015-04-28

p-value 0.002 < 0.001 0.961 1 0.644 1

BG k̂m 2004-06-01 2007-11-27 2009-06-23 2010-11-15 2012-07-31 2015-01-13
p-value 0.002 < 0.001 0.832 0.751 1 1

CZ k̂m 2006-03-13 2007-11-14 2010-01-13 2011-06-13 2013-07-24 2015-07-30
p-value 0.026 0.769 0.051 0.999 0.002 1

DK k̂m 2004-06-01 2005-12-14 2007-12-06 2010-08-19 2013-01-11 2014-12-26
p-value < 0.001 0.020 < 0.001 < 0.001 0.633 1

ES k̂m 2004-07-02 2007-11-27 2009-06-10 2011-06-01 2013-07-04 2014-11-28
p-value < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001

FN k̂m 2004-06-01 2007-11-27 2009-06-19 2011-02-15 2012-10-29 2015-01-13
p-value < 0.001 < 0.001 0.611 0.992 1 0.999

FR k̂m 2004-06-01 2007-11-27 2009-06-19 2011-03-14 2012-08-03 2015-04-28
p-value 0.002 < 0.001 < 0.001 1 1 1

GR k̂m 2004-06-01 2007-08-07 2009-01-01 2011-04-13 2013-01-31 2014-10-10
p-value 0.031 < 0.001 0.001 0.999 < 0.001 < 0.001

IR k̂m 2004-06-01 2005-12-12 2007-11-27 2010-07-12 2012-08-01 2014-02-10
p-value 0.100 0.011 < 0.001 < 0.001 < 0.001 1

IT k̂m 2004-06-01 2007-11-27 2009-06-15 2011-05-26 2013-03-27 2015-02-25
p-value 0.002 < 0.001 1 1 < 0.001 < 0.001

NL k̂m 2004-06-01 2007-11-27 2009-06-19 2011-03-31 2012-09-27 2015-01-12
p-value 0.001 < 0.001 0.930 0.020 0.999 1

NW k̂m 2004-06-01 2005-12-16 2007-07-30 2009-04-06 2010-08-30 2012-01-24
p-value < 0.001 0.041 < 0.001 1 1 1

OE k̂m 2004-06-01 2007-11-27 2009-06-19 2011-04-14 2012-09-14 2015-04-28
p-value 0.068 < 0.001 0.914 1 1 1

PO k̂m 2004-09-17 2006-04-13 2008-02-08 2009-08-06 2012-07-11 2014-10-17
p-value 1 < 0.001 0.742 < 0.001 < 0.001 0.997

PT k̂m 2004-06-01 2005-12-09 2007-11-27 2010-04-19 2013-07-22 2014-12-26
p-value 0.007 0.057 < 0.001 < 0.001 1 0.808

SD k̂m 2004-06-01 2007-11-27 2009-12-08 2011-05-17 2013-09-19 2015-02-11
p-value 0.402 < 0.001 0.019 1 < 0.001 0.795

SW k̂m 2004-06-02 2007-10-31 2009-06-25 2011-12-21 2013-07-24 2014-12-16
p-value 0.838 < 0.001 0.986 0.723 0.979 1

UK k̂m 2004-06-16 2007-11-13 2010-01-21 2011-06-20 2012-11-09 2015-02-16
p-value 0.027 < 0.001 < 0.001 1 0.026 < 0.001

Note: For all series i = BD, . . . , UK, results of testing the abruptness of six shifts in σε that have been detected
by a multiple structural break test. The table reports p-values for the null hypothesis that the corresponding
structural break m is abrupt, according to the SLR test, using summation range parameter υ = 0.4.
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is set to a moderate υ = 0.4 according to the Monte Carlos study recommendation for
large data sets with highly significant structural breaks. Results for different values of
υ are found in the Appendix 5.A. The results for υ = 0.4 are vast and mostly differ
between countries, but they jointly show the importance of following up structural break
testing by abruptness testing. Usually, structural breaks before 2009 are associated with
volatility shifts whose abruptness is rejected by the SLR test. All structural breaks
between 2004 and 2006 are associated with a reduction in volatility, and typically low p-
values of the SLR test indicate that these reductions have happened gradually over time.
The reason for the significance of these structural breaks is not an abruptly lowered
volatility. Instead, the respective model fit is significantly improved by allowing different
volatility estimates before and after the structural break, because volatility is lowered
gradually and steadily.

The next noteworthy result concerns the general increase of volatility at the end of
2007, following the initial financial turmoil that would develop into the Global Financial
Crisis. All 18 countries experience a structural break, as early as on 2007-07-30 (Norway)
and 2007-08-07 (Greece) or late on 2008-02-08 (Poland), with the other 15 structural
breaks between 2007-10-31 and 2007-12-06. Despite the small variation in structural
break date estimates, the volatility increase does not seem to occur abruptly in or around
November 2007. With υ = 0.4, volatility change abruptness is rejected at 99% confidence
for all series except Czech Republic and Poland. As reported in Appendix 5.A, it is
rejected for all 18 series when υ = 0.6, 0.7. This means that abruptness is confidently
rejected when LR values are summed over at least 0.6·728 ≈ 737 working days, or roughly
44 weeks before and 44 weeks after the estimated break date. This is an indication that
volatility has not abruptly risen in November 2007. Instead, structural breaks at the end
of 2007 are significant, because volatility slowly increased and was much higher at the
end of 2008 than at the beginning of 2007.

Structural breaks towards the end of the sample are often associated with volatility
shifts whose abruptness is not rejected by SLR testing. Instead of a Global Financial
Crisis that has an indirect impact on government bond prices due to general financial
instability and government spending, the European sovereign debt crisis directly im-
pacts European bond markets due to concerns of sustainability and shared responsibility.
Volatility abruptly declines in all central euro area countries following the announcement
of European Central Bank president Mario Draghi on 2012-07-26 to do “whatever it
takes” (Belgium, France, and later Germany, Finland, Netherlands, and Austria). In
contrast, the volatility reduction is a non-abrupt process according to the SLR test re-
sults in euro area periphery countries Spain, Greece, Ireland, Italy and Portugal. For
these, only the structural break of Ireland is estimated to occur close to Draghi’s speech.
However, the SLR test results of non-abrupt change show that for the periphery countries,
no individual event appears to have produced the overall change in volatility. Instead,
a series of developments over time have led to a significant volatility reduction, one of
which may have been the speech several weeks before the estimated break date. Clearly,
the result underlines the limitations of structural break analysis without follow-up anal-
ysis such as the SLR test. Interpretations of structural breaks should not focus solely on
the structural break date estimates.

To illustrate the parameter changes during the segments, estimates of σε can be
plotted over time. Figure 5.3 shows plots for Germany and Spain, and plots for the
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Figure 5.3: Error term standard deviation over time 1/9
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Note: For i = BD,ES, and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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remaining countries can be found in the Appendix 5.A. The graphs are each centered
at one of six estimated break dates of the country. Significance of the SLR test of non-
abruptness is indicated with ∗,∗∗ ,∗∗∗ for 90%, 95%, 99% confidence, respectively, when
υ = 0.4. Estimates associated with the segments between structural breaks are shown as
dashed horizontal lines. These are calculated from the actual unexplained variation of
∆ri, not from the weighted observations used in the structural break detection. They are
compared to moving average estimates σ̄ε calculated from rolling windows of regression
residuals with, such that

σ̄ε,t =

(∑t+99
j=t−99 ωj(ε̂j − ε̄)2

)0.5

∑t+99
j=t−99 ωj

,

where ε̄ = 1/199
∑t+99
j=t−99 ε̂j and where weights are discounted such that ωj = 0.95|j−t|.

The shaded bands mark all moving average estimates that are calculated using the obser-
vation of the respective break date estimate k̂m itself. Generally, the plots visually aide
and support the SLR test findings. Often, when breaks are associated with significantly
non-abrupt standard deviation change, the change in the corresponding moving averages
is relatively small surrounding the break date compared to the difference in estimated
pre- and post-break standard deviations.

In the first two plots for Germany, moving average estimates follow the same trend for
roughly one year before and after the estimated break dates. Accordingly, the volatility
change is not abrupt at 99% confidence in either case, using a moderate summation
parameter of υ = 0.4. Consider then the estimates of the standard deviation for each full
segment between structural breaks and especially the difference between these segment-
estimates. For the first two structural breaks, the moving average estimates within a
shaded band barely change by half the difference in segment-estimates, further supporting
the claim that the change that is captured by the structural break has not occurred
abruptly. For the four later structural breaks of Germany, in contrast, the change in
recursive residuals is almost as large or larger than the difference in segment-estimates.
Accordingly, abruptness has not been rejected for any of these structural breaks at υ =
0.4. The only instance of abruptness-rejection in these four structural breaks is for k̂5
on 2012-11-07 when υ = 0.6, so when the summation includes the very low spring-2012
volatility in the market but not the high volatility between the years 2011/2012.

For Spain, five of the six volatility changes are significantly non-abrupt. The exception
is the break at 2009-06-10, which can be explained by the small decrease in estimated
standard deviation of only 1.55%. Given the small change between data segments, the
change has occurred relatively quickly. The volatility increase of 2011-06-01 appears to
be relatively abrupt, judging from the moving average estimates, but this conclusion
depends on the frame of reference. It is confirmed by the SLR test for short summation
ranges υ = 0.1, 0.2, where the null hypothesis of abrupt parameter change is not rejected.
In this case, the rapid increase to a peak volatility of the second half of 2011 is influential.
In contrast, given a moderate setting of υ = 0.4, the transition between data regimes
is significantly non-abrupt according to the SLR test. This can be explained, as the
extremely high volatility values in the second half of 2011 were only temporary.

97



CHAPTER 5. TESTING PARAMETER CHANGE ABRUPTNESS WITH A SUM OF
LIKELIHOOD RATIOS

Table 5.6: Full SLR test results for Germany and Spain

i m 1 2 3 4 5 6
BD k̂m 2004-06-01 2007-11-27 2009-08-19 2011-05-05 2012-11-07 2015-04-28

υ = 0.1 0.102 0.027 0.920 1 0.140 1
0.2 0.202 < 0.001 0.508 1 0.351 1
0.3 0.374 < 0.001 0.681 1 0.795 1
0.4 0.002 < 0.001 0.961 1 0.644 1
0.5 < 0.001 < 0.001 0.998 1 0.365 1
0.6 < 0.001 < 0.001 1 1 0.071 1
0.7 < 0.001 < 0.001 1 1 0.128 1

ES k̂m 2004-07-02 2007-11-27 2009-06-10 2011-06-01 2013-07-04 2014-11-28
υ = 0.1 0.006 < 0.001 1 0.619 0.954 0.998

0.2 < 0.001 < 0.001 1 0.942 0.319 0.939
0.3 < 0.001 < 0.001 1 < 0.001 < 0.001 0.510
0.4 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001
0.5 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001
0.6 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001
0.7 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001

Note: For a series i = BD,ES, results of testing the abruptness of six shifts in σε that have been detected
by a multiple structural break test. The table reports p-values for the null hypothesis that the corresponding
structural break m is abrupt, according to the SLR test, using several values of the summation range parameter
υ.

To summarize the results, the growth in unexplained volatility of the European bond
price series at the dawn of the Global Financial Crisis has occurred relatively slowly,
much like the decrease in volatility before. In the later parts of the sample, which
cover the European sovereign debt crisis, abruptness of volatility changes in Germany
and other central European countries is typically not rejected. Such results encourage
considerations of specific events that may be associated with sudden volatility changes.
For Spain and other periphery countries of the euro area, significant structural breaks
typically involve relatively large changes in volatility. SLR testing has indicated that
these changes rarely occur rapidly, but instead accumulate gradually over time until the
full extent of the change is realized. Accordingly, the use of SLR with several values of
the summation range parameter υ can help in the determination of type and speed of
change. In contrast to the Monte Carlo simulation results, the use of small values for υ
is not discouraged, at least to augment other settings. Overall, the empirical results are
quite diverse, but an in-depth analysis is beyond the scope of the chapter.

Evidently, the specific interpretation of SLR test results in practice benefits from
additional graphical tools. In this empirical application, moving average estimates of
the standard deviation were plotted, which uncovered the dynamics of each series. Con-
versely, the evaluation of a graphical output benefits from the simple, scalar values of
the SLR test. This can be seen in this study, where individual parameters are analyzed
separately, but the advantage is even more relevant when the transition of more than
one parameter must be judged at once.

5.5 Conclusion
The chapter presents a test for the investigation of parameter change abruptness, when
a structural break has been detected in a regression model. It is a follow-up method that
assumes that the structural break has been detected by the popular maximum likelihood
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ratio test. The test statistic involves the summation of the likelihood ratio values typically
available from maximum likelihood ratio testing. With this summation statistic, the
abruptness of the detected parameter shift is tested against other forms of non-abrupt
parameter transition. The test can be easily applied to support the interpretation of
break detection outcomes.

The concept of the test is described and illustrated, before its properties are analyzed
in a Monte Carlo simulation study. In the simulations, regression parameters gradually
change their values according to a smooth transition specification. The results confirm
the validity of the test in two ways. First, they show that the maximum likelihood
ratio statistic is sensitive to parameter changes that are not abrupt. This highlights
the importance of having to consider types of structural change that are different from
the abrupt transition case, once a break detection method infers a structural break.
Second, the study confirms that the sum of likelihood ratio statistic can uncover the
non-abruptness of parameter transitions in small samples. Specifically, the test becomes
more powerful when parameter transitions take longer. The test shares some properties
with related methods of structural break testing and statistical methods in general: Its
ability to reject the hypothesis of abruptness increases with the number of observations
and with the reduction of noise, relative to the strength of the signal.

The sum of likelihood ratio test is applied to several data sets of European government
bond yields that each contain multiple significant changes in the error term of a linear
regression model. The test is applied one structural break at a time. The unexplained
variation of the series is found to transition non-abruptly in many cases, at conventional
confidence levels. The increases in volatility during 2007 and the first months of 2008, at
the dawn of the Global Financial Crisis, are generally not abrupt according to the test.
In such a case, the original structural break test indicates that the model is improved by
allowing a parameter shift compared to no change, but the sum of likelihood ratio test
shows that a non-abrupt transition model is significantly more appropriate.

The proposed test has a single parameter that must be set by its applicant, the
summation range υ. There is no clear support for any specific value, but the use of small
summation ranges is discouraged. In data samples with few observations, relatively small
parameter shifts, and a structural break date that lies close to the center of the sample,
the summation of a large range of available likelihood ratio data benefits the test. In
any other case, more moderate values of υ lead to higher testing power. Generally, the
results indicate a positive correlation between the most favorable test value of υ and
the parameter transition duration itself. Since the duration is unknown beforehand, this
observation serves no practical purpose at this point. When using the test in practice,
several settings of the summation range could be tried. In future research, the positive
correlation could be used as the basis of a test that investigates the speed of parameter
transition.

The described test properties are valid for the given specifications of the Monte Carlo
study, with simple regression samples and smooth parameter transition. The test is
shown to augment simple structural break tests as well as graphical tools of parameter
change with a scalar statistic. A study that analyzes the implications of allowing a wider
range of data types could be a potential extension. Another possibility would be to study
Wald test results and their summation, for example, instead of likelihood ratio results.
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The study of asymptotic properties of the test would provide another angle, and may
result in the description of a limit distribution of the test.

5.A Appendix
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Table 5.7: Full SLR test results 1/3

i m 1 2 3 4 5 6
BD k̂m 2004-06-01 2007-11-27 2009-08-19 2011-05-05 2012-11-07 2015-04-28

υ = 0.1 0.102 0.027 0.920 1 0.140 1
0.2 0.202 < 0.001 0.508 1 0.351 1
0.3 0.374 < 0.001 0.681 1 0.795 1
0.4 0.002 < 0.001 0.961 1 0.644 1
0.5 < 0.001 < 0.001 0.998 1 0.365 1
0.6 < 0.001 < 0.001 1 1 0.071 1
0.7 < 0.001 < 0.001 1 1 0.128 1

BG k̂m 2004-06-01 2007-11-27 2009-06-23 2010-11-15 2012-07-31 2015-01-13
υ = 0.1 0.046 < 0.001 0.709 0.047 0.999 0.924

0.2 0.038 < 0.001 0.289 0.160 1 0.963
0.3 0.170 < 0.001 0.432 0.955 1 1
0.4 0.002 < 0.001 0.832 0.751 1 1
0.5 < 0.001 < 0.001 0.986 0.049 1 1
0.6 < 0.001 < 0.001 0.999 < 0.001 1 1
0.7 0.001 < 0.001 1 < 0.001 1 1

CZ k̂m 2006-03-13 2007-11-14 2010-01-13 2011-06-13 2013-07-24 2015-07-30
υ = 0.1 0.793 1 0.980 0.813 1 1

0.2 0.080 1 0.577 0.804 0.806 1
0.3 0.090 0.950 0.405 0.997 0.109 1
0.4 0.026 0.769 0.051 0.999 0.002 1
0.5 0.004 0.101 0.008 1 0.063 1
0.6 < 0.001 < 0.001 0.002 1 0.013 1
0.7 < 0.001 < 0.001 < 0.001 1 < 0.001 1

DK k̂m 2004-06-01 2005-12-14 2007-12-06 2010-08-19 2013-01-11 2014-12-26
υ = 0.1 0.012 0.569 0.039 0.991 0.996 1

0.2 < 0.001 0.648 < 0.001 0.690 0.889 1
0.3 < 0.001 0.197 < 0.001 0.035 0.720 1
0.4 < 0.001 0.020 < 0.001 < 0.001 0.633 1
0.5 < 0.001 0.009 < 0.001 < 0.001 0.647 1
0.6 < 0.001 0.004 < 0.001 < 0.001 0.270 1
0.7 < 0.001 0.001 < 0.001 < 0.001 0.018 1

ES k̂m 2004-07-02 2007-11-27 2009-06-10 2011-06-01 2013-07-04 2014-11-28
υ = 0.1 0.006 < 0.001 1 0.619 0.954 0.998

0.2 < 0.001 < 0.001 1 0.942 0.319 0.939
0.3 < 0.001 < 0.001 1 < 0.001 < 0.001 0.510
0.4 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001
0.5 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001
0.6 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001
0.7 < 0.001 < 0.001 1 < 0.001 < 0.001 < 0.001

FN k̂m 2004-06-01 2007-11-27 2009-06-19 2011-02-15 2012-10-29 2015-01-13
υ = 0.1 0.013 0.026 0.727 0.975 1 0.964

0.2 0.016 0.003 0.165 0.999 1 0.912
0.3 0.042 0.001 0.266 0.995 1 0.994
0.4 < 0.001 < 0.001 0.611 0.992 1 0.999
0.5 < 0.001 < 0.001 0.885 0.715 1 1
0.6 < 0.001 < 0.001 0.987 0.028 1 1
0.7 < 0.001 < 0.001 0.996 < 0.001 1 1

Note: For a first set of series i = BD, . . . , FN , results of testing the abruptness of six shifts in σε that have
been detected by a multiple structural break test. The table reports p-values for the null hypothesis that the
corresponding structural break m is abrupt, according to the SLR test, using several values of the summation
range parameter υ.
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Table 5.8: Full SLR test results 2/3

i m 1 2 3 4 5 6
FR k̂m 2004-06-01 2007-11-27 2009-06-19 2011-03-14 2012-08-03 2015-04-28

υ = 0.1 0.064 0.005 0.073 0.373 0.924 1
0.2 0.052 < 0.001 < 0.001 0.846 1 1
0.3 0.202 < 0.001 < 0.001 1 1 1
0.4 0.002 < 0.001 < 0.001 1 1 1
0.5 < 0.001 < 0.001 0.025 1 1 1
0.6 < 0.001 < 0.001 0.415 1 1 1
0.7 < 0.001 < 0.001 0.873 0.832 1 1

GR k̂m 2004-06-01 2007-08-07 2009-01-01 2011-04-13 2013-01-31 2014-10-10
υ = 0.1 0.701 < 0.001 < 0.001 1 0.001 < 0.001

0.2 0.482 < 0.001 0.001 0.989 < 0.001 < 0.001
0.3 0.134 < 0.001 0.358 0.981 < 0.001 < 0.001
0.4 0.031 < 0.001 0.001 0.999 < 0.001 < 0.001
0.5 0.046 < 0.001 < 0.001 1 < 0.001 < 0.001
0.6 0.085 < 0.001 < 0.001 1 < 0.001 < 0.001
0.7 0.145 < 0.001 < 0.001 1 < 0.001 < 0.001

IR k̂m 2004-06-01 2005-12-12 2007-11-27 2010-07-12 2012-08-01 2014-02-10
υ = 0.1 0.047 0.002 0.001 0.140 1 1

0.2 0.064 0.015 < 0.001 < 0.001 0.999 0.999
0.3 0.278 0.015 < 0.001 < 0.001 0.026 1
0.4 0.100 0.011 < 0.001 < 0.001 < 0.001 1
0.5 0.157 0.034 < 0.001 < 0.001 < 0.001 1
0.6 0.389 0.034 < 0.001 < 0.001 < 0.001 1
0.7 0.536 0.049 < 0.001 < 0.001 < 0.001 1

IT k̂m 2004-06-01 2007-11-27 2009-06-15 2011-05-26 2013-03-27 2015-02-25
υ = 0.1 0.690 < 0.001 0.997 1 0.351 1

0.2 0.517 < 0.001 0.999 0.994 < 0.001 0.961
0.3 0.204 < 0.001 1 0.859 < 0.001 0.120
0.4 0.002 < 0.001 1 1 < 0.001 < 0.001
0.5 < 0.001 < 0.001 1 1 < 0.001 < 0.001
0.6 < 0.001 < 0.001 1 1 < 0.001 0.005
0.7 < 0.001 < 0.001 1 1 < 0.001 0.010

NL k̂m 2004-06-01 2007-11-27 2009-06-19 2011-03-31 2012-09-27 2015-01-12
υ = 0.1 0.105 0.010 0.612 0.624 0.413 1

0.2 0.163 0.001 0.382 0.246 0.830 1
0.3 0.305 < 0.001 0.637 0.169 0.988 1
0.4 0.001 < 0.001 0.930 0.020 0.999 1
0.5 < 0.001 < 0.001 0.995 < 0.001 0.995 1
0.6 < 0.001 < 0.001 1 < 0.001 0.982 1
0.7 0.001 < 0.001 1 < 0.001 0.962 1

NW k̂m 2004-06-01 2005-12-16 2007-07-30 2009-04-06 2010-08-30 2012-01-24
υ = 0.1 1 0.950 < 0.001 0.959 0.588 1

0.2 0.880 0.816 < 0.001 0.995 1 1
0.3 0.300 0.256 < 0.001 1 1 1
0.4 < 0.001 0.041 < 0.001 1 1 1
0.5 < 0.001 < 0.001 < 0.001 1 1 1
0.6 < 0.001 < 0.001 < 0.001 1 1 1
0.7 < 0.001 < 0.001 < 0.001 1 1 1

Note: For a second set of series i = FR, . . . , NW , results of testing the abruptness of six shifts in σε that have
been detected by a multiple structural break test. The table reports p-values for the null hypothesis that the
corresponding structural break m is abrupt, according to the SLR test, using several values of the summation
range parameter υ.
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Table 5.9: Full SLR test results 3/3

i m 1 2 3 4 5 6
OE k̂m 2004-06-01 2007-11-27 2009-06-19 2011-04-14 2012-09-14 2015-04-28

υ = 0.1 0.198 < 0.001 0.882 0.967 0.995 1
0.2 0.308 < 0.001 0.618 0.991 1 1
0.3 0.683 < 0.001 0.600 1 1 1
0.4 0.068 < 0.001 0.914 1 1 1
0.5 0.005 < 0.001 0.995 1 1 1
0.6 0.002 < 0.001 0.999 1 0.999 1
0.7 0.003 < 0.001 0.999 1 0.999 1

PO k̂m 2004-09-17 2006-04-13 2008-02-08 2009-08-06 2012-07-11 2014-10-17
υ = 0.1 0.879 0.001 < 0.001 0.066 < 0.001 1

0.2 0.999 < 0.001 < 0.001 0.003 < 0.001 1
0.3 1 < 0.001 0.115 < 0.001 < 0.001 1
0.4 1 < 0.001 0.742 < 0.001 < 0.001 0.997
0.5 0.999 < 0.001 0.001 < 0.001 < 0.001 0.790
0.6 0.919 < 0.001 < 0.001 0.001 < 0.001 0.689
0.7 0.748 < 0.001 < 0.001 0.008 < 0.001 0.711

PT k̂m 2004-06-01 2005-12-09 2007-11-27 2010-04-19 2013-07-22 2014-12-26
υ = 0.1 0.326 0.002 0.001 0.997 1 1

0.2 0.399 0.033 < 0.001 0.001 1 1
0.3 0.253 0.060 < 0.001 < 0.001 1 0.993
0.4 0.007 0.057 < 0.001 < 0.001 1 0.808
0.5 0.001 0.062 < 0.001 < 0.001 0.970 0.774
0.6 0.002 0.045 < 0.001 < 0.001 0.721 0.958
0.7 0.012 0.050 < 0.001 < 0.001 0.377 0.932

SD k̂m 2004-06-01 2007-11-27 2009-12-08 2011-05-17 2013-09-19 2015-02-11
υ = 0.1 0.583 0.391 0.011 0.999 0.873 0.670

0.2 0.741 < 0.001 0.006 1 0.271 0.912
0.3 0.706 < 0.001 0.016 1 0.006 0.727
0.4 0.402 < 0.001 0.019 1 < 0.001 0.795
0.5 0.046 < 0.001 0.080 1 < 0.001 0.905
0.6 0.005 < 0.001 0.046 1 < 0.001 0.988
0.7 < 0.001 < 0.001 0.006 1 < 0.001 0.996

SW k̂m 2004-06-02 2007-10-31 2009-06-25 2011-12-21 2013-07-24 2014-12-16
υ = 0.1 0.998 0.275 < 0.001 0.903 0.726 1

0.2 1 0.004 0.166 0.694 0.995 1
0.3 0.965 < 0.001 0.797 0.701 1 1
0.4 0.838 < 0.001 0.986 0.723 0.979 1
0.5 0.888 < 0.001 1 0.487 0.915 1
0.6 0.901 < 0.001 1 0.205 0.360 1
0.7 0.661 < 0.001 1 0.117 0.006 1

UK k̂m 2004-06-16 2007-11-13 2010-01-21 2011-06-20 2012-11-09 2015-02-16
υ = 0.1 0.438 0.033 0.004 0.994 0.229 0.366

0.2 0.101 < 0.001 < 0.001 1 0.589 0.004
0.3 0.079 < 0.001 < 0.001 1 0.276 < 0.001
0.4 0.027 < 0.001 < 0.001 1 0.026 < 0.001
0.5 < 0.001 < 0.001 < 0.001 1 0.003 < 0.001
0.6 < 0.001 < 0.001 < 0.001 1 < 0.001 < 0.001
0.7 < 0.001 < 0.001 < 0.001 1 < 0.001 < 0.001

Note: For a third set of series i = OE, . . . , UK, results of testing the abruptness of six shifts in σε that have
been detected by a multiple structural break test. The table reports p-values for the null hypothesis that the
corresponding structural break m is abrupt, according to the SLR test, using several values of the summation
range parameter υ.
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Figure 5.4: Error term standard deviation over time 2/9
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Note: For i = BG,CZ, and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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Figure 5.5: Error term standard deviation over time 3/9
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Note: For i = DK,FN , and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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Figure 5.6: Error term standard deviation over time 4/9
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Note: For i = FR,GR, and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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Figure 5.7: Error term standard deviation over time 5/9
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Note: For i = IR, IT , and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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Figure 5.8: Error term standard deviation over time 6/9
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Note: For i = NL,NW , and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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Figure 5.9: Error term standard deviation over time 7/9
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Note: For i = OE,PO, and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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Figure 5.10: Error term standard deviation over time 8/9
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Note: For i = PT, SD, and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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Figure 5.11: Error term standard deviation over time 9/9
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Note: For i = SW,UK, and for breaks m = 1, . . . , 6, the panels show estimated values of σε over time, within
the respective data segment of SLR testing. In each panel, moving average estimates of σε derived from rolling
windows of 199 data points are shown by a scatter plot, using residuals of the regression of ∆ri. A vertical black
line marks the estimated break date k̂m according to a multiple break testing in the full data set. ∗,∗∗ ,∗∗∗ are
used to mark the breaks that are not abrupt according to SLR testing at υ = 0.4 at 90%, 95%, 99% confidence,
respectively. Horizontal, dashed lines indicate estimated values σ̂m according to the multiple break testing
method. The shaded area around each break date k̂m estimate marks all moving average estimates that have
been calculated using a data window that includes k̂m, with lighter shading indicating a larger discounting.
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6
Detecting structural breaks by cross-validated

error estimation

6.1 Introduction
This chapter introduces a novel way of detecting structural breaks in time series data.
Structural break tests commonly incorporate a measure of model improvement as a test
statistic, a design that is also adopted in the proposed break detection method. The
novelty of the test comes from the use cross-validated error estimates in the test statistic.
When estimating the model of the time series, each observation of the sample is removed
exactly one time. The removed observations are used to evaluate how well the current
model predicts out-of-sample data. Model estimation is repeated a number of times C,
and each time a different validation set of observations is removed from the data that is
used in the estimation. Due to this C-fold cross-validation, the detection of a structural
break is based on the optimization of the out-of-sample (prediction) fit of a regression
model.

The proposed structural break test shares the conceptual design of other structural
break tests. It compares two nested versions of a model, in which one version of the model
is less restricted than the other. Specifically, in the less restricted version the parameters
of the model can change their value at some point in the data. If this leads to a significant
improvement, as measured by the test statistic, a structural break is found. In this case,
the test result indicates that allowing the parameters to change their value leads to a
significantly better structural modeling of the time series. Differently stated, a model
that contains a structural break and one that does not are fitted to the available data
and the impact is measure by some test statistic. If this impact is larger than what is
typically observed when a structural break is known to be absent, a structural break is
inferred.
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The proposed test uses cross-validated estimates of prediction errors to validate the
separation of the data at a break date. In contrast to other tests, such as the popular
maximum likelihood ratio (MLR) test of Andrews (1993), this method acknowledges
the role of the sample and its limited representation of the data generating process.
Small prediction errors indicate that a model represents current data as well as not (yet)
sampled observations. That way, structural break detection is not based on optimally
fitting a model to the available data, but on estimating an optimal model fit to the data
generating process. To evaluate the performance of the resulting test, small sample time
series have been simulated in a Monte Carlo study. In the study, the test is compared to
the MLR test of Andrews (1993), due to its popularity in structural break testing. The
proposed test is shown to have similar testing power, but often finds break dates that lie
closer to the true break date than the MLR test.

Like other break tests, the proposed test is one that detects breaks; it finds breaks
at previously unknown dates in the time series. No prior hypothesis for the position
of the break is required, instead the method finds the date that is associated with the
structural break endogenously. The most likely breaks are located at those dates, where
the hypothetical structural break leads to the largest degree of improvement in the model.
This selection process leads to a difficulty in the determination of critical values that is
shared by comparable break detection methods: The maximum of the break test statistic
has a larger expectation than the break test statistic itself. Even in the absence of a
structural break in the data generating process, the most likely break date candidate can
seem to indicate model improvements. So by implication, a break is only significant, if
the empirically measured improvement of data fit surpasses such values typically attained
when a data generating process is known to not contain a structural break. The chapter
includes a description of how to derive critical values from the available data by the
application of resampling bootstraps.1

It is widely accepted that recognizing structural breaks is important for reducing
prediction errors in time series forecasting, see for example Stock and Watson (1996).
More recently Clark and McCracken (2009) describe potential forecasting improvements
of combining forecasts derived from the most recent model after a structural break and
a model that covers a larger amount of data. Here as well, reliably identifying the
structural patterns of a data generating process, including breaks, will lower expected
errors in forecasting. In Jiang et al. (2013) structural breaks are not only used to update
the appropriate model for the most recent observations. Also, the frequency of structural
breaks is used as an indicator of the probability of upcoming structural breaks to reduce
out-of-sample prediction errors in expectation.

Conversely, the way that prediction error estimation can enhance model selection is
increasingly being studied within the field of statistical learning. Estimated prediction
errors are used to choose between two competing models in Van de Wiel et al. (2009),

1Data fit measures of popular testing methods determine to which degree the parameter change
reduces the unexplained variation in the model. An increase in the degrees of freedom in nested models
cannot decrease the data fit. In other words, a structural break cannot worsen the ability of the model to
represent the recorded data. In contrast, the prediction error is not necessarily reduced by a structural
break, because of the variance-bias-tradeoff. The structural break increases the degrees of freedom for
the same amount of observations, which increases the probability of over-fitting, and an overfit model has
a large prediction error. Nevertheless, in either method the selection of a maximum has the described
implication.
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but the idea is not applied to time series data and structural break detection testing.
Goodfellow et al. (2016) explain how cross-validated errors are used to derive confidence
intervals for mean prediction errors, so that a machine learning algorithm can be declared
better than its competing algorithms. Pesaran and Timmermann (2007) describe how
cross-validation can be used to find confidence intervals for structural breaks. Then,
forecasts can become a weighted average of several forecasts that each correspond to a
break date within the confidence interval. Yet, the applied structural break test statistic
does not itself consist of prediction error estimates.

The test developed in Boot and Pick (2017), which is based on forecast accuracy
comparison as described in Clark and McCracken (2001), also uses prediction errors to
detect a structural break. Specifically, h-step ahead forecasts are calculated, so that the
accumulated forecast error between a model with structural break and one without can
be compared. The cross-validated error test of this chapter is different, as the predictions
of each validation set are derived from model parameters that are estimated from the full
set of remaining data. Further, the test statistic Boot and Pick (2017) only compares
no-break predictions with post-break predictions, not with pre-break predictions. Its
limited use of the available data may explain the lower testing power reported by the
authors, especially in practical application.

Other publications also use prediction errors to test for parameter stability (or model
adequacy, in general), but the tests do not share the form and aim of the proposed test.
Chinn et al. (2014) apply a structural break test that is based on forecast errors. Here
structural breaks are recursively inferred when observations lie beyond the confidence
bounds of their own forecasts. For this, the authors exogenously select the last observa-
tion to be included in the model estimation, and evaluate the model’s ability to forecast
later observations. The authors apply a concept that is reminiscent of the recursive
residual tests originally described in Brown et al. (1975), which are based on cumulative
sums of (squared) forecast errors. A cumulative sum test can uncover model instability,
when data is added to the end of a sample and the sum of estimated (squared) forecast
errors deviates sufficiently from the expected value. The test uses a series of adjacent
observations, it will depend on the first date that is chosen to be forecasted, and it can
be triggered by individual outlier observations. Unlike the cumulative sum test, the
proposed test of this chapter will estimate and use prediction errors of all available ob-
servations to detect parameter instability. Structural breaks are only found when whole
segments of the data are structurally different from another, not when consecutive ob-
servations are unusual. As an additional feature, the proposed test provides an estimate
of the location of the structural break in the sample endogenously.

In the proposed test, C-fold cross-validation is used to estimate the mean squared
error of competing models, whereby the model with a structural break has more degrees
of freedom than the model without break. The minimum of the mean squared error
identifies the degrees of freedom that reduce the expected prediction error as far as
possible. Minimizing the estimated mean squared errors is therefore a common strategy
in model selection, see for example Hastie et al. (2009) or Goodfellow et al. (2016). As
a non-parametric method of cross-validated estimation errors with bootstrapped critical
values, the assumptions are very mild. Cross-validation requires that data is identically
distributed apart from the structural break that is tested, see Arlot et al. (2010) for
an overview. As the test is presented in this chapter, disturbances of the model must
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not be serially dependent. The assumption could be relaxed by using modified cross-
validation methods, or otherwise iterative forecasting such as in Boot and Pick (2017).
By construction, the proposed test looks for breaks in all parameters of the model,
including the error term. Partial structural break hypotheses that concern a subset of
covariates, only, can be tested by formulating a separate model before testing. This can
be done by orthogonally projecting the subset of covariates off the remaining covariates
and applying the test to the residual observations.

An empirical study on the redemption yield of several European central government
bonds with a maturity of 10 years demonstrates the procedure in a practical setting. The
study extends the results from earlier Chapters 4 and 5 of this book, as the cross-validated
error test is applied to a separated model that only includes one predictor variable, lagged
U.S. treasury bond yields. For six central euro area countries and Denmark a struc-
tural break is detected in April 2015, after which the estimated linear impact of lagged
U.S. yield differences on the expected respective European yield difference is increased.
The introduction of a quantitative easing program by the ECB is interpreted to have
increased the perceived similarity between some European and American bonds. Until
then, the ECB had conducted mostly credit easing and had sterilized its unconventional
monetary policy to maintain constant monetary base growth, see Borio and Disyatat
(2010) for a comparison between euro area, U.S. and the UK. Meanwhile, quantitative
easing has been attributed a stabilizing role in the U.S. economic downturn following the
Global Financial Crisis, see for example Kapetanios et al. (2012). Claeys et al. (2015)
argue that an earlier adoption of quantitative easing could have lowered the debt burden
of euro area periphery countries significantly. Faced with the danger of deflation, in 2015
the ECB deviated from its monetary target and initiated the public-sector purchase pro-
gramme. This outright asset purchase program more closely resembles the quantitative
easing policy of the U.S. The hypothesis of the empirical study is that the explanatory
value of U.S. government bond prices for European bond prices has increased since 2014,
due to the alignment of euro area and U.S. monetary policies and the role of government
bonds in the policies.

The relation between American and European financial market developments is ex-
plored by several contemporary researchers. Ehrmann and Fratzscher (2005) analyze
the impact of macroeconomic announcements on interbank rates in the euro area and
the U.S. Neely and Rapach (2011) study the impact of unconventional monetary policy
announcements in the U.S. on international yields. Studying the impact of exogenously
chosen events on bond yields is a common approach, see also Krishnamurthy et al. (2014).
In Eser and Schwaab (2016) unconventional monetary policy measures of the ECB are
studied in event studies around program announcement dates, similar to the studies of
Gagnon et al. (2011) and Von Borstel et al. (2016) for the U.S. and of Joyce et al. (2011)
for the UK. Theoretical explanations are offered for the way unconventional monetary
policy can lower lending rates, as the policy directly increases bond demand, increases
market liquidity and signals long-term commitment to expansionary policy. The study
of this chapter does not explore the channels by which unconventional monetary policy
helps lower lending rates. Instead, it is concerned with the extent that a predetermined
financial series can explain European developments and whether this changes. As ar-
gued by Altavilla and Giannone (2017), event studies are powerful for quantifying the
immediate effects of policy, but not for assessing the persistence of policy. Structural
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break tests can detect significant differences that govern long periods of the data. With
a similar method, monetary policy is found to have long-lasting effects on forward real
interest rates in Hanson and Stein (2015). In this chapter, however, change is detected
endogenously as a significant break that divides the data set.

Section 6.2 will carefully introduce the test and its components. A detailed description
of the Monte Carlo study results can be found in Section 6.3. The application of the
cross-validated error estimation test is illustrated by the empirical study in Section 6.4.
Finally, the chapter concludes in Section 6.5.

6.2 Methodology

6.2.1 The model

Consider a time series with T dates t = 1, . . . , T . The dependent time series yt is
univariate. Its data generating process is described by a linear regression model. A
number q ≥ 0 of predictor variables and the intercept term are jointly given by xt =
[1, x1,t, . . . , xq,t]′. That is,

yt = x′tβpre + εt, εt ∼WN(0, σ2
pre) for t = 1, . . . , k0,

yt = x′tβpost + εt, εt ∼WN(0, σ2
post) for t = k0 + 1, . . . , T,

Date k0 divides the DGP in two segments. Parameter vector βpre contains q + 1 regres-
sion coefficients, which measure the linear impact of the vector of covariates xt on the
dependent observation yt in the first segment until date k0. Parameter vector βpost does
the same for the second segment starting at date k0 + 1.

The proposed test is based on non-parametric estimation, only, and the distribution
of the test statistic under the null hypothesis is empirically derived. That means that
the model must satisfy few assumptions. The first assumption is that the data must be
identically distributed within segments. The given linear regression is just one possible
form, which is presented here as it is studied in in the Monte Carlo Section 6.3 of this
chapter. The second assumption is that the error term is a white noise process. Serial
dependence of the error term would prevent the use of cross-validation in its standard
form, see Opsomer et al. (2001), for example. According to Chu and Marron (1991),
modified cross-validation methods can be used in case of serial error dependence.

The relevant test hypotheses compare the situation where the set of parameters {β, σ}
has the same value in both segments to the situation where at least one of the parameters
shifts its value. That is,

H0 : {βpre, σpre} = {βpost, σpost},
HA : {βpre, σpre} 6= {βpost, σpost},

A structural break test must involve a test statistic that evaluates the resulting model
alternatives. It will consider each potential break date k in the sample and measure
the impact of allowing different parameter values before and after that date. In the
end, it must estimate the most likely break date k̂ and provide a p-value that gives the
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probability of observing structural break indication at least as strong as the measured
indication, assuming that no structural break exists.

Consider a minimum required data segment length ω = [κT ], where [·] gives the
closest integer value, and where κ ∈ (0; 0.5]. The minimum segment length restricts the
break date from being very close to the beginning or end of the sample, to ensure a
well-behaved test statistic. This means that break dates can only be correctly identified,
if k0 ∈ [ω, T − ω] holds. A common choice in MLR testing is κ = 0.15, see Andrews
(1993), Bai and Perron (2003), which is adapted in this article.

6.2.2 Cross-validated error estimation

The cross-validates error estimation test (CVE) makes used of C-fold cross-validation to
estimate mean squared errors. Consider that for each date t, a vector of observations xt
is invariantly linked to the observation of the dependent variable yt, jointly denoted as
the vector of linked observations [yt, x′t]′. All T vectors of linked observations [yt, x′t]′ are
randomly assigned to one of the C validation sets, without replacement. Let Tc be the
set of dates t, whose associated vectors of linked observations [yt, x′t]′ have been assigned
to the c-th validation set. The size of set Tc is Tc, the number of dates in the set. Then
Tc ∈ [1, T −C+ 1], as each validation set contains at least 1 vector of linked observations
and at most T − C + 1 vectors.

For each c = 1, . . . , C, one estimates the model parameters β̂c̄ by using all observa-
tions except for those that have been assigned to the validation set Tc. That way the
observations in the validation set can be predicted, using parameter estimates that have
been obtained without the observations of the validation set themselves. Next, the mean
squared error of the validation set Tc is estimated, by comparing the actual dependent
variable observations in the set with their respective predictions, as in

m̂sec = 1
Tc

∑
t∈Tc

(yt − x′tβ̂c̄)2.

As a result one obtains the cross-validated error estimate of the whole sample of obser-
vations, given the random assignment of C validation sets. It is a weighted average of
mean squared errors, such that

m̂se = 1
T

C∑
c=1

Tc · m̂sec.

The use of mean squared errors is motivated because of its meaning with respect to the
bias-variance tradeoff. Part of the expected prediction error of a model is irreducible,
as it derives from the stochastic part of the data generating process. The other part
can be minimized by appropriate feature selection. In expectation, prediction will be
negatively affected by either too few degrees of freedom (underfitting, high bias) or too
many degrees of freedom (overfitting, high variance). According to James et al. (2013),
the formal decomposition of the expected prediction error into squared bias, variance
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and irreducible error variance σ2
ε is given as

E((y − ŷ)2) = Bias(ŷ)2 + V ar(ŷ) + σ2
ε .

The mean squared error is an estimator for the expected prediction error. At the mini-
mum of the mean squared error, the optimal capacity of a model is found, which makes
mean squared error minimization is a common tool of model selection.

6.2.3 Structural breaks
The structural break test statistic will measure the impact of each structural break
date candidate k on error estimates. To measure this impact, mean squared errors are
estimated separately for two segments of the sample: An error is estimated in the pre-k
segment and an error is estimated in the post-k segment. In each of the segments, the
error is derived from building cross-validation sets and calculating mean squared errors.
Then, the pre- and post-k estimates are joined in a weighted average. This statistic is
an indication of the validity of having a structural break in the time series model at date
k.2

The determination of the weighted average of pre- and post-break error estimates is
described in the following. As the possible break date is unknown ex ante, all potential
break dates are considered. For any potential break at date k, the pre-break sample
consists of the vectors of linked observations [yt, x′t]′ associated with dates t = 1, . . . , k,
and the number of pre-break validation sets is Ck = [ kT C]. Accordingly, the corresponding
post-break sample covers dates t = k + 1, . . . , T , and CT−k = [T−kT C].3 Then, for all
k = ω, ω + 1, . . . , T − ω, the errors are estimated and joined in a weighted average, such
that

m̂sepre(k) = 1
k

Ck∑
c=1

Tc · m̂sec,

m̂sepost(k) = 1
T − k

CT−k∑
c=1

Tc · m̂sec,

m̂se(k) = 1
T

(k · m̂sepre(k) + (T − k) · m̂sepost(k)) ,

= 1
T

 Ck∑
c=1

Tc · m̂sec +
CT−k∑
c=1

Tc · m̂sec

 ,

where Tc still refers to the number of dates in the respective validation set c.
2A different formulation has been tried, where cross-validation sets were not separated into pre- and

post-break sets. Instead errors were estimated for the full sample, recognizing parameter shifts at a given
break date candidate k. This formulation has the advantage of enabling partial structural break testing,
but the test performance in simulations worsened.

3Note that potential break dates as early as k = ω = 0.15T are considered, see Section 6.2.1.
This leads to a pre-break validation set number of Ck = [0.15C]. To guarantee a moderate number of
validation sets in the smallest possible data segment, for example Ck ≥ 3, the total number of validation
sets must be set to a sufficiently large number, C ≥ 17.
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If all break date candidates are considered, there are T − 2ω + 1 subsample error
estimates m̂se(k). A low prediction error indicates a high prediction quality of the
associated model. Thus, the date k∗ that corresponds to the lowest error estimate is
taken as a best guess for the possible break date, that is

k∗ = arg min
k∈[ω,T−ω]

m̂se(k), (6.1)

m̂se∗ = m̂se(k∗). (6.2)

6.2.4 Test statistic
Each estimation of mean squared errors by the method of cross-validation is affected by
the random assignment of validation sets. In effect, also the best guess for the possible
break date k∗ from equation (6.1) and the lowest error estimate m̂se∗ from equation (6.2)
depend on the outcome of the random assignment. To diminish the impact of the random
draw, the random assignment of validation sets is repeated several times. For each
repetition p = 1, . . . , P , one obtains specific error estimates for all possible pre- and
post-break samples. In effect, each repetition p = 1, . . . , P is associated with a best
guess for a possible break date k∗p from equation (6.1) and a resulting error estimate
m̂se∗p from equation (6.2).

The distribution of outcomes itself is an interesting result worth exploring. The
distribution of possible break dates contains information about the type of structural
break and the certainty of its position. To obtain a sinlge test statistic result a measure
of central tendency can be applied to the error estimates and associates dates from the
P repetitions. This is done to obtain the proposed CVE test statistic. Here, the use of
the median is selected instead of the arithmetic mean to reduce the impact of outliers.
Analogously, the single break date estimate k̂ is obtained by applying a measure of central
tendency to the P candidate break dates k∗p from the repetitions. For the same reason as
before, the median is favored over the mean. The median is also favored over the mode
to incorporate the distribution of all P mean squared errors to an extent.

ˆcve = median
p

(m̂se∗p), (6.3)

k̂ = median
p

(k∗p).

The choice of a measure can lead to different break date estimates in practice, as shown
in the empirical study of Section 6.4. The study shows that it is advisable to consider
various measures, or even the full range of break dates of the estimation repetitions.

Stability of the tested model is rejected for small values of ˆcve. Critical values for
the test can be obtained from a bootstrap method, for example a parametric, residual
resampling bootstrap, or a non-parametric, case resampling bootstrap, see also Chapter 2.
For the residual resampling bootstrap, the series of covariates xt remain fixed and a
synthetic series of the dependent variable yt is created. The no-break estimates β̂ are
used to calculated fitted values, and the residuals of the model are randomly added to
the fitted values (with replacement). That is,

y∗t = x′tβ̂ + ε̂j , where j ∈ {1, . . . , T}, for t = 1, . . . , T.
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For case resampling, observations (yt, xt) are jointly resampled (with replacement), such
that

(yt, xt)∗ = (yj , xj), where j ∈ {1, . . . , T}, for t = 1, . . . , T.

Either way, for each bootstrap sample b = 1, . . . , B, the prediction error is estimated
repeatedly and then the median error ˆcve is determined according to equation (6.3). The
collection of all bootstrapped values of the test statistic gives the distribution of the test
statistic under the null hypothesis, and critical values can be derived. If the application
of the test to empirical data leads to a test statistic value that is smaller than (1− α)%
of the values observed in the bootstrap simulation, then the null hypothesis of parameter
stability can be rejected in favor of the structural break hypothesis, with corresponding
confidence.

6.3 Monte Carlo simulations

6.3.1 Introduction
For the evaluation of the proposed test statistic, data has been simulated using vari-
ous DGP specifications. The simulated series all satisfy the following description of a
univariate regression model, that is

yt = x′tβpre + εt, for t = 1, . . . , k0,

yt = x′tβpost + εt, for t = k0 + 1, . . . , T,
x0,t = 1, for t = 1, . . . , T, ,
xj,t ∼ N(0, 1), for t = 1, . . . , T, for j = 1, . . . , q,
εt ∼ N(0, σ2

ε), for t = 1, . . . , T.

T is the number of dates, and k0 divides the DGP in two data segments of linear regression
models. The parameter vector β contains q + 1 regression coefficients, which measure
the linear impact of the vector of covariates xt = [1, x1,t, . . . , xq,t]′ on the dependent
observation yt. Each coefficient βj for j = 0, . . . , q may shift its value after date k0. The
magnitude of the parameter shift is ∆β = βj,post − βj,pre.

One specification of the DGP has the properties T = 100 and σε = 1. Further,
k0 = 0.5T , so that the break lies at the center of the sample, and q = 0, so that that
the model only contains an intercept term. The value of the coefficient before the break
is βj,pre = 1, and the parameter shift has a small size ∆β = 0.2. The properties of this
reference specification are changed one after the other so as to study their impact on the
test results.

For each considered DGP specification, S = 10000 data samples have been simulated.
In this Monte Carlo simulation study the proposed cross-validated error estimation test
(CVE) competes against the established maximum likelihood ratio test (MLR). Any
one simulated data series is subjected to both detection tests. During the Monte Carlo
simulations, both detection methods correctly identify the structural break to involve
the mean parameter β and assume prior knowledge of σε. Further, for each considered
DGP specification, another S = 10000 data samples are simulated that do not contain
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a structural break with changes in β, but share all other specification properties. That
way, the null distribution of each test is empirically observed, critical test values can be
derived, and both tests have nominal size. For CVE then, specifically, the distribution
does not need to be derived from a bootstrap.

Before an application of either break detection test, a few test setting decisions must
be made. In both MLR and CVE, the data trimming is set to κ = 0.15 in the standard
setting. Larger values are found to increase the testing power of both tests slightly at the
expense of a wider range of possible break locations. For CVE the number of validation
sets is set to C = 30, the number of error estimation repetitions is set to P = 5, and the
median is used to determine mean squared error estimate averages as well as break date
estimate averages. Appendix 6.A contains results for using different values of C, P and
using the arithmetic mean instead, all with insignificant effect on testing power, mean
break date estimates and the standard deviation of break date estimates. The results
further indicate that P = 1 is a valid option, but this must be seen in the context of the
Monte Carlo study with summarized results of 10000 simulation series. In a practical
application to a definite sample, larger values of P reduce the impact of each specific
draw of random validation sets. Finally, the chosen number of validation sets C only
needs to reflect the technical limitations as described before in Section 6.2.3.

6.3.2 Testing power

This section focuses on the power of CVE compared to MLR. Table 6.1 reports results
for a large number of different DGP specifications. The table contains the break detec-
tion frequency IA0.95 at 95% confidence. Since the exact same simulations are subjected
to both tests, it is possible to say which test could detect a break in a given simula-
tion, when the other could not. The second indicator I∗0.95 reports the number of such
instances, relative to the number of simulations, for a confidence level of 95%. By defi-
nition, the difference between the measures must be equal, apart from a rounding error.
IA0.95(CV E)− IA0.95(MLR) = I∗0.95(CV E)− I∗0.95(MLR). Consider the reference specifi-
cation, with ∆β = 0.2, T = 100, σε = 1, q = 0, k0 = 0.5T , which appears several times in
the table. In I∗0.95 = 98

10000 ≈ 1.0% of the simulations MLR detects the structural break
with 95% confidence when CVE does not, and in I∗0.95 = 102

10000 ≈ 1.0% it is the other
way around. This difference between MLR and CVE is minimal, but it is worth pointing
out that a statistically more powerful method does not necessarily detect each structural
break that is detected by the less powerful method.

The implications of changes to the magnitude of the parameter shift ∆β are shown
in the first rows of Table 6.1, which has the expected overall result. The tests become
both more powerful, as indicated by larger values for IA0.95. At the largest reported shift,
∆β = 0.8, both MLR and CVE score IA0.95 = 0.936. Note again that I∗0.95 = 0.006 means
that both tests have detected structural breaks in a few instances when the other test
has not. The higher power for larger ∆β is interpreted to be caused by a stronger relative
break signal against the noise in the series, given a limited number of observations. This
interpretation is supported by the break detection frequencies reported in the following
rows of Table 6.1. An increase in the number of observations T increases the power,
while an increase in the standard deviation of the error term σε decreases the power.
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Table 6.1: Testing power for various DGP specifications

IA0.95 I∗
0.95

MLR CVE MLR CVE
T = 100, k0 = 50, σε = 1, q = 0 ∆β = 0.1 0.062 0.064 0.005 0.007

0.2 0.114 0.114 0.010 0.010
0.4 0.371 0.373 0.017 0.019
0.8 0.936 0.936 0.006 0.006

k0 = 0.5T , σε = 1, q = 0, ∆β = 0.2 T = 50 0.085 0.085 0.009 0.009
100 0.114 0.114 0.010 0.010
200 0.201 0.200 0.014 0.013

T = 100, k0 = 50, q = 0, ∆β = 0.2 σε = 0.5 0.377 0.377 0.019 0.019
1 0.114 0.114 0.010 0.010
2 0.069 0.067 0.008 0.007

T = 100, k0 = 50, σε = 1, ∆β = 0.2 q = 0 0.114 0.114 0.010 0.010
1 0.156 0.158 0.018 0.021
2 0.182 0.185 0.023 0.026
3 0.203 0.204 0.032 0.033

T = 100, σε = 1, q = 0 ∆β = 0.2 k0 = 0.3T 0.103 0.106 0.008 0.011
0.5T 0.114 0.114 0.010 0.010
0.7T 0.105 0.109 0.008 0.012

∆β = 0.8 k0 = 0.3T 0.877 0.878 0.009 0.010
0.4T 0.925 0.926 0.006 0.007
0.5T 0.936 0.936 0.006 0.006
0.6T 0.924 0.926 0.006 0.008
0.7T 0.881 0.880 0.010 0.009

Note: Break detection power of MLR and CVE for different DGP specifications of parameter shift magnitude
∆β , sample length T , error standard deviation σε, the number of stochastic covariates q, and the true break
date location k0. The coefficient value before the break is βj,pre = 1, and CVE settings are P = 5 and C = 30.
There are S = 10000 simulations. IA0.95 measures the number of null hypothesis rejections at 95% confidence.
I∗

0.95 is the relative number of simulations in which the test rejects the null hypothesis at 95% confidence and
the other test does not.
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Table 6.2: Break date estimation for various DGP specifications

mean(k̂) median(k̂) I∗
k̂

m̂ae(k̂) CVE � MLR

MLR CVE MLR CVE MLR CVE MLR CVE
k0 = 50 ∆β = 0.1 50.22 50.26 50 50 0.184 0.193 18.48 18.38 0.562

0.2 50.04 50.31 50 50 0.188 0.214 15.56 15.43 0.578
0.4 50.14 50.13 50 50 0.185 0.216 10.52 10.36 0.599
0.8 49.96 49.92 50 50 0.160 0.185 5.14 5.08 0.555

∆β = 0.2 k0 = 30 40.81 40.89 34 35 0.160 0.210 16.32 16.28 0.516
50 50.04 50.31 50 50 0.188 0.214 15.56 15.43 0.577
70 58.07 58.38 65 65 0.185 0.229 17.30 17.03 0.607

∆β = 0.8 k0 = 30 31.74 31.75 30 30 0.168 0.185 5.16 5.09 0.552
40 40.47 40.52 40 40 0.161 0.175 5.13 5.11 0.517
50 49.96 49.92 50 50 0.160 0.185 5.14 5.08 0.556
60 59.23 59.27 60 60 0.157 0.182 5.17 5.08 0.578
70 68.46 68.45 70 70 0.162 0.186 5.11 5.05 0.555

Note: Break date estimation of MLR and CVE for different DGP specifications of parameter shift magnitude
∆β , and the true break date location k0. Sample length is T = 100, error standard deviation is σε = 1,
the number of stochastic covariates is q = 0, the coefficient value before the break is βj,pre = 1, and CVE
settings are P = 5 and C = 30. There are S = 10000 simulations. The values are calculated for simulations
in which both methods have detected a break at 95% confidence, only. I∗

k̂
is the number of times that a

method has positioned the break closer to the true break date than the other method, relative to the number
of simulations in which both methods have detected a break at 95% confidence. The mean absolute error
estimate m̂ae = mean(|k̂ − k0|) is reported. Finally, CVE � MLR gives the confidence level of preference for
CVE over MLR based on mean absolute errors that have been estimated in a bootstrap resampling of the break
date estimates.

Increasing the number of coefficients that change their value also increases the power
of either method, as shown for q = 0, 1, 2, 3. As before, an enhanced break signal benefits
both methods equally. The next DGP property that is adjusted is the break date k0,
given that T = 100, and initially for the reference parameter shift of ∆β = 0.2. The
power of both tests is negatively affected by off-center break dates. This reduction in
power is also observed when the parameter shift is larger, such as ∆β = 0.8. In this case,
both tests see a decrease in IA0.95 from 93.6% for k0 = 50 to values close to 88% when
the structural break lies at either k0 = 30 or k0 = 70. Typically, for off-center structural
breaks CVE is at least as powerful as MLR, but the differences are not significant.

To summarize this section of the Monte Carlo study, the testing power of both MLR
and CVE is affected, as expected, by adjustments of ∆β , T , σε, and q. When structural
breaks lie closer to the edges of the sample the testing power of either test is reduced.
Further, the results so far do not allow a clear ranking of the two competing methods.
MLR and CVE alternate non-systematically in having the largest detection frequency,
with minimal differences between them.

6.3.3 Break estimation

This next section of the Monte Carlo study compares the estimation of model parameters.
It will focus on the ability of the methods to locate the structural break accurately at its
true date k0 in the data. Appendix 6.A contains the results of comparing the methods
with respect to the estimation of the size of the parameter shift ∆β . Both methods
overestimate the size of the parameter shift for small shifts, which is not analyzed in
more detail, as both methods perform equally well.
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For the evaluation of the break location estimation, consider first the upper four rows
of Table 6.2, which compare the break estimation results for different values of shift size
∆β , given a central structural break at k0 = 0.5T = 50. The shift size does not appear
to affect the first indicator, mean(k̂), systematically. A difference between MLR and
CVE becomes apparent when looking at I∗

k̂
in the central columns of Table 6.2. This

indicator counts the number of times that a method has positioned the break closer to the
true break date than the other method, relative to the number of qualified simulations.
Qualified means that both methods have detected a break at 95% confidence. The
values are relatively stable within method, but CVE values are always higher than MLR
values. The smallest difference is reported for ∆β = 0.2, where MLR locates the break
more accurately than CVE in 18.4% of qualified simulations, while CVE locates it more
accurately in 19.3% of the simulations.

To extend on this result, the mean absolute error of estimating k0 is estimated for
either method by m̂ae(k̂) = 1/S|k̂−k0|. It measure the amount of dates that break date
estimation deviates from the correct date on average. As expected, both methods become
more precise when the parameter shift increases. In comparison, the mean absolute
error is estimated to be smaller for CVE than for MLR for all ∆β . To see with which
confidence CVE is better that MLR based on this measure, full simulation samples have
been resampled in a bootstrap. In the case of ∆β = 0.4, the 59.9% lowest mean absolute
error estimates of CVE are lower than the 59.9% highest estimates of MLR (while only
the 41.1% lowest mean absolute error estimates of MLR are lower than the 41.1% highest
estimates of CVE). The last column of Table 6.2 that CVE is generally better than MLR,
but the result is not significant.

Results for detecting off-center break dates are shown in the lower parts of Table 6.2,
initially for ∆β = 0.2 and then for ∆β = 0.8 below. A property shared by both tests,
especially for the smaller parameter shift, is that the absolute deviation of mean(k̂) from
the true date k0 increases substantially, when the break is located more closely to either
end of the sample. For the small parameter shift, both methods locate the structural
break of k0 = 30 at approximately 40 in the mean. For any DGP specification in the
table, CVE is more often than MLR more accurate according to measures I∗

k̂
and m̂ae(k̂).

The bootstrap repetition indicate that CVE is in 50 − 60% the preferred method over
MLR.

To provide more detail on this result, panel (a) of Figure 6.1 plots the frequencies
of MLR and CVE estimating break dates at most as many dates away from k0 = 50 as
indicated on the horizontal axis. As T = 100, and κT = 15, a break date estimate can
at most lie 35 dates to either side of the true break date k0 = 50. The relatively large
parameter shift of ∆β = 0.8 is considered. The plots show that the methods estimate
the break to lie exactly at k = 50 in close to 6% and 7% of all qualified simulations (in
which both methods have detected a structural break with 95% confidence). In close to
50% of qualified simulations, the methods estimate the break to lie at most 7 dates away
from k0 = 50. This means that both methods locate the break date within the interval
[43, 57] in close to 50% of qualified simulations.

Panel (b) of Figure 6.1 focuses on the differences between the plots of panel (a). A
positive number means that CVE has more often than MLR estimated the break location
at most as far away from the true break as the value given on the lower axis. On the one
hand, the plots show a negative value of approximately −1.1% for an absolute deviation
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Figure 6.1: Absolute deviation in break date estimation
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Note: Upper panels (a) and (c) plot the summed-up number of simulations in which MLR and CVE have
estimated a break to lie as close or closer to the true break date as indicated by the number of dates on the
horizontal axis. In other words, for a range of absolute differences on the x-axis, (a) and (c) plot the relative
number of times that break estimates lie as close or closer to the true break date. Left panel (a) provides
results for k0 = 50, right panel (c) for k0 = 60. The remaining properties of the DGP in the simulations are
T = 100, σε = 1, q = 0, βj,pre = 1, ∆β = 0.8. CVE settings are P = 5 and C = 30. From the original
S = 10000 simulations, only the ones where both MLR and CVE have detected a break at 95% confidence have
been used, resulting in 9304 simulations for k0 = 50, and 9178 simulations for k0 = 60. Lower panels (b) and
(d) plot the respective difference between the CVE and the MLR plot above, for k0 = 50 and k0 = 60. For the
plots in (b) and (d), if the vertical axis value is positive, CVE has more often than MLR detected break dates
with a maximum distance to k0 as given by the value on the horizontal axis.

of 0 dates. This means that MLR has estimated k̂ = k0 = 50 in approximately 1.1%
more simulations than CVE. However, the plot shows a positive value for an absolute
deviation of 4 dates, which means that CVE has more often than MLR estimated the
break date to lie at most 4 dates away from k0 = 50. The plot of panel (b) explains the
earlier result that MLR has similar values for mean(k̂) and median(k̂), but that CVE is
more often more accurate than MLR. MLR has a slightly higher rate of finding the true
break date, but CVE can locate the break date more often within a range of a few dates
around the break date.

The two right panels (c) and (d) of Figure 6.1 show the same types of plots, but for
an off-center parameter shift of ∆β = 0.8 at k0 = 60. The results confirm the earlier
result, in that CVE is more often more accurate than MLR, but MLR has few more exact
estimates at k̂ = k0. This result is confirmed for the other DGP specifications, although
less clearly when the parameter shift is as small as ∆β = 0.2.

To conclude the Monte Carlo study, neither method can confidently be referred to
as the single best method, as neither method is always more powerful or accurate or
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efficient than the other. The application of CVE does not lead to a higher frequency of
correct break date estimates, but it can estimate structural breaks to lie relatively close
to the true break more often than MLR. This result may be explained by the use of the
median date in the CVE test, so that relatively extreme break date estimates can only
be inferred, if they are estimated in many repetitions of the cross-validation method.

6.4 Empirical Application

Chapter 4 has introduced an empirical study on more than a decade of daily redemption
yield observations of 18 European central government bonds with a maturity of 10 years.
The estimation of linear regression models for differences in the redemption yield, ∆ri,
has uncovered a variety of financial series that can explain some of the variation in the
different European series. The individual models have each different sets of significant
covariates, ranging from own lagged values to global stock index data and gold prices.

The most prevalent covariate is included in all but one model, the lagged difference in
U.S. 10-year treasury bond redemption yields, ∆(rUS)t−1. Given the available informa-
tion and other available variables, the variation in all considered European yield series
can partly be explained by developments in the U.S. bond yields one trading day earlier.
Greece is the exception in this application, for which the U.S. was not found to contribute
significantly and which is therefore not covered in this study. The coefficients, estimated
for data samples between 2003-1-9 and 2016-12-21, are all positive and range between
0.097 for Portugal and 0.243 for the United Kingdom. Long-term U.S. government bonds
are often seen as practically risk-free assets, and so it is interesting to further investigate
the recent predictive value of ∆(rUS)t−1. The chosen starting point for the study is the
summer of 2014, as the year can be seen as a turning point towards economic recovery in
the euro area following the European sovereign debt crisis. Ireland and Portugal exited
financial support programs in July 2014, and 2014 annual GDP growth rates rose above
zero again, in the Netherlands and elsewhere.

In the following, the CVE test is applied to detect a structural break in each linear
relation between weighted observations of yield series of countries i and the U.S., with
i = BD, BG, CZ, DK, ES, FN , FR, IR, IT , NL, NW , OE, PO, PT , SD, SW , UK.
Greece is not studied in this empirical application. The samples span T = 600 trading
days between 2014-08-04 and 2016-12-21. The analysis is performed separately for each
country i, using weights wt according to Cook’s distance, and conditional on no-break
relations between ∆(ri)t and other covariates. For this, the Frisch-Waugh-Lovell Theo-
rem is applied. Instead of determining covariate coefficients in multivariate models jointly
with the other coefficients, the studied covariate coefficients are separately estimated and
can afterwards also be tested for structural breaks by CVE, separately. In practice, each
weighted series is orthogonally projected off the remaining, weighted covariates, WX, to
obtain residual, weighted observations MWXwt∆(ri)t and MWXwt∆(rUS)t−1. Then, a
simple linear regression can be performed for each European country i in the set, so that

MWXwt∆(ri)t = βi ·MWXwt∆(rUS)t−1 + ut.
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Table 6.3: Structural break estimation for European countries, lagged U.S. covariate

full sample CVE MLR
i β̂ σ̂resid β̂pre β̂post σ̂residpre σ̂residpost p-value median(k∗) mode(k∗) p-value k̂

BD 0.210 0.0014 0.001 0.315 0.0008 0.0016 0.011 2015-04-20 2015-04-17 0.003 2015-04-28
BG 0.222 0.0015 0.019 0.327 0.0011 0.0016 0.015 2015-04-14 2015-04-10 0.123
CZ 0.084 0.0008 0.806 0.031 2015-09-29
DK 0.197 0.0018 −0.020 0.305 0.0017 0.0017 0.024 2015-04-10 2015-04-06 0.039 2014-12-31
ES 0.158 0.0029 0.172 0.271
FN 0.204 0.0014 −0.007 0.312 0.0009 0.0015 0.009 2015-04-14 2015-04-09 0.048 2015-04-28
FR 0.238 0.0016 0.038 0.346 0.0010 0.0018 0.013 2015-04-15 2015-04-13 0.013 2015-04-28
IR 0.153 0.0019 0.182 0.338
IT 0.223 0.0028 0.395 0.613
NL 0.213 0.0013 0.043 0.302 0.0009 0.0015 0.046 2015-04-17 2015-04-20 0.019 2015-04-28
NW 0.219 0.0013 0.475 0.047 2016-03-01
OE 0.232 0.0014 0.020 0.339 0.0009 0.0016 0.009 2015-04-15 2015-04-13 0.010 2015-04-28
PO 0.252 0.0030 0.322 0.804
PT 0.192 0.0060 0.624 0.849
SD 0.216 0.0015 0.421 0.605
SW 0.123 0.0008 0.404 0.008 2015-01-02
UK 0.329 0.0024 0.394 0.825

Note: For each considered European country i, structural break test results for a simple regression model with
dependent variable MWXwt∆(ri)t and covariate MWXwt∆(rUS)t−1. First, the estimated parameters of a
stable model, β̂ and σ̂resid, are listed. Second, if CVE testing is associated with a p-value of below 0.05, pre-
and post-break parameters are given for the respective series i as well as break date estimates median(k∗) and
mode(k∗). Third, if MLR testing is associated with a p-value of below 0.05, the corresponding break date
estimate is given.

Estimates of βi for the full sample of T = 600 dates range between 0.084 for the Czech
Republic and 0.329 for the United Kingdom. They can be found in the first column of
Table 6.3, as well as the respective central panels of Figures 6.3, 6.4, 6.5, 6.6, 6.7 and 6.8.

Next, the CVE test is applied to the simple regression model of residual, weighted
observations to investigate the existence of a change in the linear regression coefficient
β. The results of setting the number of validation sets C = 30 are reported, but the
break date estimation is robust to other settings (C = 20, 50, 100) in this application.
The error estimation is repeated a large number of times, with P = 4999. Significance
is assessed by a parametric, residual resampling block bootstrap. For this, blocks of
residuals are randomly added to the fixed series of fitted values β̂i · (MWXwt∆(rUS)t−1).
Using a non-parametric, case-resampling block bootstrap instead increases the p-value in
this application. The block size is set to 10 data points, other block sizes (5, 20) increase
the p-value slightly. The results can be found in the central block of columns of Table 6.3.

Structural breaks are detected for six countries with confidence of more than 95%
in each case. The group consists of six central euro area countries Germany, Belgium,
Finland, France, the Netherlands and Austria, as well as Denmark, whose currency is
pegged to the euro. The shaded column of Table 6.3 lists the corresponding, estimated
break dates, when using the median break date of each error estimation repetition. The
break dates all lie within a two-week range starting on 2015-04-10 (Denmark) and ending
on 2015-04-20 (Germany). For each of the seven cases, the estimates covariate coefficient
of MWXwt∆(rUS)t−1 increases at the break. Between 2014-08-04 and the respective
structural break in April 2016, the coefficient estimates are at most as large as 0.043 (the
Netherlands). The smallest coefficient increase due to the structural break is estimated
for the Netherlands, with a shift of +0.259 to 0.302. The coefficients of two countries rise
to values higher than for the United Kingdom, namely 0.339 for Austria and 0.346 for
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France. Estimates of the standard deviations of the residuals of the corresponding simple
linear regressions are also provided in Table 6.3. They show that the later segment of
each country sample with a structural break is a bit more volatile than before, which
largely corresponds with the findings of the structural break analysis of Chapter 4.4.

An increased, positive coefficient estimate is an indication that more than before, and
all other things equal, the market has perceived the corresponding government bonds to
be a similar investment as U.S. government bonds. A reasonable explanation for this
development is the initiation of the public-sector purchase programme, a quantitative
easing program of the euro area to raise inflation rates. In correspondence with its dual
mandate of price stability and employment maximization, the U.S. had introduced its
first quantitative easing program at the end of 2008 to avert liquidity shortages and reduce
the negative economic impact of the Global Financial Crisis. The change in monetary
policy of the ECB is a possible explanation for the larger co-movement between the two
series, especially since the monetary policy change directly involves government bonds.

While the public-sector purchase programme had been announced in early 2015, it
had been initiated within weeks of the structural breaks estimated by CVE. The Eu-
ropean Central Bank (ECB) had released data on the first month of the program on
2015-04-07, just a few days before the breaks in mid-April 2015. News of the success
of the programme appear to have strengthened the positive relation between the lagged
price of the U.S. government bonds and the bond prices of the six central euro area coun-
tries and Denmark. This can be attributed to an increased perceived similarity between
these European bonds and the American bonds as instruments for monetary policy aims.

Using MLR instead of CVE would have led to different conclusions, as shown in
the final two columns of Table 6.3. The break of Belgium is not found by MLR, while
the break for the other six central euro area countries is located later on 2015-04-28.
The break for Denmark is located on 2014-12-31 leading up to the ECB programme
announcement and three additional breaks are found spread over the sample. Since a
prediction error is estimated multiple times for CVE testing, it is interesting to see how
the MLR results relate to the possible break dates from the CVE repetition steps. A
histogram of the possible break date estimates k∗ can be plotted, as shown in Figure 6.2
for the example of the Netherlands and the P = 4999 repetition steps. The MLR break
date estimate 2015-04-28 appears as a possible CVE break date in 7.6% of the repetitions,
but in the remaining repetitions possible break dates are all located earlier in the sample
and thus closer to the programme initiation and subsequent news. A first local peak is
observed for k = 152 corresponding to 2015-04-07, the day of the first data release by
the ECB.

Overall, the histogram illustrates the richness in information and the ambiguity as-
sociated with structural break testing. Clearly, the linear relation between some of the
European series and the U.S. series is significantly different before and after April 2015,
but the change may be located at different dates in the sample depending on the method.
In Section 6.2.4 the use of the median(k∗) is suggested to account for the variety of prelim-
inary break date estimates to some extent, without being influenced strongly by outliers.
In this empirical application for the Netherlands, the rounded arithmetic mean date leads
to the same result as the median, whereas the mode with 8.4% of repetitions results in
a slightly different break date estimate on the next date in the series, corresponding to
2015-04-20. This result does not discourage the use of the median or any other specific
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Figure 6.2: Break date estimates in prediction error repetitions, the Netherlands
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Note: Histogram of the preliminary break date estimates k∗ in CVE testing for the simple regression model
with dependent variable MWXwt∆(rNL)t and covariate MWXwt∆(rUS)t−1, from P = 4999 repetitions.
Median(k∗), rounded arithmetic mean(k∗), and mode(k∗) are marked, as well as the date that maximizes the
likelihood ratio statistic.

metric, instead it encourages a comprehensive investigation of the full set of possible
break date estimates to account for a substantial degree of uncertainty of estimation.

To further investigate the possible break date distribution for the Dutch example, the
behavior of the associated LR and mean squared error statistics and implications for the
resulting linear regression, consider Table 6.4. The first row of the table shows a no-break
model, while the remaining rows show data corresponding to a range of candidate break
dates between k = [143, 174]. The first column of the table lists the relative number of
times that CVE has chosen a date k as a preliminary break date estimate in the P = 4999
estimation repetitions. Accordingly, mode(k∗) is marked where the value is highest at
8.4%. The second column reports the relative number of times that CVE has chosen date
k or lower, and so median(k∗) is marked where the values surpasses 50%. The likelihood
ratio of a structural break at k is reported in the third column, with its maximum of
LR(169) = 25.10 marked accordingly. Values for LR(k) steeply decline after k = 169,
whereas the LR values for median and modal CVE break date estimates are relatively
high, with LR(162) ≈ 0.92 · LR(169) and LR(163) ≈ 0.94 · LR(169).

To determine the preliminary estimates k∗ of each prediction error estimation rep-
etition, estimates are produced for each candidate date k. Table 6.4 summarizes the
results by reporting median(m̂se(k)) for each reported k. The lowest median(m̂se(k))
is recorded for the median preliminary break date estimate, k = 162. MLR estimate
k = 169 is the last date for which median(m̂se(k)) is relatively close to the minimum,
median(m̂se(169)) ≈ 1.0002 ·median(m̂se(162)). In the last columns of the table, max-
imum likelihood estimates of the simple regression model parameters for each reported
candidate break date k are reported. Within the range of possible CVE break date
estimates k = [148, 169] and especially between the final CVE and MLR estimates
k = 162, 163, 169, the estimated coefficients vary only slightly. In this example, the largest
difference between pre- and post-break estimates of the regression coefficient β is found at
the median CVE break date estimate, with an increase by roughly 0.302−0.043 = 0.258,
while the largest difference between residual standard deviations σ̂u is found at the MLR
break date estimate, with an increase by roughly 0.00152 − 0.00085 = 0.00067. These
results and differences are not generally the same in all applications, but instead highlight
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that different properties of the data may be picked up differently by different structural
break testing methods, with minor implications for the model.

As a final illustration of the CVE test results, Figures 6.3 and 6.4 depict scatter
plots for six of the tested countries, i = DK, IR,NW , OE,PT, UK. Appendix 6.A
contains the plots of the remaining eleven countries. In the graphs, the countries’ residual,
weighted observations as used in the estimation of the structural break tests are plotted.
For the ten countries without significant structural break according to CVE testing, the
most probable structural break date candidates are used in the plots. In the figures, each
left panel includes only observations before the estimated break date (or most probable
break date candidate), each central panel includes the full sample, and each right panel
includes only observations after the estimated break date (or most probable break date
candidate). The corresponding, estimated linear regression line is added to each panel,
so that the significant change in covariate coefficient (or lack thereof) is illustrated.
Comparison between markets is made easy by the use of the same scaling.

The plots underline the differences between the markets. Clearly, the slope of the
regression lines are significantly steeper in the second data segment for the countries
that are associated with a structural break, such as Austria in Figure 6.4. Judging from
the regression lines, the four periphery countries Ireland, Italy, Portugal and Spain appear
to experience a change: In the first part of the sample there is only weak evidence of
correlation with the lagged U.S. values, whereas the correlation appears to have increased
in the second part. However, the data is too noisy and so no structural break could
be inferred at the usual significance levels. The coefficient for Norway is relatively high
throughout the sample and no structural break is detected, as well as for Poland, whereas
the coefficients of the Czech Republic and Switzerland stay at a low level. Interestingly,
the strongest evidence for a structural break in the UK series is positioned towards the
end of the sample at 2016-02-25, after which lagged U.S. developments appear to be a
weaker predictor of UK developments, see Figure 6.4.

The empirical analysis concludes that the predictive value of lagged U.S. government
bond yield differences for many European government bond yield differences has increased
between 2014-08-04 and 2016-12-21. For six central euro area countries and Denmark,
a model that differentiates two segments, separated at some point in April 2015, is fa-
vored over a model that has no structural break. The result appears to relate to the
the publishing of a successful change of ECB monetary policy that is comparable to
U.S. monetary policy. No significant change is recorded for euro area periphery coun-
tries, whose Government bonds are perceived differently by the market. The decision
to favor the structural break model over a no-break model can be based on a signifi-
cant reduction in estimated mean squared errors according to the CVE test. The true
break date is not known, and since the cross-validation estimation of errors depends on
the random validation set draw, a range of dates during April 2015 are possible break
dates. In practice, the result interpretation benefits from a recognition of this estimation
uncertainty.
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Table 6.4: Estimation results for possible break dates, the Netherlands

median β̂ σ̂u
k date k∗ = k k∗ ≤ k LR(k) (m̂se(k)) pre-k post-k pre-k post-k

none - - - 0.00 1.3543 · 10−3 0.213 0.00135

143 2015-03-23 0 0 14.65 1.3471 · 10−3 0.062 0.274 0.00092 0.00146
144 2015-03-24 0 0 15.14 1.3470 · 10−3 0.061 0.275 0.00092 0.00147
145 2015-03-25 0 0 15.41 1.3474 · 10−3 0.064 0.274 0.00091 0.00147
146 2015-03-26 0 0 16.51 1.3450 · 10−3 0.053 0.282 0.00091 0.00147
147 2015-03-27 0 0 17.21 1.3445 · 10−3 0.052 0.285 0.00090 0.00147
148 2015-03-30 0.001 0.001 17.68 1.3444 · 10−3 0.053 0.285 0.00089 0.00148
149 2015-03-31 0.000 0.001 17.89 1.3448 · 10−3 0.056 0.285 0.00089 0.00148
150 2015-04-01 0.000 0.001 17.00 1.3443 · 10−3 0.053 0.286 0.00091 0.00147
151 2015-04-02 0.003 0.004 17.70 1.3430 · 10−3 0.048 0.290 0.00091 0.00147
152 2015-04-03 0.009 0.013 18.40 1.3424 · 10−3 0.046 0.292 0.00091 0.00147
153 2015-04-06 0.020 0.033 19.15 1.3417 · 10−3 0.045 0.295 0.00090 0.00148
154 2015-04-07 0.049 0.082 19.96 1.3408 · 10−3 0.043 0.298 0.00090 0.00148
155 2015-04-08 0.039 0.120 20.21 1.3409 · 10−3 0.045 0.298 0.00089 0.00148
156 2015-04-09 0.042 0.162 20.73 1.3411 · 10−3 0.044 0.298 0.00089 0.00149
157 2015-04-10 0.060 0.223 21.39 1.3407 · 10−3 0.044 0.300 0.00088 0.00149
158 2015-04-13 0.064 0.287 21.94 1.3406 · 10−3 0.044 0.300 0.00087 0.00149
159 2015-04-14 0.045 0.332 22.12 1.3408 · 10−3 0.045 0.299 0.00087 0.00149
160 2015-04-15 0.054 0.386 21.95 1.3406 · 10−3 0.045 0.300 0.00087 0.00149
161 2015-04-16 0.058 0.445 22.44 1.3407 · 10−3 0.045 0.300 0.00087 0.00150
162 2015-04-17 0.084 ∗0.529 23.12 1.3401 · 10−3 0.043 0.302 0.00086 0.00150
163 2015-04-20 ∗0.084 0.613 23.64 1.3402 · 10−3 0.043 0.302 0.00086 0.00150
164 2015-04-21 0.078 0.691 23.88 1.3403 · 10−3 0.044 0.301 0.00086 0.00151
165 2015-04-22 0.058 0.749 23.02 1.3405 · 10−3 0.045 0.301 0.00087 0.00150
166 2015-04-23 0.057 0.806 23.42 1.3406 · 10−3 0.046 0.300 0.00087 0.00151
167 2015-04-24 0.055 0.861 23.93 1.3407 · 10−3 0.046 0.300 0.00086 0.00151
168 2015-04-27 0.063 0.924 24.56 1.3405 · 10−3 0.045 0.301 0.00086 0.00151
169 2015-04-28 0.076 1 ∗25.10 1.3404 · 10−3 0.045 0.302 0.00085 0.00152
170 2015-04-29 0 1 18.13 1.3469 · 10−3 0.078 0.287 0.00092 0.00150
171 2015-04-30 0 1 16.27 1.3464 · 10−3 0.075 0.288 0.00096 0.00149
172 2015-05-01 0 1 16.85 1.3461 · 10−3 0.074 0.290 0.00095 0.00149
173 2015-05-04 0 1 14.68 1.3487 · 10−3 0.090 0.283 0.00097 0.00149
174 2015-05-05 0 1 14.86 1.3472 · 10−3 0.083 0.288 0.00098 0.00148

Note: Estimation results associated with several break date candidates k, and the no-break case at the
top, for the simple regression model with dependent variable MWXwt∆(rNL)t and regressor variable
MWXwt∆(rUS)t−1. The first two columns report the number of error estimation repetitions, relative to
P = 4999, in which the date with the smallest mean squared error estimate is equal to k, or equal to at most
k. Column three lists the LR value associated with each k. Median values of error estimates are reported for
each k in column four. The last four columns report the model parameter estimates, using maximum likelihood
estimation with a Gaussian distribution function, for each implied model. Note that σ̂u is an estimate of the
error term standard deviation for the simple regression model of MWXwt∆(rNL)t and MWXwt∆(rUS)t−1,
not for the unexplained variation of ∆(rNL)t directly.
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Figure 6.3: Linear regressions for pre-, no-, and post-break data, part 1/6
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Note: For i = DK, IR,NW , scatter plots for residual, weighted observations MWXwt∆(rUS)t−1 and
MWXwt∆(ri)t. Left panels show observations until the respective estimated CVE break date and include
estimated linear regression lines. Right panels show the same for data after the break dates. Central panels
combine the two samples and show the corresponding, estimated linear regression line. Significance of a break
is shown by ∗,∗∗ ,∗∗∗, which are used to mark 90%, 95%, 99% significance, respectively.
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Figure 6.4: Linear regressions for pre-, no-, and post-break data, part 2/6
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Note: For i = OE,PT, UK, scatter plots for residual, weighted observations MWXwt∆(rUS)t−1 and
MWXwt∆(ri)t. Left panels show observations until the respective estimated CVE break date and include
estimated linear regression lines. Right panels show the same for data after the break dates. Central panels
combine the two samples and show the corresponding, estimated linear regression line. Significance of a break
is shown by ∗,∗∗ ,∗∗∗, which are used to mark 90%, 95%, 99% significance, respectively.
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6.5 Conclusion
The chapter has described a novel idea for detecting structural breaks in univariate time
series data by optimizing the estimated out-of-sample model fit. A break is detected,
when the division and estimation of a data sample in separate parts yields a significant
reduction in mean squared error estimates of the prediction error. Cross-validation is
used in the method to acquire prediction error estimates, which make the test widely
applicable, as the tested model must only fulfill minimal assumptions required for cross-
validation. No standard null hypothesis distribution has yet been derived, which is a task
for future research. Instead, significance is established by resampling data in a bootstrap
such that the simulated data satisfies the no-break null hypothesis.

The test is compared to the popular maximum likelihood ratio break test in a Monte
Carlo simulation study. In this study, the data generating process has been specified
to satisfy a linear regression model with normal errors in two separate segments. The
segments are divided by a structural break that changes the covariate coefficients. In
the simulations, the cross-validated error estimation test is found to have approximately
equal testing power as the maximum likelihood ratio test. The study further compares
the relative number of times that a method detects a structural break closer to its true
location in the sample than the other method. Throughout the simulations this value
is larger for the cross-validated error estimation test than for the maximum likelihood
ratio test. Further, the cross-validated error estimation test leads to lower absolute
deviation from the true break date with 50-60% confidence in the study. This is not
a significant result, but it can be concluded that the method is a valid alternative to
maximum likelihood ratio testing.

A possible explanation for a higher accuracy and precision is that prediction errors
cannot be measured and instead must be estimated. To avoid too strong of an influence
of each individual random draw of cross-validation sets, the method is repeated several
times and a measure of central tendency is used to infer breaks and break date estimates.
The method incorporates the uncertainty of estimation automatically, whereas maximum
likelihood ratio estimates are invariant in a given sample of observations. This can explain
why the cross-validated error estimation method is more robust against large errors of
structural break date estimation. Future research should investigate, how a resampling
method may improve maximum likelihood ratio testing accordingly.

An empirical application to European government bond yields illustrates the test ap-
plication for a partial break hypothesis. For this, a separate structural break analysis for
one predictor variable is performed, conditional on the no-break model for the remaining
covariates. The results indicate an increase in the linear relation between differences in
seven central European government bond yields and lagged differences in the U.S gov-
ernment bond yield. With some variation between the countries, the break is estimated
to occur in mid-April of 2015. During that time, first results were published on the suc-
cess of the new public-sector purchase programme of the European Central Bank. This
quantitative easing program may have increased the correlation between euro area and
U.S. government bonds, as the U.S. had long been using similar monetary tools following
the 2008 Global Financial Crisis.

Like other break detection methods, the proposed test is not an absolute measure of
model adequacy. It can reject the structural stability hypothesis in favor of a structural
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break hypothesis, but this is not to be mistaken for evidence that a structural break
model is the appropriate choice. Future studies could focus on the extension of the
test to multivariate data, by means of a geometric median, for example. It should be
analyzed how the test performs when it is applied to cross-sectional data to detect group
separations, or when it is applied to more general forms of time series and panel data.
The collection of preliminary break date estimates may be used in a formalized test of
parameter transition abruptness or break date estimation uncertainty. Lastly, it will be
interesting to describe a standard distribution of the test under the null hypothesis.
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Table 6.5: The impact of CVE settings on testing

Power Location
IA0.95 mean(k̂) median(k̂) sd(k̂)

C = 30, median P = 1 0.114 50.415 50 19.337
3 0.113 50.587 50 18.965
5 0.114 50.393 50 19.229
9 0.112 50.116 50 19.036

19 0.112 50.098 50 19.090
P = 5, median C = 20 0.115 50.695 50 18.985

30 0.114 50.393 50 19.229
40 0.115 50.029 50 19.228

C = 30, P = 5 median 0.114 50.393 50 19.229
mean 0.113 49.951 50 18.637

Note: Break detection results for CVE for different settings in the number of cross-validation sets C, the number
of repetitions in prediction error difference estimation P , and the average measure. The DGP is specified with
the reference properties T = 100, k0 = 0.5T , σε = 1, q = 0, βj,pre = 1, ∆β = 0.2. There are S = 10000
simulations, where each simulated series is subjected to all considered test settings to ensure comparability.
Location measures use simulations where CVE has rejected the null hypothesis at 1 − α = 0.95 confidence,
only.

Table 6.6: Parameter shift estimation

mean(∆̂β) sd(∆̂β)
MLR CVE MLR CVE

∆β = 0.1 0.489 0.482 0.561 0.555
0.2 0.688 0.679 0.262 0.259
0.4 0.739 0.729 0.133 0.135
0.8 0.899 0.892 0.167 0.170

Note: Parameter shift magnitude estimation of MLR and CVE for different DGP specifications of the true shift
magnitude ∆β . Sample length is T = 100, break date location is k0 = 50, error standard deviation is σε = 1,
the number of stochastic covariates is q = 0, the coefficient value before the break is βj,pre = 1, and CVE
settings are P = 5 and C = 30. There are S = 10000 simulations. The values are calculated for simulations in
which both methods have detected a break at 95% confidence, only.
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Figure 6.5: Linear regressions for pre-, no-, and post-break data, part 3/6
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Note: For i = BD,BG,CZ, scatter plots for residual, weighted observations MWXwt∆(rUS)t−1 and
MWXwt∆(ri)t. Left panels show observations until the respective estimated CVE break date and include
estimated linear regression lines. Right panels show the same for data after the break dates. Central panels
combine the two samples and show the corresponding, estimated linear regression line. Significance of a break
is shown by ∗,∗∗ ,∗∗∗, which are used to mark 90%, 95%, 99% significance, respectively.
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Figure 6.6: Linear regressions for pre-, no-, and post-break data, part 4/6
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Note: For i = ES, FN, FR, scatter plots for residual, weighted observations MWXwt∆(rUS)t−1 and
MWXwt∆(ri)t. Left panels show observations until the respective estimated CVE break date and include
estimated linear regression lines. Right panels show the same for data after the break dates. Central panels
combine the two samples and show the corresponding, estimated linear regression line. Significance of a break
is shown by ∗,∗∗ ,∗∗∗, which are used to mark 90%, 95%, 99% significance, respectively.
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Figure 6.7: Linear regressions for pre-, no-, and post-break data, part 5/6
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Note: For i = IT,NL, PO, scatter plots for residual, weighted observations MWXwt∆(rUS)t−1 and
MWXwt∆(ri)t. Left panels show observations until the respective estimated CVE break date and include
estimated linear regression lines. Right panels show the same for data after the break dates. Central panels
combine the two samples and show the corresponding, estimated linear regression line. Significance of a break
is shown by ∗,∗∗ ,∗∗∗, which are used to mark 90%, 95%, 99% significance, respectively.

141



CHAPTER 6. DETECTING STRUCTURAL BREAKS BY CROSS-VALIDATED ERROR
ESTIMATION

Figure 6.8: Linear regressions for pre-, no-, and post-break data, part 6/6
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Note: For i = SD, SW , scatter plots for residual, weighted observations MWXwt∆(rUS)t−1 and
MWXwt∆(ri)t. Left panels show observations until the respective estimated CVE break date and include
estimated linear regression lines. Right panels show the same for data after the break dates. Central panels
combine the two samples and show the corresponding, estimated linear regression line. Significance of a break
is shown by ∗,∗∗ ,∗∗∗, which are used to mark 90%, 95%, 99% significance, respectively.
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7
Summary

Structural break analysis is used in Chapter 3 to trace evidence of shift-contagion in
financial time series data. A sequential testing procedure is described, which uses the
established maximum likelihood ratio test to detect multiple structural breaks in a mul-
tivariate data system. In a linear regression model of financial returns, shift-contagion
is expected to involve a significant increase in the contemporaneous correlation between
the residuals of the series. Since contagion is associated with times of crisis, volatility
changes and changes in other parameters of the model can also be found by the proposed
testing procedure. Applied to yield spreads of euro area governments, a large number of
structural breaks are found during the period of the European sovereign debt crisis. The
estimated break dates for correlation changes are diverse. Notably, volatilities change at
different times than correlations, as contagion is not bound to happen at the beginning
of crisis periods. The empirical study is augmented by the calculation of spillover index
values to measure spillover-contagion. The level of spillover is particularly high during
2011 and 2012, and periphery countries transmit an large part of their shocks to the
rest of Europe. Overall, the findings demonstrate a substantial degree of heterogeneity
between euro area countries. Yet, the dynamics of European shock transmissions are
shown to be rich, and both shift-contagion and spillover-contagion have occurred during
the sampled period of time.

The usage of maximum likelihood ratio testing to detect multiple structural breaks
in large, multivariate data sets has proven to be time consuming. This is particularly
true, if various possible constellations of common structural break hypotheses are tested,
and if simulation-based bootstrap methods are used to either determine critical test
values empirically or to find confidence intervals for structural break date estimates.
The execution time of the applied dynamic program increases quadratically with the
number of observation dates. Chapter 4 presents a rolling window algorithm that can
be used as a break detection heuristic. The algorithm calculates single break likelihood

143



CHAPTER 7. SUMMARY

ratio values in rolling data windows, which reduces the execution time substantially. A
Monte Carlo simulation study shows that the rolling window algorithm has similar testing
power as the dynamic program in large data samples. In simulations where parameters
shift in the same direction several consecutive time, the rolling window algorithm is even
shown to locate the breaks more efficiently than the dynamic program. When applied
to find error volatility changes in a regression model of European central government
bond yield differences between 2003 and 2016, six structural breaks are detected for each
series. The chapter offers interpretation for the detected changes as they relate to the
Global Financial Crisis, the European sovereign debt crisis and policy measures by the
European Central Bank.

In structural break testing, when a maximum likelihood ratio statistic is used to find
change, this change is captured by model parameters. That is, the structural break is
inferred, if the data fit of a model is significantly improved by allowing two different sets of
parameter values (before and after the structural break date). Finding a structural break
means that allowing abrupt change at the break date enables a better representation
of the sampled observations than not allowing change at all, but the finding does not
prove that the change is actually abrupt. When interpreting empirical structural break
results, such as the euro area contagion findings of Chapter 3 and the European yield
volatility changes of Chapter 4, it is important to recognize this uncertainty about the
type of transition. Chapter 5 further investigates the volatility changes of Chapter 4
by applying a novel abruptness test of parameter change. The abruptness test consists
of the summation of likelihood ratios that lie within a specified range of the maximum
likelihood ratio. In accordance with the specification under structural break model, the
test assumes that the parameter change is abrupt under its null hypothesis. If the sum of
likelihood ratios is larger than typically observed, the abruptness hypothesis is rejected
in favor of a hypothesis with more gradual change. A Monte Carlo study underlines the
validity of this test design for data that originates from smooth transition models. In
the empirical application of European yields, many volatility transitions are found to be
non-abrupt, especially during the European sovereign debt crisis episodes. The changes
observed in periphery countries appear to accumulate gradually over time.

So far, all chapters have used the maximum likelihood ratio statistic, which is de-
signed to find the a structural break that optimizes the model fit to the given observa-
tions. Chapter 6 advances structural break testing by introducing a cross-validated error
estimation test. Here, structural breaks are found that optimize the estimated model fit
to unobserved data. The test is concerned with the out-of-sample validity of the inferred
model, a concept that is standard practice in statistical learning and feature selection. In
a Monte Carlo study, the performance of the proposed test is systematically compared to
the performance of the maximum likelihood ratio test. Either method frequently detects
break dates closer to the true location in the simulated data than the other method. The
new test, however, does so more frequently than the maximum likelihood ratio. For the
test, prediction errors are estimated by cross-validated mean squared errors, repeatedly,
to reveal the estimation uncertainty. The collection of estimated break dates can serve as
the foundation of a rich structural break analysis, as shown in the empirical application
of the chapter. Here, it is studied whether the association between lagged U.S. gov-
ernment bond yields and European government bond yields has changed between 2014
and 2016. Following the adoption of a bond purchase program by the European Central
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Bank that is similar to the U.S. quantitative easing program, the association has become
significantly larger after April 2015 for six euro area core countries as well as Denmark.
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Valorisation addendum

When investigating motives and patterns of human action and interaction, statistics
are an important source of information. Because they are important, statistical results
then steer human decision making, both implicitly and explicitly. Statistics are therefore
deeply ingrained in human behavior as an interactive component.

Understandably, people are fascinated by the patterns of their own behavior and
are determined to understand them. Scientists investigate the configurations of human
interaction tirelessly. Our general curiosity for the topic can also explain the popularity
of such books as Thinking, Fast and Slow by Kahneman (2011). We recognize the
importance of being aware of rules and implications of statistics, of probabilities and
heuristics. We acknowledge that many conclusions are better drawn having observed a
lot of data and looking for significant effects, by Thinking, Slow. Statisticians are guides
for learning from data and navigating common problems. The scientific contributions to
the field of statistics can help us better understand ourselves and each other, and help
us make decisions more carefully.

Structural break testing is one explicit form of statistical information processing. It is
a form of model diagnostics. Models are used to reduce the complexity of an interaction
between variables, between human actions or other forces. We observe patterns and may
be able to model a process that can explain and predict what we see within limited
margins of error. But do we have reason to assume that the same process holds for a full
range of observations, or must we admit that there has been a change at some point? Are
the patterns that we observe the outcome of a stable model or do we have to consider a
structural break in the process?

The error of any model can be reduced by incorporating a structural break, as it
increases the adaptability of the model to the given data. If a structural break reduces
the model error significantly, the break itself can be interpreted, but the separation of data
at the break also ensures that prediction of additional data is based on an appropriately
estimated model. Therefore, structural break testing can serve a wide range of purposes
in unlimited application areas.

Often, as in this book, structural break tests are applied to time series to find changes
in macroeconomic relations, between financial series or other records of human behavior
such a administrative records. Evidently, periods of financial and economic crisis such as
the Global Financial Crisis and the European sovereign debt crisis impact our lives dras-
tically. All chapters of this book illustrate how structural break tests can contribute to
the evaluation of such events and thus help find appropriate policy responses. Structural
break tests are, however, much more widely applicable, if variables are ordered. They
can, for example, be used to find a significant change in a health indicator for a group of
people sorted by age or another indicator. Another relevant function of structural break
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testing is studying geospatial data, to find pattern changes in satellite images. One could
also imagine a structural break test being used to detect a significant composition change
in a probe of ice taken from a glacier. As soon as time is added as a dimension again,
the application possibilities multiply. A test could be used to find a significant change in
the area fluctuations of an ice sheet. The recording of a structural break for light sensor
data would help identify movement of objects in the detection field of the sensor. There-
fore, any advancement of methods used in structural break testing can have a substantial
impact just by the large number of application possibilities.

Applied statistics in general can augment and improve the analysis of observations
we make. Modern technology allows us to conveniently collect and track a large amount
of data about ourselves, from calorie intake to time spent clicking a computer mouse
and recording the locations we have been to. Structural break tests, specifically, can be
employed to find changes of our behavior in these vast sets of data. Apps are created with
this goal in mind. Computers enable us to reap the benefits of statistical analysis in a
quick and convenient way. But a confident analysis of the suggested results requires some
insight into the statistical methods being used. An understanding of structural break
testing could help people make more sense of their behavior and how it has possibly
changed.

It must be discussed, whether applicants of structural break testing programs under-
stand what it means to have a significant structural break result. Structural break tests
have become somewhat standard practice, a development that has led to and has been
accelerated by the inclusion of structural break testing methods in popular econometric
software such as Eviews and in open source distributions such as R. As with other statis-
tical tests, the convenience of having a scalar test result with an associated p-value can
also pose a thread. First, the p-value is not to be interpreted as the probability of the
structural break hypothesis to be true. Secondly, structural break tests typically com-
pare an abrupt change in the model to the no-change assumption, but they have power
against much more general forms of change and instability. When a structural break is
detected, all that is shown is that the assumed model without break is unlikely to have
produced the observed data, but nothing is said about the base probabilities of no-break
and break models and nothing is proven about the way in which the parameters of the
model may have changed.

Given a positive structural break test result, the sum of likelihood ratio tests offers a
way to investigate the following hypothesis that parameters of the model have changed
abruptly at the estimated structural break date. The test incorporates more general forms
of change as potential sources of the significance of a structural break hypothesis. This
book’s Chapter 5 has been written to describe the test and its concept. But further, the
chapter is also intended to highlight and discuss the limited implications of a significant
structural break test result in practice.

The descriptions of the tests of this book do not rely on a large amount of for-
mal descriptions and derivations. As a relatively formal science, statistics is not a very
accessible field of study for many people. When presenting the bootstrap, Efron and
Tibshirani (1994) comment that the road to statistical knowledge is often blocked by
a wall of mathematics. The bootstrap, a computer-based method of statistical infer-
ence, requires few formulas but answers real statistical questions. Generally, simulation
based research may lower the barrier between statistics and the people interested in it.
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Simulation based research also conforms to our relatively straightforward understand-
ing of controlled experiments, and how the frequency of an observation can indicate the
relevance of a pattern.

Not adding theoretical proof, when showing the validity of the discussed concepts
of this book empirically, is an unusual choice in this area of research. Regardless, the
concepts of this book have been explored and researched carefully and are worth sharing
and discussing and exploring further. They are shown to be relevant, by simulation
based means. The book is focused on conveying ideas in a illustrative and convincing
way rather than their mathematical justification, similarly to the argument in Efron and
Tibshirani. Ideally, the presentation will broaden the interest in the proposed concepts
by making them accessible to a larger group of people.

Practicality and accessibility are central themes in this book. The intention of the
sum of likelihood ratios of Chapter 5 is to make a more informed statement about the
kind of change that has triggered a positive structural break test result. The new test uses
data that is already available during structural break testing to test the next hypothesis:
Can the change that has been discovered be assumed to have happened abruptly, or is
there evidence against this assumption? Simulated or resampled observations that fulfill
the abruptness assumption are used to conclude. The setup of the test is therefore very
pragmatic and relatively straightforward.

Similarly, the rolling window algorithm of Chapter 4 has been developed to provide
the benefit of multiple structural break testing at low computation cost. Time efficiency
can be a concern in structural break testing, especially when data sets are large and
when results must be presented quickly. The proposed algorithm offers a solution in such
circumstances. Tradeoffs, however, have to be accepted when a heuristic such as the
rolling window algorithm is used, as the resulting test is conservative and may only find
a locally optimal result.

Diversity in research is a central principle of doctoral programmes. The methods
of this book connect the topic of structural break testing to a range of other areas of
science. They seek to incorporate insight from areas of science other than econometrics
or applied statistics to enrich the literature on structural break testing. The idea to
describe the rolling window algorithm of Chapter 4 has been developed when studying
search algorithms, a topic of computer science. The heuristic can be discussed from the
perspective of optimization theory. The need to provide an initial guess in several opti-
mization techniques has inspired the combined method presented in the chapter, where
the rolling window estimates serve as starting points for finding the global optimum. A
feature selection technique has been adopted in Chapter 6, where cross-validated error
estimates are used to find a structural break. Here, observations are excluded from the
sample to test the existence of a structural break, a concept typically used in Machine
Learning when building neural networks. Finally, topics of interest for macroeconomics
and finance are discussed in all empirical examples of the presented tests, when studying
the European sovereign debt crisis.

Parts of this book offer insight into a range of important aspects of structural break
testing in general. The sequential testing procedure of Chapter 3 is designed specifi-
cally to capture financial contagion events in time series data. As such, it is developed
to detect structural breaks that involve different types of parameters, which can pose
problems of nuisance if not properly addressed. A solution that is incorporated in the se-
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quential testing procedure is iterative testing, where break testing is applied conditional
on previous results, and repeated until convergence of the estimates. A common break
test hypothesis is included in the sequential testing procedure to account for estimation
uncertainty and the possibility of joint structural breaks. Uncertainty of break estimation
results is also explicitly addressed in other parts of the book. The cross-validated error
estimation method of Chapter 6 uses random resampling of the observed data and thus
directly incorporates a method of demonstrating the estimation uncertainty. Finally,
since structural break detection test statistics typically have non-standard distributions,
the book can also be used as a guide to implementing bootstrap empirical resampling
methods to derive critical values of testing.

Jointly, the methods of this book can be combined into a powerful and comprehen-
sive multiple structural break testing procedure. Cross-validated error estimation would
be the central test statistic, a modern detection strategy that incorporates estimation
uncertainty. The statistic would be calculated in a sequential, iterative procedure to
account for nuisance, if several types of parameters had to be tested for structural breaks
individually. Optionally, rolling windows of data could be used, if time-efficiency is a
concern, possibly to derive an initial guess of a globally optimal solution. In the end,
a summation of test statistic outcomes within specified ranges would offer additional
insight into the transition duration of detected changes in the model. The product could
be a package or library that is made available to a broad community of researchers using
R syntax, and python scripts could be shared on open source platforms such as github.

The field of statistics can be compelling to a student of economics because its concepts
defy time. Economic analysis is an exciting subject to a large degree because it depends
on current definitions of economic concepts and on current understanding of economic
value. This, however, makes results and conclusions of economic research somewhat
fragile, and dependent on context. The methods of this book are invariant to context.
The presented tests are shown to have certain properties in standard data simulations,
regardless of the times in which we live.

This thesis combines timeless contributions to statistical concepts with modern topics
of economics as well as modern issues of statistical testing. The rapidly increasing size
and complexity of collected data imply that questions related to time efficiency in com-
putation are a major concern. But also, rapid increases in computer processing power,
Monte Carlos techniques and simulation based research enable an analysis that uses rad-
ically different statistical models than a few decades ago. Kroese et al. (2014) write that
statistical analysis can be based on any probabilistic model that can be simulated on
a computer. Data science is looking to significantly shape the production processes in
the next years and decades. While interest in the specific contributions to statistical
analysis will fluctuate, developments in statistics are certain to remain valid and widely
applicable.

So far, the research of this thesis has led to a publication in an academic journal and
has been discussed at four international conferences on applied econometrics and finance.
Given a broad target audience, there are vast opportunities for the testing concepts of
this thesis to be used to further knowledge creation in many areas of societal interest,
and to inspire continued research on the specific topics and similar advancements in other
areas of statistical research.
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