
 

 

 

The evolution of beliefs and strategic behavior

Citation for published version (APA):

Opolot, D. C. (2015). The evolution of beliefs and strategic behavior. [Doctoral Thesis, Maastricht
University]. Maastricht University. https://doi.org/10.26481/dis.20150603do

Document status and date:
Published: 01/01/2015

DOI:
10.26481/dis.20150603do

Document Version:
Publisher's PDF, also known as Version of record

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can
be important differences between the submitted version and the official published version of record.
People interested in the research are advised to contact the author for the final version of the publication,
or visit the DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these
rights.

• Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
• You may not further distribute the material or use it for any profit-making activity or commercial gain
• You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above,
please follow below link for the End User Agreement:
www.umlib.nl/taverne-license

Take down policy
If you believe that this document breaches copyright please contact us at:

repository@maastrichtuniversity.nl

providing details and we will investigate your claim.

Download date: 22 May. 2023

https://doi.org/10.26481/dis.20150603do
https://doi.org/10.26481/dis.20150603do
https://cris.maastrichtuniversity.nl/en/publications/90f2eb98-8bfd-4cf8-af0c-2bd465b4201c


� e evolution of beliefs 
and strategic behavior

� e evolution of beliefs and strategic behavior Daniel Opolot

D
aniel O

polot

2015

90

UNU 
MERIT

Omslag Daniel Opolot 350x240mm 178p 100 MC Silk.indd   1 29-4-2015   9:01:50



The front page image is a painting created by Vanessa

Hodgkinson, and was inspired by the content of this

dissertation.

http://www.vanessahodgkinson.com/



THE EVOLUTION OF BELIEFS AND STRATEGIC BEHAVIOR

DISSERTATION

to obtain the degree of Doctor at Maastricht University,

on the authority of the Rector Magnificus, Prof. dr. L. L. G.

Soete, in accordance with the decision of the Board of Deans,

to be defended in public on

Wednesday 03 June 2015, at 12.00 hours

by

Daniel Christopher Opolot



Supervisor
Prof. dr. Théophile T. Azomahou

Assessment Committee

Prof. dr. Robin Cowan (Chair)

Prof. dr. Vianney Dequiedt (Universite d’Auvergne)

Prof. dr. Jean-Jacques Herings

Prof. dr. Alan Kirman (Aix-Marseille Universite, EHESS and

IUF)

Associate Prof. dr. Arkadi Predtetchinski



S U M M A RY

This dissertation theoretically studies how evolutionary game theory and observa-

tional learning can be used to model three aspects of economic and social interactions:

repeated interactions, experimentation and communication. All these three aspects

influence individual beliefs and behavior and in turn social welfare. Unlike classi-

cal game theory, learning and evolutionary game theory relaxes the assumptions of

perfect rationality and foresight making it suitable for modeling such interaction en-

vironments. The organization of the dissertation is into two themes. The first part

focuses on the aspects of repeated interactions and experimentation when agents

behave strategically, and the second part focuses on evolution of individual beliefs

under repeated interactions and communication.

Chapter 2 analyzes aggregate outcomes of stochastic evolutionary processes, that

is repeated strategic interactions with experimentation. It develops computational

methods for identifying the most likely outcomes in such interactions. In this regard,

we define epsilon stability as the appropriate solution concept. That is, epsilon stable

states (hence strategies) are the most likely outcomes in the long-run given the level

of experimentation. We use this concept to show that if probabilities of mistakes

depend on payoff losses associated with the transition, then risk-dominant strategies

are the most likely to be played in the long-run. Risk-dominant strategies however

need not be epsilon stable in general.

Chapter 3 studies learning and evolutionary processes under limited information.

That is players are assumed to observe the behavior of only a select few from the

population. These select few are each player’s social or ego-network. The Chapter

particularly focuses on large decentralized societies, whereby we define asymptotic

global stability as an appropriate solution concept. A state and hence strategy is said

to be asymptotically globally stable if it is uniquely stable in the long-run at the limit

of the population size. Unlike the case of global interactions, limited information

ensures that asymptotic global stability is robust to the model of experimentation.

We identify global and path-wise contagion as key factors that are compatible with

asymptotic global stability. These two factors depend on the relative payoff gains

and network structure. The implications are that for any given payoff structure and

hence relative payoff gains, it is possible to design a network such that a unique

strategy is asymptotically globally stable. Similarly, for a given network structure
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and set of strategies, one can determine the relative payoff gains that lead to a given

strategy to be globally stable.

Chapter 4 studies rates of convergence of stochastic evolutionary processes. The

main result is that the speed of evolution is influenced by three main factors: the

payoff gains, the topology of the interactions among agents and the level of noise. For

a given level of noise, there is no clear-cut linear relationship between convergence

rates and payoff gains and topology of interactions. The key factor is whether or not

long-run epsilon stable strategies are globally contagious. Global contagion leads to

shorter convergence time to the epsilon stable states but longer convergence times to

stationarity. When global contagion is feasible, the expected waiting time from any

other subset of states to the long-run stable set is shorter for highly than sparsely

connected networks. The reverse is true for convergence time. Networks for which

global contagion is infeasible lead to shorter convergence time.

Chapter 5 studies the evolution of individual beliefs through repeated interactions

and word-of-mouth communication. Three main factors are modeled as relevant in

determining the structure of beliefs over time: historical factors—prior beliefs, the

learning mechanism (the manner in which individuals incorporate new information

into their beliefs)—-rational or bounded-rational learning, and the topology of commu-

nication structure governing information exchange. Heterogeneity in public beliefs

resulting from such interactions is more likely when individuals are rational than

when they are not. This could result from heterogeneity in historical factors, topol-

ogy of interaction structure or both. We also examine conditions under which the

resulting public beliefs correctly aggregate decentralized private information. Under

rational learning, the only relevant factors for correct aggregation is knowledge of

the network topology (and not the network topology) and boundedness of private

beliefs. The network topology however plays a significant role for correct aggregation

under bounded-rational learning
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I N T R O D U C T I O N

Many economic and social environments involve repeated interactions, experimen-

tation and communication among agents (individuals, firms, political parties or coun-

tries) over time. The following four examples illustrate such environments. The first

is bargaining, which ranges from cross-border negotiations among neighboring coun-

tries, to policy negotiations among legislators and expenditure negotiations among

household members. The second example is the formation of conventions such as

social norms concerning punctuality and social contracts, and adoption of techno-

logical innovations. Both of these cases involve an element of repeated interactions

and trial and error. The third example is the emergence of cooperation among agents

that can be viewed as a result of repeated interactions. Unless if one assumes that the

interacting entities posses high levels of rationality and common knowledge, there is

no particular reason to assume that a one-short meeting or interaction can directly

lead to cooperation. Cooperation requires trust, and trust can only be developed

after repeated interactions. Here, we use the word “experimentation” both as an ab-

straction from the process of trial and error and to model the assumption that agents

occasionally make mistakes in their decision processes.

The fourth example is that of belief and preference formation. Individual prefer-

ences and beliefs about certain subjects generally evolve over time through obser-

vational learning and/or direct communication with others. Beliefs resulting from

such interactions play a significant role in determining public opinions and decisions

made under uncertainty, both of which in turn shape social welfare. For example the

level of heterogeneity in beliefs about government policies such as public health and

social integration initiatives affects their implementation. Similarly, beliefs among

scientists about the truthfulness of certain scientific theories shape their evolution.

Decision making under uncertainty such as agents deciding whether or not to adopt

a certain product or practice without complete information of its benefit, is a ubiq-

uitous phenomenon in social and economic interactions. Under such situations indi-

viduals update their beliefs after observing others’ choices or after communicating

1



2 introduction

their private beliefs to each other, and the resulting beliefs determine actions that will

be taken. The private belief is what results after an agent incorporates his private

information into his prior belief. It is therefore important to study the properties of

beliefs resulting from such interactions and whether or not they correctly aggregate

private information.

To explicitly model such economic and social situations, it is necessary to capture

their dynamic aspect, underlying interaction and incentive structures, as well as the

behavioral rules governing individual decision process. What makes such interac-

tion environments even more complicated to model is that they in most cases exhibit

strategic complementarity, a property that also implies multiplicity of possible out-

comes. A robust theoretical model is therefore that which is able to equally predict

the most probable among all possible outcomes. The theory of learning and evolu-

tion in games provides the most suitable method in that its flexibility allows for a

detailed modeling of repeated interactions, experimentation as well as equilibrium

selection. The basic idea behind the theory of learning in games can be analogized as

follows. Players (economic agents) interact repeatedly, whereby each player can be

viewed as a machine. Each machine possesses a certain memory and an output rule

that maps every possible state of memory to a decision. The machine’s state evolves

over time due to new information learned from others. The set of rules, specified

for each player, relating decisions to states of memory and how players incorporate

information learned from others then determine the evolution of play.

The theory of learning in games dates back to the work of Brown [24] and Robin-

son [93] on fictitious play. Under fictitious play, the learning process follows the above

analogized steps and players are assumed to possess infinite memory. That is, at each

period a player’s beliefs about the opponents’ behavior are given by the time average

of the entire history of play. These beliefs are then used in choosing the best response

to opponents’ behavior. Brown [24] first introduced fictitious play as an alternative

justification for the concept of Nash equilibrium as opposed to the original expla-

nation that relied on assumptions of individual rationality and common knowledge.

These two assumptions were viewed as stringent and also later seen to be unrepre-

sentative of real-world economic and social decision processes (e.g. McKelvey and

Palfrey [73], Nasar [84]). Brown [24] and Robinson [93] showed that indeed players

learn to play Nash equilibrium (in two player finite strategy zero-sum games), con-

firming Nash’s statement that “It is unnecessary to assume that the participants have

full knowledge of the total structure of the game, or the ability and inclination to go

through any complex reasoning process” (Nash [85, p. 21]).
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Despite the developments of the theory of learning in games in the 1950’s and

early 60’s, the general interest faded from mid 60’s after Shapley et al. [105] pro-

vided a counter example in which play fails to converge. That is cases in which play

ends up cycling among a subset of alternatives indefinitely. From the early 1990’s

however, there has been a revival of the theory. The main reason for this revival is

scant evidence in support of the assumptions of individual rationality and common

knowledge on one hand (e.g. McKelvey and Palfrey [73], Nasar [84]), and on the

other hand the growing empirical evidence for the theory of learning (e.g. Camerer

and Ho [25], Cooper et al. [30], Erev and Roth [39], Lettau and Uhlig [69], Roth and

Erev [96] and Goeree and Holt [48]).1 The current literature can be categorized into

two. The first class follows in the tradition of Brown [24] and Robinson [93] and

focuses on investigating the foundations of the concept of Nash equilibrium (e.g. Fu-

denberg and Kreps [44], Fudenberg and Kreps [45], Kalai and Lehrer [56], Hofbauer

and Sandholm [50] and Nachbar [83]). Not surprisingly, its analysis centers around

identifying game environments in which play converges to Nash equilibria.

The second class of the literature focuses on equilibrium selection (e.g. Foster and

Young [41], Young [113] and Kandori et al. [57]). In this class of models, the learning

process still proceeds as analogized above but players are instead assumed to posses

bounded memory and occasionally experiment on their strategies. The objective is

then to identify, for a given underlying game, the most likely states in the long-run at

the limit of noise. These long-run stable states are then said to be stochastically stable.

As the reader might have already guessed, such learning mechanisms and hence

stochastically stable states can be sensitive to the model and level of experimentation

or noise. In the case of robustness to the model of experimentation, we can take

comfort in studying the outcomes of the learning process for specific families of

models provided of course that one can identify models that are appropriate for each

interaction environments. In the case of robustness to the level of noise however, it

is less comforting in that if for a given model of experimentation the stochastically

stable outcomes are not necessarily those that are most likely at moderately small

levels of noise, then caution aught to be taken when interpreting the results.

This dissertation makes theoretical and methodological contributions to the the-

ory of learning both in strategic (games) and non-strategic interaction environments.

In the case of strategic interaction environments, our approach is in line with the

second class of models in that we assume players to posses bounded memory. We

1 Since its resurgence, several applications such as bargaining, signaling, reputation formation, cultural

integration, contagion and social innovation have been developed. See for example Vega-Redondo [111],

Nöldeke and Samuelson [88], Kandori and Rob [58], Kirman and Vriend [60], Binmore et al. [18], Kuran

and Sandholm [65], Alós-Ferrer and Weidenholzer [9], Huck et al. [53].
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however emphasize the relevance of the process of experimentation in the agents’

decision processes. This implies that we have to define an appropriate solution con-

cept, that we refer to as epsilon stability, rather than that of stochastic stability. But

since stochastic stability is relatively computationally convenient, our analysis also

involves providing conditions under which epsilon stability can be approximated by

stochastic stability. The second aspect we emphasize concerns limited information.

Not only do agents posses bounded memory, in some interaction environments infor-

mation can be decentralized. This is particularly the case if interactions are restricted

to ego-social networks. Similarly, under such settings stochastic stability is no longer

an appropriate solution concept especially if one is interested in large decentralized

societies. We then also define an appropriate solution concept for this interaction en-

vironment to be asymptotic global stability. That is stability at the limit of population

size.

In the case of non-strategic interactions, we maintain the structure of the learn-

ing process as analogized above but this time agents revise their beliefs rather than

strategies. We also model in more detail the process by which agents incorporate

information learned from others. That is, the case where they are assumed to be ra-

tional or boundedly rational. In both strategic and non-strategic interaction environ-

ments, our analysis involves the study of long-run behavior, computational methods

for identifying long-run outcomes and analysis of convergence rates of the processes

of learning.

Chapter 2 focuses on computational methods and the refinement of the widely

employed solution concept in evolutionary game theory: stochastic stability. An out-

come is said to be stochastically stable if the probability with which it is played in

the long-run is positive at the limit of noise. The main questions we deal with relate

to the relevance of performing limit noise analysis as discussed above. In so doing,

we introduce a related concept of stability that we refer to as epsilon stability. Just like

stochastically stable outcomes are those which are the “most” stable in the long-run

in the limit of noise, epsilon stable outcomes are those that are most stable in the

long-run for positive noise levels. We then say that stochastic stability is robust to

noise for a given model of mistakes if there exists an equivalence between epsilon

and stochastic stability. We provide conditions for robustness for two classes of mod-

els of mistakes. The mistakes model in which errors result from pure experimentation,

and the endogenous model of mistakes in which errors result from payoff perturbations.

Chapter 2 also provides the computational methods for both epsilon and stochas-

tic stability. The existing computational methods for stochastic stability are specific

to the models of mistakes. Here, we provide a more general method that is inde-



introduction 5

pendent of the model of mistakes. This enables us to derive general results for the

characteristics of the stochastically stable outcomes for each category of model of

mistakes.

Chapter 3 studies the process of learning under limited information. Limited in-

formation results from the assumption that agents interact with only those in their

social circle or ego-networks. We particularly focus on large decentralized societies

and define asymptotic global stability as an appropriate solution concept. That is, a

state and hence strategy is said to be asymptotically globally stable if it is uniquely

stable in the long-run at the limit of the population size. We provide an explicit char-

acterization of how the interaction network and underlying base game structures

interactively influence asymptotic global stability.

Chapter 4 deals with the question of convergence rates. One of the earlier crit-

icisms of stochastic stability as a solution concept is that at the limit of noise, the

expected waiting time to reach the stochastically stable outcome from any other pos-

sible equilibrium outcome becomes exceedingly long. This then casts doubts on

whether the long-run properties of such models carry any realizable economic impli-

cations. In some cases however, such as when individuals interactions are localized,

the expected waiting times are shown to be bounded. In this chapter, we explic-

itly characterize the convergence rates for stochastic evolution in networks and for

positive noise levels. In particular, we characterize the expected waiting time as the

measure of medium-run dynamics and the convergence time or selection time as the

measure for long-run dynamics. We provide the characterization for convergence

rates for both deterministic and random families of networks. We highlight how

the topology of interactions acts to influence both the expected waiting time and

convergence time.

Chapter 5 focuses on communication aspects of repeated interactions. It asks ques-

tions concerning the evolution of individual beliefs through repeated word-of-mouth

communication with others in ones social network. Contrary to the predictions from

the literature of rational learning that beliefs resulting from such a process of de-

liberation are homogeneous, disagreement among agents across social and economic

settings is a common phenomenon. This then prompts a question of why such hetero-

geneities persist. Could it be a result of historical factors (prior beliefs), the learning

process (the manner in which individuals incorporate new information into their

beliefs), the topology of communication structure governing information exchange?

Or could it be that the rate at which private information propagates through the

population is too slow that we never get to observe an equilibrium state in which

beliefs should be uniform? The learning mechanism depends on the assumptions
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made about individuals’ cognitive abilities to perform the complex process of ex-

tracting private information from other agents’ beliefs or actions. We refer to the

case in which agents are capable of precisely extracting private information from

others’ beliefs as rational learning and that when they are not capable as bounded-

rational learning. More precisely, under rational learning agents are assumed to be

able to extract private information from other agents’ beliefs through Bayesian in-

ference. Under bounded-rational learning on the other hand, for reasons that may

involve lack of knowledge of informational and communication structures or sim-

ply the inability to perform complex inferences associated with Bayesian rational

learning, we assume that agents incorporate other agents’ beliefs by taking weighted

averages. The speed at which learning occurs becomes important in “exit games”

where individuals have to decide how long to wait before taking an action, or when

the time available to gather information before making a decision is limited. This

Chapter provides insights to these questions using a simple but robust theoretical

model of social learning.
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E P S I L O N S TA B I L I T Y A N D R O B U S T N E S S I N S T O C H A S T I C

E V O L U T I O N A RY G A M E S 1

Abstract: Stochastic evolutionary models provide a useful framework for analyzing re-

peated interactions, experimentation and predictions concerning equilibrium selection. The

commonly employed solution concept, stochastic stability, is still faced with numerous ques-

tions regarding its robustness and computational methods. This Chapter introduces a re-

lated but more general concept that we refer to as epsilon stability. An outcome is said to

be epsilon stable if for a given level of experimentation it is the most stable in the long-run.

Epsilon stability is an appropriate stability concept for stochastic evolution when the level

of noise is positive as opposed to stochastic stability for limit noise. We then define robust-

ness for stochastic stability as relating to the equivalence between epsilon and stochastically

stable states. We provide conditions under which robustness exists. We also provide an

efficient algorithm for computing both epsilon and stochastically stable sets. Application

of the algorithm shows how risk-dominant strategies are more likely to be selected under

multinomial logit than mistakes models. Dominant strategies however need not be selected

in general.

2.1 introduction

Multiplicity of equilibria is a well known phenomenon in economic models of

strategic interactions. A typical example is economic environments with strategic

complementarities, whereby the payoff a strategy or an action generates is a non-

decreasing function of the number of players who adopt it. The question as to which

among the possible equilibria gets selected or is much more likely in a long-run

is of high interest in game theoretic modeling. In their pioneering work, Foster

and Young [41], Kandori et al. [57] and Young [113] showed that a disequilibrium

process in which agents learn their opponent’s play and subsequently revise their

strategies—generally known as stochastic evolutionary dynamics—can be employed as

a mechanism for equilibrium selection.2 The basic idea of stochastic evolution is that

1 This Chapter has been published in UNU-MERIT working paper series: Opolot and Azomahou [91]
2 Since its development as an equilibrium selection mechanism, several applications and similar approaches

to stochastic evolutionary dynamics (such as bargaining, signaling, contagion and social innovation) have

7



8 epsilon stability and robust stochastic stability

individuals play their “optimal” strategies but the evaluation process is subjects to

errors. The solution concept employed is stochastic stability according to Foster and

Young [41]. An outcome is said to be stochastically stable if the probability with

which it is played in the long-run is positive at the limit of noise.

Despite its effectiveness in predicting unique outcomes, several questions concern-

ing robustness of stochastic stability remain unanswered. More specifically, for any

given game the stochastically stable outcomes depend on the model of mistakes and

the specifics concerning the nature of the dynamics. The related critical observation

concerns implications of evolutionary dynamics analysis that focuses on limits of

noise, especially in relations to the rates of convergence or time to selection. We ar-

gue in this Chapter that the most relevant question relates to robustness of stochastic

stability to noise levels rather than the model of mistakes, which directly also relates

to issues concerning the relevance of limit noise analysis. If stochastic stability is not

robust to noise levels then caution needs to be taken when interpreting what stochas-

tically stable sets imply. To fully capture this concept, we start by introducing the

closely related concept to stochastic stability that we refer to as epsilon stability. Just

like stochastically stable states or subsets are those which are the “most” stable in

the long-run in the limit of noise, epsilon stable sets are those that are most stable

in the long-run for positive noise levels. The first objective is then to derive methods

and measures for computing epsilon stable sets. We do this in such a way that the

measures for identifying stochastically stable sets are derived from those for identi-

fying epsilon stable sets by simply taking limits of noise. We then say that stochastic

stability is robust to noise for a given model of mistakes if there exists an equivalence

between epsilon and stochastically stable sets. That is, the stochastically stable sets

are those that are also epsilon stable.

In defining the model of stochastic evolution, the main assumptions we make are

that players follow Darwinian dynamics and simultaneous revision protocol. The

first assumption is customary in the literature and simply means that players do not

possess infinite memory. The only relevant information in forming expectations at

each period is the strategies of others in the previous period. There however exist

approaches that consider infinite memory in the literature (generally called fictitious

play) but with a focus on explaining how players learn to play Nash equilibrium

rather than selection. The second assumption is mainly for computational reasons.

Alós-Ferrer and Netzer [7] examine the robustness of stochastic stability to the revi-

sion protocol under logit dynamics, in which the probabilities of mistakes depend on

been explored. See for example Vega-Redondo [111], Nöldeke and Samuelson [88], Kandori and Rob [58],

Alós-Ferrer and Weidenholzer [9], Huck et al. [53].
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the payoff losses associated with the transition. They find the lack of robustness. That

the states, hence strategies, that maximize the local potential, or equivalently that are

stochastically stable under asynchronous revision protocol, are not necessarily those

that are stochastically stable under independent simultaneous protocols. Blume [20]

and Okada and Tercieux [89] identify this phenomenon as resulting from the pecu-

liar characteristic of local potential functions and hence the logit dynamics. They

show that if the payoffs are supermodular then stochastic stability is robust to the

revision protocol. This phenomenon is also specific to cases in which probabilities of

mistakes depend on payoff losses, such that in other cases like the mistakes model of

Young [113], there is no particular reason as to why stochastic stability should not be

robust to the revision protocol. The choice of the revision protocol however becomes

very significant in determining the rates of convergence.

The approach we adopt in this Chapter circumvents some of the critical issues con-

cerning stochastic stability and the relevance of considering limit analysis in stochas-

tic evolutionary dynamics in the following ways. First, several authors have shown

that the problems concerning selection time or expected waiting time to reach the

stochastically stable sets from any other, is mitigated if players possess limited infor-

mation. Limited information could be resulting from considering local interactions

in which players observe strategies of only those in their social network (e.g. El-

lison [37], Montanari and Saberi [77] and Young [115]. Recent work by Kreindler

and Young [63] however shows that even under global interactions, selection could

be fast provided noise levels are kept sufficiently positive. The concept of epsilon

stability that we introduce is thus an appropriate solution concept for the setting

with positive noise levels. The first contribution of this Chapter is thus providing the

computational algorithm for epsilon stable sets.

Secondly, we analyze the question of robustness of stochastic stability to noise

levels. We distinguish between two categories of models of mistakes; the mistakes

model in which errors result from mutations, and the endogenous model of mistakes

in which errors result from perturbations on payoffs, where we specifically focus on

the multinomial logit model. For a given model of mistakes we then examine the

robustness of stochastic stability to noise. The key assumption for the validity of

stochastic stability is that the invariant distribution of the underlying stochastic pro-

cess converges uniformly in the limit of noise. A violation of this assumption leads to

arbitrary outcomes. In particular, under the mistakes model Bergin and Lipman [15]

show that the long-run stable outcome of an evolutionary process strictly depends

on the specifications made about the mutation rates. That it is possible to make any

outcome stable in the long-run by suitably choosing the mutation rates structure.
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Here, by relating stochastic stability to epsilon stability, we provide conditions under

which stochastic stability is robust to the mutation rates structure. In the case of

endogenous mistakes model, and in particular the multinomial logit, the parameters

that tune the noise level are state-independent and hence the effects identified by

Bergin and Lipman [15] should not necessarily apply to this category of models. We

indeed find robustness of stochastic stability to noise levels.

Finally, we provide efficient computational algorithms for both epsilons and stochas-

tic stability that are independent of the model of mistakes. They make use of the

quotients of invariant distributions, an idea originally introduced by Ellison [38] for

identifying stochastically stable sets under the mistakes model. We extend this to

the computation of epsilon stables sets and for endogenous mistakes models. The

algorithmic steps we propose imply that the stochastic tree algorithm of Freidlin and

Wentzell [42] that is normally employed in the literature but rather computationally

complex, becomes necessary only after the quotients method fails to identify the

unique epsilon and stochastically stable sets. But even so, the number of states that

one has to construct their stochastic potentials can be drastically reduced by first

employing the quotients method. With an exception of Alós-Ferrer and Netzer [7],

the existing computation of stochastically stable sets under logit dynamics relies on

the use of local potential maximization. But this method is specific to the case of

asynchronous dynamics and as Alós-Ferrer and Netzer [7] pointed out, local poten-

tial maximizer is not necessarily stochastically stable under simultaneous revision

protocol. It is thus relevant to develop simpler algorithms that are independent of

the revision protocol. This Chapter equally makes a contribution in this direction

and complements Alós-Ferrer and Netzer [7]. By applying our algorithm to both

mistakes and multinomial logits models, it is shown states in which players play

risk-dominant strategies are most likely to be epsilon and stochastically stable under

the later than the former. But risk-dominant strategies need not be selected in both

cases in general.

The remainder of the chapter is organized as follows. Section 2.2 provides a concep-

tual example demonstrating the non-robustness of stochastic stability and its relation

to epsilon stability. In Section 2.3, we outline the general model for noisy stochastic

evolutionary dynamics. Section 2.4 provides algorithmic characterization for epsilon

and stochastic stability. Sections 2.5 and 2.6 are applications of the computational

methods developed to the mistakes and multinomial logit models respectively. Sec-

tion 2.7 is devoted to examples that illustrate the computational algorithm and the

main results. Section 2.8 concludes the study.
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2.2 conceptual example

The following example illustrates the distinction we make between stochastic and

epsilon stability using mutations model of mistakes. It demonstrates that unless the

details of the model of mistakes are clearly defined, the result obtained by taking

limits are not necessarily representative of small but finite noise behavior.

Consider a set of three players N = {1, 2, 3} who are uniformly and randomly

matched to play the coordination game in Table 1. Let the learning model be that

defined in Young [113], in which each player follows the “Best Reply” dynamics with

probability 1− ε and with probability ε randomizes among the action set. Given the

action set X = {a, b}, let x be the action profile, Ui(x, x) be the payoff to i ∈ N
when playing action x, and denote by BRi(x, x) for the probability that i plays the

Best Reply action. That is BRi(x, x) = 1 if x ∈ arg maxxi
Ui(xi, x) and zero otherwise.

Let P(x, x) be the mistakes distribution (or more specifically the probability mass

function) identical to all players. Assume also that the payoff is identical for all

players, such that the probability of playing action x ∈ X given the mutation rate ε

and profile x is

P(x, x) = (1− ε)BR(x, x) + εP(x, x) (1)

From the payoff structure in Table 1, the states a and b in which all agents play a and

Table 1: The action profile (a, a) is risk-dominant

player j

a b

i a 4 , 4 3 , 0

pl
ay

er

b 0 , 3 5 , 5

b respectively are the equilibria (or limit states) of the best reply dynamics without

mistakes. When players are matched uniformly and randomly, there are only four

relevant states or action profiles; a, b, bba in which one agent plays a and the other

two play b, and aab in which one agent plays b and the other two play a. Write X for

the state space in the order X = (a, aab, bba, b). Let Pε be the transition matrix of the

Markov chain (X, Pε) induced by the dynamics in (1). Pε is irreducible meaning that

there exists a unique stationary distribution πε whose structure is determined by the
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(normalized) left eigenvector corresponding to the leading eigenvalue of Pε. That is

πεPε = πε.

The first step in the computation of the stochastically stable set normally is to

determine the basins of attraction limit sets. From the payoff in Table 1, it can easily

be shown through best reply argument that the basin of attraction ã of a is ã =

{a, aab, bba}, and for b, b̃ = {b}. Let e = εP(b, a), f = εP(b, aab) and h = εP(a, b).

Then the transition matrix Pε induced by the dynamics in (1) is given by,

Pε =


(1− e)3 3(1− e)2e 3(1− e)e2 e3

(1− e)(1− f )2 (1− f )(e + 2 f − 3e f ) f (2e + f − 3e f ) e f 2

(1− f )(2 f + h− 3 f h) (1− f )2(1− h) f 2h f ( f + 2h− 3 f h)

h3 3(1− h)h2 3(1− h)2h (1− h)3



The dashed lines partition Pε into block matrices describing transitions within

basins of attraction (diagonal block matrices) and between basins of attraction (off-

diagonal block matrices). The computation of stochastically stabel sets involves com-

paring the sizes of basins of attractions of limit sets or more generally minimum

costs trees using the computational methods in Freidlin and Wentzell [42, Chapter 6].

Since the size of ã is greater than that of b̃, the stochastically stable state is a.

Now, consider the case in which ε = 0.01. Then there exists a mistakes distribution,

for example P(b, a) = 0.9, P(b, aab) = 0.9 and P(a, b) = 10−5 for which π(b) =

0.71 > π(a) = 0.28. If ε = 10−4, then substituting P(b, a) = 0.9, P(b, aab) = 0.9 and

P(a, b) = 10−9 into Pε yields π(b) = 0.70 > π(a) = 0.29.

This example shows that for every value of ε ∈ (0, 1) there exists a mistakes dis-

tribution for which an arbitrary limit set maximizes the stationary distribution or

stable in the long-run. The state or subset of states that maximize the stationary

distribution for a given model of mistakes and amount of noise is that we refer to

as epsilon stable sets. The underlying reasoning behind stochastic stability is that for

sufficiently small noise epsilon stable sets are equivalent to stochastically stable sets.

But as this example shows and by other in the literature, it is not necessarily the

case. For the special case of mutations model considered above, this reasoning holds

whenever the probabilities P(x, x) = 1
m , where m is the size of the action set. More

generally however, it is safe to say that when the probabilities P(x, x) are bounded

then there exists an ε′ such that for any ε < ε′, stochastic stability is equivalent to

epsilon stability. We elaborate on this argument in section 2.5.

The general line of reasoning is as follows. First consider the case of the mutations

model of mistakes as in (1) above. Let P(x, x) = P be identical for all players and
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ε = e−β such ε tending to zero implies β tending to infinity. If R(x, y) is the number

of mistakes required for the transition from (the limit state) x to y to occur, then

Pε(x, y) =
(
Pe−β

)R(x,y)
= exp {− (R(x, y)β− lnP)}

such that

lim
β→∞
− 1

β
ln Pε(x, y) = R(x, y) (2)

Implying that R(x, y) is the decay rate of transition probabilities between limit sets.

The existing computational methods for stochastic stability rely on the assumption

that these decay rates are uniform and depend on only values of R(x, y), which are

also sizes of basins of attraction. The cost of getting from one limit state or subset

of states to another is then computed by adding up the decay rates associated with

such a path. Note however that in (2) we assumed that R(x, y) are not only identical

but also finite, otherwise it does not hold. When computing epsilon stable states on

the other hand we consider the entire quantity R(x, y)β − lnP for a given level of

noise β.

Now consider the case of logit choice probabilities commonly employed in the

literature. For the game in Table 1 where a and b are the limit states, we have

P(a, b) =
exp(βU(a, b))

exp(βU(a, b)) + exp(βU(b, b))
=

1
1 + exp(β[U(b, b)−U(a, b)])

≈ exp(−β∆Uba(b)) (3)

where ∆Uba(b) = U(b, b) − U(a, b). The approximation is for β sufficiently large.

Implying that

Pε(b, a) = (exp(−β∆Uba(b)))
R(b,a) = exp {−R(b, a)∆Uba(b)β}

such that

lim
β→∞
− 1

β
ln Pε(b, a) = R(b, a)∆Uba(b) (4)

Similarly,

lim
β→∞
− 1

β
ln Pε(a, b) = R(a, b)∆Uab(a) (5)

The decay rates of transition probabilities for logit dynamics thus depend on both

the sizes of basins of attraction and payoff differences. When computing the stochas-

tically stable states, the cost of getting from one limit state to another thus is the sum

of the quantities R(a, b)∆Uab(a) of the associated path. This implies that for given

sizes of basins of attraction, states that incur higher payoff losses to exit are more

stable. Since risk-dominant strategies exhibit larger payoff losses, it is precisely why
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risk-dominant strategies are stochastically stable in 2× 2 matrix games under logit

dynamics (e.g Maruta [71], Blume [20], Okada and Tercieux [89]). This is not neces-

sarily true for (2) above. When computing epsilon stable sets in this specific case of

logit dynamics, we would have to consider the quantities R(x, y)∆Uxy(x)β.

The basis of the analysis in this Chapter is that given any model of mistakes, for

any pair of limit sets say x and y, the transition probabilities can be expressed as

Pε(x, y) = K exp {R(x, y) ln PA(x, y) +O(1)} (6)

where K is some constant and PA(x, y) = 1
N ∑N

i=1 P(yi, x)

2.3 the model

We study the class of 2−persons m×m matrix games. The set of players is denoted

by N = {1, · · · , i, · · · , N} the action set by Xi = {a, b, · · · } for each player. Denote

by t = 1, 2, · · · for the successive periods of play in which players simultaneously

play the game. We also assume that players are randomly matched such that at each

period each observes the previous period’s strategies of the entire population. The

resulting population state or profile at period t will be denoted by xt and the set of

all possible such realizations by X = ∏n
i=1 Xi.

For each game, let U ∈ Rm×m be the associated payoff matrix such that Ui(a, b) is

the base payoff to the player playing a when his opponent plays b. A typical example

is the pure coordination game in Table 12. Given the information set of agent i, that is

the observed distribution of strategies x, the expected payoff to i from playing action

a when his opponents profile is x−i is then

Ui(a, x−i) = ∑
j∈N

JijU(a, xj), (7)

where xj is the jth coordinate of x. The parameter Jij takes on values in the closed

interval [0, 1]. For example if agents consider average payoff over their opponents’

strategies, then Jij =
1
N for all j ∈ N .

2.3.1 Dynamics and learning scheme

There are two main components that completely describe the learning process;

the revision protocol and choice probabilities. We consider the simultaneous revision

protocol for reasons mentioned in the introduction. When a player receives a revision

opportunity, they evaluate the current expected payoff to each of the available pure
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player j

a b

i a U(a, a) U(a, b)

pl
ay

er

b U(b, a) U(b, b)

Table 2: Payoff structure for the symmetric coordination game between i and j. The

indicated payoffs are for the row-player

strategies. Each player’s objective is to select strategies that are evaluated as best, this

assessment is however subject to random shocks. The random shocks can either be

in form of perturbations on the payoffs or strategies. Under the former, i’s objective

is to choose a strategy a that maximizes the perturbed payoff Ui(a, x−i) + εa, that is

a ∈ arg max
b∈X

Ui(b, x−i) + εb

where εb’s are the random components of the expected payoff. The components of

ε = (εa, εb, · · · ) are assumed to be independently distributed. The conditional (on

the realization of εa) perturbed best response function for i is given by the distribution

Pi(a, x; εa) = P

⋂
b 6=a

{
Ui(a, x−i) + εa ≥ Ui(b, x−i) + εb

} (8)

In the case where perturbations are on agents’ strategies/actions, the perturbed

best response function is given by,

Pi(a, x) = (1− εi(x))BRi(a, x) + εi(x)Pi(a, x) (9)

where BRi(a, x) is the probability that i plays action a under best-reply dynamics

given that the population state x. That is

BRi(a, x) =

{
1 if a ∈ arg maxb∈X Ui(b, x−i)

0 otherwise.
(10)

For each i ∈ N , εi(x) is the state-dependent mutation rate, the probability that i

randomizes among the elements of X with the conditional distribution defined by

Pi(a, x). The product Pi(a, x) = εi(x)Pi(a, x) is the probability of playing action a by

mistake. We denote the vector of mutation rates by ε = (ε1(x), · · · , εn(x)). Note that

for each i ∈ N and a ∈ X, ∑a∈X Pi(a, x) = 1.
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The dynamics (8) in which payoffs are perturbed has been studied extensively

in evolutionary game theory. See for example Hofbauer and Sandholm [50] and

Hofbauer and Sandholm [51] who prove the general equilibrium existence for such

dynamics. The special cases are the logit, and multinomial probit in Blume [20] and

Myatt and Wallace [82] respectively. The special case of dynamics (9) are Kandori

et al. [57] and Young [113] where mutation rates are state and player independent.

Each of the above dynamics defines a Markov chain on a finite state space X whose

transition matrix Pε is defined by transition probabilities Pε(x, y),

Pε(x, y) =
n

∏
i=1

Pi(yi, x) (11)

2.3.2 Stochastic and epsilon stability

To distinguish between the Markov chain without noise, which derives from the

dynamics in (10), and that with noise we use the notations (X, P) and (X, Pε) respec-

tively. Chain (X, P) consists of limit or closed communication classes that we denote

by Ω, and the set of all such subsets by Ω.3 In the presence of noise, the closed

communication classes of (X, P) become metastable. That is the chain (X, Pε) spends

an extended amount of time in each closed communication class but will eventu-

ally transition to another. To avoid notational and conceptual clutter, we equally

use closed communication classes to refer to metastable sets since at sufficiently low

levels of noise their compositions are equivalent.

The perturbed Markov chain (X, Pε) has a unique invariant (stationary) distribu-

tion πε = limt→∞ q0Pt
ε, where qt is the vector of probability mass functions at period

t. It describes the amount of time the process spends in each state in the long-run.

The underlying notion of stochastic stability is that the states or subsets of states that

are not stochastically stable will be observed less frequently compared to those that

are. Formally (definition from Foster and Young [41]),

Definition 1: Given the chain (X, Pε), the closed communication class Ω is stochastically

stable if limε→0 πε(Ω) > 0.

Clearly for any given game, the stochastically stable states (hence strategies) de-

pend not only on the model of mistakes. This distinction would not be relevant if

stochastically stability is robust to both the model of mistakes and the noise levels.

3 A set Ω ⊂ X is a limit set of (X, P) if ∀y ∈ Ω, P(xt+1 ∈ Ω|xt = y) = 1, and that ∀y, z ∈ Ω, there exists a

T > 0 such that P(xt+T = z|xt = y) > 0.
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This is however not the case as argued in Sections 2.1 and 2.2 above. For this reason,

we introduce a related concept of epsilon stability. Formally,

Definition 2: Given (X, Pε), a subset Ω∗ is said to be epsilon stable if

Ω∗ = arg maxΩ∈Ωπε(Ω)

An epsilon stable set can thus be equivalently defined as that for which πε(Ω∗) >

πε(Ω) for all Ω 6= Ω∗. A stochastically stable set is epsilon stable only under some

restrictions on the model of mistakes. If for a given model of mistakes the stochas-

tically stable sets are also those that are epsilon stable, then we say there exists an

equivalence between stochastic and epsilon stability. If this equivalence is true for

all level of noise then we say that stochastic stability is robust, otherwise robustness

exists for only some levels of noise.

We use the following additional notations for the remainder of the Chapter. The

boundary of a closed communication class Ωwill be denoted by ∂Ω. That is, all states

in the basin of attraction of Ω with Ω excluded.4 The basin of attraction of Ω is then

Ω̃ = ∂Ω ∪Ω. We write (Ω̃, P̃N,ε) for the chain with transitions between elements Ω̃.

2.4 stochastic and epsilon stable sets

The question that follows the above definitions is how to compute states or subsets

of states that are stochastically and epsilon stable, and if there exists a relationship

between the two. In other words, when should we expect epsilon stable sets to also

be stochastically stable. As discussed above, this will of course depend on the specific

model of mistakes. But for a given model of mistakes, we seek for conditions under

which an equivalence exists between stochastic and epsilon stability.

There are two methods for computing stochastically stable sets which directly ex-

tend to the computation of epsilon stable sets. The first considers quotients of sta-

tionary distributions values and the other involves a complete characterization of

the stationary distribution using the combinatorial methods of Freidlin and Wentzell

[42]. The quotients methods is computationally less complex but coarser than the

tree algorithms associated with the combinatorial methods. For most stochastic evo-

lutionary setups however, the quotient method is sufficient. Hence the most efficient

computational algorithm would be that which combines both methods in the ascend-

ing order of computational complexity. We begin by elaborating on the quotients

method.

4 The basin of attraction of a closed communication class Ω is defined as Ω̃ = {x ∈ X|P(∃T s.t xt ∈ Ω ∀ t >
T|x0 = x) = 1}. That is, the set of states from which the chain without noise converges to Ω.
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Lemma 1: Let Ω and Ω′ be any two closed communication classes such that Pε(Ω′, Ω)

is the probability of the transition from some state in Ω′ to another in Ω. Let also Ωc be the

complement of Ω. Then

πε(Ω̃′)
πε(Ω̃)

≤ Pε(Ω, Ωc)

Pε(Ω′, Ω)
≈ maxΩ′′ Pε(Ω, ∂Ω′′)

Pε(Ω′, ∂Ω)
(12)

Proof. See Appendix 3.8.1

The probabilities Pε(Ω, Ω′) are in principle single step probabilities involving states

belonging to two different closed communication classes. The quotients method in

(3.3.1) is coarse in the sense that it may not necessarily identify the unique long-run

stable states. It is however possible to make it finer by extending it to paths rather

than just binary relations. This can be achieved by use of the chain-rule argument.

That is, if there exists an intermediate closed communication class Ω′′ then,

πε(Ω̃′)
πε(Ω̃)

=
πε(Ω̃′)
πε(Ω̃′′)

πε(Ω̃′′)
πε(Ω̃)

≤ Pε(Ω′′, Ω′′c)
Pε(Ω′, Ω′′)

Pε(Ω, Ωc)

Pε(Ω′′, Ω)
(13)

In which case the chain starts from Ω′ then to Ω′′ and finally to Ω.

The second technique for computing long-run stable sets follows from the combi-

natorial methods of Freidlin and Wentzell [42]. Given the Markov chain (X, Pε), let

W ⊂ X be a subset of X and Wc = X \W its complement. For any oriented graph

g ⊂ X × X and any x ∈ X, write g(x) = {y : (x, y) ∈ g} denote the immediate

successors of x. More generally gn(x) =
⋃

y∈gn−1(y) g(x).

Definition 3: Let G(W) be the set of oriented graphs g ⊂ X× X satisfying

1. for any x ∈ X, #g(x) = 1Wc (that is no arrows start from W and exactly on arrow

starts from each state outside of W),

2. for any x ∈ X, x /∈ Og(x), where Og(x) =
⋃+∞

n=1 gn(x) is the the set of points that

can be reached from x; the orbit of x under g (that is g has no loops).

From the definition of G(W) graphs above, G({x}) is the set of all spanning trees

in which there exists a unique directed path from every y 6= x to x, also known as

x-trees. The following Lemma is proved in Freidlin and Wentzell [42] (see also Catoni

[26]).

Lemma 2: The unique invariant distribution of Pε is,

πε(x) =

 ∑
g∈G({x})

Pε(g)

∑
y∈X

∑
g∈G({y})

Pε(g)

−1

(14)

where Pε(g) = ∏(x,y)∈g Pε(x, y).
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Similarly, if we consider the graph defined on the space Ω, then

πε(Ω) =

 ∑
g∈G({Ω})

Pε(g)

 ∑
Ω′∈Ω̃

∑
g∈G({Ω′})

Pε(g)

−1

(15)

where Pε(g) = ∏(Ω,Ω′)∈g Pε(Ω, Ω′).

In both cases, the quotients and tree algorithmic methods, the most relevant quan-

tities are the probabilities Pε(Ω, Ω′) which is approximately equivalent to Pε(Ω, ∂Ω′)

(see Lemma 5). The following proposition provides the bounds for the Pε(Ω, ∂Ω′)

for any pair of closed communication classes. For each pair of closed communi-

cation classes, R(Ω, ∂Ω′) is the number of players required to play action xΩ′ by

mistake for the transition Ω → ∂Ω′ to occur, such that Pi(xΩ′ , Ω) is the probability

that player i plays xΩ′ given that the chain is in some state of Ω. We also write

r(Ω, ∂Ω′) = 1
N R(Ω, ∂Ω′) and PA(xΩ′ , Ω) = 1

N ∑N
i=1 Pi(xΩ′ , Ω).

Proposition 1: The probability PN,ε(Ω, ∂Ω′) of the transition from a state in Ω to an-

other in ∂Ω′ in a single time step is bounded by

KP exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)}
≤ PN,ε(Ω, ∂Ω′)

≤ exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)}
where c(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln PA(xΩ′ , Ω), F(r) = r ln

( r
1−r
)
+ ln(1− r) and KP is

some constant.

Proof. The details of the proof are relegated to the Appendix 2.9.2 and its sketch is

as follows. Given xΩ′ , the action that must be played by mistake for the transition

Ω → ∂Ω′ to occur, Let Nt(xΩ′) be the number of players playing xΩ′ at period t.

Then Pε(Ω, ∂Ω′) can be equivalently expressed as

Pε(Ω, ∂Ω′) = P
(

Nt+τ(xΩ′) ≥ R(Ω, ∂Ω′)| xt ∈ Ω
)

(16)

That is, the probability that at least R(Ω, ∂Ω′) players simultaneously play xΩ′

after τ periods given that the process starts from some state in Ω. For the case

of simultaneous revision protocol considered here, τ = 1. To derive bounds for

the right hand side of (3.3.3), we first transform the problem into that of Bernoulli

random variables. That is, if we let Ii be a binary random variable taking on values

1 with probability Pi(xΩ′ , Ω) and zero otherwise, then

P
(

Nt+1(xΩ′) ≥ R(Ω, ∂Ω′)| xt ∈ Ω
)
≡ P

(
N

∑
i=1

Ii ≥ R(Ω, ∂Ω′)

)
(17)

The structure of bounds for P
(

∑N
i=1 Ii ≥ R(Ω, ∂Ω′)

)
can then be established us-

ing techniques for deriving concentration bounds. If the individual probabilities of
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making a mistake were identical then the concentrations bounds would directly fol-

low from the large deviation results for Bernoulli random variables. For the case of

heterogeneity of mistakes probabilities, a constructive proof’s approach is the appro-

priate method. The details of the steps that follow are in Appendix 2.9.2.

Each c(Ω, ∂Ω′) is the cost of the transition Ω→ ∂Ω′. It is a function of the number

of mistakes required for such a transition to occur and the actual probability of mis-

takes. The following shorthand and definitions are used for the Sections that follow.

First, we write Q(Ω, Ω′) = c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′)), Qmin(Ω) = minΩ′ 6=Ω Q(Ω, Ω′)

and Qmax(Ω) = maxΩ′ 6=Ω Q(Ω′, Ω). Such that Q(Ω) = Qmax(Ω) − Qmin(Ω). Sec-

ondly, we define the paths in relation to the expression in (13). Let HΩ1ΩJ be the

set of all directed paths starting from Ω1 and terminating at ΩJ , and let HΩ1ΩJ =(
Ω1, · · · , Ωj, · · · , ΩJ

)
be the typical path in HΩ1ΩJ . Then the path potential ξ(HΩ1ΩJ )

of HΩ1ΩJ is defined as

ξ(HΩ1ΩJ ) =
J−1

∑
j=1

(
Q(Ωj, Ωj+1)−Qmin(Ωj+1)

)
That is, the total cost of the path minus the total of minimum deviations from the

path. The path potential is thus a measure of how accessible or reachable a given

closed communication class is from another through that particular path. The logic

behind the definition is that the accessibility of ΩJ from Ω1 through HΩ1ΩJ depends

on the total cost associated with HΩ1ΩJ and the likelihood of deviating from HΩ1ΩJ .

The higher the cost the more difficult it is to reach ΩJ through HΩ1ΩJ and the lower

the resistance of the basins of attraction that the path traverses to reach ΩJ the more

likely that the process will follow such a path.

We then define the maximum path potential of any given closed communication

class ΩJ as follows

ξ(ΩJ) = max
Ωj 6=ΩJ

min
HΩjΩJ∈HΩjΩJ

ξ(HΩjΩJ ) (18)

Thirdly, we define the measure related to the tree algorithm. Given the definition

of G(W) graphs above, the stochastic potential of Ω is then defined as

S (Ω) = min
g∈G({Ω}) ∑

(Ωj ,Ωκ)∈g
Q(Ωj, Ωκ) (19)

Theorem 1: For the process Pε, if Ω̄ is the subset containing the epsilon stable state then,

(i) Q(Ω̄) < 0,

(ii) ξ(Ω̄) < 0 and
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(iii) S (Ω̄) = minΩ∈Ω S (Ω).

Proof. See Appendix 2.9.3

Theorem 1 provides algorithmic steps for computing the epsilon stable sets. It in-

volves three measures derived from quotients rule and the spanning tree algorithms.

An efficient algorithm is then that combines the three measures in the ascending or-

der of computational complexity. More specifically, it consists of the following steps.

The first step is to identify the closed communication classes for the given under-

lying game together with the associated basins of attraction. This can usually be

done heuristically from the underlying payoff structure. In the process of identify-

ing the closed communication classes and basins of attraction, one also identifies the

respective action that players should play for the transition to occur, and hence the

associated average probabilities. The second step involves computing the quantities

Q(Ω̄) for each closed communication class and identifying those for which Q(Ω̄) < 0.

If this procedure identifies one closed communication class, then it is the unique ep-

silon stable set. If the procedure leads to a null set, then compute the maximum

path potentials for each closed communication class and identify those for which

the potential is negative. A set that is a union of all closed communication classes

whose maximum path potential are negative, contains the epsilon stable set. If this

procedure identifies one closed communication class, then it is the unique epsilon

stable set. If either of the procedures selects more than one closed communication

class then proceed to the third step, which employs the spanning tree algorithm to

identify the epsilon stable set. More specifically, compute the stochastic potentials of

all sets that survived the second step and select those with the minimum stochastic

potential.

The spanning tree algorithm is therefore only necessary if the first two steps fail

to select a unique epsilon stable set. Moreover, the first two steps reduce the number

of communication classes for which one has to construct their spanning trees. This

tremendously reduces the computational burden of constructing the spanning trees

for each closed communication class and the associated stochastic potentials.

To compute stochastically stable sets, we take the limits of transitions between

closed communication classes. From Proposition 4

lim
ε→0
− ε

N
ln Pε(Ω, ∂Ω′) = lim

ε→0
εQ(Ω, Ω′) = V(Ω, Ω′)

Since −0.7 ≤ F(r) ≤ 0 and independent of the noise parameters, then V(Ω, Ω′) =

limε→0 εc(Ω, ∂Ω′). Following the same definitions and measures above, we write
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Vmin(Ω) = minΩ′ 6=Ω V(Ω, Ω′) and Vmax(Ω) = maxΩ′ 6=Ω V(Ω′, Ω). Such that V(Ω) =

Vmax(Ω)−Vmin(Ω). Similarly,

ξs(HΩ1ΩJ ) =
J−1

∑
j=1

(
V(Ωj, Ωj+1)−Vmin(Ωj+1)

)

ξs(ΩJ) = max
Ωj 6=ΩJ

min
HΩjΩJ∈HΩjΩJ

ξs(HΩjΩJ ) (20)

Ss(Ω) = min
g∈G({Ω}) ∑

(Ωj ,Ωκ)∈g
V(Ωj, Ωκ) (21)

Corollary 1: For the process Pε, if Ω∗ is the subset containing the stochastically stable

state then,

(i) V(Ω∗) < 0,

(ii) ξs(Ω∗) < 0 and

(iii) Ss(Ω∗) = minΩ∈Ω Ss(Ω).

The efficient algorithm for computing stochastically stable sets thus involves sim-

ilar steps as for epsilon stable sets with the only difference being the quantities

Q(Ω, Ω′) and V(Ω, Ω′). The following sections provide applications of Theorem

1 and Corollary 1 to specific choice probabilities. More specifically, the mistakes and

the multinomial logit models.

2.5 the mistakes model

The key property of the mistakes model in (4.2.2) is that the probability of making a

mistake to play an action that may or may not be optimal is a function of the mutation

rate εi and probability distribution over the action set Pi(x, x). As demonstrated in

the conceptual example above, both epsilon and stochastically stable sets depend on

the structure of Pi(x, x). The following proposition provides conditions under which

the epsilon stable sets are also those that are stochastically stable.

Proposition 2: Given the set of mutation rates ε that are state independent and the size

of action set to be m, let 0 < Pi(x, x) < 1 ∀ i ∈ N , ∀ x ∈ X and ∀ x ∈ X.

(i) If Pi(x, x) = 1
m ∀ i, ∀ x ∈ X and ∀ x ∈ X, then for all values of εi for all i, the epsilon

stable sets are also those that are stochastically stable.

(ii) If Pi(x, x) 6= 1
m , then there exists an ε′ > 0 such that for all εi < ε′ for all i, the epsilon

stable sets are also those that are stochastically stable.
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Proof. See Appendix 2.9.4

Proposition 2 is a formal statement of the findings mentioned in the conceptual

example above. It shows that if the probability distribution over the action set is

uniform then there is an equivalence between epsilon and stochastically stable sets

so long as the mutation rates are state independent. When this equivalence exists,

we say that stochastic stability is robust. If on the other hand these distributions

are skewed, then the first necessary condition for robustness of stochastic stability

is they are bounded away from zero and one. Even so however, only for some

values of εi for all i does there exists the equivalence between stochastic and epsilon

stability. The main conclusion here is then that when applying the mistakes model

to any evolutionary setting, unless the probability distributions over the action set

is known, caution must be taken when interpreting what stochastically stable sets

actually imply.

In Proposition 2 we assumed that the mutation rates are state independent. The ef-

fect of relaxing this assumption can equivalently be achieved by appropriately choos-

ing the structure of probability distributions over the action set. In the literature, it is

commonly assumed that the mutation rates are identical for all players and states. In

this regard, let εi = exp(−β) for all players and states, such that ε → 0 is equivalent

to β→ ∞. For β sufficiently large, we then have

Q(Ω, Ω′) ≈ r(Ω, ∂Ω′)β− r(Ω, ∂Ω′) lnPA(xΩ′ , Ω)

where PA(xΩ′ , Ω) = 1
N ∑N

i=1 Pi(xΩ′ , Ω). Similarly,

V(Ω, Ω′) = lim
β→∞

1
β

r(Ω, ∂Ω′)β− r(Ω, ∂Ω′) lnPA(xΩ′ , Ω) = r(Ω, ∂Ω′)

Such that V(Ω) = rmax(Ω)− rmin, where rmin(Ω) = minΩ′ 6=Ω r(Ω, Ω′) and rmax(Ω) =

maxΩ′ 6=Ω r(Ω′, Ω) are the radius and co-radius of Ω according to Ellison [38]. Im-

plying that the stochastically stable states are those with the minimum co-radius

and maximum radius. In 2 × 2 coordination games, these are precisely states in

which players play the risk-dominant strategies. Beyond 2× 2 games however, risk-

dominant strategies are not necessarily stochastically stable (see Young [113] for a

counter example). There is no guarantee however that risk-dominant strategies will

be epsilon stable. It all depends on the specifications on the probability distribu-

tions over the action sets as illustrated above. In other words, stochastic stability is

generally not robust under the mistakes model.
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2.6 multinomial logit model

This section analyses the application of Theorem 1 and Corollary 1 to the multi-

nomial logit model. Multinomial logit probabilities are a special case of perturbed

best-response dynamics in which payoff errors are independent and extreme value

distributed. The aim is to identify the states hence strategies that are typically epsilon

and stochastically stable, and the robustness of stochastic stability.

Given the action set X = {a, b, c, · · · } of size m and the set of errors ε = {εa, εb, εc, · · · }.
Each εx is extreme value distributed, that is

P(εx ≤ u) = exp(exp(−βu + γ)) (22)

where γ is Euler’s constant and β is the parameter that measures the level of noise.

The smaller β the larger the noise level and as β tends to infinity the noise level tends

to zero. Let ∆a = [δbc] where

δbc =


−1 if b = c

1 if b = a

0 otherwise.

(23)

Such that εab = [∆aT
ε]b = εa − εb. Similarly, if we write

Ui(x) =
(
Ui(a, x), Ui(b, x), Ui(c, x), · · ·

)
,

then [∆aT
Ui(x)]b = Ui(a, x)−Ui(b, x). The conditional probability in (8) can equally

be written as

P

⋂
b 6=a

{
Ui(a, x−i) + εa ≥ Ui(b, x−i) + εb

}
; εa

 = P
(

∆aT
ε ≤ ∆aT

Ui(x); εa

)
(24)

Following Anderson et al. [10, Section 2.6], (22) and (24) lead to the choice probabili-

ties of the form

Pi(a, x) =
exp(βUi(a, x−i))

∑b∈X exp(βUi(b, x−i))
=

1
1 + ∑b 6=a exp(−β[∆aT Ui(x)]b)

(25)

Now, let [∆aT
Ui(x)]min = minb 6=a[∆aT

Ui(x)]b and Ui(b, Ω) be the payoff of playing

a when the state is some state of the closed communication class Ω. Generally

[∆aT
Ui(Ω)]b ≤ 0 otherwise Ω would not be a closed communication class. Hence, for

β sufficiently large 1 + ∑b 6=a exp(−β[∆aT
Ui(Ω)]b) ≈ exp(−β[∆aT

Ui(Ω)]min). Such

that Pi(a, x) ≈ exp(β[∆aT
Ui(Ω)]min). It then follows that for all i ∈ N

c(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln

(
1
N

N

∑
i=1

exp
{

β[(∆xΩ′ )TUi(Ω)]min

})
(26)
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Lemma 3: Let
[
(∆xΩ′ )TUmax(Ω)

]
min = maxi∈N

[
(∆xΩ′ )TUi(Ω)

]
min. Given (26),

Q(Ω, ∂Ω′) and V(Ω, ∂Ω′) are respectively given by

Q(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln

(
1
N

N

∑
i=1

exp
{

β[(∆xΩ′ )TUi(Ω)]min

})
+ F(r(Ω, ∂Ω′))

(27)

V(Ω, ∂Ω′) ≤ −r(Ω, ∂Ω′)
[
(∆xΩ′ )TUmax(Ω)

]
min

(28)

Proof. The proof for (27) follows directly from (26). For the case of (29) we have that,

N

∑
i=1

exp
{

β
[
(∆xΩ′ )TUi(Ω)

]
min

}
≤

N

∑
i=1

exp
{

β
[
(∆xΩ′ )TUmax(Ω)

]
min

}
= N exp

{
β
[
(∆xΩ′ )TUmax(Ω)

]
min

}
Such that

V(Ω, ∂Ω′) = lim
β→∞
− 1

β
r(Ω, ∂Ω′) ln

(
1
N

N

∑
i=1

exp
{

β
[
(∆xΩ′ )TUi(Ω)

]
min

})
≤ −r(Ω, ∂Ω′)

[
(∆xΩ′ )TUmax(Ω)

]
min

(29)

The following Proposition states the result on robustness of stochastic stability

under multinomial logit model.

Proposition 3: There exists an equivalence between stochastically stable and epsilon sta-

ble sets under the multinomial logit model.

Proof. From Lemma 3, we see that the only relevant quantities in the computational

process of both epsilon and stochastically stable sets are r(Ω, ∂Ω′)[(∆xΩ′ )TUi(Ω)]min.

In fact, since −0.7 ≤ F(r(Ω, ∂Ω′)) ≤ 0, then for β sufficiently large

Q(Ω, ∂Ω′) ≤ −r(Ω, ∂Ω′)
[
(∆xΩ′ )TUmax(Ω)

]
min

β (30)

such that −r(Ω, ∂Ω′)
[
(∆xΩ′ )TUmax(Ω)

]
min are the only relevant quantities for both

epsilon and stochastic stability.

Proposition 3 directly implies the robustness of stochastic stability under multi-

nomial logit model. This result is contrary to that of the mistakes model above.

From the expressions of Q(Ω, Ω′) and V(Ω, Ω′) above, it is clear that the only rel-

evant quantities in the computations of both epsilon and stochastically stable sets
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is r(Ω, ∂Ω′)[(∆xΩ′ )TUi(Ω)]min. Unlike in the usual computation of stochastic sta-

bility where only r(Ω, ∂Ω′) are relevant, here we find an additional component

[(∆xΩ′ )TUi(Ω)]min, the payoff loss associated with the transition Ω → Ω′. Imply-

ing that the larger the payoff loss, the larger the cost of such a transition. Since

risk-dominant actions are usually the ones that exhibit the largest payoff losses, they

should then be the most likely to be selected in the long-run under multinomial logit

dynamics. This has been shown to be the case for 2× 2 matrix games (e.g Maruta

[71], Blume [20], Okada and Tercieux [89] among others). Beyond 2× 2 games how-

ever, there is no guarantee that dominant actions are selected (see Example 2). In

comparison to the mistakes model, dominant actions are for sure more likely to be

selected under multinomial logit models.

In symmetric games, Pi(xΩ′ , Ω) is identical for all players, such that

V(Ω, Ω′) = −r(Ω, ∂Ω′)[(∆xΩ′ )TU(Ω)]min.

The stochastic potential for any given tree g then becomes

Ss(Ω) = min
g∈G({Ω}) ∑

(Ωj ,Ωκ)∈g
−r(Ω, ∂Ω′)[(∆xΩ′ )TU(Ω)]min (31)

The quantities on the right hand side of (31) are readily computable from the payoffs.

Note also that the expression of the stochastic potential that results from the above

measures such as (31), is equivalent to the measure of waste of a tree g according to

Alós-Ferrer and Netzer [7] when players follow simultaneous revision protocol.

2.7 examples

The following examples provide an illustration of how to compute epsilon stable

sets based on the algorithmic steps above. They also act as applications of the results

of Theorem 1 and Corollary 1 to both mistakes and multnomial logit models. The

example adopted from Young [113] is used to show the case in which risk-dominant

actions are selected under multinomial logit but not under mistakes model. The

second example shows that risk-dominant actions need not be selected under multi-

nomial logit models.

Example 1. Consider the 3× 3 games of Table 3 played by a sufficiently large number of

players.

(i) If players follow the mistakes model with ε = exp(−β) and P = 1
m , then b is both

epsilon and stochastically stable.
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(ii) If players follow the mistakes model with ε = exp(−β) and P(a, x) = 6
21 ,P(b, x) =

7
21 ,P(c, x) = 8

21 for all i and x, then for all β < 1.6, c is epsilon stable and for all

β > 1.6, b is both epsilon and stochastically stable.

(iii) If players follow the multinomial logit model, then c is both epsilon and stochastically

stable.

Table 3: For any pair of players the profile (c, c) is risk-dominant.

a b c

a 6 , 6 0 , 5 0 , 0

b 5 , 0 7 , 7 5 , 5

c 0 , 0 5 , 5 8 , 8

Proof. For the game in table 3, if players are uniformly and randomly matched then

there are three singleton closed communication classes Ω = {a, b, c}, the all a, all b

and all c states respectively. The second step is to calculate for the quantities r(Ω, ∂Ω′)

for each pair of limit states. For the pair (a, b) for example we have5

r(a, ∂b) = max
{

U(a, a)−U(b, a)
(U(a, a)−U(b, a)) + (U(b, b)−U(a, b))

,

U(a, a)−U(b, a)
(U(c, a)−U(b, a)) + (U(b, b)−U(c, b))

}
(32)

where U(x, y) is the payoff derived from playing x when the opponent plays y.

By substituting the payoffs from Table 3 it follows that r(a, ∂b) = 1/8. A similar

argument applies to all directed relations between all pairs of limit sets yielding

r(a, ∂b) = 1
8 , r(b, ∂a) = 7

8 , r(b, ∂c) = 2
5 , r(c, ∂b) = 3

8 , r(a, ∂c) = 5
8 , r(c, ∂a) = 5

6 .

Note for example that for the the direct transition c → b it requires 3
5 players to

simultaneously switch to play b, the shortest indirect transition is for at least 3
8 to

play a.

5

r(a, ∂b)U(b, b) + (1− r(a, ∂b))U(b, a) > r(a, ∂b)U(a, b) + (1− r(a, ∂b))U(a, a)

r(a, ∂b)U(b, b) + (1− r(a, ∂b))U(b, a) > r(a, ∂b)U(c, b) + (1− r(a, ∂b))U(c, a)
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(i) Each V(Ω, Ω′) is equivalent to r(Ω, ∂Ω′) and each Q(Ω, Ω′) = r(Ω, ∂Ω′)(β−
ln 3−1) + F(r(Ω, ∂Ω′)). We then have Q(a, b) = 1

8 β− 0.24, Q(b, a) = 7
8 β + 0.59,

Q(b, c) = 2
5 β− 0.23, Q(c, b) = 3

8 β− 0.25, Q(a, c) = 5
8 β− 0.12, Q(c, a) = 5

6 β +

0.47.

The above quantities yield V(a) = r(b, ∂a) − r(a, ∂b) = 7
8 − 1

8 > 0, V(b) =

r(c, ∂b) − r(b, ∂c) = 3
8 − 2

5 < 0 and V(c) = r(a, ∂c) − r(c, ∂b) = 5
8 − 3

8 > 0.

Similarly, Q(a) = 3
4 β + 0.83 > 0, Q(b) = − 1

40 β− 0.02 < 0 and Q(c) = 3
20 β +

0.12 > 0. Implying that b is both the epsilon and stochastically stable state.

(ii) For P(a, x) = 6
21 ,P(b, x) = 7

21 ,P(c, x) = 8
21 ; Q(a, b) = 1

8 β− 0.2, Q(b, a) = 7
8 β +

0.72, Q(b, c) = 2
5 β− 0.29, Q(c, b) = 3

8 β− 0.25, Q(a, c) = 5
8 β− 0.06, Q(c, a) =

5
6 β + 0.59. When β < 1.6, Q(a) > 0, Q(b) = − 1

40 β + 0.04 > 0 and Q(c) =
1

40 β− 0.04 < 0. But when β > 1.6, Q(a) > 0, Q(b) < 0 and Q(c) > 0.

(iii) We need to derive values for the quantities [(∆xΩ′ )TU(Ω)]min for each pair

(Ω, Ω′). Note that we write [(∆xΩ′ )TU(Ω)]min for all players since the game is

symmetric, in which case the error probabilities are identical. Consider (a, b)

for example, [(∆b)TU(a)]a = −1, [(∆b)TU(a)]b = 0, [(∆b)TU(a)]c = 5. Imply-

ing that [(∆b)TU(a)]min = −1. Similarly for (c, b), since a is the action that

is played for the transition c → ∂b to occur, we then have [(∆a)TU(c)]a = 0,

[(∆a)TU(c)]b = −5, [(∆a)TU(c)]c = −8. Implying that [(∆a)TU(c)]min = −8.

For the remainder of the pairwise relations we have, [(∆xa)TU(b)]min = −7,

[(∆xc)TU(b)]min = −2, [(∆xc)TU(a)]min = −6 and [(∆xa)TU(c)]min = −8.

For β sufficiently large, we can approximate

Q(Ω, Ω′) ≈ −r(Ω, ∂Ω′)[(∆xΩ′ )TUi(Ω)]minβ

. We then have Q(a, b) ≈ 0.13β, Q(b, a) = 6.13β, Q(b, c) = 0.8β, Q(c, b) = 3β,

Q(a, c) = 3.75β, Q(c, a) = 6.67β. See Figure 1 for the graphical representation

of costs of transitions.

Hence Q(a) = 6.13β− 0.13β > 0, Q(b) = 3β− 0.8β > 0 and Q(c) = 0.8β−
3β > 0. Implying that c is both the epsilon and stochastically stable state. A

similar result obtains by using the tree algorithm. From Figure 1 the minimum

cost tree is {a→ b→ c} with the stochastic potential of S (c) = 0.93β.

Example 2. Consider the 3× 3 games of Table 4 played by a sufficiently large number of

players. If players follow the multinomial logit model, then b is both epsilon and stochastically

stable.
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0.13β

ca

b

6.13β

0.8β
3β

3.75β

6.67β

1

Figure 1: The costs of transitions between closed communication classes for the multi-

nomial logit model.

Proof. The limit states are b and c. Following similar steps as in the proof of Example

3 above, we find that r(b, c) = 3
6.5 and r(c, b) = 3.5

10.5 . The later follows from the fact

that for the transition c→ ∂b to occur, at least 3.5
10.5 of the players should play action a.

Similarly [(∆xc)TU(b)]min = −3 and [(∆xb)TU(c)]min = −1, and hence V(b, c) = 9
6.5

and V(c, b) = 3.5
10.5 . Consequently V(b) < 0 and V(c) > 0. Implying that b is the

stochastically stable state.

Examples 3 and 2 act to illustrate the three aspects of our main findings. The first

is that for the mistakes model, provided the probability distributions over actions are

bounded then there always exists the level of noise below which stochastic stability

is robust. For the game 4, if the probability distribution over actions is proportional

to the equilibrium payoffs, then for all values of β > 1.6 or equivalently ε < 0.2

stochastic stability is robust to noise levels. The second aspect is that dominant

strategies are more likely to be selected under multinomial logit model than mistakes

model. Lastly, in Example 2, c is the risk-dominant action but the stochastically stable

state is b. Implying that risk-dominant actions need not be selected in general even

under multinomial logit models. Admittedly however, there are not many (if they

exist) real world games that are representative of Example 2.
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Table 4: For any pair of players the profile (c, c) is risk-dominant.

a b c

a 0 , 0 7 , 7 6 , 0

b 7 , 7 8 , 8 5 , 5

c 0 , 6 5 , 5 8.5 , 8.5

2.8 conclusion

Stochastic evolutionary models have been and still are an important approach in

game theory. They are most appealing in their remarkable ability to select among

multiple equilibria and as a means of modeling repeated interactions and experi-

mentation among agents. This Chapter developed a general framework for noisy

stochastic evolutionary dynamics with the objective of circumventing some of the

main limitations and criticisms surrounding such models. The first main contribu-

tion of this Chapter has been to define the concept of epsilon stability as a more

general solution concept than the commonly used notion of stochastic stability. We

then provided an efficient algorithm for computing epsilon and stochastically stable

sets that is based on fairly fundamental measures.

We have been able to establish analytical results concerning robustness of stochas-

tic stability to noise levels by relating it to epsilon stability. The question of robustness

is only critical for the mistakes models. We show that provided the probability dis-

tribution over the strategy set is bounded, then there exists the level of noise below

which stochastic stability is robust. If the probability distribution over strategies is

uniform then stochastic stability is robust to all levels of noise. Under multinomial

logit models, stochastic stability is robust to noise.

Finally, application of the computational algorithm shows that dominant strate-

gies are more likely to be selected under multinomial logit model than the mistakes

model. Dominant strategies however need not be selected in general. We conjecture

that the results concerning robustness and selection of risk-dominant strategies for

multinomial logit model directly extend to multinomial probit models that are stud-

ied in Myatt and Wallace [82] and Dokumacı and Sandholm [35]. This is based on

the fact that in both multinomial logit and probit models, the probabilities of errors

are an exponential functions of payoff losses associated with the transitions and that
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it is this property that influences robustness and selection of dominant strategies. A

proof of this conjecture however requires a more rigorous analysis that we postpone

as a future research agenda.

2.9 appendix

2.9.1 Proof of Lemma 5

The proof follows by considering the properties of the reduced chain (Ω̃, P̃ε) with

stationary distribution π̃. The formal definition of (Ω̃, P̃ε) is as follows (a generaliza-

tion of the collapsed Markov chain in Aldous and Fill [4, Chapter 2]):

P̃ε(x, y) = Pε(x, y), (2.9.1a)

P̃ε(y, Ω̃) = ∑
x∈Ω̃

Pε(y, x), (2.9.1b)

P̃ε(Ω̃, y) =
1

π(Ω̃)
∑

x∈Ω̃

π(x)Pε(x, y), (2.9.1c)

P̃ε(Ω̃, Ω̃′) =
1

π(Ω̃)
∑

x∈Ω̃
∑

y∈Ω̃′
π(x)Pε(x, y) (2.9.1d)

The following lemma is an immediate consequence of the above definition of a

collapsed Markov chain.

Lemma 4: Let π and π̃ be the stationary distributions of (X, Pε) and (Ω̃, P̃ε) respectively.

Then for any Ω̃ ∈ Ω̃, π̃(Ω̃) = π(Ω̃) = ∑x∈Ω̃ π(x)

Proof. Note that π(Ω̃) = ∑x∈Ω̃ π(x). Let #X and #Ω̃ be the cardinality of X and Ω̃

respectively. Define an event matrix E as an #X× #Ω̃ matrix whose entries take on a

value one if a state x ∈ Ω belongs to Ω̃ ∈ Ω̃ and zero otherwise. Denote by EΩ̃ for

the Ω̃th column of E . It then follows that P̃εE = E P̃ε, and that

π(Ω̃) = πEΩ̃ ∀ Ω̃ ∈ Ω̃

Consequently, πE = πP̃εE = πE P̃ε. Implying that πE is the stationary distribution

of P̃ε, hence π̃ = πE .

Now, since the reduced chain is also irreducible just like the original chain, for any

pair of subsets Ω̃, Ω̃′ ∈ Ω̃ with UΩ̃Ω̃′ = Ω̃ ∪ Ω̃′ and Uc
Ω̃Ω̃′ its complement.

πε(Ω̃)P̃ε(Ω̃, Ω̃) + πε(Ω̃′)P̃ε(Ω̃′, Ω̃) + πε(Uc
Ω̃Ω̃′)P̃ε(Uc

Ω̃Ω̃′ , Ω̃) = πε(Ω̃)

πε(Ω̃)(1− P̃ε(Ω̃, Ω̃)) = πε(Ω̃′)P̃ε(Ω̃′, Ω̃) + πε(Uc
Ω̃Ω̃′)P̃ε(Uc

Ω̃Ω̃′ , Ω̃)
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πε(Ω̃′)
πε(Ω̃)

=
1− P̃ε(Ω̃, Ω̃)

P̃ε(Ω̃′, Ω̃)
−

πε(Uc
Ω̃Ω̃′)

πε(Ω̃)

P̃ε(Uc
Ω̃Ω̃′ , Ω̃)

P̃ε(Ω̃′, Ω̃)

By substituting for 1− P̃ε(Ω̃, Ω̃) = P̃ε(Ω̃, Ω̃c), we then have

πε(Ω̃′)
πε(Ω̃)

≤ P̃ε(Ω̃, Ω̃c)

P̃ε(Ω̃′, Ω̃)

Since we are considering simultaneous revision protocol, the transition Ω̃ → Ω̃′ can

equivalently be treated as a step-by-step transition ∂Ω→ Ω→ ∂Ω′ → Ω′. Such that

P̃ε(Ω̃, Ω̃′) ≡ Pε(∂Ω, Ω)Pε(Ω, ∂Ω′)Pε(∂Ω′, Ω′)

The above argument follows from the fact that under simultaneous revision protocol,

at least R(Ω, ∂Ω′) players must simultaneous make a mistake for the transition Ω→
∂Ω′ to occur. Meaning that the process spends most time in Ω when in the basin of

attraction Ω̃. Under random matching, the transitions ∂Ω→ Ω and ∂Ω′ → Ω′ occur

more rapidly compared to Ω→ ∂Ω′. Hence

P̃ε(Ω̃, Ω̃′) ≈ Pε(Ω, Ω′) ≈ Pε(Ω, ∂Ω′).

2.9.2 Proof of Proposition 4

The rest of the proof follows a constructive approach. Consider the following

experiment. Pick a random profile (P1(xΩ′ , Ω), · · · , PN(xΩ′ , Ω)) from the distribu-

tions of I1, · · · , IN , and from this profile pick a set U ∼ Bin(N, σ), where 0 ≤ σ ≤ 1

is an arbitrary parameter whose optimal value will be computed. Each Pi(xΩ′ , Ω) is

therefore in U with probability σ.

Define an event ∀i∈U Ii = 1; that is all members of U choose xΩ′ , and consequently

P(∀i∈U Ii = 1) is the probability that all i ∈ U choose xΩ′ . From the partition theorem

for sets, the following inequality holds

P

(
N

∑
i=1

Ii ≥ r(Ω, ∂Ω′)N

)
E
[
∀i∈U Ii = 1|

N

∑
i=1

Ii ≥ r(Ω, ∂Ω′)N
]
≤ E

[
∀i∈U Ii = 1

]
≤ K1P

(
N

∑
i=1

Ii ≥ r(Ω, ∂Ω′)N

)
E
[
∀i∈U Ii = 1|

N

∑
i=1

Ii ≥ r(Ω, ∂Ω′)N
]

(2.9.2)

where the expectations are taken over the realizations of U. Define the set

Fr = {U : U ⊆ {1, · · · , N}, #U = r}
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such that the cardinality of Fr, #Fr = (N
r ), is a binomial coefficient. Since P(∀i∈U Ii =

1) = ∏i∈U Pi(xΩ′ , Ω), we then have

E[∀i∈U Ii = 1] =
N

∑
r=0

∑
U∈Fr

(
σ#U(1− σ)n−#U ∏

i∈U
Pi(xΩ′ , Ω)

)
(2.9.3)

Using the following identity

N

∑
r=0

∑
U∈Fr

{(
∏
i∈U

αi

)(
∏

j∈Uc
γj

)}
=

N

∏
i=1

(αi + γi) (2.9.4)

equation (2.9.3) becomes

E
[
∀i∈U Ii = 1

]
=

N

∏
i=1

(
σPi(xΩ′ , Ω) + 1− σ

)
(2.9.5)

We can now employ the bounds for the difference between arithmetic and geometric

means to place bounds on E
[
∀i∈U Ii = 1

]
. Given the vector V = (p1, · · · , pN) of

individual probabilities, let PA(V) and ΠA(V) denote its arithmetic and geometric

means respectively. Tighter bounds for the difference PA(V)−ΠA(V) can be found

in the literature but here, we make use of the weaker relation 0 ≤ PA(V)−ΠA(V) ≤
(pmax − pmin), where pmin and pmax are the minimum and maximum entries of V. It

then follows that there exists a constant KA such that

KA (σPA(xΩ′ , Ω) + 1− σ)N ≤ E
[
∀i∈U Ii = 1

]
≤ (σPA(xΩ′ , Ω) + 1− σ)N (2.9.6)

where PA(xΩ′ , Ω) = 1
n ∑N

i=1 Pi(xΩ′ , Ω) is the arithmetic mean of all Pi(xΩ′ , Ω).

To obtain the bound for E
[
∀i∈U Ii = 1|∑N

i=1 Ii ≥ r(Ω, ∂Ω′)N
]
, recall that 1− σ is

the probability that an element of U is such that Ii = 0. We also note that if at least

r(Ω, ∂Ω′)N of the elements of U are ones, then there are N − r(Ω, ∂Ω′)N zeros, that

is, N − r(Ω, ∂Ω′)N players are not in set U. It follows that

E

[
∀i∈U Ii = 1|

N

∑
i=1

Ii ≥ r(Ω, ∂Ω′)N
]
= (1− σ)(1−r(Ω,∂Ω′))N (2.9.7)

Equations (2.9.6) together with (2.9.7) when substituted into (2.9.2) yield,

KP

((
σPA(xΩ′ , Ω) + 1− σ

)
(1− σ)(1−r(Ω,∂Ω′))

)N

≤ P

(
N

∑
i=1

Ii ≥ r(Ω, ∂Ω′)N

)
≤
((

σPA(xΩ′ , Ω) + 1− σ
)

(1− σ)(1−r(Ω,∂Ω′))

)N

,

(2.9.8)
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where KP = KA
K1

. If we choose σ that optimizes the quantity ϕ =

(
σPA(xΩ′ ,Ω)+1−σ

)
(1−σ)(1−r(Ω,∂Ω′))

(by equating the derivative to zero and solving for σ) and substituting back gives

KP

((
PA(xΩ′ , Ω)

r(Ω, ∂Ω′)

)r(Ω,∂Ω′) (1−PA(xΩ′ , Ω)

1− r(Ω, ∂Ω′)

)1−r(Ω,∂Ω′)
)N

≤ P

(
N

∑
i=1

Ii ≥ r(Ω, ∂Ω′)N

)

≤
((

PA(xΩ′ , Ω)

r(Ω, ∂Ω′)

)r(Ω,∂Ω′) (1−PA(xΩ′ , Ω)

1− r(Ω, ∂Ω′)

)1−r(Ω,∂Ω′)
)N

(2.9.9)

Re-expressing (2.9.9) in exponential form results to

KPe
N
[

r(Ω,∂Ω′) ln
(

PA(xΩ′ ,Ω)

r(Ω,∂Ω′)

)
+(1−r(Ω,∂Ω′)) ln

(
1−PA(xΩ′ ,Ω)

1−r(Ω,∂Ω′)

)]
≤ P

(
Nt+1(xΩ′) ≥ R(Ω, ∂Ω′)| xt ∈ Ω

)
≤ e

N
[

r(Ω,∂Ω′) ln
(

PA(xΩ′ ,Ω)

r(Ω,∂Ω′)

)
+(1−r(Ω,∂Ω′)) ln

(
1−PA(xΩ′ ,Ω)

1−r(Ω,∂Ω′)

)]
(2.9.10)

Note that each Pi(xΩ′ , Ω) � 1, hence ln(1−PA(xΩ′ , Ω)) � ln(1− r(Ω, ∂Ω′)) such

that

KPe−N[F(r(Ω,∂Ω′))−r(Ω,∂Ω′) ln(PA(xΩ′ ,Ω))] ≤ P
(

Nt+1(xΩ′) ≥ R(Ω, ∂Ω′)| xt ∈ Ω
)

≤ e−N[F(r(Ω,∂Ω′))−r(Ω,∂Ω′) ln(PA(xΩ′ ,Ω))]

(2.9.11)

where F(r(Ω, ∂Ω′)) = r(Ω, ∂Ω′) ln
(

r(Ω,∂Ω′)
1−r(Ω,∂Ω′)

)
+ ln (r(Ω, ∂Ω′)). Recall that the cost

of the transition Ω→ ∂Ω′ is

c(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln (PA(xΩ′ , Ω)) .

Hence,

KPe−N[c(Ω,∂Ω′)+F(r(Ω,∂Ω′))] ≤ Pε(Ω, ∂Ω′) ≤ e−N[c(Ω,∂Ω′)+F(r(Ω,∂Ω′))] (2.9.12)

2.9.3 Proof of Theorem 1

(i). From the Lemma 5 and Proposition 4 it directly follows that

πε(Ω̃′)
πε(Ω̃)

≤ maxΩ′′ Pε(Ω, ∂Ω′′)
Pε(Ω′, ∂Ω)

≤ K exp
{

N
(
Q(Ω′, Ω)−Qmin(Ω)

)}
(2.9.13)

Implying that the subset of states Ω̄ containing epsilon stable state is the for which

(Q(Ω′, Ω̄) < Qmin(Ω̄)) for all Ω′ 6= Ω̄. That is, Q(Ω̄) < 0.

(ii). For every closed communication class say ΩJ , let HΩjΩJ be the typical directed

path from any other closed communication class Ωj to ΩJ . Then from 13
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πε(Ω̃1)

πε(Ω̃J)
=

πε(Ω̃1)

πε(Ω̃2)
· · · πε(Ω̃J−1)

πε(Ω̃J)
≤ Pε(Ω2, Ω2c

)

Pε(Ω1, Ω2)
· · · Pε(Ω,J ΩJc

)

Pε(ΩJ−1, ΩJ)

≤ Kc exp

{
N

(
J−1

∑
j=1

(
Q(Ωj, Ωj+1)−Qmin(Ωj+1)

))}
(2.9.14)

Where ξ(HΩ1ΩJ ) = ∑J−1
j=1

(
Q(Ωj, Ωj+1)−Qmin(Ωj+1)

)
. Now, consider the maximum

probability paths (or equivalently the minimum cost paths) from any closed commu-

nication class Ωj to another ΩJ . That is arg maxHΩjΩJ∈HΩjΩJ
ξ(HΩjΩJ ).

Then the epsilon stable set Ω̄, for which πε(Ω̄) > πε(Ω) ∀Ω 6= Ω̄, is that in which

ξ(HΩΩ̄) < 0. Or equivalently ξ(Ω̄) = maxΩ 6=Ω̄ minHΩΩ̄∈HΩΩ̄
ξ(HΩΩ̄) < 0.

(iii). From Lemma 2, the bounds for Pε(g) = ∏(Ω,Ω′)∈g Pε(Ω, Ω′) are

K1e−NQ(g) ≤ Pε(g) ≤ e−NQ(g) (2.9.15)

where Q(g) = ∑(Ω,Ω′)∈g Q(Ω, ∂Ω′).

πε(Ω) ≤ Ke
maxg∈G({Ω}) Pε(g)

minΩ′∈Ω ming∈G({Ω′}) Pε(g)
= Ke exp

{
N

(
min

Ω′∈Ω′
min

g∈G({Ω′})
Q(g)− min

g∈G({Ω})
Q(g)

)}
(2.9.16)

where Ke is some constant;

Ke =
#G({Ω})

#Ω#G({Ω′})
The epsilon stable set Ω̄, which maximizes the stationary distribution, is then that

for which ming∈G({Ω̄}) Q(g) = minΩ′∈Ω′ ming∈G({Ω′}) Q(g). Or equivalently,

S (Ω̄) = min
Ω∈Ω

S (Ω) = min
Ω∈Ω

min
g∈G({Ω}) ∑

(Ωj ,Ωκ)∈g
Q(Ωj, Ωκ) (2.9.17)

2.9.4 Proof of Proposition 2

(i). The proof involves comparing the measures Q(Ω, Ω′) and V(Ω, Ω′) for epsilon

stability and stochastic stability respectively. When Pi(x|x) = 1
m for all i, the for each

pair (Ω, Ω′),

ln PA = ln

(
1
N

N

∑
i=1

εi

)
+ ln m−1

Q(Ω, Ω′) = −r(Ω, ∂Ω′)

(
ln

(
1
N

N

∑
i=1

εi

)
+ ln m−1

)
+ F(r(Ω, ∂Ω′))



36 epsilon stability and robust stochastic stability

Since ln m−1 is identical for every pair of closed communication classes, −0.7 ≤
F(r(Ω, ∂Ω′)) ≤ 0 and that each εi is state independent, then the only relevant quan-

tities in the computation of epsilon stable sets are r(Ω, ∂Ω′). Let εA = 1
N ∑N

i=1 εi, the

for each V(Ω, Ω′) we have,

V(Ω, Ω′) = lim
εA→0

−εA r(Ω, ∂Ω′)

(
ln

(
1
N

N

∑
i=1

εi

)
+ ln m−1

)
= r(Ω, ∂Ω′)

Implying that the only relevant quantities in the computations of stochastically stable

sets are r(Ω, ∂Ω′). Hence epsilon and stochastically stable sets must be identical.

(ii). For Pi(x, x) 6= 1
m we have,

Q(Ω, Ω′) = −r(Ω, ∂Ω′)

(
ln

(
1
N

N

∑
i=1

εi

)
+ ln

(
1
N

N

∑
i=1
Pi(xΩ′ , Ω)

))
+ F(r(Ω, ∂Ω′))

If the mistakes probability mass functions are bounded, that is 0 < Pi(xΩ′ , Ω) < 1

∀ i ∈ N and for all Ω, then so must be the averages 1
n ∑n

i=1 Pi(xΩ′ , Ω). Imply-

ing that there must exist an ε′ sufficiently small such that for all εA < ε′, εA <

ln
(

1
N ∑N

i=1 Pi(xΩ′ , Ω)
)

. Whenever εA < ε′ the relevant quantities in the computa-

tion of epsilon stable sets are r(Ω, ∂Ω′), In which case epsilon stable sets will be

identical to stochastically stable sets.
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S T O C H A S T I C E V O L U T I O N I N N E T W O R K S

Abstract: This Chapter develops methods for stochastic evolutionary equilib-

rium selection in networks. We derive conditions for asymptotic global convergence

to be global or path-wise contagion, and that the network must be strongly connected.

Strategies that are either globally or path-wise contagious are then those that are

asymptotically globally stable. Asymptotic global stability is robust to the model

of mistakes and addition of strictly dominated strategies. We show that for a

given payoff structure and hence relative payoff gains, a network can be designed

to make at least one strategy asymptotically globally stable. Similarly, for a given

network structure and set of strategies, one can determine the relative payoff gains

that lead to a given strategy to be globally stable. We briefly discuss the practical

and empirical relevance of these findings.

3.1 introduction

As partially discussed in Chapter 2 above, in analyzing long-run outcomes of

stochastic evolutionary processes, Foster and Young [41] and Kandori et al. [57] use

the concept of stochastic stability. Stochastically stable outcomes are those that occur

with positive probability at the limit of randomness. Fairly concrete results have been

established with regard to stochastic stability in 2× 2 coordination games. For exam-

ple Young [113] and Kandori et al. [57], Blume [19] show that in 2× 2 coordination

games and under global interactions, risk-dominant strategies are stochastically sta-

ble.1 Maruta [72] derives equivalent results for m×m coordination games, showing

that globally risk-dominant strategies are selected in the long-run.2 Michihiro and Rob

1 In a 2 x2 symmetric game with two symmetric equilibria in pure strategies, one risk-dominates another

if and only if the equilibrium strategy is a unique best response to any mixture that gives it at least a

probability of one half.
2 In an m× m symmetric game, a strategy is globally risk-dominant if it is a unique best response to any

mixture that gives it at least a probability of one half.

37
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[74] show that globally pairwise risk-dominant strategies are stable in the long-run only

under strict conditions they refer to as total bandwagon property and marginal band-

wagon property.3 Under local interactions and 2× 2 games, [38], Lee and Valentinyi

[67] and Lee et al. [66] show risk-dominant strategies are stable in the long-run.

In spite of these strong predictions, questions regarding robustness of and conver-

gence rates to long-run stable outcomes do exist. For example Bergin and Lipman

[15] show that for given m×m asymmetric game, the outcomes that are stochastically

stable strictly depend on the assumptions made concerning the structure of experi-

mentation by players. [59] show that for a given model of mistakes, any outcome

can be made stochastically stable by appropriately adding strictly dominated strate-

gies. Alós-Ferrer and Weidenholzer [8] demonstrate that contrary to the predictions

made in Michihiro and Rob [74] regarding globally pairwise risk dominant strategies

under global interactions, under local interactions and beyond 4 × 4 coordination

games, globally pairwise risk dominant strategies need not be selected. Ellison [37]

showed that under global interactions, the expected waiting times to stochastically

stable outcomes are long.

This Chapter studies evolutionary processes in networks and m × m symmetric

games. We follow the customary behavioral and dynamics assumptions of Dar-

winian dynamics and with focus on establishing conditions for play to converge

in the long-run and on how to identify stable strategies. More specifically, agents

are assumed to base their decisions on the distribution of strategies in the previous

period and not the entire history of play. Unlike in the case of global interactions,

local interactions imply that information available to each agent is limited and is sim-

ply the distribution of strategies in their neighborhood. We establish conditions for

asymptotic global convergence and stability, that is the long-run outcomes at the limit

of population size rather than limit of noise. In so doing, we preserve the necessity

of maintaining positive noise levels in evolutionary models. That is positive noise

levels captures the general assumption of bounded rationality and experimentation

embedded in the models.

These two fairly standard assumptions, limited information (local interactions) and

positive noise levels, circumvent some of the above mentioned limitations of evolu-

tionary processes in the following ways. First, several authors have shown that under

local interactions the expected waiting times to the long-run stable state from any

other state are bounded (e.g. Ellison [37], Young [116], Montanari and Saberi [77]).

3 In an m×m symmetric game, a strategy is globally pairwise risk dominant if it risk-dominates each and

every other strategy. Global pairwise risk dominance is a weaker notion compared to that of global risk

dominance according to Maruta [72].
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The limitation concerning the convergence rates is thus not necessarily critical under

local interactions, specially when the noise levels are kept positive.

Secondly, under local interactions asymptotic global convergence occurs for strongly

connected networks and additional conditions we describe below. We show that for a

given structure of interactions, strategies that are globally and/or path-wise contagious

are globally stable for a sufficiently large population size. By contagious we mean

a strategy spreads by best-response once a small fraction of players have adopted it.

A strategy is globally contagious if it is uniquely contagious after pair-wise compar-

ison with all other strategies. A strategy, say a, is path-wise contagious relative to

another say b if there exists a directed path from b to a, such that each strategy on the

path is contagious. For any given game however, even when no strategy is globally

contagious it is possible to construct a range of network families for which at least

one strategy is path-wise contagious. The relationship between global and path-wise

contagion on one hand with interaction and the underlying game structures on the

other hand is not linear. For a given game, sparsely connected networks tend to

favor global and path-wise contagion. For a given network structure, strategies with

the largest relative payoff gains are those that are potentially globally and path-wise

contagious.4

The notion of contagion in networks under strategic interactions as defined here

is related to that in Morris [78]. Any given arbitrary network has a critical contagion

threshold such that contagion occurs if and only if the relative payoff gain is below

the contagion threshold. In this regard, the analysis in this Chapter is closely related

to Morris [78] in making use of the notion of contagion to characterize long-run out-

comes of evolutionary processes in networks. The main difference resides in the fact

that we focus on stochastic rather than deterministic dynamics. In so doing, we are

able to make unique predictions of long-run stable outcomes for m×m coordination

games. Similarly, we focus on characterizing long-run stable outcomes as opposed

to determining the properties of networks that influence contagion.

Global contagion as we define here is related to the concept of p-dominance accord-

ing to Morris et al. [79]. Generally, an action pair in a two-player game is said to be

p-dominant if each action is a best response to any belief that the other player takes

the action in this pair with probability at least p. For the local interaction game we

consider, a strategy is p-dominant if for all players, it is the unique best-response

when it is played by at least proportion p of the neighbors. This implies that for a

network with contagion threshold p, a strategy that is p-dominant is also globally

4 For any given matrix game, the relative payoff gain of strategy say a in relation to another say b, is

equivalent to the fraction of opponents that must play a for that agent to switch from playing b to playing

a.
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contagious. Path-wise contagion in the context of local interaction game as defined

in this Chapter is however a novel notion, and is less restrictive compared to global

contagion.

In relation to the analysis in Alós-Ferrer and Weidenholzer [8], global and path-

wise contagion are alternative methods that focus on the properties of the under-

lying network and game. Alós-Ferrer and Weidenholzer [8] focus on establishing

conditions for selection of 1
2 -dominant strategies, which occurs in networks with

contagion threshold of 1
2 ; for example the cyclic interaction structure. Here, we do

not place restrictions on the contagion threshold and hence network topology. Most

importantly however, global and path-wise contagion as opposed to the notion of

Global pairwise risk-dominance and the partial bandwagon properties in Alós-Ferrer

and Weidenholzer [8] can be employed to make prediction for long-run outcomes in

m×m and not just 3× 3 coordination games.

The closely related literature with regard to p-dominance is the recent papers by

Sandholm [99] and Sandholm et al. [100]. They show that the deterministic dynamics

where players sample strategies of k-randomly chosen other players in the population

leads to almost global convergence to 1
k -dominant strategies. In relation to the defini-

tions in this Chapter, 1
k -dominant strategies would be those that are globally conta-

gious whenever the maximum number of neighbors any player has is k. The contrast

with what we do in this Chapter is that we study non-deterministic processes under

general interaction structures, hence derive results for general interaction topologies

and revision probabilities. Secondly, we emphasize evolutionary processes with pos-

itive noise levels. This enables us to derive results pertaining global convergence

rather than almost global convergence.

Thirdly, we show that asymptotic globally stable outcomes are robust to addition

of dominated strategies, circumventing the limitation of stochastic stability pointed

out by [59]. The reason for the robustness of asymptotic global stability to both

addition of strictly dominated strategies and model of mistakes is that the factors that

determine global stability under local interactions (global and path-wise contagion)

are robust to both phenomena.

The most relevant aspect of our results is that for a given payoff structure and

hence relative payoff gains, it is possible to design a network such that at least one

strategy is asymptotically globally stable. Similarly, for a given network structure

and set of strategies, one can determine the relative payoff gains that lead to a given

strategy to be globally stable. Moreover, these findings are robust to the model of

mistakes, circumventing the limitations pointed out by Bergin and Lipman [15].
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The findings in this Chapter have both practical and empirical implications. First,

since the model of mistakes does not play a role in determining the long-run sta-

ble outcomes (but perhaps only the rates of convergence), then for any given game

(e.g. institutional or technological adoption) if the network and payoff structures

are known a priori, the level of noise/experimentation that is characteristic to the

given interaction environment can be estimated. This can be done using historical

data for competing technological products for example. For example Young [114]

fits adoption curves to data on diffusion of Hybrid Corn (based on the empirical

work of Ryan and Gross [97]) to distinguish between three diffusion processes; con-

tagion, social influence and social learning. A similar exercise can be performed for

a specific learning process then estimate the desirable level of experimentation. This

exercise is feasible since the network of interactions can be empirically determined.

Recently, there has been a growing literature both theoretical and empirical in the

field of social networks. Most of this literature is devoted to characterizing the distri-

butional structure of real world social networks (see for example Newman et al. [86]

and Newman [87]). Determining the level of experimentation that is characteristic to

a given institutional structure or technology field is particularly relevant if we view

the process of experimentation as an abstraction from the actual process through

which new technologies and institutions emerge. The second practical relevance of

our result is that, by relating network structure to relative payoff gains it is possible

to determine for a given network of interaction the required level of incremental in-

novation for one product to take over the market. That is, for any given network

one can determine the level of relative payoff gain for a given strategy to be glob-

ally contagious independently of the level of noise and model of mistakes. Similarly,

if we think of competing scientific theories as exhibiting strategic complementarity,

then for a given network of interactions between scientists (which can be constructed

from co-authorship or cross-citations) one can determine the level of empirical evi-

dence/support (hence relative payoff gains) that can lead to one theory to be firmly

accepted.

The remainder of the Chapter is organized as follows. In section 3.2 we introduce

the general framework of stochastic evolutionary dynamics in networks. Section 3.3

defines the solution concept and provides results for global convergence and stabil-

ity. Sections 3.4 and 3.5 developed the concepts of global and path-wise contagion,

explicitly characterizing how the network and payoff structures interactively shape

long-run stability.



42 stochastic evolution in networks

3.2 the model

We consider an m strategy matrix game Γ(X, {Ui}i∈N ) played by a set N =

{1, · · · , i, · · · } of players. Where X = {a, b, c, · · · } is the strategy set identical for

all players and U ∈ Rm×m is the associated payoff matrix such that Ui(a, b) is the

base payoff to i for playing a when the opponent plays b. Whenever the a finite

population is referred N will denote the population size. Players revise their strate-

gies simultaneously at discrete time intervals t = 1, 2, · · · . At each t, each player

evaluates the available strategies and chooses that which maximizes the expected

payoffs. This evaluation process in based on strategies of opponents in the neighbor-

hood. The neighborhoods form each player’s social network. Generally, the network

of interactions can be modeled in a graph theoretical manner.

Let G(N, E) be a graph with N vertices representing the number of agents and E

edges linking different pairs of agents, such that a graph gij defines the connection

between i and j. If gij = 1 then a directed link exists from i to j, and zero implies

otherwise. G(N, E) is thus a directed network describing the relationship of any one

agent with every other agent in the population. The adjacency matrix A of G(N, E) is

defined as an N × N matrix with entries being the elements of gij. The neighborhood

of agent i, Ni, is defined as Ni = {j ∈ N|gij = 1}, and gives the set of players to

which i is linked to. The cardinality #Ni = ki, is the degree of i.

We assume that each player plays the same strategy against all the neighbors. That

is given state x, where x−i denotes the population state with i excluded, the expected

payoff to i for playing strategy a is

Ui(a, x−i) = ∑
j∈Ni

JijU(a, xj), (3.2.1)

where xj is the jth coordinate of x. The parameter Jij takes on values in the closed

interval [0, 1]. It is the weight that i attaches to the interaction with j, such that if i

weights all the neighbors equally then Jij =
1
ki

for all j ∈ Ni. The model of stochastic

evolution in networks is then defined as follows.

Definition 4: A model of stochastic evolution in networks is a quadruple (X, PN , PN,ε, GN)

consisting of

1) A set X referred to as the state space of the model.

2) A family of interaction networks GN indexed by N as the number of vertices and EN

as corresponding number of edges such that

lim
N→∞

|EN |
N(N − 1)

< 1 (3.2.2)
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3) A family of Markov transition matrices PN on X indexed by N ≥ 3.

4) A family of Markov transition matrices PN,ε on X indexed by N ≥ 3 and the set

ε = (ε1, · · · , εN), such that

(i) PN,ε is ergodic for all εi > 0.

(ii) PN,ε is continuous in ε and PN,0 = PN .

(iii) Each εi can be state dependent but are independent of N.

Condition (3.2.2) of the model places restriction on the structure of the network

as the population size grows. It states that the density of the network as N grows

should be bounded away from one. A complete network (in which each player inter-

acts with every other player) has density of one; (3.2.2) therefore rules out complete

networks and all network families for which the number (or mass) of edges grows

proportionally with its volume: N(N − 1). As already established in Ellison [37], for

complete networks the radii of all basins of attraction are increasing functions of N.

Condition (3.2.2) rules out these cases and is necessary for the validity of results in

Theorem 2 (ii) and (iii) below.

The Markov transition matrix PN is based on the unperturbed dynamics and

PN(x, y) is the probability that state x is followed by y. Since we assume best re-

sponse dynamics rather than say imitation, PN(x, y) is the probability that state y is

reached when each player switches to a strategy yi that is best-response to x. That is

for each i

BRi(yi, x) =

{
1 if yi ∈ arg maxb∈X Ui(b, x−i)

0 otherwise.
(3.2.3)

The fourth element of the model specifies the nature of random perturbations.

There are two main ways to capture the aspect of randomness. The mistakes result-

ing from experimentation (on strategies) and randomness resulting from expected

payoffs perturbations. Under the former, the probability that player i chooses action

a given x is

Pi(a, x) = (1− εi(x))BRi(a, x) + εi(x)Pi(a, x) (3.2.4)

where ∑a∈X Pi(a, x) = 1 for each i ∈ N and a ∈ X.

Condition (iii) of element 4 of the model implies that each εi(x) and Pi(a, x) can

be state dependent but are independent of N. This condition is necessary to rule out

cases in which the likelihood of mistakes is a decreasing function of N. A distinction

should however be made between the likelihood of mistakes and the number of

mistakes. While the likelihood of making a mistake to transition from one state to

another is independent of N, the number of mistakes required to exit a subset of
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states can grow with N. The special case of dynamics (3.2.4) are Kandori et al. [57]

and Young [113] where mutation rates are state and player independent.

Under the case of expected payoff perturbations, i’s objective is to choose a strategy

a that maximizes the perturbed payoff Ui(a, x−i) + εa, that is

a ∈ arg max
b∈X

Ui(b, x−i) + εb

where εb’s are the random components of the expected payoff. The special cases of

expected payoff perturbations are those in which the components of ε = (εa, εb, · · · )
are assumed to be independently distributed. For example the logit and multinomial

probit in Blume [20] and Myatt and Wallace [82] respectively.

3.3 asymptotic global convergence

Given the conditions for random perturbations above, the process PN,ε has a well

defined unique invariant distribution πN,ε = limt→∞ q0Pt
N,ε, where qt is the vector

of probability mass functions at period t. It describes the amount of time the pro-

cess spends in each state in the long-run or equivalently the long-run probability

of each state. We denote by Ω for a typical closed communication class or equiv-

alently limit sets of the equivalent process without mistake, that derives from the

dynamics in (3.2.3). The set of all such sets is denoted by Ω. In pure coordination

games for example, the closed communication classes include the singleton sets in

which all players play the same strategy. Generally however, closed communication

classes can include sets that are cycles and those in which players use different strate-

gies. When interactions are local, the number of closed communication classes may

increase depending on the network topology.

Let ∂Ω denote the boundary of a closed communication class Ω. That is, all states

in the basin of attraction of Ω with Ω excluded.5 The basin of attraction of Ω is then

Ω̃ = ∂Ω ∪Ω. We write (Ω̃, P̃N,ε) for the chain with transitions between elements Ω̃.

Asymptotic global convergence is then formally defined as follows

Definition 5: Given a family of networks GN indexed by N, a subset of states Ω is said

to be asymptotically globally stable if limN→∞ πN,ε(Ω) > 0

That is, asymptotically globally stable sets are those where the probability with

which it is played in the long-run is positive at the limit of the population size. The

analysis of chain PN,ε thus involves the characterization of the stationary distribution.

Here, we make use of the quotients method. More specifically, the following Lemma.

5 The basin of attraction of a closed communication class Ω is defined as Ω̃ = {x ∈ X|P(∃T s.t xt ∈ Ω ∀ t >
T|x0 = x) = 1}. That is, the set of states from which the chain without noise converges to Ω.
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Lemma 5: Let Ω and Ω′ be any two closed communication classes such that PN,ε(Ω′, Ω)

is the probability of the transition from some state in Ω′ to another in Ω . Let also Ωc be the

complement of Ω. Then
πN,ε(Ω̃′)
πN,ε(Ω̃)

≤ PN,ε(Ω, Ωc)

PN,ε(Ω′, Ω)
(3.3.1)

Similarly, if Ω1 → Ω2 → · · · → Ωj → · · · → ΩJ is a directed path from Ω1 to ΩJ , then

πN,ε(Ω̃1)

πN,ε(Ω̃J)
≤ PN,ε(Ω2, Ωc

2)

PN,ε(Ω1, Ω2)
· · ·

PN,ε(ΩJ , Ωc
J)

PN,ε(ΩJ−1, ΩJ)
(3.3.2)

Proof. See Appendix 3.8.1

The probabilities PN,ε(Ω, Ω′) are in principle single step probabilities involving

states belonging to two different closed communication classes. Under Lemma 5,

we say a (subset of) closed communication class is asymptotically globally stable if

its basin of attraction is asymptotically globally stable. The first step of the analysis

therefore involves deriving bounds for the probabilities PN,ε(Ω, Ω′). It is convenient

to split the transition Ω→ Ω′ into two transitions, from Ω→ ∂Ω′ and ∂Ω′ → Ω′.

PN,ε(Ω, Ω′) = PN,ε(Ω, ∂Ω′)PN,ε(∂Ω′, Ω′) (3.3.3)

We refer to the probabilities PN,ε(Ω, ∂Ω′) as exit probabilities, in the sense of exiting

the basin of attraction of Ω, and PN,ε(∂Ω′, Ω′) as contagion probabilities for the reason

that when the process enters the boundary of a closed communication class, the

dynamics is dominated by contagion or simply best-response.

3.3.1 Exit probabilities

For each pair of closed communication classes let R(Ω, ∂Ω′) be the number of

players required to play action xΩ′ by mistake for the transition Ω → ∂Ω′ to occur.

We then write Pi(xΩ′ , Ω) for the probability that player i plays xΩ′ given that the

chain is in some state of Ω. We also write r(Ω, ∂Ω′) = 1
N R(Ω, ∂Ω′) and PA(xΩ′ , Ω) =

1
N ∑N

i=1 Pi(xΩ′ , Ω). The following Lemma follows directly from Chapter 2

Proposition 4: The probability PN,ε(Ω, ∂Ω′) of the transition from a state in Ω to an-

other in ∂Ω′ in a single time step is bounded by

KP exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)}
≤ PN,ε(Ω, ∂Ω′)

≤ exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)}
where c(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln PA(xΩ′ , Ω), F(r) = r ln

( r
1−r
)
+ ln(1− r) and KP is

some constant.
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Each c(Ω, ∂Ω′) is the cost of the transition Ω → ∂Ω′. The following example

suffices to illustrate the implications of the measures contained in the bounds for exit

probabilities. Consider a 2× 2 coordination game with strategies a and b with a being

the risk-dominant strategy. Let the interaction structure be that of a ring network in

which each player has two neighbors. There are two limit states in this case: that in

which all players play a and that in which they all play b. Since a is risk-dominant,

whenever a player has one neighbor playing a, his best-response is a. For N ≥ 4, two

mistakes are required to move from an all b state, b, to the basin of attraction of an

all a state, ∂a. To move from a to ∂b requires more than N/2 mistakes. We then have

r(b, ∂a) = 2
N and r(a, ∂b) = 1

2 .

Now consider the case of the mistakes model of (3.2.4) in which εi are inde-

pendently and identically distributed across players and strategies. Let each εi be

drawn from a normal distribution with mean 0.05 and bounded variance. Let also

Pi(a, b) = Pi(a, b) = 1
2 . That is, both strategies are equally likely whenever a muta-

tion occurs. Then for sufficiently large N, PA(b, a) = PA(a, b) = 0.025. We also have

F(0.5) = −0.7 and for N sufficiently large F
( 2

N
)
≈ 0.

It follows that c(b, ∂a) = 7.4
N and c(a, ∂b) = 1.8. The respective bounds for the exit

probabilities are KP exp(−1.1N) ≤ PN,ε(a, ∂b) ≤ exp(−1.1N) and 6.1× 10−4KP ≤
PN,ε(b, ∂a) ≤ 6.1× 10−4. In other words, given the structure of perturbations, we

can determine the rate at which exit probabilities decay with N. This is opposed to

the case of limit noise analysis where the quantity ln PA(xΩ′ , Ω) tends to negative

infinity.

Condition 4 (iii) of the model definitions then implies that each PA(xΩ′ , Ω) does

not decay with N and that ln PA(xΩ′ , Ω) are bounded from below for all values of

N.

3.3.2 Contagion probabilities

This section derives bounds for contagion probabilities in terms of the parameters

of the network topology and the underlying game. The characterization is based on

the notion that once the chain enters the boundary of a closed communication class,

it acquires a quasi-stationary distribution over the state space of a basin of attraction.

The quasi-stationary distribution attained places most weight on the corresponding

closed communication class. The convergence rate within a basin of attraction is
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precisely the rate at which the chain attains its quasi-stationary distribution. The

following example will help illustrate this concept.

PN,ε =



0.91 0.05 0.03 0.003 0.003 0.004 0.

0.85 0.075 0.07 0.0005 0.001 0.003 0.0005

0.1 0.84 0.05 0.004 0.0006 0.0004 0.005

0.0006 0.003 0.0004 0.015 0.93 0.044 0.007

0.0005 0.0015 0.003 0.005 0.03 0.07 0.89

0. 0.0002 0.0003 0.001 0.0005 0.99 0.008

0.0001 0.0003 0.0006 0.009 0.04 0.9 0.05


(3.3.4)

Consider the Markov chain with transition matrix in (3.3.4). The state space is

X = {a, b, c, d, e, f, g}. It consists of two limit states a and f and the corresponding

basins of attraction are ã = {a, b, c} and f̃ = {d, e, f, g} respectively. The basins of

attraction thus form almost invariant subsets. The dashed lines partition the transition

matrix into transitions within the states of almost invariant subsets (the upper left

and lower right blocks of the matrix) and transitions from one invariant subset to

another (upper right and lower left blocks). Whenever the process is in either of

these subsets, it attains a quasi-stationary distribution that we denote by πN,ε(ã) and

πN,ε( f̃ ) respectively.

For the transition matrix (3.3.4), the respective invariant distributions rounded to

the fourth decimal place are:

πN,ε = (0.0450, 0.0045, 0.0021, 0.0012, 0.0022, 0.9351, 0.0995),

πN,ε(ã) = (0.8700, 0.0865, 0.0435) and

πN,ε(f̃) = (0.0016, 0.0025, 0.9852, 0.0107).

The process thus spends 93.5% of the time in state f in the long-run. When in

the basin of attraction ã, it spend 87% of the time in state a; when in f̃ it spends

98.5% of the time in f. To fully characterize the dynamics of the process within

each basin of attraction, we make use of the convergence rates to the quasi-stationary

distributions. Closely related to the convergence rates are the mixing times within

these almost invariant subsets, the time it takes the process to attain its stationary

(quasi-stationary) distribution. For each Ω̃, we denote the mixing time by TΩ̃. For

the process (3.3.4) above, the mixing time for the entire process is T = 1600 periods,

Tã = 12 periods and Tf̃ = 16 periods.

Seneta [102] showed that the convergence rates for finite Markov chains are always

exponential. That is, for a given PN,ε and probability mass function at time t, qt,
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∣∣∣∣∣∣Pt
N,εq0 − πN,ε

∣∣∣∣∣∣ = O(Rt), for some R < 1. We can thus generally define the

convergence rate to the quasi-stationary distribution πN,ε(Ω̃) as,

R(Ω̃) = lim sup
t→TΩ̃

∣∣∣∣Pt
N,εqΩ̃ − πN,ε(Ω̃)

∣∣∣∣ 1
t (3.3.5)

where qΩ̃ is the probability mass function that places most weight on some initial

state of the chain in Ω̃.

The contagion probabilities (for transitions ∂Ω → Ω) are then proportional to

1−R(Ω̃). This is based on the fact that since R(Ω̃) < 1, the closer R(Ω̃) is to one

the longer the process takes to converge to its quasi-stationary distribution. We can

then write PN,ε(∂Ω, Ω) =
(
1−R(Ω̃)

)KΩ , where KΩ is some constant. Equivalently,

PN,ε(∂Ω, Ω) = exp
(
KΩ ln

(
1−R(Ω̃)

))
(3.3.6)

The parameters R(Ω̃) are equivalent to the second largest eigenvalues of the block

matrices describing the transitions within the states of almost invariant subsets (see

proof of Proposition 5 below). For the process (3.3.4) the respective values areR(ã) =
0.2002 and R(f̃) = 0.2851. Hence PN,ε(∂a, a) = exp (−0.22KΩ) and PN,ε(∂f, f) =

exp (−0.34KΩ).

In what follows, we derive and expression for R(Ω̃) in terms of computable pa-

rameters rather than using its relation to the eigenspectrum of the entire transition

matrix. Here, we provide bounds in terms of the eigenspectrum of the network of

interactions. We begin with the following definitions.

Denote the normalized adjacency matrix associated with the network of inter-

actions by A (we omit the index N for notational simplicity). Let also ρ(A ) =

(λN
1 , · · · , λN

N) be its eigenvalue spectrum ordered in such away that λN
1 = 1 ≥ λN

2 ≥
· · · ≥ λN

N . Denote by Σε for a player’s individual transition matrix given an oppo-

nent’s actions. That is let P(xj|xi) be the probability that a given player plays action

xj ∈ X given that his opponent is playing xi ∈ X in the current period. Then Σε is

given by

Σε =


P(x1|x1) P(x2|x1) · · · P(xm|x1)

P(x1|x2) P(x2|x2) · · · P(xm|x2)
...

...
. . .

...

P(x1|xm) P(x2|xm) · · · P(xm|xm)

 (3.3.7)

Let also ρ(Σε) = (ϑ1, · · · , ϑm) be the eigenvalue spectrum of Σε. The following

Proposition provides bounds for convergence rates.
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Proposition 5: For a given network of interactions GN , the convergence rate R(Ω̃)

within a basin of attraction has the following bounds

1− λN
2 (G) ≤ 1−R(Ω̃) ≤ 1− ϑmλN

2 (G)

where λN
2 (G) is the second largest eigenvalue of the normalized adjacency matrix of network

GN .

Proof. See Appendix 3.8.2

The eigenvalues of Σε, ϑm are functions of the underlying payoff structure and the

level of noise. As the noise level tends to zero, ϑm tend to one.The quantity 1−λN
2 (G)

is also generally referred to as the spectral gap of GN . A bound on λN
2 can be estab-

lished through its relationship with the graph conductance φ(G). We give examples

for specific graphs below.

Example: The following relation between second the eigenvalue of a network graph

GN , λN
2 (G) and φ(G) can be derived from Cheeger inequality: See Appendix 3.8.3

for more detail concerning the relation plus derivations for the following examples.

λN
2 (G) ≤ 1− φ(G)2

2
. (3.3.8)

(i) Complete network (Gcom): a network structure in which every vertex is con-

nected to every other vertex: λN
2 (Gcom) ≤ 7

8 .

(ii) 1−D cyclic network (Gcyc): a network in which vertices are arranged in a circle

and every vertex is connected to two other neighboring vertices; λN
2 (Gcyc) ≤

N2−2
N2 .

(iii) 2D N × N lattice network (G2D): a lattice structure constructed with peri-

odic boundary conditions such that each agent is connected to 4 neighbors:

λN
2 (G2D) ≤ 16N2−1

16N2 .

(iv) Random d-regular network (Gd−r): a network structure in which each of the N

vertices is connected to d other vertices chosen at random: λN
2 (Gd−r) ≤ 7

8 .

(v) Newman’s small world network (Gnsw): a network structure in which the mean

shortest-path between nodes increases sufficiently slowly (logarithmically) as a

function of the number of nodes in the network: λN
2 (Gnsw) = 1−O

(
c

(ln N)2

)
,

where c is a constant.

Proof. See Appendix 3.8.3
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In general, densely connected and random networks have higher second largest

eigenvalues compared to sparsely connected network. For sufficiently small noise,

ϑm is close to one such that 1−R(Ω̃) is approximately equal to 1− λN
2 (G). This

enables us to focus on the influence of the network on long-run stability. Propositions

4 and 5 then yield the following Proposition.

Proposition 6: For a given network of interactions GN with the second eigenvalue of its

normalized adjacency matrix λN
2 (G), and some constant 0 ≤ KΩ ≤ 1 such that γN(Ω) =

KΩ ln(1− λN
2 (G)), the probability of the transition Ω→ Ω′ is bounded by

KF exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)
+ γN(Ω′)

}
≤ PN,ε(Ω, Ω′)

≤ exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)
+ γN(Ω′)

}
where c(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln PA(xΩ′ , Ω), F(r) = r ln

( r
1−r
)
+ ln(1− r) and KF is

some constant.

The following shorthand and definitions are used for the remainder of the Chapter.

First, for a given N we write ψN(Ω, Ω′) = N (c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′)))− γN(Ω′),

ψN
min(Ω) = minΩ′ 6=Ω ψN(Ω, Ω′) and ψN

max(Ω) = maxΩ′ 6=Ω ψN(Ω′, Ω). And ψN(Ω) =

ψN
max(Ω)− ψN

min(Ω). Secondly, we define the paths in relation to the expression in

(3.3.2). Let HΩ1ΩJ be the set of all directed paths starting from Ω1 and terminating

at ΩJ , and let HΩ1ΩJ =
(
Ω1, · · · , Ωj, · · · , ΩJ

)
be the typical path in HΩ1ΩJ . Then the

path potential ξN(HΩ1ΩJ ) of HΩ1ΩJ is defined as

ξN(HΩ1ΩJ ) =
J−1

∑
j=1

(
ψN(Ωj, Ωj+1)− ψN

min(Ωj+1)
)

That is, the total cost of the path minus the total of minimum deviations from the

path. The path potential is thus a measure of how accessible or reachable a given

closed communication class is from another through that particular path. The logic

behind the definition is that the accessibility of ΩJ from Ω1 through HΩ1ΩJ depends

on the total cost associated with HΩ1ΩJ and the likelihood of deviating from HΩ1ΩJ .

The higher the cost the more difficult it is to reach ΩJ through HΩ1ΩJ and the lower

the resistance of the basins of attraction that the path traverses to reach ΩJ the more

likely that the process will follow such a path. We can also write the equivalent limit

quantities as ψL(Ω) = limN→∞
1
N ψN(Ω), and

ξL(HΩ1ΩJ ) = lim
N→∞

1
N

ξN(HΩ1ΩJ )

We then define the maximum path potential of any given closed communication class

ΩJ as follows

ξN(ΩJ) = max
Ωj 6=ΩJ

min
HΩjΩJ∈HΩjΩJ

ξN(HΩjΩJ ) (3.3.9)
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Given these definitions, the following proposition holds.

Proposition 7: If Ω∗ is the asymptotically globally stable set, then

(i) ψL(Ω∗) < 0,

(ii) ξL(Ω∗) < 0 and

Proof. See Appendix 3.8.4.

The quantities ψL(Ω∗) and ξL(Ω∗) are closely related to the notion of radius, co-

radius and modified co-radius in Ellison [38]. More specifically, each ψN(Ω) is re-

lated to the difference between co-radius and radius of Ω and ξN(Ω) is related to the

difference between the modified co-radius and radius of Ω. The manner in which we

make use of these measures is however different in that we consider their values at

the limit of N. That is ψL(Ω∗) and ξL(Ω∗). Similarly, because we keep the noise level

positive, we do not talk about the radius, co-radius and modified co-radius but rather

the cost of direct transitions and costs of paths between limit sets. The conditions

are identical in that in both cases what matters is whether or not these quantities are

negative. We now relate the conditions in Proposition 7 to the parameters of network

topology and properties of the payoff structure. The following theorem is a first step

towards this goal.

Theorem 2: Given a family of networks GN , a subset Ω∗ is asymptotically globally stable

if

(i) limN→∞
1
N ln(1− λN

2 (G)) = 0,

(ii) limN→∞ r(Ωj, ∂Ω∗) = 0 for all Ωj 6= Ω∗, or

(ii) if for all Ωj 6= Ω∗, there exists a directed path HΩjΩ∗ such that for each ordered pair

(Ωj1 , Ωj2) ∈ HΩjΩ∗ , limN→∞ r(Ωj1 , Ωj2) = 0 but limN→∞ r(Ω∗, Ωj) > 0

Proof. See Appendix 3.8.5

Theorem 2 provides conditions on the interaction structure and the underlying

base game for which asymptotic global convergence is feasible. This result is clearly

independent of the model of mistakes. This is because the relevant quantities in the

computation of asymptotically globally stable sets are r(Ω, ∂Ω′) and the probabili-

ties of mistakes, captured by ln (PA(xΩ′ , Ω)), are negligible. Provided that the noise

levels are positive. The first sufficient condition for asymptotic global convergence is

that the rate at which the spectral gap of the interaction network grows with N must
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be negligible at the limit of N. This condition is valid for most strongly connected net-

work structures. By strongly connected we mean those cases in which there exists a

directed path from any one player to any other player. Consider the examples subsec-

tion 3.3.2 above. For the case of random d-regular network (Gd−r), where λN
2 (Gd−r) ≤

7
8 we have ln(1− λN

2 (Gd−r)) = ln
(

1
8

)
. Thus limN→∞

1
N ln(1− λN

2 (Gd−r)) = 0. Sim-

ilarly, for the 2D N × N lattice network (G2D), where λN
2 (G2D) ≤ 16N2−1

16N2 , we have

ln(1− λN
2 (G2D)) = ln

(
1

8N2

)
. The limit limN→∞

1
N ln(1− λN

2 (G2D)) = − 2 ln N
N . From

L’Hôpital’s rule it follows that limN→∞
1
N ln(1− λN

2 (G2D)) = 0.

Conditions (ii) and (iii) satisfy what we refer to as global and path-wise contagion

respectively. We discuss each of these notions in the following sections. As we define

below, a strategy is contagious relative to another for a given payoff and network

it can spread by best-response once it has been adopted by a small fraction of the

population. This property determines whether or not the quantities r(Ω, ∂Ω′) are

decreasing functions of N. If a strategy played by all or a majority of players in Ω′ is

contagious relative to that played in Ω then r(Ω, ∂Ω′) will be a decreasing function of

N, and vice versa. Based on this argument, we then introduce the concepts of global

and path-wise contagion in relation to conditions in Theorem 2 (ii) and (iii) respec-

tively. We then show that actions that are globally and/or path-wise contagions are

those that are asymptotically globally stable.

3.4 global contagion

Global contagion, in a literal sense implies that there exists a unique strategy for a

given network structure, that can spread through best-response once a small fraction

of the population has adopted it. More formally, given any pair of closed communi-

cation classes Ω and Ω′, let xΩ and xΩ′ be the strategies played by all or the majority

of players in each respective class. R(Ω, ∂Ω′) is the number of players required to

play xΩ′ to trigger contagion. Then,

Definition 6: Let |x|a denote the number of players playing strategy a in state x. For the

transition Ω→ Ω′, xΩ′ is said to be contagious relative to xΩ if xΩ′ spreads by best-response

whenever |x|xΩ′ > R(Ω, ∂Ω′). The strategy xΩ′ is globally contagious if it is contagious for

all transitions Ω→ Ω′ for all Ω 6= Ω′.

That is, a strategy xΩ′ is contagious if it spreads by best-response once at least

R(Ω, ∂Ω′) of the players have adopted it. The feasibility of global contagion depends

on the properties of the interaction network and the payoff structure: That is contagion

threshold and relative payoff gains respectively.
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The relative payoff gain denoted by ηab, for any pair of strategies a and b is defined

by

ηba =
U(b, b)−U(a, b)

U(b, b)−U(b, a) + U(a, a)−U(a, b)
(3.4.1)

and ηab = 1 − ηba. The quantities U(b, b) − U(a, b) and U(a, a) − U(a, b) are the

private and social payoff gain of switching from b to a respectively. The measure of

relative payoff gain ηba, can also be interpreted as the fraction of neighbors that each

player requires to play a for that player to switch from b to a through best-response,

and vice versa for ηab. We write dme for the smallest integer not less than m such

that for each i ∈ N with respective degree ki, the quantity dηbakie is the minimum

number of neighbors i requires to play a for i to do likewise.

For every interaction network GN there exists a real number 0 < ηG < 1 such that

for any pair of strategies say a and b, strategy a is contagious relative to b whenever

ηba ≤ ηG. We then say that a strategy a is globally contagious under interaction network

GN whenever ηba ≤ ηG for all b 6= a. Or equivalently, whenever ηmax,a ≤ ηG, where

ηmax,a = maxb 6=a ηba. This real number ηG is the contagion threshold of network GN

[78].

Every arbitrary network of interactions has a unique contagion threshold. Con-

sider for the example the round-robin network structure in which each player i has

two neighbors i− 1 and i + 1. Such a network structure has the contagion threshold

of 1
2 . Implying that for any underlying base game containing a unique strategy say a

with maximum relative payoff gain ηmax,a <
1
2 (that is a risk-dominant strategy), such

a strategy is globally contagious under the round-robin network structure. Morris

[78] provides an explicit characterization of contagion threshold for various fami-

lies of deterministic networks. Lelarge [68] derives similar conditions for random

networks.

The above definition of global contagion is related to the notion of p-dominance

according to Morris et al. [79]. An action pair in a two-player game is said to be

p-dominant if each action is a best response to any belief that the other player takes

the action in this pair with probability at least p. For the local interaction game we

consider, a strategy is p-dominant if for all players, it is the unique best-response

when it is played by at least proportion p of the neighbors. This implies that for a

network with contagion threshold p, a strategy that is p-dominant is also globally

contagious.

The following example illustrate the selection of globally contagious strategies for

given network structures.
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1

Figure 2: The 2-dimensional network with contagion threshold of 1
3 .

Example 3. For the 3 × 3 game of Table 5, strategy b is globally contagious and hence

asymptotically globally stable for all networks with contagion threshold ηG ≥ 1
3 . This is true

irrespective of the model of mistakes.

Table 5: For any pair of players the profile (b, b) is risk-dominant.

a b c

a 6 , 6 0 , 5 0 , 0

b 5 , 0 7 , 7 6 , 3

c 0 , 0 3 , 6 8 , 8

Proof. The proof follows by first determining the relative payoff gains for each pair

of strategies. We have ηab = 1
8 . ηba =

7
8 , ηbc =

2
3 , ηcb = 1

3 , ηac =
5
8 , ηca =

5
6 . It follows

that ηmax,a = 7
8 , ηmax,b = 1

3 and ηmax,c = 2
3 . Hence strategy b is uniquely globally

stable for all network structures with contagion threshold ηG ≥ 1
3 .

Example 3 demonstrates the selection of globally contagious strategies and more

specifically that there exists a range of families of networks for which global conta-

gion and hence asymptotic global convergence is feasible. In this example, global

contagion is feasible in all networks whose contagion threshold is 1
3 ≤ ηG ≤ 1

2 . For

example the network in Figure 2.

Now, consider the n-dimensions l-max distance interactions family of networks.

That is given an n-dimensional lattice network, each player interacts with all players

who are within the distance of l steps away in all directions. See Figure 9 for the case

of n = 2 and l = 1. Morris [78] provides general expressions for contagion thresholds

for this family of networks. For example when n = 2 the contagion thresholds are
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given by ηG = l(2l+1)
(2l+1)2−1 for l = 1, 2, 3, · · · . For l = 1 we have ηG = 3

8 . For this family

of interaction networks, that is for all values of n and l, the contagion threshold is

ηG ≥ 1
3 , implying global contagion of strategy b.

1

Figure 3: The 2-dimensions 1-max distance interactions.

3.5 path-wise contagion

Path-wise contagion, in a literal sense, means that there exists a directed path

between a pair of closed communication classes whereby the strategies played in

each directed relation is contagious but not vice versa. Formally, path-wise contagion

is defined as follows.

Definition 7: Consider any pair of closed communication classes Ω1 and ΩJ with the

directed path HΩ1ΩJ = {Ω1 → · · · → Ωj → · · · → ΩJ}. Let xΩj be the strategy played

by the majority of players in some state of Ωj. Then for a given interaction network GN , ΩJ

and hence xΩJ is said to be path-wise contagious relative to Ω1 if each ηxΩj
xΩj+1

≤ ηG but

ηxΩj+1
xΩj

> ηG and that ηxΩJ xΩ1
> ηG.

This means that, for every pair of strategies say a and d with directed path relations

a → b → c → d, strategy d is path-wise contagious relative to a if b is contagious

relative to a, c is contagious relative to b and d is contagious relative to c, but not vice

versa. We provide two examples to illustrate the concept of path-wise contagion. The

first example demonstrates how the concept of path-wise contagion can be employed

to derive global convergence to risk-dominant strategies in the absence of global

contagion. The second example shows that even in the absence of a unique risk-
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dominant strategy, one can still design an interaction network in which asymptotic

global convergence occurs.

Example 4. For the 3× 3 game of Table 6, strategy c is path-wise contagious and hence

asymptotically globally stable for all network structures.

Table 6: For any pair of players the profile (c, c) is risk-dominant.

a b c

a 6 , 6 0 , 5 0 , 0

b 5 , 0 7 , 7 5 , 5

c 0 , 0 5 , 5 8 , 8

Proof. The relative payoff gains for each pair of strategies are ηab = 1
8 . ηba =

7
8 , ηbc =

2
5 , ηcb = 3

5 , ηac = 5
8 , ηca = 5

6 . It follows that ηmax,a = 7
8 , ηmax,b = 3

5 and ηmax,c = 5
8 .

Since the maximum possible contagion threshold for any network structure is 1
2 , it

follows that no single strategy is globally contagious for all network structures.

First consider the case of network structures with contagion threshold of ηG ≥ 2
5 .

For such networks b is contagious relative to a and c is contagious relative to b and

not vice versa. The only path that is path-wise contagious is Hac = {a → b → c}.
Implying that c (and hence strategy c) is the asymptotically globally stable state

(strategy) in such network families.

Now, consider the case of network structures with contagion threshold of ηG ≥ 1
8 .

For such networks b is contagious relative to a but c is no longer contagious relative

b since ηbc > ηG. There however exist a series of intermediate limit states between

b and c induced by the network structure. These states can be ordered in such a

way that they are contagious relative to each other. There exists a directed path

Hbc = {b → · · · → Ωj · · · → · · · → c}. Where Ωj’s are the intermediate limit

states. Consider the 2-dimensions nearest neighbor interactions network of Figure 4

for example. In this network structure, the intermediate states involve two players

in each enclave of four simultaneously switching from playing b to playing c. More
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explicitly, if we consider the diagonal enclaves, then for an N size network we have√
N of such limit states, each with r(Ωj, Ωj+1) =

2
N .

ξ(Hbc) =

√
N

∑
j=1

{
2
N
− rmin(Ωj+1)

}
=

2√
N
−
√

N

∑
j=1

rmin(Ωj+1)

Since r(a, b) = 1
N and r(b, a) = O(N), we then have

ξ(Hac) =

(
1
N

+
2√
N

)
−
(
O(N) +

√
N

∑
j=1

rmin(Ωj+1)

)

Hence at the limit of N, ξ(Hac) < 0, and c is the asymptotically globally stable state

under such families of networks.

Figure 4: The 2-dimensions nearest neighbor interactions network.

For the case of networks with 0 < ηG ≤ 1
8 , the similar argument of intermediate

limit states that applies between b and c will apply between a and b. Making c the

asymptotically stable state in this family of networks as well.

Example 4 acts to illustrate one of our main results of Theorem 2 that if the under-

lying base game contains a unique risk-dominant strategy, then it is always selected

independently of the model of mistakes and network structure. This result gener-

alizes earlier results by Lee and Valentinyi [67] and Lee et al. [66] to m× m matrix

games, models of mistakes and to arbitrary networks. The result is contrary to the
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case of global interactions that crucially depends on the model of mistakes. For exam-

ple Young [113] showed that for the game in Table 6 the stochastically stable strategy

is b under global interaction and mistakes model. Under multinomial logit model

however, strategy c is stochastically stable. The main reason for the difference is that

under global interactions, what matters for stochastic stability is simply the number

of other players that must switch to a different strategy for any given player to do

likewise. For example, in the game of Table 6 for any given player to switch from c to

b, at least 3
8 of the other players must play a. Since every player observes every other

player’s strategy, this process needs to occur only once. Under local interaction how-

ever, even if 3
8 of any players neighbors switched to playing a, only that one player

would switch to playing b and every other player keeps playing c. Moreover, over

time the process can easily revert back to an all c state. In other words, what matters

is whether or not the mistakes that occur can cause some form of relative contagion.

Example 5. For the 3× 3 game of Table 7, strategy b is path-wise contagious and hence

asymptotically globally stable for network structures with ηG = 1
3 , such as that in Figure 2.

Table 7: In this game, no strategy is uniquely risk-dominant. Strategy a risk-

dominates b, b risk-dominates c and c risk-dominates a

a b c

a 5 , 5 3 , 1 0 , 3

b 1 , 3 6 , 6 2 , 2

c 3 , 0 2 , 2 4 , 4

Proof. The relative payoff gains for each pair of strategies are ηab = 4
7 , ηba = 3

7 ,

ηbc = 2
3 , ηcb = 1

3 , ηac = 1
3 , ηca = 2

3 . It follows that ηmax,a = 2
3 , ηmax,b = 4

7 and

ηmax,c = 2
3 . Implying that no single strategy is globally stable for all network struc-

tures. For ηG = 1
3 however, c is contagious relative to a and b is contagious relative

to c, such that Hab = {a → c → b} is path-wise contagious. Hence, strategy b is

asymptotically globally stable for this family of networks. It is then easy to check

that for all networks with ηG > 1
3 , all strategies are contagious relative to each other

and hence global convergence does not occur. Similarly, for ηG < 1
3 the network

structure induces intermediate limit states between a and c, c and b, and b and a,

equally leading to a cycle among the limit states.
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Example 5 acts to illustrate one of the main implications of Theorem 2, which is

that for any given underlying game, it is possible to construct a network structure for

which a unique strategy is globally stable provided that the relative payoff gains are

not equivalent for all strategies. Strategy b is globally stable under the network struc-

ture in Figure 2 for example. For any network structure with contagion threshold

ηG > 1
3 or ηG < 1

3 , all the three strategies are almost equally likely in the long-run.

This result is quite strong and even more when viewed in reverse. That is, for a

given network structure and set of strategies, it is possible to construct a payoff ma-

trix hence relative payoff gains for which a given strategy gets globally adopted in

the long-run. Moreover, the result is independent of the model of mistakes.

The final note we make in this section is that asymptotic global stability is robust

to addition of strictly dominated strategies. This criticism of stochastic stability as

a solution concept was pointed out by [59]. Global and path-wise contagion (hence

asymptotic global stability) are however robust to this phenomenon. Addition of

strictly dominated strategies does not make a strategy that was originally globally

or path-wise contagious non-contagious. Similarly, addition of strictly dominated

strategies does not make strategies that are not contagious contagious.

Consider the game in Table 8 for example. The relative payoff gains are ηab =
6
13 , ηba = 7

13 , and hence under global interactions we have that r(a, ∂b) = 6
13 and

r(b, ∂a) = 7
13 . It can then easily be checked that b is stochastically stable under

both the mistakes model with state independent mutations and the multinomial logit

model. Similarly, since b is either globally or path-wise contagious relative to a, it is

asymptotically globally stable for all network structures.

Table 8: Profile (b, b) is risk-dominant.

a b

a 8, 8 5, 5

b 5, 5 8.5, 8.5

Now, consider the game in Table 9 derived from the game in Table 8 by addition

of a strictly dominated strategy c. Under global interactions, r(a, ∂b) = 6
13 and

r(b, ∂a) = 1
3 , which means that a becomes stochastically stable. The addition of
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a strictly dominated strategy however does not affect the relative payoff gains and

hence the values of r(a, ∂b) and r(b, ∂a) for any given network structure.

Table 9: Game in Table 8 with addition of strictly dominated strategy c.

a b c

a 8, 8 5, 5 7 , 7

b 5 , 5 8.5, 8.5 0 , 6

c 7 , 7 6 , 0 0 , 0

3.6 other examples

The following two examples act to illustrate the case in which more than one

strategy and the globally pairwise risk-dominant strategy may or may not be asymp-

totically globally stable. The game in Table 11 is adopted from Alós-Ferrer and

Weidenholzer [8] and that in Table 10 is derived from the former by deleting strategy

d.

Table 10: Strategy a is globally pairwise risk-dominant and 0 < ε < 1
5 .

a b c

a 0 2 2

b −2 + 2ε 3 + 2ε 4

c −4 3 5− 2ε

Consider first the game in Table 10. The respective relative payoff gains are ηab =
2(1−ε)

3 , ηba = 1+2ε
3 , ηbc = 2ε, ηcb = 1 − 2ε, ηac = 2(1+ε)

3 , ηca = 1
2−ε . Clearly, no

strategy is uniquely globally contagious nor uniquely path-wise contagious even for

networks with contagion threshold of 1
2 . There are two path-wise contagious paths

for networks with contagion threshold of 1
2 : Hba = {b → a} and Hbc = {b → c}.

Implying that the asymptotically stable states are b and a in such networks.
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Table 11: Strategy a is globally pairwise risk-dominant and 0 < ε < 1
5 .

a b c d

a 0 2 2 −1 + 2ε

b −2 + 2ε 3 + 2ε 4 1 + 3ε

c −4 3 5− 2ε 4

d −7− 2ε 0 3 + 2ε 5− 2ε

Now, consider the game in Table 11. In addition to the above relative payoff gains,

we have ηad = 3−2ε
4 , ηda = 5−2ε

9−2ε , ηbd = 3
4−2ε , ηdb = 3−3ε

3−ε , ηcd = 2
3 and ηdc = 1

3 . The

only path-wise contagious path is Hdc = {d→ c}.

Before establishing what the long-run stable states are, first note that intermediate

limit states ( limit sates that consist of more than one pure strategy) may or may not

exist depending on the network structure. For example, for networks with contagion

threshold of 1
2 , Alós-Ferrer and Weidenholzer [8] refer to them as abc-segregated

states and are of the form: · · · aaaabcccbaaa · · · These abc-segregated states arise

from the fact that under cyclic interactions (that is the 1
2 contagion threshold net-

work), when play is in state a, a mutation to d will induce neighbors of the mu-

tant to play c. In the following period the mutant switches to playing c and the

neighbors of the those playing c will switch to playing b, resulting to the limit state

· · · aaaabcccbaaa · · · .

In this game, we can use the notion of global and path-wise contagion to deduce

states that are asymptotically globally stable. Since ηba =
1+2ε

3 > 1
3 , it follows that a is

not contagious relative to b for all networks with contagion threshold of 1
3 . Leaving c

to be the asymptotically globally stable state. For networks with contagion threshold

between 1
3 and 1

2 strategy a is contagious relative to b and hence a is potentially

stable in the long-run. However, due to existence of abc-segregated states, a becomes

as equally likely as the former. Leaving c to be the states with highest probability

of occurrence in the long-run. Conclusively, even though a is the globally pairwise

risk-dominant strategy, it is not asymptotically globally stable.
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3.7 concluding remarks

This Chapter develops methods for stochastic evolutionary equilibrium selection

in networks. We defined asymptotic global stability as an appropriate solution con-

cept. We then defined two concepts that are compatible with asymptotic global

stability: global and path-wise contagion. Strategies that are uniquely globally or

path-wise contagious are also uniquely asymptotically globally stable. These two

concepts are used to analyze how the network and payoff structures interactively

influence asymptotic global convergence hence stability. We show that under local

interactions, asymptotic global convergence is robust to the model of mistakes and

addition of strictly dominated strategies. But perhaps most importantly, we show

that for a given payoff structure and hence relative payoff gains, it is possible to

design a network such that a unique strategy is asymptotically globally stable. Sim-

ilarly, for a given network structure and set of strategies, one can determine the

relative payoff gains that lead to a given strategy to be globally stable. The results we

find have both practical and empirical implications that have been briefly discussed

in the introduction.

3.8 appendix

3.8.1 Proof of Lemma 5

The proof follows by considering the properties of the reduced chain (Ω̃, P̃N,ε)

with stationary distribution π̃N . The formal definition of (Ω̃, P̃N,ε) is as follows (a

generalization of the collapsed Markov chain in Aldous and Fill [4, Chapter 2]):

P̃N,ε(x, y) = PN,ε(x, y), (3.8.1a)

P̃N,ε(y, Ω̃) = ∑
x∈Ω̃

PN,ε(y, x), (3.8.1b)

P̃N,ε(Ω̃, y) =
1

πN(Ω̃)
∑

x∈Ω̃

πN(x)PN,ε(x, y), (3.8.1c)

P̃N,ε(Ω̃, Ω̃′) =
1

πN(Ω̃)
∑

x∈Ω̃
∑

y∈Ω̃′
πN(x)PN,ε(x, y) (3.8.1d)

The following lemma is an immediate consequence of the above definition of a

collapsed Markov chain.

Lemma 6: Let πN and π̃N be the stationary distributions of (X, PN,ε) and (Ω̃, P̃N,ε)

respectively. Then for any Ω̃ ∈ Ω̃, π̃N(Ω̃) = πN(Ω̃) = ∑x∈Ω̃ πN(x)
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Proof. Note that πN(Ω̃) = ∑x∈Ω̃ πN(x). Let #X and #Ω̃ be the cardinality of X and Ω̃

respectively. Define an event matrix E as an #X× #Ω̃ matrix whose entries take on

a value one if a state x belongs to Ω̃ and zero otherwise. Denote by EΩ̃ for the Ω̃th

column of E . It then follows that P̃N,εE = E P̃N,ε, and that

πN(Ω̃) = πNEΩ̃ ∀ Ω̃ ∈ Ω̃

Consequently, πNE = πN P̃N,εE = πNE P̃N,ε. Implying that πNE is the stationary

distribution of P̃N,ε, hence π̃N = πNE .

Now, since the reduced chain is also irreducible just like the original chain, for any

pair of subsets Ω̃, Ω̃′ ∈ Ω̃ with UΩ̃Ω̃′ = Ω̃ ∪ Ω̃′ and Uc
Ω̃Ω̃′ its complement.

πN,ε(Ω̃)P̃N,ε(Ω̃, Ω̃) + πN,ε(Ω̃′)P̃N,ε(Ω̃′, Ω̃) + πN,ε(Uc
Ω̃Ω̃′)P̃N,ε(Uc

Ω̃Ω̃′ , Ω̃) = πN,ε(Ω̃)

πN,ε(Ω̃)(1− P̃N,ε(Ω̃, Ω̃)) = πN,ε(Ω̃′)P̃N,ε(Ω̃′, Ω̃) + πN,ε(Uc
Ω̃Ω̃′)P̃N,ε(Uc

Ω̃Ω̃′ , Ω̃)

πN,ε(Ω̃′)
πN,ε(Ω̃)

=
1− P̃N,ε(Ω̃, Ω̃)

P̃N,ε(Ω̃′, Ω̃)
−

πN,ε(Uc
Ω̃Ω̃′)

πN,ε(Ω̃)

P̃N,ε(Uc
Ω̃Ω̃′ , Ω̃)

P̃N,ε(Ω̃′, Ω̃)

By substituting for 1− P̃N,ε(Ω̃, Ω̃) = P̃N,ε(Ω̃, Ω̃c), we then have

πN,ε(Ω̃′)
πN,ε(Ω̃)

≤ P̃N,ε(Ω̃, Ω̃c)

P̃N,ε(Ω̃′, Ω̃)

Since we are considering simultaneous revision protocol, the transition Ω̃ → Ω̃′ can

equivalently be treated as a step-by-step transition ∂Ω→ Ω→ ∂Ω′ → Ω′. Then

P̃N,ε(Ω̃, Ω̃′) ≡ PN,ε(∂Ω, Ω)PN,ε(Ω, ∂Ω′)PN,ε(∂Ω′, Ω′)

The above argument follows from the fact that under simultaneous revision protocol,

at least R(Ω, ∂Ω′) players must simultaneous make a mistake for the transition Ω→
∂Ω′ to occur. Meaning that the process spends most time in Ω when in the basin of

attraction Ω̃. Hence, the following approximation holds

P̃N,ε(Ω̃, Ω̃′) ≈ PN,ε(Ω, Ω′) = PN,ε(Ω, ∂Ω′)PN,ε(∂Ω′, Ω′)

The relation (3.3.2) follows from the chain-rule argument.

3.8.2 Proof of Proposition 5

We begin by proving the following lemma.
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Lemma 7: Let L be the number of closed communication classes and µj the jth eigenvalue

of PN,ε. Then the contagion rate within any basin of attraction Ωl has the following lower

and upper bounds

1− µL+1 ≤ R(∂Ωl , Ωl) ≤ 1− µL+L

Proof. The proof makes use of the spectral properties and near-complete decompos-

ability of transition matrix PN,ε. Under chain (X, P), the transition matrix is com-

pletely decomposable into the form

PN =


M∗1

. . .

M∗l
. . .

M∗L


where M∗l for l = 1, · · · , L is a block matrix describing the transitions within each

basin of attraction under (X, PN). The rest of the undisplayed elements are zeros

and L is the number of closed communication classes. All leading eigenvalues of

the block matrices are ones. The transition matrix PN,ε on the other hand is near-

completely decomposable into L “loosely” connected block matrices that we denote

by Ml for l = 1, · · · , L. PN,ε = PN + εP∗N , where ε is a small real number and

P∗N is an arbitrary #X by #X matrix. A more detailed exposition on the notion of

near-complete decomposability can be found in Simon and Ando [106]. For ε small

enough, the leading eigenvalues of the diagonal block matrices of PN,ε are close to

one.

Let µil denote the ith eigenvalue of the lth diagonal block matrix, such that(
µ11 , µ12 , · · · , µ1L

)
are the largest eigenvalues in blocks 1 to L, and

(
µ21 , µ22 , · · · , µ2L

)
are the respective

second largest eigenvalues. Index by nl as the number of columns in diagonal block
l such that the eigenvalue spectrum ρ(PN,ε) of PN,ε can be written as

ρ(PN,ε) =
(
µ11 , µ21 , · · · , µn11 , · · · , µ12 , · · · , µ1l , · · · , µnl l , · · · , µ1L , · · · , µnL L

)
.

The spectral decomposition of (X, PN,ε) is then given by

q0Pt
N,ε = q0r11 zT

11
+

n1

∑
j=2

µt
j1 q0rj1 zT

j1 + µt
12

q0r12 zT
12
+

n2

∑
j=2

µt
j2 q0rj2 zT

j2

+ · · ·+ µt
1L

q0r1L zT
1L

+
nL

∑
j=2

µt
jL q0rjL zT

jL (3.8.2)

where zT is the transpose of z, and rjl and zjl are the right and left eigenvectors of

µjl .
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Let xl be the initial state of (X, PN,ε) in Ω̃l and qΩ̃l
be the #X-dimensional vector

of zeros except a one at the point corresponding to the state xl . Let tl be the period

at which (X, PN,ε) is in the state xl and TΩ̃l
the period at which it exits Ω̃l (or equiva-

lently the period at which it attains the quasi-stationary distribution πN,ε(Ω̃l)). Then

for tl ≤ t ≤ TΩ̃l
and all l = 1, · · · , L,

qt = µt
1l

qΩ̃l
r1l z

T
1l
+

nl

∑
j=2

µt
jl qΩ̃l

rjl z
T
jl

πN,ε(Ω̃l) = lim
t→TΩ̃l

qt = µ
TΩ̃l
1l

qΩ̃l
r1l z

T
1l
≈ µt

1l
qΩ̃l

r1l z
T
1l

where the approximation holds from the fact that µ1l is close to one for all l. It then

follows that

lim sup
t→TΩ̃l

∣∣∣∣∣∣Pt
N,εqΩ̃l

− πN,ε(Ω̃l)
∣∣∣∣∣∣ 1

t
= |µ2l | lim sup

t→TΩ̃l

∣∣∣∣∣
∣∣∣∣∣qΩ̃l

r2l z
T
2l
+

nl

∑
j=3

(
µjl
µ2l

)t
qΩ̃l

rjl z
T
jl

∣∣∣∣∣
∣∣∣∣∣

1
t

= |µ2l |

Implying that R(∂Ωl , Ωl) = |µ2l | Since µj’s are arranged in ascending order we then

have that maxl µ2l = |µL+1| and minl µ2l = |µL+L|. For any Ωl ,

1− µL+1 ≤ R(∂Ωl , Ωl) ≤ 1− µL+L

To prove the second part of the theorem, we consider the linearization of PN,ε of

the form

qtΨ = q0Pt
N,εΨ = q0ΨΠt

N,ε (3.8.3)

where Ψ is the event matrix derived by stacking into rows all possible realizations

of states of (X, PN,ε) written in the basis vector form. The choice basis vector for each

player i ∈ N is a vector of zeros except a one in a position corresponding to the action

i is playing. For example for a binary action set X = {A, B}, a vector (1, 0) implies

that i is playing action A and (0, 1) implies that i is playing action B. In the case of

two players and binary action set, there are four possible realization such that

Ψ =


1 0 1 0

1 0 0 1

0 1 1 0

0 1 0 1

 (3.8.4)

where the first row corresponds to the state in which both players play action A, and

so forth. Then ΠN,ε is an Nm× Nm matrix defined by ΠN,ε = A T ⊗ ΣN,ε, where ⊗
is a Kronecker product, A T is the transpose of the normalized adjacency matrix A
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and ΣN,ε is the action-transition matrix defined in (3.3.7). A detailed exposition on

the validity of (3.8.3) can be found in Asavathiratham [11, Chapter 5]. The following

lemma follows directly from (3.8.3) and the definition of ΠN,ε above.

Lemma 8: Let ρ(ΠN,ε) = µ̃1, · · · , µ̃nm, ρ(A ) = (λ1, · · · , λN) and ρ(ΣN,ε) = (ϑ1, · · · , ϑm)

denote the eigenvalue spectra of ΠN,ε, A and ΣN,ε respectively.

(a) If µ1 and µ̃1 are the unique largest eigenvalues of PN,ε and ΠN,ε respectively, then

µ1 = µ̃1 = 1.

(b) ρ(ΠN,ε) = (ϑiλj) ∀ϑi ∈ ρ(ΣN,ε), λj ∈ ρ(A ).

Proof. Multiplying (3.8.3) by the right eigenvector ri of PN,ε, we have PN,εΨr1 =

ΨΠN,εr1. Since PN,ε is a stochastic matrix, µ1 = 1, which implies that PN,εΨr = Ψr1,

which is true if and only if ΠN,εr1 = r1. That is µ̃1 = µ1 = 1. For the proof of Lemma

8 (b) see Horn and Johnson [52, page 245, Theorem 4.2.12].

For sufficiently small noise, |µL+1| = |µ̃L+1| = λ2ϑ1 = λ2 and |µL+L| = |µ̃L+L| =
λ2ϑm. This completes the proof.

3.8.3 Proofs for Example 6

Let G = (N , E) be a graph or network of N vertices. Denote by S a subset of N
and S its cardinality. Let e(S, N − S) be the number of interactions (for a weighted

network graph its is the sum of weighted interactions) between S and its complement

N − S . Also let d(S) denote the total degree of S . Then the conductance of G

φ(G) = min
S ,S≤ N

2

e(S, N − S)
d(S) (3.8.5)

For regular network graphs (in which all vertices have the same degree), it is shown

by [6] that

λ2(G) ≤ 1− φ(G)2

2
. (3.8.6)

For a complete graph, since every vertex is connected to every other vertex, we

have that every vertex in S is connected to all other vertices in N − S . This implies

that e(S, N − S) = S× #(N −S) = S× (N − S), and d(S) = N × S such that

φ(Gcom) = min
S ,S≤ N

2

S× (N − S)
N × S

≥ 1
2

, (3.8.7)

where the last inequality follows from the fact that S ≤ N
2 . We thus have that

λ2(Gcom) ≤
7
8

(3.8.8)
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In the case of a 1− D cyclic network, e(S, N − S) = 2, and d(S) = 2× S such that

φ(Gcyc) = min
S ,S≤ N

2

2
2× S

≥ 2
N

. (3.8.9)

Hence λ2(Gcyc) ≤ N2−2
N2 .

2D network: Let the composition of S be chosen in such a way that the peripheral

vertices (vertices at the perimeter or boundary of S) contain approximately one edge

each connecting it to the set N −S . Since it is a 2-dimensional structure there should

be approximately
√

S vertices forming such a boundary. This implies that e(S, N −
S) ≈

√
S, and d(S) = 4× S such that

φ(G2D) = min
S ,S≤ N2

2

√
S

4× S
≥
√

2
4N

. (3.8.10)

where the last inequality follows from the fact that
√

S ≤
√

N2

2 . It follows that

λ2(G2D) ≤
16N2 − 1

16N2 .

Random d-regular network: Since for each vertex the vertices to which it is con-

nected are chosen at random, and that the maximum size of S is N
2 , then a typical

vertex in S is connected to approximately d×(N−S)
N other vertices in N −S such that

e(S, N − S) ≈ d×S(N−S)
N . We thus have

φ(Gd−r) = min
S ,S≤ N

2

d×S(N−S)
N

d× S
≥ 1. (3.8.11)

λ2(Gd−r) ≤
7
8

(3.8.12)

For Newman’s small world networks see Durrett [36].

3.8.4 Proof of Proposition 7

(i) From Lemma 5 and Proposition 4 it directly follows that

πN,ε(Ω̃′)
πN,ε(Ω̃)

≤ maxΩ′′ PN,ε(Ω, ∂Ω′′)
PN,ε(Ω′, ∂Ω)

≤ K exp
{

N
(

ψN(Ω′, Ω)− ψN
min(Ω)

)}
(3.8.13)

Implying that the subset of states Ω∗ containing the asymptotically globally stable

state is that for which

lim
N→∞

1
N

ψN(Ω′, Ω∗) < lim
N→∞

1
N

ψN
min(Ω

∗)
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for all Ω′ 6= Ω∗. Or equivalently, ψL(Ω∗) < 0.

(ii) For every closed communication class say ΩJ , let HΩjΩJ be the typical directed

path from any other closed communication class Ωj to ΩJ . Then from (3.3.2)

πN,ε(Ω̃1)

πN,ε(Ω̃J)
=

πN,ε(Ω̃1)

πN,ε(Ω̃2)
· · · πN,ε(Ω̃J−1)

πN,ε(Ω̃J)
≤ PN,ε(Ω2, Ω2c

)

PN,ε(Ω1, Ω2)
· · · PN,ε(Ω,J ΩJc

)

PN,ε(ΩJ−1, ΩJ)

≤ KP exp

{
N

(
J−1

∑
j=1

(
ψN(Ωj, Ωj+1)− ψN

min(Ωj+1)
))}

(3.8.14)

Where ξN(HΩ1ΩJ ) = ∑J−1
j=1

(
ψN(Ωj, Ωj+1) − ψN

min(Ωj+1)
)
. Now, consider the maxi-

mum probability paths (or equivalently the minimum cost paths) from any closed

communication class Ωj to another ΩJ . That is arg maxHΩjΩJ∈HΩjΩJ
ξN(HΩjΩJ ).

Then the asymptotically globally stable set Ω∗, for which limN→∞
1
N πN,ε(Ω∗) >

limN→∞
1
N πN,ε(Ω) ∀ Ω 6= Ω∗, is that in which ξL(HΩΩ∗) < 0. Or equivalently

ξL(Ω∗) = max
Ω 6=Ω∗

min
HΩΩ∗∈HΩΩ∗

ξ(HΩΩ∗) < 0

.

3.8.5 Proof of Theorem 2

(i) From the expression ψN(Ω, Ω′) = N (c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))) − γ(Ω′), if

limN→∞
1
N ln(1− λN

2 (G)) = 0 then for all pairs (Ω, Ω′) of Ω

lim
N→∞

1
N

ψN(Ω, Ω′) = lim
N→∞

{
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

}
(3.8.15)

(ii) If for any Ωj 6= Ω∗, r(Ωj, ∂Ω∗) = O(N−1) then (3.8.15) becomes

lim
N→∞

1
N

ψN(Ω, Ω′) = lim
N→∞

c(Ω, ∂Ω′) = − lim
N→∞

r(Ω, ∂Ω′) ln PA(xΩ′) = 0

(3.8.16)

where the first equality follows from the fact that F(0) = F(1) = 0. Note

that r(Ωj, ∂Ω∗) = O(N−1) in turn implies that either r(Ω∗, ∂Ωj) = O(N) or

r(Ω∗, ∂Ωj) = O(1). Either way,

lim
N→∞

1
N

ψN(Ω∗, ∂Ωj) = lim
N→∞

c(Ω∗, ∂Ωj) > 0 (3.8.17)

Hence, ξL(Ω∗) = limN→∞
1
N
{

ψN
max(Ω∗)− ψN

min(Ω
∗)
}
< 0.
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(iii) For any Ωj 6= Ω∗, if each ordered pair (Ωj1 , Ωj2) ∈ HΩjΩ∗ , r(Ωj1 , Ωj2) =

O(N−1) then

lim
N→∞

1
N

ξN(HΩjΩ∗) = lim
N→∞

1
N

{
jI−1

∑
ji=j1

(
ψN(Ωji , Ωji+1)− ψN

min(Ωji+1)
)}

= − lim
N→∞

1
N

jI−1

∑
ji=j1

ψN
min(Ωji+1) (3.8.18)

where ΩjI = Ω∗ and Ωj1 = Ωj. It then follows that if there exists at least one Ωji

in the path HΩjΩ∗ for which ψN
min(Ωji ) = O(N), ξL(Ω∗) = limN→∞

1
N ξN(HΩjΩ∗) <

0
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C O N V E R G E N C E R AT E S F O R S T O C H A S T I C E V O L U T I O N I N

N E T W O R K S

Abstract: Stochastic evolutionary models are credited for their ability to derive

sharp predictions about equilibrium selection when multiplicity exists. A major

criticisms of these models concerns the convergence rates to long-run stable sets

and to stationarity. In particular, there are cases in which the expected waiting

times increase exponentially with the population size. Under local interactions

however, the expected waiting times are shown to be finitely bounded even when

the population size is arbitrarily large. This Chapter provides a detailed character-

ization of convergence rates in networks using two measures; expected waiting time

and convergence time as measures for the transition times between subsets of states

and to stationarity or selection respectively. We provide tighter bounds for each

for positive rather than limit noise levels. Three factors are key in influencing

the convergence rates, the payoff gains, network topology and noise level. The

network topology and payoff gains interactively determine whether or not a strat-

egy is globally contagious and the convergence rates are a function of this property.

When global contagion is feasible, the expected waiting time from any other sub-

set of states to the long-run stable set is shorter for highly than sparsely connected

networks. The reverse is true for convergence time. Networks for which global

contagion is infeasible lead to shorter convergence time.

4.1 introduction

As discussed in Chapters 2 and 3, one of the major discussions in stochastic evo-

lutionary literature concerns the rate at which equilibrium selection occurs. The

computation of stochastically stable sets involves taking the limits of noise. But as

pointed out by Ellison [37] and Sandholm [98], assuming vanishing noise levels also

implies that the convergence time to the long-run stationary distribution (hence se-

71
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lection) becomes exceptionally long. More specifically, once the process gets trapped

in one of the quasi-stable states (possibly a socially undesirable one), the waiting

time to exit its basin of attraction becomes arbitrarily large for vanishing noise. There

are however cases in which the waiting times are shown to be finite and even some-

times to be independent of the population size. This is particularly the case when

agents are matched to play with only a subset of others in the population. Robson

and Vega-Redondo [94] show that the convergence rates are high when players are

matched in a round robin tournament mechanism, where each player confronts each

other player exactly once. Ellison [37], Sandholm [99], Montanari and Saberi [77]

show that under local interaction (networks), equilibrium selection is fast. Recent

work by Kreindler and Young [63] demonstrates that even under global interactions,

it is possible to derive conditions on the payoff for the given noise levels and vice

versa for which selection is fast (occurs in a finite time).

This Chapter provides a detailed analysis of convergence rates for general stochas-

tic evolutionary game dynamics in networks. The two convergence rate measures

that we characterize explicitly are the expected waiting time and convergence or selection

time. The expected waiting time measures how long it takes the learning process to

exit a given domain or subset of states, and in particular we will be talking about

exiting a given (or subset of) basin of attraction. It is therefore a measure of medium-

run dynamics of the process. The convergence time measures how fast the process

attains its long-run invariant distribution, or equivalently the time scales for which

equilibrium selections results should be considered relevant.

Our characterization of expected waiting times utilizes methods for the concept of

hitting time. Hitting time is a classical concept in the study of finite Markov chains

and processes. The decay rates for hitting times in the case of Markov chains with

rare transitions resulting from small perturbations (as is the case in this Chapter)

is characterized in detail by Freidlin and Wentzell [42] and Catoni [26] using tech-

niques from large deviations theory. Beggs [14] shows how the results and concepts

developed in Freidlin and Wentzell [42] and Catoni [26] can be used to characterize

expected waiting times and equilibrium selection in stochastic evolutionary models.

The analysis in Beggs [14] improves on the earlier results by Ellison [37] on expected

waiting times. Though these papers provide good insights on the nature of hitting

times in stochastic evolutionary processes, their analysis focuses on generic charac-

terizations. Here, we focus on expected waiting times for stochastic evolution in

networks. To be able to fully characterize the effects of various network topologies,

we adopt a simpler model of mistakes, in which the probability of making a mistake

P = 1
m exp(−β), is identical for all players, strategies and states. The parameter m
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is the size of the action set and β is the parameter of noise, such that the larger β

the smaller the probability of mistakes. For β equal to infinity, we have the case of

best-response dynamics.

The characterization of convergence time that we provide utilizes methods from

the concept of mixing time. Mixing time is also a traditional concept in finite Markov

chains and processes. It is a measure of the time it takes the chain to attain its in-

variant distribution. Since long-run or stochastically stable sets solely depend on

the properties of the invariant distribution, mixing time can thus be employed to

characterize the time to selection. The structural bounds for mixing time of finite

Markov chains have been established in the literature (e.g Diaconis and Stroock [33]

and Sinclair [107]). Its lower and upper bounds are a function of the second largest

eigenvalue of the associated transition matrix. Diaconis and Stroock [33] and Sinclair

[107] have established geometric bounds for the second eigenvalue of the Markov

chain transition matrices. These measure is however computationally demanding

for large state space chains. They are also less intuitive in the case of stochastic

evolution in which the interest is to understand how the underlying game, learning

rules and network topology affect the convergence time. Here, we provide bounds

for convergence time in terms of the readily computable and fairly understood con-

cept in the literature of stochastic evolution; the maximum expected waiting time.

The properties we derive for expected waiting time therefore extend directly to the

characterization of convergence time.

By explicitly characterizing bounds for convergence rates, we are able to derive

deeper insights into the role of topologies in stochastic evolution in networks. We

establish convergence rates results for families of deterministic and random networks.

We find the key factor of the evolutionary process to be whether or not a strategy is

globally contagious. For a given network topology, an action is said to be globally

contagious if its payoff gain relative to all other actions is such that it requires only a

small fraction of initial adopters to trigger a global cascade to the whole population.

Globally contagious actions are then those with maximum payoff gains and thus

form the long-run stable states. In 2× 2 matrix games for example, if global contagion

is feasible then the risk-dominant action is the globally contagious one. For given

payoff gains, the more sparsely connected a network is the more likely that an action

with the highest pain off gain is globally contagious. For a given network topology

and payoff gains, if global contagion is not feasible then we have the case of step–by–

step evolution.

When global contagion is feasible, then for various families of networks the ex-

pected waiting times from any other closed communication class to the long-run
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stable closed communication class are independent of the population size. This re-

sult is not particularly surprising as similar findings were obtained by Ellison [37]

for k-nearest neighbor interactions. The main difference with Ellison [37] however is

that we provide tighter bounds for expected waiting times independently of the as-

sumption of vanishing mutation rates. Secondly, we establish this result for a wider

range of networks beyond the k-nearest neighbor interactions. More generally, for

networks of the same family such as the n-dimensions nearest neighbor interactions

or n-dimensions l-max distance interactions, whenever global contagion is feasible

the expected waiting time for highly connected network is shorter than for sparsely

connected networks. This result is not true otherwise. It is also infeasible to de-

rive such conclusions from analysis in the derivation of expected waiting times that

heavily relies on the assumption of vanishing noise.

In the case of convergence times, whenever global contagion is feasible, sparsely

connected networks tend to have longer convergence time than highly connected

networks. In fact, under these conditions the convergence time for global interactions

is shorter than for local interactions. This is not necessarily true whenever global

contagion is not feasible. The underlying reason for this finding is that convergence

time is an increasing function of maximum expected waiting time. The maximum

expected waiting time corresponds to the expected waiting time from the long-run

stable communication class to the least stable communication class. The maximum

expected waiting time for local interactions in which global contagion is feasible is

generally greater than for global interactions.

Whenever global contagion is not feasible, the evolutionary process exhibits a rel-

atively different behavior hence convergence rates as compared to the case in which

it is feasible. Infeasibility of global contagion implies that there exists intermediate

close communication classes induced by the network topology. These intermedi-

ate closed communication classes correspond to states in which at least two cohe-

sive or close-knit subgroups of players play different actions.1 Lee et al. [66], Morris

[78], Young [116] and Montanari and Saberi [77] show that the expected waiting

times to the long-run stable closed communication class is finite. An evolutionary

process with such intermediate closed communication classes also relates to the no-

tion of step-by-step evolution according to Ellison [38], in which it is demonstrated

that under step-by-step evolution the selection process is relatively fast. Here, we for-

malize these notions for evolutionary processes in networks using bounds we derive

for expected waiting times and convergence times. Indeed, we find that the conver-

1 Cohesiveness and close-knittedness are definitions according to Morris [78] and Young [116]
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gence time (time to selection) is shorter when the network topology and payoff gains

collectively induce step-by-step evolution than even the case of global interactions.

Finally, this Chapter is also related to others in the literature that characterize evolu-

tionary processes in random networks using mean field best-response dynamics (e.g.

Alós-Ferrer and Weidenholzer [9], Jackson and Yariv [55], Lelarge [68], Sandholm

[99] and Kreindler and Young [63, 64]). Most of these literature, with the exception

of Kreindler and Young [63, 64], focuses on long-run stability rather than conver-

gence rates as we do here. Kreindler and Young [63, 64] derive upper bounds for

expected waiting times to long-run stable states and show that they are independent

of the population size as long as the payoff gain is sufficiently large and the noise

level is not too low. Though the analysis we present derives some results that are

similar qualitatively, there are several differences in both methodology and quantita-

tive results. Kreindler and Young [63, 64] focus on sequential dynamics rather than

simultaneous as we do, which implies differences in analytical methods and in turn

quantitative results. For example, we find the structure of the network to be relevant

in determining convergence rates, unlike in Kreindler and Young [63, 64] in which

it does not. Moreover, our analysis extends to m × m matrix games and includes

convergence times.

The remainder of the Chapter is organized as follows. In section 5.2 we introduce

the general framework of stochastic evolutionary dynamics in networks. Section 4.3

introduces expected waiting times, providing its general treatment and computation.

Similarly, Section 4.4 introduces convergence time. Sections 4.5 and 4.6 focus on

the characterizations of convergence rates for families of deterministic and random

networks when global contagion is feasible. Section 4.7 provides a characterization

of the case in which global contagion is not feasible. Section 4.8 concludes the study.

4.2 the model

We consider a general class of N−persons m×m-matrix repeated games. A set of

agents N = {1, · · · , i, · · · , N} are matched repeatedly to play a normal form game

Γ. The matching rule determines whether agents interact with the entire population

(global) or a subset of others (social network). This in turn also determines the

information set of players, whether they observe the entire distribution of strategies

in the population or in their local neighborhood. In the case in which agents are

matched with a subset of others, the network of interactions is modeled in graph

theoretic manner. Let G(N , E) be a graph with N vertices representing the number

of agents and E edges linking different pairs of agents, such that a graph gij defines
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the connection between i and j. If gij = 1 then a directed link exists from i to

j, and zero implies otherwise. G(N , E) is thus a directed network describing the

relationship of any one agent with every other agent in the population. The adjacency

matrix A of G(N , E) is defined as an N × N matrix with entries being the elements

of gij. The neighborhood of agent i, Ni, is defined as Ni = {j ∈ N |gij = 1}, and gives

the set of players to which i is linked to. The cardinality #Ni = ki, is the degree of i.

The strategy set X = {a, b, c, · · · } is finite and assumed to be identical for all agents

and has cardinality m. We denote the action chosen by each i ∈ N at period t by xi,t

and xt = (x1,t, · · · , xn,t) is the strategy profile at t. Each xt ∈ X = XN will also be

referred to as the population state or simply the state of the learning process at t.

For each game Γ, let U ∈ Rm×m be the associated payoff matrix such that U(a, b) is

the base payoff to an agent playing a when his opponent plays b. A typical example

is the pure coordination game in Table 12. Given the information set of agent i, that

is the observed distribution of strategies x either of the entire population or of i’s

neighborhood, the expected payoff to i from playing action a when his opponents

profile is x−i is then

Ui(a, x−i) = ∑
j∈Ni

JijU(a, xj), (4.2.1)

where xj is the jth coordinate of x. The parameter Jij takes on values in the closed

interval [0, 1]. For example if agents consider average payoff over their neighbors’

strategies, then Jij =
1
ki

for all j ∈ Ni.

player j

a b

i a U(a, a) U(a, b)

pl
ay

er

b U(b, a) U(b, b)

Table 12: Payoff structure for the symmetric pure coordination game. The payoffs are

for the row-player

4.2.1 Dynamics and learning scheme

There are two main components that completely describe the learning process; the

revision protocol and choice probabilities. Here, we consider the simultaneous revision

protocol. When a player receives a revision opportunity, he evaluates the current
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expected payoff to each of the available pure strategies. A player’s information set is

the distribution of strategies of a subset of other players in the neighborhood. Each

player’s objective is to select strategies that he evaluates as best, this assessment is

however subject to random shocks. We adopt a relatively simpler model of mistakes

(hence choice probabilities) to be able to fully capture the effect of the topology of

networks on convergence rates. We assume the probability of making a mistake to

be P = 1
m exp(−β), identical for all players, strategies and states. The parameter m

is the size of the action set and β is the parameter of noise, such that the larger β

the smaller the probability of mistakes. For β equal to infinity, we have the case of

best-response dynamics. The choice probabilities are thus of the form,

Pi(a, x) = (1− ε)BRi(a, x) +
1
m

ε (4.2.2)

where ε = exp(−β) and BRi(a, x) is the probability that i plays action a under Best

Reply dynamics given the population state x. That is

BRi(a, x) =

{
1 if a ∈ arg maxb∈X Ui(b, x−i)

0 otherwise.
(4.2.3)

This model of mistakes is similar to that in Freidlin and Wentzell [42], Kandori et al.

[57], Young [113], Catoni [26] and Beggs [14] among others. The above dynamics

defines a Markov chain on a finite state space X whose transition matrix Pε is defined

by transition probabilities Pε(x, y),

Pε(x, y) =
n

∏
i=1

Pi(yi, x) (4.2.4)

4.2.2 Closed communication classes and basins of attraction

The perturbed Markov chain (X, Pε) has a unique invariant (stationary) distribu-

tion πε = limt→∞ q0Pt
ε, where qt is the vector of probability mass functions at period

t. The stationary distribution describes the amount of time the process spends in each

state in the long-run. The closed communication classes of (X, Pε) are also the closed

communication classes of the identical process (X, P) without mistakes.2 In the coor-

dination game of Table 12 above for example, the limit sets include the singleton sets

in which all players play strategy a and in which they all play strategy b. Generally,

the limit sets of (X, P) can include sets that are cycles and those in which players

use different strategies. When the interactions are governed by a social network , the

2 A set Ω ⊂ X is a closed communication class of (X, P) if ∀y ∈ Ω, P(xt+1 ∈ Ω|xt = y) = 1, and that

∀y, z ∈ Ω, there exists a τ > 0 such that P(xt+τ = z|xt = y) > 0.
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number of closed communication classes is enhanced. In particular, singleton closed

communication classes in which strategies co-exists and different cohesive subgroups

adopt different strategies may exist. The closed communication classes of (X, P) that

results in the long-run depends on the initial state of the process. We denote the

typical limit set of (X, P) and hence recurrent class of (X, Pε) by Ω, and by Ω for the

set of all such subsets.

4.3 expected waiting time

In this section, we provide bounds for expected waiting times between closed com-

munication classes. The results we establish in this section are also crucially relevant

for the analysis of convergence times in the next section. The characterization of

expected waiting times utilizes the concepts of hitting time for finite Markov chains.

In particular, we make us of Lemma 3.4 in Freidlin and Wentzell [42, Chapter 6]

and Lemma 4 in Catoni [26]. Before stating the Lemma the following notations and

definitions are necessary.

Given the Markov chain (X, Pε), let W ⊂ X be a subset of X and Wc = X \W

its complement. For any oriented graph g ⊂ X × X and any x ∈ X, write g(x) =

{y : (x, y) ∈ g} denote the immediate successors of x. More generally gn(x) =⋃
y∈gn−1(y) g(x).

Definition 8: Let G(W) be the set of oriented graphs g ⊂ X× X satisfying:

1. for any x ∈ X, #g(x) = 1Wc (that is no arrows start from W and exactly on arrow

starts from each state outside of W),

2. for any x ∈ X, x /∈ Og(x), where Og(x) =
⋃+∞

n=1 gn(x) is the set of points that can be

reached from x; the orbit of x under g (that is g has no loops).

Definition 9: For any x ∈ X and y ∈W, write

Gx,y(W) =


{g ∈ G(W) : y 6∈ Og(x)} if x ∈Wc

G(W) if x = y

∅ if x ∈W \ {y}

That is Gx,y(W) is the set of graphs g ∈ G(W) linking x to y. The following Lemma

is proved in Freidlin and Wentzell [42] and in Catoni [26].
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Lemma 9: Let T(W) = inf{t ≥ 0 : xt ∈ W} be the first time the chain reaches W. For

any W 6= ∅, any x ∈Wc,

E[T(W)| x0 = x] =

 ∑
y∈Wc

∑
g∈Gx,y(W∪{y})

Pε(g)

 ∑
g∈G(W)

Pε(g)

−1

(4.3.1)

where E stands for expectation and Pε(g) = ∏(y,z)∈g Pε(y, z).

For x 6= y, the graph Gx,y(W ∪ {y}) is the set of all G(W) graphs that link x to y.

This implies that if Wc is a singleton set, then the component ∑y∈Wc ∑g∈Gx,y(W∪{y}) Pε(g)

on the right hand side of (4.3.1) is equal to one.

The above definitions and Lemma 9 directly extend to the Markov chains (Ω, Pε)

and (Ω̃, P̃ε). That is for (Ω, Pε), Pε(g) = ∏(Ω,Ω′)∈g Pε(Ω, Ω′) in (4.3.1) above, and for

(Ω̃, P̃ε)

E[T(W)| Ω̃0 = Ω̃] =

 ∑
Ω̃′∈Wc

∑
g∈GΩ̃,Ω̃′ (W∪{Ω̃′})

P̃ε(g)

 ∑
g∈G(W)

P̃ε(g)

−1

(4.3.2)

for any W 6= ∅, any Ω̃′ ∈Wc, where P̃ε(g) = ∏(Ω̃,Ω̃′)∈g P̃ε(Ω̃, Ω̃′).

A complete characterization of the expected waiting times therefore requires estab-

lishing the structure of the probabilities Pε(Ω, Ω′). As in Chapters 2 and 3 above, it

is convenient to split the transition Ω → Ω′ into two transitions, from Ω → ∂Ω′ and

∂Ω′ → Ω′.

Given the above probability structure, the cost is formally given by

C(Ω, ∂Ω′) = −R(Ω, ∂Ω′) ln P = −R(Ω, ∂Ω′)
(

ln m−1 − β
)

(4.3.3)

The following Lemma provides an approximation for the exit probabilities rather

the lower and upper bounds as in Chapters 2 and 3

Lemma 10: For any pair Ω and Ω′ of closed communication classes, the maximum proba-

bility Pε(Ω, ∂Ω′) from a state in Ω to a state in ∂Ω′ in a single time step is given by

Pε(Ω, ∂Ω′) ≈ KN exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)}
(4.3.4)

where F(r) = r ln r− (1− r) ln(1− r).

Proof. See Appendix 4.9.1

Similarly, from Chapters 2 and 3 we can approximate the contagion probabilities

for β sufficiently large as

Pε(∂Ω, Ω) ≈ exp {KΩ ln(1− λ2(G))} , (4.3.5)
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such that

Pε(Ω, Ω′) ≈ KN exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)
+ γ(Ω′)

}
(4.3.6)

where γ(Ω′) = KΩ′ ln(1− λ2(G)).

Theorem 3: For any W 6= ∅, any Ω ∈W

E[T(Wc)| x0 ∈ Ω] ≤ KT exp

{
min

g∈G(Wc)
ψ(g)− min

Ω′∈W
min

g∈GΩ,Ω′ (W∪{Ω′})
ψg

}
(4.3.7)

where ψ(g) = N(c(g) + F(r(g)))− γ(g), c(g) = ∑(Ω,Ω′)∈g c(Ω, ∂Ω′),

γ(g) = ∑(Ω,Ω′)∈g γ(Ω′) and F(r(g)) = ∑(Ω,Ω′)∈g F(r(Ω, ∂Ω′)).

Proof. See Appendix 4.9.2

Through the analysis that follows we let MW(Ω) = minΩ′∈W ming∈GΩ,Ω′ (W∪{Ω′}) ψ(g),

MW = ming∈G(Wc) ψ(g) and HW(Ω) = MW − MW(Ω). From (4.3.7), for finite and

relatively small values of β, two factors influence the expected waiting time for evolu-

tion in networks. The first is the radii (resistances) of closed communication classes,

which are determined by the underlying payoff and network topology. The second

factor is the spectral property of the underlying network. For a given model of

mistakes and equal basins of attraction, highly connected networks exhibit lower ex-

pected waiting times than sparsely connected networks. This result follows from the

discussion about second largest eigenvalues of graphs above. We elaborate on this

point further below for specific families of networks. As β becomes exceedingly large,

the effect of the spectral gap of the underlying network on the expected waiting time

becomes negligible, that is

lim
β→∞

1
β

ln E(T(Wc)| x0 ∈ Ω) = N

(
min

g∈G(Wc)
r(g)− min

Ω′∈W
min

g∈GΩ,Ω′ (W∪{Ω′})
r(g)

)
= min

g∈G(Wc)
R(g)− min

Ω′∈W
min

g∈GΩ,Ω′ (W∪{Ω′})
R(g)

where R(g) = ∑(Ω,Ω′)∈g R(Ω, ∂Ω′). This is then equivalent to limit results in Beggs

[14]. A more detailed examination of the expected waiting times for various families

of networks is performed in sections that follow. Here, we provide a simple example

demonstrating its computation.

4.3.1 Example

Consider a 3 × 3 matrix coordination game in which there are three singleton

closed communication classes a, b, c. Figure 5 summarizes the transitions among
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closed communication classes where the weight on each arrow is the quantity ψ(Ω, Ω′) =

N (c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′)))− γ(Ω′).

Corollary 2: Given ψ(Ω, Ω′) for each pair (Ω, Ω′) in Figure 5,

(i) if W = {a, b}, then E(T(Wc)| x0 = a) ≤ KT exp (3.33N),

(ii) if W = {a, c}, then E(T(Wc)| x0 = c) ≤ KT exp (4.96N).

b

ca

0.25

10.25

4.96
3.33

7.5

11.25

1

Figure 5: The weight on each arrow is the quantity N (c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))) −
γ(Ω′)

Proof. When W = {a, b}, the least cost graph linking W to c is a→ b→ c. Implying

that MW = 3.58. The graph that minimizes MW(a) is a → b, hence MW(a) = 0.25.

Implying that HW(a) = MW −MW(a) = 3.33.

When W = {a, c}, we have {a → b, c → b} to be the least cost graph linking W

to b. Hence MW = 3.58. The graph a → b minimizes MW(c), hence MW(c) = 0.25.

Implying that HW(c) = 4.96. The respective expected waiting times directly follow

by substituting for HW(Ω).

4.4 convergence time

In this section, we derive bounds for the convergence time as a measure of how

fast (slow) equilibrium selection occurs. We employ the concept of mixing time for

finite Markov chains, which is a fairly well documented concept. Mixing times can

be defined in terms of various distance measures such as Lp-norms, but here we opt

for the most intuitive distance measure; the total variation distance. Total variation
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distance is a probabilistic measure of the difference between two distributions. For-

mally, let ν and π be two probability distributions on the state space X. Then the

total variation distance is defined by

||ν− π||TV = max
χ⊂X
|ν(χ)− π(χ)|.

That is, the maximum difference between the probabilities assigned to a single event

by the two distributions. Total variation distance can be equivalently expressed as,

||ν− π||TV =
1
2 ∑

x∈X
|ν(x)− π(x)|. (4.4.1)

The validity of relation (4.4.1) can be demonstrated geometrically using Figure 6.

First notice that both ν and π being probabilistic measures implies that ν(χ∗) is the

area under the curve ν but to the left of the vertical dashed line x = χ∗. Since for

both distributions the total area under the curve is one, it follows that the area of

regions A and B are equal. For these two specific distributions (of Figure 6), the total

variation distance between them is thus the area of the region A, which by symmetry

equals the area of region B. The quantity ∑x∈X |ν(x) − π(x)| in (4.4.1) is the area

of both regions A and B, hence the factor of 1
2 in the equality. Relation (4.4.1) is

essentially true for all forms of probabilistic distributions.

π

χ∗

A
B

ν

1

Figure 6: The total variation distance between distributions ν and π

The convergence time Tc(Pε) of the process Pε is then formally defined as,

Tc(Pε) = min
{

t :
∣∣∣∣∣∣q0Pt′

ε − π
∣∣∣∣∣∣ ≤ v; ∀t′ > t

}
, (4.4.2)

where q0 is the initial distribution. We also write qt for the distribution at t. For

a given initial distribution, the convergence time is therefore the time it takes the

process to get close to its stationary distribution.
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The usual approach in the study of mixing times is to first derive the lower and

upper bounds in terms of the second largest eigenvalue of the transition matrix of

the chain. The analysis then focuses of establishing the properties of the second

eigenvalue, which can be done in several ways. One technique is by making use of

the well known Cheeger’s inequality [3, 5, 76, 108]. That is if µ2 is the second largest

eigenvalue of the Pε, then

1− 2φ(Pε) ≤ µ2 ≤ 1− φ(Pε)2

2
(4.4.3)

where φ(Pε), the conductance of Pε, is given by φ(Pε) = min
W⊂X

∑x∈W π(x)≤ 1
2

φ(Pε, W). And,

φ(Pε, W) =
1

∑
x∈W

π(x) ∑
x∈W

∑
y∈Wc

π(x)Pε(x, y). (4.4.4)

The second technique involves the use of the concept of multicommodity flows. The

details of both of these characterizations can be found in Diaconis and Stroock [33]

and Sinclair [107]. These characterizations are however not readily computable for

large state space Markov chains. Moreover, they are not directly intuitive with re-

spect to how the underlying game and network affect convergence rates. Here, we

express the upper bounds for convergence time in terms of the maximum expected

waiting time. This enables us to directly apply some of the well known results on

expected waiting times for stochastic evolutionary processes, together with what we

established in Section 4.3 above, to the analysis of convergence time. It also ensures

that we can focus on the properties of the reduced Markov chain (Ω̃, P̃ε) rather than

the original cumbersome chain. The following theorem establishes the upper bound

for the convergence time.

Theorem 4: For any W 6= ∅, any Ω̃ ∈W and Ω̃′ ∈Wc, let T = maxΩ̃,Ω̃′ E[T(Ω̃′)| x0 ∈
Ω̃]. Let also π̃ be the stationary distribution of P̃ε. Then the convergence time Tc is bounded

from above by

Tc ≤
Kc

2π̃2
max

(
ln π̃−1

min + ln(2v)−1
)

T (4.4.5)

where Kc is some constant, π̃min = minΩ̃∈Ω̃ π̃(Ω̃) and π̃max = maxΩ̃∈Ω̃ π̃(Ω̃).

Proof. A detailed proof is provided in Appendix 4.9.3 whose sketch is as follows. The

proof focuses on the dynamics of the reduced chain (Ω̃, P̃ε). The first step involves

showing that

Tc ≤
1

ln µ̃2

(
ln π̃−1

min + ln(2v)−1
)
≈ 1

1− µ̃2

(
ln π̃−1

min + ln(2v)−1
)

(4.4.6)
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where µ̃2 is the second largest eigenvalue of the P̃ε. The approximation is valid for

values of µ̃2 close to one, which is true for the type of dynamics we considered in

this Chapter (a consequence of small perturbations). Inequality (4.4.6) appears in the

literature of finite Markov chains in closely related forms (e.g. Diaconis and Stroock

[33]).

The next step of the proof is then to show that

1
1− µ̃2

≤ Kc

2π̃2
max

T (4.4.7)

The right hand side of (4.4.7) follows from a set of Theorems from Bremaud [23]

and Takacs [110]. More specifically, as a corollary of Takacs [110, Theorem 1.2 and

Proposition 3.1], the expected waiting time between any two given subsets say Ω̃ and

Ω̃′ is given by

E(T(Ω̃′)| x0 ∈ Ω̃) =
#Ω̃

∑
k=2

1
1− µ̃k

(
ṽ2

Ω̃′(k)− ṽΩ̃(k)ṽΩ̃′(k)
)

(4.4.8)

where ṽ(k) is the eigenvector corresponding to µ̃k, such that ṽl(k) is the lth element

of ṽ(k). We thus have that

T = max
Ω̃,Ω̃′

E(T(Ω̃′)| x0 ∈ Ω̃) = max
Ω̃,Ω̃′

#Ω̃

∑
k=2

1
1− µ̃k

ṽΩ̃′(k) (ṽΩ̃′(k)− ṽΩ̃(k)) (4.4.9)

We can then exploit the properties of the eigenvectors of finite state Markov chains.

The eigenvector corresponding to the first eigenvalues (first eigenvector) is an all one

vector. The other remaining eigenvectors can be used to detect (or partition the state

space into) almost invariant subsets (e.g. Froyland [43] and Billings and Schwartz

[17]). This concept is familiar in the literature of cluster detection. More generally,

the second eigenvector can be used to partition the chain into two almost invariant

subsets, the third eigenvector separates the chain into three almost invariant subsets,

and so forth. The eigenvector corresponding to the #Ωth eigenvalue of Pε and P̃ε

therefore partitions the chain into #Ω almost invariant subsets, which are basically

the respective basins of attraction.

The detection process proceeds by identifying the minima (regions of negative val-

ues) and maxima (peaks and regions of positive values) of the eigenvectors. The sec-

ond eigenvector therefore has one maximum and one minimum. Since the maximum

of the right hand side of (4.4.9) occurs when the differences ṽΩ̃′(k)− ṽΩ̃(k) are maxi-

mum, we can thus approximate maxΩ̃,Ω̃′ (ṽΩ̃′(k)− ṽΩ̃(k)) ≈ 2 maxΩ̃∈Ω̃ ṽΩ̃(k) for all

k ≥ 2. Note that each point of Ω̃ for which ṽ(k) attains its minima and maxima are

also those at which the stationary distribution π̃ attains its maxima. It follows that
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there exist constants Kk for k ≥ 2 such that maxΩ̃∈Ω̃ |ṽΩ̃(2)| = K2 maxW⊂Ω̃ π̃(W), · · · ,
maxΩ̃∈Ω̃ |ṽΩ̃(#Ω̃)| = K#Ω̃ maxΩ̃∈Ω̃ π̃(Ω̃). Since maxW⊂Ω̃ π̃(W) ≥ · · · ≥ maxΩ̃∈Ω̃ π̃(Ω̃) =

π̃max, we then have that

T = max
Ω̃,Ω̃′

#Ω̃

∑
k=2

1
1− µ̃k

ṽΩ̃′(k) (ṽΩ̃′(k)− ṽΩ̃(k)) ≥ 2K#Ω̃π̃2
max

#Ω̃

∑
k=2

1
1− µ̃k

≥ 2K#Ω̃π̃2
max

1
1− µ̃2

(4.4.10)

Substituting for T in (4.4.6) then completes the proof, where Kc =
1

K#Ω̃
.

Theorem 4 establishes an upper bound for the convergence time in terms of the

measure of the reduced chain, the minimum and maximum values of the stationary

distribution and the maximum expected waiting time. An explicit characterization

of the stationary distributions for finite state Markov chains is performed by Freidlin

and Wentzell [42] and Catoni [26]. More generally, for each Ω̃ ∈ Ω̃,

π̃(Ω̃) =

 ∑
g∈G({Ω̃})

P̃ε(g)

 ∑
Ω̃′∈Ω̃

∑
g∈G({Ω̃′})

P̃ε(g)

−1

(4.4.11)

where P̃ε(g) = ∏(Ω̃,Ω̃′)∈g P̃ε(Ω̃, Ω̃′). From the definition of G(W) graphs above,

G({Ω̃}) is the set of all spanning trees in which there exists a unique directed path

from every Ω̃′ 6= Ω̃ to Ω̃, also known as Ω̃-trees. The probability P̃ε(Ω̃, Ω̃′) =

Pε(∂Ω, Ω)Pε(Ω, ∂Ω′), and by making use of (4.3.5) and (4.3.4),

P̃ε(Ω̃, Ω̃′) = KN exp
{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)
+ γ(Ω)

}
,

such that
1

π̃(Ω̃)
≤ Kπ exp

{
ϕ(Ω̃)

}
(4.4.12)

where

ϕ(Ω̃) = min
g∈G({Ω̃})

(N[c(g) + F(r(g))]− γ(g))− min
Ω̃′∈Ω̃

min
g∈G({Ω̃′})

(N[c(g) + F(r(g))]− γ(g))

and Kπ is a constant.

From (4.4.12) it follows that the long-run stable state or subset (corresponding to

π̃max) lies in the basin of attraction Ω̃∗ for which ϕ(Ω̃∗) = 0. The state or subset

corresponding to π̃min is that for which ϕ(Ω̃) is maximum. The following Corollary

demonstrates how to compute convergence times.

Corollary 3: Consider the an evolutionary process for which the values of the quantity

N[c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))]− γ(Ω) are as depicted in Figure 7. Then

Tc ≤ κ1 (κ2 + 4.38N) exp(4.96N),

where κ1 = 1
2 KcKTK2

π and κ2 = ln(2Kπ)− 1 are universal constants.
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b̃

1.63
1.77

3.15

4.63

4.96

0.39

c̃ã

1

Figure 7: The weight on each arrow is the quantity N (c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))) −
γ(Ω)

Proof. To compute the maximum and minimum values for the stationary distribu-

tions, we need to identify and compute the values of the minimum and maximum

cost Ω̃-tree. From Figure 7, the least cost tree is the b̃-tree {ã → b̃, c̃ → b̃}, mak-

ing b the long-run stable state (which in this specific case also corresponds to the

stochastically stable state). The respective total cost of b̃-tree is 2.02. The maximum

cost tree is the ã-tree with cost of 6.4, such that ϕ(ã) = 6.4− 2.02 = 4.38. Hence

π̃−1
min ≤ Kπ exp(4.38N).

The maximum expected waiting time corresponds to the hitting time of the path

W = {b, c} → {a} such that the maximum MW = 1.63 + 4.96 = 6.59 and MW(c) =

1.63. Implying that T ≤ KT exp(4.96N). Substituting for π̃−1
min, T and π̃−1

min ≤ Kπ

yields the result.

4.5 deterministic networks

In this section, we focus on stochastic evolution in deterministic networks. We

start by considering the case in which strategies can spread through contagion once

threshold adoption levels are attained. An action is said to be globally contagious if

it can spread to the entire population through best-response once it has been adopted

by a small subgroup of players. The focus of analysis in this section is on 2× 2 matrix

games with the general structure in Table 12 above and the case in which players care

about the average payoffs. The most relevant quantity of any given matrix game for
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the dynamics specified above is the relative payoff gains, which for the game in Table

12 is given by

ηba =
U(b, b)−U(a, b)

U(b, b)−U(a, b) + U(a, a)−U(b, a)
(4.5.1)

and ηab = 1− ηba. That is ηba is the fraction of neighbors that each player requires

to play a for that player to do likewise and vise versa for ηab. We write dme fo the

smallest integer not less than m such that for each i ∈ N with respective degree ki,

the quantity dηbakie is the minimum number of neighbors i requires to play a for i to

do likewise.

For any given network, there exists a payoff structure and hence values of relative

payoff gains ηab’s for which contagion is feasible. The maximum values of relative

payoffs for which contagion is feasible are called contagion thresholds (see [78] and

Chapter 3 above). If η∗ is the contagion threshold for a given network topology,

then any action say a for which ηba < η∗ for all b, will be contagious. Morris [78]

provides an explicit characterization of contagion threshold for various families of

networks, two of which we study below. Lelarge [68] derives similar conditions for

random networks. If the conditions for contagion are not satisfied, then the dynamic

process will exhibit additional multiple closed communication classes induced by the

network structure. We treat this case in a separate Section 4.7 below.

Figure 8: A 2-dimensions nearest neighbor interactions network.

4.5.1 n-dimensions nearest neighbor interactions

This family of networks includes as example the line and circle networks as 1-

dimensional lattices, and the 2-dimension lattice of Figure 8. Morris [78] shows the

contagion threshold for such networks to be 1
2n ; implying that in 1-dimension lattice
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networks if ηab < 1
2 for all a 6= b, then b is a contagious action. Similarly for 2-

dimensional lattice networks, if ηab < 1
4 for all a 6= b then b is a contagious action.

And so forth. The following proposition provides convergence rates for this family

of networks.

Proposition 8: Let the underlying game be 2× 2 matrix game of Table 12 and let the

updating rule be the uniform error probabilities. Let the topology of interactions be an n-

dimensions nearest neighbor interactions network Gn and that ηab < 1
2n . Then for sufficiently

large N,

(i) the expected waiting times are;

E[T(b)|x0 = a] ≤ KT
2

exp {β− ln(1− λ2(Gn))} (4.5.2)

E[T(a)|x0 = b] ≤ KT exp
{

N(β− ln 2−1)
}

(4.5.3)

(ii) the convergence time is given by

Tc ≤ κ1

(
κ2 + (N − 1)(β− ln 2−1)− ln(1− λ2(Gn))

)
exp

{
N(β− ln 2−1)

}
,

(4.5.4)

where κ1 = KcKTK2
π and κ2 = ln(2Kπ)− 1 are universal constants.

Proof. For each n-dimensions nearest neighbor interactions network Gn if an action

say b is contagious in which case ηab < 1
2n , then each player i requires only one of

their neighbor to play b for i to do likewise. Implying that a transition from a to

the boundary of the closed communication class ∂b of b can be triggered by one

player. Such that r(a, ∂b) = 1
N . Similarly, the transition b → ∂a requires all players

to simultaneously switch to playing a, since each player requires at least 1
2 n of their

neighbors to play a if they are to do likewise. Hence r(a, ∂b) = 1.

For m = 2, P = 1
2 exp(−β) such that ln(P) = −β + ln 2−1. We then have the

expected waiting times to be,

E[T(b)|x0 = a] ≤ KT exp
{

N
(

1
N

β− 1
N

ln 2−1 + F(
1
N
)

)
− ln(1− λ2(Gn))

}
=

KT
2

exp {β− ln(1− λ2(Gn))} (4.5.5)

where we have used Kb = 1 since b is globally contagious.

E[T(a)|x0 = b] ≤ KT exp
{

N
(

β− ln 2−1 + F(1)
)}

= KT exp
{

N(β− ln 2−1)
}

(4.5.6)
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where Ka = 0 since a is not globally contagious. In the case of convergence time, we

need to compute the minimum and maximum values of the stationary distribution

for subsets Ω̃, and the maximum expected waiting time. From the above expressions

of expected waiting, if β is sufficiently large (small noise) then T = E[T(a)|x0 =

b] ≤ KT exp
{

N(β− ln 2−1)
}

.

For the transition ∂a→ a we have P(∂a, a) ≈ 1 since all players have to simultane-

ously switch to play a for the transition b→ ∂a to occur. We then have

P̃ε(ã, b̃) ≈ Pε(∂a, a)Pε(a, ∂b) ≈ Pε(a, ∂b)

≤ exp
{
−N

(
1
N

β− 1
N

ln 2−1 + F(
1
N
)

)}
= Kp exp

{
−(β− ln 2−1)

}
.

(4.5.7)

P̃ε(b̃, ã) ≈ Pε(∂b, b)Pε(b, ∂a)

≤ exp
{
−N(β− ln 2−1) + Kb ln(1− λ2(Gn))

}
. (4.5.8)

where we can let Kb = 1 as b is globally contagious. Since for β sufficiently large β−
ln 2−1 <

(
N(β− ln 2−1)− Kb ln(1− λ2(Gn))

)
, the long-run stable basin of attraction

is then b̃ and hence the long-run stable state is b. Implying that ϕ(b̃) = 0 and ϕ(ã) =

N(β− ln 2−1)− ln(1−λ2(Gn))− (β− ln 2−1) = (N− 1)(β− ln 2−1)− ln(1−λ2(Gn)).

Such that
1

π̃max
≡ 1

π̃(b̃)
≤ Kπ (4.5.9)

1
π̃min

≡ 1
π̃(ã)

≤ Kπ exp
{
(N − 1)(β− ln 2−1)− ln(1− λ2(Gn))

}
(4.5.10)

Hence ln π̃−1
min = ln Kπ + (N − 1)(β− ln 2−1)− ln(1− λ2(Gn)). Substituting for T ,

π̃min and π̃max into the expression for Tc yields the result.

Proposition 8 demonstrates how the network topology plays a critical role in shap-

ing convergence rates. Unlike in the case of global interactions, local interactions

reduce the expected waiting time to and increase the exit time from the long-run sta-

ble set. This finding is not entirely surprising as it has also been shown for the case

of 1-dimension nearest neighbor interactions network by Ellison [37]. Proposition 8

however provides tighter bounds for general n-dimensions nearest neighbor interac-

tions family of networks and does not rely on the assumption of vanishing noise for

the proof as in Ellison [37].

Proposition 8 also provides an upper bound for the convergence time for n-dimensions

nearest neighbor interactions family of networks. From (4.5.4), it follows that for
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any two networks in this family say Gn and Gn′ with n > n′, if the relative payoff

gains for both networks is such that ηab < η∗ then the convergence time for Gn is

greater than that for Gn′ . This argument derives from the fact that when n > n′

then λ2(Gn) > λ2(Gn′). The result underscores the importance of high connectivity

in enhancing high convergence rates. This however is not necessarily the case when

ηab > η∗, in which case global contagion is not feasible. We treat this special case as

that of step-by-step evolution in Section 4.7 below.

4.5.2 n-dimensions l-max distance interactions

The second family of networks we consider is the n-dimensions l-max distance

interactions. That is given an n-dimensional lattice network, each player interacts

with all players who are within the distance of l steps away in all directions. See

Figure 9 for the case of n = 2 and l = 1. Morris [78] provides general expressions

for contagion thresholds for this family of networks. We focus on the case of n = 2

for various values of l. In this special case the contagion thresholds are given by

η∗ = l(2l+1)
(2l+1)2−1 for l = 1, 2, 3, · · · . It follows by inspection that if ηab = η∗ then

r(a, ∂b) =
2l(2l + 1)

N
for l = 1, 2, · · · (4.5.11)

See for example the case of n = 2 and l = 1 in Figure 9 where r(a, ∂b) = 6
N . Relation

(4.5.11) is valid so long as ηab = η∗ and that l < 1
2

√
N. The quantity

√
N is the length

and width of the 2-dimensional lattice. It follows that for ηab < η∗, r(a, ∂b) < 2l(2l+1)
N .

The following proposition is for the case when ηab = η∗.

1

Figure 9: The 2-dimensions 1-max distance interactions
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Proposition 9: Let the underlying game be 2× 2 matrix game of Table 12 and let the

updating rule be the uniform error probabilities. If the topology of interactions is the 2-

dimensions l-max distance interactions G2,l and that ηab = η∗ then:

(i) the expected waiting times are;

E[T(b)|x0 = a] ≤ KT exp {H(b)} (4.5.12)

where H(b) = 2l(2l + 1)(β− ln 2−1) + NF
(

2l(2l+1)
N

)
− ln(1− λ2(G2,l)).

E[T(a)|x0 = b] ≤ KT exp
{

N(β− ln 2−1)
}

(4.5.13)

(ii) the convergence time is given by

Tc ≤ κ1 (κ2 + ϕ(ã)) exp
{

N(β− ln 2−1)
}

, (4.5.14)

where ϕ(ã) = (N − 2l(2l + 1)) (β− ln 2−1)− NF
(

2l(2l+1)
N

)
− ln(1− λ2(G2,l)).

Proof. First note that when ηab ≥ η∗, r(b, ∂a) ≈ 1 for all l = 1, 2, · · · . By following

the same steps as in the proof of Proposition 8, we have that

E[T(b)|x0 = a] ≤ KT exp
{

N
(

2l(2l + 1)
N

(β− ln 2−1) + F
(

2l(2l + 1)
N

))
− ln(1− λ2(Gn))

}
= KT exp

{
2l(2l + 1)(β− ln 2−1) + NF

(
2l(2l + 1)

N

)
− ln(1− λ2(G2,l))

}
(4.5.15)

E[T(a)|x0 = b] ≤ KT exp
{

N
(

β− ln 2−1 + F(1)
)}

= KT exp
{

N(β− ln 2−1)
}

(4.5.16)

Similarly, for ηab = η∗, b is the long-run stable state and hence 1
π̃max

≡ 1
π̃(b̃)

≤ Kπ ,

and
1

π̃min
≡ 1

π̃(ã)
≤ Kπ exp {ϕ(ã)}

where

ϕ(ã) =
(

N(β− ln 2−1)− ln(1− λ2(G2,l))
)
−
(

2l(2l + 1)(β− ln 2−1) + NF
(

2l(2l + 1)
N

))
= (N − 2l(2l + 1)) (β− ln 2−1)− NF

(
2l(2l + 1)

N

)
− ln(1− λ2(G2,l))

Substituting for 1
π̃min

and 1
π̃min

as in the proof of Proposition 8 yields the desired

result.
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The n-dimensions l-max distance interactions networks present a good example of

effect of progressively increasing information sets of players. That is starting from

players observing only actions of the other players one step away, then two steps

away, and so forth. As l (information set) increases the expected waiting time to the

long-run stable state increases, but the convergence time decreases. As l increases

the network and hence the convergence rates tend to that of global interactions. It is

easy to show the convergence time for global interactions when ηab < ηba to be

Tc ≤ κ1

(
κ2 + (1− 2ηab)(N − 1)

(
β− ln 2−1

))
exp

{
N
(

ηba(β− ln 2−1) + F(ηba)
)}

,

(4.5.17)

which by comparison is less than the convergence time for 2-dimensions l-max dis-

tance interactions in (4.5.14) whenever l < 1
2

√
N. In fact, the convergence time for

global interactions in (4.5.17) is smaller than that for n-dimensions nearest neigh-

bor interactions network (cf. in Proposition 8) as well. The general result is then

that the convergence time for under global interactions is less than that under local

interactions whenever global contagion is feasible.

4.6 random networks

Most real world networks assume complex structures. Several authors have pro-

posed various ways to capture the properties of such networks e.g. clustering coef-

ficient and degree distribution. For our purpose, the degree distribution is the most

suitable for capturing the effect of network topology on the convergence rates. The

degree distribution P = {p(k)}k≥0 describes the number of agents in the population

with a given degree. We denote by 〈k〉 for average degree. The following definitions

related to the degree distribution are useful for the results that follow.

Definition 10: Let G and G′ be two networks with respective degree distributions P and

P′.

(i) A degree distribution P is said to first order stochastically dominate (FOSD) P′ if

∑K
k=0 p(k) ≤ ∑K

k=0 p′(k) for 1 ≤ K ≤ ∞. Or for any non-decreasing function f :

R→ R,
∞

∑
k=0

f (k)p′(k) ≤
∞

∑
k=0

f (k)p(k).

(ii) A degree distribution P is said to second order stochastically dominate (SOSD) P′ if for

any non-decreasing concave function f : R→ R, ∑∞
k=0 f (k)p′(k) ≤ ∑∞

k=0 f (k)p(k).

(ii) A degree distribution P is said to be a mean preserving spread (MPS) of P′ if P′ SOSD

P and that both have the same mean.
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The following proposition provides the relationship between degree distributions

and convergence rates.

Proposition 10: Let G and G′ be two networks with respective degree distributions P

and P′ and let the underlying game be 2× 2 matrix game of Table 12 with ηab < 1
2 . We write

EG for the expected value under network topology G and Tc(G) for convergence time under

G

(i) if P FOSD (or SOSD) P′, then EG[T(b)|x0 = a] ≥ EG′ [T(b)|x0 = a]

(ii) if P MPS P′ or P′ FOSD P, then Tc(G) ≤ Tc(G′)

Proof. (i). For a given value of ηab < 1
2 , the quantity r(a, ∂b) is an increasing func-

tion of network connectivity. This is clearly evidenced in the analysis of deterministic

networks of Section 4.5. For example under 1-dimensions nearest neighbor interac-

tions network r(a, ∂b) = 1
N while under global interactions r(a, ∂b) ≈ ηab. We thus

write r(a, ∂b) := f (〈k〉), where f is an non-decreasing function in 〈k〉. Since P FOSD

(or SOSD) P′ implies that 〈k〉 ≥ 〈k′〉, it follows that rG(a, ∂b) under G is greater

than rG′(a, ∂b) under G′. Since P is identical in both cases, EG[T(b)|x0 = a] ≥
EG′ [T(b)|x0 = a].

(ii). When ηab < 1
2 , all players for whom dηbakie ≥ ki require all their neighbors to

switch to a for them to do likewise. Denote by Nba(G) for the subset of players for

whom dηbakie ≥ ki given the network G. That is

Nba(G) = {i ∈ N : dηbakie ≥ ki}.

Let k̄a be an integer such that all i for whom ki ≤ k̄a belong to Nba(G). Write

Nba(G) for the cardinality of Nba(G), that is Nba(G) = N ∑k̄a
k=0 p(k) . For a given

network, hence k̄a, Nba(G) is a non-increasing function of average degree 〈k〉. That

is Nba(G) := f (〈k〉) where f is non-increasing in 〈k〉. For P FOSD (or SOSD) P′,

Nba(G) ≤ Nba(G′), and since rG(b, ∂a) is an increasing function of Nba(G) then

rG(b, ∂a) ≤ rG′(b, ∂a).

It then follows that for a given P hence β, EG[T(a)|x0 = b] ≤ EG′ [T(a)|x0 = b].

Note also that for a given network say G, EG[T(a)|x0 = b] ≥ EG[T(b)|x0 = a]

whenever ηab < 1
2 . Such that the maximum expected waiting time for G and G′ are

EG[T(a)|x0 = b] and EG′ [T(a)|x0 = b] respectively. Consequently TG ≤ TG′ .

We then need to establish the relationships for the minimum and maximum values

of the stationary distributions. First note that since b̃ is the long-run stable subset



94 convergence rates for stochastic evolution in networks

and hence b is the long-run stable state, 1
π̃max

≡ 1
π̃(b̃)
≤ Kπ for both networks. We

then have that for each network,

1
π̃min

≡ 1
π̃(ã)

≤ Kπ exp {ϕG(ã)}

where

ϕG(ã) =
[

NcG(b, ∂a) + NF(rG(b, ∂a))− ln(1− λ2(G))

]
−
[

NcG(a, ∂b) + NF(rG(a, ∂b))

− Ka ln(1− λ2(G))

]
= N

[
rG(b, ∂a)− rG(a, ∂b)

]
(β− ln 2−1) + N

[
F(rG(b, ∂a))− F(rG(a, ∂b))

]
−
[
(1− Ka) ln(1− λ2(G))

]
where we have again taken Kb = 1, and Ka < 1. Similarly,

ϕG′(ã) = N
[

rG′(b, ∂a)− rG′(a, ∂b)
]
(β− ln 2−1) + N

[
F(rG′(b, ∂a))− F(rG′(a, ∂b))

]
−
[
(1− Ka) ln(1− λ2(G′))

]
Since rG(b, ∂a) ≤ rG′(b, ∂a) and rG(a, ∂b) ≥ rG′(a, ∂b), it follows that

rG(b, ∂a)− rG(a, ∂b) ≤ rG′(b, ∂a)− rG′(a, ∂b)

Similarly, since P MPS P′ or P′ FOSD P implies that (1 − λ2(G′)) ≤ (1 − λ2(G))

and hence − ln(1− λ2(G′)) ≥ − ln(1− λ2(G)). It then follows that ϕG(ã) ≤ ϕG′(ã),

consequently Tc(G) ≤ Tc(G′)

The result in Proposition 10 supplements that for deterministic networks above.

That is, the expected waiting times to the long-run stable set is shorter for sparsely

connected than highly connected networks. Similarly, the convergence time is longer

for sparsely connected than highly connected networks. The method of characteriza-

tion is however complementary. Several authors have characterized the effect of net-

work topologies on individual behavior and payoff in terms of degree distributions

and using stochastic dominance relations (e.g Jackson and Yariv [55]). Proposition 10

provides similar characteristic analysis but for convergence rates, such that once the

degree distributions of any two networks is known, then a comparative analysis of

convergence rates can be performed.
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4.7 step-by-step evolution

When global contagion is not feasible, that is when ηab > η∗ for any pair of actions

a 6= b, the network enhances the number of closed communication classes. Take

for example the case of 2-dimensions nearest neighbor interactions network, if both

ηab > η∗ and ηba > η∗ then global contagion is not feasible. Under this condition,

if ηab < ηba then all states in which one or more enclaves of four players all play b

become closed communication classes. To get from an all a state to an all b state,

the chain goes through these intermediate closed communication classes induced

by the network topology. It may seem at first that the presence of such intermediate

states will lead to slow convergence rates when compared to making direct transition

say from a → b. On the contrary however, these intermediate states do speed-up

evolution between closed communication classes induced by the payoff structure.

This phenomenon was referred to as step-by-step evolution by Ellison [38]. Below, we

use a specific example to illustrate the convergence rates in step-by-step evolution.

We consider a set of eight agents whose interactions are governed by the net-

work topology in Figure 10, and playing a pure coordination game in Table 12.

The network can be divided into two cohesive subgroups g1 = {1, 2, 3, 4, 5} and

g2 = {6, 7, 8, 9, 10}. A player i belongs to a given cohesive subgroup if and only if

at least half of i’s interactions are with members of that subgroup. The contagion

threshold for this network is 1
3 . That is if ηab ≤ 1

3 then starting from a, global conta-

gion to occurs when at least one player (from any of the subgroups) plays b Hence

for ηab ≤ 1
3 , r(a, ∂b) = 1

10 . When 1
3 < ηab < 1

2 , global contagion is no longer fea-

sible, though local contagion (within cohesive subgroups) can occur. We use this

situation to demonstrate the rates of convergence under step-by-step evolution. For
1
3 < ηab < 1

2 , there are two additional closed communication classes to a and b; a1

and a2 in which all members of g1 play a while those in g2 all play b and vise versa

for a2.

Corollary 4: Let the underlying game be 2× 2 matrix game of Table 12 with 1
3 < ηab <

1
2 . Let the updating rule be the uniform error probabilities, and the topology of interactions

be that in Figure 10. Then

(i) the expected waiting times are;

E[T(b)|x0 = a] ≤ KT exp {2β− 3.6} (4.7.1)

E[T(a)|x0 = b] ≤ KT exp {4(β− 1)} (4.7.2)
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Figure 10: A general network with two cohesive subgroups

(ii) the convergence time is given by

Tc ≤ κ1 (κ2 + ϕ(ã)) exp {4(β− 1)} , (4.7.3)

where ϕ(ã) = 4β− 0.8.

Proof. For 1
3 < ηab < 1

2 , the normalized radii are as follows: r(a, ∂b) = 4
10 (two

players from g1 and g2 play b), r(b, ∂a) = 8
10 (four players from g1 and g2 play b),

r(a, ∂a1) = 2
10 = r(a, ∂a2), r(b, ∂a1) = 4

10 = r(b, ∂a2), r(a1, ∂a) = 4
10 = r(a2, ∂a),

r(a1, ∂b) = 2
10 , r(a2, ∂b) = 1

10 , r(a1, ∂a2) =
6

10 and r(a2, ∂a1) =
5

10 . Figure 11 plots the

quantity c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′)) for β = 5.

(i). The expected waiting time from a to b is equivalent to letting W = {a, a1, a2}
and Wc = {b}, then computing E[T(Wc)|x0 = a]. The least cost tree from a to Wc is

{a → a2 → b, a1 → b} and {a1 → b, a2 → b} minimizes MW(a). Such that Mw and

MW(a) are respectively

MW = [c(a, ∂a2)+ F(r(a, ∂a2))]+ [c(a2, ∂b)+ F(r(a2, ∂b))]+ [c(a1, ∂b)+ F(r(a1, ∂b))]

MW(a) = [c(a1, ∂b) + F(r(a1, ∂b))] + [c(a2, ∂b) + F(r(a2, ∂b))]

Hence,

HW(a) = MW −MW(a) = c(a, ∂a2) + F(r(a, ∂a2)) =
1
5

β− 0.36
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Figure 11: Each arc’s weight is the quantity c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′)) for β = 5

Implying that E[T(Wc)|x0 = a] ≤ KT exp
{

10
(

1
5 β− 0.36

)}
= KT exp {(2β− 3.6)}.

Where the factor of 10 is the number of agents.

The expected waiting from b to a is equivalent to letting W = {b, a1, a2} and

Wc = {a}, then computing E[T(Wc)|x0 = b]. The least cost tree from b to Wc is

{a2 → b → a1 → a} and {a2 → b → a1} minimizes MW(b). Such that Mw and

MW(b) are respectively

MW = [c(a2, ∂b)+ F(r(a2, ∂b))]+ [c(b, ∂a1)+ F(r(b, ∂a1))]+ [c(a1, ∂a)+ F(r(a1, ∂a))]

MW(a) = [c(a2, ∂b) + F(r(a2, ∂b))] + [c(b, ∂a1) + F(r(b, ∂a1))]

Hence,

HW(a) = MW −MW(a) = c(a1, ∂a) + F(r(a1, ∂a)) =
2
5

β− 0.36

Implying that E[T(Wc)|x0 = b] ≤ KT exp
{

10
( 2

5 β− 0.4
)}

= KT exp {4 (β− 1)}.

(ii). The maximum expected waiting time is for the transition from b to a, hence

T ≡ E[T(Wc)|x0 = b] ≤ KT exp {4 (β− 1)}. Since b is the long-run stable state,

then 1
π̃max

≡ 1
π̃(b̃)
≤ Kπ . Also, {a2 → b → a1 → a} is the least cost tree for G({a)

and {a→ a2 → b, a1 → b} for G({b). Such that

1
π̃min

≡ 1
π̃(ã)

≤ Kπ exp {ϕG(ã)}
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where

ϕG(ã) = 10
{
[c(a2, ∂b) + F(r(a2, ∂b))] + [c(b, ∂a1) + F(r(b, ∂a1))] + [c(a1, ∂a) + F(r(a1, ∂a))]

− [c(a, ∂a2) + F(r(a, ∂a2))] + [c(a2, ∂b) + F(r(a2, ∂b))] + [c(a1, ∂b) + F(r(a1, ∂b))]
}

= 10
{[

4
5

β− 0.8
]
−
[

2
5

β− 0.72
]}

= 10
{

2
5

β− 0.08
}

(4.7.4)

Corollary 4 underscores the role played by intermediate closed communication sets

induced by the topology of the network in increasing convergence rates. If the chain

is to be restricted to the direct transition from a to b rather than through intermediate

closed communication sets, then the expected waiting time would be

E[T(b)|x0 = a] ≤ KT exp
{

10
(

4
10

(
β− ln 2−1

)
+ F

(
4

10

))}
= KT exp {4(β− 1)}

which is greater than the expected waiting time in (4.7.1) for the case with intermedi-

ate limit states. A similar argument follows for E[T(a)|x0 = b].

In comparison to the case in which the 10 players interact globally, from (4.5.17)

we have

Tc ≤ κ1

(
κ2 + 9(1− 2ηab)

(
β− ln 2−1

))
exp

{
10
(

ηba(β− ln 2−1) + F(ηba)
)}

,

(4.7.5)

Such that for 1
3 < ηab < 1

2 , which is equivalent to 1
2 < ηba <

2
3 , Tc in (4.7.5) is greater

than Tc in (4.7.3) for β sufficiently large. Unlike in the case of local interactions

in which global contagion is feasible above, for local interactions with step-by-step

evolution the convergence time is shorter than under global interactions. Clearly, the

presence of cohesive subgroups reduces the convergence time and this result general-

izes to all networks with cohesive subgroups. The intuition behind the result is that

the presence of intermediate closed communication classes reduces the resistance

(sizes of basins of attraction) hence the minimum exit time for all closed communica-

tion classes involved, including the long-run stable set. This effectively reduces the

expected waiting time between any pair of closed communication classes, hence the

time it takes the chain to mix.
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4.8 concluding remarks

This Chapter studies extensively the convergence rates for stochastic evolution in

networks. We identify the payoff gains, noise level and network topology to be the

key factors. Unlike previous analysis in the literature that focused on limit noise,

we place emphasis on keeping the noise levels positive. Analysis that relies on limit

noise fails to capture some aspects of evolutionary dynamics in networks. The net-

work topology and payoff gains interactively determine whether or not an action is

globally contagious. Globally contagious action are those with the highest payoff

gains, hence are also those that are played in the long-run.

Several insightful results derive from our analysis. First, for given payoff gains,

the more sparsely connected a network is the more likely that an action with the

highest payoff gain is globally contagious. When global contagion is feasible, the

expected waiting times from any other closed communication class to the long-run

stable closed communication class are independent of the population size. For a

given family of networks, global contagion also implies that the expected waiting

time for highly connected network is shorter than for sparsely connected networks.

Secondly, Whenever global contagion is feasible, sparsely connected networks tend to

have longer convergence time than highly connected networks, longer than even the

case of global interactions. Finally, if the payoff gains and network topology induce

multiple intermediate closed communication classes, that is when global contagion

is infeasible, then the convergence time is faster than both under global interactions

and other interaction networks in which global contagion is feasible. Possible exten-

sions to this Chapter include generalizations to other models of mistakes, beyond the

uniform mistakes model we have considered.

4.9 appendix

4.9.1 Proof of Lemma 10

Given that the chain is in some state x of Ω, let a be the action that should be

played by at least R(Ω, ∂Ω′) players for the transition Ω → Ω to occur. If we let

Ii be a binary random variable taking on values one with probability P and zero

otherwise, then

Pε(Ω, ∂Ω′) = P

(
N

∑
i=1

Ii = R(Ω, ∂Ω′)

)
. (4.9.1)
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The expression for the right hand side of (4.9.1) can be established using techniques

for concentration bounds. From Binomial probabilities, we have (we write R for the

short form of R(Ω, ∂Ω′))

P

(
N

∑
i=1

Ii = R(Ω, ∂Ω′)

)
=

N!
R!(N − R)!

PR(1−P)N−R (4.9.2)

Using Sterling’s approximation we have

N!
R!(N − R)!

≈ NN
√

2πNe−N

RR
√

2πRe−R(N − R)N−R
√

2π(N − R)e−(N−R)

=
NN

RR(N − R)N−R

√
N

2πR(N − R)

=

√
N

2πR(N − R)
exp (N ln N − R ln R− (N − R) ln(N − R))

=

√
1

2πr(1− r)N
exp {−N (r ln r− (1− r) ln(1− r))}

We let KN = 1√
2πr(1−r)N

, and by rewriting

PR(1−P)N−R = exp {N (r ln P + (1− r) ln(1−P))} ,

we then have

Pε(Ω, ∂Ω′) ≈ KN exp
{

N
(

r ln P − r ln r + (1− r)
ln(1−P)

ln(1− r)

)}
≈ KN exp {N (r ln P − r ln r− (1− r) ln(1− r))}
= KN exp

{
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)}
where c(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln P and F(r) = r ln r− (1− r) ln(1− r).

4.9.2 Proof of Theorem 3

The proof of Theorem 3 follows from Lemma 9 and (4.3.6). Given the expressions

for Pε(Ω, Ω′)

Pε(g) = ∏
(Ω,Ω′)∈g

Pε(Ω, Ω′) ≈ K1 exp

 ∑
(Ω,Ω′)∈g

(
−N

(
c(Ω, ∂Ω′) + F(r(Ω, ∂Ω′))

)
+ γ(Ω′)

)
(4.9.3)
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where K1 = (KN)
#g. For any W 6= ∅, any Ω ∈W,

E[T(Wc)| x0 ∈ Ω] =

 ∑
Ω′∈W

∑
g∈GΩ,Ω′ (W∪{Ω′})

Pε(g)

 ∑
g∈G(W)

Pε(g)

−1

≤ KT
maxΩ∈W maxg∈GΩ,Ω′ (W∪{Ω′}) Pε(g)

ming∈G(Wc) Pε(g)

= KT exp

{
min

g∈G(Wc)
ψ(g)− min

Ω′∈W
min

g∈GΩ,Ω′ (W∪{Ω′})
ψ(g)

}

where KT is some constant;

KT =
(#W)(#GΩ,Ω′(W ∪ {Ω′}))

#G(Wc)
.

4.9.3 Proof of Theorem 4

The proof bounds mixing times of Markov chains appear in various version in the

literature, see for example Levin et al. [70]. Here, we are interested in the properties

of the reduced chain (Ω̃, P̃ε) with stationary distribution π̃. The formal definition of

(Ω̃, P̃ε) is as follows (a generalization of the collapsed Markov chain in Aldous and

Fill [4, Chapter 2]):

P̃ε(x, y) = Pε(x, y), (4.9.4a)

P̃ε(y, Ω̃) = ∑
x∈Ω̃

Pε(y, x), (4.9.4b)

P̃ε(Ω̃, y) =
1

π(Ω̃)
∑

x∈Ω̃

π(x)Pε(x, y), (4.9.4c)

P̃ε(Ω̃, Ω̃′) =
1

π(Ω̃)
∑

x∈Ω̃
∑

y∈Ω̃′
π(x)Pε(x, y) (4.9.4d)

The following lemma is an immediate consequence of the above definition of a

collapsed Markov chain.

Lemma 11: Let π and π̃ be the stationary distributions of (X, P̃ε) and (Ω̃, P̃ε) respectively.

Then for any Ω̃ ∈ Ω̃, π̃(Ω̃) = π(Ω̃) = ∑x∈Ω̃ π(x)

Proof. Note that π(Ω̃) = ∑x∈Ω̃ π(x). Let #X and #Ω̃ be the cardinalities of X and Ω̃

respectively. Define an event matrix E as an #X× #Ω̃ matrix whose entries take on

a value one if a state x belongs to Ω̃ and zero otherwise. Denote by EΩ̃ for the Ω̃th

column of E . It then follows that P̃εE = E P̃ε, and that

π(Ω̃) = πEΩ̃ ∀ Ω̃ ∈ Ω̃
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Consequently, πE = πP̃εE = πE P̃ε. Implying that πE is the stationary distribution

of P̃ε, hence π̃ = πE .

Since P̃ε is not symmetric, the first step of the proof is to transform P̃ε into a

symmetric matrix. We can then exploit spectral properties of symmetric matrices.

From reversibility of P̃ε and hence P̃ε, that is π̃(Ω̃)P̃ε(Ω̃, Ω̃′) = π̃(Ω̃′)P̃ε(Ω̃′, Ω̃)

Recall that P̃ε is reversible. That is given the stationary distribution π̃,

π̃(Ω̃)P̃ε(Ω̃, Ω̃′) = π̃(Ω̃′)P̃ε(Ω̃′, Ω̃) ∀Ω̃, Ω̃′ ∈ Ω (4.9.5)

We can define an equivalent symmetric matrix S such that

S(Ω̃, Ω̃′) =

√
π̃(Ω̃)

π̃(Ω̃′)
P̃ε(Ω̃, Ω̃′) (4.9.6)

The reason for introducing S is to be able to exploit the properties of symmetric matri-

ces, particularly the spectral theorem stating that, for symmetric matrices, there exists

a set of orthonormal basis {ui}|Ω|i=1, such that ui is an eigenfunction corresponding to

the real eigenvalue µ̃i.

Now, let us denote the diagonal matrix with elements π̃(Ω̃) by D, then we have

S = D
1
2 P̃εD−

1
2 (4.9.7)

Let fi = D−
1
2 ui, (where ui’s are eigenfunctions of S) it follows that fi is an eigenfunc-

tion of P̃ε corresponding to eigenvalue µ̃i, and that fi’s are orthonormal with respect

to π̃. That is

P̃ε fi = P̃εD−
1
2 ui = D−

1
2

(
D

1
2 P̃εD−

1
2

)
ui = D−

1
2 Sui = D−

1
2 µ̃iui = µ̃i fi. (4.9.8)

To prove orthonormality of the functions fi’s with respect to π̃, its useful to take

note of the following definition of the inner product.

Let 〈., .〉 denote the inner product on RΩ, that is

〈 f , g〉 = ∑
Ω̃∈Ω

f (Ω̃)g(Ω̃), (4.9.9)

then we can define the inner product with respect to the distribution π̃ as

〈 f , g〉π̃ = ∑
Ω̃∈Ω

f (Ω̃)g(Ω̃)π̃(Ω̃). (4.9.10)

Let δi,j denote the Dirac delta function (that is δi,j = 1 if and only if i = j), then

δi,j =
〈
ui, uj

〉
=
〈

D
1
2 fi, D

1
2 f j

〉
= ∑

Ω̃∈Ω

π̃(Ω̃)
1
2 f (Ω̃)π̃(Ω̃)

1
2 g(Ω̃) = ∑

Ω̃∈Ω

f (Ω̃)π̃(Ω̃)g(Ω̃)

= 〈 f , g〉π̃ . (4.9.11)
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Note that P̃t
ε(Ω̃, Ω̃′) is the Ω̃, Ω̃′ element of P̃t

ε, implying that P̃t
ε(Ω̃, Ω̃′) = (P̃t

εδΩ̃′)(Ω̃);

where δΩ̃′(Ω̃) is a Dirac function assuming the value of unity for Ω̃ = Ω̃′ and zero

otherwise. Notice also that δΩ̃′ belongs to the inner product space V = (RΩ, 〈., .〉π̃),
and since the set { f1, · · · , f|Ω|} is an orthonormal basis of V, then δΩ̃′ can be written

via basis decomposition as

δΩ̃′ =
η

∑
i=1
〈δΩ̃′ , fi〉π̃ fi =

η

∑
i=1

fi(Ω̃′)π̃(Ω̃′) fi (4.9.12)

Substituting (4.9.12) and P̃t
ε fi = µ̃t

i fi gives P̃t
ε(Ω̃, Ω̃′) as

P̃t
ε(Ω̃, Ω̃′) =

η

∑
i=1

fi(Ω̃′)π̃(Ω̃′)µ̃t
i fi(Ω̃) = π̃(Ω̃′) +

η

∑
i=2

fi(Ω̃′)π̃(Ω̃′)µ̃t
i fi(Ω̃) (4.9.13)

Taking the absolute values of (4.9.13) yields

∣∣P̃t
ε(Ω̃, Ω̃′)− π̃(Ω̃′)

∣∣ = η

∑
i=2

∣∣ fi(Ω̃′)π̃(Ω̃′) fi(Ω̃)µ̃t
i | ≤

η

∑
i=2

∣∣ fi(Ω̃′)π̃(Ω̃′) fi(Ω̃)||µ̃2|t

≤ π̃(Ω̃′)

[
η

∑
i=2

f 2
i (Ω̃

′)
η

∑
i=2

f 2
i (Ω̃)

] 1
2

|µ̃2|t (4.9.14)

(4.9.15)

where the last inequality follows from Cauchy-Schwarz inequality. Following from

the definition of inner product together with that of δΩ̃′(Ω̃) in (4.9.12), and relying

on the orthonormality of the set fi, we have

π̃(Ω̃′) = 〈δΩ̃′ , δΩ̃′〉 =
〈

η

∑
i=1

fi(Ω̃′)π̃(Ω̃′) fi,
η

∑
i=1

fi(Ω̃′)π̃(Ω̃′) fi

〉
= π̃(Ω̃′)2

η

∑
i=1

fi(Ω̃′)2

(4.9.16)

The implication is that ∑
η
i=2 fi(Ω̃′)2 ≤ 1

π̃(Ω̃′) , and consequently

∣∣P̃t
ε(Ω̃, Ω̃′)− π̃(Ω̃′)

∣∣ ≤ π̃(Ω̃′)√
π̃(Ω̃)π̃(Ω̃′)

|µ̃2|t (4.9.17)

Such that if Ω̃0 is the initial state of (Ω̃, P̃ε) with respective stationary distribution of

π̃(Ω̃0), then

∣∣∣∣s0P̃t
ε − π̃

∣∣∣∣ = 1
2 ∑

Ω̃′∈Ω

|P̃t
ε(Ω̃0, Ω̃′)− π̃(Ω̃′)| ≤ 1

2 ∑
Ω̃′∈Ω

π̃(Ω̃′)√
π̃(Ω̃0)π̃(Ω̃′)

|µ̃2|t ≤
1
2

1
π̃min

|µ̃2|t

where the last inequality follows from the fact that π̃(Ω̃0)π̃(Ω̃′) ≤ minΩ̃∈Ω̃ π̃(Ω̃)2 =

π̃min.
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For
∣∣∣∣s0P̃t

ε − π̃
∣∣∣∣ ≤ v, then 1

2
1

π̃min
|µ̃2|t ≤ v. Consequently, the convergence time is

Tc ≤
ln (2vπ̃min)

ln |µ̃2|
(4.9.18)
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B E L I E F S D Y N A M I C S I N C O M M U N I C AT I O N N E T W O R K S 1

Abstract: We study the dynamics of individual beliefs and information aggre-

gation when agents communicate via a social network. We provide a general

framework of word-of-mouth communication and learning that captures the in-

teractive effects of three main factors on the structure of individual beliefs result-

ing from such a dynamic process; that is historical factors—prior beliefs, learning

mechanisms—rational and bounded-rational learning, and the topology of communi-

cation structure governing information exchange. More specifically, we provide

conditions under which heterogeneity and consensus prevail. We then establish

conditions on the structures of the communication network, prior beliefs and pri-

vate information for public beliefs to correctly aggregate decentralized informa-

tion. The speed of learning is also established, but most importantly, its implica-

tions on efficient information aggregation.

5.1 introduction

Individual beliefs play a significant role in determining public opinions and de-

cisions made under uncertainty, both of which in turn shape social welfare. For

example the level of heterogeneity in beliefs about government policies such as pub-

lic health and social integration initiatives affects their implementation. Decision

making under uncertainty is a ubiquitous problem in economics and social settings.

Examples include consumer decisions on a brand choice; adoption of agricultural

products and information technologies; investment as well as legislative decisions

among others. Our goal in this Chapter is to provide a comprehensive yet fun-

damental framework for characterizing the evolution of individual beliefs through

word-of-mouth communication, and to establish conditions under which the result-

ing public beliefs correctly and efficiently aggregate decentralized information.

1 This Chapter has been published in UNU-MERIT working paper series: Opolot and Azomahou [90]

105
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There are mainly three factors that influence the evolution of individual beliefs

through word-of-mouth communication; historical factors—prior beliefs, the learning

mechanism (the manner in which individuals incorporate new information into their

beliefs)—-rational or bounded-rational learning, and the topology of communication

structure governing information exchange. To this we construct a comprehensive

theoretical model that is fundamental enough to capture the main properties and

general enough to enable us compare and contrast the properties of beliefs result-

ing from rational and bounded-rational learning. There exists a true state of nature

unknown to all agents about which they update their beliefs. Agents possess hetero-

geneous prior beliefs that are not necessarily correlated to the true state of nature.

Each agent receives private information that is informative about the true state of

nature, and in turn updates their prior belief. The resulting private beliefs are then

simultaneously communicated (or simply announced) to the immediate neighbors.2

After observing the neighbors’ announcements, each agent incorporates the commu-

nicated beliefs into their private beliefs either by deducing the associated private

signal in the case of rational learning, or by taking the weighted average of the

announcements in the case of bounded-rational learning. The communication and

learning process continues until none of the agents has new information to learn

from the announcements of his neighbors, in which case their beliefs become “local

public information”. To differentiate private beliefs from beliefs that result at the end

of the learning process, we refer to the later as public beliefs since they become public

information at least to the first-order neighbors.

Unlike previous studies that focused on each of the three factors separately, the

generalized framework we provide directly establishes an explicit characterization

of how the three factors interactively shape individual beliefs. We also provide a

stylized model for an exit game in which economic agents partially rely on their level

of confidence in their beliefs in deciding whether or not to take an action (e.g. in-

vesting in a given project) or wait to collect more information. The waiting process

is however costly, such each agent has to choose the optimal waiting time to taking

an action. The purpose of this stylized model is to provide a characterization of the

effect of the learning mechanisms and the topology of the communication structure

on the efficiency of information aggregation. We start by making generalizations

of some of the existing results in the literature. More specifically, we establish the

structure of public beliefs under rational learning when agents are either certain or

uncertain about others’ prior beliefs. We then extend existing results on bounded-

rational learning to dynamic communication networks. The main contribution of

2 A private belief is what results after an agent incorporates his private information into his prior belief.
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the Chapter is the theorems providing the conditions on prior beliefs, private in-

formation and communication network structure for public beliefs to correctly and

efficiently aggregate decentralized information. Public beliefs are said to be correct

or to correctly aggregate private information if they fully incorporate private infor-

mation of all agents, and asymptotically correct if in the limit of the population size,

they converge in probability to the true state of nature. To compare the efficiency of

information aggregation, we construct a simple decision problem in which agent’s

utility is the expected loss from mismatch between their actions and the true state of

nature.

5.1.1 Summary of results

We now provide a summary of our findings. Proposition 5 provides the expres-

sions for the structure of public beliefs under rational learning for finite population.

When the communication network is common knowledge and connected, then a con-

sensus in public beliefs arises only if the prior beliefs are identical and observable to

the neighbors. It is not necessary for prior beliefs to be common knowledge among

all agents for a consensus to emerge provided they are observable to the neighbors.

Proposition 5 also shows that when the communication network is complete, a con-

sensus in public beliefs obtains under uncertainty of prior beliefs provided the real-

ized prior beliefs are identical and correlated. Heterogeneity in public beliefs arises

under two cases. The first case is when the realized prior beliefs of neighbors are

observable but heterogeneous, and the second case is when the realized prior beliefs

are identical but not observable to the neighbors.

In Proposition 11, we generalize the bounded-rational learning models to dynamic

communication networks. We show that provided the switching strategy is such that

there exists a positive probability of realizing a connected network, then a consensus

will obtain in a long-run.3 Public beliefs will be heterogeneous otherwise.

In Theorems 6 and 7, we establish conditions for public beliefs to be asymptoti-

cally correct. That is conditions under which public beliefs converge in probability

for a large population size to the true state of nature. Under rational learning, public

beliefs will be asymptotically correct even when agents are uncertain of others’ prior

beliefs provided the prior beliefs and signals are independently distributed and of

finite spaces. The topology of the communication network does not affect correctness

of asymptotic public beliefs provided that it is common knowledge and connected.

3 A switching strategy is a function that maps an agent’s current position in the network (or simply the

current neighborhood) to another position in the next period.
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Contrary to rational learning, under bounded-rational learning, the topology of the

communication network plays a significant role in determining correctness of public

beliefs. We show that the network must be perfectly balanced and asymptotically bal-

anced for public beliefs and asymptotic public beliefs respectively to be correct. We

then characterize classes of networks that satisfy perfect and asymptotic balanced-

ness conditions. In addition to restrictions on the network topology, we also find

that under bounded-rational learning, public beliefs are asymptotically correct if and

only if the prior beliefs are correlated to the true state of nature. Specifically, agents

prior beliefs must be normally distributed with mean equal to the true state of nature

and with finite variance.

In section 5.5 we compare the efficiency of private information aggregation by

public beliefs under rational and bounded-rational learning. We show that the price

of rationality, which we define as the ratio of expected social welfare under rational

learning to the expected social welfare under bounded-rational learning, is an inverse

function of the population size. Implying that the larger the population, the higher is

the relative benefit of having an economy made up of rational agents. We show that

the speed at which private information is aggregated is faster under rational learning

than under bounded-rational learning.

5.1.2 Relation to the literature

This Chapter contributes to the existing literature in several ways. First, it is closely

related to the literature on knowledge and consensus (e.g Geanakoplos and Polemar-

chakis [47], Parikh and Krasucki [92] and Krasucki [62]). Geanakoplos and Polemar-

chakis [47] showed that repeated communication of posterior beliefs between two

agents who start with a common prior will eventually lead to a consensus in their

public beliefs. Parikh and Krasucki [92] generalize the framework of Geanakoplos

and Polemarchakis [47] to the case in which agents communicate a general family of

functions that map information sets to messages, of which posterior beliefs are a spe-

cial case. They then establish conditions on such functions under which a consensus

in public beliefs obtains. Krasucki [62] extends the framework of Parikh and Kra-

sucki [92] to multiple agents who communicate sequentially through a protocol that

determines the sender and receiver. They show that if the communication protocol

does not consist of cycles, then a consensus in public beliefs obtains.4 In all the above

models, communication is sequential. That is it is defined by a protocol that selects

4 A cycle is a closed path, where a path from agent i to agent j is a connected set of links starting from i and

ending in j.
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a pair of agents (a sender and a receiver) and in each period only one of them is

active. This is contrary to the case here in which agents act simultaneously. The sec-

ond general difference is that in the above papers, private information is represented

by an information set which is defined by a partition of the state space. Such rep-

resentation of private information typically leads to multidimensional information

structure, which implies that communication can take multiple rounds even in the

case of two agents before a consensus in beliefs is finally reached. On the contrary we

adopt a simpler information structure that allows us to focus on the main questions

concerning learning in general networks and properties of public beliefs. Indeed, as

in Geanakoplos and Polemarchakis [47] and Parikh and Krasucki [92] we find that

when the communication network is complete or rather when posterior beliefs an-

nouncements are public, a consensus emerges provided prior beliefs are common

knowledge and identical. But as an extension to this result, we show that it is not

necessary for agents to be certain of others’ prior beliefs for a consensus to obtain.

All that matters is that prior beliefs are correlated and that the realizations are iden-

tical. When the communication network is not complete, we find as in Krasucki [62]

that the network must be connected if a consensus is to obtain. We then characterize

conditions for heterogeneity and correctness in public beliefs to obtain.

Secondly, this Chapter is related to the literature on Bayesian learning with ra-

tional agents in social networks (e.g Gale and Kariv [46], Rosenberg et al. [95] and

Mueller-Frank [80]). Just as we do in this here, these papers also consider simultane-

ous communication among agents but with the difference that agents communicate

their actions rather than the posterior beliefs.5 These papers also consider a multi-

dimensional information structure as in the case of the models on knowledge and

consensus above. The primary focus of this literature is on the uniformity and local

indifference in the actions chosen by the agents at the end of the learning process,

which is contrary to our focus on public beliefs. Nevertheless, some of our findings

extend directly to situations where agents communicate actions rather than posterior

beliefs.6 Rosenberg et al. [95] and Mueller-Frank [80] show that under the assump-

tions of connected network, common prior, common knowledge of strategies and

network topology, heterogeneity in agents’ actions at the end of learning process

5 There also exists a literature on sequential Bayesian learning in which agents make a decision once in a

lifetime in an exogenously predefined order. When it is an agent’s turn to act, he observes the history of

actions of all agents that acted before him. The primary concern of this literature is establishing conditions

under which informational cascades and herds behavior occurs. The main contributions are Banerjee [13],

Bikhchandani et al. [16], Smith and Sorensen [109] and Acemoglu et al. [2].
6 This is particularly true because communicating posterior beliefs is equivalent to communicating actions

when the action space is rich (for example the continuous action space) and/or when strategies are com-

mon knowledge as in the case partly considered by Mueller-Frank [80].
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arises from. Here, we show that heterogeneity in public beliefs hence actions (see

section 5.5.2) can also arise from heterogeneity and uncertainty of prior beliefs.

Thirdly, this Chapter is related to the literature on agreement and disagreement

under Bayesian rational learning (e.g Dixit and Weibull [34], Cripps et al. [31], Ace-

moglu et al. [1] and Sethi and Yildiz [103]). Cripps et al. [31] and Acemoglu et al. [1]

study the validity of observational learning as a justification for the common prior

assumption generally employed in most economics models. That is, individuals

that share their experiences with each other will eventually have a shared history of

events that are informative about the state of nature, and this will in turn lead to an

agreement on their beliefs about the true state of nature. The framework employed

by Cripps et al. [31] and Acemoglu et al. [1] to model this claim consists of two

agents who observe a sequence of either private or public signals that are necessarily

informative about the true state of nature. Cripps et al. [31] show that when both

agents observe a sequence of correlated private signals then their beliefs converge to

a common public belief provided that the signal space is finite. Acemoglu et al. [1]

show that if agents start with heterogeneous prior beliefs, then observe a sequence

of public signals and that they are uncertain about signal interpretation, then they

do not necessarily converge to a common public belief. In our framework, rather

than agents having to observe and learn from exogenously “communicated” signals,

they instead learn endogenously through direct communication with their immedi-

ate neighbors in the network. Our framework for rational learning is thus similar

to that of Cripps et al. [31] and Acemoglu et al. [1], whereby an infinite sequence

of signals corresponds to an infinite set of agents each of whose private informa-

tion is realized independently of the others. There is a difference in terms of the

“time factor” though. In our framework, the number of signals an agent receives (by

observing the neighbors announcements) at any given period t depends on the num-

ber of t-order neighbors. As a consequence the speed of learning is generally faster

(depending on the network topology) in our framework. Indeed, as in Cripps et al.

[31] we find that provided that the distribution from which the signals are drawn

has bounded variance, a consensus obtains in the limit of the number of agents. In

relation to Acemoglu et al. [1], the uncertainty on how to interpret the signal is re-

lated to the case in which agents do not observe the prior beliefs of their neighbors.

The uncertainty of neighbors’ priors leads to uncertainty on how to interpret their

announcements, which in turn leads to uncertainty on the signal interpretation. Con-

trary to Acemoglu et al. [1] we show that asymptotic consensus obtains provided the

signal space is finite and that the distribution of prior beliefs, hence of expected sig-
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nals is bounded. Heterogeneity obtains otherwise. Additionally we show that under

such conditions, a consensus also implies correct asymptotic beliefs.

Dixit and Weibull [34] and Sethi and Yildiz [103] study the polarization in public

beliefs between two groups of agents when agents do not observe the prior beliefs

of other agents outside of their group. They show how uncertainty of prior beliefs

reinforces disagreement in opinions of the members of different groups. The findings

in Dixit and Weibull [34] and Sethi and Yildiz [103] are special cases of this Chapter

when the communication network is complete.

The closely related papers in the literature of bounded-rational learning are De-

marzo et al. [32] and Golub and Jackson [49]. The main difference with what we do

here is the assumption that agents start with private beliefs that are of finite precision.

This assumption enables us to analyze the efficiency of information aggregation by

public beliefs under bounded-rational learning and compare it with that under ra-

tional learning. In Proposition 11 we generalize the findings in Demarzo et al. [32],

Golub and Jackson [49] concerning the convergent beliefs to dynamic networks. We

show that the communication network does not necessarily have to be connected

at all periods for a consensus to obtain. Specifically, a consensus in public beliefs

will always emerge in a long-run provided that there exists a positive probability

of realizing a connected network. Golub and Jackson [49] study conditions on the

communication network for wisdom of crowds to obtain. Their definition of a wise

crowd is closely related to our definition of correct asymptotic public beliefs in a

weak sense (see Definition 12). They show that a society will be wise if for any

finite-size subgroup of agents, the sum of weights connecting such a subgroup to

the rest of the society is sufficiently large, and vice versa. That is, there should not

be a subgroup of agents that stays prominent in the limit of population size. There

are two major differences between our characterization of correct public beliefs from

that of Golub and Jackson [49]. The first involves the initial conditions, whereby

in Golub and Jackson [49] it is assumed that agents’ prior beliefs are drawn from a

normal distribution with mean equal to the true state of nature. On the contrary, we

model a general case in which prior beliefs are distributed heterogeneously across

the population. We then show that a necessary condition for public beliefs to cor-

rectly aggregate private information is for prior beliefs to be correlated with the true

state of nature. In other words, the initial condition of Golub and Jackson [49] is de-

rived as a necessary condition in our case. The second difference is that Golub and

Jackson [49] characterize conditions on the network topology under which wisdom

does not occur. On the contrary, we characterize conditions under which wisdom

occurs and in Theorem 7 we show that a network must be asymptotically balanced
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for a society to be wise. To demonstrate the generality of our approach, we provide

an example in which public beliefs are not correct under Golub and Jackson [49] but

are correct in our case. We then further show as a corollary that correct public be-

liefs obtain in Erdös-Rényi family of random networks but not in networks formed

through preferential attachment, like scale-free networks.

There is also a related literature on bounded-rational learning in physics and com-

puter science which we shall not review in detail here. It focuses on conditions for

a consensus to be attained contrary to this Chapter in which the primary goal is on

the correctness of public beliefs and how it relates to rational learning. See Jackson

[54] for more references on related models.

The rest of the chapter is organized as follows. In Section 5.2 we outline the frame-

work of communication and learning, providing the informational and communica-

tion structure. Section 5.3 presents the characterization of the general structure of

public beliefs for a finite population. Section 5.4 characterizes the conditions on the

informational and communication network structures under which public beliefs cor-

rectly aggregate decentralize information. Section 5.5 deals with convergence rates

and efficient information aggregation. All proofs are gathered in the Appendix.

5.2 the model

The set of agents is denoted by N = {1, · · · , i, · · · , n}. There is a state of nature X

that is unknown and unobservable to all agents. The true value of X is µ̄ or generally

a Dirac delta function centered at µ̄. Agents form and update beliefs about X. We

assume without loss of generality that the prior belief of each i ∈ N is a normal

distribution with mean µi and unit variance. That is each i ∈ N initially believes that

X is normally distributed with mean µi,0 and unit variance. The assumption of unit

variance is for simplicity and does not affect the main conclusions of the paper.

We model agents’ uncertainty of others’ prior beliefs by assuming that they are

normally distributed with mean νi for each i ∈ N and variance-covariance matrix M

with entries mij ≥ 0 for all (i, j) ∈ N. That is

µ0 ∼ N (ν, M) and X ∼i N (µi,0, 1)

where µ0 and ν are column vectors of µi,0 and νi for all i ∈ N respectively, and ∼i

means “distribution according to i”. For a clearer exposition, we refer to the pair

(µi,0, 1) as prior belief of i ∈ N and the pair (νi, Mi), where Mi is the ith row of M, as

i’s prior belief distribution. When the prior beliefs are independently distributed then

i’s prior belief distribution will simply be the pair (νi, η2), where η2 is the associated
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variance. The assumption that X is normally distributed is also for simplicity and

does not affect our main results.

Given prior beliefs, each agent observes a private signal si that is informative

about X, and takes the form si = X + εi. Conditional on µi,0, each i believes that

X and ε1, · · · , εn are independently distributed, and it is common knowledge that

εi ∼ N (0, σ2) for all i ∈ N Agents therefore differ with respect to their prior be-

liefs and private information, and our goal is to study the public beliefs resulting

from deliberation under general communication networks. In what follows, we de-

note by µi,t for the mean associated with the posterior belief of i at period t, and by

vari,t for the associated variance.

5.2.1 Communication network

The communication among agents is modeled through an associated network or

graph. Let G(n, E) be a graph with n vertices representing the number of agents and

E is the set of edges linking different pairs of agents such that a graph gij defines a

communication link between i and j. In particular if gij > 0, then j communicates

to i, or simply that i observes j’s posterior beliefs, and gij = 0 implies the absence

of communication between i and j. No strict restrictions are imposed on gij’s except

that 0 ≤ gij ≤ 1. In particular it is not necessary that gij = gji. The corresponding

adjacency matrix of interactions is denoted by G.7

The first-order neighborhood Ni,1 is the set of agents that directly communicate with

i. That is, Ni,1 = {j ∈ N; gij > 0}. The corresponding cardinality of Ni,1, ki,1 = #Ni,1,

is the first-order degree of i. A path between i and j is a connected set of links Pij =

{gi1, g12, · · · , g(j−1)j} such that gij > 0 for each gij ∈ Pij. The length of the path

between i and j is denoted by |Pij|, which is simply the L1 norm of Pij. We can

then define the second-order neighborhood of i, Ni,2 as the set of agents, indexed by j2,

such that for each j2 ∈ Ni,2 there exists a path of length two between i and j. That

is Ni,2 = {j ∈ N; |Pij| = 2}. The second-order degree of i is ki,2 = #Ni,2. In a similar

logic we can define the t-order neighborhood of i as a set, Ni,t = {j ∈ N; |Pij| = t}.
The corresponding t-order degree is denoted by ki,t = #Ni,t.

Property 1. A communication network with the corresponding matrix G is said to be con-

nected if for any two agents (i, j) ∈ N, there exists a path of at least one step from i to j and

vice versa.

7 We use G to denote both the underlying network and the corresponding matrix unless otherwise specified.
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Definition 11: (a) A geodesic dij(G) between two agents (i, j) ∈ N is the shortest

path between them. That is dij(G) = min{|Pij|; for a pair of agents {i, j} ∈ N}.

(b) The diameter of a network G, D(G) is its longest geodesic. That is

D(G) = max
{i,j}∈N

{|Pij|; ∀i, j ∈ N}.

A network is said to be finite if its diameter is finite. Note that it is possible for the

network to be finite when the population size is infinite.

5.2.2 Dynamic networks

We also consider dynamic communication structure in which the neighborhood of

an agent changes over time. We do not define the specific mechanism by which

agents switch their neighborhood but rather consider a generic and an arbitrary

switching mechanism. Such mechanism can be strategic or simply random. The

strategy can be a function of the current position in the network and/or other agents

observable characteristics. See for example Sethi and Yildiz [104] for a switching

mechanism that depends on the precision of opponents’ private information, and

König et al. [61] for a switching mechanism that depends on network related proper-

ties such as the centrality of an agent.

To be precise, let γ be the switching strategy or simply the switching signal, de-

fined as γ : N → G. We then denote by G = {Gγ(1), · · · , Gγ(t), · · · } as a class/set of

all possible networks or graphs that can be defined on the set of agents N as a result

of the switching strategy γ. Gγ(t) is therefore the resulting network at time t from

switching strategy γ. Under such dynamics, it is then possible that at certain periods

some agents do not have any neighbors, that it ki,0 = 0.

A special case of this dynamic interaction structure includes that in which the

switching strategy maps into the same network structure over time. That is Gγ(1) =

· · · = Gγ(t) = · · · . We denote such a switching strategy by γ0. Another special case

is when the switching strategy induces a connected network structure at each period.

That is each Gγ(t) for all t is connected. Let such a switching strategy be denoted by

γc.

5.2.3 Rational learning

Under rational learning, given the prior beliefs and after observing the signal si,

each i ∈ N computes their posterior belief. The posterior beliefs are then truth-



5.2 the model 115

fully announced to the corresponding neighbors. After observing their neighbors’

announcements, each i ∈ N updates their belief and the resulting posterior beliefs

are again simultaneously announced to the neighbors at the end of that period, and

so forth. The sequential process continues until each agent’s posterior announce-

ments are constant, in which case each agent has no new information to learn from

their neighbors. The limit belief of each i ∈ N becomes common knowledge to his

first-order neighbors, and we refer it as a local public belief or simply public belief. The

crucial assumptions in the rational learning mechanism are common knowledge of

rationality, and that agents have memory of the history of their neighbors announce-

ments.

Example 6. Consider two agents N = {a, b} such that gab = gba = 1; an undirected

link exists between a and b. Let the prior beliefs be normally distributed such that X ∼a

N (µa,0, 1) and X ∼b N (µb,0, 1), and the private signals be sa = X + εa and sb = X + εb

respectively. As defined above, assume that X, εa, εb are independently distributed and that

εa and εb are independent and identically distributed with εi ∼ N (0, σ2) for all i = a, b.

In the first round, after observing signals, it follows from Lemma 9 that the posterior beliefs

of both agents become X ∼i N (µi,1, vari,1) for i = a, b. Whereµi,1 = σ2

1+σ2 µi,0 +
1

1+σ2 si

and vari,1 = σ2

1+σ2 . At the end of the first round each agent announces their posterior beliefs.

From b’s announcement, a knows that

(1 + σ2)µb,1 = σ2µb,0 + sb (5.2.1)

If we assume that a knows the prior belief of b, that is a knows that b’s prior belief is normally

distributed with mean µb,0 and unit variance, then a can deduce sb from the first period

announcement of b. The similar argument follows for b since gba = 1. Combining their

posterior beliefs at the end of the first period together with the deduced signals sa and sb, both

agents update their beliefs to X ∼i N (µi,2, vari,2) for i = a, b, where

µi,2 =
σ2

2 + σ2 µi,0 +
1

2 + σ2 (sa + sb), vari,2 =
σ2

2 + σ2

From the announcements at the end of the second period, both a and b do not have anymore

information to learn from each others’ announcements. Learning stops, and their posterior

beliefs become public information.

5.2.4 Bounded-rational learning

Under bounded-rational learning, agents update their beliefs sequentially just like

in the case rational learning except that they are not able to disentangle between
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old and new information from announcements of their first-order neighbors. After

receiving private signals, each agent updates their prior belief in accordance to Bayes

rule as in Lemma 9. The resulting private beliefs are then communicated to the

first-order neighbors. From the second period onwards, agents incorporate informa-

tion from their first-order neighbors by simply taking the weighted average of their

posterior beliefs. That is, at period t i’s posterior mean is given by

µi,t+1 =
N

∑
j=1

gij(t)µj,t i = 1, · · · , n (5.2.2)

where 0 ≤ gij(t) ≤ 1 is the weight that i attaches to j’s announcement at period t.

Since each agents revises their belief in every period, it follows that gii(t) > 0 for all

i ∈ N and t ≥ 0. If Gγ(t) is the associated matrix of interactions in the t-th period,

then (5.2.2) can be written as

µt+1 = Gγ(t)µt (5.2.3)

where µt is a vector of posterior means in the t-th period. We assume that the same

updating rule applies to even the variance of precision of agents beliefs.

5.3 public beliefs

In this section, we characterize the general structure of public beliefs under the

informational structure described above. We focus of the case of a finite population

and provide conditions for heterogeneity and consensus in public beliefs to obtain.

5.3.1 Rational learning

The following theorem establishes the structure of public beliefs under rational

learning.

Theorem 5: Let the communication network be common knowledge and connected. Let

also µi,∞ and vari,∞ denote the mean and variance of i’s public belief respectively. Under

rational learning the public belief of each i ∈ N is normally distributed with mean and

variance as follows.

(i) If for each i ∈ N, µj,0 for all j ∈ Ni,1 are observable, then

µi,∞ =
σ2

n + σ2 µi,0 +
1

n + σ2

n

∑
j=0

sj and vari,∞ =
σ2

n + σ2 (5.3.1)

for all i ∈ N, where s0 = si



5.3 public beliefs 117

(ii) If for each i ∈ N, µj,0 for all j ∈ Ni,1 are unobservable but it is common knowledge

that µ0 ∼ N (ν, η2I), where µ0 is a column vector of all µi,0 and I is an n× n identity

matrix, then

µi,∞ =

(
1 + σ2) (1 + η2σ2)

(1 + σ2) (1 + η2σ2) + n− 1
µi,1 +

1
(1 + σ2) (1 + η2σ2) + n− 1 ∑

l∈N\{i}
Ei[sl |ν]

and

vari,∞ =
σ2 (1 + η2σ2)

(1 + σ2) (1 + η2σ2) + n− 1

where Ei[sl |ν] = σ2 (µl,0 − νl) + sl for all i ∈ N and all l ∈ N \ {i} is the expected

signal of l according to i given ν.

(iii) If the communication network is complete and it is common knowledge that µ0 ∼
N (ν, M), where mij > 0 for all (i, j) ∈ N, then µi,∞ and vari,∞ are as in (5.3.1)

above.

Proof. See Appendix 5.7.1

The first implication of Theorem 5 (i) is that when agents observe their neigh-

bors’ prior beliefs and that the communication network is common knowledge and

connected, public beliefs fully incorporate all private information. The second im-

plication is that under similar conditions on the network and prior beliefs, if the

realized prior beliefs are identical, then a consensus in public beliefs obtain. This

result is consistent with that of the literature on common knowledge and consensus,

for example Geanakoplos and Polemarchakis [47] and Parikh and Krasucki [92] in

which they find that a consensus arises under a common prior assumption. Similarly

in the literature of Bayesian rational learning on network for example Gale and Kariv

[46] and Mueller-Frank [80] it is established that a consensus (in actions) arises under

common prior assumption and connectedness of the communication network. The

only supplement to these papers in this regard is that Theorem 5 (i) also emphasizes

the fact that prior beliefs do not have to be common knowledge for consensus to

obtain, but rather they are observable to the first-order neighbor.

The third implication of Theorem 5 (i) is that heterogeneity in prior beliefs leads

to heterogeneity in public beliefs. That is, let µo
i,∞ denote the public belief of i when

neighbor’s prior are observable, then for any pair of agents (i, j) ∈ N it follows from

(5.3.1) that

µo
i,∞ − µo

j,∞ =
σ2

n + σ2

(
µi,0 − µj,0

)
(5.3.2)

in which case only the heterogeneity in prior beliefs leads to heterogeneity in public

beliefs. This result also complements the literature on rational learning which has

focused mainly on learning under common prior beliefs.
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Theorem 5 (ii) establishes the structure of public beliefs when agents are uncer-

tain about others’ prior beliefs. Generally, public beliefs exhibit three sources of

heterogeneity under uncertainty of prior beliefs. Heterogeneity could result from a

difference in the realized priors and/or signals, as well as a difference in prior beliefs

distributions if it exists. To see this notice that under assumptions of Theorem 5 (ii),

for any pair of agents (i, j) ∈ N, Ei[sl |νk] = Ej[sl |νr] = σ2 (µl,0 − νl) + sl for each

k ∈ Ni,1, r ∈ Nj,1 and all l ∈ N. Let µu
i,∞ denote the public belief of i when neighbor’s

prior are unobservable, then for any pair of agents (i, j) ∈ N

µu
i,∞ − µu

j,∞ =
σ2 (η2σ2(µi,0 − µj,0) + η2(si − sj) + (νi − νj)

)
(1 + σ2) (1 + η2σ2) + n− 1

(5.3.3)

Implying that if the distributions of prior beliefs are heterogeneous, then heterogene-

ity in public beliefs can still arise even under identical realized priors and signals.

In comparison to the case in which priors are observable, the precision of public

beliefs when priors are unobservable is always lower. That is let varo
i,∞ and varu

i,∞ be

the variance of i’s public beliefs when prior beliefs are observable and unobservable

respectively, then

varo
i,∞ − varu

i,∞ =
−σ2(n− 1)

(
η2σ2)

(σ2 + n)((1 + σ2) (1 + η2σ2) + n− 1)
< 0 (5.3.4)

This implies that agents’ confidence in their beliefs at the end of the learning process

is always lower when they are uncertain of their neighbors’ prior beliefs compared

to when they observe their neighbors’ prior beliefs.

Theorem 5 (iii) entails two main implications. Since a pair of agents with an undi-

rected link between them is a simplest form of a complete network, Theorem 5 (iii)

implies that the findings in Geanakoplos and Polemarchakis [47] extend to the case

in which agents are uncertain of other’s prior beliefs provided that their prior beliefs

are correlated. This is a particularly strong result given that the literature on knowl-

edge and consensus has always emphasized the condition of common knowledge of

prior beliefs as a prerequisite for a consensus to obtain. Note the distinction we make

between common knowledge of prior beliefs and common knowledge of prior beliefs’

distributions. Theorem 5 (iii) shows that the necessary condition for consensus to

emerge under rational learning when the network is complete, is prior beliefs’ to be

correlated and their distributions to be common knowledge. The second implication

of Theorem 5 (iii) is that provided the network is complete and that prior beliefs are

correlated, then public beliefs fully incorporate dispersed private information.

We do not go into the detailed analysis of the outcomes of rational learning when

the communication network is dynamic because the requirements on agents’ knowl-

edge of the network switching strategies amounts to assuming common knowledge



5.3 public beliefs 119

of the network structure, and therefore does not affect the final outcome. To see this,

notice that the assumption that agents recall the history of their neighbors’ announce-

ments is indispensable if they are to be able to deduce the private information (or the

expected private information) of their t-order neighbors. This then requires agents to

have knowledge of the past and current positions of all agents in the network, which

is equivalent to assuming common knowledge of the network. On the other hand,

when the communication network is common knowledge, its topology does not af-

fect the general properties of public beliefs. Hence, under rational learning, whether

or not the network is dynamic does not affect the general properties of public beliefs.

5.3.2 Bounded-rational learning

The dynamic system (5.2.3) can generally be treated as a non-homogeneous Markov

chain, and the special case in which γ = γc is a homogeneous Markov chain. The con-

vergence properties of non-homogeneous Markov chains has been well established in

the literature, and it particularly depends on the irreducibility and aperiodicity proper-

ties of the transition matrices Gγ(t) for all t ≥ 0. A Markov chain (transition matrix) is

said to be irreducible if it is possible to make a transition from any one state to every

other state, not necessarily in one time step. In the context of communication net-

works described in section 5.2.1, irreducibility of the network or the matrix induced

by the network implies that a path Pij between any pair of agents (i, j) ∈ N ex-

ists. Aperiodicity on the hand implies that there does not exists two or more groups

of agents for which communication is possible only among groups and not within

groups. For the communication structure considered in this Chapter, aperiodicity is

guaranteed since self loops exists. A more general property of Markov chains that

guarantees convergence to well defined characteristics is that of ergodicity. Ergodic

Markov chains are irreducible, aperiodic and recurrent. A Markov chain is recurrent

if every state is revisited infinitely many times. The following lemma summarizes

the properties of ergodic Markov chains and at the same time acts as a definition for

an ergodic chain.

Lemma 12: Let G = {Gγ(t)}t≥0 be (an infinite) sequence of finite matrices. If a Markov

chain formed as a product of matrices in G is ergodic, then

lim
T→∞

T

∏
t=0

Gγ(t) = ev′ (5.3.5)

where e is a column vector of ones, v is a column vector of real values and v′ is the transpose

of v.
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Proof. The proof can be found in Wolfowitz [112].

Note that ev′ is an n× n matrix with identical rows, hence it is of unit rank. The

analysis of the convergence of (5.2.3) then reduces to determining the conditions

under which a sequence of communication networks induced by a switching strat-

egy γ lead to an ergodic Markov chain. The following proposition provides such

conditions.

Proposition 11: Let τ ≥ 0 be a sufficiently large integer. If the switching strategy γ is

such that in every time interval [t, t + τ) a connected communication network obtains, then

µi,∞ =

[
lim

T→∞
GTµ1

]
i
= v′µ1 for every i ∈ N (5.3.6)

where GT = ∏T
t=0 Gγ(t).

Proof. See Appendix 5.7.2.

Proposition 11 states that under some restrictions on the switching strategy, specif-

ically that there be a positive probability of realizing a connected network, a consen-

sus in public beliefs obtains. The public beliefs are a weighted average of the initial

private beliefs. The weights vector v generally depends on the network structure. To

understand the nature of the weights vector let us consider the special case in which

γ = γc, that is in which γ maps into the same network topology. This special case is

that of static networks studied in Demarzo et al. [32] and Golub and Jackson [49], in

which case the weight vector v is related to the left eigenvector of Gγc associated with

the leading eigenvalue. The left eigenvector is normally associated with the measure

of centrality; the eigenvector centrality (see Bonacich and Lloyd [22] and the references

therein). The centrality measures quantifies the level of influence of each agent. That

is for each i ∈ N, the ith value of v, vi is the measure of how influential i is in shap-

ing public beliefs. The composition of the vector v is thus central in determining the

correctness and quality of public beliefs. For a detailed exposition of the nature of the

weight vector v we refer the reader to Demarzo et al. [32] and Golub and Jackson

[49], we only provide a simple example below.

Example 7. Let G1 denote the associated transition matrix of the communication network in

Figure 12a and G2 for the that in Figure 12b, and let the corresponding weights vectors be v1

and v2 respectively. A power iteration of each transition matrix results into

v1 = (0.363, 0.204, 0.191, 0.073, 0.121, 0.048) and v2 = (0, 0, 0, 0.359, 0.381, 0.260).

Clearly, the influence of each agent depends on their first-order connectivity and the their

closeness to other agents who are also have high first order-connectivity. Take for example
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Figure 12: The labels on each link is the weight a player attaches to the neighbors

opinions.

the network G1 of Figure 12a in which agents d and f both observe announcements of only

one other agent and both communicate to one other agent. Though the first-order neighbor

of agent f attaches more weight to f ’s announcements than does the first-order neighbor of

agent d, agent d is more influential than f in a long-run. This is precisely the effect of being

connected to other agents who are themselves have higher first-order connectivity, as is the

case of a and e who are the first-order neighbors of d and f respectively.

In the case of communication network in Figure 12b, there are two subgroups (that is

{a, b, c} and {d, e, f }) each of whom form a complete subgroup. The inter-subgroup commu-

nication on the other hand is unidirectional, that is members of subgroup {a, b, c} observe

and learn from announcements of those in subgroup {d, e, f } and not vise versa. As a con-

sequence, a consensus emerges in a long-run in which member of subgroup {a, b, c} adopt

public beliefs of subgroup {d, e, f }. This example highlights the effect of the presence of promi-

nent “families” discussed in Bala and Goyal [12] in a different model but related in the sense

that they also assume bounded-rationality of among as in this case.

In general, under bounded-rational learning public beliefs are greatly influenced

by the topology of the communication network and the distribution of private infor-

mation. That is public belief of i will be normally distributed with mean

µi,∞ =
n

∑
j=1

vj

(
σ2

1 + σ2 µi,0 +
1

1 + σ2 sj

)
. (5.3.7)

and variance

vari,1 =
n

∑
j=1

vj
σ2

1 + σ2 =
σ2

1 + σ2

The implication is that, under bounded-rational learning, if agents start with an iden-

tical level of precision or confidence in their beliefs, they stay so even after the learn-

ing process has ended. This result highlights the weakness associated with bounded-
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rational learning in correct aggregation of private information as will be elaborated

in the following subsection.

5.4 correct public beliefs

Correctness of public beliefs generally depends on whether or not they fully in-

corporate private information of all other agents and not just of their first-order

neighbors. If private information of all agents is fully incorporated then we would

expect the public beliefs to converge jointly in probability for large n to the true state

of nature. We differentiate correctness in public beliefs for finite population from

that when the population size is infinite. For a clear distinction, we refer to beliefs re-

sulting from learning as the population size goes to infinity as asymptotic public beliefs

as opposed to just public beliefs for finite population. Public beliefs are said to be

correct if they fully incorporate private information of all other agents. In the case of

asymptotic public beliefs we differentiate between correctness in a weak and strong

sense. That is, public beliefs are correct in a strong sense if for each agent it converges

in probability to a Dirac delta function centered at the true state of nature µ̄, and in

the weak sense if it converges in probability to a normal distribution centered at the

true state of nature and not necessarily zero variance. Based on these definitions it is

easy to see that the basic requirement for both public beliefs and asymptotic public

beliefs to be correct is the communication network to be connected. We therefore will

not repeatedly emphasize this fact in most of the analysis that follows.

In the case of rational learning we have already provided conditions for public

beliefs to fully incorporate private information of other agents, so we will now focus

on correctness of asymptotic public beliefs below. To precisely define convergence

in probability, we need to define a sequence of networks for a growing population

size n. We let G(n) denote the network or equivalently the corresponding matrix

when the population size is n. This then implies that there are two limits in the

learning processes above; the limit for time t and for population size n. To study

such dynamic processes, we have to assume that one of the two limits is reached

faster than the other. Alternatively, and perhaps even more intuitive, we first fix the

network topology and derive the corresponding nature of public beliefs, then study

the evolution of public beliefs for a growing population size. The population size

should grow in such a way that the topology (or at least the main characteristics)

of the communication network are preserved. Given the nature of public beliefs,

we then study the sequence of networks {G(n)}n≥2 of fixed topology and show

conditions under which convergence in probability of public beliefs to the true state



5.4 correct public beliefs 123

of nature occurs. We formally define strong and weak correctness of asymptotic

public beliefs as follows.

Definition 12: (a) Asymptotic public beliefs are said to be correct in a strong sense if

for each i ∈ N

lim
n→∞

P (|µi,∞(n)− µ̄| > ε) = 0 and lim
n→∞

vari,∞(n) = 0 (5.4.1)

for all possible realizations of µi,0.

(b) Asymptotic public beliefs are said to be correct in a weak sense if for each i ∈ N,

condition (5.4.1) is satisfied but

lim
n→∞

vari,∞(n) < ∞ (5.4.2)

Under strong correctness of asymptotic public beliefs we require that each agent’s

public belief converges in probability precisely to the true state of nature for all pos-

sible realizations of µi,0. For weak correctness, the asymptotic public belief of each

agent must place the most weight on the true state of nature for all possible realiza-

tions of µi,0. With these definitions, if public beliefs are correct in a strong sense then

they are also correct in a weak sense.

5.4.1 Rational learning

As shown in Example 6 and Theorem 5, full incorporation of private information

by public beliefs in the case of rational learning depends on the observability of prior

beliefs. We show below that in addition to observability of prior beliefs, correctness of

asymptotic public beliefs also depends on the structure of prior beliefs and of private

information, and in some cases on the structure of the communication network. The

following theorem establishes necessary conditions for asymptotic public beliefs to

be correct.

Theorem 6: As a general condition, let the sequence {G(n)}n≥2 be common knowledge.

(i) When it is common knowledge that µ0 ∼ N (ν, η2I), then µi,∞(n)
p−→ µ̄ and

lim
n→∞

vari,∞(n) = 0 ∀i ∈ N if σ2 and η2 are finite.

(ii) When it is common knowledge that µ0 ∼ N (ν, M), where mij > 0 for all (i, j) ∈ N,

then µi,∞(n)
p−→ µ̄ and limn→∞ vari,∞(n) = 0 ∀i ∈ N if the communication network

is complete and that mii < ∞.
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Proof. See Appendix 5.7.3.

The general implication of Theorem 6 is that whenever asymptotic public beliefs

are correct, they are correct in a strong sense. Depending on the observability of

prior beliefs though, there exists a difference on the speed of convergence to correct

asymptotic public beliefs, which is determined by the rate at which the variance of an

agent’s belief goes to zero. As indicated in the discussion of Theorem 5, the variance

associated with an agent’s public belief for a given population size depends on the

observability of prior beliefs.

Theorem 6 (i) shows that despite the difference in the speed of convergence, correct

asymptotic public beliefs obtain irrespective of uncertainty of others’ prior beliefs

provided it is common knowledge that prior beliefs are independently distributed,

and that the signal space and prior beliefs space are finite. That is σ2 < ∞ and η2 < ∞.

Note that in Theorem 6, correct asymptotic public beliefs also implies consensus in

asymptotic public beliefs. The condition that the signal space must be finite for

correct learning (public beliefs in this case) to occur has been pointed out in other

models of learning in the literature. For example Cripps et al. [31], in which they

show that a finite signal space is necessary for a consensus to obtain in a learning

model where two agents observe and learn from a sequence of correlated private

signals. Similarly in the literature of sequential Bayesian learning, it is shown that

boundedness of private beliefs plays a role in determining whether or not wrong

herds will emerge [109]. Recall that a private belief is what results after agents

incorporate their realized signal into their prior belief, so in essence if the signal

space is finite then private beliefs are also finite/bounded.

Our claim that correct asymptotic public beliefs obtain irrespective of uncertainty

of prior beliefs provided that prior beliefs are independently distributed and that the

signal and prior beliefs spaces are finite, is a particularly strong result. Since uncer-

tainty in prior beliefs in turn leads to uncertainty in the signal interpretation, one

would expect that the uncertainty in signal interpretation should derail correctness

in asymptotic public beliefs. Although our framework is different, this finding is

contrary to Acemoglu et al. [1] who find that when two agents learn from a sequence

of signals and that they are uncertain of signal interpretation, then their beliefs do

not necessarily converge to a consensus (which is equivalent to correct public beliefs

in our case). We find that asymptotic consensus fails to arise only if the distribution

of prior beliefs, hence of expected signals is not bounded.

Theorem 6 (ii) establishes the basic condition for asymptotic public beliefs to be

correct when the distributions of prior beliefs are correlated and that the correlation
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coefficients are not necessarily finite. In particular, the variance of the prior belief of

each agent must be finite and that the communication network is complete.

5.4.2 Bounded rational learning

Under bounded-rational learning, the network topology almost solely determines

the nature of public beliefs and should thus equally influence their correctness. Since

a consensus exists in public beliefs, we can focus on the correctness of the public

belief of a single agent for all possible realizations of prior beliefs. Under bounded-

rational learning, since agents incorporate others’ beliefs by taking weighted aver-

ages, it follows that the public belief of an agent is said to be correct if it attaches

equal weight to the private beliefs of all other agents. The following definition for-

malizes this observation.

Definition 13: Under bounded-rational learning, public beliefs are said to be correct or

fully aggregate private information if µi,∞(n) = Ave[µ1] and that vari,∞(n) < ∞ for each

i ∈ N, where

Ave[µ1] =
1
n

n

∑
i=1

µi,1.

The following additional definitions are useful for a complete characterization of

the results below.

Definition 14: A matrix G(n) is said to be doubly stochastic if ∑n
j=1 gij(n) = ∑n

i=1 gij(n) =

1 for all (i, j) ∈ N

Definition 15: (a) A communication network is said to be perfectly balanced if the

corresponding matrix G(n) is doubly stochastic.

(b) A sequence of networks {G(n)}n≥2 is said to be asymptotically balanced if limn→∞ G(n) =

S, where S is an arbitrary doubly stochastic matrix.

Theorem 7: Under bounded-rational learning, if {µi,∞(n)}n≥2 for each i ∈ N is the

sequence of public beliefs corresponding to the sequence {G(n)}n≥2 of networks, then

(i) µi,∞(n) = Ave[µ1] and vari,∞(n) < ∞ ∀i ∈ N if and only if ∑n
j=1 gij(n) =

∑n
i=1 gij(n) for all (i, j) ∈ N.

(ii) µi,∞(n)
p−→ µ̄ and limn→∞ vari,∞(n) = σ

1+σ ∀i ∈ N if and only if limn→∞ G(n) = S,

µ0 ∼ N (µ̄, η2I), and that σ2 and η2 are finite. Where µ̄ is an n dimensional vector of

µ̄.

Proof. See Appendix 5.7.4.
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Theorem 7 (i) implies that under bounded-rational learning, correct public beliefs

obtain if and only if the network is balanced. The extensiveness of the class of

networks that satisfy the balancedness condition depends on whether or not self-

loops are permitted to be heterogeneous. If the communication structure is such

that all agents must place the same weight on their beliefs (that is g11 = · · · = gnn),

then there are limited network topologies that satisfy balancedness. If on the other

hand the weights gii for all agents are permitted to be heterogeneous then there

exists a wide range of networks that satisfy the balancedness condition. This can be

checked by comparing the first-order influences using the balancedness condition,

that is ∑n
i=1 gij = ∑n

i=1 gik for j 6= k. Which is equivalent to

gjj + ∑
i 6=j

gij = gkk + ∑
i 6=k

gik

If gjj = gkk for all (j, k) ∈ N then it must be that ∑i 6=j gij = ∑i 6=k gik, which implies

that all (j, k) ∈ N must assign weights in an identical manner though not necessarily

to the same first-order neighbors. If on the contrary gjj 6= gkk for all (j, k) ∈ N such

that ∑i 6=j gij 6= ∑i 6=k gik for all (j, k) ∈ N, then agents can assign weights in different

and various ways.

Theorem 7 (ii) has three main implications. First, under bounded-rational learning

asymptotic public beliefs can only be correct in a weak sense. Once agents start with

beliefs that are not completely precise (in the sense that the variance of prior beliefs is

greater than zero), they will not be able to learn the true state of nature with complete

precision as in the case of rational learning. Secondly, unlike in the case of rational

learning where the distribution of prior beliefs can be independent of the true state

of nature, under bounded-rational learning asymptotic public beliefs can only be

correct if both the signals and prior beliefs are informative about the true state of

nature. That is the prior belief of each agent must be normally distributed with

mean equal to the true state of nature and finite variance. This restrictive condition

highlights the superiority of rational learning in aggregating privately information

compared to bounded rational learning. Third, correct asymptotic public beliefs

obtain if and only if the network is asymptotically balanced. The range of networks

that are asymptotically balanced is wide and we explore their characterization in the

following subsection.

5.4.3 Asymptotically balanced networks

To characterize the class of communication networks that are asymptotically bal-

anced, we need to construct a measure of balancedness of a network/matrix. We
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denote by φ(n) for a network G(n) as a measure of its balancedness defined as fol-

lows.

Definition 16: Let S(n) be closest doubly stochastic matrix in terms of the Frobenius

norm to the matrix G(n). Then G(n) is said to be φ(n)-balanced if given S(n),

‖S(n)− G(n)‖F = φ(n)

where ‖.‖F is the Frobenius norm.

We can then rephrase definition 15 (b) as saying that a sequence {G(n)}n≥2 is

asymptotically balanced if

lim
n→∞

φ(n) = lim
n→∞

‖S(n)− G(n)‖F = 0

The following proposition provides an expression for φ(n) for any stochastic matrix

of size n.

Proposition 12: Let G(n) with entries gij(n) for (i, j) ∈ N be a stochastic matrix

corresponding to a communication network whose measure of balancedness φ(n) > 0. Then

φ2(n) =
1
n

n

∑
j=1

(
1−

n

∑
i=1

gij(n)

)2

(5.4.3)

Proof. See Appendix 5.7.5.

Equation (5.4.3) gives an expression for the measure of balancedness of any arbi-

trary stochastic matrix. The quantity ∑N
i=1 gij(n) = din

j (n) is the in-degree of agent j. It

specifies the influence of j on her first-order neighbors’ beliefs. Unlike the out-degree

dout
i (n) = ∑N

j=1 gij(n) that is normalized to unity for all agents, the in-degree can

generally be equal to, less or greater than unity. The higher the value of din
j (n), the

more influential j in terms of first-order influence. For various values of n, din
j (n)

for each j is a random variable whose distribution depends on how the communi-

cation network scales with n. For a sequence of networks {G(n)}n≥2 there exists

a corresponding sequence {din
i (n)}n≥2 of in-degree for each i ∈ N. If we define

din
max(n) = maxi∈N{din

i (n); i ∈ N}n≥2, then for each sequence {G(n)}n≥2 there exists

a corresponding sequence {din
max(n)}n≥2.

The following theorem employs Proposition 12 to characterize conditions for a

sequence of communication networks to be asymptotically balanced.

Theorem 8: A sequence of networks {G(n)}n≥2 with the corresponding sequence of max-

imum in-degrees {din
max(n)}n≥2 is asymptotically balanced if and only if
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(i) limn→∞ din
max(n) = 1

(ii) there exists an integer n′ > 0 such that for all n > n′ the quantity

h(n) =
n

∑
j=1

(
1−

n

∑
i=1

gij(n)

)2

stays constant.

Proof. See Appendix 5.7.6.

There exists a wide range of network topologies that satisfy condition (i) in The-

orem 8, including random networks (graphs). To see this, notice that Theorem 8

(i) also implies that the sequence of the influence of the most influential agent

{vmax(n)}n≥2, where vmax(n) = maxi∈N{vi(n); i ∈ N} must converge to zero for

large n if the sequence {G(n)}n≥2 is to be asymptotically balanced. This argument

follows directly from the fact that the most influential agents are either those that

are the most connected or those that are connected to the most connected agents (see

example 7). Now consider the Erdös-Rényi family of random networks with param-

eters n and p (that is a random network G(n, p) of n agents in which each link is

included in the network with probability p independently of the other links), it is

shown that for p ≥ log6 n
n and for all i ∈ N [75]

c
1√
n

log n
log(np)

√
log n

np
− 1√

n
≤ v1(i) ≤ c

1√
n

log n
log(np)

√
log n

np
+

1√
n

(5.4.4)

with probability 1− o(1), where c > 0 is some constant. Clearly, for a sequence of

such graphs it follows that limn→∞ vmax(n) = 0.

The class of communication networks that is ruled out by Theorem 8 (i) is those

that are formed through preferential attachment, such as scale-free and generally

high-clustering networks. In such networks, din
max(n) := f (n), where f is an increas-

ing function in its argument. That is din
max(n) increases with n.

The following examples illustrate more other general network topologies that sat-

isfy the two conditions for asymptotic balancedness in Theorem 8 and one which

does not.

Example 8. (a) Consider a communication network that assumes a one dimensional lat-

tice structure in Figure 13. This example is adapted from Golub and Jackson [49]

to demonstrate the generality of our Theorem 8 compared to the characterizations of

wisdom of crowds in Golub and Jackson [49]. They show that a society assuming

a topology in Figure 13 is not wise (that is public beliefs do not correctly aggregate

private information), but we demonstrate the contrary using Theorem 8.
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Figure 14: Asymptotically balanced networks.

It is easy to see that in such a network, the quantity h(n) is constant and that

φ2(n) =
2(1− 2ξ)2

n
(5.4.5)

Implying that limn→∞ φ(n) = 0, hence public beliefs correctly aggregate private infor-

mation.

(b) Consider the following two cases in which h(n) is not independent of n. In the commu-

nication network topology of Figure 14a, each agent’s first-order influence decays with

n. The corresponding φ2(n) is

φ2(n) =
1
n

[(
ω− n− 1

n
ξ

)2
+ (n− 1)

(
ξ

n
− ω

n− 1

)2
]

(5.4.6)

Consequently, limn→∞ φ(n) = 0, in which case asymptotic balancedness obtains.

For the communication network of Figure 14b

φ2(n) =
1
n

[
(ω− (n− 1)ξ)2 + (n− 1)

(
ξ − ω

n− 1

)2
]

, (5.4.7)
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in which case limn→∞ φ(n) = ∞. This is a general situation in which an agent or

a subgroup of agents posses unbounded influence. In such communication networks

asymptotic balancedness fails.

5.5 convergence rate and efficient information aggregation

5.5.1 Convergence rate

In both learning mechanisms, the convergence rate depends solely on the topology

of the communication network. The following proposition summarizes the conver-

gence rates in terms of network properties.

Proposition 13: Let Gγ(t) = Gγc for all t ≥ 0, where Gγc is the transition matrix

resulting from a communication network. Let λ2(Gγc) and D(Gγc) be the second largest

eigenvalue and the diameter of Gγc respectively. Denote by rR and rBR for the convergence

rates of rational and bounded-rational learning respectively, then

rR =
1

D(Gγc)
≥ ln(1/λ2(Gγc))

ln(c)
> λ2(Gγc) = rBR

Proof. See Appendix 5.7.7.

Proposition 13 shows that rational learning generally converges faster than bounded-

rational learning. Specifically, under rational learning, it is the diameter of the com-

munication network that matters and all other properties such as clustering and

skewness of degree distributions do not matter as much. In the case of bounded-

rational learning, clustering and the nature of degree distributions matter since the

second eigenvalue depends on them. For example, a network with a given number

of links in which agents are clustered into subgroups with few (or weak) connec-

tions between subgroups generally has a higher second eigenvalue than a network

with equal number of agents and edges but in which edges are randomly distributed.

Similarly, a network formed by removing links from a “parent” network generally

has a higher second eigenvalue than its “parent” network. This argument follows

from the well known concept of interlacing eigenvalues according to Fiedler [40]. Fi-

nally if agents are highly “inward-looking” when updating their beliefs, that is for

each agent the weight of a self-loop is higher compared to the total weight of out-

going links, then such a network also has a higher second eigenvalue, hence slow

convergence rate.
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The relevance of the network topologies in determining the convergence rate be-

comes more apparent in decision environments with discounted payoffs as will be

demonstrated in the subsection below.

5.5.2 Efficient information aggregation

To establish the efficiency of the two learning mechanisms and that of the network

topologies in aggregating information, we introduce a simple decision problem in

which agents’ objective is to minimize the expected loss from mismatching their

action and the true state of nature. Specifically, each agent has two choices in each

period; either to take an action a ∈ Ai, where Ai is a continuous action space for

i, or “wait” for the next period(s). The joint action space (which we assume to be

homogeneous for all agents, A1 = · · · = An) for each agent is thus A = {A, w},
where w stands for “wait”. If an agent takes an action within the action space A, he

“exits” the game, meaning that he no longer learns and transmits new information

but only transmits the same information he possesses at the time of exit. If on the

other hand the agent decides to wait, then his expected loss for the next period is

increased by a factor of 1
δ , where 0 ≤ δ ≤ 1. That is

Uit(ãit, X) =

−
1
δt Ei,t

[
(ãit − X)2

]
if ãit = a ∈ A

0 if ãit = w

where Ei,t stands for expectation according to agent i at period t and ã ∈ A . We

assume for simplicity that agents are homogeneous in terms of payoff structure. The

strategy of each agent thus entails choosing the optimal period to exit the game.

Under this setup, it is easy to see that the optimal action a ∈ A for each agent at

any given period is

a∗it = Ei,t [X] = µi,t

and the payoff corresponding to the optimal action is

Uit(a∗it, X) = − 1
δt Ei,t

[
(µi,t − X)2

]
= − 1

δt vari,t

where vari,t is the variance of X according to i at period t. This implies that an agent’s

exit time depends on his confidence in his beliefs.

We can also define the associated expected social welfare as the average of individ-

ual optimal expected utilities as follows.

Wt(X) =
1
n

n

∑
i=1

Uit(a∗it, X) = − 1
nδt

n

∑
i=1

Ei,t

[
(µi,t − X)2

]
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Consider first the case in which there is no cost on the payoffs associated with

waiting, that is when δ = 1. It is clear that it is optimal for agents to wait until all

information has been exchanged among all agents, which in the case of bounded-

rational learning implies until a consensus is reached. Now, consider a balanced

network (which supports correct information aggregation under bounded-rational

learning) of size n. The optimal action (taken at the end of information exchange

process) under rational learning when priors are observable is

a∗i∞ =
σ2

n + σ2 µi,0 +
1

n + σ2

n

∑
j=0

sj (5.5.1)

and the corresponding expected social welfare W∞(X) is

W∞(X) = − 1
n

n

∑
i=1

Ei,t

[
(a∗i∞ − X)2

]
= − 1

n

n

∑
i=1

vari,∞ = − σ2

n + σ2 (5.5.2)

where the last equality follows from Theorem 5 (i). Similarly for bounded-rational

learning, the optimal action is

a∗i∞ =
1
n

n

∑
j=1

(
σ2

1 + σ2 µi,0 +
1

1 + σ2 sj

)
. (5.5.3)

where we have used the fact that for a balanced network of size n, the weights or

influence vector is v = ( 1
n , · · · , 1

n ) (see the proof of Theorem 7 in Appendix 5.7.4 for

details). And the corresponding expected social welfare is

W∞(X) = − 1
n

n

∑
i=1

Ei,t

[
(a∗i∞ − X)2

]
= − 1

n

n

∑
i=1

vari,∞ = − σ2

1 + σ2 (5.5.4)

The Price of Rationality (PoR) defined as the ratio of expected social welfare under

rational learning to the expected social welfare under bounded-rational learning, can

then be used to analyze how the efficiency of information aggregation (or learning in

general) degrades due to bounded rationality of the agents. From (5.5.2) and (5.5.4)

we thus have,

PoR =
1 + σ2

n + σ2 (5.5.5)

Note that since the expected social welfare is the sum of the expected loss or cost,

its possible maximum value is zero. It follows that the minimum possible value

for the PoR is zero and its maximum is one. When PoR is one, the two learning

mechanisms measure equally and rationality plays no role in the individual optimal

decisions. If on the other hand PoR is zero, then rational learning is infinitely more

efficient in aggregating information than bounded rational learning. From (5.5.5),

PoR tends to zero with large n, implying that rationality becomes more and more
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important in efficient aggregation of information as the population size increases. So

long as δ = 1 and agents do not find it costly to wait until all private information

has been exchanged before taking action, then the communication network does not

matter and only the population size does matter. If on the other hand δ < 1, the

network topology starts to matter through its role in determining the convergence

rate. The convergence rate becomes critical since agents have to optimize when to

exit the game and if the convergence rate is high such that some or all agents exit the

game before all the private information has been exchanged, then the actions they

take at the end of the learning process will lead to higher expected loss hence lower

expected social welfare. To formalize this argument, we need to formally define

correct asymptotic learning in terms of actions taken at the end of the learning process.

In this particular decision problem, correct asymptotic learning coincide with correct

asymptotic public beliefs, but this does not always have to be the case.

Definition 17: Given a sequence of networks {G(n)}n≥2, correct asymptotic learning is

said to occur if

lim
n→∞

lim
t→∞

P (|ai,t(n)− µ̄| > ε) = 0 for all i ∈ N (5.5.6)

where µ̄ = ai,∞(∞) is the possible optimal action for all agents.

When δ = 1 the conditions for correct asymptotic learning is precisely those de-

scribed in Theorems 6 and 7 for rational and bounded-rational learning respectively,

and the convergence rate does not play much of a role in achieving correct asymp-

totic learning or public beliefs. If on the other hand δ < 1, the convergence rate

plays a big role in determining whether or not correct asymptotic leaning actually

occurs. This follows from the fact that when δ < 1 agents have to choose an opti-

mal exit time, and this has an impact on how much of the private information gets

exchanged before the learning process ends. It also implies that the topologies of

the communication network that support correct asymptotic learning (and correct

public beliefs) will no longer be those illustrated in Theorems 6 and 7. The following

proposition states conditions on the communication network for correct asymptotic

learning to occur when δ < 1.

Proposition 14: Let {G(n)}n≥2 be a sequence of connected communication networks,

and that let δ < 1. If {D(G(n))}n≥2 is the corresponding sequence of networks diameters,

then correct asymptotic learning obtains under rational learning if

lim
n→∞

1
n

D(G(n)) = 0 (5.5.7)

Under bounded-rational learning, the network must be complete.
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Proof. See Appendix 5.7.8

Proposition 14 basically emphasizes the importance of the topology of the com-

munication network in determining the convergence rate hence efficient information

aggregation, and can be summarized as follows. When δ < 1, though waiting re-

duces the expected loss associated with a mismatch between ones action and the

true state of nature, waiting for too long on the other hand becomes costly as pre-

scribed by the factor 1/δ. It is therefore important that the convergence rate be high

if correct learning is to ever be achieved. Condition (5.5.7) is a necessary condition for

both fast and correct aggregation of information, hence correct asymptotic learning.

The network topology depicted in Figure 14 for example in which D(G(n)) = 2 for

all n, satisfies condition (5.5.7). The network topology in Figure 13 on the other hand

does not satisfy condition (5.5.7), since D(G(n)) = n. In the case of random graphs

the diameter is generally an increasing function of n (see for example Bollobás [21]

for analysis on the diameter of random graphs), hence correct asymptotic learning

does not obtain in random networks when δ < 1.

The failure by agents to account for informational externalities under bounded

rational learning is even more pronounced when δ < 1. All agents would prefer to

take an action in the action space A in the first or second periods since waiting longer

does not improve their confidence in their beliefs.

We conclude this section by noting the indirect implication of Proposition 14.

When the communication network has a large diameter and that agents find it costly

to wait before taking an action, even if agents start with a common prior, heterogene-

ity in public beliefs and actions will obtain.

5.6 conclusion

Individual beliefs play a significant in determining the success of policies, initia-

tives and theories, and play a significant role in determining outcomes in decisions

under uncertainty. Contrary to prediction from models of rationality and common

prior assumptions that learning through deliberation leads to a consensus in beliefs,

heterogeneity in beliefs is more of a rule than an exception in most economic and

social environments. In this Chapter, we investigated the properties of beliefs result-

ing from rational and bounded-rational learning in social networks. We established

conditions under which heterogeneity prevails, and under which such beliefs cor-

rectly aggregate private information. Under bounded-rational learning, correctness

in public beliefs is determined mainly by the topology of the communication net-

work. Specifically, for a finite population the network must be balanced and for large
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population it must be asymptotically balanced. These conditions are quite restrictive

given that the topologies assumed by real world networks do not necessarily com-

prise of such properties. In addition to restrictions on the network topology, we also

find that under bounded-rational learning, public beliefs are asymptotically correct

if and only if the prior beliefs are correlated to the true state of nature.

In section 5.5 we provide a “toy” model of decision making under uncertainty, in

which agents find it costly to wait much longer before taking an action. It highlights

another possible source of heterogeneity in public beliefs that is not necessarily a

result of historical factors or of observability of prior beliefs, but rather resulting

from the topology of the communication network. That is, under such conditions

heterogeneity in public beliefs will arise if the communication network has a large

diameter.

Through out the Chapter we assumed that agents start with homogeneous con-

fidence in their prior beliefs. Relaxing this assumption would give a richer under-

standing of the nature of public beliefs and distribution of actions in exit games

or observed levels of diversity in public opinions across the population even when

agents are exposed to the same sources of information (e.g Chamley and Gale [27]

and Murto and Välimäki [81]). But this analysis requires a more detailed model (than

the one provided in section 5.5) with specific preference structure, and we postpone

this question for future research.

In conclusion, since heterogeneity in beliefs is rather a ubiquitous phenomenon in

social and economic environments, one could argue that perhaps agents really do

incorporate new information into their beliefs through Bayesian rational inference.

If that is not the case then it could be that individuals are not as “gullible” with

every new information they receive as one would like to think, and are rather more

“inward-looking” when updating their beliefs. That is if agents attach more weight to

their own beliefs than others’ beliefs, or to beliefs of members of the subgroup they

belong to than beliefs of members in other subgroups (which in both cases implies a

slow speed of learning), then the observed heterogeneity in beliefs would imply that

a long-run consensus prescribed by bounded-rational learning has not been reached.

Or perhaps the observed nature of public beliefs indicates that individuals are het-

erogeneous with respect to the learning mechanisms.
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5.7 appendix

5.7.1 Proof of Theorem 5

(i) If X, ε1, · · · , εn are independent and it is common knowledge that ε1 ∼ N (0, σ2),

then from Lemma 9

µi,1 =
σ2

1 + σ2 µi,0 +
1

1 + σ2 si, vari,1 =
σ2

1 + σ2 for all i ∈ N

We assume that under rational learning gij = 1 if j communicates to i and zero

otherwise. Let G be static and common knowledge, and let jt be the index for the t-

order neighbors. Consider any i ∈ N with first-order degree ki,1. After the first round

of announcements, such an i updates his beliefs to a normal distribution mean

µi,2 =
σ2

1 + ki,1 + σ2 µi,0 +
1

1 + ki,1 + σ2

si + ∑
j1∈Ni,1

sj1

 vari,2 =
σ2

1 + ki,1 + σ2

where sj1 = (1 + σ2)µj1,1 − σ2µj1,0 for all j1 ∈ Ni,1. If µj1,0 for all j1 ∈ Ni,1 are

observable to i then sj1 ’s are accurately deduced, otherwise µj1,0 is simply i’s ex-ante

belief about the prior distribution of j1.

Similarly, for all j1 ∈ Ni,1 and all l1 ∈ Nj1,1 we have

µj1,2 =
σ2

1 + k j1,1 + σ2 µj1,0 +
1

1 + k j1,1 + σ2

sj1 + ∑
l1∈Nj1,1

sl1


and varj1,2 = σ2

1+kj1,1+σ2 .

Since i knows k j1,1 for all j1 ∈ Ni,1, hence Ni,2 and ki,2, he can deduce each

∑l1∈Nj1,1
sl1 from the first and second period announcements of all j1 ∈ Ni,1. The

posterior belief of i in the third period is thus normally distributed with mean

µi,3 =
σ2

1 + ki,1 + ki,2 + σ2 µi,0 +
1

1 + ki,1 + ki,2 + σ2

si + ∑
j1∈Ni,1

sj1 + ∑
j2∈Ni,2

sj2


and variance

vari,3 =
σ2

1 + ki,1 + ki,2 + σ2

For a finite network, there exists a bound on the order of the neighborhood for all

agents. That is there exists a Ti for all i ∈ N such that for any t > Ti, Ni,t = 0, hence

i stops updating his beliefs after t = Ti. It then follows that Tm = max{Ti; i ∈ N},
which is also the diameter of the communication network, is the period after which
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learning stops for all agents. After Tm no agents has new information to learn from

his neighbors. The iteration of posterior beliefs in a manner described above leads to

public belief of each i ∈ N to be normally distributed with the mean and variance of

the form

µi,∞ =
σ2

∑Tm
t=0 ki,t + σ2

µi,0 +
1

∑Tm
t=0 ki,t + σ2

Tm

∑
t=0

∑
jt∈Ni,t

sjt vari,∞ =
σ2

∑Tm
t=0 ki,t + σ2

(5.7.1.1)

where sj0 = si and ki,0 = 1, and that ∑Tm
t=0 ki,t = n, ∑Tm

t=0 ∑jt∈Ni,t
sjt = ∑n

j=1 sj.

(ii) Let agents’ prior beliefs be uncorrelated and that µ0 ∼ N (ν, η2I), where µ0 is

a column vector of all µi,0 and I is an n× n identity matrix. Assume also that agents

know the distribution of their neighbors prior beliefs but do not observe the realized

value. Let Ei[sk|νj] for each j ∈ Ni,1 denote the expected signal of k according to i

given the distribution of his neighbor j’s prior belief. It follows from Lemma 9 that,

after observing his neighbors first period announcements, i deduces the expected

signals of each j ∈ Ni,1 to be

Ei[sj|νj] =
(

1 + σ2
)

µj,1 − σ2νj

= σ2 (µj,0 − νj
)
+ sj (5.7.1.2)

where the second equality result from substituting for µj,1. The corresponding vari-

ance of the expected signal according to i is var[Ei[sj|νj]] = σ4η2 + σ2.

After incorporating the expected signals from his neighbors, each i ∈ N updates

his beliefs to a normal distribution with mean and variance

µi,2 =

(
1 + σ2) (1 + η2σ2)

ki + (1 + σ2) (1 + η2σ2)
µi,1 +

1
ki + (1 + σ2) (1 + η2σ2) ∑

j∈Ni,1

Ei[sj|νj]

and

vari,2 =
σ2 (1 + η2σ2)

ki + (1 + σ2) (1 + η2σ2)

Let l be the index for the neighbors of j ∈ Ni,1. We maintain the assumption that

agents have memory of past announcements of their neighbors and that the network

is common knowledge. From the second period announcements of his neighbors, i

deduces the new information from each j ∈ Ni,1 to be

∑
l∈Nj,1

Ei[sl |νj] =
(

k j +
(

1 + σ2
) (

1 + η2σ2
))

µj,2 −
(

1 + σ2
) (

1 + η2σ2
)

µj,1

(5.7.1.3)
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where each Ei[sl |νj] is of the form Ei[sl |νj] = σ2 (µl,0 − νl) + sl . At the end of the

third period, i updates his beliefs to a normal distribution with mean and variance

µi,3 =

(
1 + σ2) (1 + η2σ2)

ki + ki,2 + (1 + σ2) (1 + η2σ2)
µi,1

+
1

ki + ki,2 + (1 + σ2) (1 + η2σ2)

 ∑
j∈Ni,1

Ei[sj|νj] + ∑
j∈Ni,1

∑
l∈Nj,1

Ei[sl |νj]

 (5.7.1.4)

and

vari,3 =
σ2 (1 + η2σ2)

ki + ∑j∈Ni,1
k j + (1 + σ2) (1 + η2σ2)

By iterating the posterior beliefs until the end of the learning process and noting that

∑Tm
t=0 ki,t = n, the public belief of each i ∈ N is then normally distributed with mean

and variance

µi,∞ =

(
1 + σ2) (1 + η2σ2)

(1 + σ2) (1 + η2σ2) + n− 1
µi,1 +

1
(1 + σ2) (1 + η2σ2) + n− 1 ∑

l∈N\{i}
Ei[sl |ν]

and

vari,∞ =
σ2 (1 + η2σ2)

(1 + σ2) (1 + η2σ2) + n− 1
(iii) In Theorem 5 (iii) we assume that µ0 ∼ N (ν, M), where each element of M,

mij > 0 for all (i, j) ∈ N.

The following notations will be used in the proof. We write µ and µ−i for the

column vectors of all µi for all i ∈ N and for all i ∈ N \ {i} respectively. Similarly,

µ and ν−i denote the column vectors of all νi for all i ∈ N and for all i ∈ N \
{i} respectively. M−i,−i denotes and n− 1× n− 1 variance-covariance matrix of all

agents excluding i, and M−i,i is the ith column of M with the ith row excluded. We

also denote by 1k×l for a k × l dimensional matrix of ones, and by I the identity

matrix.

We employ the following well known concepts for normally distributed random

variables and specifically adopted to the distributions of prior beliefs of agents. Let

µ0 be the column vector of prior beliefs of all agents, µi,0 ∀i ∈ N and µ−i,0 ∀i ∈ N \ {i}.
If µ0 ∼ N (ν, M), then

E
[
µ−i,0|µi,0

]
= ν−i + m−1

ii M−i,i (µi,0 − νi) (5.7.1.5)

var
[
µ−i,0|µi,0

]
= M−i,−i −m−1

ii M−i,i M′−i,i (5.7.1.6)

When agents priors are correlated, the expected signal of each j ∈ Ni,1 according to i

given the realization µi,0 and j’s first period announcement µj,1 is given by

Ei
[
sj|µi,0, µj,1

]
= (1 + σ2)µj,1 − σ2Ei

[
µj,0|µi,0

]
(5.7.1.7)
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In a similar manner, we can write the joint expected signals for all j ∈ Ni,1 according

to an agent i who observes the announcements of all other agents as follows

Ei

[
s−i|µi,0, µ−i,1

]
= (1 + σ2)µ−i,1 − σ2Ei

[
µ−i,0|µi,0

]
(5.7.1.8)

which by substituting for µ−i,1 is equivalent to

Ei

[
s−i|µi,0, µ−i,1

]
= σ2

(
µ−i,0 −Ei

[
µ−i,0|µi,0

])
+ s−i (5.7.1.9)

The variance associated with the expected signal is then

var
[
s−i|µi,0, µ−i,1

]
= σ4var

[
µ−i,0|µi,0

]
+ σ2I

= σ4
(

M−i,−i −m−1
ii M−i,i M′−i,i

)
+ σ2I (5.7.1.10)

We now derive the coefficient of Ei

[
s−i|µi,0, µ−i,1

]
in the second period announce-

ment of i. Note that the variance associated with µi,1 is σ2

1+σ2 , and together with

var
[
s−i|µi,0, µ−i,1

]
we can define an n− 1× n− 1 matrix C as follows

C =
1n−1×n−1(

σ2

1+σ2

)
1n−1×n−1 + var

[
s−i|µi,0, µ−i,1

]
=

(1 + σ2)1n−1×n−1

σ21n−1×n−1 + σ2(1 + σ2)
(

σ2
(

M−i,−i −m−1
ii M−i,i M′−i,i

)
+ I
) (5.7.1.11)

Let Ci denote the ith row of C, that is

Ci = (1 + σ2)11×n−1

[
σ21n−1×n−1 + σ2(1 + σ2)

(
σ2
(

M−i,−i −m−1
ii M−i,i M′−i,i

)
+ I
)]−1

The elements of Ci are the coefficients associated with the expected signals of all

j ∈ N \ {i} in the second period announcement of i. We thus have

µi,2 = (1− Ci11×n−1) µi,1 + CiEi

[
s−i|µi,0, µ−i,1

]
= (1− Ci11×n−1) µi,1 + (1 + σ2)Ciµ−i,1 − σ2Ciν−i − σ2m−1

ii Ci M−i,i (µi,0 − νi)

(5.7.1.12)

From the second period announcement of i, all agents who observe i’s announce-

ments know that

µi,0 = νi +
(1− Ci11×n−1) µi,1 + (1 + σ2)Ciµ−i,1 − σ2Ciν−i − µi,2

σ2m−1
ii Ci M−i,i

(5.7.1.13)

From (5.7.1.13), each agent who communicates to i and i communicates to, will cor-

rectly deduce µi,0 at the end of the second period announcements if and only if that
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agent also observes the announcements of all other agents that communicate to i

and i communicates to. This follows from the fact that for any j ∈ Ni,1 to correctly

deduce µi,0, then j must also observe all µk,1 ∈ µ−i,1 for k 6= j. The conclusion is

that the communication network must be complete if agents are to correctly deduce

the neighbors’ realized prior beliefs and hence private information. That is, from the

second period announcements, all agents (who observes i’s announcements) deduces

that

si = (1 + σ2)µi,1 − σ2

(
νi +

(1− Ci11×n−1) µi,1 + (1 + σ2)Ciµ−i,1 − σ2Ciν−i − µi,2

σ2m−1
ii Ci M−i,i

)
(5.7.1.14)

Since the network is complete, the third period announcement of each i ∈ N a normal

distribution with mean

µi,∞(n) =
σ2

n + σ2 µi,0 +
1

n + σ2

n

∑
j=0

sj (5.7.1.15)

5.7.2 Proof of Proposition 11

To proof the proposition, we first define the notion coefficient of ergodicity as a mea-

sure for ergodicity [101].

Definition 18: Given a matrix G with entries gij, the coefficient of ergodicity ρ(G)

defined on the L1-norm of G is

ρ(G) =
1
2

{
max

i,j

n

∑
k=1

(
|gik − gjk|

)}
, (5.7.2.1)

with the following properties;

(i) 0 ≤ ρ(G) ≤ 1.

(ii) For two matrices G1 and G2, ρ(G1G2) ≤ ρ(G2)ρ(G2).

(iii) ρ(G) = 0 if and only if rank(G)=1; that is G = ev′

Let GT = ∏T
t=0 Gγ(t), then property (ii) of Definition 12 implies that

ρ(GT) ≤ ρ(Gγ(T))ρ(Gγ(T−1)) · · · ρ(Gγ(0)) (5.7.2.2)

Property (iii) together with Lemma 12 imply that ergodic Markov chains are those

in which

lim
T→∞

ρ(GT) = 0 (5.7.2.3)
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We can thus deduce from properties (ii) and (iii) of Definition 12, specially equations

(5.7.2.2) and (5.7.2.3) that a chain is ergodic if there exists a τ ≥ 0 such that for

every time interval [t, t + τ) there exists a sequence of matrices {Gγ(t), · · · , Gγ(t+τ)},
for which the coefficient of ergodicity of their product is less than unity. That is

ρ(Gγ(t) · · ·Gγ(t+τ)) < 1. Matrices or a product of matrices for which the coefficient

of ergodicity is less than unity are known as scrambling matrices. The question we

then ask is, what switching strategy induces a sequence of networks whose product

on intervals of time result into scrambling matrices? The following lemmas establish

the necessary conditions.

Lemma 13: Let G1 and G2 be two network induced transition matrices, and that both ma-

trices are aperiodic. If G1 is connected, then the products G1G2 and G2G1 are also connected

and aperiodic.

Proof. Write G2in the form G2 = Diag(G2) + G′2, where Diag(G2) is a diagonal matrix

whose elements are the diagonal of G2, and G′2 is the residual G2 −Diag(G2). Since

G2 is non-negative then so is G′2. We thus have that

G2G1 = Diag(G2)G1 + G′2G1

Denote by g2
ii and g1

ij for 1 ≤ i ≤ n as the elements of Diag(G2) and G1 respectively.

Then

Diag(G2)G1 =


g2

11g1
11 · · · g2

11g1
1n

...
...

g2
nng1

n1 · · · g2
nng1

nn


Clearly if G1 is connected and aperiodic, then so is Diag(G2)G1. The matrix product

is non-negative since G1 is also non-negative, such that when added to Diag(G2)G1

the properties of connectedness aperiodicity are preserved. A similar argument fol-

lows for G1G2.

Lemma 14: Let {Gγ(t)}t≥0 be a sequence of connected aperiodic transition matrices, then

there exists a sufficiently large τ > 0 such that

Gτ = Gγ(t) · · ·Gγ(t+τ)

is a scrambling matrix.

Proof. The proof follows from the fact that a network that is connected and aperiodic

induces a primitive transition matrix. That is let G be such a matrix, then there exists

a sufficiently large t such that Gt is a positive matrix. Since positive stochastic matri-

ces are scrambling, it follows that the product of a sequence of connected aperiodic

matrices is scrambling.
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The following lemma then directly follows from the above two

Lemma 15: Let T2 < T1 < T be sufficiently large integers. If γ is such that there exist a

T2 ≥ 0 and T1 ≥ 0 where by for every time interval [t, t + T2) a connected communication

network obtains, such that within the time interval [t, t+T1) a scrambling connected network

obtains, then

lim
T→∞

T

∏
t=0

Gγ(t) = ev′

The expression on the right hand side of (5.3.6) then follows directly from Lemma

15

5.7.3 Proof of Theorem 6

The general assumption in all the proofs below is that the sequence {G(n)}n≥2 is

common knowledge

(i) There are two parts to the proof of Theorem 6 (i); when the prior beliefs are

observable and when they are not. We first prove for the case in which the

realized prior beliefs are observable, that is for all i ∈ N, each µj,0 for all j ∈ Ni,1

is observable to i. Under this assumption, the public belief of each i is normally

distributed with mean

µi,∞(n) =
σ2

n + σ2 µi,0 +
1

n + σ2

n

∑
j=0

sj (5.7.3.1)

The variance of µi,∞(n) is then

var[µi,∞(n)] =
σ4η2

(n + σ2)
2 +

nσ2

(n + σ2)
2

From Chernoff bound, it follows that

lim
n→∞

P (|µi,∞(n)− µ̄| > ε)) ≤ lim
n→∞

(
var[µi,∞(n)]

ε

)
= lim

n→∞

(
σ4η2

(n + σ2)
2 +

nσ2

(n + σ2)
2

)
= 0 (5.7.3.2)

It is easy to see that the right hand side of (5.7.3.2) will be zero if and only if

both σ and η are finite such that σ4η2 < ∞. This conditions applies to all i ∈ N

The limit of the variance of X is

lim
n→∞

vari,∞(n) = lim
n→∞

σ2

n + σ2 = 0.
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Now we prove for the case in which the realized priors are unobservable. From

Theorem 5, if for each i ∈ N, µj,0 for all j ∈ Ni,1 are unobservable but it is

common knowledge that µ0 ∼ N (ν, η2I), where µ0 is a column vector of all

µi,0, then the public belief of each i is normally distributed with mean

µi,∞(n) =
(
1 + σ2) (1 + η2σ2)

(1 + σ2) (1 + η2σ2) + n− 1
µi,1 +

1
(1 + σ2) (1 + η2σ2) + n− 1 ∑

l∈N\{i}
Ei[sl |ν]

(5.7.3.3)

For the sake of notational convenience, let ϕ =
(
1 + σ2) (1 + η2σ2), and recall

that Ei[sl |ν] = σ2 (µl,0 − νl) + sl for all i ∈ N and all l ∈ N \ {i}. We can then

rewrite (5.7.3.3) as

µi,∞(n) =
ϕ

ϕ + n− 1
µi,1 +

σ2

ϕ + n− 1 ∑
l∈N\{i}

(µl,0 − νl) +
1

ϕ + n− 1 ∑
l∈N\{i}

sl

(5.7.3.4)

The variance associated with µi,∞(n) in (5.7.3.4) is

var[µi,∞(n)] =
ϕ2σ4η2 + ϕ2σ2

(ϕ + n− 1)2(1 + σ2)2 +
σ4η2

(ϕ + n− 1)2 +
(n− 1)σ2

(ϕ + n− 1)2 (5.7.3.5)

Similarly from (5.7.3.5), the limn→∞ var[µi,∞(n)] = 0 if and only if η and σ

are finite. Note that the sequence of random variables {(µl,0 − νl)}l∈N\{i} is

of mean zero and variance η2. This implies that if each term in the sum on

the right hand side of (5.7.3.4) converges in probability, then the first and the

second term both converge to zero and the third term converges to µ̄. It then

follows from (5.7.3.2) that µi,∞(n)
p−→ µ̄.

If η and σ are finite, then limit of the variance of X when priors beliefs are not

observable is

lim
n→∞

σ2 (1 + η2σ2)
(1 + σ2) (1 + η2σ2) + n− 1

= 0.

(ii) From (5.7.3.2) it follows that when the conditions of Theorem 6 (ii) are satisfied,

µi,∞(n)
p−→ µ̄.

5.7.4 Proof of Theorem 7

(i) Consider the case in which G(n) is doubly stochastic such that ∑n
j=1 gij(n) =

∑n
i=1 gij(n). Let z and y be the left and right eigenvalues of G(n) associated

with the leading eigenvalue. If G(n) is doubly stochastic then z = y, such that

z′G(n) = z′ and G(n)z = z
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Without loss of generality we can assume that ‖z‖ = z′z = 1. Specifically,

z = 1√
N

e, where e is a length n vector of ones. From Lemma 12 it follows that

v = 1
n e, such that for each i ∈ N

µi,∞(n) =
1
n

n

∑
i=1

µi,1

(ii) Recall that

µi,∞(n) =
n

∑
j=1

vj(n)
(

σ2

1 + σ2 µj,0 +
1

1 + σ2 sj

)

=
1

1 + σ2 µ̄ +
σ2

1 + σ2

n

∑
j=1

vj(n)µj,0 +
σ2

1 + σ2

n

∑
j=1

vj(n)ε j (5.7.4.1)

where the second equality follows from the fact that sj = µ̄ + ε j and that

∑n
j=1 vj(n) = 1. Let the summation components on the right hand side of

5.7.4.1 be denoted as follows

Vµ(n) =
n

∑
j=1

vj(n)µj,0, and Vε(n) =
n

∑
j=1

vj(n)ε j.

Since µ̄ is a parameter, it follows that any variance in µi,∞(n) is due to the

variances in Vµ(n) and Vε(n). This in turn implies that for µi,∞(n) to converge

in probability, then both Vµ(n) and Vε(n) must also converge in probability to

their respective limits. Consider first the in which the communication network

is balanced, in which case (5.7.4.1) becomes.

µi,∞(n) =
1

1 + σ2 µ̄ +
σ2

1 + σ2
1
n

n

∑
j=1

µj,0 +
σ2

1 + σ2
1
n

n

∑
j=1

ε j (5.7.4.2)

This implies that both Vµ(n) and Vε(n) are simply sample averages of the ran-

dom variables µi,0 and εi of all i ∈ N respectively. It then follows from the

law of large numbers that Vε(n) converge in probability to zero, and Vµ(n) con-

verges in probability to µ̄ only if µ0 ∼ N (µ̄, η2I). This in turn implies that

µi,∞(n) also converges in probability to µ̄. That is

µi,∞(∞) =
1

1 + σ2 µ̄ +
σ2

1 + σ2 µ̄ = µ̄ (5.7.4.3)

Generally speaking, both Vµ(n) and Vε(n) are sample weighted averages of

n random variable µi,0 and εi respectively drawn with probabilities vi(n) for
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each i ∈ N, from normal distributions with means µ̄ and zero variance. These

sample means converge in probability if and only if their variances converge to

zero for large n. That is

lim
n→∞

var[Vµ(n)] = 0 and lim
n→∞

var[Vε(n)] = 0

The respective variances are

var[Vµ(n)] = η2
n

∑
j=1

v2
j (n) and var[Vε(n)] = σ2

n

∑
j=1

v2
j (n),

which converge to zero if and only if the summand ∑n
j=1 v2

j (n) converges to

zero with n. This sum converges to zero if each square v2
j (n) converges to zero

with large n. In fact it is enough to say that maxi∈N(vi(n)) → 0 for large n.

This condition is satisfied by asymptotically balanced networks in that if G(n)

is asymptotically balanced, then G(n) converges to doubly stochastic matrix

S. Where for any doubly stochastic matrix, the elements of the corresponding

weight vector vi(n) = 1
n , converge to zero for large n.

In the case of the variance of public belief, it follows directly that

vari,∞(n) =
n

∑
j=1

vj(n)
σ

1 + σ

=
σ

1 + σ

n

∑
j=1

vj(n) =
σ

1 + σ
(5.7.4.4)

5.7.5 Proof of Proposition 12

Given G(n), the closest doubly stochastic matrix S(n) to G(n) is that which mini-

mizes the quantity ‖S(n)− G(n)‖2
F. Our objective is then as follows:

minS(n)∈S(n) ‖S(n)− G(n)‖2
F

subject to S(n)z = z z′S(n) = z′

where S(n) is the set of all doubly stochastic matrices of size n, and z is the left and

right eigenvectors corresponding to the first (unit) eigenvalue of S(n). We assume

without loss of generality that ‖z‖ = z′z = 1. The elements of G(n) are denoted

by gij(n) and those for S(n) by sij. It is easy to see that the objective function to be

minimized is of the form

f (G(n)) = (s11 − g11)
2 + · · ·+ (s1n − g1n)

2 + · · ·+ (sn1 − gn1)
2 + · · ·+ (snn − gnn)

2
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Note that the constraints together make a total of 2n linear equations, which leads

to 2n Lagrange multipliers denoted (in vector form) by 2α = (2α1, · · · , 2αn) and

2β = (2β1, · · · , 2βn). Note also that the factor of 2 in α and β is to account for the

factor of 2 in the derivative of f (G(n)) below. The Kuhn-Tucker conditions yield the

following matrix equation.

(S(n)− G(n)) + αz′ + zβ′ = 0 (5.7.5.1)

By substituting for S(n) = G(n)− αz′ − zβ′ into S(n)z = z and z′S(n) = z′, together

with the assumption that z′z = 1, one obtains the following set of simultaneous

equations.

G(n)z− α− zβ′z = z (5.7.5.2)

z′G(n)− z′αz′ − β′ = z′, (5.7.5.3)

which can be written in matrix form as[
I zz′

zz′ I

] [
α

β

]
=

[
G(n)z− z

G(n)′z− z

]
(5.7.5.4)

We can then solve for α and β by multiplying both sides of (5.7.5.4) by the inverse of[
I zz′

zz′ I

]
. That is

[
I 0

0 I

] [
α

β

]
=

1
1− zz′

[
I −zz′

−zz′ I

] [
G(n)z− z

G′(n)z− z

]
(5.7.5.5)

which yields,

α = G(n)z− z and β = G′(n)z− z

The assumption that z′z = 1 also implies that z = 1√
n e. Substituting for α and β in

(5.7.5.1) and noting that G(n)e = e, we obtain

S(n) = G(n) +
1
n

ee′ − 1
n

ee′G(n) (5.7.5.6)

It then follows that

φ(n)2 = ‖S(n)− G(n)‖2
F =

1
n2 ‖ee′ − ee′G(n)‖2

F

=
1
n

n

∑
j=1

(
1−

n

∑
i=1

gij(n)

)2

. (5.7.5.7)
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5.7.6 Proof of Theorem 8

The proof follows from Proposition 12, where a network is said to be asymptoti-

cally balanced if

lim
n→∞

φ(n) = 0.

For Theorem 8 (i), we have that

φ2(n) =
1
n

n

∑
j=1

(
1−

n

∑
i=1

gij(n)

)2

=
1
n

n

∑
j=1

1− 2
n

∑
i=1

gij(n) +

(
n

∑
i=1

gij(n)

)2


=
1
n

n− 2
n

∑
i=1

n

∑
j=1

gij(n) +
n

∑
j=1

(
n

∑
i=1

gij(n)

)2


≤ 1
n

(
din

max(n)

(
n

∑
i=1

n

∑
j=1

gij(n)

)
− n

)
= din

max(n)− 1 (5.7.6.1)

such that limn→∞ φ(n) = 0 if limn→∞ din
max(n) = 1.

For the case of Theorem 8 (ii), since for n > n′ the quantity D(n) is constant say c,

then for all n > n′

φ2(n) =
1
n

c

In which case limn→∞
1
n c = 0.

5.7.7 Proof of Proposition 13

Under Bayesian rational learning, the proof follows directly from the fact that

learning stops after the two agents that form the longest geodesic (diameter of the

network) have communicated their private informations (see proof of Theorem 5).

The time it takes private beliefs to become public is thus tc = D(Gγc), in which case

the convergence rate is basically 1
tc

. The relationship between the diameter and the

second largest eigenvalue of a graph is a well studied concept in graph theory (e.g

Chung [28]). Generally it assumes the form,

D(Gγc) ≤
ln(c)

ln(1/λ2(Gγc))

where c is some constant.
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In the case of Bayesian bounded-rational learning mechanism, it is well known

that a homogeneous Markov chain with transition matrix Gγc whose second largest

eigenvalue is λ2(Gγc) converges at the equal to λ2(Gγc). We write λi for λi(Gγc) for

the sake of notational cumbersomeness. Let zi and yi be the right and left eigenvec-

tors associated with the eigenvalue λi, and let λi in ordered as λ1 > λ2 ≥ · · · . Then

the above argument follows from the eigendecomposition of Gγc (assuming that Gγc

is connected such that λ2(Gγc) < 1, and that Gγc is actually eigendecomposable),

where the convergence rate is defined precisely as,

rBBR = lim
t→∞
‖Gt

γc ¯1 − ¯̄‖ 1
t

= lim
t→∞
‖
(
z1y1

′¯1 − ¯̄
)
+

n

∑
i=2

λt
i ziyi

′¯1‖
1
t

= |λ2| lim
t→∞
‖z2y2

′¯1 +
n

∑
i=3

(
λi
λ2

)t
ziyi

′¯1‖
1
t = |λ2| (5.7.7.1)

5.7.8 Proof of Proposition 14

First consider the case of Bayesian rational learning mechanism where

Uit(a∗it(n), X) = − 1
δt Ei,t

[
(µi,t(n)− X)2

]
= − 1

δt vari,t(n) (5.7.8.1)

For a given δ and n, Uit(a∗it(n), X) is a non-monotone function of time. The vari-

ance vari,t(n) a generally non-increasing function of time for a given n, and 1
δt is

an increasing function of time. Note that the time until the learning process ends

under Bayesian ration learning is equal to the diameter D(G(n)) of the network.

This implies that for a given δ and n, there exists a positive integer ti,e such that at

t = ti,e ≤ D(G(n)), Uit(a∗it(n), X) is minimum. The time t = ti,e is the optimal exit

time for agent i and it generally depends on i’s position in the network.

The exit time can be ordered with respect to D(G(n)) for groups of agents. Let

Q(G(n)) be a set of agents in G(n) whose optimal exit time is less than the diameter

of the graph. That is

Q(G(n)) = {i ∈ N : ti,e < D(G(n))}

and let #Q(G(n)) denote the respective cardinality. Then for two networks G1(n) and

G2(n) such that G1(n) > G2(n), then it must be Q(G1(n)) ≥ Q(G2(n))

Lemma 16: Given a sequence of networks {G(n)}n≥2 and the corresponding sequence

{Q(G(n))}n≥2, correct asymptotic learning obtains if and only if

lim
n→∞

#Q(G(n)) = 0 (5.7.8.2)
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If condition (5.7.8.2) is not fulfilled then even for a large n there exists a finite

number of agents who exit the game after receiving signals only from a finite number

of other agents. Lemma 16 can be proved by contradiction.

Consider the contrary case in which limn→∞ Q(G(n)) = Qe, that is Qe is a set of

agents that exited the game after receiving the private information of a finite number

of other agents. Denote by ai,e for the corresponding action taken by an agent i ∈ Qe

at the end of the learning process, and by ni,e as the number of agents whose signals

i received before exiting the game. Let ne = maxi∈Qe{ni,e}. The above definitions

and notations imply that

ai,e(n) = lim
n→∞

ai,t(n) = µi,∞(n)

such that the variance of ai,e(n) is

var[ai,e(n)] ≡ var[µi,∞(n)]

Given the sequence of networks {G(n)}n≥2, then for an agent i ∈ Qe for whom

ni,e = ne, we have

lim
n→∞

var[ai,e(n)] = var[µi,∞(∞)]

= var

[
σ2

ne + σ2 µi,0 +
1

ne + σ2

ne

∑
j=0

sj

]

=
σ4η2 + neσ2

(ne + σ2)
2 (5.7.8.3)

From Chernoff bound, it follows that

lim
n→∞

lim
t→∞

P (|ai,t(n)− µ̄| > ε) > lim
n→∞

lim
t→∞

(
1− var[ai,t(n)]

ε

)
= 1− σ4η2 + neσ2

(ne + σ2)
2 > 0 (5.7.8.4)

In which case limn→∞ limt→∞ ai,t(n) 6= µ̄. If this is true for an agent i ∈ Qe for

whom ni,e = ne, and from the fact that for all i ∈ Qe ni,e ≤ ne, then (5.7.8.4) must be

true for all i ∈ Qe.

Lemma 17: Condition (5.7.8.2) in Lemma 16 is satisfied if and only if for a sequence

{G(n)}n≥2 of networks and the corresponding sequence {D(G(n))}n≥2

lim
n→∞

1
n

D(G(n)) = 0 (5.7.8.5)
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The proof of Lemma 17 follows directly from the argument that for a sequence

{G(n)}n≥2, if by contradiction the corresponding sequence {D(G(n))}n≥2 is such

that D(G(2)) < D(G(2)) < · · · , then similarly for the sequence {Q(G(n))}n≥2 it

must be that Q(G(2)) ≤ Q(G(2)) ≤ · · · with at least one strict inequality. In which

case condition (5.7.8.2) in Lemma 16 will not be fulfilled.

In the case of bounded-rational learning, the variance of X is constant over time

and n, which implies that the “discounted” expected loss is non-increasing, unlike

the the case of rational learning in which it is non-monotonic in nature. Agents

therefore do not have any incentive to wait until longer before taking an action a ∈ A.

That is limn→∞ limt→∞ ai,t(n) = µ̄ can occur only if the network is complete, such

that agents do not have to wait for more than one or two periods before taking an

action in A.
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VA L O R I Z AT I O N

This final Chapter of the dissertation discusses the valorization opportunities that

this PhD thesis presents. This is in accordance with article 23.5 of the Regulation

governing the attainment of doctoral degrees at Maastricht University. I start by providing

the summary of the socio-scientific implications of the thesis findings. The social and

economic relevance of the study will be followed with a description of the potential

target groups for whom the results may be of interest. I will then present the degree

of innovativeness of the research methods used and how the results of the study will

be disseminated to a wider audience.

This dissertation has focused on three aspects of social and economic interactions:

coordinated change in strategic behavior, opinion formation and the nature of public

beliefs, and the role of the structure of social interactions in shaping both aspects.

The analysis and results of the first part of the project can be directly applied to

the scientific study of how social institutions and technologies may arise and evolve.

Social institutions and technologies are dynamically similar in that they both require

coordinated change in expectations and behavior of individuals. Our analysis of

coordinated change in strategic behavior therefore directly extends to these specific

cases of social and economic interactions. Social institutions can be formally defined

as mechanisms that facilitate interactions and coordination among individuals of any

given society. Examples of social institutions include social norms, forms of corpo-

rate governance, terms of economic contracts and private property rights. Social

technologies in this context refer to technological products with positive returns to

adoption, such as information technologies. This dissertation thus contributes to our

understanding of how such institutions and technologies evolve. And in particular,

it shows how innovations can bring about change in social institutions and technolo-

gies.

This thesis finds that (a) the payoff gains from the potentially new social institu-

tional or technology and (b) the structure of day-to-day social interactions, matter in
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shaping their evolution. These two factors determine whether or not the new insti-

tution and technology can gain a foothold in the society. Our study shows that for

societies in which connections between individuals are sparse, incremental changes

are feasible. By contrast, for societies in which individuals are highly connected, only

radical changes are feasible. These findings are particularly relevant in the current

Information and Social Ages in which societal interactions are shaped by digital tech-

nologies because social interactions such as online relationships, collaboration and

information sharing are becoming more and more structured.

Beyond the above mentioned socio-scientific relevance, the findings in this the-

sis are also of relevance to firms and policy makers. Social norms and interactions

influence productivity and organizational efficiency in corporations and public or-

ganizations. Norms define expected behavior and hence accepted levels of perfor-

mance by members of an organization. Our findings then imply that when thinking

about changing the working norms within an organization, not only does one have

to consider the potential reward from the desired norm but also the structure of in-

teractions among the members of the organization. Perhaps most importantly, the

results in Chapter 3 imply that if the structure of interactions is known, then the

design of rewards to be offered for adopting a new norm can be determined.

In relation to firms as target groups, our findings can directly be applied in de-

signing market expansionary strategies. The thesis theoretically shows that if the

preferences over a set of consumer or technological products exhibit network exter-

nalities, then for a given structure of social interactions among consumers, one can

determine the level of innovation on a product required for it to takeover (at least the

largest share of) the market. Examples of consumer products that exhibit network

externalities range from durable goods in which buyers care about post-purchase

services to IT products in which its benefits depend on how many others in one’s

social network adopt it. In the case where two competing products with network

externalities co-exist within the market, our findings imply that having knowledge

of the network of interactions among consumers enables determination of the level

of incremental innovation on the product for it to gain a larger share of the mar-

ket. Similarly, when a new product is introduced to the market, it is not only the

relative gains that the new product offers to the consumers but also the structure of

interactions among consumers that determines its success.

Our results are also of relevance to policy makers. The success of any economic

policy depends on public opinion towards it. Consider an example of the current

debate on the exact cause of climate change. After examining nearly 12,000 peer-

reviewed scientific papers, Cook et al. [29] found that 97.1% of them endorsed the
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consensus position that humans are causing global warming. By contrast, only 41%

of the American public says that global warming is anthropogenic. The success of

any economic policy aiming at reducing anthropogenic factors such as C02 emissions

will then depend on how it affects the 59% of the population with an alternative

opinion on causes of global warming. The second part (Chapter 5) of this thesis stud-

ies conditions under which public consensus and disagreement may arise and how

fast structured societies converge to stable public opinion. We show how historical

factors (prior beliefs), the manner in which individuals assimilate new information

and networks governing information exchange interactively shape public opinion.

Knowledge of these factors can be used by policy makers to promote desirable eco-

nomic policies.

In terms of innovativeness, this thesis introduces novel analytical methods that are

not limited to the field of social sciences. The methods introduced include proba-

bility techniques for studying dynamic interaction systems that involve experimen-

tation and communication among interacting entities. It also introduces theoretical

methods for analyzing processes in which interactions among entities are decentral-

ized. Such interaction systems can be found in the field of biological sciences and

computer science. Our theoretical methods can for example be employed to study

flocking and herding behavior in social animals, or biological evolutionary processes.

Similarly, they can also be applied to the study of consensus and coordination in

sensor and electric networks. The theoretical methods introduced will therefore be

of use to a wider scientific circle.

Finally, the dissemination of the outcomes of this project is already in progress. The

results have been presented to international audiences in conferences and seminars.

Presentations have been given at The Centre d’Economie de La Sorbonne and Paris

School of Economics, University of Cergy Pontoise THEMA, Cournot seminars at

Bureau d’Economie Théorique et Appliquée (BETA), University of Strasbourg, Royal

Economic Society Postgraduate Presentation Meeting & Job Market, 10th Workshop

on Networks in Economics and Sociology at Utrecht School of Economics, and Maas-

tricht Lecture Series in Economics. The four main chapters of the thesis have been

rewritten into journal article formats, all of which are under submission for publica-
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