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A Reason for Sophisticated Investors not to seize

Arbitrage Opportunities in Markets without Frictions

Kirsten I.M. Rohde∗

December 13, 2005

Arbitrage opportunities exist when it is possible to generate a nonnegative income

stream without incurring any costs. This is, for instance, the case when it is possible to

buy a portfolio of assets that costs nothing today and that will yield a positive payoff in

the future. It is a widespread belief that, as long as there are no market frictions, arbitrage

opportunities cannot exist. The reason is that as long as they do exist, the demand for the

portfolio of assets mentioned before will be very large, exceeding supply, which will drive

the price of the portfolio up until arbitrage is no longer possible.

Here we will show that this belief can be incorrect when preferences change over time.

Since Strotz’s (1955–1956) discussion of behavior when preferences change over time, there

has been an increasing interest in economic models that do account for changing pref-

erences, including Akerlof (2002), Angeletos et al. (2001), Barro (1999), Frederick et

al. (2002), Gul and Pesendorfer (2001), Harris and Laibson (2001), Herings and Rohde

(2006), Krusell and Smith (2003), Krusell et al. (2002), Laibson (1997), Loewenstein and

Prelec (1992), Luttmer and Mariotti (2003), O’Donoghue and Rabin (1999a, 1999b), Phelps

and Pollak (1968), Rubinstein (2003), and Thaler and Benartzi (2004).

When preferences change over time, several types of behavior can be distinguished.
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Individuals may either recognize the fact that their preferences will change in the future, or

believe that their preferences will not change. Individuals who believe that their preferences

will not change over time are called näıve (Pollak, 1968). Individuals who do recognize

that their preferences may change, either pre-commit themselves or only make plans that

they expect to adhere to in the future. Pre-commitment may only be possible when there

are pre-commitment devices. If there are no pre-commitment devices it can be hard for the

individual to stick to the plans he made in the past. Then sophisticated individuals will only

make plans that they expect to adhere to in the future. These sophisticated individuals

first try to predict their future behavior for every given possible current behavior. They

then choose the current behavior that, together with the reaction on this behavior in the

future, is the best from the perspective of current preferences. In predicting their future

behavior individuals may predict their future preferences either correctly (Pollak, 1968) or

incorrectly (Loewenstein, O’Donoghue, and Rabin, 2003). The former will be called fully

sophisticated, and the latter partly sophisticated.

Crucial in the behavior of a sophisticated individual is that, by choosing current be-

havior, he will try to influence future behavior if that future behavior depends on current

behavior. Akerlof (1991), Benhabib and Bisin (2005), DellaVigna and Malmendier (2004),

Schelling (1984), Thaler and Shefrin (1981) give evidence and many examples of individu-

als trying to influence their future behavior by choosing the appropriate current behavior.

Consider an addicted smoker deciding to try to quit smoking. If he is wise, he will com-

pletely abstain from smoking right from the beginning. Suppose that he would first restrict

himself to smoking only one cigarette a day. Then, after smoking that one cigarette, he will

be tempted even stronger to smoke a second cigarette and he might indeed give in to that

temptation, ending up smoking more than one cigarette per day. If this smoker would be

näıve, he would not foresee this increased temptation after smoking the first cigarette, and

would indeed smoke the one cigarette, ending up smoking more than one cigarette after

all. If he would be sophisticated, he would foresee this temptation, and thus, know that he

would never stick to smoking only one cigarette. Knowing that his choice is restricted to

either not smoking at all or smoking more than one cigarette, he may choose not to smoke
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at all.

This note gives an example of an individual investor who does not seize an arbitrage

opportunity, only because he wants to influence future behavior. In the example, which is

borrowed from Liebhafsky (1969), there is the possibility to buy an asset at zero costs today,

which will yield a positive income tomorrow. Tomorrow, two goods can be consumed, one

of which is an inferior good from the perspective of tomorrow. From the perspective of

today, however, that good is not inferior. We can think of ‘today’ being the first half of

our life and ‘tomorrow’ being the second half. The normal good is a luxurious and not so

healthy basket of goods. The inferior good is a less luxurious and more healthy basket of

goods. Suppose that we expect that as our income rises we will tend to purchase more of

the luxurious basket and less of the healthy one. From the perspective of the first half of

our life we wish we would keep buying the healthy basket and not switch to the luxurious

one in the future. One way to make sure that we keep buying the healthy basket is to

refrain our income from rising a lot.

The example not only shows the possibility for arbitrage opportunities to exist in equi-

librium in rational markets, but is also relevant for optimal contract design. Consider a

manager whose wage consists of an amount that depends on the profits the company makes.

It is commonly believed that such a wage scheme will give the manager an incentive to

maximize profits. Our example, however, shows that this wage scheme might also give the

manager an incentive not to maximize profits, since he might not want to increase his fu-

ture income indefinitely. This is an overlooked, though important observation that should

be kept in mind when designing compensation schemes. For sophisticated decision-makers

with changing preferences, increasing future income may not necessarily increase current

utility. As an alternative to trying to give a manager the incentive to maximize profits by

increasing the manager’s income as profits increase, it might be better to give the manager

that incentive by giving him more of a non-tradeable, but desired, good as profits increase.

In that way, an increase in profits will not change the consumption bundle that the man-

ager will buy tomorrow too much, so that from the perspective of today, he will prefer the

new consumption bundle tomorrow. This will give him an incentive to maximize profits.
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We assume that there are two subsequent periods. These two periods can be interpreted

freely, but for ease of exposition, we label them ‘today’ and ‘tomorrow’. There is no

uncertainty. Today investors buy portfolios of assets that will pay off tomorrow. Tomorrow

investors consume goods. There are two goods that can be consumed tomorrow: good 1 and

good 2. The expenditures are limited by income, which is determined by two components.

The investor has an initial endowment of every good tomorrow. The value of endowments

tomorrow and the payoffs tomorrow of the assets bought today together constitute income

tomorrow. There are no market frictions, i.e. investors are allowed to go short or long in

assets without bounds and tomorrow there are complete spot markets.

Consider an investor with endowments ω = (ω1, ω2) = (1/2, 3/2), i.e. 1/2 units of

good 1 and 3/2 units of good 2. The prices of these two goods are expected to be equal

to 1 tomorrow, and will indeed be equal to 1 tomorrow. There is one asset, that can be

bought today at zero costs. This asset will pay off 1 unit of money tomorrow. We will

argue later that such an asset can indeed exist in the market. Thus, the income of the

investor tomorrow will be equal to

I = ω1 + ω2 + θ,

where θ is the amount of assets bought today.

Today the preferences of the investor over consumption tomorrow are represented by

the following utility function:

U0(x1, x2) = min{3x1, x2},

where x1 and x2 are the consumption of good 1 and good 2, respectively. The investor

believes that his preferences over consumption will be different tomorrow. He believes that

his preferences tomorrow will be represented by

U1(x1, x2) =
3

4
ln x1 +

x2
2

2
.

It can be shown that with the latter preferences consumption tomorrow will depend on
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income I as follows: either

x∗

1
=

1

2

(

I −
√

I2 − 3
)

and (1)

x∗

2
=

1

2

(

I +
√

I2 − 3
)

, (2)

or x∗

1
= I and x∗

2
= 0. Today the sophisticated investor believes that his consumption

will be like this tomorrow. Thus, he believes that his choice is restricted by (1) and (2).

The only way in which he can influence tomorrow’s consumption, is by influencing future

income, through the sale or purchase of assets today.

Suppose that the investor decides not to invest in the costless asset, i.e. θ = 0. Then

his income tomorrow will be equal to I = ω1 + ω2 = 1/2 + 3/2 = 2. Then it follows that

x∗

1
= 1/2 and x∗

2
= 3/2. Thus, he would keep his endowments.

Consider what would happen if he would decide to buy the asset. The curve in Fig. 1

shows tomorrow’s demanded consumption bundles for various income levels if it does not

hold that x∗

1
= I. The dashed curve is an indifference curve from the perspective of today,

that goes through ω. From the perspective of today only bundles to the north-east of ω

would be weakly preferred by our investor. However, by changing income, no bundles to

the north-east of ω can be reached, given demand tomorrow. Thus, the investor will not

buy the asset.

Note that the preferences of the investor are increasing in the consumption of the goods.

Thus, tomorrow the investor would always wish he had more income. Also, if today he

would be able to perfectly pre-commit himself, he would want to buy the asset in order to

increase tomorrow’s income. A perfect pre-commitment device would allow the investor

to specify today how he would like to spend his income tomorrow and would not allow

him to choose to spend his income differently tomorrow. Then the sophisticated investor

would not be constrained by his behavior tomorrow and would want to increase his future

income.

From the figure, we can see that there can be investors who do want to either increase

or decrease their future income by a limited amount. Consider a second investor that has

the same preferences as our first investor, but less income from endowments in the second
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Figure 1: Tomorrow’s consumption

period. This investor wants to increase his income in the second period, until he can

afford the consumption bundle ω. Similarly, a third investor that has a higher income from

endowments than our first investor, wants to decrease his income, until he will choose the

consumption bundle ω tomorrow. Thus, the second investor will buy the asset, whereas

the third investor will sell the asset. The endowments of the second and third investor can

be chosen in such a way that demand and supply of the asset are exactly equal when the

price of the asset is equal to zero. Thus, the second and third investor will trade the asset.

This shows that in equilibrium there can indeed exist an asset in the market that (1) costs

nothing, (2) yields a positive payoff in a future period, and (3) is traded.

From this example we see that the existence of arbitrage opportunities in the market

may not only be due to market frictions like, for instance, transaction costs, asymmetric

information and restrictions to borrow money. Though it is a common belief that everybody

would want to increase future income at no costs, this may not always be rational.
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