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tournament), Jérôme Lang, Ariel D. Procaccia (organizers), Edith Elkind,
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Chapter 1

Introduction

Luce and Raiffa (1957) co-authored one of the first books about game

theory, entitled “Games and Decisions: Introduction and Critical Survey,”

a title suggested by A. W. Tucker. This book inspired the title of the cur-

rent dissertation in which I explore some interrelations between games

and decision problems.

In a decision problem, an agent makes a choice from a set of alter-

natives whose outcomes are usually unknown. If the probabilities in

the uncertain situation are known to the agent, the uncertainty is called

risk; if the probabilities are unknown, it is called Knightian uncertainty

or ambiguity. A strategic game (say, in normal-form) can be viewed as

another type of uncertainty in which outcomes depend on the choices of

players who do not possess any information about the choices of others.

However, unlike ambiguity, strategic uncertainty is controlled by players

themselves—who may have conflicting interests over the outcomes—

rather than an exogenous process (e.g., drawing a ball from an unknown

urn).

In this dissertation, I will depict certain unexplored relations between

uncertainties in games and decision problems. However, I do not take

a side in the discussion of whether strategic games should be treated

1



Chapter 1. Introduction

R S P
R 0, 0 1,−1 −1, 1
S −1, 1 0, 0 1,−1
P 1,−1 −1, 1 0, 0

Figure 1.1: Rock-Paper-Scissors game.

as multi-person decision problems, or decision problems as one-person

games. Moreover, I will propose an alternative solution that arguably

provides novel insight into some non-cooperative games.

Outline of Chapters 2-5

Chapter 2

In this chapter, I will define a simple equivalence relation between the

class of two-person symmetric games and the class of decision problems

with a complete but not necessarily transitive preference relation. To

illustrate this equivalence and show why transitivity is not assumed,

consider the Rock-Paper-Scissors game in Figure 1.1, which is known by

its cyclic structure (recall that rock beats scissors, scissors beats paper,

and paper beats rock). The equivalent decision problem of this game is

defined as the pair, (X,�), in which X = {R, P, S} and R � S � P � R.

In other words, the decision maker’s preference relation over the choices

is cyclic.

Under this equivalence, I will highlight the links between some game

and decision theoretical concepts. For example, a Nash equilibrium in a

two-person symmetric zero-sum game and a pair of maximal elements in

its equivalent decision problem coincide. Further, I will show that a two-

person symmetric zero-sum game can be extended to its von Neumann-

Morgenstern (vN-M) mixed extension if and only if the extended decision

problem satisfies SSB utility (Fishburn, 1982), which is a weaker notion

2



than vN-M utility.

I will also demonstrate that a decision problem satisfies vN-M utility

if and only if its equivalent symmetric game is a potential game (Mon-

derer and Shapley, 1996). Accordingly, I will then provide a formula as a

function of number of strategies for the number of linearly independent

equations that must be satisfied for a potential function to exist in these

games. The value of the formula, (n−1)(n−2)
2 , grows quadratically as the

number of strategies (n) increase.

Chapter 3

In this chapter, I will introduce three sufficient conditions for the exis-

tence of a pure Nash equilibrium in two-person symmetric zero-sum

games: (1) a quasiconcavity notion based on the preferences of a decision

maker in the equivalent decision problem of a game; (2) a functional

representation of an axiom in Fishburn and Rosenthal (1986); (3) the

so-called sign-quasiconcavity notion, which is a generalization of quasi-

concavity in Duersch et al. (2012a).

I will show how these conditions are related to each other and other

established sufficient conditions in the literature. The most general

condition is sign-quasiconcavity which generalizes (1), (2), generalized

ordinal potentials, and quasiconcave games. I will also prove that if a two-

person symmetric zero-sum game has a generalized ordinal potential,

then the preference relation in its equivalent decision problem must be

transitive.

Chapter 4

Because economic interactions are not typically zero-sum, maximin

strategies cannot capture mutual gains and losses in these interactive

situations. Thus, in Chapter 4, I will introduce a new concept, optimin

equilibrium, that extends the maximin strategy solution to nonstrictly

3



Chapter 1. Introduction

competitive games by incorporating an individual rationality constraint

whereby players do not harm themselves for the sake of harming others.

I will show that optimin equilibrium consists of a pair of maximin

strategies in zero-sum games, but this is not necessarily the case in

nonzero-sum games. This result implies that the optimin equilibrium,

the minimax solution, and the Nash equilibrium coincide at the mixed

strategy profile [( 1
3 , 1

3 , 1
3 ), (

1
3 , 1

3 , 1
3 )] in the Rock-Paper-Scissors game illus-

trated in Figure 1.1.

I will also prove that every finite game in mixed extension possesses

an optimin equilibrium, which may or may not be Pareto optimal. As

an example, optimin equilibrium selects the two Pareto optimal profiles,

(Football, Football) and (Opera, Opera), in the battle of the sexes game.

However, it may select a Pareto dominated solution such as (Defect,

Defect) in the prisoner’s dilemma. Nevertheless, optimin equilibrium

and Nash equilibrium may differ in the finitely repeated version in which

the Tit-for-Tat strategy profile—whereby a player begins by cooperating

in the first round and then does what the opponent did in the previous

round—turns out to be an optimin equilibrium. For another example,

consider the following one-shot game with ordinal payoffs.

Top Middle Bottom
Top 100, 100 100, 105 0, 0

Middle 105, 100 95, 95 0, 210
Bottom 0, 0 210, 0 5, 5

In this game, the unique Nash equilibrium is (Bottom, Bottom),

whereas the unique optimin equilibrium is (Top, Top) because each player

guarantees the highest payoff (100) at this profile under any profitable

deviation of the other player. For example, Player 2 might profitably

deviate from (Top, Top) to Middle, but Player 1 would still receive 100

in this case. However, the maximin strategy concept says that Player 2

would deviate to any feasible strategy including Bottom, leaving Player

4



1 with a payoff of 0; though, this deviation is not in the self-interest of

the deviator because the deviator also receives 0. Thus, the individual

rationality constraint of a player rules out such deviations.

Finally, I will apply this concept to the Arrow-Debreu economy and

provide some sufficient conditions for its existence. My analysis will

show that optimin equilibrium generalizes the concept of competitive

equilibrium.

Chapter 5

In this chapter, I will focus on the concept of rationality (à la von Neumann-

Morgenstern) to answer the following question: ‘Is it possible for an eco-

nomic agent to be simultaneously rational in every situation she faces?’ I

will show that there are games and decision problems in which an agent

cannot be simultaneously rational in both. Put differently, the same

person can be simultaneously rational and irrational, hence the paradox.

Player 1’s associated decision problem D of a two-person game G is

defined as follows: (1) Player 1’s monetary payoffs in D are identical to

those in G; (2) there is no payoff for another player in D in which an un-

conscious lottery—instead of Player 2—chooses actions. (For simplicity,

I assume that all outcomes are monetary.) For example, suppose that c1

is a consequence in a game in which Player 1 receives 5 Euros and Player

2 receives 10 Euros. Then, c′1 is the consequence in its associated decision

problem in which Player 1 receives 5 Euros:

c1 = (AC5,AC10)→ c′1 = AC5.

Because Player 1’s monetary payoffs in the game are completely

identical to her monetary payoffs in the associated decision problem,

the difference in her preferences (if any) come from the fact that she

plays the game against a human player who also receives payoffs. For

example, if Player 1 receives less utility from c1 than c′1, it means that she

5



is “unhappy” about Player 2 receiving AC10.

Naturally, one would like to assume that the player is rational both

in the game and the decision problem. However, it turns out that Player

1’s rationality in a domain does not necessarily imply her rationality in

the other domain, which may challenge the belief that rationality is a

personal trait.

I will describe a necessary and sufficient condition called doubly

linearity for a decision maker that makes her simultaneously rational in

both situations. I will show that if a player is rational in a game, then she

cannot be rational in the associated decision problem unless her social

preference function satisfies doubly linearity. This condition seems to

rule out social preferences including inequality aversion and altruism.



Chapter 2

Two-person symmetric games
and decision problems

2.1 Introduction

Rosenthal (1981) argues that games should be treated as one-person

decision problems, whereas Fudenberg and Levine (2006) argue that

some decision problems can be treated as a game between the different

selves of a decision maker. In this chapter, I will portray symmetric

games as decision problems and decision problems as symmetric games.

Accordingly, I will show some equivalence relations between established

game and decision theoretical concepts.

A decision problem consists of a set of alternatives and a complete

(but not necessarily transitive) preference relation defined on this set. The

class of such decision problems and the class of two-person symmetric

games are somewhat tautologically equivalent and can be represented

by the same mathematical object. Accordingly, I will consider an identity

mapping between those classes. The image of a two-person symmetric

game under the mapping is called the equivalent decision problem of the

game, and the pre-image of a decision problem is called the equivalent

game of the decision problem.

7



Chapter 2. Two-person symmetric games and decision problems

In Section 2.2, I will introduce the framework that will be used

throughout this chapter. In Section 2.3, I will consider two-person sym-

metric games in pure strategies and decision problems in a riskless

context. I observe that a strategy is an optimal pure threat strategy (Nash,

1953) in a two-person symmetric game if and only if it is a maximal

element in its equivalent decision problem. In particular, a pure Nash

equilibrium in a two-person symmetric zero-sum game and a pair of

maximal elements in its equivalent decision problem coincide.

If a game does not possess a pure Nash equilibrium, a solution in the

mixed extension of the game can usually be found. Similarly, if a decision

problem does not possess a maximal element, the decision problem can

be extended to its “mixed extension” to find a solution. In Section 2.4,

I will extend games and decision problems to mixed extension so that

a decision maker can choose a probability distribution over the set of

alternatives.

Accordingly, I will also show that a two-person symmetric zero-sum

game can be extended to its von Neumann-Morgenstern (vN-M) mixed

extension if and only if the SSB utility axioms (Fishburn, 1982) continuity,

dominance and symmetry are satisfied in its equivalent decision problem.

Moreover, I will show that a mixed strategy is optimal (von Neumann,

1928) in a two-person symmetric zero-sum game if and only if it is a

maximal element in its equivalent decision problem. More generally, a

strategy is an optimal mixed threat strategy in a two-person symmetric

game if and only if it is a maximal element in its equivalent decision

problem.

In Section 2.5, I will demonstrate that a two-person symmetric game

is a potential game if and only if its equivalent decision problem satisfies

vN-M utility.1 Accordingly, I will provide a formula for the number

1Roth (1977) relates vN-M utility with another concept: He shows that the Shapley value of a
player and vN-M utility coincide if the player’s preferences over player positions in the game can
be represented by that utility function, and those preferences satisfy some assumptions.

8



2.2. The framework

of linearly independent equations for the independence axiom to be

satisfied. In effect, the value grows quadratically as the number of

alternatives increase, which may be interpreted as an alternative way to

show the strength of the independence axiom. Finally, I will present how

a puzzling phenomenon in SSB utility (Fishburn, 1984) turns out to be a

well-known property of Nash equilibrium.

2.2 The framework

Let (X, u) denote a two-person symmetric game, in which players each

have the same set of pure actions X, which is not necessarily finite. If

Player 1 plays x ∈ X and Player 2 plays y ∈ X, Player 1 receives u(x, y)

and Player 2 receives u(y, x), where u : X × X → R. A two-person

symmetric zero-sum game is denoted by (X, v) where for all x and y,

v(x, y) + v(y, x) = 0.

Let (X,�) denote a decision problem, in which X is a set of alterna-

tives available to a decision maker, and the relation �⊆ X × X repre-

sents the preferences of the decision maker over X, which can be read as

weakly preferred or at least as good as. Denote x ∼ y if x � y and y � x,

and x � y if x � y but not x ∼ y.

If we assume that a preference relation on a countable set is complete

and transitive, then it is representable by a one-variable order-preserving

utility function.2 However, this is not possible if we remove the transitiv-

ity assumption. In this case, a simple approach to obtain a representation

is to use a two-variable utility function.3 The following observation states

that such a decision problem is representable.

2See, for example, Debreu (1954).
3For example, Fishburn (1982) generalized the expected utility of von Neumann and Morgen-

stern by a skew-symmetric two-variable utility function without using the transitivity and the
independence axioms.
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Chapter 2. Two-person symmetric games and decision problems

Observation 1. Suppose that the relation� on a set X is complete. Then, there

exists U : X × X → R such that for all x and y in X, x � y ⇔ U(x, y) >

U(y, x).

Proof. Let � be a complete relation on X. Define a real valued function

U such that for all (x, y) ∈ X× X with x � y, we have U(x, y) > U(y, x).

And for all x ∼ y define U(x, y) = U(y, x). It is left to show that for z and

w in X, U(z, w) > U(w, z) implies that z � w. Assume that z � w. Then,

U(z, w) ≤ U(w, z), which is a contradiction to our supposition.

Remark 1. Let U : X× X → R be a function. The preference relation on

X defined by x � y if U(x, y) > U(y, x) and x ∼ y if U(x, y) = U(y, x)

would be complete and such U would represent �.

The function U(x, y) may be interpreted as a magnitude of the inten-

sity of preference for x over y. If the intensity of preference for x over y

is greater than the one for y over x, then x is preferred to y. In particular,

for x and y in X the difference U(x, y)−U(y, x) defines another function,

say V(x, y), which has a nice property of being skew-symmetric, that is

V(x, y) = −V(y, x). The following corollary illustrates this situation.

Corollary 1. If the relation � on a set X is complete, then there exist V :

X × X → R such that for all x and y in X, x � y ⇔ V(x, y) > 0 with

V(x, y) + V(y, x) = 0.

The triplets (X, U,�) and (X, V,�) are also decision problems. No-

tice that a function U as in Remark 1 induces a unique preference relation

on X, hence (X, U,�) is a more specific decision problem than (X,�).4

Note that given a decision problem (X,�) there are (uncountably)

many functions U that represent �. We define the set

[�] = {U : X× X → R | U represents �},
4I will write (X, U) instead of (X, U,�) and each time I refer to a decision problem I will state

which form I consider.
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2.3. Games in pure strategies and decision problems in a riskless context

which will be helpful to identify the similarities of the functions repre-

senting the same relation.

2.3 Games in pure strategies and decision problems
in a riskless context

2.3.1 The equivalence mapping

Let D denote the class of all decision problems of the form (X, U), where

U is an order-preserving utility function as in Observation 1, and G
denote the class of all two-person symmetric games. The next proposition

shows the equivalence between those two classes.

Proposition 1. G = D.

Proof. To show G ⊆ D, let (X, u) be a game in G. By Remark 1, the

preference relation defined by x � y if u(x, y) > u(y, x) is complete,

and u represents �. Accordingly, (X, u,�) belongs to the desired class

when we consider X as the set of alternatives. Conversely, given a

decision problem (X, U), define the two-person symmetric game as

follows. Consider X as the set of pure strategies for each player, and

when Player 1 plays x ∈ X and Player 2 plays y ∈ X, Player 1 receives a

payoff of U(x, y) and Player 2 receives U(y, x). Consequently, the game

(X, U) is a two-person symmetric game.

In particular, the class of decision problems with a representation

function V (as in Corollary 1) is equivalent to the class of two-person

symmetric zero-sum games. Since the construction is essentially the

same as the preceding proposition, I have omitted it.

So far, I have considered the pair (X, u) both as a game and as a de-

cision problem. To stress this, I define an identity mapping T : G → D,

which does not change the mathematical object but interprets it differ-

ently. In other words, the image of a two-person symmetric game, (X, u),

11



Chapter 2. Two-person symmetric games and decision problems

x y z
x 1, 1 3, 0 0, 3
y 0, 3 1, 1 3, 0
z 3, 0 0, 3 1, 1

x y z
x 0, 0 1,−1 −1, 1
y −1, 1 0, 0 1,−1
z 1,−1 −1, 1 0, 0

Figure 2.1: Games (X, u) and (X, v) respectively

under the mapping T gives the decision problem, (X, u,�), where u is

the order-preserving utility function representing the relation �.

In addition, if u represents the preference relation � on X, I call the

pair, (X,�), the equivalent decision problem of the two-person symmetric

game (X, u). To avoid confusion and to distinguish between decision

problems and games, I write T ((X, u)) = (X, U) where u = U. Then I

say the equivalent decision problem of the game (X, u) is (X, U).5

Next, I provide an example to clarify how decision problems and

games are related. Figure 2.1 presents a two-person symmetric game,

(X, u), and a two-person symmetric zero-sum game (X, v). Consider

the equivalent decision problem (X, U) of the game (X, u) under the

mapping T where U = u. The preference relation represented by the

utility function U is x � y � z � x, because U(x, y) > U(y, x), U(y, z) >

U(z, y) and U(z, x) > U(x, z). Similarly, consider the equivalent decision

problem (X, V) of the game (X, v) under the mapping T , where V = v.

Since V(x, y) > 0, V(y, z) > 0 and V(z, x) > 0, the preference relation

turns out to be the same as before: x � y � z � x. Thus, both games have

the same decision problem, (X,�), and both u and v represent �, that

is, u and v are in [�]. In the following section, I will show that different

games whose equivalent decision problems have the same preference

relation share some common properties.

Notice that the game (X, v) in Figure 1 is the classical Rock-Paper-

5Those notations will be helpful since I will need to make distinctions between the decision
problems of the form (X, U), (X, V) and (X,�).
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2.3. Games in pure strategies and decision problems in a riskless context

Scissors game, which is known by its cyclic structure. In other words,

the relation defined by “one shape beats the other” is cyclic, because

rock beats scissors, scissors beats paper and paper beats rock. Intuitively

speaking, it would be expected that the equivalent decision problem (if

one could exist) of Rock-Paper-Scissors game should have cyclic prefer-

ences, which is actually the case as I showed.

2.3.2 Counterparts of maximal elements

X is said to admit a maximal element, x, with respect to a preference

relation � on X if there exists no element y ∈ X such that y � x. If � is

complete, this definition reduces to the following: for all y in X, x � y.

The following observation illustrates the counterparts of pure Nash

equilibria in two-person symmetric zero-sum games.

Observation 2. Let (X, v) be a two-person symmetric zero-sum game and

(X,�) be its equivalent decision problem. X admits a maximal element x∗ with

respect to � if and only if the game (X, v) possesses a pure Nash equilibrium

(x∗, x∗).

Proof. ‘⇒’ Since (X,�) is the equivalent decision problem of the game

(X, v), the function v represents the relation � in the sense of Corollary

1. Hence x∗ � y if and only if v(x∗, y) ≥ 0 for all y ∈ X. If (X, v) has

a value, it should be 0 because it is a two-person symmetric zero-sum

game. The strategy x∗ guarantees the value 0, so it is an optimal strategy.

By symmetry, the pair (x∗, x∗) is a pure Nash equilibrium of (X, v).

‘⇐’ If (x∗, x∗) is an equilibrium of the game (X, v), then the value of

the game exists and it is 0. Moreover, x∗ is an optimal strategy and it

guarantees the value 0, that is, v(x∗, y) ≥ 0 for all y ∈ X. It implies that

x∗ � y for all y ∈ X, since v represents the relation �. Thus, x∗ is a

maximal element.

In two-person symmetric games, it turns out that a maximal element

13



Chapter 2. Two-person symmetric games and decision problems

coincides with an optimal threat strategy, which we know from the

bargaining problem (Nash, 1953). A strategy is called an optimal threat

strategy in a two-person game if it is an optimal strategy of the game that

has been obtained from the payoff differences of the original game.6

An evolutionary stable strategy for finite populations (Schaffer, 1988)

also coincides with an optimal pure threat strategy in two-person sym-

metric games if the population consists of two individuals and the contest

size is also two.

The following observation illustrates the relationship between an op-

timal pure threat strategy and a maximal element of a decision problem.

Observation 3. Let (X, u) be a two-person symmetric game and (X,�) be its

equivalent decision problem. An element x∗ ∈ X is maximal with respect to �
if and only if x∗ is an optimal pure threat strategy in (X, u).

Proof. Since (X,�) is the equivalent decision problem of (X, u), the

function u represents the relation �. Therefore, x∗ is maximal with

respect to � if and only if u(x∗, y) ≥ u(y, x∗) for all y ∈ X. This is

equivalent to u(x∗, y)− u(y, x∗) ≥ 0 for all y ∈ X, which implies x∗ is an

optimal strategy in the game derived from the payoff differences of the

game (X, u). That is, x∗ is an optimal threat strategy in (X, u).

To elaborate on Observation 2 and Observation 3, consider a decision

problem (X,�). If X admits a maximal element with respect to �, all

two-person symmetric games (X, u) with u ∈ [�] have an optimal pure

threat strategy, and all two-person symmetric zero-sum games (X, v)

with v ∈ [�] have a pure Nash equilibrium (the reverse implications are

also true). The reason is that both u and v represent the same preference

relation �.

6Note that here I use the definition of optimal threat strategy for transferable utility games. See,
for example, Owen (1968).
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2.4 Mixed extension of games and decision prob-
lems

If a game has no Nash equilibrium in pure strategies, the mixed exten-

sion of the game is usually considered; that is, players are allowed to

randomize over the pure strategies. In case of finite games, the problem

of existence of a Nash equilibrium is solved in this way. Similarly, we can

think of randomization in decision problems in case there is no maximal

element.

Let (X = {x, y, z},�) be a decision problem such that x � y � z �
x. According to Tullock (1964), a paradoxical situation arises when a

decision maker is to choose an alternative from X. One way to solve

this problem is to allow the decision maker to randomize over the set of

alternatives.7 Recall the Rock-Paper-Scissors game in Figure 2.1, where

the unique Nash equilibrium is the profile in which each player mixes

uniformly over the actions. As I showed, the equivalent decision problem

of this game is (X = {x, y, z},�) where � is cyclic. Thus, one may

suspect that the solution to the decision problem (X = {x, y, z},�) is

also to choose each alternative with equal probability.

2.4.1 Two-player symmetric zero-sum games

The mixed extension of a finite two-person symmetric zero-sum game

(X, v) is the game (∆(X), v′) in which ∆(X) denotes the set of all prob-

ability distributions over X and the von Neumann-Morgenstern utility

function v′ denotes the bilinear extension of v to ∆(X)× ∆(X).

Consider a finite decision problem (X, V) and extend the function

V on X × X to a function V ′ on ∆(X) × ∆(X) such that V ′|X×X = V.8

Accordingly, the preference relation � on X is also extended to �′ on

7See, for example, Fishburn (1988, p. 137).
8The notation V′|X×X = V reads as the restriction of V′ to the domain X× X.
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Chapter 2. Two-person symmetric games and decision problems

∆(X) so that �′|X×X=�. I denote the mixed extension of a decision

problem as (∆(X), V ′,�′) or shortly (∆(X), V ′).

It turns out that there is a connection between the extended preference

relation and the SSB (skew-symmetric and bilinear) utility of Fishburn

(1982), which is based on the following axioms. For all p, q and r in ∆(X):

Axiom C (Continuity). There exists β ∈ (0, 1) such that p � q � r implies

q ∼ βp + (1− β)r.

Axiom D (Dominance). For all α ∈ (0, 1), p � q and p � r implies

p � αq + (1− α)r, q � p and r � p implies αq + (1− α)r � p, and p ∼ q

and p ∼ r implies p ∼ αq + (1− α)r.

Axiom S (Symmetry). For all α ∈ (0, 1), p � q � r, p � r and q ∼ 1
2 p+ 1

2 r

implies αp + (1− α)r ∼ 1
2 p + 1

2 q⇔ αr + (1− α)p ∼ 1
2 r + 1

2 q.

As the following theorem states, these axioms are necessary and

sufficient for representing the preferences by an SSB utility function.

Theorem (Fishburn, 1982). The relation � on ∆(X) satisfies C, D and S if

and only if there exists an SSB function φ such that for all p and q in

∆(X) p � q⇔ φ(p, q) > 0. Moreover, φ is unique up to multiplication

by a positive constant.

Let G ′ ⊂ G be the class of two-person symmetric zero-sum games in

vN-M mixed extension (∆(X), v′), and D′ ⊂ D be the class of decision

problems of the form (∆(X), V ′). Consider again the identity mapping

T whose domain and codomain are restricted to G ′ and D′, respectively.

Note that mapping T is one-to-one but not onto, because G ′ ⊂ D′. For

instance, there could be decision problems in D′ whose representation

function does not satisfy bilinearity. To obtain a bijective mapping, we

need to impose more assumptions on the preferences of decision prob-

lems in D′.
Similar to before, I say that a decision problem (∆(X),�′) is the

equivalent decision problem of a two-person symmetric zero-sum game
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2.4. Mixed extension of games and decision problems

(∆(X), v′) if the utility function v′ under mapping T represents the

relation �′.
The following proposition shows the relation between mixed exten-

sion of a game and its equivalent decision problem.

Proposition 2. Let (X, v) be a two-person symmetric zero-sum game, and

(X,�) be its equivalent decision problem. (X, v) can be extended to vN-M

mixed extension (∆(X), v′) if and only if the preference relation, �′, of the

extended decision problem (∆(X),�′) satisfies axioms C, D and S.

Proof. ‘⇒’ Let (∆(X), v′) be the equivalent decision problem of game

(∆(X), v′). We show that v′ is skew-symmetric and bilinear and hence

it satisfies axioms C, D and S by the theorem of Fishburn (1982). The

function v′ is skew-symmetric, that is, v′(p, q) = −v′(q, p) for all p, q ∈
∆(X), because v′(p, q) = p>Aq, in which A is the payoff matrix of

Player 1 that satisfies the condition A = −A>.9 Furthermore, the payoff

function v′ is bilinear by definition.

‘⇐’ We extend the decision problem (X,�) to (∆(X),�′). If the rela-

tion �′ satisfies axioms C, D and S, then there exist a skew-symmetric

bilinear function φ which is unique up to a multiplication by a positive

constant such that p � q if and only if φ(p, q) > 0, where φ(p, q) =

∑x∈X ∑y∈X p(x)q(y)φ(x, y) for all p, q in ∆(X) (Fishburn, 1982). Since φ

is the extension of v, (i.e., φ(x, y) = v(x, y) for all x and y), we obtain

a unique φ on ∆(X), which represents �′. Define the payoff function

v′ of Player 1 as v′(p, q) = φ(p, q) for all p, q in ∆(X). Consequently,

we obtain the mixed extension, (∆(X), v′), of the two-person symmetric

zero-sum game (X, v).

Figure 2 illustrates Proposition 2 and its proof. It shows the steps

to reach the extended preference relation �′ on ∆(X), which satisfies

9Note that p>Aq = p>(−A>)q = (p>(−A>)q)> = −q>Ap = −v′(q, p).
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� �′

V V ′

v v′

X ∆(X)

extension

Corollary 1 de f inition

T T

extension

� �′

V V ′

v v′

X ∆(X)

extension

Corollary 1 C,D,S

T de f inition

restriction

Figure 2.2: Illustration of Proposition 2

axioms C, D and S, and vice versa.10

LetDSSB ⊂ D′ be the class of decision problems of the form (∆(X), v),

where v is an SSB function. The following corollary shows that the

identity mapping T becomes bijective, if we restrict the domain to G ′

and the codomain to DSSB.

Corollary 2. G ′ = DSSB.

Regarding the two-person symmetric zero-sum games, the above

corollary shows that a similar result to Proposition 1 in mixed strate-

gies can also be obtained. The following observation is an analogue of

Observation 2.

Observation 4. Let (∆(X),�) be an equivalent decision problem of the two-

person symmetric zero-sum game, (∆(X), v). A strategy p is optimal if and

only if p is a maximal element with respect to �.

10As an example, start by moving counter-clockwise (solid arrow) from v, which is located on the
left bottom corner. We can obtain the extended function v′ from the mixed extension of the game
(X, v). Then, we can obtain the extended decision problem (∆(X), V′) by applying the mapping T .
Accordingly, we define the extended preference relation �′ induced by V′, which satisfies the SSB
utility axioms C, D and S as shown in Proposition 2. Finally, by taking the restriction of V′ on X we
obtain the decision problem (X, V), hence the non-extended game (X, v).
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Proof. ‘⇒’ If p is an optimal strategy, then v(p, q) ≥ 0 for all q ∈ ∆(X).

And we have p � q for all q ∈ ∆(X), because v represents the relation �.

‘⇐’ If p is maximal, then v(p, q) ≥ 0 for all q ∈ ∆(X). Since p guarantees

the value of the game, it is an optimal strategy in (∆(X), v).

2.4.2 Two-player symmetric games

Let (∆(X), u′) be the mixed extension of the finite two-person symmet-

ric game (X, u), in which the vN-M utility function u′ is the bilinear

extension of u to ∆(X)× ∆(X).

Given a decision problem (X, U), where X is finite, I extend the

function U to a function U′ on ∆(X)× ∆(X) such that U′|X×X = U. As a

result, relation � on X is also extended to �′|X×X on ∆(X).

Let G ′′ ⊂ G denote the class of two-person symmetric games in vN-

M mixed extension (∆(X), u), and D′′ ⊂ D denote the class of decision

problems of the form (∆(X), U′). The following observation illustrates

that the vN-M extension of a symmetric game implies SSB utility in its

equivalent decision problem.

Observation 5. Let (X, u) be a two-person symmetric game and (X,�) be its

equivalent decision problem. If one extends (X, u) to vN-M mixed extension

(∆(X), u′), then the extended preference relation �′ on ∆(X) satisfies axioms

C, D and S.

Proof. Define v(p, q) = u(p, q)− u(q, p) for all p and q in ∆(X) so that

p �′ q⇔ v(p, q) ≥ 0. By definition, v is a skew-symmetric function and

the bilinearity of v follows from the bilinearity of u.

Regarding the other direction, if an extended decision problem satis-

fies SSB utility, then it is possible to construct a two-person symmetric

game which is unique up to payoff differences. That is, u and u′ are

such functions if and only if u(p, q) − u(q, p) = u′(p, q) − u′(q, p) for
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all p and q in ∆(X). Accordingly, u becomes ∆-bilinear—the function

u(p, q)− u(q, p) is bilinear for all p and q in the domain of u.

Note that the identity mapping T restricted to domain G ′′ and to

codomain D′′ is one-to-one but not onto. However, it remains unknown

which axioms are exactly needed on the extended preferences to have

that mapping onto.11 The following proposition shows these arguments

more formally.

Proposition 3. Let (X, u) be a two-person symmetric game, (X, u,�) its

equivalent decision problem, and (∆(X), u′) the vN-M mixed extension of

the game. If the relation �′ of the extended decision problem (∆(X), U′,�′)
satisfies axioms C, D and S, then u′ ∈ [�′]. Moreover, any U′ in [�′] is

∆-bilinear and unique up to payoff differences.

Proof. First, we show that u′ ∈ [�′]. Define the function v′ by v′(p, q) =

U′(p, q)−U′(q, p) for all p and q in ∆(X) with U′ ∈ [�′], so we have

p �′ q ⇔ v′(p, q) ≥ 0. If �′ satisfies axioms C, D and S, then v′

becomes an SSB function by Theorem 1 of Fishburn (1982). Since U′

and u′ are the extensions of u, we have v′(x, y) = u(x, y) − u(y, x) =

u′(x, y)− u′(y, x) for all x and y in X. Since both v′ and u′ are bilinear, we

have v′(p, q) = u′(p, q)− u′(q, p) for all p and q in ∆(X). Consequently,

we obtain p �′ q⇔ u′(p, q) ≥ u′(q, p), that is, u′ ∈ [�′].
Second, we show that any function U′ in [�′] is unique up to the

difference in payoffs. Observe that v′ is uniquely defined on the whole

domain since the values of v′(x, y) = u(x, y)− u(y, x) are fixed for all x

and y in X. If u1 and u2 are in [�′], then we obtain u1(p, q)− u1(q, p) =

u2(p, q)− u2(q, p) for all p and q in ∆(X).

Finally, we show that any U′ in [�′] is ∆-bilinear. We have

v′(αp + (1− α)r, q) = u1(αp + (1− α)r, q)− u1(q, αp + (1− α)r).

11It is not obvious whether it is even possible to have a set of axioms on a preference relation such
that the representation function u becomes unique (up to a positive linear transformation).
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Then, bilinearity of v′ implies that

αv′(p, q) + (1− α)v′(r, q)

= αu1(p, q) + (1− α)u1(r, q)− αu1(q, p)− (1− α)u1(q, r).

The ∆-bilinearity in the second argument can be shown analogously.

The following observation illustrates a result in mixed strategies that

is analogous to Observation 3.

Observation 6. Let (∆(X), u) and (∆(X),�′) be a two-person symmetric

game and its equivalent decision problem, respectively. A strategy p∗ is maximal

with respect to �′ if and only if p∗ is an optimal threat strategy.

Proof. Since u represents �′, p∗ is a maximal element if and only if

u(p∗, q) ≥ u(q, p∗). Thus, p∗ is an optimal threat strategy in (∆(X), u).

Note that for any u′ ∈ [�′], the game (∆(X), u′) is a two-person

symmetric game, but it is not necessarily the vN-M mixed extension

of the game (X, u′). However, all the games (∆(X), u′) with u′ ∈ [�′]
have the same optimal threat strategy p∗, because the payoff functions

represent the same preference relation.

2.5 The independence axiom and potential games

A difference between expected utility and SSB utility is that transitiv-

ity and the axiom of independence is not assumed in SSB utility. If a

decision problem satisfies the independence axiom, I observe that its

equivalent two-person symmetric game becomes a potential game and

the game matrix satisfies a “triangular equality” property. The following

definitions and proposition show this more formally.

21



Chapter 2. Two-person symmetric games and decision problems

It appears that the subclass of potential games were proposed by

Rosenthal (1973) and later formalized by Monderer and Shapley (1996).

It is a useful class because all potential games possess a pure Nash

equilibrium. Moreover, the potential function can be used for Nash

equilibrium selection.12 The following defines potential games in two-

person symmetric games.

Definition 1. A symmetric two-person game (X, u) is called a (exact)

potential game if there exists a function P : X × X → R such that for

all y and all x, z in X, we have u(x, y)− u(z, y) = P(x, y)− P(z, y) and

u(x, y)− u(z, y) = P(y, x)− P(y, z).

A preference relation � on ∆(X) satisfies the independence axiom13

if for all p, q and r in ∆(X) and for all α ∈ (0, 1) such that p � q ⇔
αp + (1− α)r � αq + (1− α)r.

If u represents the relation � on ∆(X), then we can express the inde-

pendence in terms of u as follows. For every p, q and r in ∆(X) and for

all α ∈ (0, 1), we have

u(p, q) ≥ u(q, p)⇔

u(αp + (1− α)r, αq + (1− α)r) ≥ u(αq + (1− α)r, αp + (1− α)r).

In addition, if the relation � satisfies SSB utility, then u is ∆-bilinear by

Proposition 3 and it implies that

u(p, q) ≥ u(q, p)⇔

α[u(p, q)− u(q, p)] + (1− α)[u(p, r)− u(r, p) + u(r, q)− u(q, r)] ≥ 0.

(2.5.1)

12For more details, see Monderer and Shapley (1996).
13Axiom of vN-M in the form of Jensen (1967). Actually, for my purpose, it is enough to use a

weaker independence axiom with α = 1
2 . However, I used the most known version since SSB utility

axioms together with weak independence imply the independence axiom. See Fishburn (1982) for
details.

22



2.5. The independence axiom and potential games

The following lemma will be useful for the proposition that follows.

It illustrates that the payoff function of a two-person symmetric game

satisfies a “triangular equality” property in pure strategies if and only if

it satisfies an analogous property in mixed strategies.

Lemma 1. Let (∆(X), u) be a two-person symmetric game. For all x, y, z in

X, u(x, y) + u(y, z) + u(z, x) = u(x, z) + u(z, y) + u(y, x) if and only if

u(p, q) + u(q, r) + u(r, p) = u(p, r) + u(r, q) + u(q, p) (2.5.2)

for all p, q, r in ∆X.

Proof. ‘⇒’ By bilinearity of u, we have u(p, q) = up,q = ∑x,y∈X pxqyux,y.

Substitute ux,y with ux,z + uz,y + uy,x − uy,z − uz,x. Then for all z ∈ X,

we have

up,q = ∑x,y∈X pxqy(ux,z + uz,y + uy,x − uy,z − uz,x)

= ∑
x,y∈X

pxqyux,z + ∑
x,y∈X

pxqyuz,y + ∑
x,y∈X

pxqyuy,x − ∑
x,y∈X

pxqyuy,z

− ∑
x,y∈X

pxqyuz,x

(1)
= ∑

x∈X
pxux,z ∑

y∈X
qy + ∑

x∈X
px ∑

y∈X
qyuz,y + uq,p − ∑

x∈X
px ∑

y∈X
qyuy,z

− ∑
x∈X

pxuz,x ∑
y∈X

qy

(2)
= ∑x∈X pxux,z + ∑y∈X qyuz,y + uq,p −∑y∈X qyuy,z −∑x∈X pxuz,x
(3)
= ∑x∈X(px − qx)ux,z + ∑x∈X(qx − px)uz,x + uq,p.

We obtain (1) by rearranging the sums. Then, we obtain (2) by setting

∑x∈X px = 1. Finally, by rearranging the index, we obtain (3). Following

the same steps as above yields the following equations:

uq,r
(4)
= ∑x∈X(qx − rx)ux,z + ∑x∈X(rx − qx)uz,x + ur,q,

ur,p
(5)
= ∑x∈X(rx − px)ux,z + ∑x∈X(px − rx)uz,x + ur,q.
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Chapter 2. Two-person symmetric games and decision problems

Summing (3), (4) and (5) up yields up,q + uq,r + ur,p = up,r + ur,q +

uq,p.

‘⇐’ This holds by definition.

The following remark will be useful in the proof of the next proposi-

tion.

Remark 2. Given (X, v), the following equations are equivalent for all

x, y, z and w in X.

v(x, y) + v(z, w) = v(x, w) + v(z, y) (2.5.3)

v(x, y) = v(x, z) + v(z, y) (2.5.4)

Proof. ‘⇒’ If y = z, then Equation 2.5.3 reduces to Equation 2.5.4.

‘⇐’ By Equation 2.5.4, v(x, y) = v(x, z) + v(z, y) and v(z, w) = v(z, x) +

v(x, w). Summing up those two equations yield Equation 2.5.3.

The following proposition illustrates the relationship between poten-

tial games and the independence axiom.

Proposition 4. Let G = (∆(X), u) be a two-person symmetric game and

(∆(X),�) be its equivalent decision problem. The following statements are

equivalent.

1. � satisfies the independence axiom.

2. G is a potential game.

3. u(x, y) + u(y, z) + u(z, x) = u(x, z) + u(z, y) + u(y, x) for all x, y, z

in X.

Proof. (1)⇒ (3): By Observation 5, the equivalent decision problem of

the game (∆(X), u) satisfies C, D and S. If, in addition, it satisfies the

independence, then, by Proposition 1 of Fishburn (1982, p. 37), a real

valued function ū exists such that u(p, q)− u(q, p) = ū(p)− ū(q) for all
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2.5. The independence axiom and potential games

p, q in ∆(X). Then it follows for all x, y, z in X we have u(x, y)− u(y, x) +

u(y, z)− u(z, y)+ u(z, x)− u(x, z) = ū(x)− ū(y)+ ū(y)− ū(z)+ ū(z)−
ū(x) = 0.

(3) ⇒ (1): By Lemma 1, condition (3) holds if and only if Equation

2.5.2 holds. Then, substituting u(p, r)− u(r, p) + u(r, q)− u(q, r) with

u(p, q)− u(q, p) reduces Equation 2.5.1 to u(p, q) ≥ u(q, p)⇔ u(p, q) ≥
u(q, p). Thus, independence is satisfied.

(2) ⇔ (3): We will use a sequence of equivalent statements for the

demonstration. Define the two-person symmetric zero-sum game (X, v)

such that v(x, y) = u(x, y) − u(y, x) for all x, y and z in X. Then, by

Theorem 20 of Duersch et al. (2012a), (X, u) is a potential game if and

only if (X, v) is a potential game. The latter holds if and only if Equation

2.5.3 holds according to Lemma 2.1 of Potters et al. (1999). Remark 2

concludes the proof since Equation 2.5.4 is equivalent to the statement in

(3) by definition of v.

Corollary 3. A decision problem satisfies von Neumann-Morgenstern utility

if and only if its equivalent symmetric game is a potential game.

Roth (1977) showed that the Shapley value of a player in a game

coincides with the vN-M utility function that represents his preferences

over the player positions in the game.14 Consider a decision problem

whose set of alternatives consists of different positions of players in a

game. If the decision maker has preferences satisfying the axioms of

Roth (1977) over the positions, then the equivalent game of the decision

problem is a potential game if and only if the Shapley value (of the

decision maker in the initial game) is the vN-M utility function that

represents the decision maker’s preferences in the extended decision

problem.

Among the axioms of expected utility of vN-M, perhaps indepen-

14The vN-M utility function should be normalized. For details, see Roth (1977).
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Chapter 2. Two-person symmetric games and decision problems

dence is the most attacked axiom partly due to its strong implications.

For example, the Allais paradox illustrates a systematic violation of this

axiom. Below, I analyze the effects of imposing the independence axiom

on a decision problem. The next proposition gives a formula to obtain

the number of linearly independent equations that must be satisfied for

triangular equality property to hold.

Proposition 5. Given a matrix [uij]n×n with n ≥ 3, let the property (P)

be such that for all i, j and k we have uij + ujk + uki = uik + ukj + uji for

i, j, k = 1, 2, ..., n. Then the number of linearly independent equations needed

for (P) to be satisfied is given by (n−1)(n−2)
2 .

Proof. Let Eijk denote the equation uij + ujk + uki = uik + ukj + uji, and

E denote the set of all such equations. We can restrict the attention to

the case i < j < k, because the equations Eijk, Eikj, Ejik, Ejki, Ekji and Ekij

represent the same equation. Keeping the figure below in mind, the sums

do not change no matter which node we start summing and whether we

go first clockwise or counter clockwise.

i j

k

We show that E′ = {E1lm|1 < ` < m} is a basis for E. To see this,

first notice that for any quadruple i < ` < k < m, the equations Eijk,

Eijm and Eikm imply the equation Ejkm. Subsequently, it follows that any

equation Eijk with i 6= 1 can be obtained from equations E1ij, E1ik and

E1jk. It is left to show that an equation in E′ cannot be obtained as a linear

combination of the other equations in E′. By contraposition, suppose E1jk

is a linear combination of equations in E′\{E1jk}. Then, there exists at

least one equation in E′ which contains the number ujk (otherwise the

ujk can never appear). However, this equation must then be E1jk, which
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2.5. The independence axiom and potential games

contradicts our supposition. The number of equations in E′ is precisely

the number given in the proposition.

Proposition 5 gives a formula as a function of strategies for the num-

ber of linearly independent equations that must be satisfied for a poten-

tial function to exist in two-person symmetric games. This might also

indicate the strength of the independence axiom.

Even though it weakens the independence axiom of vN-M utility,

SSB utility theory is not problem-free either. For instance, Fishburn (1984,

p. 139) mentions some potentially disturbing implications of SSB utility

in the case of cycling preferences.

Consider the decision problem (∆(X), v) with SSB utility, where

X = {x, y, z} and x � y � z � x. Suppose that we replace z by z′

such that z′ in X′ = {x, y, z′} does better than z against x and against

y, but preferences still cycle, that is, v(z′, x) > v(z, x) > 0 and v(y, z) >

v(y, z′) > 0. Let p and p′ be the maximal elements in (∆(X), v) and

(∆(X′), v), respectively. Then, we might have the following inequality

p(z′) < p(z), which seems to be unintuitive because z′ is better than z

with respect to both x and y.

However, this situation is a known phenomenon of mixed strategy

Nash equilibria in strategic games. Consider the equivalent two-person

zero-sum game, (∆(X), v), from the above decision problem. All else

being equal, if a particular payoff of a player is increased, the action that

leads to this payoff sometimes becomes less likely to be played in the

Nash equilibrium.

For example, consider the rock-paper-scissors from Figure 2.1. Sup-

pose that the payoff of v(z, x) increased from 1 to 2 and the payoff of

v(z, x) from −1 to −1
2 , and that the payoffs were rearranged so that it

remains a symmetric zero-sum game. Then, the probability of z being

played at the Nash equilibrium decreases from 1
3 to 2

7 .
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2.6 Conclusion

In this chapter, I have showed that there is an equivalence relation be-

tween the class of two-person symmetric games and the class of one-

person decision problems, in which the preferences are complete but

not necessarily transitive. By making use of this, I have illustrated some

equivalences between the existing notions in games and in decision

problems.

For example, I showed that a two-person symmetric zero-sum game

can be extended to its von Neumann-Morgenstern mixed extension if

and only if the extended decision problem satisfies the SSB utility axioms.

In zero-sum symmetric games, I also showed that a strategy is an optimal

strategy if and only if it is a maximal element in the equivalent decision

problem of the game. Regarding two-person symmetric games, I proved

that an optimal threat strategy and a maximal element of its equivalent

decision problem coincide.

In addition, I demonstrated that a two-person symmetric game is a

potential game if and only if its equivalent decision problem satisfies

von Neumann-Morgenstern utility. Accordingly, I provided a formula

for the number of linearly independent equations that must be satisfied

to pass from SSB utility to von Neumann-Morgenstern utility. This

number grows quadratically as the number of alternatives increase. This

may be interpreted as an alternative way to show the strength of the

independence axiom.



Chapter 3

Existence of pure equilibrium
in two-person symmetric
zero-sum games

3.1 Introduction

In Chapter 2, I showed that there is an equivalence relation between

the class of two-person symmetric zero-sum games and the class of

decision problems with a complete preference relation. Accordingly, I

also showed that a strategy is a pure optimal strategy in a two-person

symmetric zero-sum game if and only if it is a maximal element in its

equivalent decision problem.

In this chapter, I will exploit this equivalence relation to introduce and

analyze three sufficient conditions for the existence of a pure equilibrium

in two-person symmetric zero-sum games, and compare them with the

extant conditions. The most general condition that I will explore is the so-

called sign-quasiconcavity, which generalizes both generalized ordinal

potentials (Monderer and Shapley, 1996) and quasiconcavity (Duersch

et al., 2012a).

A game is called sign-quasiconcave if it is quasiconcave with respect
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to the sign of the payoff function. I will show that if a two-person sym-

metric zero-sum game is sign-quasiconcave, it possesses an equilibrium

in pure strategies. I will provide an example of a game that is sign-

quasiconcave but neither has it generalized ordinal potential nor it is

quasiconcave.

Finally, by several observations, examples and counter-examples, I

will compare the generality of the sufficient conditions in two-person

symmetric zero-sum games, and illustrate their interrelations in Fig-

ure 3.3.

3.2 The framework

To recall from Chapter 2, the pair (X, v) denotes a two-person symmetric

zero-sum game, where both players have the same set of pure actions

X, and v : X× X → R is the utility function of, say, Player 1. The utility

function of Player 2 is the transpose of v satisfying v(x, y) = −v>(x, y)

for all x and y in X. The pair (X,�) denotes a decision problem where

X is the set of alternatives, and the relation �⊆ X × X represents the

preferences of the decision maker on X, which is assumed to be complete

but not necessarily transitive. A decision problem can be interpreted as

if a decision maker would choose an element based on her preferences.

Since I do not assume that preferences are transitive, it is not generally

possible to represent the preferences by a one-variable order-preserving

utility function. In such case, a more convenient approach to obtain

a representation is to consider a two-variable utility function. A real-

valued function v represents the relation� if for all x and y in X, v(x, y) >

0 if and only if x � y. In addition, if the function v represents the

preference relation � on X, I call the pair (X,�) the equivalent decision

problem of the two-person symmetric zero-sum game (X, v).

Recall Observation 2 from Chapter 2: X admits a maximal element
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x∗ with respect to � in (X,�) if and only if its equivalent game (X, v)

possesses a pure equilibrium (x∗, x∗). This result is useful for deriving

sufficient conditions for the existence of a pure equilibrium in two-person

symmetric zero-sum games. The idea is to use a basic structure of prefer-

ence relations, such as transitivity and acyclicity, to obtain a sufficiency

result for two-person symmetric zero-sum games.

Definition 2. A preference relation � on a set X is said to be acyclic if

for all finite subsets {x1, x2, ..., xn} ⊂ X,

x1 � x2, x2 � x3, ..., xn−1 � xn implies x1 � xn.

3.3 Sufficient conditions

The following proposition uses a general sufficient condition for the

existence of a maximal element to draw a conclusion in two-person

symmetric zero-sum games.

Proposition 6. Let (X, v) be a two-person symmetric zero-sum game where

X is a compact set in a topological space and (X,�) be its equivalent decision

problem. Suppose that the relation � is acyclic such that for all x ∈ X the set

{y ∈ X | x � y} is open in the relative topology of X. Then, the game (X, v)

possesses a pure equilibrium.

Proof. If the hypotheses of the proposition are satisfied, and if the prefer-

ence relation � is acyclic, then X admits a maximal element x∗ ∈ X with

respect to � by Bergstrom (1975).1 Hence, by Observation 2, the game

(X, v) possesses a pure equilibrium.

Corollary 4. Let (X, v) be a finite two-person symmetric zero-sum game whose

equivalent decision problem is (X,�). If the relation � is acyclic, then (X, v)

possesses a pure equilibrium.
1Although there are more general sufficient conditions on the existence of a maximal element in

the literature, I used this one due to its simplicity. Note also that this result has been independently
discovered by several authors. See Walker (1977) for a discussion.
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Remark. Clearly, if a relation is transitive, then it is acyclic. Thus, assum-

ing transitivity of � instead of acyclicity does not change the conclusion

in Corollary 4.

The following definition gives a quasiconcavity-based sufficient con-

dition with respect to the equivalent decision problem of a game.

Definition 3. A symmetric two-person zero-sum game (X, v) is said to

be �-quasiconcave if for every x, y and z in X with x � y � z,

sgn(v(x, z)) ≥ min{sgn(v(x, y)), sgn(v(y, z))}.

The following proposition shows that �-quasiconcavity is sufficient

for the existence of pure equilibrium.

Proposition 7. Suppose that a finite two-person symmetric zero-sum game is

�-quasiconcave. Then, it possesses a pure equilibrium.

Proof. Let (X,�) be the equivalent decision problem of (X, v). The rela-

tion � will be shown as acyclic, so it has a maximal element correspond-

ing to a pure equilibrium of (X, v). To reach a contradiction, suppose

that there are xi’s such that x1 � x2, x2 � x3, ..., xn−1 � xn and xn � x1.

By �-quasiconcavity, xi � xj, xj � xk implies xi � xk. Thus, we obtain

that x1 � xn � x1, which is a contradiction.

The following sufficient condition is a functional representation of

Axiom C.3 in Fishburn and Rosenthal (1986). It is an axiom for a pref-

erence relation �′ on a set X × X to ensure (together with some other

axioms) that a specific relation on X is a weak order.

Proposition 8. Let (X, v) be a finite two-person symmetric zero-sum game. If

for all x, y, z and w in X the inequality v(x, y) > v(z, w) implies v(x, z) >

v(y, w), then (X, v) possesses a pure equilibrium.

Proof. Let (X,�) be the equivalent decision problem of (X, v). First, �
will be shown as transitive. If either x � y � z or x ∼ y � z, then by
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our supposition v(x, y) > v(z, y) implies v(x, z) > 0 or x � z. This also

implies that if x ∼ y ∼ z, then neither x � z nor z � x is possible. Thus,

the relation � is transitive, which implies (X,�) has a maximal element

corresponding to a pure equilibrium of (X, v).

Quasiconcave games were introduced by Radzik (1991) and may be

interpreted as a “discrete version” of quasiconcavity of payoff functions.

In two-person symmetric zero-sum games, if each column has a “single

peak,” the game is called quasiconcave. By exploiting the symmetry

feature, Duersch et al. (2012a) showed that if a two-person symmetric

zero-sum game is quasiconcave, then it has a pure equilibrium. Moreover,

if these games are quasiconcave, then the simple decision rule “imitate-

if-better” cannot be exploited indefinitely (Duersch et al., 2012b). Next, a

notion weaker than quasiconcavity will be described.

Definition 4. A symmetric two-person zero-sum game (X, v) is said to

be sign-quasiconcave if there exists a total order > on X such that for every

x, y, z and every w in X with x > y > z,

sgn(v(y, w)) ≥ min{sgn(v(x, w)), sgn(v(z, w))}.

To put it differently, the game (X, v) is sign-quasiconcave if and

only if the game (X, sgn(v)) is quasiconcave. The following proposition

establishes a connection between sign-quasiconcave games and their

equivalent decision problems.

Lemma 2. Let (X, v) be a two-person symmetric zero-sum game. If the game

is sign-quasiconcave, then the relation � is acyclic in its equivalent decision

problem (X,�).

Proof. First, notice that the equivalent decision problem (X,�) of (X, v)

and (X, sgn(v)) are the same, because for every x and y in X, v(x, y) > 0

if and only if sgn(v(x, y)) > 0.
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We will show that if � on X is cyclic, the game (X, v) is not sign-

quasiconcave. The cyclicity of � implies that there exists a finite subset

X ⊆ X that does not contain a maximal element. So, by Observation 2,

the two-person symmetric zero-sum game (X, sgn(v|X))
2 has no pure

equilibrium. Based on Theorem 1 in Duersch et al. (2012a), this implies

that the game (X, sgn(v|X)) is not quasiconcave. If it is not possible to

find a total order on X such that the game (X, sgn(v|X)) is quasiconcave,

then it is not possible to find a total order on X so that the larger game

(X, sgn(v)) is quasiconcave. Thus, (X, sgn(v)) is not quasiconcave.

Proposition 9. Suppose that a finite two-person symmetric zero-sum game

(X, v) is sign-quasiconcave. Then, it possesses a pure equilibrium.

Proof. By Lemma 2, sign-quasiconcavity of (X, v) implies acyclicity of

� in its equivalent decision problem. By Corollary 4, (X, v) has a pure

equilibrium.

3.4 Relations between sufficient conditions

The following observation demonstrates that quasiconcavity implies

sign-quasiconcavity. However, the reverse implication does not hold as

the game in Figure 3.1 exemplifies.

Observation 7. If a two-person symmetric zero-sum game is quasiconcave,

then it is sign-quasiconcave.

Proof. By contraposition, assume that (X, v) is not sign-quasiconcave.

Then, for every total order > there exists x, y, z and w in X with x > y > z

such that sgn(v(y, w)) < sgn(v(x, w)) and sgn(v(y, w)) < sgn(v(z, w)).

There are six ways that can occur: (1) sgn(v(y, w)) is either 0 or −1,

sgn(v(x, w)) and sgn(v(z, w)) each are either 0 or 1. If sgn(v(x, w)) = 1,

2The notation v|X denotes the function v restricted to the domain X.
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sgn(v(y, w)) = 0 and sgn(v(z, w)) = 1, then v(y, w) = 0, v(x, w) > 0

and v(z, w) > 0. Thus, (X, v) is not quasiconcave. The other cases can be

shown analogously, so quasiconcavity implies sign-quasiconcavity.

The notion of potential games is introduced by Monderer and Shapley

(1996). It is a sufficient condition for the existence of a pure equilibrium in

normal-form games. The following defines generalized ordinal potential

games in two-person symmetric zero-sum games.

Definition 5. Let (X, v) be a symmetric two-person zero-sum game. If

there exists a function P : X× X → R such that for all y and all x, z in X,

v(x, y)− v(z, y) > 0 implies

P(x, y)− P(z, y) > 0 and P(y, x)− P(y, z) > 0,

then (X, v) is called a generalized ordinal potential game. Moreover, if P

satisfies

v(x, y)− v(z, y) = P(x, y)− P(z, y) = P(y, x)− P(y, z),

then (X, v) is called an exact potential game.

The following observation illustrates that a generalized ordinal po-

tential game is �-quasiconcave, and the equivalent decision problem of

such a game is transitive.

Observation 8. Let (X, v) be a two-person symmetric zero-sum game and

(X,�) be its equivalent decision problem. If (X, v) has a generalized ordinal

potential, then � is transitive and (X, v) is �-quasiconcave.

Proof. By contraposition, three cases will show that if � is not transitive,

then (X, v) has no generalized ordinal potential.

Case 1: Suppose there exists x, y and z in X with x � y � z �
x. Then the decision problem ({x, y, z},�) has no maximal element
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which implies the game ({x, y, z}, v|{x,y,z}) associated to it has no pure

equilibrium by Observation 2. Thus, it does not have a generalized

ordinal potential by Monderer and Shapley (1996, pp. 128–129). Since

({x, y, z}, v|{x,y,z}) does not possess a generalized ordinal potential, the

game (X, v) also does not possess.3

Case 2: Suppose there are x, y and z in X with x � y � z ∼ x. It

implies v(x, y) > 0, v(y, z) > 0 and v(x, z) = 0. Accordingly, a potential

function must satisfy the following impossible sequence of relations:

P(z, x) > P(y, x) > P(y, z) > P(x, z) > P(x, y) > P(z, y) > P(z, x).

Case 3: Suppose there exists x, y and z in X with x � y ∼ z ∼ x which

implies v(x, y) > 0, v(y, z) = 0 and v(x, z) = 0. It further implies that a

potential function must satisfy P(z, x) > P(y, x) > P(y, z) = P(x, z) >

P(x, y) > P(z, y) = P(z, x), which leads to a contradiction again.

Finally, assume by contradiction that x � y � z exists such that

v(x, z) < min{v(x, y), v(y, z)}. Then, a potential function for the game

(X, v) fails to satisfy the following sequence of relations: P(z, x) >

P(y, x) > P(y, z) > P(x, z) > P(x, y) >P(z, y) > P(z, x).

It is an open question whether the conditions given in Observation 8

are sufficient for the existence of a generalized ordinal potential. How-

ever, when the game is an exact potential game it is possible to char-

acterize it with respect to its equivalent decision problem. As it might

be expected due to a stronger requirement of exact potential games,

the equivalent decision problems additionally satisfy the independence

axiom. In Chapter 2, I showed that a two-person symmetric (not nec-

essarily zero-sum) game is an exact potential game if and only if its

equivalent decision problem satisfies von Neumann-Morgenstern utility.

The following observation shows that exact potential games imply that

the condition in Proposition 8 is satisfied.

3Clearly this is true for any game because if it is not possible to construct a generalized ordinal
potential for v|X where X ⊆ X, then it is not possible to construct one for v.
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Observation 9. If a two-person symmetric zero-sum game has an exact poten-

tial, then the condition in Proposition 8 is satisfied.

Proof. Since (X, v) is an exact potential game we have v(x, y) = v(x, z) +

v(z, y) and v(z, w) = v(z, y) + v(y, w). Thus, v(x, y) > v(z, w) implies

that v(x, z) > v(z, w).

The following proposition illustrates that transitivity implies sign-

quasi-concavity in finite games.

Proposition 10. Suppose that� is transitive in the equivalent decision problem

(X,�) of a finite two-person symmetric zero-sum game (X, v). Then, the game

(X, v) is sign-quasiconcave.

Proof. Take an element in X which is minimal with respect to �, and call

it x1. Take a minimal element from X \ {x1}, and call it x2. Then, take a

minimal element in X \ {x1, x2}, and call it x3. Continue the process until

no element remains in X. Define the total order > on X as follows: xj > xi

whenever j > i. Note also that we have defined > such that j > i only

if xj � xi. We show that for every xk, xj, xi and every xm in X with xk >

xj > xi, we have sgn(v(xj, xm)) ≥ min{sgn(v(xk, xm)), sgn(v(xi, xm))}.
There are two cases to check.

Case 1: Suppose xm > xj. It implies that xm � xj, so we have

sgn(v(xj, xm)) ≤ 0. Case 1.1: Suppose that v(xj, xm) = 0. Since xm � xi,

we have sgn(v(xi, xm)) ≤ 0. Case 1.2: Suppose that sgn(v(xj, xm)) =

−1, that is, xm � xj. By transitivity, it implies xm � xi, so we have

sgn(v(xi, xm)) = −1.

Case 2: Suppose that xj > xm. It implies that xj � xm, that is,

sgn(v(xj, xm)) ≥ 0. Case 2.1: Suppose that v(xj, xm) = 0. Since xm � xi,

sgn(v(xi, xm)) ≤ 0. Case 2.2: If sgn(v(xj, xm)) = 1, the inequality is

satisfied because it is the largest value of the sign function.

Corollary 5. If a two-person symmetric zero-sum game has a generalized

ordinal potential, then it is sign-quasiconcave.
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x
y
z
w


0 −3 −1 −5
3 0 6 3
1 −6 0 2
5 −3 −2 0

 ,

y
z
w
x


0 1 1 1
−1 0 1 1
−1 −1 0 1
−1 −1 −1 0


Figure 3.1: Games (X, v) and (X, sgn(v)) respectively

Proof. By Observation 8, if a two-person symmetric zero-sum game has

a generalized ordinal potential, then the relation � is transitive in its

equivalent decision problem. Hence Proposition 10 applies.

3.5 Examples

There are several elements of the results worth discussing in greater

depth. Consider the two-person symmetric zero-sum game (X, v) in

Figure 3.1, in which only Player 1’s payoff matrix is given. The rows and

columns are labeled by the actions x, y, z and w. Notice that the payoff

function of the game (X, sgn(v)) is the sign function of v and that the

place of the actions has been changed with respect to the game on the

left.

Observe that the strategy y guarantees the payoff of zero (the value

of the game), which makes it an optimal strategy and (y, y) a pure equi-

librium for both games. However, this game does not appear to satisfy

any sufficient condition but the sign-quasiconcavity. To see this, consider

the sign function of v and order the actions as y, z, w, x, which is given

on the right in Figure 3.1. In this game, each column has a single peak,

which makes the game (X, v) sign-quasiconcave. By Proposition 9, we

conclude that (X, v) has a pure equilibrium.

First, notice that the game (X, v) is not quasiconcave, because, no

matter how the actions are ordered, it is not possible to obtain a matrix

such that each column has a single-peak. Second, since we have z � w �
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x
y
z
w


0 0 1 1
0 0 1 1
−1 −1 0 −1
−1 −1 1 0

 ,

x
y
z
w


30 30 25 15
30 30 20 10
25 20 0 5
15 10 5 0


Figure 3.2: A game (left) and its generalized ordinal potential (right)

x and v(z, x) < min{v(z, w), v(w, x)}, by Observation 8, the game (X, v)

cannot have a generalized ordinal potential.

It follows by definition that sign-quasiconcavity is invariant under

multiplication of a particular payoff by a positive constant. For example,

multiply v(w, x) by 1
5 which equals 1 and set v(x, w) = −1, keeping the

symmetry property of the game in Figure 3.1. Then, the game (X, v)

would have a generalized ordinal potential but it would still fail to be

quasiconcave. The generalized ordinal potential function is given by:

x
y
z
w


1 14 6 3

15 16 12 13
8 10 9 7
2 11 5 4



The game in Figure 3.2 shows that a generalized ordinal potential

game does not necessarily satisfy the condition in Proposition 8. On the

other hand, quasiconcavity does not imply this condition, either. The

game below is clearly quasiconcave but it does not satisfy the Propo-

sition 8 condition because the preferences in the equivalent decision

problem are not transitive.

x
y
z

0 0 0
0 0 1
0 −1 0
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Pure equilibrium

Transitive

Sign-quasiconcave

Generalized
Ordinal

Potential
Potential/

Supermodular

Quasiconcave

Proposition 8

Figure 3.3: Relations between sufficient conditions on pure equilibria in two-
person symmetric zero-sum games

3.6 Conclusion

In this chapter, I have introduced three sufficient conditions for the

existence of pure Nash equilibrium in two-person symmetric zero-sum

games. I have obtained these conditions with the help of equivalent

decision problems of the symmetric zero-sum games.

The so-called sign-quasiconcavity turned out to be the most general

sufficient condition. I have showed that two-person symmetric zero-

sum games that possess this property have at least one equilibrium in

pure strategies. Furthermore, this concept generalizes both generalized

ordinal potentials (Monderer and Shapley, 1996) and quasiconcavity

(Duersch et al., 2012a).

Figure 3.3 shows the inclusion relationships between several proper-
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ties in two-person symmetric zero-sum games, including the sufficient

conditions proposed in this chapter, which are depicted by dashed lines.4

More specifically, I have showed that the equivalent decision problem of

generalized ordinal potential games is transitive (Observation 8). More-

over, if the equivalent decision problem of a game is transitive, then it is a

sign-quasiconcave game (Proposition 10). I have also showed that all qua-

siconcave games are sign-quasiconcave (Observation 7), but the reverse

implication does not hold. Finally, I have proved that sign-quasiconcave

games possess a Nash equilibrium in pure strategies (Proposition 9).5

4Note that the sizes of the shapes in Figure 3.3 are drawn arbitrarily.
5Note that Duersch et al. (2012a) showed that potential games and supermodular games (Topkis,

1998) coincide in two-person symmetric zero-sum games.
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Chapter 4

Optimin equilibrium: An
extension of maximin
strategies

4.1 Introduction

Economic interactions are not typically zero-sum, yet maximin strategies

cannot capture mutual gains and losses in these interactive situations. A

maximin strategist chooses an action to maximize the minimum utility

he might receive under any conceivable deviation by the other player,

“even assuming that his opponent is guided by the desire to inflict a loss

rather than to achieve a gain” (von Neumann and Morgenstern, 1944, p.

555). This assumption leads to the following question: What happens

when players act cautiously but do not harm themselves for the sake of

harming others?

In this chapter, I capture cautious and self-interested behavior by

assuming that players satisfy an individual rationality constraint and

incorporate it with the maximin principle. Indeed, the resulting con-

cept, optimin equilibrium, without this constraint reduces to a profile of

maximin strategies in n-person noncooperative games.
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Chapter 4. Optimin equilibrium: An extension of maximin strategies

Von Neumann and Morgenstern (1944, p. 540) admit that the advan-

tage of a player does not necessarily mean the disadvantage of other

players and that their approach can be questioned by disregarding most

economic and social interactions. These interactions include mutually

beneficial trade, mutually harmful escalation, win-win situations, and

positive and negative externalities created in an economy. Because max-

imin strategists play any game as if it is a zero-sum game, they ignore

other players’ utilities (i.e., preferences). These arguments call for a revi-

sion of the maximin strategy concept in nonstrictly competitive games.

The maximin strategy resolves the strategic uncertainty in a game in

two steps: evaluation and comparison. The inner operator min represents

the evaluation of strategies while the outer operator max represents a

comparison across those evaluations. Similarly, optimin equilibrium

employs the two steps as follows:

1. Evaluation: The value of a strategy profile is defined as the min-

imum utility players each receive under the others’ individual

rationality constraint—that rules out nonprofitable deviations (con-

tribution of the chapter).

2. Comparison: The resulting multi-variable value function is opti-

mized by applying Pareto optimality.

Accordingly, a strategy profile is called an optimin equilibrium if its

value is Pareto optimal. Notice that Pareto optimality applies only to the

value function, not to the utility function of the players. Furthermore,

there is also no logical relationship between Pareto optimality and opti-

min equilibrium. I next present some games to illustrate the similarities

and differences between optimin equilibrium, maximin strategy, Pareto

optimality, and the benchmark solution, Nash equilibrium.

For example, in the battle of the sexes game, optimin equilibrium—

like the persistent equilibrium (Kalai and Samet, 1984)—rejects the mixed
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strategy equilibrium, selecting only the two Pareto optimal profiles. This

solution relates to the property that strong Nash equilibria (Aumann,

1959) form a subset of optimin equilibria.

However, an optimin equilibrium can be Pareto dominated. For

example, in the one-shot prisoner’s dilemma, each player defects in the

unique optimin equilibrium, which is Pareto dominated. Nevertheless,

optimin equilibrium may differ from Nash equilibrium. To illustrate the

difference, consider the finitely repeated prisoner’s dilemma with the

following stage game:

Cooperate Defect
Cooperate 3,3 0,5

Defect 5,0 1,1

The Tit-for-Tat strategy profile—in which a player begins by cooperating

in the first round and then does what the opponent did in the previous

round—turns out to be an optimin equilibrium which is not a Nash

equilibrium. This prediction is surprising because the unique optimin

equilibrium is (Defect, Defect) in the one-shot game but it disappears

when the game is repeated. This is because, in the repeated game always

playing Defect, for example, is not a profitable deviation from the Tit-

for-Tat profile and, therefore, is ruled out by the individual rationality

constraint. Thus, the Tit-for-Tat guarantees a sufficiently high utility

provided that the opponent is not guided by the desire to harm himself

or herself. This property of the Tit-for-Tat was observed in some actual

tournaments.1

To be sure, the value of an optimin equilibrium is only guaranteed

under the individual rationality constraint of the opponent. Thus, if the

1Robert Axelrod conducted a tournament in 1979 in which computer programs played the
repeated prisoner’s dilemma with the above stage game (Axelrod, 1984). The Tit-for-Tat submitted
by Anatol Rapoport was not only the simplest strategy, but it won the tournament. In a follow-up
tournament, the Tit-for-Tat became the winner again—even though everyone knew the previous
winner.
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Chapter 4. Optimin equilibrium: An extension of maximin strategies

opponent’s goal is to inflict a loss rather than to act under this constraint,

playing an optimin equilibrium strategy may then result in an unex-

pectedly low utility. This possibility suggests that optimin equilibrium

predictions should be taken with a grain of salt in such situations.

In addition, I will illustrate some games in which optimin equilibrium

arguably gives additional insights that are not captured by the bench-

mark solution, Nash equilibrium. In the so-called Inheritance Game, for

example, the Nash equilibrium is the profile in which each strategy is

weakly dominated by any other strategy, and the optimin equilibrium is

the profile in which each strategy is the only undominated strategy in

the game (see Example 1).

Moreover, I also show that the optimin value coincides with the

maximin value in two-person zero-sum games. This result implies that

the maximin solution, the Nash equilibrium, and the optimin equilibrium

all select the mixed strategy profile [( 1
3 , 1

3 , 1
3 ), (

1
3 , 1

3 , 1
3 )] in the Rock-Paper-

Scissors game.

In this chapter, I focus on the evaluation of strategic uncertainty

in games, rather than the learning process or the epistemic conditions,

which I leave for future research. In this regard, a related paper is Au-

mann and Dreze (2008) in which the authors study what players can ra-

tionally expect from the strategic uncertainty in a game. Despite starting

with completely different assumptions, I do obtain similar conclusions to

theirs, including: (1) the optimin value coincides with the maximin value

in two-person zero-sum games, and (2) there are usually multiple values

in n-person games (e.g., battle of the sexes game). Another related paper

is Puppe and Schlag (2009) in which the authors show that the axioms of

Milnor (1954) that characterize the maximin decision rule (Wald, 1950)

are consistent with ignoring some states in which all payoffs are “small.”

This approach differs from the optimin approach in that—like maximin

strategies—it does not take other players’ preferences into account when
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4.2. Definition of optimin equilibrium

applied to strategic games.

This chapter is organized as follows. In Section 4.2, I define optimin

equilibrium and prove its existence in strategic games with compact

strategy sets and continuous utility functions. In Section 4.3, I discuss

optimin equilibrium predictions in a selection of classical games, includ-

ing some of its most important properties. Finally, in Section 4.4, I apply

optimin equilibrium to the Arrow-Debreu economy.

4.2 Definition of optimin equilibrium

Let (∆Xi, ui)i∈N be a two-person game in mixed extension, where N =

{1, ..., n} is the finite set of players, ∆Xi the set of all probability distri-

butions over the finite action set Xi, and ui : ∆X1 × ∆X2 → R the von

Neumann-Morgenstern expected utility function of player i ∈ N. For

simplicity, assume n = 2. (The results in this chapter do not depend on n

unless otherwise specified.) The notation p ∈ ∆X1 × ∆X2 represents a

strategy profile.2

Von Neumann and Morgenstern (1944, p. 11) argued that a game

is an uncertainty which cannot be resolved by statistical assumptions.

As I mentioned in the Introduction, the maximin strategy method for

resolving this uncertainty can be decomposed into two steps: evaluation

and comparison.

For example, consider a two-person game played by Alice and Bob.

As for Alice, the uncertainty in playing a strategy x1 ∈ X is that she does

not know what Bob will choose. First, this uncertainty is evaluated by

calculating the minimum utility with respect to all conceivable deviations

by Bob (because he has a desire to inflict a loss). Second, these evaluations

of strategies are compared by maximizing with respect to all strategies.
2For a detailed discussion of the mixed strategy concept, see Luce and Raiffa (1957, p. 74). For a

more recent discussion, see Rubinstein (1991). As is standard in game theory, I assume that what
matters is the consequence of strategies (consequentialist approach) so that I can define the utility
functions over the strategy profiles.
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This yields a unique evaluation V for the whole game—the maximin

value of the game. In other words, the maximum utility that Alice can

guarantee under the uncertainty of playing this game is V. She might

receive a greater utility than V by playing an optimal strategy, but she

expects the worst outcome.3

By definition, nonzero-sum games differ from zero-sum games in

that they allow mutually beneficial and harmful outcomes. To capture

this property, I assume that Bob does not ‘harm’ himself for the sake of

harming Alice. Formally, a strategy p′i ∈ ∆Xi is said to be a profitable

deviation for player i with respect to the profile (pi, pj) if ui(p′i, pj) >

ui(pi, pj).

Definition 6. The individual rationality constraint, IRCi(p), of player i at

the profile p consists of pi and the set of profitable deviations from p.

This is surely not the only way of restricting a player’s deviations. But

I propose a simple extension to the current setting by allowing deviations

that are profitable, providing a context that can be further studied.4

I next define Alice’s evaluation of a profile p as the minimum utility

she would receive under Bob’s individual rationality constraint.

Definition 7. The value function v : ∆X1 × ∆X2 → R×R is defined as

vi(p) = inf
p′j∈IRCj(p)

ui(pi, p′j),

where vi denotes the i’th component of v for i ∈ {1, 2} and i 6= j.

3Formally, Alice’s evaluation Vx1x2 of the strategy x1 in (x1, x2) is given by Vx1x2 =

minp2∈∆X2 u1(x1, p2). Note that for all x2 the evaluation of the profile (x1, x2) is the same, that
is Vx1x2 = Vx1 p2 for all p2 ∈ ∆X2. Thus, it is possible to assign a unique evaluation Vp1 for every
strategy p1 ∈ ∆X1. These evaluations are then compared by taking the maximum of Vp1 with
respect to p1. Accordingly, the value of the game is defined by V = maxp1∈∆X1 Vp1 .

4This constraint is reminiscent of the individual rationality constraint used, for example, in
contract theory in the sense that individually rational behavior always yields greater or equal utility
than individually nonrational behavior.
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0 1/2 0 1/2

Bob chooses fromAlice chooses from

Figure 4.1: Inheritance Game

Unlike in maximin strategies, the value function does not assign

a unique value to every strategy of Alice.5 Instead, the evaluation of

uncertainty is attached to the strategy profile, like in the value notion of

Nash (1951).6 To illustrate, I explore the Inheritance Game.

Example 1 (Inheritance Game). A couple delegates a person, D, to divide

a cake (e.g., their inheritance) of unit length among their children, Alice and

Bob. Players are in separate rooms and each have half of the cake on the table in

front of them. By cutting, each chooses a piece from the cake, [0,1/2], which is

illustrated in Figure 4.1. The rules of the noncooperative game are as follows:

1. If some of the players disagree with the rules, nobody will receive anything.

The choice 0 expresses the disagreement.

2. Otherwise, each receives their own piece. In addition, if there is some

piece left from either player, D will pay each an extra 1 unit of money (as

he would like to taste the cake and convince them to agree with this rule).

Notice that Alice and Bob each receive half of the cake at the profile

(1/2, 1/2). According to the maximin strategy concept, the evaluation of

the strategy 1/2 for Alice is 0. This is because, Bob may deviate to the

strategy 0, leaving Alice with a payoff of 0. However, this deviation is

5To extend the definition of value function to n-person games, replace “j” with “−i” in Defini-
tion 7, where IRC−i(p) denotes the union of all IRCs of every player but i.

6Nash (1951, p. 291) defines the value of a game to a player as the payoff that the player receives
from a Nash equilibrium when all the Nash equilibria payoffs are the same for that player. The
value function assigns a value to each strategy profile, including the Nash equilibria. In particular,
when a strategy profile is a Nash equilibrium, the value of a player at this profile is equal to her
Nash equilibrium payoff, because there is no unilateral profitable deviation from it.
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not in Bob’s interest since he will also receive 0. Because such deviations

violate the IRC of the deviator, they are ruled out in the evaluation of a

strategy profile.

By comparison, the value of the profile (1/2, 1/2) is 1/2 for each

according to the value function. This is because, each player guarantees

receiving half of the cake at this profile under any profitable deviation of

the other. (Notice that playing 0 is not a profitable deviation from this

profile.)

The next step is to make comparisons among the evaluations of

the strategy profiles. The multi-variable value function is optimized

by applying Pareto optimality. Accordingly, a profile is an optimin

equilibrium if its value is Pareto optimal. Formally, let (∆X1, ∆X2, u1, u2)

be a two-person game and v = (vi, vj) be the value function of the game.

Definition 8. A strategy profile p is called optimin equilibrium if for every

player i 6= j and every p′, vi(p′) > vi(p) implies vj(p′) < vj(p).

Unfortunately, it is not possible to refer to a strategy in an optimin

equilibrium in the same spirit of a maximin strategy because a strategy

in this setting makes sense only as part of a strategy profile. Notice that

Pareto optimality applies only to the value function, not to the utility

function of the players. Furthermore, there is also no logical relationship

between Pareto optimality and optimin equilibrium.

In the battle of the sexes game illustrated below, for example, the two

optimin equilibria are (Football, Football) and (Opera, Opera), which are

Pareto optimal.

Football Opera
Football 2, 1 0, 0

Opera 0, 0 1, 2

However, optimin equilibrium may be Pareto dominated. In the pris-

oner’s dilemma, the unique optimin equilibrium is (Defect, Defect),
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which is Pareto dominated.

Cooperate Defect
Cooperate 3, 3 0, 5

Defect 5, 0 1, 1

Optimin equilibrium may arguably give additional insights that are

not captured by Nash equilibrium in some games. To illustrate, I return

to the Inheritance Game. The unique Nash equilibrium is (0,0) because

at any other profile a player can profitably deviate by claiming higher,

unless the other claims 1/2 in which case the player can profitably deviate

to slightly below 1/2 to get the additional 1 unit. This also implies that

1/2 is not a dominant strategy. Moreover, every strategy is rationalizable

(Bernheim, 1984; Pearce, 1984) because it is a best response to 0, which is

rationalizable.

This game resembles a Bertrand duopoly because 0 is not only a

weakly dominated strategy but it is dominated by any strategy. However,

unlike in a duopoly game, all strategies but 1/2 are dominated because

a′ dominates a whenever 1/2 > a′ > a. Furthermore, the claim 1/2 is not

dominated because no other strategy guarantees half of the cake except

when the opponent chooses 0. As a result, the strategy 1/2 is the only

undominated strategy for each player.

Consider the profile (1/2, 1/2). Each player has a profitable deviation

from it but the deviator would receive a smaller piece from the cake than

the nondeviator, which gives incentives to free ride on the deviators.

Thus, each player prefers the situation in which the other player deviates

from this profile, which is a social dilemma that resembles a public goods

contribution problem (for a related problem, see Bliss and Nalebuff,

1984). To compare and contrast with the Inheritance Game, consider the

Guessing Game.

Example 2 (Guessing Game). Each of n players chooses a number from the
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0 29.62 44.44 66.66 100

1st round2nd round3rd round· · ·survivor:

Figure 4.2: Rounds of iterated elimination of dominated strategies in the guess-
ing game

interval [0, 100]. The winner is the player whose guess is closest to the 2/3 of

the average of the chosen numbers. If there is more than one winner, the prize is

shared equally among them.

Because choosing any number above approximately 66.66 is weakly

dominated, it will be eliminated in the first round by the iterated elim-

ination of weakly dominated strategies (see Figure 4.2). In the second

round, any number above approximately 44.44 will be eliminated, and so

on. The only surviving strategy after the iterated elimination of weakly

dominated strategies is 0.

As is well-known, the unique Nash equilibrium is the profile in which

everyone plays 0, which is also the unique optimin equilibrium. This

is because, first, if the average is positive, some players can profitably

deviate and earn the prize, which leaves 0 to the others, and, second, if

the average is zero, each receives a positive payoff, which makes it the

optimin equilibrium.

A difference between the Guessing Game and the Inheritance Game

is that the strategy 0 is the only strategy that survives the iterated elimina-

tion of weakly dominated strategies in the former game, whereas it is the

only strategy that is dominated by all other strategies in the latter. Thus,

playing 0 in the Inheritance Game is comparable to playing a number

above 66.66 in the Guessing Game.
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4.2.1 Existence of optimin equilibrium

The following lemma presents a property of the value function which

will be used in the following existence result.

Lemma 3. The value function of a player is upper semi-continuous.

Proof. In several steps, I will show that the value function vi of player i

in a game Γ = (∆X1, ∆X2, u1, u2) is upper semi-continuous.

First, we decompose the value function as

vi(p) = min{ inf
p′j∈Bj(p)

ui(pi, p′j), ui(p)},

where Bj(p) is the (strict) better response correspondence of player j

with respect to p, representing the set of profitable deviations, which is

defined as Bj(p) = {p′j ∈ ∆Xj|uj(pi, p′j) > uj(p)}.
I next show that the correspondence Bj : ∆Xi × ∆Xj � ∆Xj is lower

hemi-continuous. For this, it is enough to show the graph of Bj defined

as follows is open.

Gr(Bj) = {(q, pj) ∈ ∆Xi × ∆Xj × ∆Xj| pj ∈ Bj(q)}.

Gr(Bj) is open in ∆Xi × ∆Xj × ∆Xj if and only if its complement is

closed. Let [(pj, qi, qj)
k]∞k=1 be a sequence in [Gr(Bj)]

c = (∆Xi × ∆Xj ×
∆Xj) \ Gr(Bj), converging to (pj, qi, qj) where pk

j /∈ Bj(qk) for all k. That

is, we have uj(pk
j , qk

i ) ≤ uj(qk) for all k. Continuity of uj implies that

uj(pj, qi) ≤ uj(q) which means pj /∈ Bj(q). Hence [Gr(Bj)]
c is closed,

implying that Bj is lower hemi-continuous.

Next, we define ûi : ∆Xi×∆Xj×∆Xj → R by ûi(qi, qj, pj) = ui(pj, qi)

for all (qi, qj, pj) ∈ ∆Xi × ∆Xj × ∆Xj. Since ui is continuous, ûi is also

continuous. In addition, we define ūi : Gr(Bj)→ R as the restriction of ûi

to Gr(Bj), that is ūi = ûi|Gr(Bj)
. The continuity of ûi implies the continuity

of its restriction ūi, which in turn implies ūi is upper semi-continuous.
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By Theorem 1 of Berge (1959, p. 115), lower hemi-continuity of Bj and

lower semi-continuity of −ūi : Gr(Bj)→ R imply that the function −v̄i :

∆Xi × ∆Xj → R—defined as −v̄i(q) = suppj∈Bj(q)
−ūi(pj, q)—is lower

semi-continuous.7 It implies that the function v̄i(q) = infpj∈Bj(q) ūi(pj, q)

is upper semi-continuous.8

As a result, the value function vi(q) = min{v̄i(q), ui(q)} of player

i is upper semi-continuous, because the minimum of two upper semi-

continuous functions is also upper semi-continuous.

The following theorem shows that optimin equilibrium exists in

mixed strategies.

Theorem 1. Every mixed extension of a finite game has an optimin equilibrium.

Proof. Define vmax
i = arg maxq∈∆Xi×∆Xj vi(q), which is a nonempty com-

pact set because ∆Xi × ∆Xj is compact and vi is upper semi-continuous

by Lemma 3. Since vmax
i is compact and vj is also upper semi-continuous,

the set vmax
ij = arg maxq∈vmax

i
vj(q) is nonempty and compact. Clearly, the

profiles in vmax
ij are Pareto optimal with respect to the value function,

implying that vmax
ij is a nonempty compact subset of the set of optimin

equilibria in the game. Analogously, the set vmax
ji is also a nonempty com-

pact subset of the set of optimin equilibria. (Note that these arguments

can be applied to games with any finite number of players.)

Notice that I have used neither the convexity of the strategy sets nor

the concavity of the utility functions in the proof of Lemma 3 or Theorem

1. Thus, the latter result can be stated more generally as follows: Any

game with continuous utility functions and compact strategy spaces

possesses an optimin equilibrium.

7I follow the terminology, especially the definition of upper hemi-continuity, presented in
Aliprantis and Border (1994, p. 569).

8I use the fact that a function f is lower semi-continuous if and only if − f is upper semi-
continuous.
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4.3 Properties and more examples

Harsanyi and Selten (1988, p. 70) argued that invariance with respect to

positive linear transformations of the utilities is a fundamental require-

ment for a solution concept. This requirement is satisfied by optimin

equilibrium as the next property shows.

Property 1. Optimin equilibria are invariant to positive linear transformation

of the utilities.

Proof. Let Γ and Γ̂ be two games such that that ûi = αui + β for some

α > 0 and some constant β. First, we have that v̂i = αvi + β because

strict better response correspondence does not change, and we can take

α and β out of the infimum in the definition of vi. Second, a profile p is a

Pareto optimal profile with respect to v if and only if it is Pareto optimal

with respect to v̂, because each vi is a positive linear transformation of v̂i.

As a result, the set of optimin equilibria of Γ and Γ̂ are the same.

If the individual rationality constraint is removed from the definition

of the value function, then the maximin strategy solution is recovered as

the following property shows.

Property 2. Optimin equilibrium with a value function not satisfying the IRC

reduces to a profile of maximin strategies.

Proof. We take the infimum over ∆Xj instead of taking it over the IRC

in the value function definition. Therefore, v̄i(p) = infp′j∈∆Xj
ui(pi, p′j).

Accordingly, p̄ is a Pareto dominant profile of the value function v̄ where

p̄i ∈ arg maxp′i∈∆Xi
infp′j∈∆Xj

ui(p′i, p′j). It is clear that p̄i is a maximin

strategy of player i.

Two-person zero-sum games are both historically and theoretically

important class in game theory. I illustrate the relationship between the
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equilibrium solution of von Neumann (1928) and the optimin equilib-

rium in this class of games.

The following property shows that a strategy profile is an optimin

equilibrium if and only if it is a pair of maximin strategies in zero-sum

games.

Property 3. Let (Y1, Y2, u1, u2) be a two-person zero-sum game where Yi is not

necessarily finite. A profile (y∗1 , y∗2) ∈ Y1 ×Y2 is an optimin equilibrium if and

only if y∗1 ∈ arg maxy1 infy2 u1(y1, y2) and y∗2 ∈ arg maxy2 infy1 u2(y1, y2).

Proof. ‘⇒’ First, we show that vi(yi, yj) = infy′j∈Yj
ui(yi, y′j) for each i 6= j.

Suppose that there exists ȳj ∈ Yj such that ȳj ∈ arg miny′j∈Yj
ui(yi, y′j).

Then vi(yi, yj) = miny′j∈Yj
ui(yi, y′j) = ui(yi, ȳj). Suppose, otherwise, that

for all y′j ∈ Yj there exists y′′j ∈ Yj such that ui(yi, y′′j ) < ui(yi, y′j). It

implies that vi(yi, yj) = infy′j :ui(yi ,y′j)<ui(yi ,yj) ui(yi, y′j) = infy′j∈Yj
ui(yi, y′j).

Next, we show that the value of an optimin equilibrium (y∗1 , y∗2) must

be Pareto dominant in a zero-sum game. By contraposition, suppose

that its value is not Pareto dominant; that is, there is another optimin

equilibrium (ŷ1, ŷ2) such that vi(y∗1 , y∗2) > vi(ŷ1, ŷ2) and vj(y∗1 , y∗2) <

vj(ŷ1, ŷ2) for i 6= j. Then, we have v1(y∗1 , y∗2) = v1(y∗1 , ŷ2) and v2(ŷ1, ŷ2) =

v2(y∗1 , ŷ2). It implies that the value of (y∗i , ŷj) Pareto dominates the value

of (y∗1 , y∗2) which is a contradiction to our supposition that (y∗1 , y∗2) is an

optimin equilibrium. Since the value of (y∗1 , y∗2) is Pareto dominant, each

strategy is a maximin strategy of the respective players.

‘⇐’ Suppose that for each i we have y∗i ∈ arg maxyi infyj ui(yi, yj). It

implies that for all (y′1, y′2) ∈ Y1 ×Y2 and for each i we have vi(y∗1 , y∗2) ≥
vi(y′1, y′2). Hence the value of (y∗1 , y∗2) is Pareto dominant which implies

that it is an optimin equilibrium.

Corollary 6. In a zero-sum game, optimin equilibrium and Nash equilibrium

coincide whenever a Nash equilibrium exists.
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This result implies that the optimin equilibrium coincides with the

maximin solution and the Nash equilibrium at the mixed strategy profile

[( 1
3 , 1

3 , 1
3 ), (

1
3 , 1

3 , 1
3 )] in the Rock-Paper-Scissors game illustrated below:

Rock Paper Scissors
Rock 0, 0 −1, 1 1,−1

Paper 1,−1 0, 0 −1, 1
Scissors −1, 1 1,−1 0, 0

Optimin equilibrium and equilibrium coincide in zero-sum games

whenever the latter exists. However, optimin equilibrium may exist even

though an equilibrium does not exist in which case it is a pair of maximin

strategies. And the maximin value of a player coincides with his or her

optimin value. The following property illustrates a relation between a

refinement of Nash equilibrium and optimin equilibrium.

Property 4. A strong Nash equilibrium is always an optimin equilibrium.

Proof. The utility vector of a Nash equilibrium is the same as its value,

because there is no unilateral profitable deviation from it. In addition,

a strong Nash equilibrium (Aumann, 1959) is always Pareto optimal,

which implies that it must be an optimin equilibrium.

For example, in the stag-hunt game below, the strong Nash equilib-

rium (Stag, Stag) is also the optimin equilibrium.

Stag Hare
Stag 2, 2 0, 1

Hare 1, 0 1, 1

The following property shows the existence of optimin equilibrium

in pure strategies in ordinal games in which the utilities of the players

are ordinal rather than cardinal.

Property 5. Every finite ordinal game has an optimin equilibrium in pure

strategies.
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Top Middle Bottom
Top 100, 100 100, 105 0, 0

Middle 105, 100 95, 95 0, 210
Bottom 0, 0 210, 0 5, 5

Figure 4.3: A game in which the unique optimin equilibrium is (Top, Top)

The proof of this property is trivial since there are finitely many

strategies and players in finite ordinal games. As an example, consider

the one-shot game illustrated in Figure 4.3.

Bob has a profitable deviation from the profile (Top, Top) to Middle

but Alice would still receive 100 in this case. Because this is the only

deviation that satisfies the IRC and the game is symmetric, the value of

(Top, Top) is (100,100). Also, consider the profile (Middle, Middle) from

which Bob might unilaterally deviate to Bottom whereby he has strict

incentives to do so. This deviation leaves Alice with a payoff of 0, so the

value of (Middle, Middle) is (0,0).9

The value function is maximized at the profile (Top, Top), so it is the

unique optimin equilibrium. According to the maximin strategy concept,

the evaluation of the strategy Top, for example, would be 0 because a

deviation of the opponent to Bottom leaves the nondeviator with a payoff

of 0. Clearly, all three strategies are maximin strategies, which guarantee

0. Furthermore, there is a unique Nash equilibrium in this game, which

is (Bottom, Bottom).

In another example, consider the finitely repeated prisoner’s dilemma

with the stage game shown below. Recall from Section 4.2 that the unique

optimin equilibrium in the one-shot game is (Defect, Defect). However,

new solutions emerge when the game is repeated. Note that at every

Nash equilibrium each player defects in each round in a finitely repeated

9The remaining values are as follows: v1(Bottom, Top) = (0, 0), v1(Middle, Top) = (0, 100),
v1(Bottom, Middle) = (5, 0) and v1(Bottom, Bottom) = (5, 5).
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prisoner’s dilemma.

Cooperate Defect
Cooperate 3, 3 0, 5

Defect 5, 0 1, 1

Robert Axelrod conducted a computer tournament in 1979 on the

repeated prisoner’s dilemma with the above stage game, which was won

with the Tit-For-Tat strategy submitted by Anatol Rapoport (Axelrod,

1980). A player who plays the Tit-For-Tat strategy starts by cooperating

in the first round and then does what the opponent did in the previous

round.

It turns out that the Tit-For-Tat strategy profile is an optimin equi-

librium in this finitely repeated prisoner’s dilemma. This is because, at

every strategy profile, a player will have a profitable deviation in the last

round, k, unless the other plays Defect in which case the player would

have a profitable deviation in round k− 1. This implies that each Tit-For-

Tat strategist guarantees 3(k− 1)—the payoff players each receive in the

first (k− 1) rounds—under any profitable deviation by the opponent,

and no other profile can guarantee strictly better. Thus, it is an optimin

equilibrium, though it is possibly not unique.

The following property shows that optimin equilibrium coincides

with maximin strategy and Nash equilibrium in one-person games, dif-

fering from the maximin (minimax) decision rule in decision theory.10

Property 6. Optimin equilibrium in one-person games is equivalent to expected

utility maximization.

Imagine a one-player game in which the decision maker is to make

a choice between several gambles. In that case, optimin equilibrium

10See Wald (1950) for maximin decision rule, and see Gilboa and Schmeidler (1989) for an
axiomatization of it.
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reduces to expected utility maximization—the decision maker chooses

the gamble with the highest expected utility. However, according to

the maximin decision rule, a decision maker chooses the gamble that

maximizes her utility with respect to the worst state of the world (i.e.,

the state with the minimum outcome) even if the probability assigned to

it is very small.

4.4 An application: Arrow-Debreu economy

Arrow and Debreu (1954) define abstract economy as a game situation

in which—unlike in a standard game—the strategy sets of players de-

pend on the strategies chosen by other players. In an abstract economy,

the players are consumers, producers, and the market participant who

chooses prices. The strategy set of a player depends on the choices of the

others because players have constraints such as the budget constraint

of consumers, which depend on the price and, in turn, depend on the

choices of players.

Let E = (Yi, ui, Fi)i∈N be an abstract economy where N denotes the

set of players, Yi the strategy set, ui the utility function, and Fi : Y−i � Yi

the feasibility correspondence of player i ∈ N, which gives player i’s set

of feasible strategies given the other players’ strategies.

The following two lemmas will be used in the proof of the existence

theorem.

Lemma 4. The value function of each player is upper semi-continuous.

The proof follows essentially the same steps as the proof of Lemma 3,

therefore I do not reproduce it. (Because utility functions are continuous,

the strict better reply correspondences have open graphs so Berge’s

aforementioned theorem applies.)

Lemma 5. The correspondence F (y) = {y ∈ Y|yi ∈ Fi(y−i) for all i} is

compact for all y.
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Proof. We first show that F (y) is closed where y ∈ Y. Take a sequence

yk converging to ȳ such that such that yk ∈ F (y) for all k. It implies that

yk ∈ Gr(Fi) = {y ∈ Y|yi ∈ Fi(y−i} for all i. Since Gr(Fi) is closed by

our supposition and yk converges to ȳ, we have ȳ ∈ Gr(Fi) for every i.

This implies that ȳ ∈ F (y). Thus, F (y) is compact because it is a closed

subset of a compact set.

The following theorem shows the existence of optimin equilibrium

under some topological assumptions on the primitives of an abstract

economy.

Theorem 2. Let E = (Yi, ui, Fi)i∈N be an abstract economy. If Yi is compact,

ui is continuous, and Fi has a closed graph, then the economy E has an optimin

equilibrium.

The proof of Theorem 1 can be applied to prove this theorem with an

addition that one maximizes the value function with respect to F (i.e.,

vmax
i = arg maxy∈F (y) vi(y)).

Property 7. Competitive economic equilibrium is an optimin equilibrium.

This follows from the second fundamental theorem of welfare eco-

nomics: A competitive equilibrium in an Arrow-Debreu model (i.e., a

Nash equilibrium of the abstract economy) is Pareto optimal. Therefore,

it is an optimin equilibrium. However, even if a competitive equilibrium

does not exist, optimin equilibrium may exist in an abstract economy

by Theorem 2. This is because, I do not assume convexity of strategy

sets, quasi-concavity of utility functions, or continuity and convexity of

feasibility correspondences in this theorem.

Surely, I only show the mere possibility that an optimin equilibrium

exists when a competitive equilibrium does not. In addition, I said

nothing about the conditions on consumer preferences and producer

technologies in this case, which I leave for a future project.
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4.5 Conclusion

I have introduced a concept dubbed optimin equilibrium that extends

maximin strategies to n-person nonstrictly competitive games in which

mutual gains and losses are possible. This extension is based on incor-

porating an individual rationality constraint into the maximin principle,

which rules out nonprofitable deviations by players. I showed that opti-

min equilibrium without this constraint reduces to a profile of maximin

strategies in n-person games.

In two-person zero-sum games, Nash equilibrium, maximin strate-

gies, and optimin equilibrium all coincide. For example, the unique

mixed strategy equilibrium in the classical Rock-Paper-Scissors game is

also the unique optimin equilibrium.

In addition, I have showed that an optimin equilibrium may or may

not be Pareto optimal. For example, in the battle of the sexes game

optimin equilibria are those profiles that are Pareto optimal. However,

in the prisoner’s dilemma, optimin equilibrium is the Pareto dominated

profile in which both players defect.

In the finitely repeated prisoner’s dilemma, I showed that new op-

timin equilibria emerge. For example, one of the optimin equilibria in

the repeated game discussed in Section 4.3 consists of the well-known

Tit-for-Tat strategies. A Tit-for-Tat strategist starts by cooperating in the

first round and then does what the opponent did in the previous round.

I have also applied optimin equilibrium to the Arrow-Debreu econ-

omy and given sufficient conditions for the existence of optimin equilib-

rium in this setting. I showed that every competitive equilibrium is an

optimin equilibrium but optimin equilibrium may exist in an economy

even if a competitive equilibrium does not exist. The specific conditions

on consumer preferences and producer technologies that guarantee an

optimin equilibrium are yet to be studied.

In this chapter, I focused on the evaluation of strategic uncertainty in

62



4.5. Conclusion

games, leaving several related questions unexplored such as how players

actually get to an optimin equilibrium and what the epistemic conditions

behind this concept are. In addition, the optimin approach can be applied

to games with Knightian uncertainty or ambiguity, which is a natural

area of application for maximin strategies.

When I consider the reduced-normal form of an extensive-form game,

optimin equilibrium solutions seem to have forward induction reasoning

rather than backward induction. So, another research direction opened

up by this chapter is to extend the definition of optimin equilibrium to

extensive-form games. This direction would yield the exploration of its

relation to forward and backward induction reasoning.
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Chapter 5

Is rationality a personal trait?
A paradox

5.1 Introduction and setting

In this chapter, I will show that there are games and decision problems

in which a decision maker cannot be simultaneously rational in both.

Put differently, the same person can be simultaneously rational and

irrational, hence the paradox. Accordingly, I will also show that the

so-called doubly linearity is a necessary and sufficient condition for a

decision maker to be simultaneously rational in both situations. This

condition restricts the social preferences such as inequality aversion.

Let G = (∆X, ∆Y,U1,U2) be a game in mixed extension in which

players are called Alice and Bob. The sets ∆X and ∆Y denote the set of

all probability distributions over the pure strategy set X = {x1, x2, ..., xm}
of Alice and the pure strategy set Y = {y1, y2, ..., yn} of Bob, respectively.

I assume that players are rational in the sense that their preferences in

G can be represented by a von Neumann-Morgenstern expected utility

function Ui : ∆X× ∆Y → R for i ∈ {1, 2}. The function Ui is the bilinear

extension of the ordinal utility function Ûi : X×Y → R for i ∈ {1, 2}.
Let Am×n and Bm×n be two matrices whose elements aij and bij
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G =

( L R
L 5, 10 5, 0
R 5, 0 5, 10

)
D =

( L R
L 5 5
R 5 5

)

Figure 5.1: A game and its associated decision problem. Numbers represent
(non-utility) monetary payoffs.

denote—non-utility—monetary payoffs of Alice and Bob, respectively.

(I assume monetary payoffs for simplicity.) I assume that when Alice

chooses xi and Bob chooses yj, Alice receives aij and Bob receives bij

units of money. Note that for a player like Alice, for example, U1(xi, yj)

is not necessarily equal to the corresponding monetary payoff aij unless

we assume that utility is linear in money or players have purely selfish

preferences.

Next, let D = (∆X, ∆Y, u1) be the decision problem of Alice that is

associated with the game G—Alice’s monetary payoffs in D are identical

to those in G. I assume that Alice is rational in D; that is, her preferences

can be represented by a von Neumann-Morgenstern expected utility

function u1 : ∆X × ∆Y → R, which is the bilinear extension of the

ordinal utility function û1 : X×Y → R.

The associated decision problem can be thought of as a one-person

game version of G, in which Bob is replaced by an unconscious lottery

choosing actions. So, there is no payoff for another player in the deci-

sion problem, because there is no other player. In other words, when

the outcome is (xi, yj), Alice receives aij units of money, and that is all.

Figure 5.1 illustrates a game and its associated decision problem.

Because Alice’s payoffs in the game are completely identical to her

payoffs in the associated decision problem, the difference in her pref-

erences come from the fact that she plays the game against a human

player, Bob, who also receives payoffs. For each pair (aij, bij), define the
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function v̂1 as v̂1(aij, bij) := U1(xi, yj)− u1(xi, yj). The function v̂1 repre-

sents Alice’s social preferences—the additional utility (or disutility) that

Alice receives from the outcome that Bob receives bij when she receives

aij. The set of pairs of feasible expected monetary payoffs are defined as

follows: M = {(apq, bpq) ∈ R2| apq = pᵀAq and bpq = pᵀBq for (p, q) ∈
∆X× ∆Y}. Then, I extend v̂1 to M by defining v1 : M→ R as

v1(apq, bpq) = U1(p, q)− u1(p, q).

Example 3. Figure 5.1 illustrates a game where Alice is (ex ante) inequality

averse—she suffers a disutility from uneven expected payoff distributions, but

does not suffer any disutility from even ones. For the sake of argument, suppose

that u1(L, L) = u1(R, L) = 5 in the decision problem, and that Alice incurs

a utility loss of 1 both from the outcome (5, 10) and the outcome (5, 0) in the

game, that is, v1(5, 10) = v1(5, 0) = −1.1 This implies that U1(L, L) =

U1(R, L) = 4.

Now consider the profile (( 1
2 , 1

2 ), L) in which Alice mixes 50-50 between L

and R, and Bob plays L. Since U1 and u1 are vN-M utility functions, we have

U1((
1
2 , 1

2 ), L) = 4 and u1((
1
2 , 1

2 ), L) = 5, which imply that v1(5, 5) = −1.

However, this contradicts the assumption that Alice suffers no disutility in this

case, that is, v1(5, 5) should have been zero.2

This paradoxical situation occurs due to the assumption that Alice

is rational both in the game and in the decision problem. To put it

differently, assuming the rationality of Alice in one domain forces her to

be irrational (i.e., a person who is not rational) in the other domain. To

1Note that, as defined earlier, the game is played by Alice and Bob, whereas there is only one
player, Alice, in the decision problem.

2The same conclusion can be obtained without assuming any specific value for the v function
as follows. I have v1(5, 10) = U1(L, L)− u1(L, L), v1(5, 0) = U1(R, L)− u1(R, L) and v1(5, 5) =

U1((
1
2 , 1

2 ), L)− u1((
1
2 , 1

2 ), L). Since U1 and u1 are vN-M utility functions, the latter equation is equal
to 1

2U1(L, L) + 1
2U1(L, R)− 1

2 u1(L, L)− 1
2 u1(L, R) = 1

2 v1(5, 10) + 1
2 v1(5, 0). As a result, we have

v1(5, 5) = 1
2 v1(5, 10) + 1

2 v1(5, 0), which is in conflict with the supposition that Alice incurs a utility
loss from outcomes (5, 10) and (5, 0).
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resolve this, the following restriction is placed on the social preferences

function.

Definition 9. A function v is called doubly linear if for all (apq, bpq) ∈ M,

v(apq, bpq) =
m

∑
i=1

n

∑
j=1

piqjv(aij, bij).

Although doubly linearity seems to be a strong condition, it neither

implies nor is implied by bilinearity.3

The following theorem shows that doubly linearity of the social pref-

erences function is a necessary and sufficient condition for a decision

maker to be rational both in games and in the associated decision prob-

lems.

Theorem 3. Suppose that u1 is a vN-M utility function. Then, U1 is a vN-M

utility function if and only if v1 is doubly linear.

Proof. ‘⇒’ By definition of v1, for each pair (apq, bpq) in M we have

v1(apq, bpq) = U1(p, q)− u1(p, q)

(1)
=

m

∑
i=1

n

∑
j=1

piqjU1(xi, yj)−
m

∑
i=1

n

∑
j=1

piqju1(xi, yj)

(2)
=

m

∑
i=1

n

∑
j=1

piqj(u1(xi, yj) + v1(aij, bij))−
m

∑
i=1

n

∑
j=1

piqju1(xi, yj)

(3)
=

m

∑
i=1

n

∑
j=1

piqjv1(aij, bij).

where Equation (1) is obtained by the assumption that U1 and u1 are

vN-M utility functions, and (2) is obtained by definition of v1. Finally,

cancelling out the terms we obtain (3).

3Note that a bilinear function is a function that is linear in each argument. Clearly, a doubly
linear function is not always linear in each argument.
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‘⇐’ By definition of v1 we have U1(p, q) = u1(p, q) + v1(apq, bpq).

(4)
=

m

∑
i=1

n

∑
i=1

piqju1(xi, yj) +
m

∑
i=1

n

∑
j=1

piqjv1(aij, bij)
(5)
=

m

∑
i=1

n

∑
i=1

piqjU1(xi, xj).

where (4) is obtained by using the supposition that u1 is a vN-M utility

function and v1 is doubly linear. By definition of v1, we obtain (5).

Corollary 7. If a player is rational in a game, then she cannot be rational in

the associated decision problem unless her social preference function satisfies

doubly linearity.

Diamond (1967) showed by an example that ex ante egalitarianism

may not be consistent with Harsanyi’s ex ante utilitarianism. Example

1 shares a similarity with Diamond’s example in the sense that it uses

the assumption of ex ante inequality aversion, though it reaches a dif-

ferent conclusion. The condition in Theorem 1 characterizes the social

preferences of a player so that the same person—without making any in-

terpersonal utility comparison—is simultaneously rational and irrational.

For example, this condition not only rules out inequality aversion, but it

also seems to rule out other social preferences including altruism.

5.2 An example and conclusion

The existence of mixed strategy equilibrium in a game might be in conflict

with the rationality of a player in the associated decision problem. The

game in Figure 5.2 illustrates this situation. Assume that Alice is ex ante

inequality averse (as in Example 3) and that Bob is self-regarding. In

addition, if we assume that Alice is rational in the associated decision

problem, then the game does not possess a Nash equilibrium; if we

assume that it has a Nash equilibrium, then Alice cannot be rational in

the associated decision problem.
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L R

T 10, 20 10, 0
M 10, 0 10, 40
B 9, 0 9, 0


Figure 5.2: A game without a Nash equilibrium (numbers represent non-utility
monetary payoffs).

First, suppose that Alice is rational in the decision problem. Notice

that there is no Nash equilibrium in which Bob plays a pure strategy,

because if Bob plays L, the best response of Alice to L denoted by BR1(L)

is ( 1
2 , 1

2 , 0), but BR2((
1
2 , 1

2 , 0)) is R. Similarly, BR1(R) is ( 3
4 , 1

4 , 0), but

BR2((
3
4 , 1

4 , 0)) is L.

To reach a contradiction, suppose that p is a Nash equilibrium strat-

egy of Alice. Then we have U2(p, L) = U2(p, R), which implies 20p1 =

40p2 and p2 = p1
2 . Since probabilities sum to 1, we obtain p3 = 1− p1 −

p1
2 = 2−3p1

2 . Since 2−3p1
2 ≥ 0, we have p1 ≤ 2

3 . For all values p1 < 2
3 ,

Bob’s unique best response is R, but we showed that there is no Nash

equilibrium corresponding to this case. If p1 = 2
3 , then p2 = 1

3 . However,

( 2
3 , 1

3 , 0) is never a best response, because it forces the outcome to be

inequitable as the v function will be negative: no matter what Bob plays,

the expected payoffs will be (10, 40
3 ). However, Alice can decrease Bob’s

payoff sufficiently by deviating to a strategy in which she puts some

probability on B. For example, if Bob plays ( 2
3 , 1

3 ), Alice’s best response

would be ( 27
37 , 0, 10

37 ) whose expected payoffs would be approximately

(9.73, 9.73).

Second, one may construct a Nash equilibrium in this game by alter-

ing the utilities as desired in the associated decision problem, since we

do not specify any particular type of irrationality of Alice in the decision

problem.
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To conclude, say that the concept of rationality is a personal trait if a

‘rational’ person acts rationally in every situation she faces. Is rationality

a personal trait, or is it a situation-specific concept? In this chapter, I have

showed that a decision maker can be rational in a game but irrational

in the associated decision problem, or vice versa. This finding seems to

suggest that rationality is a situation-specific concept. A natural research

direction would be to extend this chapter to n-person games.
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Valorization

Article 23 of the “Regulation governing the attainment of doctoral de-

grees” at Maastricht University states:

“Knowledge valorization refers to the ‘process of creating value from

knowledge, by making knowledge suitable and / or available for so-

cial (and / or economic) use and by making knowledge suitable for

translation into competitive products, services, processes and new com-

mercial activities’ (adapted definition based on the National Valorization

Committee 2011:8).”

Introduction

In this dissertation, I study certain relations between uncertainties in

games and decision problems. Furthermore, I propose an alternative

solution that arguably gives additional insights in some strategic decision

making situations, which are not captured by the standard tools.

As I will give details below, in this dissertation I propose models

that make testable and falsifiable predictions—which are indispensable

for scientific research—about actual human behavior. This dissertation

presents basic research rather than applied research. My findings in

this dissertation are mainly relevant for (pure and applied) academic

research; hence, they do not generally create immediate valorization

opportunities in the short run.
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Chapter 2: Two-person symmetric games and deci-
sion problems

In this chapter, I explored some interrelations between games and de-

cision problems. I observed that some games could be framed as if a

decision maker plays them against her dual-self, which led me study

the links between some game and decision theoretical concepts. For

example, I showed that a decision problem satisfies the von Neumann-

Morgenstern utility if and only if its equivalent symmetric game is a

potential game. This chapters belongs to the category of basic research.

Hence, its societal impact may be achieved indirectly and / or in the long

run.

Chapter 3: Existence of pure equilibrium in two-person
symmetric zero-sum games

In this chapter, I introduced three sufficient conditions for the existence

of a pure Nash equilibrium in two-person symmetric zero-sum games

including the so-called sign-quasiconcavity notion, which is a general-

ization of quasiconcavity in Duersch et al. (2012a). It seems that the new

sufficient condition is easier to check than generalized ordinal potentials

and quasiconcave games. This chapter, too, belongs to the category of

basic research.

Chapter 4: Optimin equilibrium: An extension of
maximin strategies

In this chapter, I developed a solution concept that extends the maximin

principle to non-zero-sum games by incorporating an individual ratio-

nality constraint whereby players do not harm themselves for the sake
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Rock Scissors Paper
Rock 0, 0 1, 0 0, 1

Scissors 0, 1 0, 0 1, 0
Paper 1, 0 0, 1 0, 0

Figure 5.3: Rock-Paper-Scissors game

of harming others. A maximin strategist chooses an action to maximize

the minimum utility he might receive under any conceivable play by

the other player, “even assuming that his opponent is guided by the

desire to inflict a loss rather than to achieve a gain” (von Neumann and

Morgenstern, 1944, p. 555). Because the classical maximin strategies

disregard mutual gains and losses in these interactive situations, the

optimin concept better captures many economically relevant interactions

that are not zero-sum.

Optimin equilibrium makes predictions about human behavior in

every strategic decision making environment. Thus, it may be interesting

to test the theory in various game situations. For example, Figure 5.3

illustrates the Rock-Paper-Scissors game, in which the unique optimin

solution is that each player uniformly randomizes over the actions Rock,

Paper, and Scissors. By doing so, he or she cannot be outguessed by his

or her opponent. This prediction coincides with the prediction of Nash

equilibrium—the benchmark solution concept in game theory.

It may be especially informative to test the optimin prediction in the

game shown in Figure 5.4, because the unique optimin prediction differs

from the unique benchmark solution, Nash equilibrium. Another game

in which optimin solution differs from Nash equilibrium is the well-

known finitely repeated prisoner’s dilemma. To illustrate the difference,

consider the finitely repeated prisoner’s dilemma with the following

stage game:
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Top Middle Bottom
Top 100, 100 100, 105 0, 0

Middle 105, 100 95, 95 0, 210
Bottom 0, 0 210, 0 5, 5

Figure 5.4: A game in which the unique optimin equilibrium is (Top, Top), and
the unique Nash equilibrium is (Bottom, Bottom).

Cooperate Defect
Cooperate 3,3 0,5

Defect 5,0 1,1

As is well-kwown, the Tit-for-Tat strategy—in which a player begins

by cooperating in the first round and then does what the opponent did

in the previous round—is not a Nash equilibrium. However, it turns out

to be an optimin equilibrium solution.

Chapter 5: Is rationality a personal trait? A paradox

In this chapter, I focused on the concept of rationality to answer the

following question: ‘Is it possible for an economic agent to be simul-

taneously rational in every situation she faces?’ I observed that there

are games and decision problems in which an agent cannot be simul-

taneously rational (à la von Neumann-Morgenstern) in both of them.

Accordingly, I provided a unique social preference condition for an agent

that makes her rational in these situations. It turns out that this condition

rules out social preferences including inequality aversion and altruism.

Rationality or (expected) utility maximization has been one of the

main assumptions in Economics for more than a half-century. Thus, to

be able to better predict human behavior, it is important to understand

the limitations of this concept in decision making situations. It would be
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interesting to test empirically or experimentally the predictions that are

provided in this chapter.
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