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1
Introduction

Humanity has been craving the assimilation of diverse challenging questions. It is

amazing to recognize that a species contrived from fundamental particles is capable

of prospering, and adapting to reach a stage of development unanticipated by any of

its ancestors. As Kamal Jumblatt says, “We, essentially formed of the same material

the universe is made of, evolved to develop consciousness allowing us to probe nature

at an empirical level. It seems as if the universe is trying to understand itself!” This

form of empirical probing to nature is framed under the context of science. Science

generated immense and exciting discoveries. For example, discovering quantum theory

one of the major driving forces behind all technological developments, allowing the

creation of computers, which facilitated the accomplishment of tasks never possible

before. With the aid of computers, an activity that required hours to be executed, can

now be performed in a matter of seconds. The other important milestone of scientific

exploration dates back to the second of September 1969. At that date the internet

was born. This new discovery again shifted our lives, and affected us profoundly.

Nowadays, there are civilizations built around the internet. New terms never heard

before, such as social networks, emerged, paving the way to more connectivity and ease

of communication. Of course, the discoveries in science range widely beyond the scope

of computers and the internet. Developments in medicine, biology, chemistry, and

engineering have also been observed. Each affected our lives in its own way. However,

according to Michio Kaku1, this century is the century of computers. Therefore,

the focus will be on computers as the running example as this will prove to be an

interesting introduction to the topic of this thesis.

However amazing these scientific explorations were, the driving thrust behind their

discoveries and implementations is human intelligence. It would have never been pos-

sible to have such milestones if the human brain had not existed. Understanding

intelligence is at the core of all scientific developments and discoveries. If we are to

1Michio Kaku, the digital age in an analog world, and Michio Kaku, the future of quantum
computing.
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prosper far beyond our current state, cultivating such intelligence creating machines

(i.e., brains) is of major interest. Furthermore, comprehending human intelligence will

allow for the creation of truly intelligent computers or agents. At the end, the ques-

tion is how can any one replicate a certain phenomenon, such as human intelligence,

without understanding its underlying operations? Attractive as it might sound, con-

ceiving human intelligence is an extremely hard and far-fetched goal. There are a lot

of different factors to be included, various definitions to be adopted, highly complex

and unobserved contributors that need to be taken into account, and above all the

possibility of un-empirical characteristics being involved.

When it is hard to comprehend a phenomenon directly, the most efficient method

to analyze it is indirectly. Dazzling with the question of human intelligence and try-

ing to approach the problem indirectly, the field of Artificial Intelligence (AI) was

established. AI tries to create autonomously operating, highly adaptable computer

agents that try to mimic human intelligence. This form of indirect reasoning is in-

teresting since: (1) if successful, computers can have abilities to solve highly complex

problems not possible before, (2) these successes might resemble similarities to hu-

man intelligence, and (3) such resemblance can be described in the most accurate

language known to humanity (i.e., mathematics). Although all of the previous three

points are important, the most appealing is the third. Describing certain behaviors

in mathematics gives the deepest possible form of understanding. Of course intuition

is important too, however, no intuition is developed without a deeper and more ac-

curate understanding. To clarify, assume now that we explain in layman terms how

computers operate. A computer then is a collection of different hardware units cou-

pled with software, together leading to a programable machine. At this level, no one

would be able to design, create, implement or improve on current computers. Even if

the discussion dived into more details trying to explain different hardware units and

their connections together, the software and its operations et. cetera, it will still be

hard for anyone to take such knowledge and create anything tangible. However, if

the explanation was performed in a more accurate language, such as mathematics–

even rule-based mathematics– all of the above becomes possible and feasible. This is

a trend that has been observed over and over again throughout the history of science.

As AI developed, different sub-fields were created. These range from heuristic

based approaches to mathematically grounded ones such as these residing in the realm

of machine learning (ML). Maybe the closest to human learning is the reinforcement

learning (RL) sub-field of ML. In RL, an agent lives in an environment which it can

perceive through sensory signals and affect by taking actions. To asses the behavior

of a certain action completed by an agent, a mathematical signal (i.e., reward) is

defined. This reward will punish the agent in case it has performed a “bad” action,

and reward it for a “good” one. The agent then learns to maximize its total positive



1.1. Aim of the Thesis 3

signal. To better understand how RL relates to human learning, consider the following

example. Assume you want to teach your child, not to touch fire. Every time the

child approaches fire, you yell at him, and every time he avoids it you reward him, say

by candy. With time, the child’s brain will relate his positive and negative rewards

to the actions of avoiding or approaching fire, respectively. As the child loves sweets,

he would want to maximize his positive reward and thus end-up “converging” to the

behavior of avoiding fire. In the scenario discussed previously, the agent is learning

similarly. Any time it performs a “bad” action, say to approach fire, it receives a

negative reward (analogous to being yelled at in the child’s case) and any time it

performs a “good” action, say to avoid fire, it receives a positive reward (analogous

to receiving candy in the child’s case). With time the agent will learn to maximize

it’s behavior and thus avoid fire. 2

Although interesting, RL suffers from major computational problems. In RL,

agents typically require a huge amount of time and experience to learn meaningful

behavior on complex tasks. The main reason behind this short-coming is that these

agents typically start their learning from scratch. Thus, the agent has to build its

knowledge, based mostly on random interactions with the environment, in order to

reason and learn a successful behavior. On the contrary, in humans learning never

starts from scratch. Objective thinking is extremely hard in everyday life. It is

impossible for anybody to generate ideas and directions that are not similar to previ-

ously encountered experiences and events. We are constantly re-using knowledge and

behaviors already acquired in similar tasks, to help in obtaining a new skill. For in-

stance, consider Dany, who would like to learn physics. Dany has no idea whatsoever

about physics, but has acquired, throughout his study, a thorough understanding of

mathematics. Once attempting to study physics, Dany will perform much better by

using his mathematical knowledge compared to starting from scratch. Ideas such as

derivatives, integrals, linear algebra, and geometry will indeed help him in success-

fully mastering topics in physics. In RL this form of knowledge re-use is framed under

transfer learning. Therefore, if any RL agent is to mimic human learning, transfer

learning has to be considered a crucial ingredient of the overall framework. By includ-

ing this learning scheme in RL agents, not only more resemblance to human learning

might emerge, but also the overall behavior of agents in new tasks will be improved.

1.1 Aim of the Thesis

So far, different transfer algorithms for RL agents, with varying degrees of autonomy,

have been proposed. However, there exists no approach that is fully autonomous,

2It is worth noting, that this example of course is an oversimplification of human learning, but
serves as a perfect illustration of the ideas behind RL.
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where it does not require substantial human intervention to successfully perform

transfer. As described in [107], to be fully autonomous, an RL transfer agent has

to perform all of the following steps successfully:

• Given a target task, select an appropriate source task or set of tasks from which

to transfer.

• Learn how the source task(s) and target task are related.

• Effectively transfer knowledge from the source task(s) to the target task.

To clarify, consider the example, shown in Figure 1.1. The target task is the so-

called cart-pole problem. In this problem, there is a pole attached to a cart that

can translate on a flat surface. The goal of the agent is to execute the correct linear

actions so to control the pole in an upright position.

Furthermore, the target agent has access to a collection of source tasks. In Fig-

ure 1.1, four different tasks are shown. The first is the inverted pendulum, where

the goal is to choose the correct rotational actions such that the pole is controlled in

an upright position. The difficulty in the task is that the actions can not upswing

the pole in one shot, rather it has to oscillate around its equilibrium position gaining

enough momentum to swing upwards. The second task is the mountain car. Start-

ing at the bottom of the valley, the goal of the agent is to drive the car up the hill.

However, the thrust of the engine is not enough for the car to reach the top of the

hill in one shot. It rather has to oscillate to gain enough momentum to achieve the

goal. The third task is the simple mass system. In this task the goal is to position

the mass at a certain pre-specified value. Finally, in the fourth (i.e., the double mass

system) the goal is to control the first mass at a certain position while only being able

to apply actions that affect the second mass.

To automatically transfer between one of these source tasks and the cart pole,

three steps need to be successfully executed. Firstly, the transfer agent has to decide

on the source task to transfer from. In other words, it has to decide which of the

source tasks is most useful to the given target task. Such notion of similarity mainly

depends on two factors: (1) dynamical similarity, and (2) goal similarity. As detailed

in Chapter 5 and Chapter 6, under certain assumptions, focusing on the first type

of similarity is to some extent capable of capturing goal similarities and can lead to

successful transfer. After deciding on what task to transfer from, the agent has to

reason about the relation between the source and target task in order to successfully

conduct transfer. For example, assume that in the first step the transfer agent has

decided to choose the inverted pendulum as the source task. This task’s state and

actions are described in different spaces compared to these of the cart pole. Therefore,

before any transfer can be conducted the relation between the source and target task
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Figure 1.1: An example of a transfer Learning scenario. The upper panel shows
a bag of different source tasks, while the lowers shows a specific target task. To
autonomously transfer, the agent has to: (1) choose a relevant source task(s), (2)
reason about the relations between the tasks, and (3) effectively use the source task
knowledge.

state-action space has to be determined. This relation will configure the source task’s

knowledge such that it is compatible to be received by the target agent. Finally, the

third step is then to efficiently and effectively transfer the source’s knowledge to the

target. It is worth noting, that this transfer will not provide the optimal behavior in

the target task, the agent has still to improve using normal reinforcement techniques to

attain the optimal behavior. However, the hope is that the transferred knowledge can

provide a “good” starting prior that can be used to improve the learning performance.
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1.2 Problem Definition

Current transfer learning methods require substantial human intervention. Aiming

at providing an autonomous transfer learning framework the following problem state-

ment is formulated:

Problem Statement: How to automate transfer between different reinforcement learn-

ing tasks?

Considering this problem statement, it is important to tackle the above three

challenging steps that need to be performed by a transfer agent: (1) choose a specific

source tasks, (2) reason about the relations between the two tasks, and (3) effectively

transfer knowledge between the different tasks. However, the above problems are

approached in the following manner: first, the second two steps are considered and

then the first challenge is solved. The problem statement is then split into two parts.

In the first, the second and third steps are answered, while in the second, the questions

of choosing a relevant source task is detailed.

Part I: Effective Learning and Transfer

Before diving into the details of creating autonomous transfer agents, a detailed review

of the transfer literature was required. To this end, the following research questions

are formulated.

Research Question 1: What categorization of the current transfer algorithms exist?

Before creating autonomous transfer agents, a survey of current transfer learning

algorithms was conducted. The algorithmic devision presented here, generates a

mathematically grounded framework for transfer in reinforcement learning. More

specifically, it frames all transfer learning methods depending on the assumptions

and procedure followed to learn the relation between the tasks.

Having performed the literature review, it was clear that no current transfer algo-

rithm is capable of autonomously transferring between different reinforcement learning

tasks. Therefore, the second research question was derived.

Research Question 2: To what extent is it possible to reduce human intervention in

reasoning about the relations between different tasks?

Given that the current transfer learning algorithms are capable, with substantial

human intervention, of transferring between different tasks, the question is wether it

is possible to reduce this effort made by the user. As described previously the source

and target tasks might have different state and action spaces. Therefore, to conduct
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transfer, the knowledge in the source has to be correctly mapped to be received by the

target. Aiming at reducing the human role in learning such a mapping, the problem

is approached by defining a common state-subspace. This sub-space is used to relate

transitions in each of the source and target tasks. Having such a correspondence,

regression is then applied to learn this relational mapping.

Although successful, this approach still suffers when the common subspace is hard

to be manually defined. To address this problem, the next research question is pre-

sented.

Research Question 3: Is it possible to automate learning the relation between different

reinforcement learning tasks?

To automate learning the relation between tasks with different constituents, an ap-

proach based on automatically discovering a rich feature space is adopted. This space

is capable of representing both the source and target task transitions, making it suit-

able for transfer. Given such a space, the relations between the tasks is then learned

using: (1) a similarity measure, and (2) regression technique. These relation can then

be successfully used to perform transfer.

Although successful, this approach might suffer from robustness problem depend-

ing on the nature of the presented samples. Leveraging this problem, the next question

is formulated.

Research Question 4: Are there any possible more robust alternatives to the learning

of the relations between the tasks?

Discovering the common space that is capable of relating source and target tasks can

be performed using different techniques. Here an alternative based on deep learning

techniques (detailed in Chapter 2) is adopted in order to learn such a relation between

the tasks that can then be used to successfully conduct transfer.

Having figured out three different techniques that automatically relate source and

target tasks, it is time to derive a method that can effectively make use of these

mappings to successfully perform transfer. To this end, the following research question

is formulated.

Research Question 5: How to effectively utilize the learned mapping to successfully

transfer between different tasks?

Given that the relation has been already learned, two novel algorithms are proposed

that are capable of effectively and efficiently transferring between two different tasks.

To insure a broad scope of applicability the focus was on reinforcement learning

approaches that operate within a continuous state space setting. These new transfer

techniques make use of the advantages possessed by state-of-the-art reinforcement

learning methods, thus assuring transfer efficiency.
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Part II: Choosing the Relevant Source Task

Having successfully solved the first and second steps towards attaining autonomous

transfer agents, the next problem was to determine a technique that allows agent to

successfully choose a relevant source task for a given target. It seemed that a similarity

measure quantifying the relations between reinforcement learning tasks was essential.

Therefore, the next two research questions were evaluated. It is worth noting, that

the proposed techniques are data-driven and can operate within the context of highly

dissimilar tasks.

Research Question 6: Is it possible to learn a similarity measure between reinforce-

ment learning tasks with same state and action spaces?

To quantify the similarity between two reinforcement learning tasks, a measure based

on deep learning techniques is proposed. The main intuition is that if two tasks are

related then a high informative rich space describing the first should also be capable

of characterizing the second.

However, this measure is only able of finding the similarities between tasks with

the same state and action spaces. Aiming at a more general framework, the second

research question is posed.

Research Question 7: Is it possible to learn a similarity measure between reinforce-

ment learning tasks with different state and action spaces?

Extending the previous approach, this question is answered by constructing a more

general method that learns the similarity between the tasks. The main idea is to

generalize the previous configuration into a more informative representation while

allowing the flexibility for differences in all the tasks’ constituents.

1.3 Structure of the Thesis

The thesis is structured as follows. Chapter 2 provides the reader with background

knowledge needed to understand the remaining chapters. Various ideas from ma-

chine learning, including supervised learning, unsupervised and deep learning, and

reinforcement learning are discussed.

The research questions are addressed in Chapter 3 to 7. Firstly, (i.e., Chapter 3)

research question 1 is answered. Namely, a theoretical framework categorizing differ-

ent transfer learning algorithms is presented. Chapter 4, answers research question 2,

by presenting the first attempts to reducing human intervention for learning a map-

ping between source and target tasks. Research question 3, 4 and 5 are then answered

in Chapters 5, and 6. Two methods for automatically learning the relations between
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source and target tasks are detailed. These are then used, by adapting two efficient

reinforcement learning algorithms. Chapter 7 then answers research questions 6 and

7. Two similarity measures capable of capture the similarities between different tasks

are presented.

Finally, Chapter 8 provides the conclusion by answering the proposed research

questions and problem statement. Also interesting future work directions are detailed.





2
Preliminaries

This chapter provides background knowledge needed by the reader to comprehend the

remainder of the dissertation. The reader is assumed to have background knowledge

in probability theory, statistics, and numerical optimization. It draws upon different

ideas from machine learning. Various methods from supervised, unsupervised, and

deep learning adopted in this work are described.

First, in Section 2.1, supervised learning methods from machine learning are ex-

plained. These include both parametric and an instantiation of nonparametric tech-

niques. Supervised learning methods are needed later in Chapters 4 and 6 to learn the

relation between two reinforcement learning tasks. Second, in Section 2.2, unsuper-

vised and learning methods are detailed. These include sparse coding and Boltzmann

machines that are used in Chapters 5 and 6 to discover a unifying space among two

reinforcement learning tasks. Finally in Section 2.3, reinforcement learning the basis

behind this dissertation is presented.

2.1 Supervised Learning

Supervised Learning (SL) is a widely used machine learning technique. SL algorithms

answer the question of finding a latent relation between a set of dependent and inde-

pendent variables. On a high level, there are two types of SL techniques. Their main

differences depend on the nature of the output variable. In regression, the first type,

the output is continuous, while in classification, the output is discrete and belongs to

a preset number of classes. To clarify, consider the following two examples. Suppose

dealing with weather forecasting. If the goal was to predict temperature, then the

solution is within the regression realm since this variable is continuous and can take

on infinite number of values within certain ranges. On the other hand, consider pre-

dicting weather conditions say, rainy, sunny, et. cetera. In this example the output is

discrete, whereby it can belong to a set of predefined classes and thus, associates to

the classification world.
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In this dissertation most of the adopted algorithms are from regression. The

motivations behind endorsing regression reside in the nature of predictions made

in continuous reinforcement learning problems. An overview of different regression

techniques is presented next. For a thorough discussion of other machine learning

algorithms, the reader is referred to [13].

The regression problem can be stated as follows: given a data set D =

{x(i), y(i)}ni=1, where x ∈ Rd is the d-dimensional independent vector, y ∈ R is the

dependent vector, and n is the number of available data points, the question is to

determine a latent function, f , such that the model “fits” the data well.

To asses the performance of the model, different types of estimators need to be in-

troduced. An estimator is a mathematical construction that (probabilistically) quan-

tifies the behavior of the adopted model. For instance, likelihood, is one form of these

estimators. Roughly speaking, the likelihood measures how likely are the outputs to

occur given the model and the input data.

However, before discussing the available estimation techniques, different model

types should first be introduced. On a high level, a model is simply a combination of

features and parameters that are likely to describe the available data. In regression,

two types exist: (1) parametric, and (2) nonparametric models. The differences be-

tween the two, mostly depend on the nature of the defined distributions. For instance,

in parametric models, the probability distributions are defined over the free param-

eters or weights of the model. On the other hand, in nonparametric methods, the

probability distributions are typically defined directly in the function space. Please

note, that although the name suggests the absence of any parameters, in nonpara-

metric regression, there are still free parameters to be fitted. The main differences to

parametric methods, are that these parameters define probability distributions in the

function space rather than the parametric space (i.e., the space spanned by the free

parameters).

Next, each of these are detailed. It is worth noting, that since the parametric

approach is primitive and incurs additional assumptions on the learnt function, it will

not be described in full details. Interested readers are referred to [13, 22] for a more

careful discussion.

Parametric Regression

One of the biggest problems of parametric methods, are the assumptions made on

the model. Namely, the overall shape or variation of the latent relation between

the x ∈ Rd and y ∈ R, is assumed to be captured by the designer. In parametric

regression, a manual and careful analysis of the “style” of the model to be used is

typically performed by the designer. For example, he/she might decide that a linear
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function1 is a good fit for a given data set. Although plausible, it is hard in most

real-world applications to determine such information since, for instance, the data

could be of a high dimensional nature. However, it is worth noting that there are

certain parametric regression techniques that relax these assumptions. For instance,

Neural Networks (NNs) are one form of these methods aiming at reducing the burden

on the designer in choosing the correct model. Albeit, NNs suffer from their own

problems related to local minima and complexity expressiveness, see [22, 70].

After deciding on the overall shape of the model, the free parameters are then

inferred from the available data set. To asses the behavior of model, an estimate

quantifying this performance needs to be defined. In machine learning there are

different types of these estimates. Next two such estimates, the maximum likelihood

and the maximum a posteriori, are described.

Maximum Likelihood

The first type of estimators to be defined is the maximum likelihood [13]. Maximum

likelihood is widely used in different applications of machine learning [49, 67, 77, 95].

The main idea is to fit the model free parameters or weights such that the likelihood of

the output to occur conditioned on both the input data as well as the free parameters

is maximized. For that there exists the need to define the so-called likelihood function,

which is a function of the parameters and not of the input data.

Definition: Likelihood Function Let Γ be the parameter space and pγ be the

density with respect to γ ∈ Γ, the likelihood function is defined as:

Lx : Γ→ R+

Lx(γ) = pγ ∀γ ∈ Γ ∀x ∈ X , where X is the sample space.

The estimator E is called the maximum likelihood estimator if:

E : X → Γ

with,

Lx (E(x)) = sup
γ∈Γ

Lx(γ), ∀x ∈ X

To maximize the likelihood the derivative of the likelihood function is needed. In a

lot of settings, deriving the likelihood function is hard and therefore, the logarithmic

1Please note that linear does not imply that the fitted model is a straight line. On the contrary,
the function might include nonlinear features. Linearity here refers to the parameter space, in which
these features are linearly combined. For example, θ1x1 + θ2x21 cos(x32) is a linear functions in the
parameter space spanned by θ1 and θ2.
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likelihood is typically used.

Example 1 [ML Bernoulli Distribution]

Let x(i), i ∈ Nn, be i.i.d. (independently and identically distributed)

according to Bernµ
(
x(i)
)

with p
(
x(i) = 1

)
= µ and p

(
x(i) = 0

)
= 1 − µ.

The joint probability of the data is given by:

p(x(1), . . . ,x(n)) =

n∏
i=1

p
(
x(i)
)

=

n∏
i=1

µx(i)

(1− µ)(
1−x(i))

=
[
µx(1)

(1− µ)(
1−x(1))

]
. . .
[
µx(n)

(1− µ)(
1−x(n))

]
= µ

∑n
i=1 x(i)

(1− µ)(
n−∑n

i=1 x(i))

To maximize the likelihood, derive the previous equation with respect to

the free parameter, µ, to attain:

∂

∂µ
lnLx(µ) =

∂

∂µ

(
n∑
i=1

x(i) ln(µ) +

(
n−

n∑
i=1

x(i)

)
ln(1− µ)

)

=
1

µ

n∑
i=1

x(i) − 1

1− µ

(
n−

n∑
i=1

x(i)

)

=⇒ µ =
1

n

n∑
i=1

x(i), which is the sample mean.

When faced with a “function approximation” problem, most practitioners resort to

least squares. In this widely used approximation technique, the parameters are fitted

such that the sum of squared errors between the fitted model or function and the

“real” data is minimized. Contrary to most belief, such an approximation method is

not a heuristic. This model could be derived naturally from the maximum likelihood

estimate under certain assumptions. In the next example, the least squares problem

is derived starting from the probabilistic treatment of regression. Moreover, it will be

shown, that minimizing the sum of squared errors, is actually equivalent to maximizing

the likelihood estimate.

Example 2 [Deriving Least Squares]

First, a data set D = {x(i), y(i)}ni=1, where x ∈ Rd is the input vector,

y ∈ R is the output variable, and n representing the number of available

data points is given. To derive least squares, one assumes that the output
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noise term, ε, is a Gaussian with a zero mean, and σ2 covariance. The jus-

tifications behind this assumption is that such distributions are tractable

making the mathematical derivations easier.

As in the case of any parametric regression technique, the shape of the

function to be chosen is decided upon upfront. In other words, the features

describing the sought function are determined by the designer, and further

combined together. The combination in this example is linear, where the

sought latent function is of the following form: f(x) = θTΦ(x), with

θ ∈ Γ being the vector of free parameters that need to be inferred from

the data, and Φ(x) representing the features used to describe the model.2

Combining all the above assumptions together, the following is derived for

one data point:

p(ε(i);σ2) = N (0, σ2)

=
1√

2πσ2
exp

(
− 1

2σ2

(
ε(i)
)2
)

=⇒ p(y(i)|x(i);θ, σ2) =
1√

2πσ2
exp

(
− 1

2σ2

(
y(i) − θTΦ(x(i))

)2
)

In words, the last equation is saying that the probability for an output

point to occur conditioned on the given inputs and parameterized by the

free parameters is a Gaussian with a mean centered at the function values

and a variance of σ2. The perturbations of the real outputs compared

to these predicted by the model is varying from the mean (i.e., θTΦ(x))

by the noise variance σ2. Given the data set and assuming that the data

instances are identically independently distributed (i.i.d.), the joint likeli-

hood function is calculated as:

p
(
y|X;θ, σ2

)
=

n∏
i=1

N
(
θTΦ(x(i)), σ2

)
(2.1)

p(y|X;θ, σ2) =

n∏
i=1

[
1

2σ2
exp

(
− 1

2σ2

(
y(i) − θTΦ(x(i))

)2
)]

(2.2)

where y = [y(1), y(2), . . . , y(n)]T ∈ Rn×1 is the vector collecting all the

outputs, and X ∈ Rn×d is the so-called design matrix collecting all the

input vectors. Now the goal is to maximize the above function with respect

2Note, choosing the features of the model depends on a lot of factors. One typically defines
these features, such that the data in the high-dimensional feature space is more likely to be linearly
separable by a hyperplane.
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to the free parameters θ. This is done by first taking the natural logarithm

of the above and deriving it with respect to the parameters as follows:

max
θ

n∏
i=1

[
1

2σ2
exp

(
− 1

2σ2

(
y(i) − θTΦ(x(i))

)2
)]

⇔max
θ

[
− 1

2σ2

n∑
i=1

(
y(i) − θTΦ(x(i))

)2

− n

2
lnσ2 − n

2
ln 2π

]

To maximize the likelihood, the derivative of the previous equation with

respect to θ needs to be calculated to yield:

∇θ ln p(y|X;θ, σ2) = ∇θ
[
− 1

2σ2

n∑
i=1

(
y(i) − θTΦ(x(i))

)2

− n

2
lnσ2 − n

2
ln 2π

]

=
1

σ2

n∑
i=1

(
y(i) − θTΦ(x(i))

)
Φ(x(i))

This is then set to zero to calculate the maximum point:

n∑
i=1

y(i)Φ(x(i))−
n∑
i=1

[
θTΦ(x(i))

]
Φ(x(i)) = 0

n∑
i=1

y(i)Φ(x(i))−
n∑
i=1

[
Φ(x(i))Φ(x(i))T

]
θ = 0

ΦT (X)y−ΦT (X)Φ(X)θ = 0

with Φ(X) ∈ Rn×k being the matrix of the k-features evaluated at each

data point. Solving the so-called normal equations yields:

ΦT (X)y = ΦT (X)Φ(X)θ

θ =
(
ΦT (X)Φ(X)

)−1

ΦT (X)y

On a slight digression, maximizing the natural logarithm of the likelihood

is the same as performing the following minimization problem:

min
θ

[
1

2

n∑
i=1

(
y(i) − θTΦ(x(i))

)2
]

(2.3)

Equation 2.3 is the minimization performed by most practitioners in the
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field, namely the least squares problem. To minimize Equation 2.3 the

derivative of the function with respect to the free parameters need to be

calculated. After some algebraic manipulations, one recognizes that this

yields the same solution for the parameters as in maximum likelihood (i.e.,

θ =
(
ΦT (X)Φ(X)

)−1

ΦT (X)y). Therefore, one deduces that minimizing

the sum of squared error is yet another special case of maximum likelihood

under a Gaussian noise likelihood assumption.

It is worth noting, that reaching the above solution also assumed the pres-

ence of a linear combination of features. In case the feature combination

was nonlinear then an exact solution is unattainable. In such scenarios,

one resorts to gradient based techniques, such as gradient descent to solve

the minimization problem. Next, the gradient descent algorithm is briefly

explained.

Gradient Descent The main steps of gradient decent are shown in

Algorithm 2. The main point to note in the algorithm is choice of the line-

Algorithm 1 Main steps of Gradient Decent (GD) algorithm.

1: Requires: Function to be minimized, initial parameters guess (e.g., θ =
N (0, σ2I))

2: while parameters did not converge do
3: Update parameters in a line-search direction
4: end while
5: Output: Final parameter values.

search direction. One typically descends in the direction of the gradient.

Again this direction is not a heuristics. On the contrary, there is a rigid

mathematical derivation behind this line-search direction, see [75]. For

the ease of discussion, consider the problem of minimizing minθ Ψθ(x),

where Ψθ(x) could, for instance, be the sum of squared errors function. If

one performs a Taylor expansion around a specific point x(i), the following

could be calculated:

Ψθ(x(i) + ζp) = Ψθ(x(i)) + ζpT∇θΨθ(x(i)) +O(||ζ||)

where p is a direction in which the point is perturbed from x(i) and ζ is

amount of that perturbation in the p direction. Therefore, the direction
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of change is pT∇θΨθ(x(i)). To minimize Ψθ, one needs to minimize:

min
p

pT∇θΨθ(x(i))

subject to ||p|| = 1

But,

pT∇θΨθ(x(i)) = ||p|| ||∇θΨθ(x(i))|| cos(α)

where α is the angle between p and ∇θΨθ(x(i)). It is clear that the

minimum is when cos(α) = −1, leading to:

p = − ∇θΨθ(x(i))

||∇θΨθ(x(i))||

It is for this specific reason, that the gradient direction is used in gradient

descent. Please note that if the goal was the maximization of a function,

the same derivation could be repeated to reach the positive of the gradient

as the line search direction.

Although widely used, maximum likelihood might face some problems depending

on the chosen features. Namely, if the features used in the model are highly more

complex than the original latent function, over-fitting occurs. On the other hand, if

the chosen features were less complex than the latent function, maximum likelihood

under-fits.

Maximum a posteriori estimate

To deal with the problem of over-fitting, one idea is to regularize the learning model.

For that, a more Bayesian treatment of regression is needed, see [13]. Bayesian infer-

ence is a technique to describe evidence about a certain process using beliefs. More

specifically, in Bayesian statistics there exists three main ingredients: (1) prior, (2)

likelihood, and (3) posterior. The first reflects the beliefs of the designer. The second

corresponds to the normal likelihood function which is analogous to the one described

in the previous section. These two ingredients are then used to determine the third

(i.e., the posterior). Calculating the posterior is done according to:

posterior ∝ likelihood× prior

After this calculation, the posterior reflects all the designer beliefs about the approx-

imated model. This posterior is then maximized to attain the so-called maximum a

posteriori (MAP) estimate.
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Example 3 [Deriving Regularized Least Squares] As mentioned before,

over-fitting can be leveraged through regularization. Starting from certain

assumptions and using a more Bayesian treatment of regression, the reg-

ularized least squares problem can be derived. For a Bayesian treatment

of regression, three necessary ingredients are required. The first is the

prior over the model’s free parameters. To determine the regularized least

squares problem3, a zero-mean isotropic Gaussian is chosen. Formally, the

prior over the free parameters is given by: p(θ) = N (θ|0,Σp), with Σp

being the covariances of the free parameters of the model. Second, the

likelihood is again a Gaussian given by Equation 2.2. Using this infor-

mation, the posterior (i.e., the third Bayesian ingredient) is calculated as

follows:

p(y|X,θ;σ2) =

n∏
i=1

N
(
y(i)|θTΦ(x(i)), σ2

)
Likelihood function

p(θ;α) = N (θ|0,Σp) Prior

According to the Bayes rule, writing only the terms that depend on the

free parameters θ, and completing the squares, the posterior is:

p(θ|X,y) ∝ exp

(
− 1

2σ2

(
y− θTΦ(X)

)T (
y− θTΦ(X)

))
exp

(
− 1

2
θTΣ−1

p θ

)

∝ exp

(
− 1

2

(
θ − θ̄

)T ( 1

σ2
Φ(X)Φ(X)T + Σ−1

p

)(
θ − θ̄

))

with θ̄ = σ−2
(
σ−2Φ(X)ΦT (X) + Σ−1

p

)−1

Φ(X)y. Furthermore, notice

that the posterior of the free parameters is a Gaussian with:

p(θ|X,y) ∼ N
(

1

σ2
S−1Φ(X)y, S−1

)
where S = σ−2Φ(X)ΦT (X) + Σ−1

p . Regularized least squares could be

3Here regularization corresponds to the second norm regularization of the model free parameters.
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attained as follows:

p(θ|X,y) ∝ exp

(
− 1

2σ2

(
y− θTΦ(X)

)T (
y− θTΦ(X)

))
exp

(
− 1

2
θTΣ−1

p θ

)

ln p(θ|X,y) = ln

[
exp

(
− 1

2σ2

(
y− θTΦ(X)

)T (
y− θTΦ(X)

))

exp

(
− 1

2
θTΣ−1

p θ

)]

= − 1

2σ2

(
y− θTΦ(X)

)T (
y− θTΦ(X)

)
− 1

2
θTΣ−1

p θ

Please note the slight abuse of notation. The ∝ was switched into an equal

sign as the normalization term (i.e., p(y|X)) plays no role in fitting the

weights. In case of identical parameters for the prior and using the sum

notation the above could be re-written as:

ln p(θ|X,y) = − 1

2σ2

n∑
i=1

(
y(i) − θTΦ(x(i))

)2

− 1

2α
θTθ + constant

Performing the maximum of the posterior (i.e., MAP) with respect to the

free parameters, θ, leads to:

θ =
(
λI + ΦTΦ

)−1

ΦTy

with,

λ =
σ2

α
, and Φ =


Φ(x(1))

Φ(x(2))
...

...
...

Φ(x(n))

 .

Here again a linear function of the features was assumed. In case of

nonlinearity a closed form solution can not be attained and therefore,

algorithms such as Gradient Decent are adopted. For a detailed discussion

of the topic, the reader is referred to [75].

It is clear from the previous discussion and examples that parametric regression

techniques might face a lot of problems especially when it comes to complex appli-

cations. In this dissertation the one important focus is to automatically intertask

mappings between source and target reinforcement learning tasks. A formal treat-

ment of the subject is presented in Chapter 3. In such scenarios, it is a huge burden
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on the designer to preset the model to be used. This problem is amplified especially in

the high dimensional case. Roughly speaking, an intertask mapping typically relates

source and target transitions together. In case the dimensionality of these transitions

is in the order of four dimensions and above, plotting the data is impossible and thus,

deciding on the type of model to be used is hard. Therefore, the more automated

nonparametric techniques are adopted to aid in learning such mappings. Next, an

instance of such nonparametric methods, the Gaussian Processes framework and its

variants are presented.

Nonparametric Regression

Nonparametric regression is an extension of parametric techniques, such that the

model is inferred from the available data set rather than being predefined by the

user. An intuition is to think of having a space that potentially includes all possible

latent functions. After observing data, the best function from that space is chosen to

maximize a certain statistical estimate.

Consider the parametric regression problem again. The overall process discussed

previously can be summarized in the high level schematic of Figure 2.1. In paramet-

ric methods, the original dataset distribution is typically mapped into a broad space

of different hypotheses (i.e., functions) relating the dependent and independent vari-

ables. To choose the best hypothesis describing the sought relation, the weights or

free parameters are then fitted. This typically occurs in the weight space describing

these parameters. For instance, consider again the least squares problem. In least

squares one maximizes the likelihood function with respect to the free parameters.

In other words, a search in the parameter space for those maximizing the likelihood

is performed. These are then used in the function space for predictions. If only the

overall procedure could be performed directly in the function space, the extra loop

(i.e., Function space → Weight Space → Function space) could be eliminated.

To eliminate the “extra” loop, there exists the need to define probability distribu-

tions over function spaces. This is where nonparametric techniques such as Gaussian

Processes (GPs) come into play. Such distributions allow for inference directly in

the function space without the need for the “extra-loop”. Next, the details of GPs

including all the mathematical derivations needed for regression are explained.

Gaussian Processes

GPs define probability distributions over functions. To better understand the in-

tuition behind GPs, think of the problem of defining such distributions. Roughly

speaking, a function could be defined as an infinite dimensional vector. Therefore, a

distribution over an infinite dimensional vector is actually a distribution over a func-
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Input Space Function Space Weight Space

Learn Weights

Use weights for predictions

Figure 2.1: Overall high level schematic of parametric regression. The loop has three
high level phases: (1) Function space representation, (2) Weight space representation,
and (3) learning the weights in the latter space. It is worth noting, that after the
weights have been learned, the are then used back again in the function space to
perform predictions.

tion. Taking the multivariate Gaussian distribution and extending its mean vector

and covariance matrix into infinite dimensions gives rise to new form of distributions.

These are not arbitrary and rather have very interesting characteristics. For instance,

they define probability distributions over infinite dimensional vectors, which according

to the previous intuition are functions. Therefore, with this extension, a new scheme

for working directly in the function space, could be developed as detailed next.

Formally, as described in [86], a GP is defined as follows:

Definition: Gaussian Process A Gaussian process is a collection of random vari-

ables, any finite number of which have a joint Gaussian distribution.

A GP is fully specified by its mean and covariance function. The mean function, m(x)

and covariance function, k(x,x′) of a real process f(x) are defined as:

m(x) = E [f(x)] ,

k(x,x′) = E [(f(x)−m(x))(f(x′)−m(x′))]

where x and x′ are two sample points in the sample space X .
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If a function or a real process is sampled according to a GP, the following notation

is used:

f(x) ∼ GP (m(x), k(x,x′))

According to [86], since GPs are defined as a collection of random variables, this

automatically implies a consistency property. This property is also sometimes referred

to as the marginalization property. This simply means that if (y1, y2) ∼ N (µ,Σ), then

it must also specify that y1 ∼ N (µ1,Σ1,1) with Σ1,1 being the relevant sub-matrix of

Σ. For the marginalization properties of Gaussian distributions refer to [85]. Please

note, that this consistency property is automatically fulfilled if the entries of the

covariance matrix are determined through the covariance function.

Usually a constant mean function with m(x) = 0 is used. This is mostly done for

simplicity and ease of notation. Furthermore, such an assumption is also reasonable

if no prior knowledge about the mean function is known.

The type of functions sampled from a GP depend on the choice of the covariance

function. Next, different choices of covariance functions as well as some of their

mathematical properties are discussed. For a more thorough and detailed discussion

of the topic, the reader is referred to [86].

Covariance Functions The choice of the covariance function plays an important

role in GP regression and prediction as it encodes the assumptions made by the

designer concerning that latent model. The clarifications for this discussion stem

back to an implicit assumption made in almost all regression techniques. The notion

of similarity plays a crucial role in regression, where it is expected that points lying

close to each other are more likely to produce similar outputs and vice versa. In

GPs such a similarity is captured through the covariance function. In general, any

arbitrary function can not serve the role of a covariance function. One of the reasons is

that a GP is a valid probability distribution. This in turn dictates that the covariance

matrix induced by the covariance function to be positive semidefinite (PSD). In this

section, different covariance functions used in GPs are surveyed.

A function k that maps pair of inputs x ∈ χ, x′ ∈ χ into R is called a kernel. For

a kernel to be deemed as a valid covariance kernel, it has to be Positive Semi Definite

(PSD).

There are different types of covariance kernels that can be used in GPs. The

differentiation between these types typically depend on the nature of transformation

conducted by that function. For instance, a stationary covariance function is a func-

tion of x − x′. Thus this function is invariant to translations in the input space.

Furthermore, if the covariance function is a function of |x− x′| it is called isotropic.

On the other hand, if a covariance function depends on x and x′ through x.x′, it is
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called a dot product covariance function. These functions are invariant to rotations

in the input space but not to translations.

To asses the validity of different functions to be covariance functions, some defini-

tions are required. A kernel is said to be symmetric if k(x,x′) = k(x′,x). It is clear

from the previous definitions that a covariance kernel should be symmetric.

Given a data set D = {x(i), y(i)}ni=1 and a kernel, one can now compute the Gram

matrix K ∈ Rn×n corresponding to that kernel. The entries of K are computed using

Kij = k(x(i),x(j)). When k(·, ·) is a valid covariance kernel, then K is called the

covariance matrix.

At the end, marginalizing out a GP when data points are available will produce

a multidimensional Gaussian distribution. Therefore, the covariance matrix induced

by the covariance function should satisfy certain properties. Namely, K ∈ Rn×n

should be positive semidefinite (PSD). A real matrix K ∈ Rn×n is PSD if Z(β) =

βTKβ ≥ 0 for all β ∈ Rn. If Z(β) = 0 only when β = 0 the matrix is called positive

definite. Furthermore, a symmetric matrix is PSD if and only if all of its eigenvalues

are non-negative. A general Gram matrix corresponding to any kernel need not to

be PSD. However, that corresponding to a covariance kernel should be PSD. This

automatically enforces an additional condition of being PSD on a general kernel to

become a covariance kernel. A kernel is said to be PDS if:∫
k(x,x′)f(x)f(x′)dµ(x)dµ(x′) ≥ 0,

for all f ∈ L2(χ, µ), with µ being a measure4.

Covariance Function Examples The squared exponential (SE) covariance kernel

is one of the widely used stationary and isotropic covariance functions. It delivers very

smooth sample functions, that are infinitely differentiable. It has the following form:

kSE = α2 exp

(
− r2

2λ2

)
(2.4)

where r = ||x − x′||2. In Equation 2.4 there are two hyperparameters α, and λ.

The first, α, controls the amplitude, while the second, λ, controls the lengthscale of

variation. It is important to note that the choice of these two hyperparameters dictate

the properties of the functions to be sampled from a GP with an SE covariance kernel.

An SE kernel and a mean function fully define a GP. Samples from that GP are

different function. As an intuition, one could think of sampling an infinite dimen-

sional vector from an infinite dimensional distribution. This vector is then plotted

4Informally speaking, the reader will usually be able to substitute dx or p(x)dx for dµ(x).
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to represent a function. In Figures 2.2, different samples from such GPs are shown.5

The difference between the two figures is the lengthscale used for the SE covariance

function. In the first, a relatively large lengthscale of 0.5 was used, while in the sec-

ond a smaller length scale of 0.05 was adopted. It is clear from the figures that the

properties of the functions described by the GP depend on the covariance function

hyperparameters.
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Figure 2.2: Different samples from two different Gaussian processes. Each of the
processes makes use of a squared exponential kernel. The difference between the two
figure is in the width (i.e., one of the hyperparameters) used for the kernel. In the
left figure the width was set to 0.5, while in the second the width was set to 0.02.

The second example of covariance functions that are widely used in GPs are the

so-called Matern class of covariance functions. These have the following form:

kMatern =
21−ν

Γ(ν)

(√
2νr

l

)ν
Kν

(√
2νr

l

)

with ν, and l being positive hyperparameters and Kν being a modified Bessel func-

tion [115]. Please note, the scaling is chosen so that for ν → ∞ the SE covariance

function is obtained. The analysis of this function in general cases, is complex and

the reader is referred to [86] for a detailed discussion of the topic. Maybe the most

5For details on sampling from a Gaussian process, the reader is referred to [85].
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interesting cases for machine learning are ν = 3
2 and ν = 5

2 , for which:

kν= 3
2

=

(
1 +

√
3r

l

)
exp

(
−
√

3r

l

)

kν= 7
2

=

(
1 +

√
5r

l
+

5r2

3l2

)
exp

(
−
√

5r

l

)

The arguments of why these functions are most suitable for machine learning stems

back to practices as described in [86]. It is common for machine learning regressors

to discover smooth latent functions. For ν = 1
2 the process induced by the Matern

covariance kernels, is rough. Moreover, in the absence of explicit prior knowledge

(which is the case in most machine learning applications) about the existence of

higher order derivatives, it is probably very hard from finite noisy training examples

to distinguish between values for ν ≥ 7
2 . Figure 2.3 shows an example of different

samples from two different GPs. More examples could be seen in [85]. These include:
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Figure 2.3: Different samples from two different Gaussian processes. The first are
samples from a GP using a Matern kernel with ν = 3

2 , while the second is using a
ν = 5

2 for the Matern kernel.

1. Anisotropic covariance functions.6

2. Non-stationary covariance functions.

3. Dot product covariance functions.

As it is hard to define a valid covariance function, it is generally common to combine

two simple functions to generate a more complex one [86]. This should be done using

6These are functions of a norm, e.g., ||x − x′||2M = (x − x′)TM(x − x′), where M is some PSD
matrix.
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one or a combination of the following properties,

k(x,x′) = ck1(x,x′)

k(x,x′) = k1(x,x′) + k2(x,x′)

k(x,x′) = k1(x,x′).k2(x,x′)

k(x,x′) = f(x).k1(x,x′)f(x′)

k(x,x′) = q(k1(x,x′))

k(x,x′) = exp(k1(x,x′))

k(x,x′) = xTAx

k(x,x′) = k3(Ξ(x),Ξ(x′))

where, k1(x,x′) and k2(x,x′) are two valid covariance kernels, c > 0 , f(.) can

be any function, q(.) is a polynomial with nonnegative coefficients, A is a symmetric

positive semidefinite matrix, Ξ maps x to a space RM and k3(., .) is a valid covariance

kernel in RM .

Any regression framework includes two phases. In the first, the parameters are

inferred from the given data points, while in the second, these parameters are used to

perform predictions on unobserved data. This section is dedicated to the explanation

of these two steps in a GP setting. However, for the ease of understanding these two

steps are described in reverse order.

Gaussian Process Prediction: The question is to determine a latent function

f that best fits data points of some available real-process. It is also assumed that

the observations are noisy and therefore, the noise ε, is sampled from a Gaussian

distribution with a zero mean and a variance of σ2
n (i.e., ε ∼ N (0, σ2

n)).

The training data set comprising n input points with their corresponding obser-

vations is denoted by D = {x(i), y(i)}ni=1, where x ∈ Rd is the d-dimensional input

vector and y ∈ R is the observation value. For the noise-free case, the real function

value is known and therefore, {x(i), f (i)}ni=1 is accessible. For now the noise-free case

is considered and the noisy case will be detailed later. To simplify the notation, all

training inputs (i.e., {x(i)}ni=1) are collected in the so-called design matrix X ∈ Rd×n.

Also the test inputs (i.e., {x(j)
? }n?j=1) are collected in the test matrix X? ∈ Rd×n? .7

As described in [86], the key in GP is to recognize that the joint distribution of

the training outputs f = {f (i)}ni=1 and the test outputs f? = {f (j)
? }n?j=1 are sampled

7It is interesting to see that the test and training set are assumed to be in the same feature space.
This is the case in all regression algorithms. Unfortunately, this is not the case in many real-world
applications. This problem was one of the motivations behind transfer learning in supervised learning
tasks.
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according to a multivariate normal distribution as:[
f

f?

]
∼ N

(
0,

[
K(X,X) K(X,X?)

K(X?,X) K(X?,X?)

])
(2.5)

with K(X,X) ∈ Rn×n being the n×n Gram matrix formed by applying the covariance

function to the training inputs (i.e., Kij = k(x(i),x(j))), and K(X,X?) ∈ Rn×n? is

the covariance matrix formed between the training and test points. In details:

K(X,X) =


k(x(1),x(1)) k(x(1),x(2)) . . . k(x(1),x(n))

k(x(2),x(1)) k(x(2),x(2)) . . . k(x(2),x(n))
...

...
. . .

...

k(x(n),x(1)) k(x(n),x(2)) . . . k(x(n),x(n))

 (2.6)

To perform predictions on the test data, the joint probability of Equation 2.5 has

to be conditioned on the known information. More specifically, the joint probability

of

[
f

f?

]
has to be transformed to f?|f,X,X?. The distribution is a Gaussian and

therefore conditioning is not hard, since if:[
x

y

]
∼ N

([
µx

µy

]
,

[
A C

CT B

])
, (2.7)

then conditioning goes as follows:

x|y ∼ N
(
µx + CB−1(y− µy),A−CB−1CT

)
(2.8)

From Equations 2.7 and 2.8, predictions in the noise-free GP setting are done

according to:

f?|X?, X, f ∼ N
(
K(X?, X)K(X,X)−1f,

K(X?, X?)−K(X?, X)K(X,X)−1K(X,X?)
)

The previous result could be easily extended to the noisy case, as discussed in [85].

Assuming additive i.i.d Gaussian noise, ε, with a variance σ2
n, the prior on the noisy

observation becomes:

cov(y(p), y(q)) = k(x(p),x(q)) + σ2
nδpq or cov(y) = K(X,X) + σ2

nI
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where 〈y(p), y(q)〉 ∈ R2 are two output noisy observations, and 〈x(p),x(q)〉 ∈ Rd×d are

two input vectors. Finally, δpq represents the Kronicker delta function:

δpq =

{
1 if p=q

0 otherwise

With this in mind, the joint distribution of the noisy outputs and the test outputs

is calculated as: [
y

f?

]
∼ N

(
0,

[
K(X,X) + σ2

nI K(X,X?)

K(X?,X) K(X?,X?)

])
(2.9)

The predictive distribution can now be derived in a similar manner to the noise-

free case by using Equation 2.7 and 2.8, to reach:

f?|X?,X,y ∼ N (̄f?, cov[f∗]) where

f̄? = K(X?,X)(K(X,X) + σ2
n)−1y

cov[f∗] = K(X?,X?)−K(X?,X)(K(X,X) + σ2
nI)−1K(X,X?))

It is clear that the covariance does not depend on the outputs. The first

term (i.e., K(X?,X?)) is called the prior variance, while the second term (i.e.,

K(X?,X)(K(X,X)+σ2
nI)−1K(X,X?)) includes all information that X and the noise

term induces. On the contrary, the mean function is linearly dependent on the outputs

and is called a linear predictor.

Model Selection: The details of this section are adopted from [86]. Although GPs8

are considered nonparametric techniques, they still have certain parameters that need

to be inferred from the available data. Please note, that the main distinction between

parametric and nonparametric techniques reside in the type of distributions defined.

Namely, in the former the probability distributions are defined over the parameter

space, while in the latter these are defined directly in the function space. As mentioned

before, there are two phases in GPs: (1) model selection, and (2) prediction. In

the previous section the prediction phase was detailed. Given a certain mean and

covariance function, predictions on unobserved data can now be calculated. In this

section, the first phase, in which inference about the hyperparameters of the model

is performed, will be detailed including all necessary mathematical formalizations.

To clarify, consider a GP making use of the following covariance function, which

8Parts of these sections are taken from Advanced Mathematics for Engineers lecture at University
of Applied Sciences Ravensburg-Weingarten, with the script written by Wolfgang Ertel, Markus
Schneider, and Haitham Bou Ammar.
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is a combination of a squared exponential together with a polynomial, a noise, and a

constant term:

k(x(p),x(q)) = σ2
f exp

(
−1

2
||x(p) − x(q)||2M

)
+ σ2

px
(p)TΣx(q) + σ2

nδpq + σ2
c (2.10)

The hyperparameters for this model are concatenated in θ =[
{M}, {Σ}, σ2

f , σ
2
p, σ

2
n, σ

2
c

]T
. Fitting the hyperparameters as well as the choice

of the covariance function to be used is called the model-selection problem. The ordi-

nary Bayesian inference works in two stages: (1) compute the posterior distribution,

and (2) evaluate all statements under the posterior. The posterior can be calculated

using the Bayes rule as follows:

posterior =
likelihood× prior

marginal likelihood

The marginal likelihood plays a very important role in model selection. This could

be interpreted as a priory predictive distribution for the model without having seen

any data. It is very similar to likelihood, but the parameters have been integrated

out. After attaining a data set, the marginal likelihood can measure the probability

of generating that data set under the model with parameters randomly sampled from

the prior. It follows, that if a model can explain a lot of different datasets it will

have only a small marginal likelihood on each individual set. In contrast, a very

simple model that can only describe a very small range of data sets will have a high

marginal likelihood if one of these is actually observed. This effect is often referred

to as Occam’s razor principle.

To determine the marginal likelihood the following needs to be computed:

p(y|X) =

∫
p(y|f,X)p(f|X)df (2.11)

Solving this integral in general is hard and might even be intractable. Under the

Gaussian process model the prior is Gaussian, f|X ∼ N (0,K(X,X)), and the like-

lihood is a factorized Gaussian with y|f ∼ N (f, σ2
nI). Making use of the following

property for the product of two Gaussians:

N (x|a,A)N (x|b|B) = N (x|c,C), with

c = C
(
A−1a + B−1b

)
and C =

(
A−1 + B−1

)−1
,
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and the normalizing term, Z−1, is itself a Gaussian with the following form:

Z−1 = (2π)
− d2 |A + B|− 1

2 exp

(
−1

2
(a− b)T (A + B)−1(a− b)

)
,

the integral of Equation 2.11 can now be evaluated according to:

p(y|X) =

∫
p(y|f,X)p(f|X)df

=

∫
N (f, σ2

nI)N (0,K(X,X))df

= (2π)−
n
2 |K(X,X)) + σ2

n|−
1
2 exp

(
yT (K(X,X)) + σ2

n)−1y
)

By taking the natural logarithm of the previous equation, the marginal likelihood

reads as:

log p(y|X,θ) = −1

2
yT
(
K(X,X) + σ2

nI
)−1

y− 1

2
log |K(X,X) + σ2

nI| − n

2
log 2π

(2.12)

As detailed in [86], the first term in Equation 2.12 is called the data fit, while the

second is called the complexity penalty. It is interesting to see that the latter auto-

matically avoids over-fitting since it works as a regularization factor in the equation.

Maximizing Equation 2.12 is often referred to as empirical Bayes, evidence optimiza-

tion or type II maximum likelihood estimation. In order to maximize the marginal

likelihood, the partial derivatives with respect to the hyperparameters should be de-

rived. For that, two interesting properties from matrix derivatives are needed, see [85]

for further details:

∂

∂θ
K−1 = −K−1 ∂K

∂θ
∂

∂θ
log |K| = tr

(
K−1 ∂K

∂θ

)
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The derivative of the marginal likelihood can be calculated as:

∂

∂θj
log p(y|X,θ) = −1

2

∂

∂θj

[
yT
(
K(X,X) + σ2

nI
)−1

y
]
− 1

2

∂

∂θj

[
log |K(X,X) + σ2

nI|
]

− n

2

∂

∂θj
[log 2π]

= −1

2

∂|K(X,X) + σ2
nI|

∂θj
− 1

2
yT

∂
(
K(X,X) + σ2

nI
)−1

∂θj
y

= −1

2
tr

(
K−1

y

∂Ky

∂θj

)
+

1

2
yTK−1

y

∂Ky

∂θj
K−1

y

=
1

2
tr

(
yTK−1

y

∂K−1
y

∂θj
K−1

y y−K−1
y

∂K−1
y

∂θj

)

=
1

2
tr

([
αTα−K−1

y

] ∂K−1
y

∂θj

)

where α = K−1
y y, Ky = yT

(
K(X,X) + σ2

nI
)−1

y, and tr is the trace operator. These

derivative can be used in gradient ascent-like algorithms to maximize the log marginal

likelihood function. In GPs conjugate gradient decent (CGD) is used to solve for the

optimization of the hyperparameters9. For details on CGD, the reader is referred

to [75].

Computational Complexity of Gaussian Processes: Although appealing, GPs

are not a free-lunch in machine learning. The main problems in GPs arise with the

increase in the number of available data points. It is clear from the previous discussion

that learning the hyperparameters involve inverting the covariance matrix K ∈ Rn×n,

where n is the number of data points, at each iteration of the gradient-based algo-

rithm. Unfortunately, inverting this covariance matrix incurs a cost of O(n3), making

them unsuitable for real-world applications. Furthermore, after learning the hyper-

parameters and given n? test points, predictions incur an extra total cost of O(n2n?).

As mentioned before, GPs will be adopted to learn a specific form of intertask

mappings relating source and target reinforcement learning tasks, see Chapter 5.

With these computational problems, GPs are not well suited for such a scenario.

Therefore, a more more efficient variant of GPs, the Sparse Pseudo-Inputs Gaussian

Processes, are used. These are detailed next.

9Other methods such as, Expectation Maximization, Laplace Approximation or Markov Chain
Monte Carlo exist. One drawback is that these methods are slower than the aforementioned maxi-
mization approach.



2.1. Supervised Learning 33

Sparse Pseudo-Input Gaussian Processes

There are different approaches aiming at making GPs more efficient. For a detailed

discussion, the reader is referred to [81, 86]. On a high level, all these methods try to

approximate the covariance matrix using low rank matrices as:

K(X,X) = VVT

where V ∈ Rm×n is a low rank matrix, with m << n. As an intuition, the above could

be thought of as the eigenvalue decomposition of the covariance matrix with taking

only the first m eigenvectors.10 Such an approximation reduces the learning cost to

O(nm2), and that of prediction to O(m2n?). According to [92, 93], to create compu-

tationally efficient GP models, a detailed analysis of the GP predictive distribution

for one data point has to be conducted.

The mean and the covariance of the predictive distribution of a GP can be written

as:

µ? = K(X?,X)
[
K(X,X + σ2

nI)
]−1

σ2
? = K(X?,X?)−K(X?,X)

[
K(X,X + σ2

nI)
]−1

K(X,X?) + σ2
n

If the hyperparameters are determined and learned, these functions could be thought

of as being parameterized by the locations of the n training points (i.e., X and y).

As mentioned in [93], the intuition behind Sparse Pseudo Input Gaussian Processes

(SPGPs) is to replace the original data set by a pseudo data set, and then use the

GP predictive distribution from this pseudo data set as the parameterized model

likelihood. Therefore, the output for one data point is given by:

p(y|x, X̄, f̄) = N
(
K(x, X̄)K−1(X̄, X̄)̄f,

K(x,x)−K(x, X̄)K−1(X̄, X̄)K(X̄,x) + σ2
n

)
with, X̄ = {x̄(j)}mj=1 representing the pseudo-inputs, f̄ = {f̄(j)}mj=1 describing the

pseudo-outputs and m is the number of these pseudo-“variables”.

Under the assumption that the data is i.i.d., the total likelihood can now be written

10Of course eigenvalue decomposition can not be applied to the problem, as it also incurs a cost
O(n3). The idea is presented for clarification purposes.
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as:

p(y|̄f, X̄,X) =

n∏
i=1

p(y(i) |̄f, X̄,X)

= N
(
K(X, X̄)K−1(X̄, X̄)̄f,diag

(
K(X,X)− F(X,X) + σ2

nI
))

with F(X,X) = K(X, X̄)K−1(X̄, X̄)K(X̄,X), and diag representing the diagonal

operator.

Furthermore, by assuming a Gaussian prior on the pseudo inputs, one can compute

the marginal likelihood by marginalizing out the pseudo outputs to attain:

p(y|X̄,X) =

∫
p(y|̄f, X̄,X)p(̄f)df̄ (2.13)

= N
(
0,F(X,X) + diag (K(X,X)− F(X,X)) + σ2

nI
)

(2.14)

According to [93] the SPGP marginal likelihood can be obtained by replacing the full

GP likelihood matrix by the low rank covariance matrix F(X,X) everywhere except

on the diagonals.

Next to determine the predictive distribution two steps are required: (1) determine

the joint distribution, and (2) condition the previous on the observed data. The joint

is exactly the same as in Equation 2.14, and once conditioned it will deliver:

p(y?|y,X, X̄) = N (µ?, σ
2
?)

µ? = F(X?,X)
[
F(X,X) + diag (K(X,X)− F(X,X)) + σ2

nI
]−1

y

σ2
? = K(X?,X?)− F(X?,X)

[
F(X,X) + diag

(
K(X,X)− F(X,X)

)
+ σ2

nI

]−1

F(X,X?) + σ2
n

This could still be written in a more efficient manner using the matrix inversion

lemma, see [86, 93]:[
K(X, X̄)K−1(X̄, X̄)K(X̄,X) + (Λ + σ2

nI)
]−1

=

(Λ + σ2
n)−1 − (Λ + σ2

nI)−1K(X, X̄)B−1K(X̄,X)(Λ + σ2
nI)−1

with Λ = diag (K(X,X)−Q(X,X)), and B = K(X̄, X̄) + K(X̄,X)(Λ +

σ2
nI)−1K(X, X̄).
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Once applied to the predictive distribution the following is attained:

µ? = K(X?, X̄)B−1K(X̄,X)(Λ + σ2
nI)−1y

σ2
? = K(X?,X?)−K(X?, X̄)(K−1(X̄, X̄)−B−1)K(X̄,X?) + σ2

n

Model Selection: After having the predictive distribution of SPGP, now model

learning is explained. Model learning here means the determination of both the

hyperparameters as well as the locations of the pseudo-inputs. As in the normal GP

case, learning these parameters requires the derivatives of the marginal likelihood.

The negative logarithm of the marginal likelihood is given by:

− log p(y|X, X̄) =
1

2
log |F(X,X) + diag (K(X,X)− F(X,X))σ2

nI|

+
1

2
yT (Q(X,X) + diag (K(X,X)− F(X,X))σ2

nI) +
n

2
log 2π

For computational efficient, this could be rewritten as [93]:

− log p(y|X, X̄) = L1 + L2 +
n

2
log 2π

The first term is:

2L1 = log |A| − log |K(X̄, X̄)|+ log |Λ|+ (n−m) log σ2
n

where A = σ2
nK(X̄, X̄) +K(X̄,X)Λ−1K(X, X̄), σ2

nΛ = diag (K(X,X)− F(X,X)) +

σ2
nI. While the second is given by:

2L2 = σ−2
n

(
||β||22 − ||A−

1
2 K̄(X̄,X)β||22

)
where, β = Λ−

1
2 y, and K̄(X̄,X) = Λ−

1
2 K(X̄,X).

First the derivative with respect to the free parameters including the pseudo-inputs

can be derived as:

2L̇1 = tr
(
A−

1
2 ȦA−

T
2

)
− tr

(
K
− 1

2

M K̇MK
−T2
M

)
+ tr

(
Λ−

1
2 Λ̇Λ−

1
2

)
and,

2L̇2 = σ2
n

[
− 1

2
βT K̄β +

(
A−

1
2 ¯Kmnβ

)T (
− 1

2
A−

1
2 ȦA−

T
2 (A−

1
2 ¯Kmnβ)

−A−
1
2 ˙̄Kmnβ + A−

1
2 ˙̄KmnΛ−

1
2 Λ̇Λ−

1
2β

)]
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with Kmn = K(X̄,X), and ˙̄Kmn = Λ−
1
2 ˙Kmn. According to [93], to complete the

derivatives the following are needed:

Ȧ = σ2
nK̇M + 2sym

(
˙KmnΛ−1Knm

)
−KmnΛΛ̇Λ−1Knm

Λ̇ = σ−2
n diag

(
˙Knn − 2 ˙KnmK−1

nmKmn + KnmK−1
m K̇mK−1

m Kmn

)
For details on the derivatives of the covariance functions with respect to the free

derivatives see [93]. The derivatives with respect to the noise parameter could be

done in the same manner. The derivations are left as an exercise for the reader.

2.2 Unsupervised and Deep Learning:

So far learning of a latent function describing a set of inputs and outputs was detailed.

Another interesting domain in machine learning, is that when only a set of inputs

are given without their labels. The questions in this case is to determine certain

patterns, or groups in the data. Opposing supervised learning these algorithms belong

to the unsupervised world as no labels are given.11 Examples of these methods are

clustering12, feature extraction and density estimation algorithms.

Clustering

Given an unlabeled data set, clustering tries to find patterns or groupings in the

data. There are different methods that can successfully perform clustering. In this

dissertation, Gaussian Mixture Models (GMMs) are adopted, see [13, 84]. These are

detailed next.

Gaussian Mixture Models: Given an unlabeled data set D = {x(1), . . . ,x(n)},
the idea is to model the data according to the following joint model p

(
x(i), z(i)

)
=

p
(
x(i)|z(i)

)
p
(
z(i)
)
. In this case, z(i) is a latent or unobserved random variable that

is sampled according to z(i) ∼ Multinomial(β), where β(j) ≥ 0,
∑k
j=1 β

(j) = 1, and

β(j) gives the probability of p
(
z(i) = j

)
. Furthermore, x(i)|z(i) = j ∼ N

(
µ(j),Σ(j)

)
,

where µ(j) and Σ(j) are the mean vector and the covariance matrix of the Gaussian

distribution, respectively. Let k denote the number of values that z(i) can take on.

The model, therefore, posits that each x(i) was generating by randomly drawing a

11Please note, that the transition from supervised to unsupervised learning is not discrete in
machine learning. When one makes such a transition, he/she typically encounters the field of semi-
supervised learning, which could be thought of as a mixture between supervised and unsupervised
learning.

12Clustering could also be seen as classification but with the absence of any class labels
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z(i) from {1, 2, . . . , k}, and then x(i) was drawn from one of the k Gaussians. This is

called the mixture of Gaussians model. The parameters that of the model are then

β, µ, and Σ. To estimate these, the logarithmic data likelihood is written as:

L (β,µ,Σ) =

n∑
i=1

log

[
p
(
x(i);β,µ,Σ

)]

=

n∑
i=1

log

[
k∑

z(i)=1

p
(
x(i)|z(i);µ,Σ

)
p
(
z(i);β

)]

Deriving this equation and trying to find the parameters will not yield a closed form

solution. Note, however, that if the value of z(i) was known, then the maximization

becomes easy. The data likelihood can be written as:

L (β,µ,Σ) =

n∑
i=1

log

[
p
(
x(i);β,µ,Σ

)]

=

n∑
i=1

log

[
p
(
x(i)|z(i);µ,Σ

)
p
(
z(i);β

)]

=

n∑
i=1

[
log p

(
x(i)|z(i);µ,Σ

)
+ log p

(
z(i);β

)]

Maximizing the above equation yields:

β(j) =
1

n

n∑
i=1

I{z(i) = j},

µ(j) =

∑n
i=1 I{z(i) = j}x(i)

I{z(i) = j} ,

Σ(j) =

∑n
i=1 I{z(i) = j}(x(i) − µ(j))(x(i) − µ(j))T∑n

i=1 I{z(i) = j}

Since the latent variable is not known, the expectation maximization (EM) al-

gorithm is used instead. The main steps of EM are shown in Algorithm 2. In the

E-step, the posterior of the parameters, z(i), given the data and the current setting

of the model parameters is calculated as:

p
(
z(i) = j|x(i);β,µ,Σ

)
=

p
(
x(i)|z(i) = j;µ,Σ

)
p
(
z(i);β

)∑k
i=1 p

(
x(i)|z(i) = l;µ,Σ

)
p
(
z(i) = l;β

)
In the M-step maximization to improve the guesses is performed. It is worth noting,
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Algorithm 2 Expectation Maximization

1: Repeat:
2: (E-step): for each i and j set:

w
(i)
j = p

(
z(i) = j|x(i);β,µ,Σ

)
3: (M-step):

β(j) =
1

n

n∑
i=1

I{z(i) = j},

µ(j) =

∑n
i=1 I{z

(i) = j}x(i)

I{z(i) = j}
,

Σ(j) =

∑n
i=1 I{z

(i) = j}(x(i) − µ(j))(x(i) − µ(j))T∑n
i=1 I{z(i) = j}

that EM is a reminiscent of the K-means clustering algorithm, with “soft” assign-

ments [13, 50].

Deep Learning and Feature Extraction Techniques:

In this section different deep learning and feature extraction methods are detailed.

Firstly, sparse coding, an unsupervised learning technique is explained. Secondly,

restricted Boltzmann machines and deep belief networks are described.

Sparse Coding: Sparse coding is an unsupervised algorithm for finding succinct

representation of an unlabeled data set. Given only unlabeled input data, it learns

basis functions that captures high-level features in the inputs [10, 57]. Formally,

given a data set D = {x(i)}ni=1, where x(i) ∈ Rd, the question is to represent x(i) as

a combination of basis vectors ~b1, ~b2, . . . , ~bl, where ~bj ∈ Rd, and sparse activations

~a(i) ∈ Rl such that x(i) ≈ ∑l
j=1

~bja
(i)
j . The basis set can be overcomplete, where

l > d, and therefore can capture a large number of patterns in the input data. Sparse

coding aims at solving the following optimization problem:

min
{~bj},{~a(i)

j }

n∑
i=1

1

2σ2

∣∣∣∣∣∣x(i) −
l∑

j=1

~bja
(i)
j

∣∣∣∣∣∣2
2

+ β

n∑
i=1

l∑
j=1

Λ
(
a

(i)
j

)
subject to ||~bj ||22 ≤ c, ∀j ∈ {1, 2, . . . , l}
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where, the first term

(
i.e.,

∣∣∣∣∣∣x(i) −∑l
j=1

~bja
(i)
j

∣∣∣∣∣∣2
2

)
is the reconstruction error, and

the second

(
i.e., β

∑n
i=1

∑l
j=1 Λ

(
a

(i)
j

) )
is the sparsity regularization, with Λ(·),

being the penalty function, and β ∈ R is a constant. Different, Λ can be used. These

are detailed in Chapter 5. The one used in this dissertation is the L1 norm, which

has been shown to induce sparse activations and is robust to irrelevant features [72].

Assuming the usage of L1 penalty as the sparsity function, the optimization prob-

lem is convex in the bases, while holding the activations fixed, and convex in the

activations when holding the bases fixed. However, the problem is not convex in both

the activations and bases simultaneously [57, 82]. Different methods for solving the

optimization problem have been proposed. However, in this dissertation the algo-

rithms proposed in [57] are adopted. The solution of the above problem is twofold. In

the first, the bases are fixed, and the activations are determined. Given the activation,

the next step commences to solve for the bases. According to [57], the first step (i.e.,

solving for the activations with the bases being fixed) can be solved by optimizing

each a
(i)
j individually:

min
~a(i)

∣∣∣∣∣
∣∣∣∣∣x(i) −

∑
j=1

~bja
(i)
j

∣∣∣∣∣
∣∣∣∣∣
2

2

+ (2σ2β)
∑
j

|a(i)
j |

It is worth noting, that if the sign of the activations at the optimal value was known, it

could be simply substituted by either a
(i)
j , −a(i)

j , or 0. Given non zero coefficients, this

reduces to a standard unconstrained quadratic optimization algorithm. Essentially,

the feature-sign algorithm, proposed to solve for the activations in [57], searches for

the sign of the activations. Given this sign, the resulting quadratic optimization

problem can then be efficiently solved.

Given the above activations, solving for the bases boils down to the following

optimization problem [57]:

min

∣∣∣∣∣
∣∣∣∣∣X−BA

∣∣∣∣∣
∣∣∣∣∣
2

F

subject to

d∑
i=1

Bi,j ≤ c, ∀j ∈ {1, 2, . . . , l}

where X is the design matrix collecting all the inputs, B is the matrix of all basis

vectors, and A is the matrix of all the activations.

As described in [57], this is a least squares problem with quadratic constraints that
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can be efficiently solved using Lagrange duals. First the Lagrangian can be written

as:

Llagrange = trace

((
X−BA

)T(
X−BA

))
+

l∑
j=1

λj

( d∑
i=1

B2
i,j − c

)
where, λj ≥ 0 is a dual variable. Minimizing with respect to B yields:

D(~λ) = min
B

= trace

(
XTX−XAT (AAT + Z)−1(XAT )T − cZ

)

with Z = diag(~λ). At this step the gradients of the Hessian of D can be computed and

optimization using Newton’s method or conjugate gradients can commence. Please

note, the details of these algorithms are beyond scope of this section. The reader is

referred to [57] for a detailed discussion of the topic.

Restricted Boltzmann Machines: Boltzmann machines (BMs) [2, 11, 56, 91] are

a form of fully connected bidirectional neural networks with stochastic nodes. In BMs

all the nodes are connected to each other. Unfortunately, learning with such models is

computationally expensive. But this problem is remedied with the inclusion of some

restrictions on the network’s topology leading to the so-called restricted Boltzmann

machines (RBMs) that are discussed next.

The machine shown in Figure 2.4 represents an illustration of an RBM with two

layers. The first is the visible layer, V, consisting of m visible nodes v(1) . . . v(m),

while the second is the hidden layer, H with n hidden nodes, h(1) . . . h(n) hidden

nodes. Each of the nodes in the visible and the hidden layer is also associated with

its own bias term a(i), with i denoting the index of the ith visible unit and b(j), with

j being the index of the jth hidden unit, respectively.

RBMs are generative models, in the sense that they model a valid probability

distribution of a given dataset. In other words, learning in a RBM means adjusting

the weights (i.e., the connections in Figure 2.4) such that the data is represented well

in a richer feature space [35, 91, 102]. The hidden units model dependencies among

the observations [35, 37]. Therefore RBMs could also be viewed as powerful nonlinear

feature extractors. Moreover, due to the stochastisity exhibited by the neurons, RBMs

also have the advantage of escaping local minima.

RBMs are formalized in terms of their energy function which in turn defines the

joint probability distribution over both the visible and hidden units. Formally this is

define as:

E(V,H) = −
m∑
i=1

a(i)v(i) −
n∑
j=1

b(j)h(i) −
m∑
i=1

n∑
j=1

wi,jv
(i)h(j) (2.15)
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...

...

v(1) v(2) v(3) v(4) v(m)

h(1) h(2) h(3) h(4) h(n)

a(1) a(2) a(m)...

...b(1) b(2) b(n)

Figure 2.4: High level schematic of a Boltzmann Machine showing three two layers
accompanied with the biases for each of the nodes. Please note, that this machine is
a bidirectional fully connected one.

with V = [v(1), . . . , v(m)]T is the vector of all visible nodes, H = [h(1), . . . , h(n)]T is

the vector of all hidden nodes, and wi,j representing all weight connections. From

Equation 2.15, the joint probability of both the visible and hidden units is defined as:

p(V,H) =
1

Ψ
exp

(
−E(V,H)

)
=

1

Ψ
exp

(
m∑
i=1

a(i)v(i)+

n∑
j=1

b(j)h(i)+

m∑
i=1

n∑
j=1

wi,jv
(i)h(j)

)

with Ψ, the partition function being:

Ψ =

m∑
i=1

[
n∑
j=1

exp

(
m∑
i=1

a(i)v(i) −
n∑
j=1

b(j)h(i) −
m∑
i=1

n∑
j=1

wi,jv
(i)h(j)

)]

When some data is given this is delivered to the visible nodes of the network. In

other words, initially no information about the hidden units is available. Therefore,
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the joint probability has to be marginalized as follows:

p(V) =
1

Ψ

∑
H
p(V,H) =

1

Ψ
exp

(
− E(V,H)

)

=
1

Ψ

∑
H

exp

(
m∑
i=1

a(i)v(i) +

n∑
j=1

b(j)h(j) +

n∑
i=1

[
m∑
j=1

wi,jv
(i)h(j)

])

=
1

Ψ

∑
h(1)

∑
h(2)

· · ·
∑
h(n)

exp

(
m∑
i=1

a(i)v(i)

)
exp

(
n∑
j=1

b(j)h(j)

)
exp

(
n∑
i=1

[
m∑
j=1

wi,jv
(i)h(j)

])

=
1

Ψ
exp

(
m∑
i=1

a(i)v(i)

)∑
h(1)

∑
h(2)

· · ·
∑
h(n)

[
n∏
j=1

exp

(
h(j)

(
b(j) +

m∑
i=1

wi,jv
(i)

))]

=
1

Ψ
exp

(
m∑
i=1

a(i)v(i)

)∑
h(1)

exp

(
h(1)

(
b(1) +

m∑
i=1

wi,1v
(i)

))
∑
h(2)

exp

(
h(2)

(
b(2) +

m∑
i=1

wi,2v
(i)

))
· · ·
∑
h(n)

exp

(
h(n)

(
b(n) +

m∑
i=1

wi,nv
(i)

))

=
1

Ψ
exp

(
n∑
i=1

a(i)v(i)

)
n∏
j=1

[∑
h(j)

exp

(
h(j)

(
b(j) +

m∑
i=1

wi,jv
(i)

))]

=
1

Ψ

m∏
i=1

exp

(
a(i)v(i)

)
n∏
j=1

[
1 + exp

(
b(j) +

m∑
i=1

wi,jv
(i)

)]

It is for this reason, that RBMs are referred to sometimes as product of experts, for

more details see [89].

Inference in restricted Boltzmann Machines Performing inference in the

model is simply done by conditioning on the observed data. It also depends on

the type of distributions used for the nodes. In the original [91] both the visible and

hidden units included sigmoidal functions of the form sigmoid(x) = 1/1 + exp(−x).

Moreover, based on Figure 2.4 there are no connections neither between the units of

the hidden layer nor between those of the visible layer. Therefore, inference is done
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in parallel for each of the nodes according to:

p(H|V) =

n∏
j=1

p(h(j) = 1|V)

=

n∏
j=1

sigmoid

(
n∑
i=1

wi,jv
(i) + b(j)

)

p(V|H) =

m∏
i=1

p(v(i) = 1|H)

=

m∏
i=1

sigmoid

(
n∑
j=1

wi,jh
(j) + a(i)

)

To see why the inputs in the previous equation are what they are, let V−,l denote the

state of all the visible units expect the lth one. Further define the following:

αl

(
H
)

= −
n∑
j=1

wj,lh
(j)

and

β
(
V−,l,H

)
= −

n∑
j=1

m∑
i=1,i6=l

wi,jh
(j)v(i) −

m∑
i=1,i6=l

a(i)v(i) −
n∑
j=1

b(j)h(j)

Then E
(
V,H

)
= β

(
V−,l,H

)
− v(l)αl

(
H
)

, for details see [35, 91]. Using these defi-

nitions the following can be derived:

p
(
v(l) = 1|H

)
= p
(
v(l) = 1|V−,l,H

)
=
p
(
v(l) = 1,V−,l,H

)
p
(
V−,l,H

)

=

exp

(
− β

(
V−,l,H

)
− 1.αl

(
H
))

exp

(
− β

(
V−,l,H

)
− 1.αl

(
H
))

+ exp

(
− β

(
V−,l,H

)
− 0.αl

(
H
))

=

exp

(
− β

(
V−,l,H

))
exp

(
− αl

(
H
)))

exp

(
− β

(
V−,l,H

))
exp

(
− αl

(
H
))

+ exp

(
− β

(
V−,l,H

))
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=

exp

(
− β

(
V−,l,H

))
exp

(
− αl

(
H
)))

exp

(
− β

(
V−,l,H

))[
exp

(
− αl

(
V−,l,H

))
+ 1

]

=

exp

(
− αl

(
V−,l,H

))

exp

(
− αl

(
V−,l,H

))
+ 1

=
1

1 + exp

(
αl

(
V−,lH

))

= sigmoid

(
− αl

(
H
))

= sigmoid

(
n∑
j=1

wi,jh
(j) + a(i)

)

The same can be performed to determine that p(h(j) = 1|V) =

sigmoid
(∑m

i=1 wi,jv
(i) + b(j)

)
.

Learning in restricted Boltzmann machines In RBMs learning means the de-

terminations of the weights and biases such that the likelihood of the data is maxi-

mized. The natural logarithm of the likelihood of the data is given by:

log p
(
V
)

= log

[
1

Ψ

∑
H

exp
(
− E(V,H)

)]
(2.16)

= − log Ψ + log

[∑
H

exp
(
− E(V,H)

)]

= log

[∑
H

exp
(
− E(V,H)

)]
− log

[∑
H,V

exp
(
− E(V,H)

)]

To maximize the likelihood of the model the derivatives need to be calculated with

respect to the free parameters (i.e., weights and biases). Next, these derivations are
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shown13 leading to the following calculations:

∂

∂wi,j
log p

(
V
)

=
∂

∂wi,j

[
log

[∑
H

exp
(
− E(V,H)

)]]
− ∂

∂wi,j

[
log

[∑
V,H

exp
(
− E(V,H)

)]]

= − 1∑
H exp (−E(V,H))

∑
H

exp (−E(V,H))
∂

∂wi,j
E(V,H)

+
1∑

V,H exp (−E(V,H))

∑
V,H

exp (−E (V,H))
∂

∂wi,j
E (V,H) ,

using:

p(H|V) =
p(V,H)

p(V)
=

1
Ψ exp (−E (V,H))

1
Ψ

∑
H exp (−E (V,H))

=
exp (−E (V,H))∑
H exp (−E (V,H))

the following is derived:

= −
∑
H
p(H|V)

∂

∂wi,j
E (V,H)︸ ︷︷ ︸

expectation under the data

+
∑
V,H

p(V,H)
∂

∂wi,j
E (V,H)︸ ︷︷ ︸

expectation under the model

Given a training set D = {V(o)}Lo=1, the mean of the log-likelihood derivative can be

calculated now as:

1

L

∑
V∈D

∂

∂wi,j
log p(V) =

1

L

∑
V∈D

[
− Ep(H|V)

[
∂

∂wi,j
E (V,H)

]
+ Ep(V,H)

[
∂

∂wi,j
E (V,H)

]]

=
1

L

∑
V∈D

[
Ep(H|V)

[
v(i)h(j)

]
− Ep(V,H)

[
v(i)h(j)

]]
=

〈
v(i)h(j)

〉
p(H|V)q(V)

−
〈
v(i)h(j)

〉
p(V,H)

with q(V) being the empirical distribution. This leads to the often stated rule:

1

L

∑
V∈D

∂

∂wi,j
log p(V) ∝

〈
v(i)h(j)

〉
data

−
〈
v(i)h(j)

〉
model

The derivatives with respect to biases can be calculated in a similar manner. These

are left as an exercise for the reader.

Calculating the above summations exactly is computationally expensive [35, 36]

and intractable. In order to reduce this computational cost, different RBM learning

13The derivations with respect to the biases could be performed similarly and is left as an exercise
for the reader.
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algorithms were suggested. Most rely on an approximation of the maximum likeli-

hood [19, 36, 37]. One of the widely used techniques to deal with these computational

problems is the so-called contrastive divergence algorithm.

Contrastive Divergence Maximum likelihood works on minimizing the Kullback-

Lieber divergence between the data and the equilibrium distribution [36, 60]. Typi-

cally, the equilibrium distribution is produced by prolonged Gibbs sampling from the

generative model (i.e., the RBM).

The proof of this claim is simple. A sketch of proving the claim is presented next.

Other variants could be seen in

Proof. Consider pemp(x) and p̂(x|θ) be the empirical and model distribution, respec-

tively. Given a data set D = {x(i)}ni=1 drawn from the real distribution p(x), then

pemp(x) is define as the empirical distribution which puts 1
n probability oe each data

point as:

pemp(x) =
1

n

n∑
t=1

δ(x− x(t))

with δ(·) being the Kroncker delta function. The Kullback-Lieber divergence from

the empirical to the model distribution is defined as:

pemp(x)||p̂(x|θ) =

∫
pemp(x) log

[
pemp(x)

p̂(x|θ)

]
dx

= −H(pemp)−
∫
pemp log(p̂(x|θ))dx

with H(pemp) = −
∫
pemp(x) log pemp(x)dx representing the entropy of pemp. It fol-

lows that:

arg min
θ

[pemp(x)||p̂(x|θ)] ≡ arg max
θ

〈
log p̂(x|θ)

〉
pemp

with

〈
·
〉
−

representing the expectation under the − distribution. Furthermore:

〈
log p̂(x|θ)

〉
pemp

=
1

n

∫ n∑
t=1

δ(x− x(t)) log p̂(x|θ)dx

=
1

n

n∑
t=1

log p̂(x(t)|θ)

which is apart from the scaling factor identical to the log-likelihood function.
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Depending on the generative model, computing the gradients in maximum likeli-

hood is intractable. It involves a summation over an exponential number of terms.

Therefore, Hinton [36] suggested contrastive divergence (CD). CD approximately fol-

lows the gradient of a different objective function. In CD the gradient follows the

direction of the difference between two divergence [18, 36] as:

CDλ = p0||p∞ − pλ||p∞ (2.17)

where p0 is the original empirical data distribution, p∞ is that of the model, and pλ
is the distribution after λ steps of a Markov chain starting at the original probability

distribution p0. According to [18, 30, 36] this reduces both the computational cost

per gradient step and the variance of the estimated gradient. Since pλ is λ steps closer

to the equilibrium distribution p∞, then Equation 2.17 is guaranteed to be always

positive [36]. Furthermore, CD could only be zero if the model is perfect, whereby

the difference in Equation 2.17 becomes zero.

The mathematical motivation behind CD is clear. Namely, the equilibrium distri-

bution cancels out making the computational of the derivatives tractable and efficient.

After computing the derivatives the following update rules for the weights are derived:

wτ+1
i,j = wτ+1

i,j + α

(〈
〈v(i)h(j)〉p(H|V;W)

〉
0

− 〈v(i)h(j)〉
)

(2.18)

with W being the matrix of all the weights between the connections.

Algorithm 3 represents the main steps performed in CD as described in [36]. As

an input Algorithm 3 requires the setting for the visible and hidden layers of the RBM

as well as a batch of samples to train on. After the initializations shown in line 2 of

the algorithm, it proceeds to perform the Markov chain run for λ steps. Throughout

these steps Algorithm 3 fixes the visible layer configuration and samples the assuming

these given the hidden configuration as shown in line 7. This is then repeated but

fixing the hidden layer this time in line 10. The weights are then updated such that

the reconstruction error is minimized, line 14.

Restricted Boltzmann Machine Variants So far RBMs with only binary layers

have been described. There exists different variants that allow these to work with

continuous inputs. This could be achieved by redefining the energy function to:

E(V,H) =
∑
i,j

φi,j(v
(i), h(j)) +

∑
i

αi(v
(i)) +

∑
j

νj(h
(j))

with real valued functions φi,j , αi, and νj , ∀i ∈ {1, 2, . . . ,m} and ∀j ∈ {1, 2, . . . , n},
fulfilling the constraint that the partition function Ψ is finite. The details on the
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Algorithm 3 λ steps contrastive divergence

1: Input: V = [v(1), v(2), . . . , v(m)]T , H = [h(1), h(2), . . . , h(n)]T , training batch D
2: Initializations: δwi,j , δa

(i), δb(j) to zero ∀i ∈ {1, 2 . . . ,m} and ∀j ∈ {1, 2, . . . , n}.
3: forall V ∈ D do
4: V(0) = V
5: for τ = 0, . . . , λ− 1 do
6: for j = 1, . . . , n do
7: Sample h

(j)
τ ∼ p(h(i)|V(τ))

8: end for
9: for i = 1, . . . ,m do

10: Sample v
(i)
τ+1 ∼ p(v(i)|Hτ )

11: end for
12: end for
13: for i = 1, . . . ,m and j = 1, . . . , n do
14: Update weights according to Equation 2.18.
15: end for
16: endfor
17: Return: δwi,j , δa

(i), δb(j) ∀i ∈ {1, 2 . . . ,m} and ∀j ∈ {1, 2, . . . , n}

selection of these functions are clarified in Chapter 6 as needed.

Finally, RBMs could be extended to have more than two layers. These are called

high-order RBMs as described in [68, 102]. Details of these will be described in

Chapter 6, where two new RBMs suitable for transfer learning are constructed.

2.3 Reinforcement Learning

Reinforcement learning (RL) is an algorithmic technique for solving sequential deci-

sion making problems [17]. These problems appear in a wide variety of fields, such

as artificial intelligence, automatic control, economics, operational research, as well

as medicine. In artificial intelligence, RL is of major importance to the design of in-

telligent agents that monitor an environment through perception and influence it by

applying actions. A high level schematic of an intelligent agent construction is shown

in Figure 2.5. Opposing to SL, RL agents are not given the correct actions to execute

in a state. They rather have to learn to choose these actions by maximizing a total

return signal. This signal quantifies the agent’s behavior for executing an action in a

given state.

An agent interacts with the environment by applying actions from an allowed

action set. Being at a certain state, the agent decides to execute an action. Due

to this execution it then transitions into a successor state, to which it receives a

performance quantifying signal called the reward. This reward assesses the behavior

of the agent in the environment. The goal is then to learn a behavior, whereby the
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Intelligent Agent

action

perception

Environment

Figure 2.5: Intelligent agents live in an environment that they percept and affect by
applying actions.

learner chooses “correct” actions that maximize the total discounted return from any

initial state. This is called an optimal behavior. RL is typically formalized in terms

of Markov Decision Processes which are a mathematical constructions allowing the

formalization of sequential decision making problems. These essential ingredients are

discussed next.

Markov Decision Processes

Reinforcement Learning (RL) is formalized in terms of Markov Decision Processes

(MDPs) which are a tuple of M = 〈S,U , T ,R, γ〉, where S is the state space, U rep-

resents the actions space, T is the transition probability, R is the reward function, and

γ is the discount factor. Furthermore, RL algorithms abide by the Markov property14

where the current state and the current action are enough statistics to determine the

successor state and reward. In other words, to determine the future the agent only

requires knowledge of the current state and current action with no regard to the prior

history.

On a high level, MDPs can be split into two settings. The first is the deterministic

setting, while the second is the stochastic one. Each of these are detailed next as

described in [17].

Deterministic Setting

Deterministic MDPs [17, 33] are defined by the state space S in which the agent can

exist in, the action space U which includes the actions allowed the by agent to execute,

the transition probability function T determining the transition to a successor state

starting from an initial and applying an action, and the reward function, R, evaluating

14Write why it is not the case.
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the performance of the agent. Starting from a state st ∈ S and applying an action

ut ∈ U with t representing the time index, the agent transitions to st+1 according to

T : S × U → S:

st+1 = T (st, at)

Due to this transition the agent receives a reward rt+1, according to the reward

function R : S × U → R:

rt+1 = R(st, at)

where it is assumed that ||R||∞ = sups∈S,u∈U |R(s, u)| is finite. The agent chooses

actions according to a policy π : S → U , according to:

ut = π(st)

Optimality in the Deterministic Setting Deterministic MDPs are defined by

the state space S the agent can exist in, the action space U which includes the

actions allowed by the agent to execute, the transition probability T determining the

transition to a successor state starting from an initial and applying an action, and the

reward function, R, evaluating the performance of the agent. Starting from a state

st ∈ S and applying an action ut ∈ U with t representing the time index, the agent

transitions to st+1 according to T : S × U → S:

st+1 = T (st, at)

It then receives a reward rt+1, calculated through the reward function R : S×U → R:

rt+1 = R(st, at)

where it is assumed that ||R||∞ = sups∈S,u∈U |R(s, u)| is finite. The agent chooses

actions according to a policy π : S → U , as:

ut = π(st)

Optimality in the Deterministic Setting The goal in RL is for the agent to

find an optimal policy that maximize the return from any starting state s0 ∈ S,

see [17, 80, 101]. The total return is the accumulation of the rewards along a certain

trajectory starting from s0 and applying action according to a policy π. Different

types of the total return exist, mainly differing by the scheme in which the return

are collected. For instance, in the infinite horizon case, the return or total-payoff is
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defined as:

ρπ(s0) =

∞∑
t=0

γtrt+1 (2.19)

=

∞∑
t=0

γtR(st, π(st))

with γ ∈ [0, 1[ being the discount factor. The role of γ is to avoid the series from

diverging.

Thus, the goal of an RL agent is to find a policy that maximizes the total return,

while using feedback about the immediate one step rewards. This leads to the problem

of delayed-rewards in which actions taken in the present affect the potential to achieve

good rewards in the far future, however the immediate rewards provide no information

about the long-term effects [17].

Other forms of returns can be also defined. As an example, if the discount factor

in Equation 2.19 is set to 1, the return will simply be the sum of rewards with no

discounting. Unfortunately, in most cases such a sum is unbounded, and therefore,

an alternative to use is:

ρπ(s0) = lim
T→∞

1

T

T∑
t=0

R(st, ut)

= lim
T→∞

1

T

T∑
t=0

R(st, π(st))

which is bounded in most cases.

Finite horizon returns can be obtained by restricting the length of the trajectories.

Namely, rather than using infinite length trajectories, the finite horizon setting makes

use of finite length trajectories. The return is then defined as:

ρπ(s0) =

T∑
t=0

γtR(st, ut)

=

T∑
t=0

γtR(st, π(st))

The undiscounted return is easier to use in the finite horizon case since the return is

bounded if the rewards are.

In this thesis the main focus is on the infinite horizon return as it exhibits inter-

esting theoretical results. For instance, in such type of return there always exists at

least one stationary optimal policy π? : S → U .
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Bellman Equations for the Deterministic Setting To characterize the behav-

ior of an agent following a certain policy, typically value functions are used. There

exists two types of these functions: (1) value functions (V-functions), and (2) State-

action value functions (Q-functions). This section is adopted from [17] and [101].

The state-action value function, Q, of a policy, π, is defined as a mapping from

states and actions to real values (i.e., Qπ : S × U :→ R). This function gives the

return of an agent starting at a certain state s ∈ S applying an action u ∈ U and

following the policy π thereafter:

Qπ(s, u) =

∞∑
t=0

γtR(st, ut)

= R(s, u) + γ

∞∑
t=1

γt−1R(st, π(st))

= R(s, u) + γ

∞∑
t=1

γt−1R(T (st, ut))

= R(s, u) + γρπ(T (st, ut))

with 〈s0, u0〉 = 〈s, u〉, st+1 = T (st+1, ut+1), and ut = π(st).

The optimal state-action value function, Q?, is defined as:

Q?(s, u) = max
π∈Π

Qπ(s, u)

= max
π∈Π

[R(s, u) + γρπ(T (st, ut))]

with Π being the space of all allowed stationary policies. An optimal policy is defined

as the policy that greedily chooses actions in the optimal state-action value function:

π?(s) = arg max
u∈U

Q?(s, u)

Typically, the Q-function are recursively characterized by the so-called Bellman
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equations. These can be derived as follows:

Qπ(s, u) =

∞∑
t=0

γtR(st, ut)

= R(s, u) + γ

∞∑
t=1

γt−1R(st, π(st))

= R(s, u) + γ

[
R
(
T (s, u), π (T (s, u))

)
+ γ

∞∑
t=2

γt−2R
(
st, π(st)

)]

= R(s, u) + γQπ

(
T (s, u), π

(
T (s, u)

))

with 〈s0, u0〉 = 〈s, u〉, st+1 = T (st+1, ut+1), and ut = π(st). The Bellman optimality

equation is defined as:

Q?(s, u) = R(s, a) + γmax
u′∈U

Q?

(
T (s, u), u′

)

After discussing the Q-functions, now the attention is reverted back to the value

functions (V-functions) case. The V-function is defined as a mapping from states to

real number as: V π(s) : S → R, with π ∈ Π representing the policy followed by

the agent. When representing the Q-function to be only a function of the state, the

V-function could be computed as:

V π(s) = ρπ(s) = Qπ(s, π(s))

The optimal V-function can then be defined as:

V ?(s) = max
π∈Π

V π(s)

= max
u∈U

Q?(s, u)

An optimal policy can be computed by taking greedy actions in the optimal V-function

as follows15:

π?(s) = arg max
u∈U

[
R(s, a) + γV ?

(
T (s, u)

)]
(2.20)

15Dealing with this equation is harder than the case of the Q-functions, since here a model in
the form of transitions and rewards are required. In the Q-function case, this is not required as
information about the transitions are included into the definition of the function.
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Furthermore the V-functions satisfy the following Bellman equations:

V π(s) = R(s, π(s)) + γV π

(
T
(
s, π(s)

))

V ?(s) = max
u∈U

[
R(s, u) + γV ?

(
T
(
s, u
))]

Stochastic Setting

In the stochastic case the next state can not be deterministically calculated from the

current state and action [17]. Formally, the deterministic transition function is not

replaced by the probability density function T̃ : S ×U ×S → [0,∞[. When an action

ut is applied at a certain state st, the probability that the next state St+1 ⊆ S is

computed according to:

p(st+1 ∈ S|st, ut) =

∫
St+1

T̃ (st, ut, s
′)ds′

For any s and u, T̃ (s, u, ·) must define a valid probability density function of the

argument · as detailed in [17]. Furthermore, the rewards are also associated with the

transitions and therefore, these can not be deterministic anymore. The stochastic

reward function R̃ : S × U × S → R is used instead to determine the instantaneous

reward of a transition as:

rt+1 = R̃(st, ut, st+1)

where the reward is bounded (i.e., ||R̃||∞ = sup〈s,u,s′〉∈S×U×S R̃(s, u, s′)) is finite.

Optimality in the Stochastic Setting Following the description in [17], the in-

finite discounted total return in the stochastic setting is defined as:

ρ̃π(s0) = lim
T→∞

E{st+1∼T̃ (st,π(st),.)}

[
T∑
t=0

γtrt+1

]

= lim
T→∞

E{st+1∼T̃ (st,π(st),.)}

[
T∑
t=0

γtR̃
(
st, π(st), st+1

)]

Bellman Equations for the Stochastic Setting The previous equations for the

Q and value functions need to extended to fit the stochastic case. The Q-function is
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now defined as:

Qπ(s, a) = E{s′∼T̃ (s,π(s),.)}

[
R̃(s, u, s′) + γρ̃π(s′)

]

The optimal state-action value function, as well as the optimal policy remain un-

changed.

On the other hand, the Bellman equations for both the Q and the optimal Q-

functions need to be redefined as:

Qπ(s, u) = E{s′∼T̃ (s,π(s),.)}

[
R̃(s, u, s′) + γQπ(s′, π(s′))

]

Q?(s, u) = E{s′∼T̃ (s,π(s),.)}

[
R̃(s, u, s′) + γmax

u′∈U
Q?(s′, u′)

]

The definition of the V-function remains unchanged as in the deterministic case.

However, the computation of the optimal policies become:

π?(s) = arg min
u∈U

Es′∼T̃ (s,u,.)

[
R(s, u, s′) + γV ?(s′)

]

The Bellman equations of the V-functions is changed by only adding the expectation

over one step transition. This yields:

V π(s) = Es′∼T̃ (s,u,.)

[
R̃(s, π(s), s′) + γV π(s′)

]

V ?(s) = max
u∈U

Es′∼T̃ (s,u,.)

[
R̃(s, π(s), s′) + γV ?(s′)

]

Reinforcement Learning in Continuous Spaces

Classical RL algorithms require an exact representation of the value functions and/or

policies [17]. As described in the previous sections, RL makes use of: (1) Q-functions,

(2) V-functions, and (3) policies. For exact representations, distinct estimates of

the Q-function values for the state-action transitions is required, while in the V-

functions case distinct estimation for each state is needed. Furthermore, when exactly

representing a policy, exact actions for each state need to be stored. Unfortunately,

such a scheme can not be possibly adopted when the state and/or action spaces take

on infinite values. Moreover, continuous state and/or action spaces are of major

interest in many real-world applications. Apart from this representational problem,
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most RL algorithms have to repeatedly solve non-concave optimization problems when

solving for the optimal behavior. When the spaces are continuous looping over all the

possible state-action transitions is impossible. Therefore, sample-based approximation

is a possible solution. In details, the algorithm fetches the optimal behavior on a given

(offline case) or collected (online case) samples. In the offline case of course the quality

of the solution depends on the relative “goodness” of the collected samples.

To deal with such scenarios, function approximation techniques from supervised

learning are used. As in any regression algorithm there are two directions the designer

can take when deciding on the model to be used: (1) parametric, and (2) nonpara-

metric. The reader is referred to Section 2.1 for the details of these approaches.

Approximate Reinforcement Learning Framework

The details of this section are adopted from [17, 101]. To formalize approximate RL

techniques, define Q to be the set of all possible state-action value functions. Further,

let Ω : Γ :→ Q, be the approximation mapping. Therefore, the approximation of the

Q-function can be written as:

Q̂(s, u) = [Ω(γ)](s, u), with s ∈ S and u ∈ U (2.21)

where γ ∈ Rk is the vector of parameters used to parametrize the Q-function, and

[Ω(γ)](s, u) denotes the parameterized Q-function evaluated at a state s ∈ S and

action u ∈ U . It is worth noting that this representation is capable of only describ-

ing a certain subspace of Q, and therefore, arbitrary Q-function in Q can only be

represented to a certain degree of accuracy.

Given k-basis functions φ(1), . . . , φ(k) : S × U :→ R , Equation 2.21 can be re-

written as:

Q̂(s, u) = [Ω(γ)](s, u)

=

k∑
i=1

φ(i)(s, u)γ(i) = γTΦ(s, u)

with Φ = [φ(1)(s, u), . . . , φ(k)(s, u)]T is the vector of all basis functions [17]. The

values of these parameters are fitted such that certain criterion is satisfied.

Other versions of this approximation can be distinguished as in the normal super-

vised learning case. For instance, a nonparametric approximation of the Q-function

could also be performed as described in [17].
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Reinforcement Learning Algorithms

One categorization of RL algorithms is shown in Figure 2.6. The algorithms are split

into three types. In value iteration, a search for the optimal value function is first

computed. The optimal policy is then derived from the attained function according

to Equation 2.20.

!"#$%&'(")"$*+
,"-'$#$.

Value 
Iteration

Online

Offline

Policy
Iteration

Online

Offline

Policy
Search

Online

Offline

Figure 2.6: A high level pictorial categorization of reinforcement learning algorithms.
These could be split into three types of algorithms: (1) value iteration, (2) policy
iteration, and (3) policy search. Further, each has an online and offline version.

On the other hand, policy iteration algorithms evaluate policies by computing

their value functions that are then used to produce better policies. Finally, in policy

search, the agent makes use of direct optimization in the policy space to determine the

optimal behavior. Furthermore, in each of these three different classes two additional

variants of the algorithms can be distinguished. In the offline case, the agent reasons

about the process using data16 collected in advance, while in the offline scenario the

agent learns by interacting with the process. Online RL algorithms have to further

balance the trade-off between exploration and exploitation. In other words, the agent

has to decide whether to choose random actions to gain more knowledge about the

system, or whether to exploit its current knowledge by for instance, taking greedy

actions in the learnt Q-function. There is has been a lot of work in this domain, to

balance this problem.

Next, each of these different types are surveyed, whereby the online, and the offline

variants of the algorithms are described. Moreover, the counter-part extensions to

continuous state spaces are detailed.

16This data is typically collected in the form of transitions.
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Value Iteration Algorithms: Finite State Space Case

To survey the value iteration algorithms extra definitions need to be introduced.

Define T : Q → Q to be the so-called Bellman operator mapping from the space of

Q-functions to that same space [17, 101].

In the deterministic case T is defined as:

[Tπ(Q)](s, u) = R(s, u) + γQ(T (s, π(s)), π(s′)),

while in the stochastic case this operator is given by:

[Tπ(Q)](s, u) = E{s′∼T̃ (s,a,.)}

[
R̃(s, a, s′) + γQ(s′, π(s′))

]
(2.22)

Of course for the finite state space case Equation 2.22 can be written in terms of

the transition probabilities as:

[Tπ(Q)](s, u) =
∑
s′∈S
T̄ (s, π(s), s′)

[
R̃(s, a, s′) + γQ(s′, π(s′))

]

Further define the optimal Bellman Operator, Tπ
?

: Q → Q, which in the deter-

ministic case is:

[Tπ
?

(Q)](s, u) = sup
u∈U

[
R(s, u) + γQ(T (s, u), u′)

]
,

and in the stochastic case this operator is:

[Tπ
?

(Q)](s, u) = sup
u∈U

[ ∑
s′∈S
T̄ (s, π(s), s′)

[
R̃(s, a, s′) + γQ(s′, π(s′))

]]

All value iteration based algorithms (e.g., Q-learning) start at an arbitrary initializa-

tion of the Q-function. This is done updated according to:

Qτ+1 = Tπ(Qτ ) (2.23)

where τ is the iteration number and Tπ is the Bellman operator defined previously.

It is clear that Q is a fixed point in Equation 2.23. Moreover, it is also easy to see
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that Tπ is a contraction mapping in infinite norm:

||Tπ(Q)− Tπ(Q′)||∞ = γ sup
s∈S

∣∣∣∣∣∑
s′

T̄ (s, u, s′)(Q(s′, u′)−Q′(s′, u′))
∣∣∣∣∣

≤ sup
s∈S

∑
s′

T̄ (s, u, s′)|Q(s′, u′)−Q′(s′, u′)|

≤ γ sup
s∈S

∑
s′

T̄ ||Q−Q′||∞

= γ||Q−Q′||∞

Having this property is of major importance since now an algorithm could start from

an arbitrary initialization of the Q-function and then apply the Bellman operator in

sequence and it could be proven using Banach’s fixed-point theorem that the function

will converge to the operator’s fixed point (i.e., Q), see [69, 101].

Now from the optimal Bellman operation, the following can be derived:

||Tπ?(Q)− Tπ?(Q′)||∞ ≤ sup
〈s,u〉∈S×U

∑
s′

T̄ (s, u, s′)

∣∣∣∣∣Q(s′)−Q′(s′)
∣∣∣∣∣

≤ γ sup
〈s,u〉∈S×U

∑
s′

T̄ (s, u, s′)||Q−Q′||∞

= γ||Q−Q′||∞

Therefore, Tπ
?

is also a contraction and has a fixed-point. From this the following

theorem can be presented according to [69]:

Theorem Let Q be the fixed point of Tπ
?

, if there is a policy greedy in Q: Tπ(Q) =

Tπ
?

(Q). Then Q = Q? and π is an optimal policy.

The proof can be seen in [101] and only a sketch is provided here:

Proof. For any stationary policy π, Tπ(Q) ≤ Tπ
?

(Q), therefore Qπ ≤ Tπ
?

(Qπ). For

any τ ≥ 0, the following is attained:

Qπ ≤ (Tπ
?

)τQπ (2.24)

Pick a policy π? such that Tπ(Q) = Tπ
?

Q. Since Q is the fixed point of Equation 2.24,

then TπQ = Q. Since Tπ is a contraction and has a fixed point Qπ = Q, then Q? = Q

and π? is optimal.

Next three of the widely used value iteration algorithms are detailed. Essentially,
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these are variants of Q-learning for each the deterministic, and stochastic cases. More-

over, their online variants are explained.

Q-Iteration First Q-iteration, one of the widely used value iteration based RL

algorithm is described. The idea behind Q-iteration is to update the Q-function at

each iteration, using the optimal Bellman operator. Firstly, two variants of the Q-

iteration algorithm are shown in Algorithm 4 and 5. Both of the presented algorithms

work in a finite state space MDP setting. The main difference between them is that

Algorithm 4 operates within a deterministic setting, while Algorithm 5 works in a

stochastic setting. Both are model based, in the sense that they require a transition

and reward model. They start by initializing the Q-function as shown in line 2 of the

algorithms. According to the previous discussion, updating an arbitrary Q-function

using the Bellman operator, will end up converging to Q? after τ iterations. These

updates are shown in line 5 of both algorithms. The main differences is that in

Algorithm 4 the update is performed using the deterministic Bellman operator, while

in Algorithm 5 the Q-function update is conducted using the stochastic operator.

Algorithm 4 Q-Iteration for Deterministic MDPs with Finite State Space

1: Input: Deterministic dynamics T , reward function R, discount factor γ, action space
U , and state space S

2: Initialize the Q-function
3: for τ = 0, 1, . . . do
4: for all 〈s, u〉 do

5: Qτ+1(s, u) = R(s, u) + γmaxu′∈U

[
Qτ (T (s, u), u′)

]
6: end for
7: end for
8: Return: Q? = Qτ

Algorithm 5 Q-Iteration for Stochastic MDPs with Finite State Space

1: Input: Stochastic dynamics T̄ , stochastic reward function R̃, discount factor γ, action
space U , and state space S

2: Initialize the Q-function
3: for τ = 0, 1, . . . do
4: for all 〈s, u〉 do

5: Qτ+1(s, u) =
∑
s′∈S T̄ (s, u, s′)

[
R̃(s, u, s′) + γmaxu′∈U Qτ (s′, u′)

]
6: end for
7: end for
8: Return: Q? = Qτ

In Algorithm 6, a variant of Q-learning for continuous state spaces is presented.
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Again the algorithm is model based in the sense that it requires a transition and

reward model. Furthermore, the variants shown in Algorithm 6 is deterministic. The

idea here is similar to the previous Q-learning algorithms. However, the Q-function

can not be represented fully and therefore a parametrization as shown in line 5 is

used. The values of these parameters are the updated by solving the least-squares

minimization problem in line 7 of Algorithm 6. This is repeated until the optimal

parameterization, γ? of the Q-function is attained, which is then returned.

Algorithm 6 Least Squares Approximate Q-Iteration for Deterministic MDPs

1: Input: Deterministic dynamics T , deterministic reward function R, discount factor γ,
action space U , and state space S, approximation mapping Ω, samples {s(i), u(i)}mi=1

2: Initialize the parameter vector γ
3: for τ = 0, 1, . . . do
4: for i = 1, . . . ,m do

5: Q
i(r)
τ+1(s(i), u(i)) = R(s(i), u(i)) + γmaxu′∈U

[
[Ω(γτ )]

(
T
(
s(i), u(i)

)
, u′
)]

6: end for
7: Find γτ+1 by solving:

γτ+1 ∈ arg min
γ∈Γ

m∑
i=1

(
Q
i(r)
τ+1

(
s(i), u(i)

)
− [Ω(γ)]

(
s(i), u(i)

))2

8: end for
9: Return: γ̂? = γτ+1

In the model free case, another type of approximation is needed. Namely, since the

model is not present the algorithm needs to be provided by samples representing the

model. These in turn are used to approximate the optimal Q-function that represents

the optimal policy. Fitted Q-Iteration is one form of these algorithms [17, 88]. Further,

there are two types of approximation of the Q-function: (1) parametric, and (2)

nonparametric approximation. Both variants for the offline case are presented next.

Fitted Q-Iteration with parametric approximation is presented in Algorithm 7.

First the algorithm requires: (1) discount factor, (2) parametric approximation func-

tion, and (3) samples in form of transitions, as shown in line 1. The samples are

used in order to determine the next iteration Q-values, line 5. These values are then

considered as outputs for minimizing the sum of squared errors as shown in line 7.

The result of this minimization is the update of the approximation parameters. This

process is repeated until the parameters have converged, which are then returned as

the optimal parametric vector.

The other variant of Fitted Q-iteration is with the usage of nonparametric re-

gression techniques. Algorithm 8 describes this variant. The main difference to Al-

gorithm 7 is the usage of nonparametric approximation to fit the Q-function. It is
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Algorithm 7 Least Squares Fitted Q-Iteration with Parametric Approximation

1: Input: Discount factor γ, approximate mapping Ω, samples {〈s(i), u(i), s′(i), r(i)〉}mi=1

2: Initialize the parameter vector γ
3: for τ = 0, 1, . . . do
4: for i = 1, . . . ,m do
5:

Q
i(r)
τ+1(s(i), u(i)) = r(i) + γmax

u′∈U
[Ω(γτ )](s′(i), u′) (deterministic setting)

Q
(r)
τ+1(s(i), u(i)) = E{s′∼T̃ (s,u,.)}

[
R̃(s(i), u(i), s′(i)) + γmax

u′∈U
[Ω(γτ )](s′, u′)

]
(stochastic setting)

6: end for
7: Find γτ+1 by solving:

γτ+1 ∈ arg min
γ∈Γ

m∑
i=1

(
Q
i(r)
τ+1

(
s(i), u(i)

)
− [Ω(γ)]

(
s(i), u(i)

))2

8: end for
9: Return: γ̂? = γτ+1

important to mention that essentially using nonparametric approximation for fitted

Q-iteration is preferred. The main reason is that the approximation of the Q-function

is performed on a number of samples. These approximation should be representative

enough if this approximated optimal function is to perform well on the real system in

areas not visited by the samples.

Algorithm 8 Least Squares Fitted Q-Iteration with Nonparametric Approximation

1: Input: Discount factor γ, samples {〈s(i), u(i), s′(i), r(i)〉}mi=1

2: Initialize the function approximator
3: for τ = 0, 1, . . . do
4: for i = 1, . . . ,m do
5: Q

i(r)
τ+1(s(i), u(i)) = r(i) + γmaxu′∈U Q̂τ (s′(i), u′)

6: end for
7: Solve for Q̂τ+1 by performing nonparametric regression on D = {〈s(i), u(i)〉, Qi(r)τ+1}mi=1

8: end for
9: Return: Q̂? = Q̂τ+1

Policy Iteration

In policy iteration, the other subcategory of RL algorithms, learners first evaluate a

policy, and then use this evaluation to generate new improved policies. In other words,

starting from an initial policy π0, the learner first evaluates this policy by constructing

its value function, and then it takes greedy actions in that value function, in order
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to generate better policies. First policy iteration algorithms for the finite state space

MDPs are described. These are then extended to the continuous state space setting.

Policy Iteration: Finite State Space Case A general description of policy it-

eration is shown in Algorithm 9. There are two main steps: (1) policy evaluation,

and (2) policy improvement. The important step to note here is that of policy eval-

Algorithm 9 Policy Iteration with Q-functions

1: Initialize the policy, π0

2: for τ = 0, 1, . . . do
3: Evaluate policy by finding Qπτ

4: Improve policy using: πτ+1 ∈ arg maxu∈U Q
πτ (s, u)

5: end for
6: Return: π? = πτ , and Q? = Qπτ

uation (i.e., line 3 of Algorithm 9). For details on the deterministic case the reader

is referred to [17]. Here only the stochastic evaluation will be detailed. Algorithm 10

shows a pseudo-code of the policy evaluation in the finite state-space stochastic MDP

setting. Given a policy π, the main idea is simply to compute the Q-function of π.

This procedure is computed as shown in line 5 of the algorithm.

Algorithm 10 Policy Evaluation in Stochastic MDPs with Finite State Space

1: Policy π to be evaluated, transition dynamics T̄ , reward function R̃, discount factor
2: Initialize the Q-function
3: for τ1 = 0, 1, . . . do
4: for all 〈s, u〉 do

5: Qπτ1+1 =
∑
s′∈S T̄ (s, u, s′)

[
R̃(s, u, s′) + γQπτ1(s′, π(s′))

]
6: end for
7: Return: Qπ = Qπτ1

The policy iteration algorithms presented above are model-based, where a tran-

sition and a reward model were needed. In the class of model-free policy iteration

algorithms, SARSA [98] is considered the most famous. SARSA starts with an arbi-

trary Q-function and updates it at each step using:

Qt+1(st, ut) = Qt(st, ut) + αt

[
rt+1 + γQt(st+1, ut+1)−Qt(st, ut)

]
︸ ︷︷ ︸

temporal difference error

(2.25)

with αt ∈]0, 1] is the learning rate.



64 Chapter 2. Preliminaries

The overall SARSA pseudo-code is shown in Algorithm 11. After initializing the

Q-function, line 2, an action is greedily chosen according to:{
u ∈ arg maxuQ(s, u) with probability 1− ε
random action from U with probability ε

(2.26)

This action is then applied to the system, where the successor state as well as the

reward are measured, line 6. These are then used to perform the update of the

Q-values as shown in line 8 of the algorithm.

Algorithm 11 SARSA with ε-greedy exploration

1: Input: Discount factor γ, exploration schedule {εt}∞t=0, learning rate schedule {αt}∞t=0

2: Initialize the Q-function
3: Measure initial state, s0
4: Choose action, u0 according to ε-greedy exploration, with ε0
5: for t = 0, 1, . . . do
6: Apply ut, measure st+1, and rt+1

7: Choose action ut+1 according to ε-greedy exploration, with εt+1

8: Perform update according to Equation 2.25
9: end for

Policy Iteration: Continuous State Space Case In continuous state spaces,

the previous algorithms can not be directly applied. The main problem arises in the

policy evaluation step, which can not be solved exactly [17, 51]. Policy evaluation in

the continuous state space case, is a hard problem as it also requires the solution for

a Bellman equation. On the other hand, policy improvement is an easier problem17.

Often an explicit representation of the policy can be avoided. This can be performed,

by computing improved actions on demand from the current value function [17].

For an overview of different approximate policy iteration algorithms the reader is

referred to [17]. In this thesis, Least Squares Policy Iteration (LSPI), one of the

widely adopted approximate policy iteration algorithms is adopted. Therefore, the

discussion is restricted to LSPI. This discussion is adopted from [17, 51].

To start the discussion the projected Bellman equations need to be introduced.

For the ease of discussion assume that the state and action spaces are finite (i.e.,

S = {s(i)}|S|i=1, and U = {u(i)}|U|i=1). Now the policy evaluation mapping Tπ can be

written as:

[Tπ(Q)](s, u) =
∑
s′∈S
T̄ (s, u, s′)

[
R̃(s, u, s′) + γQ(s′, π(s′))

]
(2.27)

17Policy improvement can also be a very hard problem, in case the action space is large.



2.3. Reinforcement Learning 65

In the linearly parameterized case the approximated Q-function can be written as:

Q̂π(s, u) = γTπΦ(s, u)

with γπ being the parametrization vector of the policy π, and Φ =

[φ(1)(s, u), . . . , φ(k)(s, u)]T being the vector of the k-basis function. This approximate

function satisfies the following version of the projected Bellman equation:

Q̂π = (Pwo Tπ)(Q̂π)

where Pw is a weighted least-squares projection on the space of representable Q-

functions (i.e., {ΦT (s, u)γ|γ ∈ Rk}). This projection is defined as:

[Pw(Q)](s, u) = γ̂TΦ(s, u) with

γ̂ ∈ arg min
γ

∑
〈s,u〉∈S×U

w(s, u)
(
γTΦ(s, u)−Q(s, u)

)2

with w : S × U → [0, 1].

To facilitate the representation of the topic, next the projected Bellman equations

are written in a matrix form. First, define the matrix Bellman operator as follows:

Tπ(Q) = R̃ + γT̄πQ

with:

1. Q ∈ R|S|×|U| with Q[i,j] = Q(s(i), u(j))

2. R̃ ∈ R|S|×|U| with R̃[i,j] =
∑
i′ T̄ (s(i), u(j), s(i′))R̃(s(i), u(j), s(i′))

3. T̄ ∈ R|S||U|×U with T̄[i,j],i′ = T̄ (s(i), u(j), s(i′))

4. π ∈ R|S|×|S||U| is a matrix representation of the policy with:

πi′,[i,j] =

{
1 and π(s(i)) = u(j) if i′ = i

0 otherwise

In the approximate setting define the basis function matrix Φ† ∈ R|S||U|×k and

the weight diagonal matrix W ∈ R|S||U|×|S||U| with:

Φ†[i,j],l = φ(l)(s(i), u(j))

W[i,j],[i,j] = w(s(i), u(j))
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The approximation of the Q-function for all states and actions can now be written

as:

Q̂ = Φ†γ

and therefore, the projected Bellman equation can be rewritten as:

PWTπ(Q̂
π
) = Q̂π

here PW = Φ†(ΦT†WΦ†)−1ΦT†W, see [17, 51].

After some algebraic manipulations the following can be reached:

ΦT†WΦ†γπ = γΦT†WT̄πΦ†γπ + Φ†WR̃ (2.28)

Following [17], defining the following matrices and vectors:

$ = ΦT†WΦ

ג = ΦT†WT̄πΦ†

Υ = ΦT†WR̃

Equation 2.28 could be written in the following form:

$γπ = γגγπ + Υ (2.29)

The defined matrices and vectors can also be rewritten as a sum of simpler matrices

and vectors. For details on these the reader is referred to [17, 51].

Having written the projected Bellman equations in a matrix format LSPI can now

be introduced. In Algorithm 12, the main steps followed by LSPI are shown.

Algorithm 12 Least Squares Policy Iteration

1: Input: Discount factor γ, Basis functions φ(1), . . . , φ(k) : S × U → R, samples
{s(i), u(i), s′(i), r(i)}mi=1

2: Initialize the policy π0

3: for τ = 0, 1, . . . , do
4: Evaluate policy πτ generating γτ
5: Improve policy using πτ+1(s) = u, where u ∈ arg minu′∈U Φ(s, u′)γτ∀ s ∈ S
6: end for
7: Return: π̂? = πτ+1

The algorithm requires a discount factor, a set of basis functions defined over

the state-actions space, and samples in form of transition quadruples. LSPI starts by

initializing a policy π0. As in any other policy iteration algorithm, LSPI first evaluates

the policy as shown in line 4 of Algorithm 12. There are different forms for evaluating
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the policy, such as least squares temporal difference for Q-function (LSTD-Q) [51]–

detailed in Algorithm 13, and least squares policy evaluation for Q-function (LSPE-

Q) [52]. These evaluation algorithm return a vector of parameters, that is then used

by LSPI to improve the policy, line 5 of Algorithm 12. After the convergence criterion

has been reached, the approximation of the optimal policy is then returned.

To evaluate a policy, this thesis adopts LSTD-Q that is described in Algorithm 13.

LSTD-Q is a one shot algorithm and the parameter vector computed does not depend

on the order in which the samples are processed.

Algorithm 13 Least Squares Temporal Difference for Q-functions

1: Input: Discount factor γ, Basis functions φ(1), . . . , φ(k) : S × U → R, samples
{s(i), u(i), s′(i), r(i)}mi=1, and a policy π

2: Initialize the matrices $(0), ,(0)ג and the vector Υ(0)

3: for i = 1, 2, . . . ,m do
4: Update the following:

$(i) = $(i−1) + Φ(s(i), u(i))ΦT (s(i), u(i))

(i)ג = ,Φ(s(i)(i−1)ג u(i))ΦT (s′(i), π(s′(i)))

Υ(i) = Υ(i−1) + Φ(s(i), u(i))r(i)

5: end for
6: Solve 1

m
$(m)γ̂π = γ 1

m
γ̂π(m)ג + 1

m
Υ(m)

7: Return: γ̂π

The last subcategory of RL algorithm is that of policy search. Algorithms, such

as natural actor-critic, and neural fitted natural actor critic are variants of this realm.

Although, interesting and have shown various successes in a lot of real-world robotic

applications [38, 78], they are out of the scope of this thesis. Interested readers are

referred to [17, 74] for a thorough discussion of this topic.
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Transfer for Reinforcement Learning

This chapter is based on: H. B. Ammar, S. Chen, K. Tuyls, and G. Weiss,

“Reinforcement Learning Transfer a Survey and Formal Framework,” German AI,

KI Knstliche Intelligenz, 2013.

A survey of different transfer learning algorithms is provided in this chapter. First

of all, motivations behind using transfer learning methods to speed up reinforcement

learning algorithms are presented. Mainly, these argue that RL was optimistically

defined as being the solution for optimal control problems with tabula rasa learners.

Second of all, different proposed domains dealing with RL challenges, such as imitation

learning and reward shaping, are briefly reviewed. Third, a formalization of the

transfer in reinforcement learning problem is provided, paving the way for a theoretical

classification of the transfer learning algorithms.

3.1 Motivations and Related Paradigms

When humans attempt to acquire new behaviors, providing negative or positive re-

inforcement has shown successful results [23]. Reinforcement learning was initially

inspired by this trait [98], where it was believed that if computer agents are provided

with such reinforcement (i.e., reward) they potentially can learn an optimal behav-

ior in an unknown environment. This section argues that such a definition of RL is

overoptimistic.

First, when attempting to gain a new behavior, humans never start from scratch.

Objective thinking is impossible in everyday life. Almost always, new decisions made

by humans are biased by already learnt knowledge in some similar tasks. Kamal

Jumblat argues that: “Complete abstract and objective thinking at such low levels is

almost impossible”. Even infants never start from scratch when learning a new task.

There is rather a huge history of evolution encoded in their genetics aiding them
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in improving their learning abilities.Therefore, if RL agents had to mimic human

learning, tabula rasa learners seem to be unrealistic and far-fetched.

Second, tabula rasa RL algorithms seems to be extremely hard to be successfully

applied in real-world applications with high dimensional state and/or action spaces.

To the best of the author’s knowledge, the most impressive results in reality are

these reported in [17], where mostly the state and/or action spaces were limited

in some sense. On the other hand, providing tabula rasa RL agents with additional

knowledge has shown impressive improvements and outstanding results. For instance,

Ng et. al [1], have shown successful autonomous control of a helicopter, a highly

nonlinear and chaotic system. However, the authors approached this control problem

from a slightly different perspective. Their proposed method, apprenticeship learning,

required a set of successful demonstrations from an expert. These were used to infer a

reward function for the underlying MDP that is then solved. Others, such as [46, 79],

have also shown interesting results in real-world robotic applications using RL. These

algorithms also needed additional information in form of demonstrations to start from

and improve on in a sequel of attaining an optimal behavior.

Therefore, it seems that the definition of RL as being a potential solution for

optimal control problems with no information is slightly far-fetched. Moreover, it is

apparent that providing the agents with additional knowledge from the same domain

has elevated these RL challenges. Extending on providing such additional information

different paradigms have been proposed. Next, these are briefly surveyed and their

relations to transfer learning is described.

Related Paradigms

To tackle reinforcement learning speed and quality challenges different approaches

have been proposed. These include: (1) life-long learning, (2) imitation learning, (3)

reward shaping, (4) human advice, and (5) transfer learning.

Lifelong Learning

Lifelong learning [110] was initially proposed in a supervised learning setting. This

approach assumes that the learner faces a whole collection of problems over its life

time. The idea is that such an agent can generalize better by re-using the knowl-

edge from its n − 1 tasks when faced with then new nth. Others, such as [100, 107],

extended lifelong learning to the context of RL, where an agent learning in an en-

vironment for an extended period of time will necessarily have to solve a sequence

of tasks. Furthermore, this work focused on the importance of tracking a solution,

rather than only looking for one convergent optimal behavior. Although interesting,
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these approaches mostly assume that the newly encountered tasks, are sub-domains

of the original. Exploiting such locality has shown interesting results.

Solving sub-problems, in a bigger MDP can be regarded as a transfer learning. If

sub-problems were determined and for each an optimal behavior can be attained, then

transferring such options might aid learning in a new task. This has been already

proposed in transfer literature as described later.

Imitation Learning

In imitation learning there exists roughly two fields. The first is learning from demon-

stration (LfD), where the learner tries to reproduce already provided “good” demon-

stration. While in the second, apprenticeship learning, the learner tries to infer a

reward model from the expert demonstrations. This model is then used to solve the

underlying MDP. It is worth noting that in apprenticeship learning, the expert is as-

sumed to encode the optimal behavior that the learner tries to achieve. On the other

hand, this form of learning is more flexible than LfD since as the reward function is at-

tained, the agent is allowed to explore in the environment to reach optimal behaviors

not conveyed in the original demonstrations. In other words, in LfD the learned policy

is necessarily defined only in those states encountered, and for those corresponding

actions taken, during the example executions [6, 71], while in apprenticeship learning

such a condition does not necessarily hold.

Apprenticeship learning can be framed within the transfer learning for RL do-

main, whereby additional information for the RL agent in form of demonstrations are

provided. This prior knowledge can be used to provide a good starting behavior for

the agent to learn from. Starting from this knowledge and improving upon it, the

agent is more likely to reach the optimal behavior faster.

On the other hand, LfD is essentially a supervised learning problem [6] which of

course belongs to the transfer in supervised learning world. However, these relations

to SL are out of the scope of this thesis. For a detailed discussion the reader is referred

to [76].

Reward Shaping

In reward shaping, the reward function is altered or shaped locally such that faster

behavior is attained. The idea is to make local behavior apparent through localized

advice which has shown to improve the learning efficacy [47, 53, 73]. Most of the

proposed approaches in shaping actually require substantial human engineering to

forbid the emergence of unwanted behaviors. These problem have been elevated

in [47]. The agent can automatically learn a valid shaping function by relying on

a sequence of tasks with increasing complexity. However, in [47] the agent required
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an additional representation, the agent-sapce, to successfully learn such a function.

Furthermore, not any function can serve as a valid shaping function. These have to

satisfy certain conditions as discussed in [73], to ensure successful optimal behavior.

Typical, reward-shaping algorithms operate within the same task domain, where

the state space representations of the different tasks encountered by the agent are the

same.

Reward shaping can be framed within the context of transfer in reinforcement

learning. More specifically, reward shaping can be regarded as a specific case of inter-

task transfer, where the knowledge either arrives from a human or a sequence of same

domain tasks. The intertask mapping then learns how to improve the description of

the reward function such that the overall performance in a target task is improved.

Human Advice

Human advice aims at integrating humans to an RL agent. For instance, the human

can provide action suggestions to the agent [61, 111, 112] or guide the agent through

online feedback [43, 45]. In human advice, two major problems standout. First, there

exists the need for optimally integrating the human in the loop of an RL agent, which

is a hard problem. The second, and maybe the most prominent problem, is that

in all these approaches the human is considered as being the expert. This is highly

plausible, however, the human might be an expert in the instantaneous sense, but not

in the total discounted pay-off one. To clarify, consider the problem of controlling a

helicopter to hover. An action taken by an agent at a time step t might cause the

aircraft to crash after a substantial delay and not instantaneously. Only experienced

pilots, might posses the ability to detect such a behavior. Moreover, the question of

how to combine the instantaneous environmental reward and that of the human is

also still an interesting direction of future research in this domain.

Human advice, can also be considered as a transfer learning problem, where the

knowledge is transferred from a human expert rather than other agents. In fact, such

an approach has been already proposed by [109].

3.2 Transfer in Reinforcement Learning

Transfer learning (TL) is another paradigm created to improve learning behaviors of

RL agents. The overall framework of transfer learning is shown in Figure 3.1. In

essence, the idea is to use extra knowledge available from an external source1 to help

1Please note that some transfer learning algorithm make use of knowledge learned by the same
agent in different tasks. In this case, this knowledge can also be considered as external to the intended
target task.
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Source 
Knowledge 

Intertask 
Mapping

Target 
Knowledge 

Target 
Learner

Hypothesis

Agent(s) Human

mapped

Figure 3.1: The overall transfer framework. Source knowledge is available from either
other agents or humans. Generating the source knowledge involves mapping the hu-
man and/or agent information in some suitable manner. This is then passed through
an inter-task mapping that prepares the source knowledge to be used by the target
learner.

learning in target task(s). This source knowledge arrives from either other agents or

humans. For instance, in imitation learning, a form of transfer, the source knowledge

is available from expert human demonstrations in that same domain. Depending on

the source knowledge a mapping is needed to configure it in a way suitable for the

target agent. In the imitation learning example, this information is available in the

same domain, for instance in form of optimal trajectories, therefore, the inter-task

mapping is unity. When transferred, this additional target knowledge is used to bias

the target learner in improving its behavior.

Different TL in RL algorithms have been proposed in literature, most of which

have been surveyed in [107] and [54]. This survey is not meant to reproduce the others.

On the contrary, it is meant to: (1) define the transfer in RL problem, (2) provide a

mathematical framework and a taxonomy for the different TL in RL methods, and

(3) relate TL to the other related paradigms, explained in Section 3.1.
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Mathematical Framework

A standard learner, Alearner, is simply a mapping from knowledge, K, to a hypothesis

space, H (i.e., Alearner : K → H). To clarify, consider the following example, where

Fitted-Q Iteration (FQI) is detailed using this description. FQI is an RL algorithm

that operates in continuous state space MDPs. Given a set of samples, and a set of

basis functions used to approximate the state-action value function, FQI commences

by learning the parameters describing the Q-function iteratively. For more details,

the reader is referred to Chapter 2.

Example (FQI): Consider sample based continuous RL algorithms such as FQI.

In the parametric case, the Q-function belongs to the space spanned by the set of k

basis functions {φ(i) : S × U → R}ki=1. Therefore, a hypothesis in the space H, is a

linear combination of these basis functions, h(·, ·) =
∑k
i=1 γ

(i)φ(i)(·, ·) ∈ H. In FQI,

the knowledge acquired by the learner is collected by interacting with the environment

to acquire m-sample quadruples in the form of {〈s(j), u(j), s′(j), r(j)〉}mj=1. Thus, the

overall knowledge available for FQI is K =
{

(S × U × S ×R)m,Bk
}

, where B is the

space spanned by the set of basis functions (i.e., φ(i) ∈ B). Using these definitions

the FQI learner is a mapping that operates on its available knowledge to map it to

the hypothesis space.

As described before, in TL there exists extra knowledge from some external

source. This source can be a human or another agent(s). Therefore, this knowl-

edge might sometimes need to be mapped and configured together to provide the

source knowledge pool, Ksource = χsource
(
Kagent(s) × Khuman

)
, where Kagent is that

knowledge available from other agent(s), Khuman is the human knowledge, and

χsource : Kagent(s) × Khuman → Ksource is the mapping configuring all this knowl-

edge in a suitable manner for an RL agent. Typically, either one of the above choices

is available in almost all transfer learning algorithms provided in literature. When this

knowledge has been configured, an inter-task mapping χinter : Ksource → Ktarget acts

on the source knowledge to transform it into a starting target knowledge. This is then

used by the target learner Atarget to help in improving its performance. Therefore

the target learner is defined as:

Atarget : χinter (Ksource)× Ktarget → Htarget

where, Htarget is the hypothesis space of the target task. To clarify, consider the

following example where human advice (a form of transfer) is explained.

Example (Human Advice): Training an agent manually via evaluative re-
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inforcement (TAMER) [42], is a well known human advice framework for RL. In

TAMER+RL [41, 44, 45], the authors propose a heuristic mechanism in which hu-

man provided reward RH : S × U → R is combined with environmental rewards to

improve the learning behavior of an RL agent. Of course, the agent has to approx-

imate the human reward and thus R̂H is available instead of RH . In this case, the

additional knowledge is a set of human rewards at each state action transition, as

well as a set of basis functions to approximate the human reward. The approxima-

tion of the human reward needs additional basis functions2. Therefore, the available

source knowledge is Ksource = {RmH ,Bk}, with φ(i) ∈ B. The inter-task mapping,

then combines these with the environmental reward to provide a new reward signal

for the RL agent. The hope is that if humans were experts at solving the intended

task, then combining this reward with the environmental reward will aid the agent

in its action selection scheme such as to improve learning. In [45], this combination

is done heuristically and the authors propose four different techniques each with its

own merits and demerits.

Before diving into the details describing various transfer in RL algorithms, a survey

of benchmarks used to evaluate such algorithms are briefly detailed. More specifically,

systems used throughout this dissertation, such as, the mountain car, and the inverted

pendulum, among others are explained.

3.3 Benchmarks

When evaluating transfer in reinforcement learning different benchmarks can be dif-

ferentiated. These vary from relatively simple tasks, such as grid-worlds, to more

complex tasks, such as cart-poles.

In this section the benchmarks used throughout this dissertation are detailed.

Firstly, the Mountain Car (MC) task is explained. Secondly, a tougher task, the

Inverted Pendulum (IP), is detailed. Third, the Cart-Pole (CP) system is then de-

scribed. Finally, the simple and double mass tasks are detailed.

Mountain Car

The mountain car is shown [99] in Figure 3.2. The goal of the agent is to drive the

car to an upright position marked by “goal” in the figure. It can choose between two

linear forces. Depending on the chosen force the car will move either to the left or to

the right. The challenge is that the thrust of the motor is not enough to drive the

car to the top-right position in one-shot. Rather it has to oscillate so to gain enough

2In case of TAMER, the state space is actually discritized. However, the discussion aims at a
general framework.
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momentum to drive up the hill. The state space of the environment is described via

two continuous state variables, 〈x, ẋ〉, describing the position and the velocity of the

car, respectively.

Figure 3.2: Schematic of the mountain car task.

Inverted Pendulum

The inverted pendulum [17] is shown in Figure 3.3. In this system the pole starts at

the bottom and the goal of the agent is to balance the pole at the up top position.

The agent is allowed to choose from a set of rotational forces (i.e., torques). Since

the available torques are not enough to swing the pole up in one shot, the pole might

need to oscillate in order to reach the top position. The states of the system are

described via two continuous state space variables, s = 〈θ, θ̇〉, representing the angle

and angular velocity of the pole, respectively.

Cart-pole System

The cart-pole [17, 99] is the system shown in Figure 3.4. The systems consists of a

pole mounted on a cart. The agent can choose between a set of linear forces causing

the cart to move horizontally on the flat surface. The pole is typically located in a

downright position and the goal of the agent is to control the pole in upright position.

θ

τ

Figure 3.3: A high level schematic of a inverted pendulum system.
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Figure 3.4: A high level schematic of a cart-pole system.

M1,1

k1,1

d1,1

u1 ∈ U1

(a) Simple Mass System

M1,2

k1,2

d1,2

M2,2

k2,2

d2,2

u2 ∈ U2

(b) Double Mass System

Figure 3.5: The single mass spring damper system in (a) and the double mass spring
damper system in (b).

The forces allowed to be executed by the agent are restricted in such a way that

the cart has to swing back and forth to raise the pole to an upright position. The

state space is a four dimensional continuous space consisting of the position and the

velocity of the cart, and the angle and angular velocity of the pole.

Single and Double Mass

The single and double mass systems are shown in Figure 4.2. In the first a mass is

attached to a wall with a spring and a damper. It oscillates horizontally, according

to the following:

M1,1ẍ1,1 = u1 − k1,1x1,1 − d1,1ẋ1,1

where u1 ∈ U1 is the action chosen by the agent, ẍ1,1 is the mass acceleration, and

ẋ1,1 is its velocity.

For the double mass system, the state space is described via S2 =

{x1,2, ẋ1,2, x2,2, ẋ2,2}, where x1,2 and ẋ1,2 represent the horizontal position of the

first mass M1,2, and x2,2, and ẋ2,2 described the position and the velocity of M2,2,

respectively. The agent is allowed to apply a force from the action set U2. The system
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then oscillates horizontally, according to the following:

M1,2ẍ1,2 = −k1,2x1,2 − d1,2ẋ1,2 + k2,2(x2,2 − x1,2) + d2,2(ẋ2,2 − ẋ1,2)

M2,2ẍ2,2 = u2 + k2,2(x1,2 − x2,2) + d2,2(ẋ1,2 − ẋ2,2)

where u2 ∈ U2, k1,2 is the spring constant of the first mass, d1,2 is the damping

constant of the first mass, k2,2 is the spring constant for the second mass, and d2,2 is

the damper of the second mass.

An important part of the transfer learning literature has been devoted to proposing

metrics capable of evaluating any transfer algorithm. These are detailed next.

3.4 Metrics

To evaluate the performance of transfer algorithms different metrics have been pro-

posed. In this section, these are briefly surveyed. For a detailed explanation the

reader is referred to [107].

Jumpstart

Jumpstart evaluates the initial performance in a target task. The quantification of this

measure depends on the problem at hand. For instance, the initial reward averaged

over certain number of episodes can be used as a measure of the jumpstart. To clarify

consider transfer from the inverted pendulum (i.e., Figure 3.3) to the cart-pole (i.e.,

Figure 3.4). Having an algorithm that can can learn the intertask mapping between

the IP and CP, transfer can then be conducted. A quantification of the jumpstart

metric on the cart-pole system can, for instance, be the number of steps the pole is

in an upright position when using the transferred policy. This can be compared to a

normal reinforcement learner, or other transfer algorithms to asses the quality of the

proposed method.

Asymptotic Performance

Asymptotic performance measures the final behavior of the learner in a task. Quan-

tifying this measure also depends on the problem at hand. For example, the final at-

tained reward averaged over number of episodes can be used to quantify this measure.

Although, in theory, reinforcement learning aims at attaining an optimal behavior,

in most complex tasks this is not the case. Generally speaking, if exploration is de-

graded rapidly, or the value function is not represented in a table format, an optimal

behavior is not guaranteed. Moreover, when representing the value function using an
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apporximator that might entail local minima, reinforcement learning agents arrive at

sub-optimal behaviors. In such scenarios, transfer might provide initial policies that

remedy the above problems and improve the final performance. This can be measured

and compared among different learners to asses the behavior of a transfer agent.

Total Reward

The total reward, can be measured as the area under the learning curve. This curve

typically has time or sample complexity as its x-axis, and the reward acquired by the

agent as its y-axis. Using transfer the overall reward can be improved when compared

to a non transfer agent.

Transfer Ratio

As an extension to the total reward metric, the transfer ratio measures the ratio of

the total reward attained by a transfer agent compared to a non-transfer one. If the

total reward acquired by a transfer agent is improved, then also the ratio of transfer

to non transfer should improve.

Time to Threshold

This metric requires human intervention to determine a performance threshold for the

target agent. The quantification of this metric also depends on the problem at hand.

For instance, a certain threshold can be set on the accumulated reward, say rthreshold.

Transfer is then conducted and the agent commences with learning in the target task.

The reward in this case is then monitored and time to reach rthreshold is recorded.

This time can be compared with a normal reinforcement learner in the target task

and other transfer algorithms to have a comparison to the proposed method.

Having detailed the benchmarks used as well as the metrics proposed in transfer

learning, a taxonomy of various algorithms is presented. Precisely, algorithms are

separated based on the depth at which transfer is conducted. Being the basis of such

a taxonomy, shallow as well as deep transfer methods are first defined.

Transfer Learning Taxonomy

TL in RL algorithms can be divided into two categories: (1) shallow, and (2) deep

transfer algorithms. In the first, the domains of the source and target task(s) are the

same. The differences are in the reward or the transition model.

To clarify, consider the example shown in Figure 3.6. A robot has to reach a certain

goal manifested by “G” in the figure. At the middle of the room there is an obstacle
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G

G

Figure 3.6: Shallow transfer example. The main differences between the tasks, is the
location of the goal, and therefore, the reward function. The arrows show different
behaviors followed by the agents. The boldfaced line arrows represent the optimal
behavior.

that the robot has to avoid. In this example, the left figure is the source task where

the goal position is at the bottom right of the environment. The target task, shown

on the left side of the figure, differs from the source by the reward function. In other

words, the goal position has been changed and the robot has to reach the upper right

corner. Of course the robot might have a different transition model too. However,

even if both the reward and the transition model have changed, the representation of

the state and/or action spaces suffices to perform transfer.

On the other hand, deep transfer is a tougher and more general form of transfer.

In deep transfer all the constituents of the tasks are different3. An example of deep

transfer is shown in Figure 3.7. In this example, the source task agent lives in a

one dimensional world, in which it can apply two actions. On the other hand, the

target task is a two dimensional problem, and the agent is allowed to apply different

types of actions. Furthermore, the reward function and transition probability of both

agents can also be different. It is worth noting, that for a problem to be a deep

transfer learning one, the difference between the state and action spaces are mostly

dimensional. For instance, if the target tasks’ state spaces, were simply larger state

spaces in number, such problems are still within the shallow transfer realm. The

3Automatic transfer has to be able to deal with this general case. In other words, an automatic
transfer learning agent should be capable of learning an inter-task mapping at this general level. This
dissertation contributes this problem and proposes algorithms that can automatically learn such a
mapping at this level.
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G

G

Figure 3.7: Deep transfer example. The source task is a one dimensional problem
in which the robot is allowed to apply left of right actions. On the other hand, the
target task has a different description of state and action spaces. Furthermore, the
reward as well as the transition might also be different.

definitions of shallow and deep transfer are detailed next.

In defining deep and shallow transfer, the source task is assumed to be in a lower

dimensional manifolds compared to the target4.

Spaces might differ in different ways. In shallow transfer, as seen in the previous

examples, the state and/or action spaces stay the same, while the reward and/or

transition probabilities differ. In some algorithms the state and/or action spaces may

differ. However, for a transfer algorithm to stay in the shallow world, the state and/or

action spaces vary in a specific way. For instance, if the source task state space was

a subspace of that of the target, then transfer will still be shallow. Shallow transfer

in such a setting can be also seen as a generalization problem.

Definition: Shallow Transfer Given two MPDs, M1 = 〈S1,U1, T̃1, R̃1, γ1〉, and

M2 = 〈S2,U2, T̃2, R̃2, γ2〉, with S2 and U2 are some combination of S1 and U1, shallow

transfer occurs if T̃1 6= T̃2, or R̃1 6= R̃2, or both.

During its life time an agent might face various types of tasks. Restricting transfer

to the shallow case will not cover all possibilities an agent might encounter. Therefore,

to create autonomous transfer agents, a more flexible definition is required. This

definition need not to restrict in any sense the types of tasks that an agent might

encounter. This framework can be covered under deep transfer. In deep transfer all

the constituents of the MDPs are allowed to vary. Deep transfer can be defined as

follows:
4Please note, that this assumption is by no means restrictive.
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Definition: Deep Transfer Given two MPDs, M1 = 〈S1,U1, T̃1, R̃1, γ1〉, and M2 =

〈S2,U2, T̃2, R̃2, γ2〉, deep transfer occurs if S1 6= S2, U1 6= U2, T̃1 6= T̃2, and R̃1 6= R̃2.

Of course the definition above covers the most general case of transfer in rein-

forcement learning tasks. In some cases the state and/or action spaces (i.e., domains)

might differ, however, the transition probabilities and reward functions are the same

in each of the source and target task. This scenario is still considered deep transfer.

Transferring correctly between such tasks, however, is a relatively easier problem to

solve compared to the deep transfer of the previous definition.

Based on the above definitions a categorization of different transfer algorithms can

be represented.

3.5 Transfer Learning Categorization

In this section different transfer algorithms will be surveyed. These algorithms can

be grouped depending on the depth of transfer. Moreover, in each of the previous

classes, further categories can be differentiated depending on the inter-task mapping

used.

Shallow Transfer

As defined previously, shallow transfer occurs when the source and target task have

differences in the reward and/or transition probabilities. Typically, in this category

the state and/or action spaces remain unchanged. However, in some shallow transfer

algorithms, differences between the state and/or action spaces vary. These variation

are restricted. The state and/or action spaces grow in number and not in dimensions

making the problem substantially easier to solve compared to deep transfer.

In the transfer learning literature most of the proposed methods deal with shallow

transfer. Mostly, these differ depending on the assumptions made on learning the

intertask mapping and the additional knowledge available.

Fixed Domain Shallow Transfer

In this section the domains (i.e., state and action spaces) of the source and target

MDPs are fixed. The variations can occur in either the transition probabilities or

reward functions. To clarify consider the example shown in Figure 3.8. In the source

task (i.e., left image of Figure 3.8), the robot has to reach a goal state at the top-right

position of the environment to which it attains a positive reward. In the target task

(i.e., right image of Figure 3.8), however, the robot has to reach the goal position at the
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G G

Figure 3.8: An example of shallow transfer. A source (left image) and target task
(right image) are shown. The difference between the two tasks are in the goal location
(i.e., rewards) and transition probabilities.

top left of the environment, while avoiding an obstacle. Therefore, the main differences

between the tasks are the: (1) reward functions, and (2) transition probabilities.

In such scenarios, a mapping between the tasks’ transition and reward functions is

essential for successful transfer. Various algorithms have been suggested to deal with

these problems. In this survey, the aim is not to list all the alternative algorithms

within this setting. A broader categorization is rather represented. For a detailed

listing the reader is referred to [107].

Action Space Transfer Action transfer [90] is an approach that aims at reducing

the size of source tasks’ action spaces such that learning in a target task is faster.

From one source task, random perturbations to generate a set of source tasks is

performed. A new action set is generated by removing all non-optimal actions from

the original action space. With this new action set, the learner faces a new (target)

task. Learning speeds in the target are shown to significantly improve. However, such

an improvement arrives at the cost of a loss of optimality of the learned policy. If the

source and target tasks are highly similar, this approach is expected to preserve most

of the actions required to solve the target task. In action transfer, no knowledge in

the target is available, thus Ktarget is an empty set. Source task knowledge, Ksource,

consists of a set of random perturbations of the source task, as well as optimal policies

in each of these perturbed sets. The inter-task mapping, χinter, operates on Ksource
to generate Utransfer ⊂ U , where Utransfer is the action set with non-optimal actions

removed, and U is the original action set of the original source task.
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Option Transfer Two subcategories can be differentiated. The first is when one

source and one target task are available, while the second is when multiple source

tasks are given before hand. Firstly, these methods dealing with the former setting

are described. Secondly, these operating in a multiple source task setting are detailed.

• Single Source Task: Option transfer is another widely used method for trans-

ferring between MDPs with the same domains. Three additional assumptions

are made in such scenarios. These can be summarized as: (1) the MDPs are

assumed to be discrete, (2) the Q-function is represented in a tabular format,

and (3) the transition probabilities of the source and target MDPs are the same.

Therefore, only the reward functions are allowed to vary between the source and

target MDPs.

The main idea is to exploit the shared dynamics between the MDPs to construct

primitive actions that can be used to help in speeding up the learning in the

target task. Precisely, a set of state-action-successor-state tuples are collected

in the source task. A set of subgoals accompanied with a set of options to reach

each of these subgoals are then learned. A learner in the target task can now use

these augmented primitives to attain an optimal behavior using the algorithm

proposed in [97].

Although option transfer is widely used, one of the most challenging questions is

how to determine “relevant” subgoals. Various approaches have been proposed.

In [65], the concept of bottleneck state has been introduced. A bottleneck state

is defined as that state that is often encountered by an optimal policy. Oth-

ers [21, 66], define metrics for graph partitioning techniques to identify states

that connect different regions of the state-space. These are then considered as

subgoals to which options are calculated. A psychology-inspired method aimed

at identifying easily-explorable states is detailed in [15]. Finally, a hierarchal

Q-learning algorithm based on the notion of access state is described in [34].

• Multiple Source Tasks: Based on a set of given source tasks accompanied

with their optimal policies, Bernstein [12] introduced the reuse option to speed-

up learning on the target task. Given a sufficient number of source tasks, ex-

periments reported in [54] show a dramatic improvement in learning speeds.

In [40], a method capable of finding a set of options that reduces the number of

iterations required by value-iteration to converge is proposed. This framework

is guaranteed to return the optimal set of action primitives to solve the task.

Another method that incrementally discovers skills in a hierarchical architecture

is proposed in [7].
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Feature Transfer Feature transfer can also be split into methods that assume the

existence of one source MDP, and these that require multiple sources. Next, these are

briefly surveyed.

• Single Source Task: Another approach for transfer between MDPs with the

same domains is proposed in [26, 29, 62, 63]. The method is titled proto-value

functions. This technique is similar in spirit to that of option transfer. The idea

is again to exploit the source task knowledge to attain a representation suitable

to the target. Rather than abstracting action primitives, proto-value functions

aim at attaining a set of features defining a hypothesis space.

Proto-value function transfer, relaxes the assumptions made in option transfer.

The dynamics of the source and the target tasks are still assumed to be the

same, however the value function representation is not assumed to be tabular.

On the contrary, the main idea in proto-value function transfer is to discover a

feature space that is capable of representing the action-value function as a linear

combination of these discovered basis functions (i.e., features). Furthermore,

the objective of transferring differs between option and proto-value function

transfer. In the former, the goal was to improve the learning speeds in the

target, while in the latter, the goal is to achieve a better approximation of the

state-action value function of the target task.

The knowledge available in the source task, Ksource, is a set of state-action-

reward-successor state tuples. The intertask mapping χinter, operates on Ksource
to discover a set of basis functions. These can then be used to describe the

solution space in the target. This space is described as a linear combination of

the attained bases. The intuition is that if “general-enough” features will be

discovered, these would be able to describe the value function both of the source

as well as the target tasks.

Of course, the toughest challenge is to determine the set of proto-value functions

or features. In [63] a method that uses spectral analysis of the Laplacian of

the source MDP is introduced. This technique discovers the structure of the

manifold that underlies the dynamics of the tasks. In [26] an extension relaxing

the similarities between the dynamics in [62] is introduced. Another extension

to tasks with different transition and reward functions is proposed in [29].

• Multiple Source Tasks: In [31] an unsupervised method to decompose the

state space is introduced. Each decomposed task is then solved independently

and its value function is used as an additional feature when learning in the

target task. A similar method that identifies sub-tasks and features based on

exploiting the source task dynamics is introduced in [24]. Walsh [114] deals
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with the more general setting in which the MDP is not discrete. The objective

is to determine an aggregation of states that are capable of approximating all

the optimal value functions of the tasks at hand. In [55] a similar approach to

determine a set of features from the source tasks that can then be reused in the

target task is explained.

Instance Transfer Previously, three methods for options, action space, or features

transfer have been described. Transferring instances is another type of knowledge

that can be transferred between source and target task(s). The main idea is that

transferring source instances may help the target tasks when both tasks are similar

enough. If these differed then negative transfer is likely to occur. Lazaric [55] pro-

posed a framework for instance transfer from a set of source tasks to a target task. In

this setting knowledge in both the source and target task(s) are available. Precisely,

Ksource consists of state-action-reward-successor state tuples and Ktarget also consists

of state-action-reward-successor state in the target. The main assumption, however,

is that the amount of tuples available in the target are much less compared to these

available from the set of source tasks. The method makes use of the so-called com-

pliance measure to select these source tasks that are more likely to be similar to the

target. A minor modification of this approach using an alternative utility measure is

introduce in [3]. Therefore, the intertask mapping, χinter, can be seen as the measure

determining the relevant source task to the specific target. Other instance transfer

techniques are also introduced. These deal with a less restrictive setting and belong

to the deep transfer domain, and therefore, are explained accordingly.

Deep Transfer

The methods describe previously have shown significant improvements in transfer

between MDPs that share the same domain. Although successful, these proposed

techniques operate within the shallow transfer world. In this section, algorithms that

deal with deep transfer are surveyed. These aim at solving a substantially harder

problem, in which the domains between the source and target tasks differ. Here,

an intertask mapping relating the differences between the constituents of the MDPs

is essential. Different methods have been proposed. Some ignore the need for this

mapping by assuming that the source and target task can both be represented in a

higher abstraction space, others assume that this mapping is already delivered to the

transfer agent by a designer, and lastly algorithms aiming at directly targeting the

learning of this mapping are briefly surveyed.
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Feature Transfer The main problem when dealing with option transfer in case

of different domain tasks, is that options and abstractions discovered in the source

can not be directly used in the target. Therefore, the toughest question to answer is

how to map these abstractions, such that they are suitable for a target task. In [87]

and [94], the authors make use of the homomorphism framework to map tasks to a

common abstraction level. The main idea is to construct an abstract MDP to which

relativized options are defined (see [87]). Another approach is to frame different tasks

as having a shared agent space as done in Konidaris et al. [48], so that no mapping is

explicitly needed. Unfortunately, this requires the agent acting in both tasks to share

the same actions and the human must map new sensors back into the agent space.

Parameter Transfer Most of the algorithms reviewed in this section assume the

presence of a hand-coded mapping. In [105] the notion of using a hand coded intertask

mapping to transfer value functions from source to target tasks has been introduced.

Its applications in [96] have shown significant improvements in complex domains.

Other applications, such as [8] consider the transfer of value functions in the general

game playing. Torrey et al. [112] transfers advice and transfers Q-tables through a

hand coded mapping. Taylor and Stone [108] proposes an algorithm that is capable

of transferring when the value functions between the source and target task differ in

representation or the source and target reinforcement learning algorithms vary.

Other methods in parameter transfer aim at automatically learning a suitable

mapping between source and target tasks. In [103, 104] MASTER is proposed. MAS-

TER identifies the best state mapping that guarantees the best prediction of the

dynamics of the target environment.

Instance Transfer The first attempts to perform transfer between MDPs with

differences in their domains are these described in [104, 106]. Given difference between

the source and target MDPs state and action spaces, these methods make use of a

hand coded intertask mapping to perform transfer. This mapping is split into two sub-

mappings. The first, called interstate mapping, χS , relates the source and target task

state spaces, while the second, called interaction mapping, χU , relate the action spaces

between the tasks. Given χS and χU , samples in the source are then transformed into

target samples. Taylor et al. [108] makes use of model-based reinforcement learning

algorithms to benefit from the transformed samples.

In this dissertation three methods that automatically learn intertask mappings

between source and target tasks are contributed. In the first [5], the assumptions

made in [108] are relaxed. More specifically, rather than assuming that both the

interstate and interaction mappings are provided by the designer, only a common

state-subspace is assumed available. Using this subspace (see Chapter 4) both an
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interstate and an interaction mapping are learned. To provide an automated approach

to learn the intertask mapping, a method based on sparse coding is contributed in [16].

The main idea is to automatically discover a relevant feature space that is capable

of representing similarities between the dynamics of the source and target tasks (see

Chapter 5). This space can then be used to automatically learn an intertask mapping

and thus perform successful transfer. Finally, a more robust alternative, based on

restricted Boltzmann machines, is detailed in [4].

3.6 Conclusions

It is clear from the survey in this chapter, prior to the contributions of this disser-

tation, there are no transfer learning algorithms capable of automatically performing

deep transfer between two RL tasks. The above algorithms either assumed, that the

mapping between the two tasks was given or such a mapping is not needed. Even

these that tried to learn such a mapping, which is essential for enabling transfer,

mostly assumed same domains (i.e., state and action spaces) between the tasks.

Aiming at automated transfer algorithms, the next Chapter (i.e., Chapter 4), rep-

resenting the one of the contributions of this this dissertation, describes the first at-

tempts to create a fully automated algorithm capable of learning an intertask mapping

between two RL tasks. The method described next is not fully automated though,

since it requires a manually defined common subspace. This can then be used to

relate triplets of the source and the target, to learn an intertask mapping.



4
Towards Automated Intertask Mappings

This chapter is based on: H. B. Ammar and M. E. Taylor, “Common Subspace

Transfer for Reinforcement Learning Tasks,” in Lecture Notes on Artificial Intelli-

gence (LNAI), 2011.

As mentioned in the previous chapter, transfer can be categorized according to

the intertask mappings used. Most of the current transfer algorithms either hand

code such mappings, or assume that they are not needed by imposing restrictions

on the problem. In this chapter an approach aiming at reducing human intervention

in designing intertask mappings is explained. However, the proposed method is not

completely autonomous. The designer has to first design a common state subspace

that describes the similarities shared between the tasks. Transitions are then project

onto such a subspace and a simple similarity measure is adopted to relate them

together. Having these relations, an intertask mapping can be learned 1. This work

makes use of locally weighted regression, to learn the intertask mapping.

This chapter, also provides a proof-of-concept for the proposed method in different

experiments. The first experiment shows successful transfer from a single mass system

to a double mass system. The second experiment uses a policy learned on the simple

inverted pendulum task to improve learning on the cart-pole swing-up problem.

Although this approach works in a deterministic model based setting, requires

a human-specified subspace and is demonstrated using one reinforcement learning

algorithm, results successfully show:

1. an inter-state mapping can be learned from data collected in the source and

target tasks with an acceptable number of samples;

2. this inter-state mapping can effectively transfer information from a source task

to a target task, even if the state representations and actions differ;

1Further automation for learning the intertask mapping is described in the coming chapters.
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3. an agent that uses transferred information can learn a higher quality policy in

the target task, relative to not using this information, when keeping the number

of samples in the target task fixed and without using an explicit action mapping;

and

4. an agent using information transferred from a source task can learn an optimal

policy faster in the target task, relative to not using this information, when

it has access to an unlimited number of target task samples thus reducing the

number of samples in the target task.

4.1 Problem Definition

In this section the problem definition according to the survey of the previous chapter

is detailed. Each of the source and target tasks are MDPs. These vary in each of

their constituents. More specifically, the approach described here makes no restrictive

assumptions on the type of variations between the tasks. In other words, not only the

probability distributions or reward functions may vary between the tasks, but these

variations can also happen between the state and/or action spaces.

Therefore, the tackled problem is a deep transfer one, which is substantially harder

than other forms of shallow transfer, such as these tackled in reward shaping, imitation

learning, or lifelong learning. Furthermore, to increase the scope of applicability of the

proposed method, the state spaces of both the source and target tasks are continuous

in nature.

Moreover, the source agent has already learned a near-optimal behavior and access

to samples from the source and target task is available. In this work, learning the

intertask mapping is split into two phases. In the first an inter-state mapping relating

the state spaces of the source and target task together is learnt through a manually

designed state subspace. Having the interstate mapping, χinterS , the second phase

commences to learn an inter-action mapping χinterU , which depends on χinterS to

generate an initial policy in the target task. The intuition is that if the two tasks are

related, then this starting policy in the target will help the target agent to learn a

successful behavior faster compared to starting from scratch.

Problem Definition: Given two MDPs M1 = 〈S1,U1, T1,R1, γ1〉 and M2 =

〈S2,U2, T2,R2, γ2〉, where Si, Ui, Ti, Ri, and γi correspond to the state space,

actions space, transition model, reward function, and discount factor for all i ∈
{1, 2} representing the source and target tasks’ MDP constituents, respectively,
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and some additional knowledge in both the source and the target, learn two

mappings χinterS and χinterU .

As in any other transfer learning framework additional knowledge is assumed to

be available. In this work, the knowledge available in the source is twofold: (1)

random state successor state transitions, and (2) optimal source policy π?1 . Such a

policy can be used to generate “optimal” transitions that can then be transferred to

aid the target agent. Furthermore, additional knowledge in the form of random state

successor state transitions are also available in the target. In the first phase, these

and the random samples of the source help in learning an inter-state mapping. It is

worth noting, that randomly generating these samples is essential. The reason is that

the mapping needs to operate within a broad range of the state and action spaces of

both tasks. Learning mappings based only on optimal transitions, can not generalize

well to broader unobserved ranges of the state and/or action spaces. However, after

learning such a broad range mapping, transferring “bad” information might “hurt”

the target agent. Therefore, in the second phase, only optimal transitions in the

source are used to construct a starting policy in the target.

4.2 Overall Framework Description

The overall framework is shown in Figure 4.1. Firstly, starting from both state spaces

S2 and S1 of both MDPs an inter-state mapping, χinterS is learnt. This is shown by

the dotted line at the top of the figure. Such a mapping is attained by projecting the

state successor state transitions from both the source and target task onto a common

subspace.

Having χinterS , an inter-action mapping is then indirectly attained. Learning

the inter-action mapping between the tasks is shown at the bottom side of Fig-

ure 4.1. Starting from some initial state in the target task’s state space, all q2 actions

are executed leading the system to transition into q2 successor states, denoted by

s
(1)′
2 , s

(2)′
2 , . . . , s

(q2)′
2 . These successor states are then projected into the common sub-

space to produce SC = {s′(1)
1,c , . . . , s

′(q2)
1,c }. To determine which of the executed actions

is best, knowledge from the source task is now used. Since “good” information is

useful for transfer, then the optimal source task policy is used. This is done in three

phases. First, the target state, is mapped to the source using the learned inter-state

mapping χinterS . Second, starting from this projected state, which is now described

in the source, the optimal policy π?1 , is used to transition to the optimal successor

state s?′1 as shown in Figure 4.1. Third, the successor state is projected again to the
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common subspace, where it is to be compared with the other transitions of the target.

This comparison is conducted using a simple similarity measure, and the target ac-

tion causing the most similar transition to the optimal is chosen as a “good” starting

action.

S2S1

...

s
(1)′
2 s

(2)′
2 s

(q2)′
2

Common Subspace

π⋆
1

s⋆′1 s
′(1)
1,c s

′(2)
1,c s

′(q2)
1,c

Similarity

Target Policy

u
(1)
2 u

(2)
2 u

(q2)
2

χinterS

F2F1

Target 
Learner

π
(0)
2 π

(⋆)
2

Figure 4.1: High-level schematic of the overall framework.

The overall process is repeated from different initial states to have a data set of

the form DT = {s(i)
2 , a

(i)
2 }mi=1 that can be used to approximate a starting initial policy

π
(0)
2 in the target. Although, π

(0)
2 might be a good start for the target agent, it is

not optimal. π
(0)
2 still has to be improved in the target in order to reach the optimal

policy π?2 .

The details of each of the above phases are explained in the remainder of this

chapter. Section 4.3 describes how an inter-state mapping can be learned between

two tasks by leveraging a distance-minimization algorithm. Section 4.4 shows how

the learned mapping can be used to transfer information between a source and target

tasks. Experiments in Section 4.5 evaluate the entire system on two pairs of tasks.

Finally, Section 4.6 concludes with a discussion and future work directions.
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4.3 Learning an Inter-State Mapping

At a high-level, the transfer framework can be decomposed into three major phases.

In the first phase, the function χinterS , mapping the states from M2 into M2 is

learned. χinterS is learned by collecting transitions from the source task and target

task and identifying correspondences. The second phase finds an initial policy for task

two, π
(0)
2 in M2, by identifying actions in the target task that are most similar to

actions selected in the source task by π∗1 (see Section 4.4). The third phase uses sam-

ples gathered by π
(0)
2 as an initialization for fitted value iteration, rather than using

randomly selected samples, finding an optimal policy π2
∗ of M2 (see Section 4.4).

To learn the interstate mapping a common subspace describing the similarity be-

tween the two tasks is essential. A common task subspace, Sc, is defined as a subspace

that describes shared characteristics between the tasksM1 andM2. Generally, Sc has

a lower dimensionality than S1 or S2 and is determined by common state semantics

shared between the two tasks. This subspace is described via the control problem’s

definition or is user defined. In many cases, manually defining such a common task

subspace is relatively easy. In the case of control problems, the subspace construction

can be influenced by the particular goal or goals an agent must achieve in a task.

As an illustration, consider the problem of transfer between agents with two different

robotic arms, each of which has acts in a different dimensionality space (i.e., has a

different description of state because of different sensors and or degrees of freedom).

In this case, Sc can be defined as the position and orientation of the end effector in

both robots. Thus, even with such nonlinear continuous MDPs setting, attaining a

common task space requires less effort than trying to manually encode the action and

state variables mappings as used to be done in other transfer learning approaches.

Sc is used to determine the correspondence between state successor state pairs of

M1 and M2, which in turn will generate data used to approximate χinterS . Given

that the two tasks are related through some common task subspace Sc ∈ Rdc , a

function χinterS : S2 → S1, mapping the two state spaces of M1 and M2 together is

learned. As discussed in Section 4.4, χinterS alone is capable of transferring policies

from M1 to M2 by effectively finding a good prior for the agent in M2.

Details on Learning χinterS

To learn χinterS three ingredients are needed as inputs: (1) n1 state successor state

patterns of the d1 dimensional state space S1, 〈s1, s
′
1〉 (gathered from interactions with

the source task), (2) n2 state successor state patterns of the d2 dimensional state space

S2, 〈s2, s
′
2〉 (gathered from interactions with the target task), and (3) a common task

subspace Sc with dimensions dc ≤ min{d1, d2}. The reasons behind this restriction
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are twofold: (1) shared information between tasks is highly probable to occur in a

lower dimensional manifold [113], and (2) in typical practices it is easier to define

a lower dimensional space compared to a high dimensional one [9]. Algorithm 14

proceeds by projecting each of the above patterns into Sc, attaining n1 patterns of

the form 〈s(i)
c,1, s

′(i)
c,1 〉, were the subscript {c, 1} denotes mapping states from S1 into

states in Sc, for i = {1, 2, . . . , n1}, corresponding to the projected S1 states (line 2 of

Algorithm 14). This can be written in a matrix format as follows. Define:

S1 =


s

(1)T
1

s
(2)T
1

...
...

...

s
(n1)T
1

 ,

to be the matrix collecting all the source task states as row vectors. Therefore S1 ∈
Rn1×d1 . Next, define the projection matrix F1 ∈ Rdc×d1 to be the matrix collecting

all the projection functions operating on all the samples. The projected n1 samples

described in the common subspace, can now be attained using:
s

(1)
c,1

s
(2)
c,1
...

s
(n1)
c,1

 = F1

[
ST1

]

Additionally, n2 patterns of 〈s(j)
c,2, s

′(j)
c,2 〉 are found on line 4 of Algorithm 2, where

the subscript {c, 2} represents the notion of state space S2 states in Sc and j =

{1, 2, . . . , n2}, corresponding to the projected S2 states. This can be done in the

same manner as in the previous case as follows:
s

(1)
c,2

s
(2)
c,2
...

s
(n2)
c,2

 = F2

[
ST2

]

The algorithm next calculates a minimum Euclidian distance on the n1 and n2

patterns (lines 6–8). Once a correspondence between the projected states in Sc has

been found, full states rather than subspace states are required to train χinterS . These

are found by projecting all the state combinations in S1 and S2, lines 10–12, generating

the recommended sc,1 and sc,2 (further discussed in Section 4.3) and assigning labels
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Algorithm 14 Learn an Inter-State Mapping

Require: n1 random samples of 〈s(i)
1 , s

′(i)
1 〉n1

i=1; n2 random samples of 〈s(k)
2 , s

′(k)
2 〉n2

j=1;
f1 and f2 representing the functions projecting S1 and S2 into Sc, respectively;
and threshold β1

1: for i = 1 → n1 do

2: 〈s(i)
c,1, s

′(i)
c,1 〉 ← f1

(
〈s(i)

1 , s
′(i)
1 〉
)

3: end for
4: for j = 1 → n2 do

5: 〈s(j)
c,2, s

′(j)
c,2 〉 ← f2

(
〈s(j)

2 , s
′(j)
2 〉

)
6: end for
7: for k = 1 → n2 do
8: for l = 1 → n1 do
9: d(l) ← ||〈s(l)

c,1, s
′(l)
c,1 〉 − 〈s

(k)
c,2 , s

′(k)
c,2 〉||2

10: end for
11: Calculate l∗ ← arg minl d

(l)

12: if d
(l∗)
best ≤ β1 then

13: s
(k)
c,1 ← all combinations of s1

14: s
(l∗)
c,2 ← the combinations of s2

15: Collect all combinations of the latter s2 and s1 as inputs and outputs, re-
spectively, to approximate χinterS

16: else
17: Do Nothing: ignore current sample
18: end if
19: end for
20: Approximate χinterS

and inputs respectively. The algorithm collects these combinations (line 12) so that

χinterS represents a best fit mapping between S2 and S1 via Sc.

Problem: Mapping Unrelated States

At this stage two potential problems arise. First it is possible that states in S2 are

mapped into states in S1, even when they are not related. This is a common problem

in transfer learning (related to the problem of negative transfer [107]) and cannot

be fully solved here, but can be remedied by considering the distance between the

successor states.

Consider patterns in the target task, 〈s2, s
′
2〉, and a pattern in the source task,

〈s1, s
′
1〉. Using Algorithm 14, lines 2 and 4, f2 and f1 map each of the successor states

into the common sub-space as 〈sc,2, s′c,2〉 and 〈sc,1, s′c,1〉 respectively. If the distance

d, as measured by ||〈sc,1, s′c,1〉, 〈sc,2, s′c,2〉||2, is greater than some threshold parameter
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(line 9), it suggests this mapping is suspect because the initial state successor state

pair, 〈s2, s
′
2〉, has a poor correspondence with the source task pattern, potentially

harming the agent’s performance in M2.2 This state may not be the best choice for

a prior in the target task — only states with small distances are used as inputs and

outputs for the supervised learning algorithm.

Problem: Non-injective Mapping

The second potential problem is that the function χinterS must map all state variables

from the target task into the source task. However, the correspondence between the

inputs, states in S2, and the outputs, states in S1, was found in the common state

subspace Sc. The projection functions, f1 and f2, from S1 and S2 respectively, are

not-injective. Thus, there may be a problem when attempting to fully recover the

initial data points in S1 and S2, corresponding to sc,1 and sc,2, which is critical when

approximating χinterS .

This problem is approached by verifying all possible states in s1 ∈ S1 and s2 ∈ S2

corresponding to the intended sc,1 and sc,2 respectively. Then consider all combina-

tions of the initial states, on line 12, that were mapped together using Algorithm 14,

as inputs and outputs are considered. By that, the need for an inverse mapping f−1
1

and f−1
2 to recover the original states in S1 and S2 is avoided. Once the correspon-

dence between the patterns of S1 and S2 has been determined, a supervised learning

scheme attains χinterS . Locally weighted regression (LWR), was used (line 15 of Algo-

rithm 14) to approximate χinterS , which is used in turn to determine the transferred

policy, π
(0)
2 , as described in the following section.

4.4 Policy Transfer and RL Improvement

To transfer between agents with differences in the action spaces some type of mapping

representing the relations between the allowed actions of the source and target agent

must be learned. In finding a mapping of the action spaces between the tasks, there

exists the problem of the difference in dimensions between the two action spaces.

Solving this problem could not be approached as done for the state space case, since

it is not trivial to determine some common action space shared between the tasks to

be projected to to find the inputs and labels which in turn would be used to map the

action spaces together.3

2Even if the two tasks are closely related this could occur due to a large difference in the action
spaces of the two tasks.

3This is in addition to the problem of determining an inverse mapping for χinterS , since the to
approximate a starting policy in the target task prevails.
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Rather than approaching this problem explicitly and constructing a mapping be-

tween the action spaces of the tasks, an implicit mapping using the inter-state mapping

learned is rather developed.

The inter-state mapping, χinterS , will enable transfer from M1 to M2. This

transfer is based on a similarity measure between state and successor states in both

MDPs, in the sense that only state transitions that relatively have acceptable distance

measures are taken into account. First, some states inM2 are reflected, using χinterS ,

into M1. Then, the optimal action will be chosen for that state and the system

transitions into some successor state in M1, according to the source task transition

probability. From the corresponding state in M2, all the actions in U2 are executed

to transition to new successor states. These are reflected through χinterS to their

corresponding inM1. Finally, the action that produces a successor state inM2 with

a minimum distance to the optimal transition in the source is taken as the best action.

This section will further detail the above scheme and explain how χinterS is used to

conduct policy transfer between the two MDPs.

Policy Transfer Scheme

The inter-state mapping, as learned in the previous section, is capable of providing

the agent in the target task with an informative prior. Finding the transferred policy,

π
(0)
2 , is done in two phases. First, state-action pairs are collected in the source task,

according to π∗1 . Second, π
(0)
2 is constructed from the collected samples, and the

learned inter-state mapping.

Algorithm 15 needs to be able to generate successor states for both MDPs, lines 5–

7. Thus, it is necessary for Algorithm 15 to have access to a transition model or

simulator, where agents in both tasks can generate next states by taking actions.

Algorithm 15 finds an action, u2 ∈ U2, for a state s2 ∈ S2, by using the inter-state

mapping, χinterS , and a user-defined threshold, β2. Using χinterS , the algorithm maps

each of the m random states, s
(1)
2 –s

(m)
2 , to corresponding states, s

(1)
1 –s

(m)
1 . It then

selects on action, u1, for a state in S1, according to the optimal policy of M1, and

transitions into the optimal s′1 state according to the probability transition function

T1(s1, a1).

The algorithm examines all possible actions in U2 from the given initial state s
(i)
2

to transient to q2 different subsequent states s′2 (see line 6 – 7 of Algorithm 15). Then

for each s′2, χinterS is used again to find the corresponding s′1 denoted by s′1,c in the

algorithm, line 8. At this stage, a minimum distance search between the attained

s′1,c and the action recommended by π∗1 is executed. If the distance is below the

user defined threshold β2 then the action a2 corresponding to the minimum distance

is chosen to be the best action for that random initial state s2. This sequence is
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Algorithm 15 Collect State-action Pairs

Require: m random initial s2 states, optimal policy of the first system π∗1 , probability
transition functions of the two systems T1(s1, u1) and T2(s2, u2), the action space
of system two U2, and distance threshold β2

1: Set q2 to be the size of U2

2: for i = 1 → m do
3: s1

(i) ← χinterS (s2
(i))

4: u
(i)
1 ← π∗1(s

(i)
1 )

5: Attain s
′(i)
1 ∼ T1(s1

(i), u1
(i)) sampled according to the state transition proba-

bility T1

6: for k = 1 → q2 do

7: Attain s
′(k)
2 ∼ T2(s2

(i), u2
(k)) sampled according to the state transition prob-

ability T2

8: Attain the corresponding s
′(k)
1,c ← χinterS (s

′(k)
2 ) using the inter-state mapping

χinterS
9: d(k) ← ||s′(i)1 − s′(k)

1,c ||2
10: end for
11: d

(i)
best ← mink(d(k))

12: j ← arg mink d
(k)

13: if d
(i)
best ≤ β2 then

14: Collect the pattern (s
(i)
2 , u

(j)
2 ) as one training pattern to approximate π

(0)
2

15: else
16: Do nothing: Ignore this sample
17: end if
18: end for
19: Using collected patterns, approximate π

(0)
2

repeated for the m different random initial states of S2, resulting in a data set of

state-action pairs in the target task, guided by π∗1 .

This data set is used to approximate π
(0)
2 , done via LWR in our experiments, and

this policy will be used as a starting policy by the target task agent.

Improving the Transferred Policy

The policy π
(0)
2 serves as an initial policy for the M2 agent — this section describes

how the policy is improved via Fitted Value Iteration (FVI), using an initial trajectory

produced by π
(0)
2 .

To attain an optimal policy in the target, we used a minor variant of FVI, where

the value function is repeatedly approximated after fitting the Ψ values. Starting

from a small number of initial states, f , sampled through π
(0)
2 , we attempt to find an

optimal policy π∗2 , by iteratively re-sampling using the fitted Ψ values as needed.
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Algorithm 16 Fitted Value Iteration Algorithm + Transfer

1: Starting from random initial states, sample f states according to π
(0)
2

2: Ψ← 0
3: n2 ← the size of the action space U2

4: repeat
5: for i = 1 → f do
6: for all u2 ∈ U2 do
7: q(u2)← R(s(i)) + γV (s(j)′)
8: end for
9: y(i) ← maxu2∈U2 q(u2)

10: end for
11: Ψ← arg minΨ

∑f
i=1 (y(i) −ΨTΦ(s(i)))

2

12: Greedily sample new f states according to the fitted Ψ values representing
πfit = arg maxaEs′∼Tsa [ΨTΦ(s′)]

13: until Ψ converges
14: Represent π∗2 = arg maxaEs′∼Tsa [ΨTΦ(s′)]

Algorithm 16 works to find optimal values for the parameters to fit the value

function on a set number of samples, which were sampled using πtr. Then, after each

iteration of the repeat loop, Algorithm 16 samples a new set of states according to

current policy represented by πfit. The sampling / value fitting process is repeated

until convergence, attaining an optimal policy. The difference between Algorithm 16

to the normal fitted-value iteration algorithm, is that the initial samples are not

gathered according to a random policy, but by following π
(0)
2 . Assuming that π

(0)
2 is

a “good” prior, this procedure will focus the exploration of the policy space.

4.5 Experiments

As a proof of concept, our algorithms were tested on two different systems. The first

was the transfer from a single mass spring damper system to a double mass spring

damper system, as shown in Figure 4.2 (repeated from Chapter 3). The second

experiment transferred between the inverted pendulum task to the cartpole swing-up

task. The following two sub-sections will discuss the details of the experiments and

their results.

The values of the discount factor γ, used in the fitted value iteration algorithms

were fixed to 0.8 while those of β1 and β2, used in Algorithms 14 and 15, were fixed

at 0.9 and 1.5, respectively. In fact, we found that varying the values of β1 and β2

did not significantly affect the performance of the algorithms, suggesting that our
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k2,2

d2,2

u2 ∈ U2

(b) Double Mass System

Figure 4.2: The single mass spring damper system in (a) and the double mass spring
damper system in (b).

algorithms are robust to changes in these parameters.4

Single to Double Mass

For the first experiment, a policy between the systems shown in Figure 4.2 was trans-

ferred. S1 is described by the {x1,1, ẋ1,1} variables, representing the position and the

velocity of the mass M1,1. The agent is allowed to apply a force from the action set

U1.

Single and Double Mass

The single mass system, shown in Figure 4.2(a), oscillates horizontally, according to

the following:

M1,1ẍ1,1 = u1 − k1,1x1,1 − d1,1ẋ1,1

where u1 ∈ U1 is the action chosen by the agent, ẍ1,1 is the mass acceleration, and

ẋ1,1 is its velocity.

For the double mass system, shown in Figure 4.2(b), S2 = {x1,2, ẋ1,2, x2,2, ẋ2,2},
representing the position and the velocity of M1,2 and M2,2. The agent is allowed to

apply a force from the action set U2. The system the oscillates horizontally, according

to the following:

M1,2ẍ1,2 = −k1,2x1,2 − d1,2ẋ1,2 + k2,2(x2,2 − x1,2) + d2,2(ẋ2,2 − ẋ1,2)

M2,2ẍ2,2 = u2 + k2,2(x1,2 − x2,2) + d2,2(ẋ1,2 − ẋ2,2)

4When having similar tasks, it is likely that the distances attained are reflective. Therefore, We
believe that carefully setting β1 and β2 may only be necessary when the source and target tasks are
very dissimilar but we leave such explorations to future work.
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where u2 ∈ U2, k1,2 is the spring constant of the first mass, d1,2 is the damping

constant of the first mass, k2,2 is the spring constant for the second mass, and d2,2 is

the damper of the second mass.

A reward of +1 is given to the agent of system one if the position of the mass

M1,1 is 1 and −1 otherwise. On the other hand, a reward of +10 is given to the

agent of system two if the position and the velocity of the mass M1,2 is 1 and 0

respectively, and otherwise a reward of −10 is given. The action spaces of the two

systems are U1 = {−15, 0, 15} and U2 = {−15,−10, 0,+10,−15}, describing the force

of the controller in Newtons. The agent’s goal is to bring the mass of system two,

M1,2, to the state s2 = {1, 0}, which corresponds to a position of 1 (x1,2 = 1) and

a velocity of zero (ẋ1,2 = 0). In our transfer learning setting, the agent relies on an

initial policy delivered from the controller of the system M1 and improves on it. In

the source task, Fitted Value Iteration (FVI) found a policy to bring the mass M1,1

to the s1 = {1, 0} goal state.

Common Task Subspace

In both mass systems the control goal is to settle the first mass so that it reaches

location x = 1 with zero velocity. Thus, the common task subspace Sc is described

via the variables x and ẋ for mass #1 in both systems.

Source Task: Single Mass System

The FVI algorithm was used to learn an optimal policy, π∗1 , for the first mass system.

A parametric representation of the value function was used: V (s) = ΨTΦ(s) and

V (s) = (ψ1 ψ2 ψ3 ψ4 ψ5)(x2
1,1 x1,1 ẋ

2
1,1 ẋ1,1 1)

>
.

Algorithm 16 but starting from random samples (source task), was able to converge

to the optimal parametric values approximating the value function on a single core of

a dual core 2.2 GHz processor in about 18 minutes, after starting with 5000 random

initial samples. The resulting controller, represented as values in Ψ, was able, in

0.3 simulated seconds, to control the first mass system in its intended final state:

s1 = {1, 0}.

Target Task: Double Mass System

To test the efficacy of our learned χinterS by Algorithm 14 and transfer method using

Algorithms 15 and 16, the values for n1 and n2 were varied from 1000–8000, which

correspond to the number of samples used in the target task.5 Fitted value iteration

was run with these different sets of samples, which were in turn used to generate

5This corresponds to roughly 10–175 states ignored in Algorithm 14, line 14.
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Figure 4.3: This graph compares the performance of converged policies on the double
mass system, as measured over 1000 independent samples of random start states in
the target task measured over independent 500 trials. The x-axis shows the number
of target task states used by FVI and the y-axis shows the average reward after FVI
has converged (without resampling the states).

policies for the target task. The performance of these policies in the target task,

after convergence, are shown in Figure 4.3, and are compared to using random initial

samples (i.e., no transfer).

The results in Figure 4.3 show that FVI performs better when initialized with a

small number of states sampled from π
(0)
2 than when the states are generated by a

random policy. Further, results confirm that as the number of samples increase, both

transfer and non-transfer learning methods converge to the (same) optimal policy.

Conclusion I: π
(0)
2 , which uses the learned χinterS , allows an agent to achieve a

higher performance with a fixed number of sampled target task states compared to a

random scheme.

Algorithm 16 was also used to attain the optimal policy π∗2 when supplied with

7000 initial points, where the points were sampled randomly and from π
(0)
2 . The

convergence time to attain an optimal policy starting from the initial states generated

through π
(0)
2 was approximately 4.5 times less than that starting from randomly

sampled initial states.

Conclusion II: π
(0)
2 allows an agent to converge to an optimal policy faster by



4.5. Experiments 105

“correctly” sampling the initial states for FVI that are improved on.

Inverted Pendulum to the Cartpole Swing-up

For the second experiment, we transferred between the IP and CP systems shown in

Chapter 3. A detailed description of the task’s dynamics can be found in Chapter 3.

S1 is described by the θ1 and θ̇1 variables representing the angle and angular speed of

the inverted pendulum respectively. S2 is described by θ2, θ̇2, x, and ẋ representing

the angle, angular speed, position, and velocity of the cartpole, respectively.

The reward of system one (inverted pendulum) was defined as R1 = cos(θ1) while

that of system two (cartpole swing up) was R2 = 10 cos(θ2). The action spaces of the

two systems are U1 = {−15,−1, 0, 1, 15} and U2 = {−10, 10}, describing the allowed

torques, in Newton meters, and forces, in Newtons, respectively. The cart is able

to move between −2.5 ≤ x ≤ 2.5. The agent’s goal in the source task is to bring

the pendulum of system two to state s2 = {0, 0}, which corresponds to an angle of

0 (θ2 = 0) and an angular velocity (θ̇2 = 0). In our transfer learning setting, the

agent relies on an initial policy delivered from the controller of the first system and

improves on it. In the source task, FVI found a policy to bring the pendulum to the

state s1 = {0, 0}.

Common Task Subspace

In both systems the control goal is to settle the pendulums in the {0, 0} upright state

corresponding to an angle of zero and an angular velocity of zero. Thus, the common

task subspace Sc is described via the variables θ and θ̇ of both systems.

Source Task: Simple Pendulum

The FVI algorithm was used to learn an optimal policy, π∗1 . A parametric represen-

tation of the value function was used: V (s) = ΨTΦ(s) and:

V (s) = (ψ1 ψ2 ψ3 ψ4 ψ5)(θ2
1 θ1 θ̇

2
1 θ̇1 1)

>

Algorithm 16, was able to converge to the optimal parametric values approximat-

ing the value function when on a single core of a dual core 2.2 GHz processor in about

23 minutes after starting from 5000 random initial samples. Then the controller was

able, in 0.2 simulated seconds, to control the inverted pendulum in its intended final

state s1 = {0, 0}.
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Figure 4.4: This figure compares the performance of the cartpole swing-up task,
measured by the averaged reward, vs. different numbers of initial starting states.
Starting states can be sampled via the transfer policy (from the inverted pendulum
task) or randomly.

Target Task: Cartpole Swing-up

To test the efficacy of the learned χinterS using Algorithm 14 and the transfer method

using Algorithms 15 and 16, the values for n1 and n2 were varied from 1000 – 10000,

which corresponded to the number of samples in the target task.6 Fitted value itera-

tion was run with these different sets of samples, which were in turn used to generate

policies for the target task. The performance of these policies in the target task, after

convergence, are shown in Figure 4.4, and are compared to the random scheme (i.e.,

no transfer).

The results in Figure 4.4 show that FVI performs better when initialized with a

small number of states sampled from π
(0)
2 than when the states are generated by a ran-

dom policy. Further, the results confirm that as the number of samples increase, both

transfer and non-transfer learning methods converge to the (same) optimal policy.

Finally, Algorithm 16 was used to learn the optimal policy π∗2 when supplied

with 7000 initial points, where the points were sampled randomly and from π
(0)
2 .

The convergence time, starting from the initial states generated through π
(0)
2 , was

6This corresponds to roughly 18 – 250 states ignored in Algorithm 14, line 14.
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approximately a factor of 6.3 less than that starting from randomly sampled initial

states.

These results, summarized in Table 4.1, confirm the conclusions made in Sec-

tion 4.5. The performance, as measured by the final average reward, was higher when

using TL than when using randomly selected states. Furthermore, FVI was able to

find an optimal policy in fewer minutes, denoted by T in the table, when using TL

than when using randomly selected initial states.

Table 4.1: Experiment Results Summary

Double Mass System
No TL With TL

Transitions Reward Time Reward Time
1000 1.7 6.5 3.9 4.5
5000 8.7 27 9.1 9.5
10000 9.9 43 9.9 11.8

Cartpole Swing-up
No TL With TL

Transitions Reward Time Reward Time
1000 1.4 10 3.1 7
5000 6.09 32 8.4 15
10000 9.9 160 9.9 27

4.6 Conclusions & Future Work

A novel transfer learning approach based on the presence of a common subspace

relating two tasks together was presented. The approach is composed of three major

phases:

The first is the determination of the inter-state mapping χinterS , relating the state

spaces of the tasks, using a common task subspace, Sc, as described in Section 4.3. It

relies on distance measures among state successor state pairs in both tasks to achieve

the goal of finding a correspondence between the state spaces of the two tasks and

then conducts a function approximation technique to attain χinterS .

The second is the determination of starting policy in the target task, π
(0)
2 , based

on similarity transition measures between the two related tasks as presented in Sec-

tion 4.4. This is achieved by mapping state successor states pairs in the target task

back to corresponding pairs in the source task and then conducting a search to the

most similar transition recommended by the optimal policy of the source task. The

action in the target task with the closest similarity to that in the source task ac-
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companied with the intended initial state is used to approximate a good prior in the

target task.

The third is using π
(0)
2 as a starting prior for the agent in the target task, detailed

in Section 4.4. Here, the states recommended by π
(0)
2 are used as an initial trajectory

to start from and improve on.

Results show that the algorithm was able to surpass ordinary fitted value iteration

algorithms by attaining higher reward with fewer initial states. Additionally, results

showed significant time reductions when attempting to find optimal policies in the

target task, relative to the normal FVI algorithms.

In this approach, the common subspace required human intervention to be defined.

This allowed the inter-task mapping to be autonomously learned. In some cases, such

a space might be hard to manually define by a human. The next chapter improves

on the proposed method and suggests a framework that is capable of autonomously

learning an intertask mapping between different MDPs.



5
Sparse Coded Inter-Task Mappings

This chapter is based on: H. B. Ammar, M. E.Taylor, K. Tuyls, K. Driessens,

and G. Weiss, “Reinforcement Learning Transfer via Sparse Coding ,” in Proceedings

of the eleventh conference on Autonomous Agents and Multiagent Systems (AAMAS),

Valencia, Spain, 2012.

In common subspace transfer as defined in the previous chapter, learning an in-

tertask mapping was not fully automated but rather required a manually defined

common subspace. That subspace was then used to relate source and target triplets

needed to learn an intertask mapping. Although successful, it is sometimes hard to

define such a subspace manually. Aiming at solving this problem, this chapter de-

scribes a framework that is capable of automatically learning an intertask mapping

between MDPs with different constituents.

The primary contribution is a novel method to automatically learn an inter-task

mapping based on sparse coding, sparse projection learning, and sparse Gaussian

processes. In the first phase, two sparse coding steps are performed. In the first

step an automatic dimensional mapping of both the source and target task state-

action spaces is performed. While in the second, an automatic discovery of a high

dimensional informative space in the source task state-action space is executed. This is

also achieved through sparse coding, as described in Section 5.3, ensuring that transfer

is conducted in a high representational space of the source task. In order to use a

similarity measure among different patterns, the data should be present in the same

space. Therefore, the target task triplets are projected to the high representational

space of the source using sparse projection learning, as described in Section 5.3. The

third and final phase is to approximate the inter-task mapping via a non-parametric

regression technique, explained in Section 5.3.

Another contribution is to introduce two new algorithms for transfer between tasks

of continuous state spaces: Transfer Least Squares Policy Iteration (TrLSPI) and
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Transfer Fitted-Q-Iteration (TrFQI). Experiments illustrate the feasibility and suit-

ability of the presented approach, and furthermore show that this introduced method

can successfully transfer between two different RL benchmarks: transfer is successful

between the inverted pendulum and the cart pole, as well as between mountain car

and the cart pole.

5.1 Problem Definition

In this section the problem definition is detailed. Each of the source and target tasks

are MDPs. These vary in each of their constituents. More specifically, the approach

makes no restrictive assumptions on the type of variations between the tasks. In other

words, not only the probability distributions or reward functions may vary between

the tasks, but these variations can also happen between the state and/or action spaces.

Therefore, the tackled problem is a deep transfer one, which is substantially harder

than other forms of shallow transfer, such as these tackled in reward shaping, imitation

learning, or lifelong learning. Furthermore, to increase the scope of applicability of the

proposed methods, the state spaces of both the source and target tasks are continuous

in nature and the operation is in a model free setting.

Problem Definition: Given two MDPs M1 = 〈S1,U1, T1,R1, γ1〉 and M2 =

〈S2,U2, T2,R2, γ2〉, where Si, Ui, Ti, Ri, and γi correspond to the state space,

actions space, transition model, reward function, and discount factor for all

i ∈ {1, 2} representing the source and target tasks’ MDP constituents, respec-

tively, and some additional knowledge in both the source and the target, learn

an intertask mapping χ.

As in any other transfer learning framework, additional knowledge is assumed

to be available. In this work, the knowledge available in the source is twofold: (1)

random state-action-successor state transitions, and (2) (near-) optimal source policy

π?1 . Such a policy can be used to generate (near-) optimal transitions that can then be

transferred to aid the target agent. Furthermore, additional knowledge in the form of

random state-action-successor state transitions is also available in the target. These

and the random samples of the source help in learning an intertask mapping. It is

worth noting, that randomly generating these samples is essential. The reason is that

the mapping needs to operate within a broad range of the state and action spaces of

both tasks. Learning mappings based only on optimal transitions, can not generalize

well to broader unobserved ranges of the state and/or action spaces. However, after
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learning such a broad range mapping, transferring “bad” information might “hurt”

the target agent. Therefore, while transferring, only optimal transitions in the source

are used to construct a starting policy in the target.

5.2 Overall Framework

Contrary to the previous method, described in Chapter 4, the intertask mapping is not

split into two mappings. The main reason for combining these two together, is that if

an algorithm has to automatically learn an intertask mapping, it has to simultaneously

have knowledge about the state-action transitions. Moreover, combining the two gives

more flexibility for discovering novel combinations of the state and/or action variables

not available when the two mappings are split.

The overall procedure is shown in Figure 5.1. The easiest way to approach the

problem of learning the intertask mapping is using supervised learning. However, ac-

cording to the definitions of Section 5.1, χ maps state-action-successor state triplets

in the source to these in the target. Therefore, any supervised learning algorithm will

require a data set that has source transitions as inputs and target transitions as out-

puts. Unfortunately, it is nearly impossible for a human to manually determine which

transitions in the source correspond to which in the target. Thus, this problem has

also to be approached automatically. The simplest way to determine correspondence

is to use a distance measure and search for the transition in the target that is closest

to that in the source. However, these transitions might potentially belong to differ-

ent dimensions. Consequently, before seeking any correspondence, the dimensions of

these transitions should be unified.

To unify the dimensions a sparse coding step, denoted by “Sparse Coding Phase

One” in Figure 5.1, is followed. Namely, the transitions of the source are sparse coded

to attain the same number of dimensions as these of the target. Mainly, the idea is to

discover new features in the state-action spaces not anticipated by original variables.

However, the number of these new dimensions is limited to be the same as these of

the target task.

Essentially, at this stage any transfer learning algorithm can be adopted. However,

this new dimensional space might not be informative enough to conduct transfer. To

ensure that transfer is performed in a highly informative space, another step of sparse

coding is performed to discover “richer” features in the source (“Sparse Coding Phase

Two” in Figure 5.1). Here the number of new dimensions can be set to a high value.

Interestingly, due to the sparsity condition “unneeded” bases will end up attaining

close to zero activations (see [57]) and therefore will not contribute in the transfer

procedure.

This new space represents informative features in the source. However, it does
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Figure 5.1: A high level schematic of the overall approach. It consists of three major
phases. In the first high level features are detected in the source task MDP. In the
second, samples from the target task are projected to that space. Finally, in the last
phase (i.e., Phase Three), sparse Gaussian processes are used in order to learn the
intertask mapping.

not relate yet to the target state and action spaces. Therefore, to use the similarity

measure to determine the data set needed to approximate the intertask mapping,

target triplets need to be projected to this new space. Projection means finding

activations in the new bases that represent the original target transitions. This is

performed using sparse projection as shown by “Phase Two” of Figure 5.1.

Now, the similarity measure to correspond the source and target triplets can be

used. A minimum distance search between the source and the projected target triplets
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is conducted to attain the data set needed by the regressor to learn the intertask

mapping. Any supervised learning algorithm can be used. However, the intertask

mapping might be a highly complex relation and therefore, the nonparametric sparse

Gaussian processes framework (denoted by Phase Three in Figure 5.1) is adopted.

This intertask mapping can now be used to transfer samples from the source to

the target task. More specifically, starting from different initial states and using the

source task’s optimal policy π?1 , samples in form of state-action-successor states can be

attained. These can be passed through the inter-task mapping to have an initial batch

of samples in the target. Starting from these batches, a sample-based RL algorithm

can be used to attain the target’s optimal behavior.

Next, each of the above phases are detailed. Section 5.3 describes the three phases,

shown in Figure 5.1, needed to learn the inter task mapping. Section 5.4 describes

the novel proposed transfer algorithms, TrFQI and TrLSPI. Experimental details are

presented in Section 5.5. Namely, four transfer experiments from Inverted Pendu-

lum (IP) to Cart Pole (CP) and from Mountain Car (MC) to CP using TrFQI and

TrLSPI are shown. Section 5.6 presents an analysis and discussion of the proposed

framework. Finally, Section 5.7 concludes and draws upon interesting directions for

future research.

5.3 Learning an Inter-Task Mapping

In this section, the problem of learning an inter-task mapping, χ, is casted as a super-

vised learning problem. As discussed in the previous chapters χ is typically split into

an interstate mapping, χinterS , and an interaction mapping χinterU . Since the aim of

this work is to automatically learn such mappings, a more flexible definition of χ is

followed. Here, χ is defined to be a mapping between state-action-state triplets from

the source task to the target task. This allows the agent to construct mappings that

can potentially encode nonlinear combinations of state and/or actions as valid rela-

tions between the two tasks. Learning such a mapping requires related triplets from

both tasks as data points for training. Unfortunately, obtaining such corresponding

triplets is itself a hard problem — it is not trivial for a user to describe which triplets

in the source task correspond to which triplets in the target task.

The problem is approached by automatically transforming the source task space

(i.e., state-action-state space) into a higher representational space through SC, fol-

lowed by a sparse projection of the target task triplets onto the attained bases. An

Euclidean distance measure1 is then used to gauge similarity. At this stage, the data

1An Euclidian distance might not be optimal, but optimizing this measure is planned as future
research. Experiments show that more than reasonable results can be attained using this simple
approximation.
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set is ready to be provided to the learning algorithm so that it may construct the

inter-task mapping. Please note, that multiple regression techniques could be lever-

aged at this stage but this work focuses on a non-parametric approximation scheme

for two reasons. First, it is very hard for the user to presume a certain shape for

such a mapping, and second generalization from only a small amount of target task

transitions is desirable.

The following sections further clarify each of the above steps and explain the

technicalities involved.

Phase One: Sparse Coding Transfer for Reinforcement Learning

In phase one, two sparse coding (SC) steps are performed. The first insures that

the state-action spaces of both MDPs are described in the same dimensions. Having

this description already allows for transfer. However, this discovered space might not

be informative enough. To ascertain that transfer is conducted in a highly rich and

informative space, another step of sparse coding is preformed. Here SC discovers new

feature in the data unanticipated in the original dimensions. Each of the previous

steps, including their mathematical derivations are detailed next.

Mapping the Source and Target Dimensions

To generate triplet matchings through SC, the first step is to match the dimensions

of the state-action-state spaces of the source and target MDPs, which are likely to be

different. In principle, after this step any existing TL in RL technique can be used.

However, this paper goes further and proposes a new transfer framework based on

the discovered bases and activations, described in Section 5.4.

SC is an unsupervised feature extraction algorithm. Given two data sets D1 =

{〈s(i)
1 , u

(i)
1 , s

(i)′
1 〉}n1

i=1 and D2 = {〈s(j)
2 , u

(j)
2 , s

(j)′
2 〉}n2

j=1, where n1 and n2 represent the

number of transitions in the source and the target2, the first step makes use of sparse

coding to unify the dimensions of the source to the target. The mathematical deriva-

tions involved in determining the relevant optimization problem to be solved are

detailed.

Mathematical Derivations: Assuming that S1×U1×S1 ∈ Rd1 , and S2×U2×S2 ∈
Rd2 , with d1 < d2, SC tries to discover a set of over-complete basis by assuming a

Gaussian distribution on the reconstruction error and a Laplace distribution on the ac-

tivations. Given a source data D1 = {〈s(i)
1 , u

(i)
1 , s

(i)′
1 〉}n1

i=1, the goal is to describe each

vector ~α(i) = 〈s(i)
1 , u

(i)
1 , s

(i)′
1 〉 ∈ Rd1 as ~α(i) ≈ ∑d2

k=1 bka
(i)
k , where bk ∈ Rd1 . In the

2Typically, n2 << n1 where only few transitions are available from the target task.
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standard generative model, the reconstruction error (i.e., e(i) = ~α(i) −∑d2
k=1 bka

(i)
k )

is assumed to be distributed according to a zero mean Gaussian distribution with a

covariance of σ2I, where I is the identity matrix3. To favor sparsity, the prior dis-

tribution for each coefficient ak is defined as: p(a) = exp(−ζΛ(a))∫
exp(−ζΛ(s))ds

, where ζ ∈ R is

a constant , and Λ(.) is a sparsity function, such as: (1) the L1 norm ||ak||1 , (2) the

epsilon-L1 penalty (ak + ε)
1
2 , or (3) the log-penalty function log(1 + a2

k). For a more

comprehensive survey of these different functions, the reader is referred to [57]. This

leads to the following joint likelihood:

p (~α,A,B) ∝
n1∏
i=1

N
(

d2∑
k=1

a
(i)
k bk, σ

2

)
n1∏
i=1

[
d2∏
k=1

exp
(
−ζΛ(a

(i)
k )
)]

where, ~α is the collection of all inputs, A is the matrix collecting all the activations,

and B is the matrix concatenating all the vectors b.

Taking the logarithm yields the following:

log (p (~α,A,B)) ∝ log

(
n1∏
i=1

N
(

d2∑
k=1

a
(i)
k bk, σ

2

)
n1∏
i=1

[
d2∏
k=1

exp
(
−ζΛ(a

(i)
k )
)])

which gives:

log (p (~α,A,B)) ∝
n1∑
i=1

log

(
1√

2πσ2
exp

(
− 1

2σ2

∣∣∣∣∣
∣∣∣∣∣~α(i) −

d2∑
k=1

bka
(i)
k

∣∣∣∣∣
∣∣∣∣∣
2

2

))

+

n1∑
i=1

[
d2∑
k=1

[
log
(

exp
(
−ζΛ

(
a

(i)
k

)))]]

∝ log(const.)−
n1∑
i=1

1

2σ2

∣∣∣∣∣
∣∣∣∣∣~α(i) −

d2∑
k=1

bka
(i)
k

∣∣∣∣∣
∣∣∣∣∣
2

2

−
n1∑
i=1

[
d2∑
j=1

ζΛ

(
a

(i)
k

)]

Maximizing the above equation leads to the following minimization problem:

min
a(i),bk

1

2σ2

n1∑
i=1

||~α(i) −
d2∑
k=1

bka
(i)
k ||22 + ζ

n1∑
i=1

[
d2∑
k=1

[
Λ
(
a

(i)
k

)]]
s.t. ||bk||22 ≤ c, ∀k = {1, 2, . . . , d2} (5.1)

with, c ∈ R is a constant, and bk = [bk,1, bk,2, . . . , bk,d1 ]T . The constraint on the bases

3Please note, that the vectors are not indexed by the input data points since the question is to
determine a set of bases capable of describing all the given data points
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was added to assure numerical stability, see [57, 82]. The first thing to recognize in

Equation 5.1, is that the bases and the activations are not known in advance. The

optimization problem has to be solved to determine these. The condition on a “good”

solution is to: (1) minimize the reconstruction error, 1
2σ2

∑n1

i=1 ||~α
(i)−∑d2

k=1 bka
(i)
k ||22,

and (2) the activations should be induced sparsely.

Solving the optimization problem of Equation 5.1 is considered to be a tough

challenge since the problem is not convex in both the activations and bases. Lee et

al. [57], proposed to solve the above problem in two steps. In the first the bases are

fixed and a feature sign algorithm is used to determine the activations. Given these

activations, the next step commences to solve for the bases using Lagrange duals. It

is out of the scope of this chapter to dive into the details of solving the problem of

Equation 5.1. Interested readers are referred to [32, 57, 59, 83] for a comprehensive

discussion of the topic.

Unifying Source and Target Dimensions: The optimization problem above,

can now be applied to unify the source and target task state-action spaces. The “di-

mensional mapping” process is summarized in Algorithm 17. In short, it sparse codes

random triplets 〈s1, a1, s
′
1〉 from the task with the lowest dimensionality, constrained

to learn a number of bases (d2) equal to the higher dimension of the unmodified task

(regardless of which is the source and target task). Existing algorithms [57] are used

to solve the Equation from step 6.1 of Algorithm 17.

Algorithm 17 Sparse Coding TL for RL

Require: Triplets {〈s(i)
1 , u

(i)
1 , s

(i)′

1 〉}n1
i=1 and {〈s(j)

2 , u
(j)
2 , s

(j)′

2 〉}n2
j=1 from both MDPs.

1: Determine d1 and d2, the dimensions of the state-action-state spaces for both
MDPs, where d1 ≤ d2

2: Sparse code the lower dimensional triplets by solving:

min
{bj},{a(i)j }

n1∑
i=1

1

2σ2
||〈s(i)

1 , u
(i)
1 , s

(i)′

1 〉 −
d2∑
k=1

bka
(i)
k ||22

+ ζ

n1∑
i=1

d2∑
k=1

Λ
(
a

(i)
k

)
s.t. ||bk||22 ≤ c,∀k = {1, 2, . . . , d2}

3: Solve the above equation by using an existing algorithm [57]
4: Return the Activation matrix (A ∈ Rn1×d2) and the Bases (B ∈ Rd2×d1)

At this level, any algorithm that is capable of preforming transfer between tasks

of same state and/or actions spaces can be used. However, the discovered bases
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and activations might not be informative enough to ensure good transfer. Therefore,

the second step is to discover more informative features using another step of sparse

coding as detailed next.

High Information Representation

After mapping the source and target dimensions as described in the previous section,

SC is again used to discover a succinct higher feature bases of the activations than

the unified dimensional spaces discovered in Section 5.3. If successful this step will

discover new features in the source task that could better represent relations with the

target task than the bases discovered in Section 5.3.

Mathematical Derivations: Given the activation of the previous step, SC is con-

ducted again to discover new features in the data. To derive the optimization problem

to be solved, similar steps as in the previous SC step are applied. More specifically, a

Gaussian distribution is assumed on the reconstruction error, and a sparsity penalty

on the activations is added. This leads to the following joint likelihood:

p (A,C,Z) ∝
n1∏
i=1

N
(

dn∑
l=1

c
(i)
l zl, σ

2

)
n1∏
i=1

[
dn∏
l=1

exp
(
−ζ1Λ1(c

(i)
l )
)]

where, A is the matrix collecting all of the activation vectors, C is the matrix of all

activations, Z is the matrix of all basis vectors, ζ1 is a constant, Λ1 is the sparsity

penalty function, and dn represents the dimensions of the number of bases to be

discovered.

Taking the logarithm yields the following:

log (p (A,C,Z)) ∝ log

(
n1∏
i=1

N
(

dn∑
l=1

c
(i)
l zl, σ

2

)
n1∏
i=1

[
dn∏
l=1

exp
(
−ζ1Λ1(c

(i)
k )
)])
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which gives:

log (p (A,C,Z)) ∝
n1∑
i=1

log

(
1√

2πσ2
exp

(
− 1

2σ2

∣∣∣∣∣
∣∣∣∣∣a(i) −

dn∑
l=1

zlc
(i)
l

∣∣∣∣∣
∣∣∣∣∣
2

2

))

+

n1∑
i=1

[
dn∑
l=1

[
log
(

exp
(
−ζΛ1

(
c
(i)
l

)))]]

∝ log(const.)−
n1∑
i=1

1

2σ2

∣∣∣∣∣
∣∣∣∣∣a(i) −

dn∑
l=1

zlc
(i)
l

∣∣∣∣∣
∣∣∣∣∣
2

2

−
n1∑
i=1

[
dn∑
j=1

ζΛ1

(
c
(i)
l

)]

where, a(i) = [a
(i)
1 , a

(i)
2 , . . . , a

(i)
d2

]T .

Maximizing the above equation leads to the following minimization problem:

min
c(i),zl

1

2σ2

n1∑
i=1

||a(i) −
dn∑
l=1

zlc
(i)
l ||22 + ζ1

n1∑
i=1

[
dn∑
l=1

[
Λ1

(
c
(i)
l

)]]
s.t. ||zl||22 ≤ o, ∀l = {1, 2, . . . , dn}

where, o ∈ R is a constant, c(i) = [c
(i)
1 , c

(i)
2 , . . . , c

(i)
dn

]T , and zl = [zl,1, zl,2, . . . , zl,d2 ]T .

The constraint on the bases is again added to assure numerical stability. Solving this

minimization problem is also conducted using [57].

Discovering High Features: Algorithm 18, similar in spirit to Algorithm 17,

describes the process, in which the previous optimization problem is used to discover

new features. Algorithm 18 sparse codes the activations, which represent the original

Algorithm 18 Succinct High Information Representation of MDPs

Require: Activations A from Algorithm 17, Target number of new high dimensional
bases dn.

1: Represent the activations in the dn bases by solving the following problem (again
using the algorithm in [58]):

2:

min{zj},{c(i)j }
∑n1

i=1
1

2σ2 ||〈a1:d2〉(i) −
∑dn
j=1 zjc

(i)
j ||22

+ζ1
∑n1

i=1

∑dn
l=1 Λ1(c

(i)
l )

s.t. ||zl||22 ≤ o,∀l = {1, 2, . . . , dn}

3: return Return new activations C ∈ Rn1×dn and bases Z ∈ Rdn×d1
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source task triplets of the MDPs, to a higher representational space, dn
4. This stage

should guarantee that the triplets of the source task MDP are projected into a high

feature space where a similarity measure can be used to find a relation between the

source and target task triplets. Note that there are no restrictions on the number of

bases since unneeded bases will end up with an activation of zero.

Algorithm 18 discovers new features in the source or target state-action-state

spaces. As TL typically transfers from a low dimensional source task to a high di-

mensional target task, SC determines new bases that are of a higher dimensionality

than the original representation used for states and actions in the source task. These

newly discovered bases can describe features not anticipated in the original design of

the MDP’s representation. These new features can highlight similarities between the

source and target task thus helping and guiding the transfer learning scheme. The re-

encoded triplets—described as a linear combinations of the bases and activations—do

not yet relate to the triplets of the other task. The target task triplets still need to

be projected towards these new sparse coded source task features. This is done as

described in Section 5.3.

Phase Two: L1 Sparse Projection Learning

Once the above stages have finished, the source task triplets are described via the

activations C (generated in Algorithm 18). However, target task triplets still have

no relationship to the learned activations. Since a similarity correspondence between

the source and target task triplets is being sought, the target task triplets should be

represented in the same high informational space of the source task.

Therefore, the next step is to learn how to project the target task triplets onto the

Z basis representation. In other words, the goal now is to learn a sparse projection that

is capable of representing target task samples as a combination of some activations

over the Z bases generated by Algorithm 18.

Mathematical Derivations: The mathematical derivations for determining these

activations are closely related to these presented in the previous sections. The main

difference here, is that the bases are already known and the optimization is performed

only with respect to the activations. Since the bases have no prior, the reconstruction

error will still be sampled according to a Gaussian distribution. Moreover, a sparse

penalty on the unknown activations is also adopted to preserve sparsity. Therefore,

4In the experiments dn was set to be 100, a relatively high number.
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the conditional likelihood can now be written as:

p(~α2
(i),φ(i)|Z) ∝ N (

dn∑
l=1

φ
(i)
l zl, σ

2) exp

(
− βΛ1

(
φ(i)

))

where, β ∈ R is a constant, ~α2
(i) = 〈s(i)

2 , u
(i)
2 , s

(i)′
2 〉 is an input vector of the target

task, φ(i) = [φ
(i)
1 , φ

(i)
2 , . . . , φ

(i)
dn

]T is the activation vector, zl ∈ Rd2 is the lth basis

vector discovered in the previous step. Taking the natural logarithm and maximizing

the likelihood leads to the following optimization problem:

ˆ
φ(i)(~α

(i)
2 ) = arg min

φ(i)

∣∣∣∣∣
∣∣∣∣∣~α(i)

2 −
dn∑
l=1

φ
(i)
l zl

∣∣∣∣∣
∣∣∣∣∣
2

2

+ βΛ1

(
φ(i)

)
Mapping Target Triplets: Having derived the optimization problem, it can now

be used to map the target triplets to the high dimensional space. The overall scheme

is described in Algorithm 19, where the activations are learned by solving the L1

regularized least squares optimization problem in step 5.2. This optimization problem

guarantees that the activations are as sparse as possible and is solved using the interior

point method [39]. The next step will be to order the data points from both the source

and the target tasks, which are then used to approximate the inter-task mapping.

Algorithm 19 Mapping Target Task Triplets

Require: Sparse Coded Bases Z generated by Algorithm 18, Target MDP triplets

{〈s(i)
2 , u

(i)
2 , s

(i)′

2 〉}n2
i=1

1: for i = 1→ n2 do
2: Represent the target data patterns in the sparse coded bases, Z, by solving:

φ̂
(i)
(〈
s

(i)
2 , u

(i)
2 , s

(i)′
2

〉)
= arg min

φ(i)

∣∣∣∣∣∣〈s(i)
2 , u

(i)
2 , s

(i)′

2

〉
−

dn∑
j=1

φ
(i)
j zj

∣∣∣∣∣∣2
2

+βΛ1

(
φ(i)

)
3: end for
4: return Activations Φ

Phase Three: Approximating an Inter-Task Mapping

To finalize the problem of approximating χ, corresponding triplets from the source

and target task should be provided to a regressor. This problem is approached by

using a similarity measure in the high feature space, Z, to identify similar triplets from

the two tasks. This similarity measure identifies triplets from the source task that
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are most similar to those of the target task, and then maps them together as being

inputs and outputs for the regression algorithm, respectively, as shown on line 2

of Algorithm 20. Since the similarity measure is used in the sparse coded spaces,

the distance is calculated using the attained activation (C and Φ) rather than the

triplets themselves. Therefore, the scheme has to trace the data back to the original

dimensions of the state-action pairs of the MDPs.

Algorithm 20 Similarity Measure & Inter-Task mapping approximation

Require: Sparse Coded Basis Z, Sparse Coded Activations of the source task C ∈
Rn1×dn , Projected Target Task activations Φ ∈ Rn1×dn

1: for all φ do
2: Calculate the closest activation in C minimizing the Euclidean/similarity dis-

tance measure.
3: end for
4: Create a data set D from minimum-distance triplets
5: Approximate the Inter-task mapping, χ, from D with an appropriate learning

algorithm
6: return The approximated Inter-task mapping, χ

5.4 Transfer Scheme

This section proposes two novel transfer algorithms for pairs of tasks with continuous

state spaces and discrete action spaces, titled Transfer Least Squares Policy Iteration

(TrLSPI) and Transfer Fitted-Q-Iteration (TrFQI), which makes use of a learned

source task policy. The novel algorithms build on LSPI and FQI, both of which

were explained in Section 2.3. Furthermore, the intertask mapping might be a highly

complex function relating the state and action spaces of both MDPs. Therefore, a

nonparametric technique is followed to approximate such a relation. More specifically,

the Sparse Gaussian Processes framework (SPGP) is adopted for efficiency, accuracy

and generalization capabilities. The details are introduced and discussed next.

Transfer Least Squares Policy Iteration

TrLSPI is described in Algorithm 21 and can be applied to any TL in RL problem

having continuous states and discrete action spaces. It is also sample efficient as it

preserves the advantages of the normal LSPI algorithm. TrLSPI can be split into two

sections. The first (lines 1–4 of Algorithm 21) determine χ (see Section 5.3), using

source and target task triplets.5 The second section (lines 5–9) provides triplets (using

5The source task policy may be optimal or near-optimal, depending on the RL algorithm used in
the source task.



122 Chapter 5. Sparse Coded Inter-Task Mappings

π?1) as a start for the evaluation phase of the LSPI algorithm (LSTDQ), allowing it to

improve the target task policy. If the tasks are similar, and if the inter-task mapping

is “good enough,” then those triplets will 1) bias the target task controller towards

choosing good actions and 2) restrict its area of exploration, both of which help to

reduce learning times and increase performance.

Algorithm 21 TrLSPI

Require: Source MDP triplets {〈s(i)
1 , u

(i)
1 , s

(i)′

1 〉}mi=1, Target MDP triplets

{〈s(j)
2 , u

(j)
2 , s

(j)′

2 〉}n2
j=1, Number for re-samples ns, close to optimal policy

for the source system π?1 , State action basis functions for the target task
ψ1, . . . , ψk

1: Map the Dimensions using Algorithm 17
2: Discover High Informational Representation using Algorithm 18
3: Sparse Project the target task triplets using Algorithm 19
4: Use a similarity measure to attain the data set and approximate χ using Algo-

rithm 20
5: Randomly sample ns source task triplets 〈s(i)

1 , u
(i)
1 , s

(i)′

1 〉nsi=1 greedily in the optimal
policy π?1 , set of state-dependent basis function ψ1, . . . , ψk : S2 × U2 → R

6: for i = 1→ ns do
7: Find the corresponding target task triplets as 〈s(i)

2 , u
(i)
2 , s

(i)′
2 〉 =

χ(〈s(i)
1 , u

(i)
1 , s

(i)′
1 〉)

8: end for
9: Use the black box generative model of the environment to produce the rewards

on the transferred triplets
10: Use LSTDQ to evaluate transformed triplets
11: Improve policy until convergence using LSPI
12: return Learned policy π?2

Algorithm 21 leverages source task triplets to attain a good starting behavior for

the target task. The performance of the policy necessarily depends on the state space

region where those triplets were provided. In other words, it is not possible to achieve

near-optimal performance with a small number of triplets that are in regions far from

the goal state.6 Therefore, to learn a near-optimal policy, it must collect triplets from

the target with the current policy, or a large number of source task triplets should be

provided. A full model of the system is not required but the algorithm does require

a black box generative model for sampling.

6This is a problem that is inherit to LSPI and not a property of the TrLSPI algorithm.
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Transfer Fitted-Q-Iteration

The second novel algorithm, Transfer Fitted-Q Iteration (TrFQI), is also capable of

transferring between MDPs with continuous state space and countable actions and

preserves the advantages of the standard FQI algorithm. The key idea is to provide

a good starting sample distribution on which the FQI algorithm can learn. This

distribution is provided to the target task agent via χ, which in turn maps the source

task triplets (sampled according to π?1) into the target task. Algorithm 22 presents

the pseudocode and can also be split into two parts lines 1-8: (1) Use the inter-task

mapping to project the source task triplets to the target task (same steps followed in

the first part of TrLSPI) and lines 9-10 (2) provide those triplets to the FQI Algorithm

to learn a policy.7

Algorithm 22 TrFQI

Require: Source MDP triplets {〈s(i)
1 , u

(i)
1 , s

(i)′

1 〉}n1
i=1, Target MDP triplets

{〈s(j)
2 , u

(j)
2 , s

(j)′

2 }n2
j=1, Number for re-samples ns, close to optimal policy for

the source system π?1 , State action basis functions for the target task ψ1, . . . , ψk
1: Map the Dimensions using Algorithm 17
2: Discover High Informational Representation using Algorithm 18
3: Sparse Project the target task triplets using Algorithm 19
4: Use a similarity measure to attain the data set and approximate χ using Algo-

rithm 20
5: Randomly Sample ns Source task triplets 〈s(i)

1 , u
(i)
1 , s

(i)′

1 〉nsi=1 greedily in the op-
timal policy π?1 , set of state-dependent basis function ψ1, . . . , ψk : S2 × U2 → R

6: for i = 1→ ns do
7: Find the corresponding target task triplets as 〈s(i)

2 , u
(i)
2 , s

(i)′
2 〉 =

χ(〈s(i)
1 , u

(i)
1 , s

(i)′
1 〉)

8: end for
9: Use the black box generative model of the environment to produce the rewards

on the transferred triplets
10: Apply FQI
11: return Learned policy π?2

7It is also worth noting that the generalization of this algorithm depends on the type of function
approximators used to approximate the Q-function. This is a property of FQI and not of TrFQI.
Therefore, if the algorithm has to attain near-optimal behavior, either a large amount of triplets
should be provided, or it must again have access to a black box generative model of the MDP for
re-sampling.
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5.5 Experiments & Results

Two experiments to evaluate the framework were conducted. The first was the transfer

from the Inverted Pendulum (IP), Figure 5.2(a), to the Cart Pole (CP), Figure 5.2(b).

The second experiment transfers between Mountain Car (MC), Figure 5.2(c) and CP.

This section describes the experiments conducted.

(a) In-
verted
Pendulum

(b) Cart Pole (c) Mountain Car

Figure 5.2: Experimental domains

Inverted Pendulum to Cart Pole Transfer

The source task was the inverted pendulum problem. The state variables describing

the systems are the angle and angular velocity {θ, θ̇}. The control objective of the IP

is to balance the pendulum in an upright position with an angle, θ = 0 and angular

velocity θ̇ = 0. The allowed torques are +50, 0 and −50 Nm. The reward function is

cos(θ) which yields its maximum value of +1 at the up-right position.

In cart pole, the goal is to swing up the pole and keep it balanced in the upright

position (i.e., θ = θ̇ = 0). The allowed actions are (+1) for full throttle right and

(-1) for full throttle left. The reward function of the system consisted of two parts:

(1) cos(θ), which yields its maximum value of +1 at the upright position of the pole,

and (2) −1 if the cart hits the boundaries of the track. The angle was restricted to

be within |θ| < π
9 while the position was restricted to |x| < 3.

In order to transfer between IP and CP, we first learn an optimal policy in the

source task, π?IP , with LSPI. π?IP was then used to randomly sample different numbers

of initial states of task, to be used by χ. We started with 5000 and 2500 randomly

sampled states (using a random policy) for the IP and the CP, respectively. These

triplets were used by the algorithm described in Section 5.3 to learn the inter-task

mapping χ8. After χ had been learned, different numbers of samples were collected

8We believe but have not confirmed that the samples to learn χ should be provided using random
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from the source task using π?IP . Specifically, we have sampled 500, 1000,. . . 20000

states as input to the TrLSPI and the TrFQI algorithms to measure performance and

convergence times.

TrLSPI Results

The results show both an increase in the performance on a fixed number of samples

and a decrease in the convergence times in both a predefined number of samples

and to attain an optimal policy. The performance was measured as the number of

steps during an episode to control the pole in an upright position on a given fixed

amount of samples. Figure 5.3 summarizes the results attained on a different number

of transferred samples and compares them with those attained through normal LSPI

learning scheme. It clearly shows an increase in the number of control steps in the case

of the transferred samples compared to a random sampling scheme. It can be seen that

at a small number of samples, e.g. 2000, TrLSPI was able to attain an average of 520

control steps with about 400 for the random case. This performance increases with the

number of samples to reach 1200 steps at 10000 transferred samples. It is also worth

noting that the agent had an additional 300 jumpstart steps once converging on the

transferred samples compared to a random sampling scheme. Another performance

measure was the time required to learn a near-optimal target task policy using only a

fixed number of samples. There was a decrease in the convergence times, represented

by the number of iterations in LSPI, provided a fixed amount of transferred samples.

LSPI was able to converge faster once provided the transferred samples compared to

a random sample data set. For example, it took LSPI 5 iteration to converge provided

5000 transferred samples with 7 iterations for the random case. Further the algorithm

converged within 12 iteration provided 20000 transferred samples while it took it

about 19 for the random case. Finally, LSPI was able to converge to an acceptable

policy within 22.5 minutes after being provided a random data set, compared to 16

minutes with the transferred data set9. Calculating χ took an addition 3.7 minutes.

TrFQI Results

Similar experiments using the other proposed algorithm TrFQI were performed. Sim-

ilar results were observed as could be seen from Figure 5.6. It is clear that the

transferred samples produce more control steps on the target task compared to learn-

ing on random samples. As an illustration, the algorithm was able to produce the

threshold of 800 control steps on an amount of 5000 transferred states while it needed

policies in both the source and the target task as we need to cover most large areas of the state-action
spaces in both tasks.

9The experiments were performed on a 2.8 Ghz Intel Core i7.
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Figure 5.3: Cart Pole results from LSPI and TrLSPI after learning on Inverted Pen-
dulum: the performance is measured after collecting 500 different initial states in the
target tasks.

to be provided with about 10000 random samples in order to attain that threshold.

A decrease in the number of training iterations in the TrFQI compared to FQI at a

fixed number of samples and to attain an optimal policy is also reported. Good per-

formance at 50 iterations of training on transferred samples compared to 70 iterations

for the random case was observed. Moreover, TrFQI was able to reach a suboptimal

acceptable policy with about 85 iteration once using transferred samples compared

to a 150 iterations for the random case.

Mountain Car to Cart Pole Transfer

To test to what extend the proposed framework is robust another set of experiments

were performed. In these experiments, the tasks were highly dissimilar. The source

task was the MC problem, a benchmark RL task. The car has to drive up the hill

(Figure 5.2(c)). The difficulty is that gravity is stronger than the car’s motor—even

at maximum throttle the car can not directly reach the top of the hill. The dynamics

of the car are described via two continuous state variables (x, ẋ) representing the

position and velocity of the center of gravity of the car, respectively. The input

action takes on three distinct values: maximum throttle forward (+1), zero throttle
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Figure 5.4: Cart Pole results with FQI and TrFQI after learning on Inverted Pendu-
lum: the performance is measured after collecting 500 different initial states in the
target tasks.

(0), and maximum throttle reverse (-1). The car is rewarded by +1 once it reaches

the top of the hill, −1 if it hits the wall, and zero elsewhere.

The target task is the same Cart Pole problem described in the previous experi-

ment.

SARSA(λ) [98] was used to learn π?MC in the source task. The policy was then

used to randomly sample different numbers of source task states, to be used by χ.

First, 5000 and 2500 randomly sampled states for the Mountain Car and the Cart

Pole, respectively. These were used by the algorithm described in Section 5.3 to learn

the inter-task mapping χ. After χ has been learned, different numbers of samples were

collected from the source task using π?MC . Specifically, 500, 1000,. . . 20000 states were

sampled. These were then provided as input to the TrLSPI and the TrFQI algorithms

to measure performance and convergence times.

TrLSPI Results

Figure 5.5 clearly shows an increase in the number of control steps in the case of

the transferred samples compared to a random sampling scheme. It can be seen that

at a small number of samples, e.g. 2000, TrLSPI was able to attain an average of
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Figure 5.5: Cart Pole results using LSPI and TrLSPI after learning on Mountain Car:
the performance is measured after collecting 500 different initial states in the target
tasks.

600 control steps with about 4000 samples for the random case. This performance

increases with the number of samples to finally reach about 1300 control step on

20000 samples for both cases. A decrease in the convergence times, represented by

the number of iterations in LSPI, provided a fixed amount of transferred samples

is also reported. LSPI was able to converge faster once provided the transferred

samples compared to a random sample data set. For example, it took LSPI 7 iteration

to converge provided 5000 transferred samples with 12 iterations for the random

case. Further, the algorithm converged within 14 iteration provided 20000 transferred

samples while it took it about 19 for the random case. Finally, LSPI was able to

converge to an acceptable policy within a 22.5 minutes after being provided a random

data set, compared to 17 minutes with the transferred data set10. Calculating χ took

an addition 3.7 minutes.

TrFQI Results

Similar experiments using TrFQI were performed. Close results were observed as

could be seen from Figure 5.6. It is clear that the transferred samples where able

10Our experiments were performed on a 2.8 Ghz Intel Core i7
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Figure 5.6: Transfer Results on the Cart Pole task using TrFQI after learning on
Mountain Car: the performance is measured after collecting 500 different initial states
in the target tasks.

to produce a higher amount of control steps on the target task compared to learning

on random samples in the target tasks. As an illustration, the algorithm was able to

produce the threshold of 800 control steps on an amount of 5000 transferred states

while it needed to be provided with about 9000 random samples in order to attain

the threshold. It is also clear that both TrFQI and the normal FQI both converged

to about the same number of control steps (1200) once provided a large amount of

samples. A decrease in the number of training iterations at a fixed number of samples

and to attain an optimal policy is also reported. Good performance at 50 iteration

of training on transferred samples compared to 80 iterations for the random case is

reported. Moreover, TrFQI was able to reach a suboptimal policy with about 91

iteration once using transferred samples compared to a 150 iterations for the random

case.

5.6 Analysis & Discussion

It is clear from the results presented that the learner’s performance increased using

the proposed framework, relative to a random selection scheme. Policy performance

improved, as measured by the number of control steps achieved by the agent on the
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target task. The number of learning iterations required also decreased, as measured

by the number of iterations required by the algorithm to converge to a policy on a

fixed number of transferred samples. This leads to conclude that TrFQI and TrLSPI

both:

1. provided a better distribution of samples compared to random policy in the

target task,

2. required less iterations to converge to a fixed policy when provided a fixed

number of transferred samples, and

3. reached a near-optimal performance policy faster than when using random se-

lection scheme.

Furthermore, these results show that the proposed framework

4. successfully learned an inter-task mapping between two sets of different RL

tasks.

The framework is applicable to any model-free TL in RL problem with continuous

state spaces and discrete action spaces, covering many real world RL problems. It has

the advantage of automatically finding the inter-task functional mapping using SC

and any “good” regression technique. One potential weakness is that the framework

should work correctly when the two tasks at hand are semantically similar, as the

rewards of the two systems were not taken into account in the explained scheme. For

instance, consider the transfer example between the cart pole and “cart fall” tasks.

The control goals of these two tasks are opposite whereby in the cart pole the pole has

to be balanced in the up right position while in the cart fall the pole has to be dropped

as fast as possible. In other words, the agents have the same transitions in the two

tasks but have to reach two opposite goal states of the pole. The mapping scheme

of Section 5.3, once applied, will produce a one-to-one mapping from the source to

the target task relating the same transitions from both of the tasks together. Clearly

the optimal policies of the two tasks are opposite. Therefore, in this case the target

task has been provided with a poor bias, potentially hurting the learner (i.e., negative

transfer). The approach will be able to avoid this scheme once the rewards are added

to the similarity measure generating the training set to approximate the inter-task

mapping χ, but such investigation is left to future work. Furthermore, it might be the

case, that if transitions in and out of the goal states were sampled frequently enough,

as is the case in episodic tasks, then these relations might end-up being learnt by the

proposed algorithm and therefore, avoid negative transfer.
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5.7 Conclusions & Future Work

This chapter has presented a novel technique for transfer learning in reinforcement

learning tasks. The framework may be applied to pairs of reinforcement learning prob-

lems with continuous state spaces and discrete action spaces. The main contributions

of this chapter are (1) the novel method of automatically attaining the inter-task

mapping, χ and (2) the new TrLSPI and TrFQI algorithms for tasks with continu-

ous state spaces and discrete actions. The problem was approached by framing the

approximation of the inter-task mapping as a supervised learning problem that was

solved using sparse pseudo input Gaussian processes. Sparse coding, accompanied

with a similarity measure, was used to determine the data set required by the regres-

sor for approximating χ. Results demonstrate successful transfer between two similar

tasks, inverted pendulum to cart pole, and two very different tasks, mountain car to

cart pole task. Success was measured both in an increase in learning performance as

well as a reduction in convergence time.

Although successful, the proposed method might suffer from a problem that is

inherent to sparse coding. More specifically, SC will not learn informative bases if

the delivered data set was highly sparse and non-informative [82]. In RL this might

be a potential problem due to the large spaces that need to be explored. Seeking a

more robust technique, the next chapter provides an alternative to the learning of

such intertask mappings based on Restricted Boltzmann Machines.





6
Transfer Restricted Boltzmann Machines

This chapter is based on: H. B. Ammar, D. C. Mocanu, M. Taylor, K. Driessens,

G. Weiss, and K. Tuyls, “Automatically Mapped Transfer Between Reinforcement

Learning Tasks via Three-Way Restricted Boltzmann Machines,” in Proceedings of

the European Conference on Machine Learning (ECML)-in review, Prague, Czech

Republic, 2013.

In the previous chapter, a framework to learn intertask mappings between different

MDPs was presented. The previous approach was based on sparse coding, sparse

projection, and sparse Gaussian processes to approximate such mappings. Although

successful, it might suffer if the samples available in the source and target task are

not informative enough. In RL such problems might easily occur due to either the

sampling procedure, or due to spaces that need to be explored. This chapter provides

a more robust alternative to the learning of such mapping.

It introduces an autonomous framework for learning intertask mappings based on

restricted Boltzmann machines (RBMs) [91]. RBMs provide a powerful but general

framework that can be used to describe an abstract common space for different tasks.

This common space is then used to represent the inter-task mapping between two

tasks and can successfully transfer knowledge about transition dynamics between the

two tasks.

The contributions of this chapter are summarized as follows. First, a novel high-

order RBM is proposed that uses a three-way weight tensor (i.e., TrRBM). Since this

machine has a computational complexity of O(N3), a factored version (i.e., FTrRBM)

is then derived that reduces the complexity to O(N2). Experiments then transfer

samples between pairs of tasks, showing that the proposed method is capable of

successfully learning a useful inter-task mapping. Specifically, the results demonstrate

that FTrRBM is capable of:

• Automatically learning an inter-task mapping between different MDPs,
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• Transferring informative samples that reduce the computational complexity of

a sample-based RL algorithm, and

• Transferring informative instances which reduce the time needed for a sample-

based RL algorithm to converge to a near-optimal behavior.

6.1 Problem Definition

In this section the problem definition is detailed. Each of the source and target tasks

are MDPs. These vary in each of their constituents. More specifically, the approach

makes no restrictive assumptions on the type of variations between the tasks. In other

words, not only the probability distributions or reward functions may vary between

the tasks, but these variations can also happen between the state and/or action spaces.

Therefore, the tackled problem is a deep transfer one, which is substantially harder

than other forms of shallow transfer, such as these tackled in reward shaping, imitation

learning, or lifelong learning. Furthermore, to increase the scope of applicability of the

proposed methods, the state spaces of both the source and target tasks are continuous

in nature and the operation is in a model free setting.

Namely, given two MDPsM1 = 〈S1,U1, T1,R1, γ1〉 andM2 = 〈S2,U2, T2,R2, γ2〉,
where Si, Ui, Ti, Ri, and γi correspond to the state space, actions space, transition

model, reward function, and discount factor for all i ∈ {1, 2} representing the source

and target tasks’ MDP constituents, respectively, and some additional knowledge in

both the source and the target, learn and intertask mapping χ. Again χ is not split

into two mappings (i.e., interstate and interaction mappings). The main reason for

combining these two together, is that if an algorithm has to automatically learn an

intertask mapping, it has to simultaneously have knowledge about the state-action

transitions. Moreover, combining the two gives more flexibility for discovering novel

combinations of the state and/or action variables not available when the two mappings

are split.

As in any other transfer learning framework, additional knowledge is assumed

to be available. In this work, the knowledge available in the source is twofold: (1)

random state-action-successor state transitions, and (2) (near-) optimal source policy

π?1 . Such a policy can be used to generate (near-) optimal transitions that can then

be transferred to aid the target agent. Furthermore, additional knowledge in the form

of random state-action-successor state transitions is also available in the target.

These and the random samples of the source help in learning an intertask mapping.

It is worth noting, that randomly generating these samples is essential. The reason

is that the mapping needs to operate within a broad range of the state and action

spaces of both tasks. Learning mappings based only on optimal transitions, can
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not generalize well to broader unobserved ranges of the state and/or action spaces.

However, after learning such a broad range mapping, transferring “bad” information

might “hurt” the target agent. Therefore, while transfer, only optimal transitions in

the source are used to construct a starting policy in the target.

6.2 Overall Framework

The idea in this chapter is to robustly and automatically discover a new space that is

capable of representing the transitions in both MDPs. The overall framework is shown

in Figure 6.1. The common space is encoded by a high-order Restricted Boltzmann

Machine. The machine consists of three layers: (1) source task visible layer, (2) target

task visible layer, and (3) hidden layer. These layers are connected using a three-way

weight tensor. From the random samples of both the source and target task the

variables (i.e., free parameters) of the machine are trained. After converging, the

hidden layer is capable of relating source and target triplets together. In other words,

the attained space is capable of representing both tasks in one unified space.

This representation can now be used in order to perform transfer. However, not to

hurt the target agent, only “useful” knowledge is used to transfer. This is manifested

by the “Transfer Phase” in Figure 6.1. The idea is then to sample the source task

using an optimal policy to have a bag of “good” transitions. These are then passed

through the common space that was learned by the RBM. Since this machine is bi-

directional, then an initial bag of samples in the target task is attained. These can

then be used by a sample-based RL algorithm.

Next each of the above are detailed. The next section presents a derivation of the

full model. However, this model is computationally expensive, and a factored version

of the model is developed in Section 6.3. The usage of the proposed machines is then

detailed in Section 6.4 (learning phase) and Section 6.4 (transfer phase). Section 6.5

details the experiments that have been conducted. Finally, Section 6.6 concludes with

a discussion and further directions of future work.

6.3 RBMs for Transfer Learning

The core hypothesis of this chapter is that RBMs can automatically build an inter-task

mapping using source task and target task samples, because an RBM can discover

the latent similarities between the tasks, implicitly encoding an inter-task mapping.

To construct an algorithm to test this hypothesis, the TrRBM framework consists of

three layers as shown in Figure 6.2. The first is the source task visible layer (describing

source samples), the second is the target task visible layer (describing target samples),
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Figure 6.1: The overall framework .

and the third is the hidden layer that encodes similarities between the two tasks. This

hidden layer therefore encodes a type of inter-task mapping, which will be used to

transfer samples from the source to the target.

Transfer Restricted Boltzmann Machine

TrRBM is used to automatically learn the inter-task mapping between source and

target tasks. TrRBM consists of three layers: (1) a visible source task layer, (2) a

visible target task layer, and (3) a hidden layer. The number of units in the visible

layers is equal to dimensionality of each of the source and target task transitions,

respectively. Since the inputs might be of continuous nature, the units in the visible
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Figure 6.2: The overall structure of the proposed full model. The three-way weight
tensor is shown in the middle with its connections to each of the visible source layer,
visible target layer, and the hidden layer shown in red, green, and orange respectively.

units are set to be Gaussians with means, which are learned as described later in this

section. These three layers are connected with a three-way weight tensor. Formally,

the visible source layer is V1 = [v
(1)
1 , . . . , v

(d1)
1 ], where v

(i)
1 is a GaussianN

(
µ

(i)
1 , σ

(i)2
1

)
,

with a mean µ
(i)
1 , a variance σ

(i)2
1 , and d1 representing the number of dimensions of

the a source transition, 〈s1, u1, s
′
1〉. The visible target layer V2 = [v

(1)
2 , . . . , v

(d2)
2 ],

where v
(k)
2 is a Gaussian N

(
µ

(j)
2 , σ

(j)2
2

)
, with a mean µ

(j)
2 , a variance σ

(j)2
2 , and d2

representing the dimensions of a target task transition 〈s2, u2, s
′
2〉. The hidden layer

H = [h(1), . . . , h(nh)] consists of sigmoidal activations, where nh denotes the number

of hidden units.

Next, the mathematical formalizations of TrRBM are detailed.
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Energy of the Full Model

The energy function of the full model is defined as:

E(V1,V2,H) = −
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2

−
nh∑
j=1

h(j)b(j) (6.1)

−
d2∑
k=1

(
v

(k)
2 − c(k)

σk2

)2

−
∑
ijk

Wijk
v

(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

where Wijk is the three-way weight tensor connecting each of the visible source, the

visible target, and the hidden layers. The above equation contains four terms. The

first term

(
i.e.,

∑d1
i=1

(
v
(i)
1 −a(i)

σ
(i)
1

)2
)

represents the contribution of the source task

samples in the energy function of the RBM. The biases of this layer are represented

by a. The second term

(
i.e,

∑nh
j=1 h

(j)b(j)

)
presents the contribution of the hidden

units to the energy function. The biases of this layer are denoted by b. The third

denotes the contribution of the target instances to the energy function with its biases

denoted by c. The last term describes the connection between each of the above

layers using the three-way weight tensor

(
i.e., Wijk

)
. It is worth noting that the

free parameters that need to be fit are the biases and the three-way weight tensor

(i.e., a, b, c, and Wijk).

Inference in the Full Model

Inference corresponds to calculating the conditional probabilities of each of the units in

the different layers, depending on the configuration of the other layers. Because there

are three layers, three conditional probabilities must to be computed. These are: (1)

the probability of the visible source layer given the other two layers and parametrized

by the weights
(

i.e., p(V1|V2,H;W )
)

, (2) the probability of the hidden layer given

the other two and the weight parameterizations
(

i.e., p(H|V1,V2;W )
)

, and (3) the

probability of the visible target conditioned on the other two layers and parameterized

by the weights
(

i.e., p(V2|V1,H;W )
)

. As mentioned above, the distributions in the

visible source and visible target are Gaussians, while the hidden are sigmoids.

Since there are no connections between the units in each of the layers, inference

is conducted in parallel. The probability of each of the units in a given layer are
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identically and independently distributed from the others in the same layer. Formally,

p(V1|V2,H) =

d1∏
i=1

p(v
(i)
1 |V2,H) =

d1∏
i=1

N
(
µ

(i)
1 , σ

(i)2
1

)
p(H|V1,V2) =

nh∏
j=1

p(h(j) = 1|V1,V2) =

nh∏
j=1

sigmoid
(
s(j)
)

p(V2|V1,H) =

d2∏
k=1

p
(
v

(k)
2 |V1,H

)
=

d2∏
k=1

N
(
µ

(k)
2 , σ

(k)2
2

)

where, µ
(i)
1 represents the ith mean for the ith source task visible unit, s(j) denotes

the activation of the jth hidden unit, and µ
(k)
2 is the mean of the kth visible target

unit. These inputs depend on the configurations of the RBM. Mathematically, such

inputs are determined according to:

µ
(i)
1 =

∑
j,k

Wijkh
(j)v

(k)
2 + a(i) =

nh∑
j=1

(
d2∑
k=1

[
Wijkh

(j)v
(k)
2

])
+ a(i)

∀i ∈ {1, 2, . . . , d1}

s(j) =
∑
i,k

Wijkv
(i)
1 v

(k)
2 + b(j) =

d1∑
i=1

(
d2∑
k=1

[
Wijkv

(i)
1 v

(k)
2

])
+ b(j)

∀j ∈ {1, 2, . . . , nh}

µ
(k)
2 =

∑
i,j

Wijkv
(i)
1 h(j) + c(k) =

d1∑
i=1

(
nh∑
j=1

[
Wijkv

(i)
1 h(j)

])
+ c(k)

∀k ∈ {1, 2, . . . , d2}

with a(i), b(j), and c(k) being the biases for each of the visible source, visible target,

and hidden layers, respectively.

Update Rules of the Full Model

In this section, the update rules to learn the weights and the biases of TrRBM are

described. These rules are attained by deriving the energy function of Equation 2.15
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with respect to the weight tensor. The following derivatives need to be computed:
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Therefore,

∂

∂Wijk
E(V1,V2,H) = − ∂

∂Wijk

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂Wijk

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂Wijk

d2∑
k=1

{(
v

(k)
2 − c(k)

σk2

)2}
− ∂

∂Wijk

{
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))}

After some algebraic manipulations the derivative of the previous equation yields:

=⇒ ∆Wijk ∝
〈
v

(i)
1 , h(j), v

(k)
2

〉
0

−
〈
v

(i)
1 , h(j), v
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2

〉
λ

where 〈·〉0 is the average attained from the original data distribution and 〈·〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting from the original data distribution.

The previous derivation is next repeated for the remaining free parameters of the

visible source layer (i.e., the biases) as follows:
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Since the sum of the derivatives is the derivatives of the sum, the above equations
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could be re-written as:
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∂a(i)

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂a(i)

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂a(i)

d2∑
k=1

{(
v

(k)
2 − c(k)

σk2

)2}
− ∂

∂a(i)

{
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))}

This yields the following updates for the biases of the visible source layer:

=⇒ ∆a(i) ∝
〈
v

(i)
1

〉
0

−
〈
v

(i)
1

〉
λ

where 〈·〉0 is the average attained from the original data distribution and 〈·〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

Next, the derivations to determine the updates of the biases for the hidden layer

(i.e., b’s) are described:

∂

∂b(j)
E(V1,V2,H) =

∂

∂b(j)

(
−

d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2

−
nh∑
j=1

h(j)b(j) −
d2∑
k=1

(
v

(k)
2 − c(k)

σk2

)2

−
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))

The equation above can then be re-written as:

∂

∂b(j)
E(V1,V2,H) = − ∂

∂b(j)

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂b(j)

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂b(j)

d2∑
k=1

{(
v

(k)
2 − c(k)

σk2

)2}
− ∂

∂b(j)

{
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))}
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These yield the following update rules:

=⇒ ∆b(j) ∝
〈
h(j)

〉
0

−
〈
h(j)

〉
λ

where 〈·〉0 is the average attained from the original data distribution and 〈·〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

The above derivation is then repeated to determine the update rules for the biases

of the visible target layer to generate:

∂

∂c(k)
E(V1,V1,H) =

∂

∂c(k)

(
−

d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2

−
nh∑
j=1

h(j)b(j) −
d2∑
k=1

(
v

(k)
2 − c(k)

σk2

)2

−
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))

The equation above can then be re-written as:

∂

∂c(k)
E(V1,V2,H) = − ∂

∂c(k)

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂c(k)

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂c(k)

d2∑
k=1

{(
v

(k)
T − c(k)

σkT

)2}
− ∂

∂c(k)

{
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))}

Therefore, the following update rules for the visible target layer are attained:

=⇒ ∆c(k) ∝
〈
v

(k)
2

〉
0

−
〈
v

(k)
2

〉
λ

where 〈·〉0 is the average attained from the original data distribution and 〈·〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

Summing the results together in a set of three update equations, culminates in

the following:
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∆Wijk ∝
〈
v

(i)
1 , h(j), v

(k)
2

〉
0

−
〈
v

(i)
1 , h(j), v

(k)
2

〉
λ

∆a(i) ∝
〈
v

(i)
1

〉
0

−
〈
v

(i)
1

〉
λ

∆b(j) ∝
〈
h(j)

〉
0

−
〈
h(j)

〉
λ

∆c(k) ∝
〈
v

(k)
2

〉
0

−
〈
v

(k)
2

〉
λ

where 〈.〉0 is the average attained from the original data distribution and 〈.〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting at the original data distribution. The main factors in these update

rules are similar, however the individual constituents are different. For instance, all

update equations are a difference between two main terms. The first, is the original

data distribution, while the second is that reconstructed from the model itself. In

other words, TrRBM is trying to learn the free variables such that the error between

the original data distribution and the reconstructed distribution generated from the

model is minimized. Although the general form of the equations look similar, the

constituents of each vary depending on which weight is being updated. For instance,

to update the three-way weight tensor connecting the first and second visible layers

and the hidden layer together, the source visible, the target visible, and the hidden

units are used. However, to update the biases of the source visible layer, only units

from this specific layer are used. Similarly, the two other update rules for the biases

of the hidden and the second visible layer could be constructed.

Factored Transfer Restricted Boltzmann Machine

TrRBM, as proposed in the previous section, is computationally expensive. Because

one of the main goals of TL is to speedup learning, any TL method must be efficient.

This section presents a factored version of the algorithm, FTrRBM. In particular, the

three-way weight tensor is factored into sums of products through a factoring function,

thus reducing the computational complexity from O(N3) for TrRBM to O(N2) for

FTrRBM1.

1The cost of this factorization is that some accuracy might be lost. However, in practice as seen
in this work, as well as in [?] is not critical.
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Energy of the Factored Model

As mentioned previously, the three-way weight tensor among the different layers is

now factored. Therefore, the energy function is now defined as:

E(V1,V2,H) = −
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2

−
nh∑
j=1

h(j)b(j) −
d2∑
k=1

(
v

(k)
2 − c(k)

σk2

)2

−
F∑
f=1

(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

[H]
j,f h

(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])

with F being the number of factors.

The main difference between this and the energy function of the full model is the

factoring of the three-way weight tensor, where the weight tensor was factored into

sums of products with corresponding weights (i.e., w
[V1]
i,f for the visible source layer,

w
[H]
j,f for the hidden and w

[V2]
k,f for the visible target layer). Since this new model is

described using “new” weights, then inference has to be conducted again. As in the

full model the type of the distributions in each of the layer is the same. On the other

hand, the inputs for these distributions are different.

Inference in the Factored Model

Inference in the factored version is done in a similar manner to that of the full model

with different inputs for the nodes. In particular, because there are no connections

between the units in the same layer, inference is done in parallel for each of the nodes.

Mathematically these are derived as:

p(V1|V2,H) =

d1∏
i=1

p(v
(i)
1 |V2,H) =

d1∏
i=1

N
(
µ

(i)
1 , σ

(i)2
1

)
p(H|V1,V2) =

nh∏
j=1

p(h(j) = 1|V1,V2) =

nh∏
j=1

sigmoid
(
s(j)
)

p(V2|V1,H) =

d2∏
k=1

p
(
v

(k)
2 |V1,H

)
=

d2∏
k=1

N
(
µ

(k)
2 , σ

(k)2
2

)

where, µ
(i)
1 represents the ith mean for the ith source task visible unit, s(j) denotes

the activation of the jth hidden unit, and µ
(k)
2 is the mean of the kth visible target

unit. These inputs depend on the configurations of the RBM. Mathematically, such

inputs are determined according to:
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µ
(i)
1 =

F∑
f=1

w
[V1]
i,f

[
nh∑
j=1

w
[H]
j,f h

(j)
d2∑
k=1

w
[V2]
k,f v

(k)
2

]
+ a(i)

∀i ∈ {1, 2, . . . , d1}

s(j) =

F∑
f=1

wHj,f

[
d1∑
i=1

w
[V1]
i,f v

(i)
1

d2∑
k=1

w
[V2]
k,f v

(k)
2

]
+ b(j)

∀j ∈ {1, 2, . . . , nh}

µ
(k)
2 =

F∑
f=1

w
[V2]
k,f

[
nh∑
j=1

w
[H]
j,f h

(j)
d1∑
i=1

w
[V1]
i,f v

(i)
1

]
+ c(k)

∀k ∈ {1, 2, . . . , d2}

Learning in the Factored Model

Learning in the factored model is done using a modified version of Contrastive Di-

vergence. As in the full model case, the derivatives of the energy function should be

calculated with respect to the free parameters to determine the update equations.

First the energy equation above is rewritten in the following form:

E(V1,V2,H) = E1(V1,V2,H) + E2(V1,V2,H)

where,

E1(V1,V2,H) = −
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2

−
nh∑
j=1

h(j)b(j) −
d2∑
k=1

(
v

(k)
2 − c(k)

σk2

)2

and,

E2(V1,V2,H) = −
F∑
f=1

(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

[H])
j,f h(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])

Derivatives with respect to the source: The derivative of this energy function

is computed with respect to w
[V1]
i,f . Formally, this is done according to:

∂

∂w
[V1]
i,f

E(V1,V2,H) =
∂

∂w
[V1]
i,f

E1(V1,V2,H) +
∂

∂w
[V1]
i,f

E2(V1,V2,H)
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Unfolding each of the above terms yields the following:

∂

∂w
[V1]
i,f

E1(V1,V2,H) = − ∂

∂w
[VS ]
i,f

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂w
[V1]
i,f

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂w
[V1]
i,f

d2∑
k=1

{(
v

(k)
2 − c(k)

σk2

)2}
= 0

The derivative of the second term is:

∂

∂w
[V1]
i,f

E2(V1,V2,H) =
∂

∂w
[V1]
i,f

{
−

F∑
f=1

(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

(h)
j,f h

(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])}
assuming only one factor (i.e., F = 1)

∂

∂w
[V1]
i,f

E2(V1,V2,H) = − ∂

∂w
[V1]
i,f

{(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

(h)
j,f h

(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])}

This implies that the update for the weights for the visible source layer are:

∆w
[V1]
i,f ∝

〈
v

(i)
1

σ
(i)
1

nh∑
j=1

w
[H]
j,f h

(j)
d2∑
k=1

w
[V2]
k,f

v
(k)
2

σ
(k)
2

〉
0

−
〈
v

(i)
1

σ
(i)
1

nh∑
j=1

w
[H]
j,f h

(j)
d2∑
k=1

w
[V2]
k,f

v
(k)
2

σ
(k)
2

〉
λ

∀f ∈ {1, 2, . . . , F}

where 〈.〉0 is the average attained from the original data distribution and 〈.〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

Derivative with respect to the hidden: The same procedure is repeated to
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calculate the updates for the weights of the hidden layer. Formally:

∂

∂w
[H]
j,f

E(V1,V2,H) =
∂

∂w
[H]
j,f

E1(V1,V2,H) +
∂

∂w
[H]
j,f

E2(V1,V2,H)

Unfolding each of the above terms yields the following:

∂

∂w
[H]
j,f

E1(V1,V2,H) = − ∂

∂w
[H])
j,f

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂w
[H]
j,f

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂w
[H]
j,f

d2∑
k=1

{(
v

(k)
2 − c(k)

σk2

)2}
= 0

The derivative of the second term is:

∂

∂w
[H]
j,f

E2(V1,V2,H) =
∂

∂w
[H]
j,f

{
−

F∑
f=1

(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

[H])
j,f h(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])}
assuming only one factor (i.e., F = 1)

∂

∂w
[H]
j,f

E2(V1,V2,H) = − ∂

∂w
[H]
j,f

{(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

[H]
j,f h

(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])}

This yields the following updates for the factored weights of the hidden layer:

∆w
[H]
j,f ∝

〈
h(j)

d1∑
i=1

w
[V1]
i,f

v
(i)
1

σ
(i)
1

d2∑
k=1

w
[V2]
k,f

v
(k)
2

σ
(k)
2

〉
0

−
〈
h(j)

d1∑
i=1

w
[V1]
i,f

v
(i)
1

σ
(i)
1

d2∑
k=1

w
[V2]
k,f

v
(k)
2

σ
(k)
2

〉
λ

∀f ∈ {1, 2, . . . , F}

where 〈.〉0 is the average attained from the original data distribution and 〈.〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.
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Derivative with respect to the target: Here the derivatives with respect to the

target factored weights (i.e., w
[V2]
k,f ) are determined. Formally:

∂

∂w
[V2]
k,f

E(V1,V2,H) =
∂

∂w
[V2]
k,f

E1(V1,V2,H) +
∂

∂w
[V2]
k,f

E2(V1,V2,H)

Unfolding each of the above terms yields the following:

∂

∂w
[VT ]
k,f

E1(V1,V2,H) = − ∂

∂w
[V2]
k,f

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂w
[V2]
k,f

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂w
[V2]
k,f

d2∑
k=1

{(
v

(k)
2 − c(k)

σk2

)2}
= 0

The derivative of the second term is:

∂

∂w
[V2]
k,f

E2(V1,V2,H) =
∂

∂w
[V2]
k,f

{
−

F∑
f=1

(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

[H]
j,f h

(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])}

Assuming one factor (i.e., F = 1):

∂

∂w
[V2]
k,f

E2(V1,V2,H) = − ∂

∂w
[V1]
k,f

{(
d1∑
i=1

[
w

[V1]
i,f

v
(i)
1

σ
(i)
1

]
nh∑
j=1

[
w

[H]
j,f h

(j)

]
d2∑
k=1

[
w

[V2]
k,f

v
(k)
2

σ
(k)
2

])}

This yields the following updates for the factored weights of the hidden layer:

∆w
[V2]
k,f ∝

〈
v

(k)
2

σ
(k)
2

d1∑
i=1

w
[V1]
i,f

v
(i)
1

σ
(i)
1

nh∑
j=1

w
[H])
j,f h(j)

〉
0

−
〈
v

(k)
2

σ
(k)
2

d1∑
i=1

w
[V1]
i,f

v
(i)
1

σ
(i)
1

nh∑
j=1

w
[H]
j,f h

(j)

〉
λ

∀f ∈ {1, 2, . . . , F}
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where 〈.〉0 is the average attained from the original data distribution and 〈.〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

The previous derivation is next repeated for the remaining free parameters of

the visible source layer (i.e., the biases). Note, that the second energy term (i.e.,

E2(V1,V2,H) plays no role in the derivatives of the biases. The derivatives are calcu-

lated as follows:

∂

∂a(i)
E(V1,V2,H) =

∂

∂a(i)

(
−

d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2

−
nh∑
j=1

h(j)b(j) −
d2∑
k=1

(
v

(k)
2 − c(k)

σk2

)2

−
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))

Since the sum of the derivatives is the derivatives of the sum, the above equations

could be re-written as:

∂

∂a(i)
E(V1,V2,H) = − ∂

∂a(i)

{
d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2}
− ∂

∂a(i)

{
nh∑
j=1

h(j)b(j)

}

− ∂

∂a(i)

d2∑
k=1

{(
v

(k)
2 − c(k)

σk2

)2}
− ∂

∂a(i)

{
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))}

This yields the following updates for the biases of the visible source layer:

=⇒ ∆a(i) ∝
〈
v

(i)
1

〉
0

−
〈
v

(i)
1

〉
λ

where 〈·〉0 is the average attained from the original data distribution and 〈·〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

Next, the derivations to determine the updates of the biases for the hidden layer

(i.e., b’s) are described:
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∂

∂b(j)
E(V1,V2,H) =

∂

∂b(j)

(
−

d1∑
i=1

(
v

(i)
1 − a(i)

σ
(i)
1

)2

−
nh∑
j=1

h(j)b(j) −
d2∑
k=1

(
v

(k)
2 − c(k)

σk2

)2

−
d1∑
i=1

(
nh∑
j=1

[
d2∑
k=1

[
Wijk

v
(i)
1

σ
(i)
1

h(j) v
(k)
2

σ
(k)
2

]]))

The equation above can then be re-written as:
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These yield the following update rules:

=⇒ ∆b(j) ∝
〈
h(j)

〉
0

−
〈
h(j)

〉
λ

where 〈·〉0 is the average attained from the original data distribution and 〈·〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

The above derivation is then repeated to determine the update rules for the biases

of the visible target layer to generate:
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The equation above can then be re-written as:
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Therefore, the following update rules for the visible target layer are attained:

=⇒ ∆c(k) ∝
〈
v

(k)
2

〉
0

−
〈
v

(k)
2

〉
λ

where 〈·〉0 is the average attained from the original data distribution and 〈·〉λ is the

reconstruction determined by a Markov Chain of length λ attained through Gibbs

sampling, starting with the original data distribution.

Summarizing everything together the update rules for all the free parameters of

the factored model are:
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where 〈.〉0 is the average attained from the original data distribution and 〈.〉λ
is the reconstruction determined by a Markov Chain of length λ attained through

Gibbs sampling, starting with the original data distribution. Since the main difference

between FTrRBM and TrRBM is the factoring of the weight tensor, the update rules

for the biases (i.e., ∆a(i), ∆b(j), and ∆c(k)) remain unchanged. The difference to

TrRBM however, are in the update rules for the factored weights (i.e., ∆w
[V1]
i,f , ∆w

[H]
j,f ,

and ∆w
[V2]
k,f ), where:

• the updates are performed for each of the factors (i.e., f ∈ {1, 2, . . . , F})

• the update rules of the weight tensor still depend on the units of the connected

layers, however these are now factored into three equations corresponding to

each of the three layers.

Unfortunately, learning in this model cannot be done with normal CD. The main

reason is that if CD divergence was used as is, FTrRBM will learn to correlate random

samples from the source task to random samples in the target. To tackle this problem,

as well as ensure computational efficiency, a modified version of CD is proposed. In

Parallel Contrastive Divergence (PCD), the data sets are first split into batches of

samples. Parallel Markov chains run to a certain number of steps on each batch. At

each step of the chain, the values of the derivatives are calculated and averaged to

perform a learning step. This runs for a certain number of epochs. At the second

iteration the same procedure is followed but with randomized samples in each of the

batches. Please note that randomizing the batches is important to avoid fallacious

matchings between source and target triplets.
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6.4 Using the Inter-task Mapping

Using FTrRBMs for transfer in RL is done using two phases. First, the inter-task

mapping is learned through source and target task samples. Second, samples are

transferred from the source to the target, to be used as starting samples for a sample-

based RL algorithm (which proceeds normally from this point onward).

Learning Phase

When FTrRBM learns, weights and biases are tuned to ensure a low reconstruction

error between the original samples and the predicted ones from the model. The

RBM is initially provided with random samples from both the source and the target

tasks. Triplets from the source task (i.e., {〈s(i)
1 , u

(i)
1 , s

′(i)
1 〉}n1

i=1) and target task (i.e.,

{〈s(j)
2 , u

(j)
2 , s

′(j)
2 〉}n2

j=1) are inputs to the two visible layers of the RBM. These are then

used to learn good hidden and visible layer feature representations. Note that these

triplets should come from random sampling—the RBM is attempting to learn an

inter-task mapping that covers large ranges in both the source and target tasks’ state

and actions spaces. If only “good” samples were used the mapping will be relevant

in only certain narrow areas of both source and target spaces.

Transfer Phase

After learning, the FTrRBM encodes an inter-task mapping from the source to the

target task. This encoding is then used to transfer (near-)optimal sample transitions

from the source task, forming sample transitions in the target task. Given a near

optimal source task policy, π?1 , the source task is sampled greedily according to π?1 to

acquire optimal state transitions. The triplets are passed through the visible source

layer of FTrRBM and are used to reconstruct initial target task samples at the visible

target layer, effectively transferring samples from one task to another. If the source

and target task are close enough2, then the transferred transitions are expected to

aid the target agent in learning an (near-)optimal behavior. They are then used in a

sample based RL algorithm, such as LSPI to learn an optimal behavior in the target

task (i.e., π?2).

The overall process of the two phases is summarized in Algorithm 23.

The work in this chapter share similarities to Chapter 5, but vary significantly

in the procedure the intertask mapping is learned. Both share the same inputs and

outputs. Precisely, both frameworks require source and target task random samples,

as well as a near-optimal behavior in the source to produce an intertask mapping.

2Note that defining a similarity metric between tasks is beyond the scope of this chapter. Please
refer to the next chapters for details on such a measure.
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Algorithm 23 Overall Transfer Framework

1: Input: Random source task samples D1 = {〈s(i)
1 , u

(i)
1 , s

′(i)
1 〉}n1

i=1, random target

task samples D2 = {〈s(j)
2 , u

(j)
2 , s

′(j)
2 〉}n2

j=1, optimal source task policy π?1
2: Use D1 and D2 to learn the intertask mapping using FTrRBM.
3: Sample source task according to π?1 to attain D?1 .
4: Use the learned RBM to transfer D?

1 and thus attain D0
2.

5: Use D0
2 to learn using a sample-based RL algorithm.

6: Return: Optimal target task policy π?2 .

The main intuition of discovering a common space describing both tasks is also

shared. However, the procedure of learning such a space is different. In Chapter 5

the idea was to use sparse coding and sparse projections to discover the shared space,

opposed to using a unified three layer restricted Boltzmann machine in this chapter.

After the space has been achieved, Chapter 5 adopted non-parametric regression (i.e.,

Sparse Gaussian Processes) to learn the intertask mapping. In TrRBM/FTrRBM such

an additional (possibly computationally expensive) step is not required. The learnt

hidden space can be used to reconstruct target task transitions from those of the

source task
(

i.e. by determining p (V2|V1,H)
)

.

6.5 Experiments and Results

To asses the efficiency of the proposed framework, experiments on different RL bench-

marks were performed. Three different transfer experiments were conducted using the

tasks shown in Figure 6.33.

(a) Inverted
Pendulum

(b) Cart Pole (c) Mountain Car

Figure 6.3: Experimental domains

3The samples required for learning the inter-task mapping were not given as extra samples for
the random learner in the target. Please note, that even if these were included the results as seen
from the graphs will still be in favor of the proposed methods.
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Cart-Pole to Cart-Pole Transfer

The goal of this first experiment is to determine if the proposed method is capable

of learning an inter-task mapping between pairs of similar tasks. Thus, transfer was

done between two cart-poles (CP) tasks. The state of a CP system are described via

the four dimensional state vector, 〈θ, θ̇, x, ẋ〉. The first two state variables represent

the angle and angular velocity of the pole, respectively, while the last two represent

the position and the velocity of the cart. The agent is allowed to choose from a set

of discretized actions. The goal of the agent is to stabilize the pole in an upright

position. Next the details of the source task and target task are described.

Source Task The source task was selected to be easier to learn than the target

task. The source task has a long pole, l = 3 meters. The action space was a discrete

set of two actions U1 = {−10, 10} in Newtons. The reward was +1 if the angle of the

pole is in the −π9 < θ < π
9 range and the position is in −4 < x < 4 meters range.

The agent is given a negative reward of −1 otherwise. Here the source agent learned

a near-optimal behavior to balance the pole in an upright position using LSPI.

Target Task The target task was also a CP but with a shorter pole length, l = 0.5,

making the control problem harder. To determine the performance of the proposed

framework with varying MDPs, the target action space, transition probability and

reward functions were different from the source task. Because the length of the pole

was different from the source task, the transition dynamics change. Additionally, the

action space of the target agent was changed to U2 = {−10, 0, 10} and the reward

function was changed to cos(θ), giving the agent a maximum value of +1 when the

pole is the upright position.

Experiment First, 5000 random 〈s, a, s′〉 samples were collected from the source

task and 1000 and 500 were collected from the target task. These were used by

FTrRBM, in two separate experiments, to learn the inter-task mapping, where the

RBM contained 120 hidden units and 30 factors. Samples were split into batches of

100 each to train FTrRBM using PCD. The whole training process ran for 100 epochs

and FTrRBM converged in about 4.5 minutes to the lowest reconstruction error.4

Second, Sarsa [99] was used to learn π?1 , and then sample different numbers of

transitions from the source task. Each sample set — consisting of 1000, 2000, . . . ,

10000 triplets — was input to the FTrRBM to construct a set of initial samples in

the target task, called transferred samples.

4The experiments ran on a 2.3 GHz Intel Core i5 MacBook Pro laptop.
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Figure 6.4: Transfer versus no transfer comparison on highly similar tasks

Third, LSPI was used on each of the sample sets to learn a policy, π
(0)
2 . The

performance of the policy was then determined by executing actions determined by

π
(0)
2 for 500 episodes. The behavior of this policy — for each of the sample set sizes

— was compared to normal LSPI using random sampling. The results are reported

in Figure 6.4. The x-axis shows the sample-set size (i.e., the number of source task

samples used) and the y-axis shows the performance of the controller by measuring

the number of steps the pole was in the range −π9 < θ < π
9 . Except for the final

data point, the performance of π
(0)
2 is higher than that of the policy generated by

LSPI with the same number of target task instances that were sampled randomly

(instead of being transferred from the source task) when using 1000 samples to learn

the intertask mapping. When using 500 samples to learn the intertask mapping the

performance is similar to the random case in the source as shown with the “black

line” in the figure. Note that the standard errors of the performance are too small to

be visible on the graph.

The performance of TrRBM was also tested with respect to learning times in two

ways. First, the number of iterations needed for LSPI to converge on a fixed set of

samples was measured. LSPI consistently converged with fewer iterations when using

the transferred samples. For example, LSPI converged with only 8 iterations on 5000

transferred samples compared to 12 on the random ones and with 17 compared to 21
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iterations on 10000 transferred and random samples, respectively. The second timing

experiment measured the wall-clock time needed for LSPI to reach (near-)optimal

behavior in the target task. For this, LSPI started with initial policy learned on the

transferred samples, or on random samples. This policy was then used to sample

more from the target environment. The procedure was repeated until an optimal

behavior, defined as the behavior of attaining more than 3000 control steps of the

pole, was obtained. Starting from the transferred policy with 3000 samples reduced

the learning time from 22 minutes to 15 minutes. Therefore,

ConclusionI: FTrRBM is capable of learning a relevant inter-task mapping between

a pair of similar tasks.

ConclusionII: FTrRBM is capable of transferring informative samples that: (1)

Produce better performance, (2) Reduce the computational complexity to attain a

fixed policy on these samples, and (3) Reduce the computational complexity to reach

a (near)-optimal policy.

Inverted Pendulum to Cart-Pole Transfer

A similar experiment was performed to test the transfer capabilities of FTrRBMs

between less similar tasks. This time, while the target task was kept identical the

source task was the inverted pendulum of Figure 5.2(a).

Source Task The state variables of the pendulum are 〈θ, θ̇〉. The action space is a

set of two torques {−10, 10} in Newtons. The goal of the agent is again to balance

the pole in an upright position with 〈θ = 0, θ̇ = 0〉. A reward of +1 is given to the

agent when the pole’s angle is in − π
12 < θ < π

12 and −1 otherwise.

Experiment 3000 random source task samples, 1000 and then 500 target task sam-

ples were used to learn the inter-task mapping. The RBM contained 80 hidden units

and 25 factors. Learning was performed as before, with FTrRBM converging in about

3.5 minutes. Transfer was accomplished and tested similarly to the previous exper-

iment. The results are reported in Figure 6.5. It is again clear that transfer helps

the target agent in his learning task when using 1000 samples to learn the intertask

mapping. In case, 500 samples were used to learn the intertask mapping the target

agent starts better than the random agent in the target task, however this perfor-

mance decreases with the increase in the number of transferred samples. LSPI again

converged with fewer iterations when using transfer. LSPI convergence time also de-

creased on different transferred samples. For example, LSPI converged with only 9

iterations on 5000 transferred samples compared to 12 using random ones and with

17 compared to 19 on 8000 transferred and random samples, respectively. The time

needed to reach near optimal behavior was reduced from 22 to 17 minutes by using a
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Figure 6.5: Transfer versus no transfer comparison on different tasks.

transferred policy to initialize LSPI. Therefore,

ConclusionIII: FTrRBM is capable of learning a relevant inter-task mapping be-

tween a pair of dissimilar tasks.

Mountain Car to Cart-Pole Transfer

A third experiment shows the transfer performance of FTrRBMs between pairs even

less similar tasks than in the previous section. The target task remained the same

cart-pole as before, while the source task was chosen to be the Mountain-Car (MC)

problem. Although very different, successful transfer results between these tasks had

previously been shown in the previous chapter.

Source Task The system is described with two state variable 〈x, ẋ〉. The agent

can choose between two actions {−1, 1}. The goal of the agent is to drive the car up

the hill to the end position. The car’s motor is not sufficient to drive the car directly

to its goal state — the car has to oscillate in order to acquire enough momentum to

drive to the goal state. The reward of the agent is −1 for each step the car did not

reach the end position. If the car reaches the goal state, the agent receives a positive

reward of +1 and the episode terminates. Learning in the source task was performed

using SARSA.
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4000 random source task samples and 1000 and then 500 target task samples were

used to lean the inter-task mapping as before. The RBM contained 120 hidden units

and 33 factors and converged in about 3.5 minutes to the lowest reconstruction error.

The results of transfer (performed as before) are reported in Figure 7.10. It is

clear that transfer helps even when tasks are highly dissimilar and when using 1000

samples to learn the intertask mapping. As before, LSPI converged with fewer itera-
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Figure 6.6: Transfer versus no transfer comparison on highly dissimilar tasks.

tions when using transfer than without using transfer. For example, LSPI converged

with only 10 iterations on 5000 transferred samples compared to 12 using random

ones. LSPI converged to an optimal behavior in about 18 minutes compared to 22

minutes for the non-transfer case. Therefore,

ConclusionIV: FTrRBM is capable of learning a relevant inter-task mapping be-

tween a pair of highly dissimilar tasks.

Comparisons to Sparse Coded Inter-task Mapping

To provide a comprehensive comparison between FTrRBM and the work of Chap-

ter 5, two additional experiments were conducted. The source task was either the

IP or the MC, while the target task was the CP system. 1000 and 500 target sam-

ples were used to learn an intertask mapping using either FTrRBM or the work of
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Chapter 5. Having these intertask mappings, (near-) optimal source task samples5

were then transferred to provide an initial batch for the target RL agent to learn on.

Performance, measured by the number of successful control steps in the target, was

then reported in Figures 6.7 and 6.8.
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Figure 6.7: Performance comparison of transferring from IP to CP using FTrRBM or
Sparse Coded inter-task mappings (i.e., Chapter 5). The left graph shows the results
of transfer when using 1000 target samples to learn the intertask mapping, while the
right presents the results when using 500 samples to learn such a mapping.

Figure 6.7 shows two comparison graphs. The left graph reports the performance

when using 1000 target samples to learn the intertask mapping. These clearly demon-

strate that FTrRBM performs better than sparse coded intertask mappings, where

for example, FTrRBM attains about 570 control steps compared to 400 in the sparse

coded case at 5000 transferred samples. As the number of control steps increases, the

performance of both methods also increases, to reach around 1300 control steps for

FTrRBM compared to 1080 in the sparse coded case at 10000 transferred samples.

The right graph shows the results of the same experiments, however, when using only

500 target samples to learn the intertask mapping. Again these results show that

apart from the first two points, FTrRBM outperforms the Sparse coded intertask

5The optimal policy in the source was again attained using SARSA.
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Figure 6.8: Performance comparison of transferring from MC to CP using FTrRBM
or Sparse Coded inter-task mappings (i.e., Chapter 5). The left graph shows the
results of transfer when using 1000 target samples to learn the intertask mapping,
while the right presents the results when using 500 samples to learn such a mapping.

mapping.

In Figure 6.8 the results of the same experiments on highly dissimilar tasks are

shown. In the left graph, 1000 target samples were used to learn an intertask mapping

using either FTrRBM or the approach of Chapter 5. The results clearly manifest

the superiority of FTrRBM compared to the sparse coded approach, where at 5000

transferred samples FTrRBM attains 600 control steps, with 410 steps for the sparse

coded intertask mapping. This performance increases to reach about 1300 control

steps for FTrRBM with 1050 for the sparse coded approach on 10000 transferred

samples. In the right graph the same experiments were repeat using 500 samples to

learn the intertask mapping. It is again clear that FTrRBM outperforms the approach

of Chapter 5.

From these results the following could be concluded:

Conclusion V: The common space learned using FTrRBM is more informative com-
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pared to that learned using the approach of Chapter 5, and

Conclusion VI: FTrRBM is more sample efficient compared compared to the sparse

coded approach as it requires less target samples to learn a successful intertask map-

ping.

6.6 Discussions and Conclusions

This chapter proposes a theoretically grounded method for learning an inter-task

mapping, based on RBMs. The merits of the approach were validated through ex-

perimental evidence. The proposed technique successfully learned a useful inter-task

mapping between pairs of similar, less similar, and highly dissimilar pairs of tasks.

The idea of discovering a common space that is capable of representing different

MDPs has been shown effective. It was clear from this and the previous chapter that

discovering such space will help target agents in improving their learning behaviors.

Interestingly, when following automated schemes surprising results can emerge. For

instance, prior to these works, transfer from the MC to the CP, was believed to be

impossible as it is hard for a human to hand-code such a relation between these

two tasks. Fortunately, if a more abstract and informative space to encode an inter-

task mapping was adopted, transfer between highly dissimilar tasks becomes possible.

Although successful, the relations between the tasks are still vague and unclear. If an

autonomous transfer framework is to be developed, a more comprehensible study of

these relations is essential.

So far, different approaches to automatically learn valid mappings between preset

source and target tasks were discussed. However, for full autonomy, a learner has

to be able to autonomously decide on what tasks to use. More specifically, given a

specific target task and a bag of different source tasks6, the learner has to decide on

which source to choose from. Therefore, if a similarity measure between the different

MDPs was available, transfer learners can make use of such a measure to effectively

choose valid source task(s) and thus approach full autonomy.

Aiming at a better understanding of the attained results, as well as at fully au-

tonomous transfer learners, the next chapter proposes a similarity measure between

MDPs with different constituents. This measure makes use of deep learning tech-

niques to discover highly informative spaces, that are capable of describing a broad

range of tasks. It is of major importance to the transfer and reinforcement learning

community, as it will allow practitioners to automatically choose from and potentially

generate relevant source task(s) for a given target task.

6Please note, that automatically generating relevant source tasks is also possible but is left for
future work.



PartII
Choosing Relevant Source Tasks





7
Connecting the Dots

This chapter is based on: H. B. Ammar, D. C. Mocanu, M. Taylor, K. Driessens,

G. Weiss, and K. Tuyls, “Data-Driven Similarity Measure Between Markov Decision

Processes,” Journal of Machine Learning Research (JMLR)-in review.

In the first part of this dissertation, different approaches to learn intertask map-

pings between reinforcement learning tasks have been proposed. Namely, three differ-

ent techniques, of which two that are fully automated (Chapters 5, and 6), have been

detailed. The first method, discussed in Chapter 5, adopted sparse coding, sparse

projection, and sparse gaussian processes to learn such a mapping. The second, de-

scribed in Chapter 6, made use of high order restricted Boltzmann machine to achieve

that goal. Having such mappings, two novel and effective transfer for reinforcement

learning algorithms were described (i.e., TrLSPI, and TrFQI). It is worth noting,

that the proposed techniques for learning the intertask mapping are not restricted to

LSPI and FQI. Essentially, any sample based reinforcement learning algorithm can

be used in the target. However, the main advantage of LSPI and FQI is their learning

efficiency, justifying their usage as basis RL algorithms for transfer.

At a high level, the shared characteristics between these two methods was the idea

to discover a high dimensional common space that is capable of characterizing both

tasks. Such a space that allowed for a unified description, enabled transfer. Therefore,

these techniques solved the challenges of: (1) automatically relating source and target

MDPs, and (2) effectively exploiting such a relation in order to perform transfer.

However, for autonomous transfer, one more challenge needs to be solved. To

have a fully autonomous transfer agent, it still has to decide which source task(s)

to be chosen for a specific target. From the author’s opinion, this is the toughest

question to be answered as it requires the definition of similarity measures between

tasks, that might potentially have different state and action spaces. To the best of

our knowledge, there has been little progress toward this goal thus far.
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Few attempts aiming at such a similarity measure between MDPs. Most relevant

are works that use bisimulation metrics [20, 27, 28]. Although interesting, these

works suffer from restrictive assumptions on the state and/or action spaces, transition

probabilities, and/or reward functions of the MDPs. In the work in this chapter the

proposed measure are: (i) data-driven (the metric is acquired from MDP transitions),

(ii) operational in continuous state space, (iii) computationally tractable1, and (iv)

compatible with MDPs having different action spaces or state features.

Having such a measure is of great importance. First, it will quantify the ad hoc

choices made by the designer when selecting source and target tasks for the evaluation

of a new TL algorithm. Second, it is the first step in attaining a well-founded per-

formance criterion for TL in RL tasks. For instance, bounds on transfer algorithms

can now be attained as a function of this measure that quantifies similarities between

tasks. Furthermore, it will serve as a solution for an instant of the last remaining

challenge in creating autonomous transfer agents.

In addition to TL, such a measure is of importance to the general RL community.

There have been numerous RL algorithms proposed, typically evaluated on a handful

of benchmarks, using a set of parameters tuned on each MDP. Unfortunately, this

can lead to the problem of empirical over-fitting [25], i.e., an algorithm can work well

given specific MDP parameters values, but not when using other parameter values or

different MDPs. With the help of an MDP similarity measure, RL algorithms can be

evaluated over a well-defined set of MDPs.

Throughout the previous chapters in this thesis successful results have shown

on the transfer between three RL benchmarks. Namely, successful transfer between

the inverted pendulum to the cart-pole, and mountain car to the cart pole have

been presented. Although transfer between the inverted pendulum to the cart-pole is

interesting, the results are less surprising compared to the transfer from the mountain

car to the cart pole. The reason behind successful transfer results is intuitively based

on the idea that tasks appearing far on a low level of abstraction are actually similar at

high levels. This claim, where tasks being far at low level of abstractions are actually

related and similar once described in higher abstraction levels, can be disproved or

validated with the help of such a similarity measure. In the experiments performed

in this chapter it becomes clear that indeed such a claim is true.

This chapter presents a method to calculate the similarity between MDPs with the

same state features and action spaces by measuring reconstruction error when using a

restricted Boltzmann machines. A generalized method is then derived to work when

MDPs with different state and/or action spaces are presented by using the additional

abstraction of a deep belief network. Experiments show that the proposed measures

are capable of capturing and clustering dynamical similarities between MPDs with

1The complexity of the algorithm is linear in the number of samples.
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multiple differences, including (i) state features, (ii) action space, (iii) transition prob-

ability, and/or (iv) reward function. Experiments also show that the jumpstart gained

from transferring between different source and target tasks is correlated with both

proposed measures.

7.1 Problem Definition

In this section the problem definition is detailed. Each of the source and target tasks

are MDPs. These vary in each of their constituents. More specifically, the approach

makes no restrictive assumptions on the type of variations between the tasks. In other

words, not only the probability distributions or reward functions may vary between

the tasks, but these variations can also happen between the state and/or action spaces.

Namely, given two MDPsM1 = 〈S1,U1, T1,R1, γ1〉 andM2 = 〈S2,U2, T2,R2, γ2〉,
where Si, Ui, Ti, Ri, and γi correspond to the state space, actions space, transition

model, reward function, and discount factor for all i ∈ {1, 2} representing the source

and target tasks’ MDP constituents, respectively, the question is to define a similarity

measure between M1 and M2. Knowledge in form of transitions from both MDPs

are available. Two data sets D1 = 〈s(i)
1 , u

(i)
1 , s

′(i)
1 〉n1

i=1, with n1 being the number of

samples in the source, and D2 = 〈s(j)
2 , u

(j)
2 , s

′(j)
2 〉n2

j=1, with n2 being the number of

samples in the target. These are then used learn about the similarities between the

tasks.

More specifically, the solution to this problem is spilt into two phases. In the

first, restrictive assumptions on the state and actions spaces of the source and target

MDPs are imposed. In the first proposed measure the state and action spaces of

the MDPs are assumed to be of the same dimensionality. Although successful as

shown in the experiments, this measure is restrictive. It only operates for MDPs

that have the same domain. In the most interesting cases of transfer learning, the

source and target MDPs belong to different domains. Therefore, if the third step for

automated transfer is to be solved then a generalization of the previous measure is

required. Aiming at a more general framework, this previous measure is generalized

by changing the configuration of the proposed RBM. The new configuration is based

on deep belief networks. The idea is to generate a space that is capable of describing

transitions from different MDPs.

7.2 Overall Framework

This section presents a high level description for both proposed measures. Firstly,

the measure between MDPs with the same state and actions spaces (i.e., domains) is
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discussed. Secondly, the generalization of the measure to operate in different domains

setting is described.

Similarity Measure: Same Domains Case

The first proposed measure, RBDist, operates within the setting were the MDPs

have the same state and action spaces. Given a set of transition samples, D1 =

〈s(i)
1 , u

(i)
1 , s

′(i)
1 〉n1

i=1 and D2 = 〈s(j)
2 , u

(j)
2 , s

′(j)
2 〉n2

j=1, from both the source and target

MDPs, respectively, the question is to determine a measure that is capable of describ-

ing similarities between these transitions. Here again the idea of a common space is

of major importance. If there existed a highly “informative” high dimensional space,

that is capable of describing, for instance, the source MDP, it can also be used to

determine similarities between MDPs. More specifically, if two MDPs are similar,

then an informative rich space describing the first, should also be capable to some

extend of describing the second.

The main question then is how to define, discover, or learn such a common space.

In this thesis, two approaches for determining such spaces were investigated. The first

was based on sparse coding, while the second adopted high-order restricted Boltzmann

machines. At the beginning attempts using sparse coding to determine such a measure

were followed. Although appealing, applying sparse coding can indeed discover such

a space, but it seemed to be hard to use this space to attain the sought measure.

The main problem related to the nature of sparsity induced in the generated data.

To clarify, the such a measure can be seen as the measure between two probability

distributions in a high dimensional common space representing the transitions of both

MDPs. To discover such a space using sparse coding, one has to first sparse code the

source transitions, project the target transitions to the discovered space, and finally

perform density estimation. The last step is executed to represent the transitional

distributions of both MDPs in the discovered space. It is this step that is a hard,

since the data is high dimensional and sparse. Normal density estimation techniques

such as Gaussian mixture models are not applicable at these dimensions. Therefore,

it seemed that such direction of analysis is not optimal.

The second technique that is capable of determining such spaces that was al-

ready proposed in Chapter 6 relies on high order restricted Boltzmann machines.

The advantages of these techniques is that they are natural density estimators and

therefore, are ideal for the targeted problem. RBDist, shown in Figure 7.1, makes

used of a restricted Boltzmann machine (RBM) to determine the similarity between

MDPs with the same state and action spaces. Given D1 and D2, the idea could be

split in two steps. First, D1, is used to train an RBM to determine a hidden and

weight configuration capable of describing source transitions (i.e., 〈s1, u1, s
′
1〉) in a
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high dimensional feature space. If the two MDPs are similar then this space should

also be able to construct target transitions. Therefore, the second step is to try to

reconstruct transitions in D2 based on the RBM learned in the first step. The error

incurred while reconstructing these samples is proportional to the difference between

the two distributions describing both MDPs, and thus can be used as a similarity

measure.

Similarity Measure: Different Domains Case

Although successful, the previous measure suffers from restrictive assumptions as it

operates within same domain MDPs. Aiming at extending it to more realistic settings,

DRBDist, shown in Figure 7.2, is proposed. The idea is similar to RBDist, where it

is again based on the reconstruction error.

However, to allow for the flexibility of having different state and action spaces

between the MDPs, the RBM configuration of Figure 7.1 has to be extended. As the

two MDPs might require different RBM configurations to be accurately abstracted,

the first step is to use D1 and D2 to train two separate RBMs. It is worth noting, that

these may have different visible and hidden neural configurations (i.e., the first two

layers in Figure 7.2). At this level the two MDPs are described in a high dimensional

rich feature space. Next, these spaces need to be unified to allow for a common

high dimensional space of both MDPs. This space can then be used for sample

reconstruction. To have the reconstruction layer, two steps are needed. In the first, the

attained hidden configuration of the two RBMs is mapped to a new hidden layer under

the constraint that this layer has the same number of units for each of the MDPs. In

the second, this newly learned configuration from the second MDP is then projected

towards the first. This step allows the description both MDPs in the same space. At

this level, any sample from either the source or the target can be reconstructed. The

last hidden layer is then added to allow for such a reconstruction. The main intuition

behind the idea is that if these MDPs are similar, then these discovered spaces will be

able to describe samples from both MDPs. The reconstruction error, which is then

proportional to the probability distribution describing both MDPs, is the basis for

the similarity measure.

The remainder of the chapter is organized as follows. Section 7.3 describes both

proposed measures. Namely, first RBDist, the measure between MDPs with shared

state and action spaces is detailed, second, the extension to DRBDist is presented.

Section 7.4 presents the experiments showing both measures to be successful and

meaningful. Finally, Section 7.5 concludes with a discussion and interesting directions

for future work.



170 Chapter 7. Connecting the Dots
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Figure 7.1: This is a high level schematic of the similarity measure between MDPs
with shared state-action spaces. Both training and reconstruction use CD.

7.3 MDP Similarity Measures

This section details the proposed similarity measures. First, a measure between MDPs

with the identical state-action spaces is described. After, it is extended so that the

similarity between MDPs with differences in any or all of their five constituent parts

can be measured.

Shared State and Action Spaces: RBDist

The similarity measure is defined by its computation Algorithm 24. The two

MDPs are uniform randomly sampled to generate D1 = {〈s(i)
1 , u

(i)
1 , s

′(i)
1 〉}n1

j=1 and

D2 = {〈s(j)
2 , u

(j)
2 , s

′(j)
2 〉}n2

j=1, where s
′(i)
1 ∼ T̃1(s

(i)
1 , u

(i)
1 ), s

′(j)
2 ∼ T̃2(s

(j)
2 , u

(j)
2 ), n1 and n2

represent the number of samples from the first and second tasks, respectively. The

source task data set is used to train an RBM (line 2) to describe the transitions in

a richer feature space. The idea behind this is that if the rich feature space is infor-

mative enough, the learned RBM will not only be capable of reconstructing samples

from the source MDP, but also from similar MDPs. The third step is to reconstruct

samples from the other MDPs using this learned RBM as shown in lines 5 and 6 of the

algorithm. The reconstruction error of a sample is defined as the Euclidean distance
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Algorithm 24 RBDist: Shared State and Action Spaces

1: Input: M1 samples: D1 = {〈s(i)
1 , u

(1)
1 , s

′(i)
1 〉}n1

i=1,

M2 samples: D2 = {〈s(j)
2 , u

(j)
2 , s

′(j)
2 〉}n2

j=1

2: Use D1 to train an RBM yielding (v,h,W).
3: for k=1 to n do
4: Reconstruct each sample from D2 in a single forward-backward Gibbs step

using:

p(v|h,W) =

nv∏
i=1

N (µi,Σ)

with µi =

nh∑
f=1

wi,fhf + bi

5: Compute the reconstruction error

ej = L2(〈s(j)
2 , u

(j)
2 , s

′(j)
2 〉0, 〈s

(j)
2 , u

(j)
2 , s

′(j)
2 〉1)

6: end for
7: Return: the mean of all errors E = 1

n

∑n
j=1 ej as the measure between the

MDPs.

between the original sample and its reconstruction after a single forward-backward

Gibbs step. The difference measure between the two MDPs, referenced from now on

as RBDist, is defined as the average reconstruction error of all M2 samples.

Different State and/or Action Spaces: DRBDist

RBDist is only applicable for MDPs with an identically represented state and action

space. To construct at a measure for MDPs with different state features and/or action

spaces, essential for cross domain transfer, RBDist is extended. Different state-action

spaces require different visible and hidden configurations to accurately model the

MDPs. A new scheme, shown in Figure 7.2, is introduced that consists of one visible

and three hidden layers. Each of these layers is necessary. The bottom layer includes

a set of visible nodes for both MDPs. Each MDP can use a different number of visible

units matching the dimensions of each task. This visible layer is connected to a first

hidden layer that still allows a different number of nodes for each MPD. The main

goal of this first hidden layer is to find a description of the visible layer in a more

representative feature space. The second hidden layer constraints each MDP to use

the same number of units. This allows the reconstruction error — proportional to

the KL-measure between the different probability distributions in that layer — to be

calculated at this level. To measure this error two steps are required: (1) hidden layer

three, and (2) a description of the probability distribution of the target MDP in the

source MDP space (illustrated as the “left” arrow in Figure 7.2). Once determined,
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the reconstruction error can be used as the basis for the similarity measure.

...

...

Source 
Samples 

CD

...

...

...

Target 
Samples 

CD

......

CDCD

CD

V1 Vk

...

H1

...

Hk

℘

Figure 7.2: This figure diagrams DRBDist. The bottom (visible) layer receives task
data. The first hidden layer constructs a more representative feature space of an MDP.
Both second hidden layers have the same structure and number of nodes, allowing
the target to be matched to the source. The reconstruction error in the third hidden
layer measures task similarity.

We now describe the mathematical formulation of inference as well as the update

rules for the DBN.

First Two Layers: For l ∈ {1, 2}, where l indicates the source or target MDP,

define Vl = [v
(1)
l , . . . , v

(nl)
l ] for l ∈ {1, 2} with nl the number of nodes in the visible

layer for MDP l and Hl = [h
(1)
l , . . . , h

(nhl )

l ] for L ∈ {1, 2} with nhl the number of

hidden nodes for MDP l. The energy function for each RBM is given by:

El(Vl,Hl) = −(Vl − al)
TΣl(Vl − al)− bTl Hl − VTl WlHl

where al and bl are the bias vectors of the corresponding visible and hidden layers

respectively, Wl ∈ Rnl×nhl is the weight matrix for MDP l, and Σl ∈ Rnl×nhl



7.3. MDP Similarity Measures 173

corresponds to the inverse of the covariance matrix.

Visible layer distributions are Gaussians while the hidden layer uses sigmoids.

Inference is performed in parallel for each of the nodes with different inputs according

to:

µ
(i)
l =

nhl∑
j=1

w
(i,j)
l h

(j)
l + a

(i)
l for each visible node i

s
(j)
l =

nl∑
i=1

w
(i,j)
l v

(i)
l + b

(j)
l for each hidden node j

Learning the weights for each of the RBMs done via normal CD:

∆Wl ∝
〈
HlVTl

〉
0

−
〈
HlVTl

〉
λ

where 〈·〉0 is the expectation of · in the original data set (i.e., samples) and 〈·〉λ is

the attained from a Markov chain starting with the original data distribution and

running for λ steps.

Second Two Layers: The third layer is trained to reconstruct the second learned

hidden layer. Each MDP is given the same number of hidden nodes to use in this

layer. Define Hl,3 = [h
(1)
l,3 , . . . , h

(nh3 )

l,3 ] with nh3
the number of nodes used in the third

layer for each MDP l. The energy function equation becomes

El(Hl,Hl,3) = −bTl Hl − bTl,3Hl,3 −HTl Wl,3Hl,3.

where, bTl,3 are the biases of the third layer and Wl,3 are the weight matrices for

l = {1, 2}. Inference is performed in parallel as

s
(j)
l =

nh3∑
k=1

w
(j,k)
l,3 h

(k)
l,3 + b

(j)
l for each node j of layer 2, and

s
(k)
l,3 =

nhl∑
j=1

w
(j,k)
l,3 h

(j)
l + b

(k)
l,3 for each node k of layer 3.

Weight learning is performed by using:

∆Wl,3 ∝
〈
Hl,3HTl

〉
0

−
〈
Hl,3HTl

〉
λ

.
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Last Two Layers: Define H = [h(1), . . . , h(nh)], where nh is the index of the last

hidden unit in the third hidden layer. The energy function, using only the hidden

nodes from the third layer corresponding to the source MDP, becomes:

E(H1,3,H) = −bT1,3H1,3 − bTH−HT1,3WH

where, b is the bias vector for the last hidden layer, and W ∈ Rnh3×nh is the matrix

of the weight connections. Inference could be performed using:

s(j) =

nh3∑
k=1

w(k,j)h
(k)
1,3 + b(j) for each final layer node j

s(k) =

nh∑
j=1

w(k,j)h(j) + b
(k)
1,3 for each node k of the source

task’s third layer

℘ : H2,3 → H1,3 is a mapping of the target tasks’s third hidden layer into the

source MDP’s third level basis. In this work ℘ is chosen to be an identity mapping.

This can be done since the third hidden level includes the same number of hidden

units for both MDPs. Using ℘, the target hidden layer is “reflected” towards the

source MDP. ℘(H2,3) is then reconstructed using the already learned hidden layer

H. The intuition is that if two MDPs are related in their dynamics, the hidden layer

describing the source MDP should also be capable of describing the dynamics of the

target MDP. The reconstruction, used to determine the MDPs similarity exactly as

in RBDist, is computed using

p(H|℘(H2,3)) =

nh∏
j=1

sig(

nh3∑
k=1

w(k,j)℘(h
(k)
2,3) + b(j))

p(H1,3|H) =

nh3∏
k=1

sig(

nh∑
j=1

w(k,j)h(j) + b
(k)
1,3)

where sig(x) = 1
1+exp(−x) is the sigmoidal function. The resulting similarity measure

is called DRBDist.

7.4 Experiments and Results

The adequacy of RBDist and DRBDist as MDP similarity measures was tested on

three standard reinforcement learning benchmarks: Mountain Car (MC), Inverted

Pendulum (IP), and Cart Pole (CP). In a first set of experiments, RBDist was used
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(see Section 7.4) to see if it could differentiate the different dynamical phases (e.g.,

oscillating, damped, critically damped) these systems exhibit using different environ-

mental parameters. We sampled the systems in parametrical setups belonging to each

of different phases and used RBDist to cluster the different setups (see Figures 7.3,

7.5 and 7.7). To check for the correspondence between RBDist and transfer learning,

optimal behavior for an MDP from one cluster used to transfer to other MDPs of

the same system belonging to either the same or different clusters. The jumpstart

results show that as RBDist between the MDPs increases the jumpstart decreases

(see Figures 7.4, 7.6 and 7.8).

DRBDist was tested in a similar fashion, but using different benchmarks. A set

of 3 experiments were performed using a different benchmark (either MC, IP or CP)

as the source task. The DRBDist average over all dynamical phases are summarized

in Table 7.1. Again, to test for the correspondence to transfer learning, two transfer

experiments were performed. In each of these experiments, a number of CPs belonging

to different phases were target tasks, while the source tasks were either oscillating IP

or oscillating MC. Jumpstart on the CP was measured in correspondence with the

similarity between the CP clusters and the source system (see Figure 7.9 and 7.10).

Experimental Domains

The three experimental domains used are explained next.

Inverted Pendulum: The variables describing the state of the IP are the angle

θ and angular velocity θ̇. The action space the agent can choose from is consists of

two torques values τ = [−10, 10] in units of Nm. The goal of the agent is to balance

the pole in an upright position. The agent’s reward is set to −1 for every time step

outside −π9 < θ < π
9 , and +1 for every time step it’s angle is in the target region. For

RBDist, optimal policies were obtained using SARSA with a Q-table representation.

To show that the proposed measures are not restricted to a specific RL algorithm,

least-squares policy iteration(LSPI) was used in the DRBDist experiments.

Cart Pole: The state of the CP system is described via the angle and angular

velocity of the pole and the position and velocity of the cart (i.e., s = 〈θ, θ̇, x, ẋ〉). The

agent’s action space is a set of 11 equally distanced linear forces between [−1, 1]. The

goal is to stabilize the pole in an upright position. A reward of +1 is delivered to the

agent at each step the angle is between −π9 < θ < π
9 and the position is −4 < x < 4.

In case these conditions are not met, the agent receives a −1 reward. The optimal

policy for the cart pole in the RBDist experiments was build using SARSA.
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Mountain Car: The state of the MC is described via the position, x, and velocity,

ẋ. The agent can choose from three linear forces F = {−1, 0, 1}. The car starts at the

bottom of the hill and has to drive to the top. The car’s motor is insufficient to drive

the car straight to the goal state. Therefore, the agent has to oscillate to reach the

goal position where it receives a positive reward. The position of the car is bounded

between [−1.5, 1] and the velocity is bounded between [−0.007, 0.007]. SARSA was

used for both RBDist and DRBDist experiments.

RBDist Experiments

Each of the three systems exhibit different dynamical phases, depending on the pa-

rameters values of their transition models: oscillating, damped or critically damped.

Each of the phases requires a substantially different control policy in order to attain

the desired behavior. To test RBDist, each of the above systems was intentionally set

to these different phases by varying their dynamical parameters. Samples from each

setting were used to measure the similarity to other settings using Algorithm 24. The

details of the experiments are explained next.

Inverted Pendulum Experiments

To set the system in different phases, the inertia of the rod, J , and the damping

constant between the rod and the wall-pin, b, were varied. This produced three types

of behavior: (1) low damping with high inertia, and thus high oscillations, (2) medium

damping with high inertia, still oscillating but at medium frequencies and (3) high

damping such that the system does not oscillate. A system from phase one was chosen

as a reference behavior and Algorithm 24 was used to determine the similarity to the

other systems. Results are shown in Figure 7.3. The x-axis corresponds to different

MDPs randomly sampled in each of the three different phases of the system. Each

sample set contained 5000 transitions. The y-axis represents the similarity between

these different MDPs to the reference. Different colors, red, green, blue show the

ground truth of the different phases. Figure 7.3 shows that similar phases result in

similar differences. The first MDPs with the smallest difference all belong to the

highly oscillating phase of the IP system, as does the reference MDP. The second

phase (medium oscillation and indicated as green dots of Figure 7.3) results in a

bigger difference than the highly oscillating phase, and a smaller difference than the

third, damped phase.

A set of experiments were then conducted to test the correlation between the

difference measure and transferability. An optimal policy from the reference MDP,

learned with SARSA, was used as a source policy. The optimal Q-values were used to

initialize the Q tables of the other MDPs. The policies specified by these Q-values were
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Figure 7.3: Different MDPs from three phases are sampled and the RBDist values are
plotted on the y-axis. The ground truth phase is shown by each datapoint’s color.

then greedily followed and the jumpstart (e.g., the performance improvement without

additional learning over no transfer) was averaged over 300 episodes. The results are

shown in Figure 7.4. As the similarity between the source MDP and the target MDPs

decreases, i.e., the target task is in phase two or phase three, the jumpstart decreases.

This illustrates the correspondence between RBDist and TL performance because

jumpstart is highest when the target is in the same cluster as the source (lowest

distance), has middle performance when the target exhibits behavior two (middle

distance), and has the worst average performance when the target is from behavior

three (highest distance).

Cart Pole and Mountain Car Experiments

Similar experiments were performed on the CP system. Here the length (i.e., the

inertia of the pole) and the damping constant were modified to put the system in three

different phases. Figure 7.5 again shows that the proposed measure was capable of

automatically clustering similar dynamics. Jumpstart experiments were repeated for

the CP, where an optimal policy was attained from the first MDP of the first cluster,

and used to transfer to other CPs. The results shown in Figure 7.6 also manifest the

correspondence between RBDist and transfer performance.

Finally, the same experiments were repeated in the MC system. The mass of the

car was varied to set the car in one of the three phases, as described above. Figure 7.7
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Figure 7.4: Jumpstart results for inverted pendulum where the source is from behavior
one and the target is from behavior one (left), behavior two (middle) or behavior three
(right). Performance is correlated with the behavior of the target task, and therefore
with the RBDist in Figure 7.3.

shows again that systems in similar phases obtain similar RBDist values when com-

pared with the reference MDP. The jumpstart experiments were also repeated for the

MC system. Figure 7.8 again shows that as RBDist between the MDPs increases, the

jumpstart behavior resulting from transfer decreases. It is possible for MDPs belong-

ing different clusters to results in relatively large jumpstart gains, but the probability

of this becomes much lower.

It is clear from the above experiments, that the proposed measure was capable

of discovering relevant phases in dynamical systems, and is meaningful for transfer

where as the RBDist between the MDPs increases the jumpstart decreases.

DRBDist Experiments

A second set of experiments was conducted to show the applicability of DRBDist.

First, the similarity was measured by training the RBM discussed in Section 7.3 on

each of the different tasks, which was then used as the reference MDP to measure the

similarity to the others. For instance, the IP systems was used as the reference MDP

and the similarity to MC and CP was measured. This procedure was repeated by

taking each of the different systems as a reference. Second, this measure was used to

test the jumpstart attained from cross domain transfer, where the target tasks were
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Figure 7.5: RBDist values are measured for the three different behavior phases of the
cart pole in reference to an MDP of the red (low mass) phase.

different CPs and the source tasks were MC tasks. Third, the target tasks were again

CP tasks, but IPs were used for the source tasks.

DRBDist Measure: Different experiments to determine the similarity between

different MDPs were conducted. The results of using DRBDist between the MDPs

are summarized in Table 7.1. RBMs were trained on one of these systems and then

used to measure the similarity to MDPs — the smallest values are along the diagonal,

as these represent training and testing on the same MDP variations.

Cross Domain Transfer DRBMDist can be used in cross-domain transfer. The

first experiment examined the transfer between the most similar systems (i.e., IP to

CP), while the second considered less similar systems (i.e., MC to CP). To transfer

these behaviors to the CP there exists the need for an inter-task mapping relating the

source and target state actions spaces. Learning this inter-task mapping was done

using an existing method [14]. The transferred policy was then used in the target

task (i.e., CP) and the jump start was measured over 500 episodes each.

Figure 7.9 shows the results of transfer from an MDP from the first IP cluster to

different phases in the CP system. The vertical lines separate the different dynamical

phases of the corresponding system. It is clear that although there is not a large

difference between the jumpstarts in the different clusters, rewards in the first cluster

(i.e., similar pole lengths in the IP and CP) show a higher jumpstart on average. This
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Figure 7.6: Jumpstart results for cart pole show a correlation between the attained
jumpstart and RBDist values, where the MDPs on the left are drawn from the same
behavior as the source, the MDPs in the middle come from the medium mass phase,
and MDPs on the right exhibit high mass behavior.
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Figure 7.7: RBDist values for the three different phases of the cart pole are shown,
measured with respect to a reference MDP from the low mass (red) behavior phase.

is also in accordance with the DRBDist values between the source system (i.e., the

IP) and the CP clusters, shown at the top of each column in Figure 7.9.
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Figure 7.8: Jumpstart results for mountain car also show a similar correlation between
jumpstart and RBDist values.

Similar experiments were conducted from MC to CP. Again the first system in the

first cluster of the MC was chosen as the source task. The behavior of this transfer

was then tested across the different clusters in the CP. This time, the jumpstart is

small compared to using the IP. The average jumpstart for transferring from the MC

to the CP is −630 for the first cluster, −523 for the second cluster, and −678 for the

third cluster. In contrast, random action selection was merely able to attain a reward

of −680 on average over all the clusters. Therefore, if the cart pole belonged to the

first or second cluster, then the agent will benefit from transferring.

In total, these two sets of experiments show us that i) transfer from IP to CP

is more useful than MC to CP, as was predicted by the DRBDistance metric, ii)

the average jumpstart for IP to CP is correlated with the DRBDist metric, iii) the

DRBDist metric is not yet fully predictive, because when transferring from MC to

CP, the second cluster has a higher jumpstart than the first, even though its DRBDist

is slightly higher than the first.

7.5 Discussion and Conclusion

In this paper two measures for MDPs were proposed. These measure are of major

interest for the TL and the RL community in general. The first, RBDist, is based

on RBMs and suited the problem of measuring the similarity between MDPs having
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MC IP CP

MC
µ 1.15×10−3 5.71×10−2 6.13×10−2

σ 1.72×10−5 4.16×10−4 1.30×10−4

IP
µ 4.28×10−2 1.59×10−3 6.42×10−2

σ 1.55×10−5 6.11×10−6 6.67×10−3

CP
µ 4.62×10−2 5.83×10−2 2.66×10−3

σ 1.39×10−5 5.83×10−5 8.44×10−4

Table 7.1: DRBDist between different MDPs. Each row represents where the DBN
has been trained (i.e., the reference MDP), while the columns denote the similarity
measure to each of the other MDPs. Both the means, µ, as well as the standard
deviation, σ, attained from 150 systems for each of the MDPs are reported.
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Figure 7.9: Jump start results from transferring from an IP to the CP. The numbers
at the top show the average difference between the cluster and the reference MDP.

6.36 ∗ 10−2 6.41 ∗ 10−2 6.46 ∗ 10−2

the same state and action spaces. The second measure, DRBDist, is capable of mea-

suring similarities between MDPs with differences in all of the constituents, making

it suitable for cross domain transfer. Different experiments show that these measure

are able to predict meaningful transfer learning results. This represents a critical step

towards being able to automatically select a source task when given a target task. It

can also help to avoid the problem of negative transfer.

There are many interesting future directions of this work. For instance, other

transfer learning criteria might have certain correlations with the proposed measure.

These could be investigated in more details. Furthermore, these measures could serve
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Figure 7.10: Jump start results for transferring from a MC to the CP. The numbers
at the top show the average difference between the cluster and the reference MDP.

6.04 ∗ 10−2 6.11 ∗ 10−2 6.19 ∗ 10−2

as a starting point for research in the direction of formally quantifying the performance

of different TL for RL algorithms.

It is clear that the proposed measures are capable of capturing similarities between

different reinforcement learning tasks. Such measures can now be used by a transfer

learning agent in order to assess the similarity between different source task(s)2 and a

target. Therefore, using this measure a transfer agent can now decide on which MDP

to transfer from.

2The extension of these measures to multiple MDPs is trivial and is left as an exercise for the
reader.





8
Conclusions and Future Work

In this chapter the conclusions of this dissertation are presented. The research ques-

tions are first answered offering an overall solution to the problem statement. Finally,

future work directions are discussed. These are split into improvements over the

proposed methods, as well as potential applications in different artificial intelligence

fields.

8.1 Answers to Research Questions

This dissertation started with the goal of creating autonomous transfer agents for

reinforcement learning tasks. Such scenarios required that a transfer agent performs

the following successfully:

1. Given a target task choose the relevant source task(s).

2. Learn about the relation between source and target task(s).

3. Effectively use the learned relation to transfer knowledge between the tasks.

Aiming at a solution for each of the steps, seven research questions were formulated.

Each chapter contributed by answering some of these questions. These are detailed

next.

Research Question 1: What categorization of the current transfer algorithms exist?

To asses the starting point at which research in this dissertation should start, a sur-

vey of different algorithm for the transfer between reinforcement learning tasks has

been conducted. Chapter 3 provided a categorization of these algorithms. This cat-

egorization constituted a formal framework in which transfer algorithms fit. Mainly,

the different transfer schemes were separated according to the procedure in which

learning about the inter task mapping was performed. Two categories were first dis-

tinguished: (1) deep, and (2) shallow transfer. In deep transfer, the source and target
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state and/or action spaces are different, while in the second the domains (i.e., state

and action spaces) are the same.

After performing this literature study, it became clear that no autonomous trans-

fer framework existed. Most of the proposed algorithms in transfer literature require

substantial human intervention. Trying to reduce the burden on the user in relat-

ing source and target reinforcement learning tasks, the next research question was

formulated.

Research Question 2: To what extent is it possible to reduce human intervention in

reasoning about the relations between different tasks?

When a source and target task have different state and action spaces, an intertask

mapping relating these is essential. Chapter 4 presented an approach that requires a

common state subspace to learn an intertask mapping.

The method operates within a deep transfer learning setting and required the

following knowledge:

• Random source and target state successor state transitions.

• Optimal source task policy (i.e., π?1).

• Human defined common state subspace.

The overall approach, shown in Figure 8.1, can be split into two phases. The

first phase, shown at the top of the figure, corresponds to learning the interstate

mapping, while the second phase, shown at the bottom, represents the learning of

the interaction mapping. First, the source and target random samples are projected

onto the human defined common subspace. A similarity measure is then used to

correspond these projected samples. The output of such a similarity correspondence,

is a data set with target and source states as inputs and outputs, respectively. Here,

a regression algorithm is adopted in order to learn the inter state mapping, χinterS .

Having the interstate mapping, the next question is to learn an interaction map-

ping between the two tasks. This problem is approached indirectly. Starting from a

specific target state s2 ∈ S2, the interstate mapping χinterS is used to correspond s2

to the source task. From the attained source state, the optimal source policy, π?1 , is

used to determine the “optimal source transition”. At this stage, the question is to

determine the action in the target that produces the closest transition to the optimal

source transition. Starting from the target state, all actions are executed to tran-

sition to different target successor states. These are then projected to the common

subspace in which the similarity to the optimal source transition is determined. The

above steps are repeated for a certain number of target transitions leading to an initial

policy, π
(0)
2 in the target task.
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Figure 8.1: High-level schematic of the overall common subspace framework.

Of course, π
(0)
2 is not optimal. However, if the source and target tasks were similar

enough, this policy should be a good start to improve on. Therefore, to attain an

optimal behavior in the target, a sample based reinforcement learning algorithm is

used.

Although successful, this approach required human intervention in defining the

common subspace. This is not always easy. Aiming at an automatic framework that

is able to autonomously learn an intertask mapping, the next research question was

derived.

Research Question 3: Is it possible to automate learning the relation between different

reinforcement learning tasks?

To automate learning the intertask mapping between two reinforcement learning

tasks, Chapter 5 provided an approach based on: (1) sparse coding, (2) sparse pro-

jection learning, and (3) sparse gaussian processes. The method operates within a

deep transfer learning setting and requires the following knowledge:

• Random source and target state-action-successor state transitions.

• Optimal source task policy (i.e., π?1).
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Figure 8.2: A high level schematic of the overall approach. It consists of three major
phases. In the first high level features are detected in the source task MDP. In the
second, samples from the target task are projected to that space. Finally, in the last
phase (i.e., phase three), sparse Gaussian processes are used in order to learn the
intertask mapping.

The overall approach is shown in Figure 8.2. There are three essential phases

needed to automatically learn the intertask mapping. In the first phase, two sparse

coding steps are performed. The first ensures that the source and target tasks have

the same dimensionality, while the second step discovers more informative features

of the source. In the second phase, target task samples are then projected to this

discovered space, where a similarity measure is applied to correspond the source and

target triplets. The result of this correspondence is a data set with source transitions

as inputs and target transitions as outputs. Having this data set, regression, using

sparse gaussian processes, is applied to learn the intertask mapping.

Although successful, the proposed approach might suffer if the samples were not

informative enough. Aiming at a more robust framework, the following research

question was formulated.

Research Question 4: Are there any possible more robust alternatives to the learning

of the relations between the tasks?

Having automated the intertask mapping, Chapter 6, provide a more robust alterna-

tive compared to the previous method. The overall approach is based on a high order
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Figure 8.3: The overall framework of learning an intertask mapping using a three way
restricted Boltzmann machine.

restricted Boltzmann machine. More specifically, a three way restricted Boltzmann

machine is used to learn the intertask mapping. The method operates within a deep

transfer learning setting and requires the following knowledge:

• Random source and target state-action-successor state transitions.

• Optimal source task policy (i.e., π?1).

The overall approach is shown in Figure 8.3. The main idea is to learn a common

high dimensional space that is capable of representing both tasks. This space is en-

coded by the hidden and weight configuration of the high order restricted Boltzmann

machine. Using random source and target transitions, the machine is trained such

that it is capable of reconstructing transition from both tasks. After convergence,

this machine will encode an intertask mapping that can be used for transfer.

So far three different approaches to learn an intertask mapping between source and

target reinforcement learning tasks have been proposed. Therefore, the next question

is how to effectively use this mapping to ensure successful transfer. To that end, the

following research question was formulated.
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Research Question 5: How to effectively utilize the learned mapping to successfully

transfer between different tasks?

Having proposed three techniques for learning the intertask mapping between rein-

forcement learning tasks, the question was how to best transfer knowledge across

these tasks. This question was answered by the usage of sample based and efficient

reinforcement learning algorithms. To insure that the scope of applicability of the

proposed transfer schemes cover a broad range of applications, the focus was on algo-

rithms that operate within continuous state space settings. In Chapters 5, and 6, two

novel transfer algorithms TrLSPI and TrFQI were proposed. These algorithms, oper-

ating in continuous state spaces, make use of state-of-the-art reinforcement learning

algorithms in addition to the intertask mapping to ensure behavioral improvements

in the target task. On the contrary, the algorithm proposed in Chapter 4, although

efficient, is model based and therefore, is restricted to situations in which a model of

the environment is available.

The second part of this dissertation targeted the question of automatically choos-

ing a relevant source task for a given target. It seemed that to tackle this challenge,

a similarity measure relating two MDPs was essential.

This problem was split into two research questions (i.e., research questions 6 and

7):

Research Question 6: Is it possible to learn a similarity measure between reinforce-

ment learning tasks with same state and action spaces?

The first part of Chapter 7 introduced a method that is capable of learning the

similarity between two reinforcement learning tasks (i.e., RBDist). The overall frame-

work of this measure is shown in Figure 8.4.

The main intuition behind the approach is that if two MDPs are similar, then an

informative space representing the first, should also be able to reconstruct samples

from the second. To discover this space, a restricted Boltzmann machine, shown in

Figure 8.4, was adopted.

Although successful as shown in the experiments of Chapter 7, the proposed mea-

sure is restrictive as it only operates in the setting where the source and target MDPs

have the same domain. For autonomous transfer agents, the case in which the source

and target tasks have different domains is of major importance. To extend the RBDist

the following research question was formulated.

Research Question 7: Is it possible to learn a similarity measure between reinforce-

ment learning tasks with different state and action spaces?

The second part of Chapter 7 extended RBDist to DRBDist. The overall frame-

work of DRBDist is shown in Figure 8.5. The main intuition behind this measure is
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similar to RBDist, where if two MDPs are similar, then an informative space that is

capable of describing the first will also be to some extend able of reconstructing sam-

ples from the second. However, attaining this common space is not as easy anymore

since the two MDPs have different state and action spaces. In other words, they might

require different neural configurations to be accurately abstracted. To guarantee that

the similarity measure is capable of accurately abstracting the MDPs under study a

four layer deep belief network (DBN) is proposed.

Each layer, shown in Figure 8.5, is essential to the success of DRBDist. Given

source and target samples, the first step is to represent these transitions in a high

dimensional and informative space. Since these MDPs might require different config-

urations to be accurately abstracted, then there are no restrictions on the number of

units to be used in the first two layers of the DBN. Next, to create a reconstruction

layer, the third layer is added. The number of units in this layer is constrained to be

the same for both tasks. At this level, all transitions of both MDPs are described us-

ing the same representation. However, to enable a meaningful measure, these should

be projected to the same space, where reconstruction can be measured. This is done

using ℘(·) as shown in Figure 8.5. Here, the target transitions can be reconstructed

using the deep Boltzmann machine of the source.

Experiments have shown the correspondence between the proposed measures and

transfer. Therefore, these can be easily used to determine which source to choose for

a given target.
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8.2 Answers to the Problem Statement

This dissertation aimed at creating a framework that is capable of autonomously

transferring between reinforcement learning tasks. The agent had to fulfill three goals

autonomously. Chapters 4, 5, and 6 contributed by proposing methods capable of: (1)

autonomously learning about the relations between source and target reinforcement

learning tasks, and (2) effectively using this learned relation to efficiently transfer

between them. These provided answers to the second and third steps required from

an autonomous transfer agent. For full autonomy one more step is needed. Chapter 7

proposed two measures between MDPs and showed that these correspond with trans-

fer. Therefore, RBDist and DRBDist are capable of capturing similarities between

reinforcement learning tasks, making them suitable for the use by transfer agents to

choose the relevant source task(s) for a given target.

Given all the above, it can be concluded that each of the three steps required by
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an autonomous transfer agent have been fulfilled paving the way for real autonomy in

transfer learning. There are a lot of interesting future directions for the proposed work

in this dissertation. These could be split into theoretical contributions, application in

different AI fields, as well as improvements of the currently proposed methods. The

next section briefly mentions these ideas.

8.3 Ideas for Future Work

This section details various ideas for future work. Three main directions can be

differentiated. In the first, improvements of the current proposed frameworks are

described. In the second, applications in various AI fields are explained, and finally

possible theoretical contributions are distinguished.

In-Chapter Improvements

This section describes possible future work directions in Chapters 4, 5, 6, and 7.

Chapter 4: Future work can involve three major goals. The first is to extend the

proposed algorithms to operate in stochastic model-free MDP settings. The second is

to learn a common subspace automatically in both the action and state spaces. Vari-

ous ideas could be used to achieve such a goal, one of which could be a dimensionality

reduction scheme constrained by the common characteristics shared by the different

tasks. The third is to test the transfer method with multiple algorithms including

policy iteration, Sarsa(λ) and Q-learning.

Chapter 5: Three interesting future work direction can be differentiated. First,

a comparison of different distance metrics (e.g., weighted Euclidean measures) can

be performed and their effects on the overall performance of the algorithm can be

assessed. Second, the distance measure can be improved by incorporating the rewards

in the framework, helping to avoid the problem of negative transfer. The rewards can

be related using their own space that can be discovered using the same procedure of

sparse coding and sparse projections. After relating the reward functions, transfer

can be constrained by such a similarity, where only transitions generating a positive

reward in the target is transferred while others are ignored. Third, transfer can

be conducted directly using the sparse coded space, without the need for function

approximations.

Chapter 6: Future work can involve two directions. First, to avoid negative trans-

fer, the rewards might be incorporated within the overall construction of the high
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order restricted Boltzmann machine. An additional reward unit in both the source

and target tasks’ layers can be added. With this addition, the network will converge

to learn similarities in both transitions models, as well as reward functions of the two

tasks. Second, to improve robustness, the network’s construction can be changed into

a deep belief network by stacking multiple CRBMs over each other.

Chapter 7: There are many interesting future directions of this work. For instance,

other transfer learning criteria might have certain correlations with the proposed

measure. These could be investigated in more detail. Furthermore, these measures

could serve as a starting point for research in the direction of formally quantifying

the performance of different TL for RL algorithms. Additionally, because of the

structural prediction capabilities of RBMs and deep networks, we believe that the

network structure as used by DRBDist could be used in future work to generate a

sequence of MDPs that can be used to transfer between two tasks too different to

allow successful transfer directly.

Applications

There are various interesting applications for the proposed methods in different AI

fields. This section, sheds the light on these possibilities without diving into all the

details.

Multi-agent Systems and Swarm Intelligence: There are a lot of interesting

applications for the ideas proposed in this dissertation in the fields of Multi-agent

systems and swarm intelligence. Transfer in general can be of major help when it

comes to learning in a multi-agent setting. For example, when certain agent(s) have

acquired a representative behavior in a specific region of an environment, transfer can

be helpful for other agent(s) in different areas of that environment. Chapter 7 can be

used to asses the similarities between such sub-tasks and Chapters 5 and 6 can then

perform autonomous transfer.

General Game Playing: The problems encountered in the field of general game

playing are hard to solve mainly due to the complexity of the intended tasks. Transfer

learning in general, as well as the ideas proposed in this dissertation, might serve as a

potential solution to such problems. For example, the distance measure of Chapter 7

can be used to factor a huge MDP into smaller and easier MDPs. After this factoring

has been performed, learning can commence on these factored systems. To map

back from the factored models to the original game, transfer is required. Ideas from
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Chapters 5 and 6 can be used to automatically learn about the intertask mappings

and thus solve the original MDP.

Automated Negotiations: In automated negotiations one of the toughest chal-

lenges is learning opponent models. When faced with new opponents agents typically

start from scratch. Transfer might be beneficial in such scenarios. When formulated

as a reinforcement learning problem, ideas from this dissertation can be used to: (1)

choose the relevant source opponent, and (2) effectively and autonomously transfer.

Theoretical Contributions

The last direction of future work mentioned here corresponds to theoretical contri-

butions for the proposed techniques. For example, Chapters 5 and 6, first learn an

intertask mapping and then use such a mapping in a sample-based RL algorithm to

perform transfer. Theoretical analysis can be performed to, for instance, attain finite

sample bounds on the errors of such algorithms. Another interesting direction could

be to study the transferred model distributions by quantifying the effect of transfer

using the ideas of Chapter 7. Starting directions for conducting such theoretical anal-

ysis as well as relating transfer to the analysis of exploration in reinforcement learning

can be inspired by the work of [64].

Final Remark

In this dissertation different transfer learning algorithms have been proposed and

shown successful in a variety of experiments. These methods relied on learning a

space that relates the state and action spaces among different dynamical systems.

It became clear, that systems that appear highly dissimilar in one description are

actually highly similar when described in “correct” high dimensional spaces. This

idea in general, can be further pursued as it might serve as an interesting starting

point in studying human transfer.





Summary

Originally, artificial intelligence (AI) was created to comprehend human intellect.

Since then, different fields and sub-domains of AI have been established. Among

these fields, maybe the closest to humans, is that of reinforcement learning (RL). In

RL, agents try to act in potentially unknown environments using only trial and error,

a technique that has proven liable in a variety of human learning settings. In human

learning however, neutral information and objective thinking is impossible. Almost

always, humans make use directly or indirectly of already acquired knowledge to aid

learning in a new task. Albeit, most RL agents are tabula rasa learners. If RL is

to mimic human learning, then knowledge reuse is essential. Transfer Learning (TL)

is that sub-field of AI dedicated to targeting these challenges. Although successful

in different applications, the strive to create autonomous transfer agents is still far-

fetched. Taylor and Stone [107], define an autonomous transfer agent as having the

following three capabilities: (1) appropriate selection of source task(s), (2) success-

ful learning of the relation between the source and target task(s), and (3) effective

knowledge transfer between the tasks.

In this dissertation the previous three problems are targeted and different con-

tributions are made. Firstly, two novel and automated approaches to learn the re-

lationships between RL tasks are proposed. On a high level, these novel methods

work by discovering a unifying, rich, and descriptive space that is capable of poten-

tially representing both tasks. These spaces are then used as the basis for learning

the intertask mapping between different tasks. Secondly, using this learnt relation,

effective and efficient knowledge transfer is executed by using state-of-the-art RL al-

gorithms, such as, least squares policy iteration, and fitted Q-iteration. Here, the

transferred knowledge is in form of transitions that are used to bias sample-efficient

RL algorithms in their action-selection scheme, thus, leading to an increase in the

learning performance. Finally, two data driven similarity measures between different

source and target RL tasks are presented. Such measures, allow for the automatic

determination of appropriate source task(s) to a given target. The measures adopt

and extend Deep Belief Networks (DBNs) for issues of effectiveness and robustness.

It is shown that these measure are not only capable of discovering different dynami-

cal phases in the same family of systems, but are also able of relating cross domain

similarities between different tasks.





Samenvatting

Reinforcement learning is een methode waarin agenten proberen om doormiddel van

trial-and-error te handelen in een potentieel onbekende omgeving, een techniek die

haar waarde heeft bewezen in een verscheidenheid aan menselijke leertaken. Mensen

leren echter zelden aan de hand van puur neutrale informatie en objectief denken. In

tegendeel, mensen maken bijna altijd direct of indirect gebruik van bestaande kennis

wanneer een nieuwe taak geleerd wordt. Als reinforcement learning tot doel heeft

om menselijk leren te benaderen, dan is hergebruik van kennis essentieel. Transfer

Learning is het gebied binnen kunstmatige intelligentie dat zich met deze kwestie

bezighoudt. Hoewel Transfer Learning reeds succesvol is in verschillende toepassingen,

is het streven naar volledig autonome lerende agenten die deze techniek gebruiken nog

een open probleem.

Dit proefschrift draagt op meerdere manieren bij aan een oplossing die het automa-

tisch hergebruiken van kennis mogelijk maakt. Ten eerste worden er twee technieken

voorgesteld om automatisch de relatie (inter-task mapping) tussen verschillende re-

inforcement learning taken te leren. Ten tweede wordt laten zien hoe effectieve en

efficinte kennisoverdracht kan worden bereikt in geavanceerde reinforcement learning

technieken. Tot slot worden er twee maatstaven gepresenteerd om verschillende leer-

taken met elkaar te vergelijken, waarmee automatisch een geschikte brontaak gevon-

den kan worden voor een gegeven doeltaak.
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