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1. Introduction

This note focuses on the structure and implications of a spe-
cific set of axioms related to the egalitarian Dutta and Ray (1989)
solution for transferable utility games. For convex games, the
Dutta and Ray (1989) solution prescribes the Lorenz dominating
core element. The Dutta and Ray (1989) solution is mainly studied
on the class of convex games and several axiomatic characteriza-
tions are provided. Already since the work of Dutta (1990), these
characterizations are generally based on consistency properties.
Whereas Dutta (1990) combined a fixed solution for two-player
games with the consistency properties of Davis and Maschler
(1965) and Hart and Mas-Colell (1989), these results were turned
into full axiomatic characterizations by Klijn et al. (2000). More-
over, Klijn et al. (2000) provided a third characterization on
the class of convex games based on an alternative consistency
property.

Recently, Llerena and Mauri (2017) introduced the larger class
of exact partition games and showed that the Dutta and Ray
(1989) solution for these games behaves as for convex games,
i.e. it assigns to each such game the Lorenz dominating core el-
ement. Dietzenbacher and Yanovskaya (2020) showed that some
axiomatic characterizations of Klijn et al. (2000) for convex games
can be extended to the class of exact partition games. Moreover,
they provided another characterization based on the consistency
property of Moulin (1985).

Oishi and Nakayama (2009) introduced an antiduality no-
tion within the context of transferable utility games to structure
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games and solutions. Two games are antidual if the worth of
each coalition in one game equals the worth of its complement
minus the worth of the grand coalition in the other game. Two
solutions are antidual if one solution assigns to each game the
negated set of payoff allocations assigned by the other solution to
the antidual game. A solution is self-antidual if it coincides with
its antidual. Oishi and Nakayama (2009) showed that some well-
known classes of games are antidual to each other and several
solutions are self-antidual. Oishi et al. (2016) further developed
the antiduality notion and showed that the classes of all games,
balanced games, and convex games are each closed under an-
tiduality. Moreover, they introduced antiduality for axioms and
characterizations to uncover new structures. Two axioms are an-
tidual if for each two antidual solutions, one property is satisfied
by one solution if and only if the other property is satisfied
by the other solution. An axiom is self-antidual if for each two
antidual solutions, the property is satisfied by one solution if and
only if it is satisfied by the other solution. In particular, Oishi
et al. (2016) showed that the Dutta and Ray (1989) solution is
self-antidual on the class of convex games and revealed new
axiomatic characterizations antidual to the results of Klijn et al.
(2000). However, these antidual characterizations are invalid due
to an incorrect claim about self-antiduality of the axiom equal
division stability.

The purpose of this note is twofold. On the one hand, we show
that the class of exact partition games is closed under antiduality
and that the Dutta and Ray (1989) solution is self-antidual on this
class. By applying a careful antiduality analysis, we derive several
new axiomatic characterizations of the Dutta and Ray (1989)
solution on the class of exact partition games from the results
of Dietzenbacher and Yanovskaya (2020). On the other hand, we
repair and strengthen the results of Oishi et al. (2016) related to
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the Dutta and Ray (1989) solution on the class of convex games
by providing the correct antidual of equal division stability and
weakening the corresponding consistency properties.

This note is organized in the following way. Section 2 provides
the preliminary notions and notations for transferable utility
games and the Dutta and Ray (1989) solution. Section 3 performs
an antiduality analysis on the class of exact partition games.
Section 4 presents concluding remarks on antiduality in larger
classes of games.

2. Preliminaries

Let N be a nonempty and finite set. Denote 2V = {S | § C N}.
For each x € RV, we define

Rg:(/)andecz{ieN‘VjeN\Rf(_lzxjgx,'} for each k € {1, ..., INI};
PS:@andP,f:{ieN‘VjeN\P,’fq:szx,-} for each k € {1, ..., |N|}.

For each x € RN and each S € 2V \ {#}, xs € R’ denotes
Xs = (Xi)ies, and x(S) € R denotes X(S) = ) ;¢ Xi.

A transferable utility game is a pair (N,v) where N is a
nonempty and finite set of players and v : 2 — R assigns to
each coalition S € 2V its worth v(S) € R such that v() = 0. Let
I;; denote the class of all games. The core of a game (N, v) is
given by

C(N,v) = {x e RV ‘ X(N) = v(N), VS € 2V : x(S) > v(S)} .

A game (N, v) is a balanced game if C(N, v) # (. A game (N, v)
is an exact partition game (cf. Llerena and Mauri, 2017) if there is
x € C(N, v) such that x(R}) = v(R}) for each k € {1,...,|N[}. A
game (N, v) is a convex game (cf. Shapley, 1971) if v(S) 4+ v(T) <
v(SUT)+v(SNT) for each pair S, T € 2N. Let Iyat, Texp, and Teony
denote the class of all balanced games, exact partition games, and
convex games, respectively. We have I'tony C Texp C That C T
Throughout this note, (N, v) is the generic notation for a game
and I is the generic notation for a class of games.

A solution o on I" assigns to each game (N, v) € I" a nonempty
set of payoff allocations o(N, v) € RV such that x(N) < v(N) for
each x € o(N, v). The Dutta and Ray (1989) solution assigns to
each exact partition game (N, v) € Fexp]

DR(N, v) = [x € C(N, v) ’ Vk e (1,.... NI} : x(R) = v(Rﬁ)} .

This means that for each x € DR(N, v),
_ v(Ry) — v(RE_;)

= for each k € {1,...,|N|} and each i € R};
L IRO\RL| ¢
N\P; ) —v(N\ P}
= v(N\ ";]) Xv( VPO for each k € {1,...,|N|} and each i € P}.
[P \ Pe_ql

We have [DR(N, v)| = 1 for each (N, v) € Ip. Throughout this
note, o is the generic notation for a solution.

3. Antiduality

This section performs an antiduality analysis on the class of
exact partition games. The antidual of a game is the negated
dual game, i.e. the game in which the worth of each coalition
equals the worth of its complement minus the worth of the grand
coalition in the original game. Two solutions are antidual if one
solution assigns to each game the negated set of payoff allocations
assigned by the other solution to the antidual game. A solution is
self-antidual if it coincides with its antidual.

1 Llerena and Mauri (2017) showed that this definition is equivalent to the
original definition of Dutta and Ray (1989).

Definition 1 (cf. Oishi and Nakayama, 2009). The antidual of a
game (N, v) is the game (N, v*) defined by

v*(S) = v(N \ S) — v(N) for each S € 2V,

Definition 2 (cf. Oishi and Nakayama, 2009). Two solutions ¢ and
o* on I' are antidual if (N, v*) € I" and

o(N,v) = —c*(N, v*) for each (N,v) € I.
A solution o on I is self-antidual if (N, v*) € I" and
o(N,v) = —o(N, v*) for each (N,v) € I'.

Note that the antidual of the antidual game equals the original
game. Moreover, note that each solution on a domain closed
under antiduality has at most one antidual. Oishi et al. (2016)
showed that the class of all games, the class of balanced games,
and the class of convex games are each closed under antiduality.
Moreover, they showed that the Dutta and Ray (1989) solution
is self-antidual on the class of convex games. We show that the
class of exact partition games is also closed under antiduality and
that the Dutta and Ray (1989) solution is also self-antidual on this
class.

Theorem 1. The Dutta and Ray (1989) solution is self-antidual on
the class of exact partition games.

Proof. Let (N, v) € I'ep. Letx € C(N, v) be such that x(R) = v(R})
for each k € {1, ..., |N|}. Then

—Xx(N) = —v(N) = v(N \N) — v(N) = v*(N)
and for each S € 2V,
—x(S) = X(N\ S) — x(N) > v(N \ S) — v(N) = v*(S).

This means that —x € C(N,v*). Moreover, for each k €
{1,...,IN]},

—X(R™) = —x(P{) = x(N\P;)—x(N) = v(N\P{)—v(N) = v*(P{) = v*(R, ™).

This means that (N, v*) € I, and DR(N,v) = —DR(N, v¥).
Hence, the Dutta and Ray (1989) solution is self-antidual on the
class of exact partition games. O

The following punctual properties are satisfied by the Dutta
and Ray (1989) on the class of exact partition games.

Efficiency
for each x € o(N, v), x(N) = v(N).

Feasible richness
for each x € o(N, v), X(R}) < v(R}).

Equal division stability
for each x g o(N,v) and each S € 2V \ {@}, there is i € S such
V!

o> uS)
that x; > SR

Efficiency requires that a solution fully allocates the worth of the
grand coalition. Feasible richness requires that the richest players
are able to obtain their payoffs by themselves. Equal division
stability requires that no coalition is better off by equally dividing
the worth among its members.

Remark. A solution on a domain closed under antiduality has
an antidual if and only if it satisfies efficiency. If two solutions
are antidual, then they both satisfy efficiency. If a solution is
self-antidual, then it satisfies efficiency.
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Antiduality can also be defined for axioms and characteriza-
tions. Two axioms are antidual if for each two antidual solu-
tions, one property is satisfied by one solution if and only if the
other property is satisfied by the other solution. An axiom is
self-antidual if for each two antidual solutions, the property is
satisfied by one solution if and only if it is satisfied by the other
solution.

Definition 3 (cf. Oishi et al., 2016). Two properties for solutions
are antidual if for each pair of antidual solutions ¢ and o*, one
property is satisfied by o if and only if the other property is
satisfied by o *. A property for solutions is self-antidual if for each
pair of antidual solutions o and o *, the property is satisfied by o
if and only if it is satisfied by o*.

Clearly, self-antiduality is a self-antidual property. Oishi et al.
(2016) claimed that efficiency is self-antidual, showed that fea-
sible richness is antidual to limited poorness, and claimed that
equal division stability is self-antidual as well. The following
example shows that the latter claim is incorrect.

Example 1. Let (N, v) € I¢on, With N = {1, 2, 3} be the convex
game given by

)2 [2 s el .2.3);
Y)=10 otherwise.

The antidual game (N, v*) € Iy is given by

0 if S € {0, {3}};
—2 otherwise.

vi(S) = {

Let o and o* be two antidual solutions on I, such that o
satisfies equal division stability and (1,0,1) € o(N, v). Then
(=1,0,—1) € o*(N, v*). Since v*({3}) > —1, this means that
o* does not satisfy equal division stability. Hence, equal division
stability is not self-antidual. A

Efficiency is indeed self-antidual, feasible richness is indeed
antidual to limited poorness, and equal division stability is in fact
dual to the average contribution property. The straightforward
proof is omitted.

Limited poorness
for each x € o(N, v), X(P{) > v(N) — v(N \ P{).

Average contribution property
for each x € aEN, v) and each S € 2N \ {@}, there isi € S such
that x; < UM-vNS) )7|5U\ NS,

Limited poorness requires that the poorest players get at least
their joint marginal contribution to the grand coalition. The aver-
age contribution property requires that for each coalition, at least
one member gets at most the average marginal contribution of
this coalition to the grand coalition.

Lemma 1.

(i) Efficiency is self-antidual.
(ii) Feasible richness and limited poorness are antidual >
(iii) Equal division stability and the average contribution property
are antidual.

Given two antidual solutions on a domain closed under antid-
uality and an axiomatic characterization of one solution, the other
solution is characterized by the corresponding antidual axioms.
To see this, note that the antidual solution satisfies the antidual
axioms by definition. It is the unique one, since otherwise the

2 This fact was proven by Oishi et al. (2016).

antidual of the third solution would satisfy the antiduals of these
antidual axioms, i.e. the original axioms, which contradicts the
characterization of the original solution. Moreover, independence
of the axioms in the antidual characterization follows from inde-
pendence of the axioms in the original characterization by the
same logic.

We apply this logic to the axiomatic characterizations of the
Dutta and Ray (1989) solution on the class of exact partition
games provided by Dietzenbacher and Yanovskaya (2020). These
characterizations are generally based on consistency properties.
Suppose that some players leave with their allocated payoffs and
the remaining players reevaluate their payoffs by applying the
same solution to a reduced game. The solution is consistent if it
assigns to this reduced game the same payoffs for the remaining
players as in the original game. However, such reduced game
can be defined in many ways and the context of the underlying
allocation problem determines which one is most appropriate.

Davis and Maschler (1965) proposed a reduced game in which
the worth of a coalition is defined as the maximal joint worth
with any subgroup of leaving players subtracted by their pay-
offs. The corresponding axiom which requires consistent allo-
cations when the richest players leave together, to which we
refer as rich-restricted max-consistency, characterizes the Dutta
and Ray (1989) solution on the class of exact partition games in
combination with feasible richness and equal division stability.

Rich-restricted max-consistency
for each (N, v) € I and each x € o(N, v) with R} # N,

(N \ R);, U:_max) el and XN\R){ € G(N \ R’{, Ux ),

r-max

where
u(N) — x(R¥) if S =N\R;
VY mae(S) = { Maxqcpe {u(SUQ) —x(Q)) if# C S CN\RY;

0 ifS=4¢.

Theorem (cf. Dietzenbacher and Yanovskaya, 2020). The Dutta
and Ray (1989) solution is the unique solution on I, satisfy-
ing feasible richness, equal division stability, and rich-restricted
max-consistency.

Rich-restricted max-consistency is antidual to poor-restricted
max-consistency, which requires consistent allocations based on
the same reduced game when the poorest players leave together.
The corresponding proof is provided in the Appendix.

Poor-restricted max-consistency
for all (N, v) € I" and each x € o(N, v) with P} # N,

(N\ P, Vpnay) € " and xy\px € 0(N \ PY, U nay),
where
v(N) — x(P) if S=N\P};
Uy max(8) = maxocp{v(SUQ) —x(Q)} if# CSCN\PY

0 ifS=4¢.

Lemma 2. Rich-restricted max-consistency and poor-restricted
max-consistency are antidual.

Using antiduality, a characterization of the Dutta and Ray
(1989) solution on the class of exact partition games in terms
of limited poorness, the average contribution property, and
poor-restricted max-consistency follows directly from Theorem 1,
Lemmas 1, and 2.

Theorem 2. The Dutta and Ray (1989) solution is the unique
solution on Iy, satisfying limited poorness, the average contribution
property, and poor-restricted max-consistency.
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Since the Dutta and Ray (1989) solution is also self-antidual on
the subclass of convex games, this characterization is also valid
on the class of convex games, repairing and strengthening the
corresponding axiomatization of Oishi et al. (2016) antidual to the
result of Klijn et al. (2000).

Theorem 3. The Dutta and Ray (1989) solution is the unique so-
lution on Iy, satisfying limited poorness, the average contribution
property, and poor-restricted max-consistency.

Moulin (1985) proposed a reduced game in which the worth
of a coalition is defined as the joint worth with all leaving
players subtracted by their payoffs. The corresponding axiom
which requires consistent allocations when the richest players
leave together, to which we refer as rich-restricted complement-
consistency, characterizes the Dutta and Ray (1989) solution on
the class of exact partition games in combination with feasible
richness and equal division stability.

Rich-restricted complement-consistency
for each (N, v) € I and each x € o(N, v) with R} # N,

(N \ R){, U?Dmp) e I' and XN\R’I‘ € U(N \ R)](, U?Dmp)’

where

v sy [VSURD =R if#CSCN\R;
comp 0 ifS=40.

Theorem (cf. Dietzenbacher and Yanovskaya, 2020). The Dutta and
Ray (1989) solution is the unique solution on Iy, satisfying feasible
richness, equal division stability, and rich-restricted complement-
consistency.

Rich-restricted complement-consistency is antidual to poor-
restricted projection-consistency, which requires consistent allo-
cations when the poorest players leave together based on the
reduced game where the worth of a coalition equals its worth
in the original game. The corresponding proof is provided in the
Appendix.

Poor-restricted projection-consistency
for each (N, v) € I and each x € o(N, v) with P{ # N,

(N \ P%, v;roj) e I' and XN\PT €o(N\ P, U;mj)’

where
o (S) = u(N) = x(PY) ifS=N\P;
POt | w(S) ifSC N\P.

Lemma 3. Rich-restricted complement-consistency and poor-
restricted projection-consistency are antidual.

Funaki and Yamato (2001) used projection-consistency in a
characterization of the core. Bhattacharya (2004) used projection-
consistency in a characterization of the equal division core. Us-
ing antiduality, a characterization of the Dutta and Ray (1989)
solution on the class of exact partition games in terms of limi-
ted poorness, the average contribution property, and poor-
restricted projection-consistency follows directly from Theorem 1,
Lemmas 1, and 3.

Theorem 4. The Dutta and Ray (1989) solution is the unique
solution on Iy, satisfying limited poorness, the average contribution
property, and poor-restricted projection-consistency.

Since the Dutta and Ray (1989) solution is also self-antidual on
the subclass of convex games, this characterization is also valid on
the class of convex games.

Theorem 5. The Dutta and Ray (1989) solution is the unique so-
lution on Iy, satisfying limited poorness, the average contribution
property, and poor-restricted projection-consistency.

Klijn et al. (2000) proposed a reduced game in which the
worth of a coalition is defined as the joint marginal contribution
to the leaving players. The corresponding axiom which requires
consistent allocations when the richest players leave together, to
which we refer as rich-restricted marginal-consistency, charac-
terizes the Dutta and Ray (1989) solution on the class of exact
partition games in combination with equal division stability.

Rich-restricted marginal-consistency
for each (N, v) € I and each x € o(N, v) with R} # N,

(N\ R}, Vinarg) € I and xygx € 0 (N \ Ry, Upgrg ).
where
Vl0rg(S) = U(S URY) — u(RY) for all S € N \ RY.

Theorem (cf. Dietzenbacher and Yanovskaya, 2020). The Dutta and
Ray (1989) solution is the unique solution on Iy, satisfying equal
division stability and rich-restricted marginal-consistency.

Oishi et al. (2016) showed that rich-restricted marginal-
consistency is antidual to poor-restricted subgame-consistency,
which requires consistent allocations based on the subgame when
the poorest players leave together.

Poor-restricted subgame-consistency
for each (N, v) € I and each x € o(N, v) with P{ # N,
(N\Px,vx )E r andXN\pif GG(N\P?,UX ),

sub sub

where

vhp(S) =v(S) forall S € N\ Pi.

Lemma 4 (c¢f. Oishi et al, 2016). Rich-restricted marginal-
consistency and poor-restricted subgame-consistency are antidual.

Using antiduality, a characterization of the Dutta and Ray
(1989) solution on the class of exact partition games in terms of
the average contribution property and poor-restricted subgame-
consistency follows directly from Theorem 1, Lemmas 1, and 4.

Theorem 6. The Dutta and Ray (1989) solution is the unique
solution on Iy, satisfying the average contribution property and
poor-restricted subgame-consistency.

Since the Dutta and Ray (1989) solution is also self-antidual on
the subclass of convex games, this characterization is also valid
on the class of convex games, repairing and strengthening the
corresponding axiomatization of Oishi et al. (2016) antidual to the
result of Klijn et al. (2000).

Theorem 7. The Dutta and Ray (1989) solution is the unique
solution on I, satisfying the average contribution property and
poor-restricted subgame-consistency.

4. Concluding remarks

Using antiduality, this note provides several new axiomatic
characterizations of the Dutta and Ray (1989) solution on the
class of exact partition games and repairs and strengthens several
related characterizations on the subclass of convex games. For
other games than exact partition games, existence of the Dutta
and Ray (1989) solution is not guaranteed. However, several
extensions to the class of balanced games and the class of all
games are proposed.



120 B. Dietzenbacher and E. Yanovskaya / Mathematical Social Sciences 108 (2020) 116-121

On the class of balanced games, the solution which assigns
the Lorenz undominated allocations in the core (cf. Hougaard
et al,, 2001) is self-antidual. The Lmin solution (cf. Arin and Ifiarra,
2001) and Lmax solution (cf. Arin et al., 2003) are antidual. The
least squares solution (cf. Arin et al., 2008) is self-antidual. Future
research could use antiduality to further study these solutions.

On the class of all games, neither the equal split-off set (cf.
Branzei et al., 2006) nor the procedural egalitarian solution (cf. Di-
etzenbacher et al., 2017) is self-antidual. However, these solutions
are contained in some self-antidual solutions. Future research
could further explore this.
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Appendix

Lemma 2. Rich-restricted max-consistency and poor-restricted
max-consistency are antidual.

Proof. First, we show that ((v*);},0,)" = Vj_mex and equivalently
((v*) _mm) = v¥,,, for each game (N, v) and each x € RN with
Xx(N) < v(N)and P} # N.If S = N \ P}, then

(V) max) (S) = (V) onax (N \ PY)\ §) — () (N \ PY)
= —(v") (N \ R{")
= —v*(N) — x(R{™)
= —v(N\N)+ v(N) — x(R%)
= v(N) — x(P})
Vp-max(S)-
Ifd CS CN\Pj, then
(V")) () = (V) e (N N P\ S) — (v7) Jax(N \ PY)
= (V) (N A RT)NS) — () N\ RTY)
=Qngax{ ((N\R)\S)UQ)+x(Q)}
— v*(N) = x(R{")
v(N) +x(Q)}

= maz(x{v(S U(RT*\ Q) —
Qck;

— u(N\ N)+ v(N) — x(R;*)
= (rzncap))g{v(s U P\ Q) —x(PY\ Q)

= max{v(SUQ) — x(Q)}

QcP!
= v;‘_max(S).
If S = ¢, then
(V")) (8) = (V) ((NNPNS) = (v ) ax(N\PY) = 0 = w310 (S).

Now, let o and o* be two antidual solutions on I". Let (N, v) €
I' and let x € o(N,v) be such that P} # N. Assume that o*
satisfies rich-restricted max-consistency. Then
(N\RY*, (v")% — Xy\rr € o*(N\ RTY, (") Kax)-

r»max) € F and r-max
This implies that

(N\ P}, (v") o)) € T’ and Xn\py € o(N\ P}, ((v

roma))-

This means that
(N\ P}, v}

> Up-max

) e Fande\Px € o(N\ P}, v

p- max)

Hence, o satisfies poor-restricted max-consistency. Conversely,
assume that o* satisfies poor-restricted max-consistency. Then
(N\ P ("), ) € T and — — Xy € *(N\ P, (V™)) nax)-
This implies that

(N\RY (0" )y onax)”) € I and xy\ge € o (N \ RY, (V) 0nae))-
This means that

(N\R.v

Hence, o satisfies rich-restricted max-consistency. O

X max) € I and Xn\RY € o(N\ R}, v a)-

Lemma 3. Rich-restricted complement-consistency and poor-
restricted projection-consistency are antidual.

Proof. First, we show that ((v*)g)%p)* = vpm} and equivalently
(V" J)* = S

x romp for each game (N, v) and each x € RV with
X(N) <v(N)and P} # N.If S = N \ P}, then
(0 )eomp) (S) = (V) comp((N \ PP\ S) — (V" )goump(N \ PY)
—(0 )eomp(N \ R)
—v*(N) = x(R™)
—v(N \ N) + v(N) — x(R;™)
u(N) — x(PY)
= Upgi(S)-
If¢d CSCN\Pj, then

(0 )eomp) (S) = (V) eomp((N \ P\ S) — (v )ioump(N \ PY)
= (U )oomp((N A RTINS) = () gomp(N \ RTY)
= v (N\S)+x(R;*) — v*(N) — x(R;™)
=v(S) = v(N) = v(N \ N) + v(N)
= v(S)
= Upi(S)-

If S = ¢, then
(0 )eomp) (S) = (V) oomp (N\PY\S) = (0" ) comp (N \PY) = 0 = v(S) = v};,4(S).

Now, let o and o * be two antidual solutions on I". Let (N, v) €
I' and let x € o(N,v) be such that P} # N. Assume that o*
satisfies rich-restricted complement-consistency. Then

(N\ R, (v )oomp) € " and —Xygx €0 (N RS, (0 o)

comp
This implies that
(N\PY, (v )eomp)™) € I and xy\px € (N \ PY, (V") )")-

comp comp

This means that

(N\ P, vpy) € I and Xn\px € o(N \ PY, Upyo)-

Hence, o satisfies poor-restricted projection-consistency. Con-
versely, assume that o* satisfies poor-restricted projection-
consistency. Then

(N\P*, (v*) %)e ' and — — Xn\px € o*(N\ P, (v*) 7).

proj ) proj

This implies that
(N\ R}, (v")s)) € I and xy\p € o(N \ R}
This means that

(N\ R}, Vo) € I" and Xy\gx € o(N \ R}

).

1’ comp)

Hence, o satisfies rich-restricted complement-consistency. O
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