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A B S T R A C T   

Purpose: We develop and test a parallel transmit (pTx) pulse design framework to mitigate transmit field in-
homogeneity with control of local specific absorption rate (SAR) in 2D rapid acquisition with relaxation 
enhancement (RARE) imaging at 7T. 
Methods: We design large flip angle RF pulses with explicit local SAR constraints by numerical simulation of the 
Bloch equations. Parallel computation and analytical expressions for the Jacobian and the Hessian matrices are 
employed to reduce pulse design time. The refocusing-excitation “spokes” pulse pairs are designed to satisfy the 
Carr-Purcell-Meiboom-Gill (CPMG) condition using a combined magnitude least squares-least squares approach. 
Results: In a simulated dataset, the proposed approach reduced peak local SAR by up to 56% for the same level of 
refocusing uniformity error and reduced refocusing uniformity error by up to 59% (from 32% to 7%) for the same 
level of peak local SAR compared to the circularly polarized birdcage mode of the pTx array. Using explicit local 
SAR constraints also reduced peak local SAR by up to 46% compared to an RF peak power constrained design. 
The excitation and refocusing uniformity error were reduced from 20%–33% to 4%–6% in single slice phantom 
experiments. Phantom experiments demonstrated good agreement between the simulated excitation and refo-
cusing uniformity profiles and experimental image shading. 
Conclusion: PTx-designed excitation and refocusing CPMG pulse pairs can mitigate transmit field inhomogeneity 
in the 2D RARE sequence. Moreover, local SAR can be decreased significantly using pTx, potentially leading to 
better slice coverage, enabling larger flip angles or faster imaging.   

1. Introduction 

The greater signal-to-noise and contrast-to-noise ratio provided by 
MRI at 7Tesla (T) has been shown to provide potential diagnostic ad-
vantages for epilepsy, multiple sclerosis, Alzheimer's disease, cancer, 
cerebrovascular disease, and other neurological disorders [1–6]. How-
ever, the advantages of Ultra High Field (UHF) MRI are partially 
diminished by flip angle (FA) and refocusing nonuniformity across the 
image [7–9]. These arise from the B1

+ field inhomogeneity of the radi-
ofrequency (RF) transmission. In addition, SAR limitations at UHF 

[7,8,10] impose reduced slice coverage and FA or longer scan times. 
Slice selective (2D) rapid imaging of refocused echoes (RARE) [11], 

also known as turbo or fast spin echo (TSE, FSE), is one of the most 
common MR imaging techniques used in the clinic. RARE applies mul-
tiple, consecutive refocusing RF pulses to collect many k-space lines 
following a single excitation pulse. This dramatically increases the 
amount of data acquired in a single repetition time (TR), increases 
acquisition efficiency and reduces total acquisition time. Increased SAR 
at 7T is especially limiting for RARE imaging due to its use of a train of 
high RF power refocusing pulses [1,3]. RARE at 7T also suffers from 
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spatial variations in the applied B1
+ field. This directly effects the 

magnetization produced by the excitation pulse (the “90-degree pulse”) 
by locally reducing it from the optimal full excitation. Similarly, varia-
tions in B1

+ modulate the efficiency of traditional refocusing pulses. 
Hence, the widespread adoption of 7T MRI has been challenging in 
clinical and clinical research settings heavily relying on T2 contrast. 

Several solutions have been developed to address the transmit field 
inhomogeneity and increased SAR at 7T. Slice-selective adiabatic RF 
pulses provide great immunity to transmit field inhomogeneity [12–14]; 
however, they usually require a longer pulse duration or more RF power 
than conventional RF pulses [13–16]. Variable-rate selective excitation 
(VERSE) method [17] as well as low- and variable-flip-angle echo trains 
designed by the extended phase algorithm [18,19] have been proposed 
as effective ways of reducing SAR. However, transmit field in-
homogeneity is not directly addressed by these approaches. More 
recently, dielectric pads have been used to regionally manipulate the B1

+

fields improving homogeneity and, as indicated by a few authors, even 
reducing SAR [20–26]. This helpful passive shimming approach is syn-
ergistic with additional explicitly calculated subject specific mitigation 
approaches such as parallel RF transmission [27–29]. Time interleaved 
acquisition of modes (TIAMO) method mitigates signal voids due to B1

+

field inhomogeneities by combining images acquired with two different 
modes of excitation using parallel imaging techniques [30]. However, 
this approach slightly increases SAR compared to the standard mode and 
comes with a certain SNR or scan time penalty. 

Parallel transmission (pTx) technology allows RF energy to be 
simultaneously transmitted by multiple independently controlled ele-
ments in a transmit array and provides the ability to address both 
transmit field inhomogeneity and SAR challenges associated with 7T 
MRI [27–29]. To this end, several methods have been proposed to design 
pTx RF pulses. Most of these methods, however, accommodate only 
small FA designs [27,28,31–39], are non-selective [35,38–46] or 2D or 
3D selective [33,47–50], or do not explicitly control local SAR 
[27,31,33–36,38,40,43,46–48,50–52], aspects that are crucial for fast 
2D RARE imaging. 

Designing pTx RF pulses for RARE imaging moreover presents an 
additional challenge since the Carr-Purcell-Meiboom-Gill (CPMG) con-
dition [53,54] must be satisfied in order to minimize the effect of 
imperfect refocusing. Imposing the CPMG condition in the standard 
mode of operation is straightforward, excitation and refocusing pulses 
have a 90◦ phase offset. However, it is in general advantageous to utilize 
a different mode of the array for the two pulses in order to mitigate 
varying B1

+ patterns and reduce local SAR. In this case the CPMG con-
dition cannot be maintained at all spatial locations by a simple phase 
offset. Hence, CPMG condition needs to be enforced in the pulse design 
when using pTx. As a result of this complication, most large FA pTx 
methods have been applied to gradient echo [55] or spin echo 
[46,52,56–59] sequences but not to RARE. 

In order to satisfy the CPMG condition with pTx pulses, Xu et al. [60] 
proposed a joint design of the excitation and refocusing pulses for a 
spiral excitation k-space trajectory and demonstrated the performance 
of this approach using Bloch simulations. Massire et al. [43] imposed the 
CPMG condition in their design of non-selective kT-point pulses using 
the gradient ascent pulse engineering algorithm [46]. Alternatively, 
Sbrizzi et al. [61] optimized signal intensity in slice selective and 
nonselective RARE imaging using the extended phase algorithm 
approach and designing different RF shim settings for each refocusing 
pulse. This approach avoids having to explicitly impose the CPMG 
constraint as the signal is directly optimized and the CPMG condition is 
naturally satisfied, at the expense of additional computation time. In 
summary, previous studies exist which satisfy the CPMG condition in 
RARE imaging, however, they lack either slice-selectivity [43], experi-
mental validation [60], multi-spoke pulses [61], or explicit local SAR 
constraints [60]. 

In this study, we propose an efficient pTx pulse design algorithm 
capable of designing multi-spoke excitation and refocusing pulses which 

satisfy the CPMG condition, and experimentally demonstrate the per-
formance of the designed pulses in phantom experiments using a pTx- 
enabled slice-selective RARE imaging sequence. We build on our pre-
vious local SAR-constrained pulse design algorithm [42,62] by adding 
enforcement of the CPMG condition. The RF pulse design forward model 
is based on the spin domain formulation of the Bloch equations, and 
therefore accommodates large FA. In order to improve convergence and 
speed up the computation, we provide the exact analytical Jacobian (1st 
derivative) and an approximation of the Hessian matrix (2nd de-
rivatives) of the objective function and the constraints to the optimizer. 
In addition, we use a graphics processing unit (GPU). Although the 
excitation and refocusing pulse designs are not treated as a true joint 
optimization as in Xu et al. [60], they must be considered together. We 
study different approaches, including either a simple least-squares (i.e., 
sensitive to the phase) or magnitude least-squares optimization of the 
refocusing pulse followed by a least-squares design of the excitation 
pulse with enforcement of the CPMG phase condition using a similar 
approach to that implemented for non-selective pulses in Massire et al. 
[43]. Additionally, we analyze 1- and 2-spoke designs for both pulses. 
Finally, we demonstrate the image shading and image artifacts perfor-
mance of our approach in phantom experiments. 

2. Methods 

2.1. Local SAR constrained slice selective large Flip angle pulse design 

We design large FA pTx pulses based on our previous approach 
[42,62]. The effect of the RF pulse on the magnetization (i.e., forward 
model) is calculated using the discretized Bloch dynamics in the spin 
domain [63]. In other words, each RF sample is associated with a spinor 
(α, β), where α and β are the Cayley-Klein parameters [63], and the effect 
of the entire pulse is represented by the multiplication of these spinors. 
For a “least-squares” design, we solve the following optimization: 

min
x

⃦
⃦y(x) − ytarget

⃦
⃦2

2 (1) 

Subject to 

DC
1
N

∑N

i=1
b(x)i

HSvb(x)i < LSARmax∀v ∈ V  

DC
1
N

∑N

i=1
b(x)i

HSgb(x)i < GSARmax  

DC
1
N

∑N

i=1

⃒
⃒
⃒b(x)c,i

⃒
⃒
⃒

2

8Z0
< Pave,max ∀c ∈ {1,…,C}

⃒
⃒
⃒b(x)c,i

⃒
⃒
⃒

〈
xmax∀c ∈ {1,…,C} and ∀i ∈ {1,…,N}

where x is a vector including the complex spoke weights for all channels 
(unit in volts), y(x) is the spatial profile (excitation or refocusing) of the 
RF pulse, ytarget is the target spatial profile of the RF pulse, DC is the duty 
cycle, N is the number of discretized points in the RF pulse, b(x)i (a 
vector of length C where C is the number of transmit channels) is the RF 
pulse at time i which is determined by x and the RF sub-pulse shape, Sv is 
the virtual observation point (VOP) matrix [64], LSARmax is the peak 10 
g averaged local SAR (pSAR10g) limit, V is the set of all VOPs, Sg is the 
global SAR matrix, GSARmax is the global SAR limit, c is the transmit 
channel number, b(x)c, i is the value of the RF pulse at channel c at time i, 
Z0 is the reference impedance of the coil, Pave, max is the average power 
limit per channel, xmax is the RF peak voltage limit. The factor 8 in the 
average power calculation is because half the source voltage is across the 
coil port when the power is matched and the voltage quantities are in 
amplitude rather than RMS. If the coil port voltage is used, then a factor 
of 2 is used. 
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For slice selectivity, we use spokes pulses [65,66] with Hamming 
windowed sinc sub-pulses. While the time discretization step for the 
Bloch simulation is 10 μs to adequately account for off-resonance effects, 
only the complex amplitudes of the sub-pulses (or the spokes) need to be 
solved for in the optimization. Therefore, x includes C*S complex ele-
ments, where S is the number of spokes. In order to improve the effi-
ciency of our pulses and overcome RF peak voltage limitations, we have 
found it helpful to pre-VERSE our sub-pulse profiles (minimum-time 
VERSE [17]) before the optimization process. This has the advantage 
that the pulse design optimization occurs after the VERSE step and can 
therefore account for off-resonance effects introduced by the VERSE 
method. In order to increase robustness to timing miscalibrations be-
tween the RF and gradient subsystem as well as eddy current effects, we 
employ a monopolar slice selection scheme for 2-spoke pulses whereby 
each spoke is played out with the same gradient polarity [67–69]. 

The minimization in Eq. (1) is solved iteratively where y(x) is 
calculated from the Cayley-Klein parameters of the RF pulse at every 
iteration. The Cayley-Klein parameters are computed from a numerical 
simulation of the Bloch equations [63]. Both y(x) and ytarget depend on 
whether the pulse is an excitation or refocusing pulse [63]. For an 
excitation pulse with an initial magnetization [0 0 M0]T: 

y(x) = 2α*(x)β(x)
ytarget = sin(θ)eiφ (2)  

where θ is the target FA and φ is the target phase profile at all spatial 
locations. For a refocusing pulse with a target FA of 180◦ and crusher 
gradients played before and after the refocusing pulse: 

y(x) = β2
(x)

ytarget = − ei2φ (3)  

where φ is the target refocusing axis profile at all spatial locations. These 
expressions are complex and are therefore suitable for both least-squares 
(LS) and magnitude least-squares (MLS) optimization [31] (for MLS, the 
magnitude of y(x) and ytarget are used in Eq. (1). The nonlinear con-
strained optimization function fmincon in MATLAB (Natick, MA, USA) 
was used with an interior-point algorithm to solve Eq. (1). 

The minimization problem in Eq. (1) is nonconvex, therefore it is 
crucial to initialize it properly. For this purpose, we first design a small 
FA RF pulse using the small tip angle approximation approach 
[28,32,70] for a target FA of 30◦ which we then scale to the actual target 
FA. Note that the local SAR, global SAR and RF peak power limits are 
scaled appropriately in the small FA pulse design so that when the pulses 
are scaled up to the target FA, they still satisfy the hardware and regu-
latory limits. 

In order to generate the VOP matrices in Eq. (1), we modelled and 
simulated our in-house built 8-channel loop array (Supporting Infor-
mation Fig. S1) using the electromagnetic modeling suite HFSS (Ansys 
Inc., Canonsburg, PA, USA). The coil model was loaded with the 33-tis-
sue types Ansys male body model (Supporting Information Fig. S1) with 
a head centered position. SAR matrices were computed from the simu-
lated electric fields with a resolution of 2 mm and subsequently com-
pressed using the VOP algorithm [64] resulting in 739 VOP matrices (5% 
overestimation factor). 

The excitation or refocusing uniformity error was quantified for LS 
designs by the normalized root mean square error (NRMSE) as follows: 

NRMSE (%) =

⃦
⃦y(x) − ytarget

⃦
⃦

2⃦
⃦ytarget

⃦
⃦

2

*100 (4) 

For MLS designs, the magnitude of y(x) and ytarget were used to 
calculate the normalized root magnitude mean square error (NRMMSE). 

2.2. L-curves 

L-curves were generated to evaluate the refocusing uniformity versus 

local SAR trade-off for 1- and 2-spoke pulses. This was done by varying 
the limits for peak local SAR (LSARmax) or the peak RF voltage (xmax) and 
plotting the resulting |β2| uniformity error (NRMMSE) versus pSAR10g. 
These L-curves were generated only for refocusing pulses (designed with 
MLS) because most of the SAR in RARE imaging is generated by the train 
of refocusing pulses. The L-curve analysis used simulated B1

+ fields and 
VOPs from the Ansys male body model and the numerical model of the 
in-house built 8 channel loop array (Supporting Information Fig. S1 and 
S2). An in-vivo off-resonance map acquired at isocenter was fitted inside 
the isocenter slice of the Ansys male body model to create an artificial 
off-resonance map. Additionally, we used Hamming windowed VERSEd 
sinc sub-pulses with a time bandwidth product (TBW) of 2.5, and a sub- 
pulse length of 1.5 ms for a slice thickness (ST) of 3 mm for the L-curves 
resulting in a total pulse duration of 2.5 ms and 4.8 ms for 1- and 2-spoke 
pulses. For 2-spokes pulses, the spoke locations were chosen to be (0,0,0) 
and (5,5,0). 

The optimized pulses were then compared with the CP birdcage 
mode of operation of the pTx array (called in short CP mode), whereby 
the channels are driven in a fixed amplitude and phase relationship (all 
B1
+ values in phase at the center of the FOV). For the CP mode, two 

variations are possible: “CP mode center” whereby pulses are scaled so 
that the FA at the center of the image reaches the target and “CP mode 
average” whereby pulses are scaled so that the average FA throughout 
the slice is equal to the target. For the L-curves, we generated two ver-
sions of the “CP mode average” where the sub-pulse length was either 
1.5 ms (total RF transmission duration matched to 1-spoke pulses) or 3 
ms (total RF transmission duration matched to 2-spoke pulses) since 
pulse-length directly affects pSAR10g. A duty cycle of 15% was assumed 
for all pulses in the L-curves and peak local SAR, head average SAR, 
average power per channel and peak voltage (at the source) per channel 
was limited by 10 W/kg, 3.2 W/kg, 10 W, 300 V (225 W peak power) 
respectively. 

2.3. Reduction of computation time 

The proposed large FA pulse design algorithm is an iterative opti-
mization where every iteration requires multiplication of hundreds of 
spinors. Moreover, with explicit local SAR constraints, hundreds of 
constraints are added to the minimization which further increases the 
complexity of the optimization resulting in a computationally intensive 
process. Since pTx pulse design must be performed while the patient is 
inside the scanner unless pre-calculated RF pulses such as universal 
pulses [44] are used, long computation times, e.g. a few minutes per 
slice, are undesirable and usually unacceptable. 

In order to accelerate the pulse design, we provide the Jacobian and 
an approximated version of the Hessian matrix of the objective and 
constraint functions to the minimizer. The Jacobian is computed 
analytically by derivation of the objective and constraint functions with 
respect to the unknowns, i.e., the real and imaginary parts of the spoke 
complex weights. Exact computation of the Hessian is prohibitive since 
this would require a double “for”-loop over the RF time points. This 
would result in a computation that is slower than the anticipated 
convergence improvement obtained by using the Hessian information. 
Instead, we provide an approximation of the Hessian that is easy to 
compute and still helps convergence. The key assumption is to set the 
off-resonance field to zero, which collapses all the spinors of each spoke 
and each gradient blip into a single spinor that is straightforward to 
compute. With this simplification, for example, for a single spoke pulse 
with a sub-pulse length of 1.5 ms and a gradient rewinder length of 0.5 
ms, two spinors are used to represent the pulse instead of 200 (for time 
discretization step of 10 μs). Details of the Jacobian and the approximate 
Hessian matrix computation of the objective function in Eq. (1) are 
provided in the Supporting Information. 

We implement parallel computation using a GPU (NVIDIA GeForce 
GTX 980 Ti, 2816 cores, 1000 MHz, 6144 MB) to compute the Jacobian 
and Hessian matrices. The GPU accelerated computation times were 
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compared to those of a CPU (Intel(R) Core(TM) i7-6700K @4GHz, 4 
cores, 8 logical processors) with a system memory of 64 GB. Note that 
the comparisons between CPU and GPU computations are difficult to 
generalize since they are specific to the hardware and software imple-
mentations used. The computation time analysis used simulated B1

+

fields and the VOPs generated from the Ansys male body model and the 
numerical model of the in-house built pTx array (Supporting Informa-
tion Figs. S1 and S2). Similar to the L-curve analysis, an artificial off- 
resonance map created from an in-vivo off-resonance map was 
included in pulse design computation time analysis. The RF pulse pa-
rameters, duty cycle as well as SAR, power and RF peak voltage limi-
tations used in the L-curve analysis were also used for the pulse design 
computation time analysis. In order to reduce computation time, B1

+

fields were down-sampled to a resolution of 4 × 4 mm2 without a sig-
nificant effect on the resulting |β2| profiles. 

2.4. Design of refocusing-excitation pulse pairs for RARE imaging 

The CPMG condition imposes a 90◦ phase shift between the excita-
tion and the refocusing pulses. This condition must be satisfied at every 
location in the slice. One way to achieve this requirement for pTx pulses 
is to use the same target phase profile in the LS optimization when 
designing both excitation and refocusing pulses. We refer to this as the 
“LS-LS” approach. However, this precludes the ability to take advantage 
of the MLS design [31]. Hence, we first design the refocusing pulse using 
MLS and then design the excitation pulse using LS (the “MLS-LS” 
approach), similar to the approach in Massire et al. [43]. The target 
phase map of the LS-designed excitation pulse is set to that of the 
refocusing pulse's map to satisfy the CPMG condition. We chose to apply 
the MLS advantage to the refocusing pulse since it is the more chal-
lenging design problem and requires more RF power. 

We simulated the spin echo signal for each excitation-refocusing 
pulse pair by dividing each voxel into 20 steps along x and y, concate-
nating the excitation and the refocusing pulses (after adding crusher 
gradients before and after the refocusing pulse), running a full Bloch 
simulation and summing the transverse signal right after the second 
crusher gradient along x and y inside the voxel. We ignored the relax-
ation effects in the spin echo signal simulation. 

In addition, we calculated the slice profile of different pulses and the 
spin echo signal by running a full Bloch simulation for several points 
along the slice select direction (range = [− 8 mm, 8 mm], step size = 0.4 
mm). As a reference for the slice profile, small tip angle excitation pulses 
(FA = 30◦) were also designed with pulse parameters (slice thickness, 
pulse duration, VERSE factor, etc.) matching to those of different 90◦

excitation and 180◦ refocusing pulses. The deviation of the resulting 
slice profiles for each in plane location (x, y) from an ideal slice profile 
was quantified using the following metric: 

Slice profile error (x, y) =
∑

z
‖ |SP(z) | − |SPideal(z) | ‖2 (5)  

where SP is the slice profile of a specific RF pulse or pulse pair and SPideal 
is the ideal rectangular slice profile for the given slice thickness. The 
slice profiles for different RF pulses and spin echo signals are then 
compared using the average and the standard deviation of the slice 
profile error (as defined in Eq.(5)) across the transverse plane. 

2.5. Imaging experiments 

All experiments were conducted on a 7T Magnetom scanner 
(Siemens, Erlangen, Germany) equipped with an 8 channel transmit 
array (VB17 step 2.3 software), maximum gradient amplitude of 70 mT/ 
m and slew rate of 200 T/m/s. We used an in-house built transceiver 
loop array for the experiments (Supporting Information Fig. S1). 

A pre-saturation based turbo flash sequence [71] was used to acquire 
transmit field maps (resolution = 3.1 × 3.1 mm2, ST = 5 mm, acquisition 

time (TA) = 3:21 min) and a double echo gradient echo (GRE) sequence 
was used to acquire a ΔB0 field map [72,73] (resolution = 3.1 × 3.1 
mm2, ST = 5 mm, TA = 1:42 min). We tested the pTx pulses experi-
mentally using a pTx-enabled RARE sequence which we modified from 
the Siemens product RARE sequence. The sequence allows loading 
channel-specific RF pulses as well as arbitrary gradient waveforms. Both 
the RF and gradient pulses were specified on a 10 μs raster. 

The phantom experiments used a 3D-printed 3-compartment (brain, 
bone, everything else) 3% agar head phantom created using the 
approach described in [74]. Transmit field maps and off-resonance map 
for the phantom experiments are shown in Fig. 1. The pulse design for 
the phantom experiments did not utilize SAR constraints in order to 
demonstrate the minimum achievable excitation or refocusing unifor-
mity error. Image artifacts introduced by the repeated application of 
refocusing pulses in RARE were assessed by comparison with a single 
spin echo (SE) sequence. Artifact levels were quantified by: 

Artifact level (%) =
1
N

*
∑

iϵm

ImgSE(i) − ImgRARE(i)
ImgSE(i)

*100 (6)  

where ImgSE and ImgRARE are the single spin echo and RARE images 
obtained with the same refocusing-excitation pulse pair, m is the image 
mask drawn manually to exclude the outer layer of the phantom and N is 
the total number of nonzero elements inside m. 

The following imaging parameters were used for single spin echo and 
RARE phantom experiments: FOV = 200 × 200 mm2, matrix size = 256 
× 256, nominal resolution = 0.8 × 0.8 mm2, ST = 5 mm, TR = 3 s, TE =
11–14 ms, bandwidth per pixel = 130 Hz, number of averages = 1, ETL 
= 1 for single spin echo (251 shots) and ETL = 7 for RARE (36 shots), TA 
= 12:33 min for ETL = 1 and TA = 1:48 min for ETL = 7. Echo spacing 
and TE were slightly different for different types of pulse pairs as the 
minimum echo spacing depends on RF pulse duration, which differs 
among pulse pairs. For the CP modes and the 1-spoke LS-LS pulses, a sub- 
pulse with time-bandwidth product (TBW) of 4 and 2.5 ms of duration 
was used. For the 1-spoke MLS refocusing pulse, the sub-pulse length 
was increased to 3.2 ms as we observed that this improved uniformity 
performance (whereas for 1-spoke LS refocusing pulse, this did not 
change pulse performance). For 2-spoke pulses, a sub-pulse with TBW =
4 and 1.9 ms duration was used. The spoke locations were chosen to be 
(0,0,0) and (5,5,0). 

2.6. Code availability 

The SAR constrained arbitrary FA pulse design algorithm proposed in 
this work is available for download at https://github.com/filizyetisi 
r/LFA_RFpulseDesign. 

3. Results 

3.1. Explicit local SAR constraints 

Fig. 2 shows the trade-off between |β2| error (NRMMSE) and peak 
local SAR for the local SAR constrained 1-spoke and 2-spoke refocusing 
pulses for a duty cycle of 15%. Head average SAR, maximum average 
power per channel, total average power and maximum peak RF power 
per channel are also shown in Fig. 2. For reference, results for the CP 
mode of the coil are shown whereby pulses are scaled so that the average 
FA throughout the slice is equal to the target (CP mode average). 
Additionally, the local SAR vs |β2| error is shown for when a simple RF 
peak power constraint is used rather than the local SAR constraints. For 
a 32% refocusing uniformity error (marked with a black vertical dashed 
line), the explicit local SAR constrained design reduced pSAR10g by 
56% and 54% compared to the CP mode (with matched RF duration) for 
1- and 2-spoke pulses respectively. When the pSAR10g is chosen to be 
that of the CP mode of the coil (or below in case of 1-spoke pulses) the 
refocusing uniformity error is reduced by 41% and 59% respectively for 
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1- and 2-spoke pulses (blue and orange horizontal dashed lines). Using 
explicit local SAR constraints is an improvement over using peak power 
constraints for nearly all |β2| RMMSEs, especially for 2-spoke pulses. 
Converting from RF peak power constraints to local SAR constraints can 
reduce pSAR10g by up to 46% for the same refocusing uniformity error 
and reduce refocusing uniformity error by up to 52% for the same level 
of peak local SAR. Fig. 3 compares the |β2| profiles of pulses at points 
1–6 shown in Fig. 2. 

The same duty cycle (15%) is used to calculate SAR and power for all 
pulses in Fig. 2 for simplicity. If the same imaging sequence parameters 
are used for 1- and 2-spoke pulses, their duty cycles will be different 

because the pulse lengths are different. Supporting Information Fig. S3 
shows SAR and power values shown in Fig. 2 when the imaging 
sequence parameters are the same for 1- and 2-spoke pulses resulting in 
a duty cycle of 15% and 29%, respectively. In this case, the peak local 
SAR, head average SAR and average power is scaled by approximately a 
factor of 2 for 2-spoke pulses. However, all SAR and power values are 
still lower for 2-spoke pulses compared to 1-spoke pulses for the same 
refocusing nonuniformity level. 

Fig. 1. a) Localizer image and the axial image slice location (yellow line) of the homogeneous anthropomorphic head phantom b) Off-resonance field map, c) CP 
mode B1

+ map and d)/e) Magnitude/phase B1
+ maps of each transmit channel of the in-house built 8 channel pTx array inside the imaging slice. (For interpretation of 

the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 2. L-curves demonstrating the trade-off between 
the refocusing uniformity (|β2|) error versus peak 10 g 
local SAR, head average SAR, maximum average 
power per channel, total average power and 
maximum peak power per channel for CP mode and 
various pTx RF pulses. L-curves shown are for 1-spoke 
and 2-spoke, peak local SAR (LSAR) or RF peak 
voltage (RFpeak) constrained pTx pulses for a duty 
cycle of 15%. CP mode of the pTx array is also plotted 
for two different RF pulse lengths, matched to those of 
the 1-spoke or 2-spoke pulses (2sp-length). The CP 
mode pulses are scaled so that the average FA 
throughout the slice is equal to the target (CP mode 
average). Local SAR constrained pTx pulse design 
improves the refocusing uniformity vs local SAR 
trade-off compared to both the CP mode of the pTx 
array and the RF peak power constrained pTx pulse 
design. sp: spoke(s).   
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3.2. Computation time 

Table 1 shows typical pulse computation times for 1-spoke or 2- 
spoke excitation and refocusing pulses designed with the LS and MLS 
approaches, respectively. Overall, providing the optimizer with the 
analytical Jacobian and (approximated) Hessian matrices computed 
using a GPU improved optimization time of the excitation-refocusing 
pulse pair by a factor of 32 and 76 for 1 and 2 spokes respectively 
compared to the CPU case with no analytical Jacobian or Hessian ma-
trix. Using the GPU, providing the optimizer with the analytical 
expression of the Jacobian and the (approximated) Hessian matrices 
improved computation time of the excitation-refocusing pulse pair by a 
factor of 9 and 19 for 1 and 2 spokes, respectively. The reported 
computation times in Table 1 are for the large FA pulse design. The small 
tip angle approximation pulse design, carried out to initialize the large 
FA pulse design, took 0.4–0.6 s for excitation pulses using the LS and 
2.5–2.7 s for refocusing pulses using the MLS approach. 

3.3. Phantom imaging validations 

Fig. 4 shows simulated excitation and refocusing profiles for the 
optimized pTx pulses as well as for the conventional CP modes (FA 
calibrated for the slice center and slice average) using the measured B1

+

fields in an anthropomorphic head phantom. The CP mode results show 
the familiar constructive interference B1

+ brightening in the center of the 
head and the associated “over-flipping” in this region when the FA is 
calibrated by a whole-slice average. The phase difference maps (be-
tween the excitation and the refocusing profiles) are also shown. These 
maps are a measure of how well the CPMG condition is satisfied by the 
excitation and refocusing pulse pair. Using pTx pulses designed with the 
proposed approach improved excitation uniformity by up to 78% and 
refocusing uniformity by up to 83% compared to the CP mode (average). 

Using the MLS approach in the optimization improved refocusing uni-
formity by 56% compared to the traditional LS approach. The 2-spoke 
MLS-LS pulse pair provided 25% better refocusing uniformity and 
45% better excitation uniformity compared to the next best results, the 
1-spoke MLS-LS pulse pair. The CPMG condition for each type of pulse 
pair is also improved by the pTx pulses. Note that for the CP mode, off- 
resonance effects lead to deviations from the ideal phase difference 
between the excitation and refocusing pulse pair. 1-spoke and 2-spoke 
pulse pairs mitigate this effect to some extent. 

Simulated spin echo signal profiles for different excitation-refocusing 
pulse pairs are shown in Fig. 5. Top and bottom rows show the simulated 
spin echo signal without slice profile effects (simulated only at z = 0 
mm) and with slice profile effects (simulated at 41 points between z =
[− 8 mm, 8 mm] and the signal at all z points summed), respectively. 
Slice profile across the slice select direction for different pulses are 
plotted for all in plane locations in Supporting Information Fig. S4. 
Average slice profile errors across the transverse plane for 90◦ excitation 
pulses are comparable with those of 30◦ excitation pulses (0.98–1.16 for 
90◦ excitation pulses vs 1.04–1.07 for 30◦ excitation pulses) whereas the 
average slice profile error for 180◦ refocusing pulses are higher 
(1.32–1.81), see Supporting Information Fig. S5. The average and the 
standard deviation of slice profile errors for 90◦ excitation pulses are 
similar among CP mode, 1- spoke and 2-spoke pulses, except they are 
higher for the CP mode average pulse due to the effects of over flipping. 
The average slice profile error of refocusing pulses is lower for the 2- 
spoke case (1.32) compared to the CP mode (1.50–1.81) and 1-spoke 
(1.69–1.72) cases. However, note that this difference is mainly due to 
2-spoke pulses having a shorter sub-pulse duration (1.9 ms) compared to 
CP mode and 1-spoke pulses (2.5–3.2 ms), and thus having smaller 
offsets and smearing in the slice profile due to off resonance and VERSE 
effects. On the other hand, the normalized standard deviation of the slice 
profile error (normalized by the mean) of refocusing pulses is higher for 

Fig. 3. Refocusing profiles (|β2|) of different pulses shown in Fig. 2 (points 1–6). The point in Fig. 2 corresponding to each |β2| profile is shown in parenthesis. The CP 
mode results show the familiar constructive interference B1

+ brightening in the center of the head and the associated “over-flipping” in this region when the FA is 
calibrated by a whole-slice average. The over-flipping at the bottom is due to the proximity of the head to the bottom of the coil. RMMSE and pSAR10g for each pulse 
is noted below its |β2| profile. 

Table 1 
Large FA pulse design times for typical 1-spoke and 2-spoke excitation pulses designed using the LS approach, and for typical 1-spoke and 2-spoke refocusing pulses 
designed using the MLS approach. The computation times are in seconds. J: analytical Jacobian, H: approximated analytical Hessian, ✓/× computed/not computed for 
the optimization.   

1 spoke 2 spokes 

90◦ Excitation (LS) 180◦ Refocusing (MLS) 90◦ Excitation (LS) 180◦ Refocusing (MLS) 

J (×) CPU 3.0 74.2 97.4 470.5 
H (×) GPU 0.9 21.8 25.8 116.0 
J (✓) CPU 6.5 217.0 127.5 534.6 
H (×) GPU 0.4 7.8 4.4 16.4 
J (✓) CPU     
H (✓) GPU 0.2 2.2 2.0 5.5  
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2-spoke case (21%) compared to CP mode (7% for center, 20% for 
average) and 1-spoke (6%–12%) cases. 

Fig. 6 shows the imaging results when the designed pulses are 
applied to the anthropomorphic head phantom. The optimized pTx 
pulse pairs significantly improve image shading in the single spin echo 
and RARE images compared to the CP mode. Additionally, image 
shading patterns observed in Fig. 5 are in good agreement with that 
expected from the simulated profiles in the second row of Fig. 5. Note 
that the receive profile was not removed from these images via post- 
processing. Fig. 6 also shows a difference image between the single 
spin echo and the RARE image for each pulse pair in order to estimate 
image artifacts introduced by the repeated application of the refocusing 
pulses. These difference images in the third row in Fig. 6 show that the 
artifact level in the RARE images for pTx pulses is comparable to the 

artifact level for the CP mode. 

4. Discussion 

Incorporating explicit local SAR constraints in the pTx pulse design 
can simultaneously reduce excitation or refocusing uniformity and peak 
local SAR compared to the CP mode. For refocusing pulses, which 
dominate the SAR in a RARE sequence, the proposed pulse design 
approach reduced pSAR10g by up to 56% and mitigated transmit field 
inhomogeneity by up to 59% compared to CP mode for a single slice in a 
simulated dataset. Our approach has several advantages over the pre-
vious large FA pulse design approaches which constrain SAR by con-
straining RF peak power. First, it results in more optimal RF pulses in 
terms of the excitation and refocusing uniformity versus pSAR10g trade 

Fig. 4. First and second row: simulated excitation and refocusing profiles (magnitude) of CP mode and pTx pulses in the head phantom. NRMMSEs are reported on 
the lower left corner. Third row: The phase difference map between the excitation and refocusing profiles. Mean values of the phase difference maps are noted on the 
lower left corner. Second and third columns: for the CP mode, the pulse is scaled to achieve the target FA in the center of the slice or on average across the slice. 
Fourth column: both excitation and refocusing pulses are designed using the LS approach. Fifth and sixth columns: refocusing pulse (1 or 2 spokes) is designed using 
the MLS approach whereas the excitation pulse (1 or 2 spokes) is designed using the LS approach. 

Fig. 5. Simulated spin echo signal for different excitation-refocusing pulse pairs simulated without slice profile effects (top row) and with slice profile effects (bottom 
row). z: slice select direction. 
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off (up to 46% less pSAR10g or up to 52% less uniformity error) which is 
in agreement with previous findings in the small FA domain [32]. Sec-
ond, for RF power constrained approaches, it may take several attempts 
to find which RF peak power level will correspond to a given local SAR 
limit. Hence, the proposed approach eliminates the trial-and-error step 
to satisfy the regulatory limits. Finally, by applying the VERSE algorithm 
prior to pulse design, the re-optimization step after the pulse design (to 
correct for the off-resonance effects introduced by the VERSE algorithm) 
is eliminated. 

Previous studies implementing different approaches to design slice 
selective large FA pulses point out the computational burden of 
including local SAR constraints into the pulse design [52,61]. Similarly, 
for the approach taken in this study, running a full numerical simulation 
of the Bloch equations at every iteration and introducing hundreds of 
local SAR constraints into the minimization resulted in long computa-
tion times, i.e., 77 s and 568 s for 1- and 2-spoke excitation-refocusing 
pulse pairs. In order to address this issue, we provided the minimizer 
with the analytical expressions for the Jacobian and the approximated 
Hessian matrices, computed using a GPU, and reduced computation 
time for the large flip angle algorithm by up to a factor of 76 for the 
excitation-refocusing pulse pairs we designed. The total computation 
time (for a single slice, together with the small tip angle approximation 
pulse design for the initialization) was 5.5 s and 10.6 s per pulse pair for 
1 and 2 spokes respectively. Note that for multi-slice imaging, the pulse 
design for each slice can be carried out in parallel given sufficient par-
allel computation resources. 

Given the same pulse lengths, a refocusing pulse is more challenging 
to design and demands more power than an excitation pulse. Hence, the 
refocusing pulse was designed first using an MLS approach, followed by 
the excitation pulse designed using the LS approach with the CPMG- 
preserving phase target calculated from the refocusing pulse. An alter-
native approach to the sequential design of the refocusing-excitation 
pulse pair is to jointly design the pulse pair, optimizing not the indi-
vidual phase profiles but the phase difference to enforce the CPMG 
condition [60]. This might improve the pulse performance compared to 
our method. Another alternative approach is to combine our proposed 
method with methods optimizing the signal intensity along the echo 
train and thus eliminating the need to explicitly enforce the CPMG 

condition in pulse design [61,75,76]. This approach is likely to improve 
the pulse performance at the expense of increased computation time. 

In this study, windowed and VERSEd sinc sub-pulses were used to 
design excitation and refocusing pulses. The deviation of the slice profile 
from an ideal rectangular slice profile for 90◦ excitation pulses was 
similar to that of small tip angle (FA = 30◦) excitation pulses whereas it 
was worse for refocusing pulses (FA = 180◦). This result is expected as 
the violation of the small tip angle approximation is more significant for 
refocusing pulses. Moreover, the degradation in the slice profile due to 
violation of the small tip angle approximation was less uniform across 
the transverse plane for the 2-spoke spin echo signal compared to the CP 
mode and 1-spoke spin echo signals (shown in Supporting Information 
Fig. S5), the effect of which can be seen in Fig. 5. One approach to 
improve the slice profile, especially for CP mode and 1-spoke pulses, is to 
use SLR sub-pulses [63] instead of windowed sinc sub-pulses. For multi- 
spoke pulses however, the slice profile is likely to be degraded compared 
to the single spoke case when using SLR sub-pulses, similarly to when 
using sinc sub-pulses. 

The pTx pulses designed using the proposed approach were validated 
in phantom experiments with PD-weighted and T2-weighted RARE im-
aging. The designed pTx pulses significantly reduced image shading in 
the phantom. The simulated spin echo signal profiles were in good 
agreement with the experimental image shading. Note that some 
mismatch between the simulated and experimental image shading might 
be caused by the receive profile which was not removed from the SE and 
RARE images. For 2-spoke pulses, we observed some artifacts at the top 
of the phantom where the phantom gel was degraded and was replaced 
by air over time. Hence, these artifacts are likely caused by the inac-
curate off resonance field mapping in this region and the sensitivity of 2- 
spoke pulses to the off-resonance field imperfections. 

A duty cycle of 15% was assumed when calculating the local SAR, 
global SAR and average power in this study. If the same imaging pa-
rameters are used as the 1-spoke pulses, the duty cycle for the 2-spoke 
pulses would be 29%. As an example, a RARE imaging protocol with a 
TR of 7 s, echo train length of 9 and 45 slices would result in a duty cycle 
of 15% for 1-spoke and 29% for 2-spoke pulses designed in this study. As 
shown in Supporting Information Fig. S3, almost all pulses result in 
pSAR10g, head average SAR, average power and peak power levels 

Fig. 6. Single spin echo (SE, first row) 
and RARE (second row) images obtained 
using the excitation and refocusing pul-
ses designed in Fig. 3. Differences of SE 
and RARE images (third row, amplified 
by a factor of 8) show the artifacts 
introduced due to repeated application 
of refocusing pulses to speed up imag-
ing. The mean artifact levels (normal-
ized by the signal level in the 
corresponding SE image) are noted at 
the bottom, which were calculated using 
Eq. (6). Note that the FFT factor for 
image reconstruction was reduced for 2- 
spoke images due to signal saturation at 
the center, hence the overall signal level 
is slightly lower than the CP mode and 
1-spoke images. The receive profile was 
not removed from the images via post- 
processing. ETL: echo train length, sp: 
spoke(s).   
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below the regulatory and hardware limits, indicating the extendibility of 
the current work to multi-slice imaging. For higher duty cycles or when 
slices which require higher RF power are included, pSAR10g and 
average power per channel might be limiting factors. However, the 
target refocusing flip angle for the designed pulses (chosen to be the 
maximum possible, i.e., 180◦, in this work) can be reduced to overcome 
this limitation (SAR scales with the square of the flip angle) as is usually 
done in clinical imaging protocols in CP mode. 

In the current study, spoke locations were not optimized. However, 
for multi-slice in-vivo imaging, pulse performance can significantly 
benefit from spoke location optimization [52,55]. In that case, the 
gradient blips can be parametrized and optimized at the expense of 
increased computation time. On the other hand, the computation time 
can be reduced by replacing the rotation matrix calculations by an 
analytical approximation derived from Average Hamiltonian Theory, 
which was shown to significantly reduce the computational burden for 
2- and 3-spoke 90◦ excitation pulses [55]. 

5. Conclusion 

This study implemented a spinor-based pTx pulse design algorithm 
with explicit local SAR constraints to design slice selective RF pulses for 
2D RARE imaging. Using this algorithm, refocusing pulses were 
designed using a magnitude least squares approach followed by a least- 
squares design of the excitation pulse accompanied by the target phase 
needed to satisfy the CPMG condition. The pulse computation times 
were reduced by up to a factor of 76 (down to 6 s – 11 s for a single 
excitation-refocusing pulse pair) by implementing parallel computation 
and providing the optimizer with analytical expressions of the Jacobian 
and the approximated Hessian matrices. On a simulated dataset, the 
designed pulses resulted in significantly reduced pSAR10g (up to 56%), 
and uniformity error (up to 59%) compared to CP mode. The designed 
pulses were validated through phantom experiments in a single slice. 
Good agreement between predicted and experimental image shading 
patterns was observed. Future work will include extension to and 
demonstration for multi-slice in-vivo imaging. 
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